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Abstract

The aim of the thesis is to demonstrate comparative analysis of two non-Newtonian fluid models

such as Cross viscosity model and Carreau viscosity model. These models are significant for

both low and high shear rate regions. The problem of only Cross viscosity model is established

to examine heat source in unsteady, MHD nanofluid flow subject to convective boundary condi-

tions past a stretching cylinder incorporated with variable thermal properties. A mathematical

model for comparison of both fluids with constant thermal properties are employed for analysis.

In transforming governing partial differential equations into ordinary differential equations, sim-

ilarity variables are utilized that possesses a non-similar solution. The numerical solutions are

found utilizing MATLAB package bvp4c. The velocity, temperature and concentration curves

for various parameters are plotted graphically. The values for the coefficient of skin friction,

heat transfer rate, mass transfer rate and micro-organisms local density for various choices of

parameters are correspondingly tabulated. It is found that, in absolute sense Carreau nanofluids

experience higher drag force in comparison to Cross nanofluids with effect of rising parameters

like magnetic, porosity, Weissenberg, unsteadiness, temperature buoyancy and concentration

buoyancy parameter. Moreover, there is smaller gyrotactic micro-organisms local density for

Carreau fluids in comparison to Cross fluids.
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Chapter 1

Introduction

1.1 Literature Review

The fluid flowing due to stretching surface has significance in engineering and industrial fields

such as plastic and metal industries during extrusion process which comprises hot rolling, wire

drawing, spinning of fibers illustrated by Altan et al. [1], Fisher [2] and Tadmor et al. [3]. Wang

[4] pioneered the concept of flow over stretching cylinder where he utilized the perturbation

method to evaluate third order nonlinear governing system of ODEs and found asymptotic

solution for high Reynolds number. Imtiaz et al. [5] modelled the problem of stretching cylinder

for convective boundary conditions utilizing HAM. The analysis of heat transfer over stretching

cylinder using slip boundary conditions was performed by Pandey and Kumar [6]. Poply et al.

[7] studied dual solution of MHD flow and its stability on stretching cylinder using partial slip

conditions. Ali et al. [8] undergoes investigation on viscous flow over porous and stretching

cylinder having non-uniform radius. For more detail in problems of stretching cylinder, see ref.

[9] - [11].

Non-Newtonian fluids have range of implementations in plastic and chemical processing industry

as well as in the field of food and materials science. They are commonly used in processes such as

rubber sheet manufacturing, food processing, hot rolling for paper production, plastic polymer

development, optical fiber production, and cosmetic formulation, among others. These fluids

are composed of multiple components having complex chemical structures and display varying

degrees of elasticity, thixotropy, and shear-dependent viscosity [12]. Consequently, understanding

the behavior of non-Newtonian fluids has become a major area of interest for researchers and

industry professionals alike.

Cross rheological model first introduced by Cross [13] is utilized widely since it is not only signif-

icant for the low shear rate and high shear rate regions but also for power law regions. Certain
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implications of the model includes synthesis for polymeric solution, 0.35% aqueous solution of

Xanthan gum, blood, aqueous solutions for polymeric latex sphere and polyacrylamide [14]. Es-

cudier et al. [15] conducted experimental analysis by availing cross equations with Xanthan gum

(non-Newtonian fluid). Khan et al. [16] considered radially stretching sheet for investigating

heat transfer in axisymmetric flow and deduced that, velocity rises while increasing power law in-

dex and decreasing thermal boundary layer. While, Nayak et al. [17] discussed two dimensional

MHD Cross fluid flow on exponentially stretching surface. Hina et al. [18] assessed heat transfer

effects around circular cylinder resulting diminished velocity boundary layer due to increase in

Weissenberg number.

Carreau [19] and Cross [13] introduced correlations for shear-rate data that were applicable to

a wide range of shear rates using four-parameter apparent viscosity equations. The power law

model represents a generalized form of Newtonian fluids. However, it may not be able to predict

the viscosity of fluids with both large and small shear rates accurately. To overcome these

limitations, new models such as Carreau and Cross fluids have been developed. These models

belong to the class of generalized Newtonian fluids and are capable of providing more accurate

predictions of fluid behavior in a wider range of shear rates. Lately, only limited attention has

been given to examine momentum transport in the context of Carreau and Cross fluid models.

Sochi [20] conducted study for analytical solution of Cross and Carreau fluids flowing in thin

slits and circular pipes.

The term nanofluids were first proposed by Choi and Eastman [21] which involves nanoparticles

having 1 – 100 nm diameter dispersed in base fluid in order to classify colloids. They have

higher stability, admissible viscosity, smooth flow along channels exclusive of clogging. It has

applications in engineering such as microelectronics, domestic refrigerators, coolant and fuel

cells. Nanofluids helps in enhancing thermal conductivity of fluids. Nanoparticles, base fluids

and living microorganisms such as algae and oxytaxis bacteria are collectively termed as bio-

nanofluids. The presence of these microorganisms in the fluids leads to phenomenon known

as bioconvection, which improves the thermal and mass transport properties of the fluid and

stabilizes the nanoparticles Kuznetsov et al. [22]. Buongiorno [23] studied flow of nanofluids

in convective transport model while assuming incompressible flow, negligible viscosity, external

forces and radiative heat transfer under thermal equilibrium of base fluids and nanoparticles.

Numerous possible uses of nanofluids was found by Wakif et al. [24] utilizing comprehensive

mathematical modelling. Alshehri et al. [25] scrutinized heat transfer and unsteady convective

flow of viscous nanofluid through porous stretching/shrinking surface.

Magnetohydrodynamics in industrial processes is crucial since variation in magnetic field aid in

altering flow profile. In petroleum production and metallurgical operations, the investigation

of MHD on boundary layer flow is necessary, elaborated by Katagiri [26]. In last few decades,

researchers showed a lot of interest in heat transfer and MHD flow over stretching cylinder. Hayat
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et al. [27] found that increase in magnetic field results decrease in fluid flow strength whereas,

temperature profile rises by scrutinizing the problem of heat transfer and MHD flow.Mishra et

al. [28] discussed influence of velocity and thermal slip effects towards a stretching cylinder on

MHD nanofluid. The MHD flow of hybrid nanofluid instilled with hollow cylinder while analyzing

entropy generation was discussed by Tayebi and Ali [29]. Meanwhile, a lot of scientists are eager

to investigate thermal performance taking into account different impacts and shapes, see ref.

[30] - [32].

Activation energy can be described as the minimum energy required to initiate a chemical re-

action. Generally, the relationship between a chemical reaction and mass transfer is complex.

Evaluating this relationship can be done by analyzing the decomposition of chemical reactions

and production at varying rates in mass transfer and the working fluid. Arrhenius and col-

leagues [33] were among the first to suggest the use of the Arrhenius activation energy concept

for integrating various biochemical processes. They posited that a minimum temperature is

necessary for atoms and molecules within a tubular reactor to engage and initiate a chemical

transformation. In base carrier fluids, the presence of activation energy significantly influences

nanoparticle distribution. Consequently, the impact of activation energy on water nanofluids

with sudden interest has garnered substantial attention. Irfan et al. [34] conducted a study to

analyze the flow characteristics of a three-dimensional Carreau nanofluid with activation energy

under unsteady conditions. Khan et al. [35] examined the impact of bioconvection and viscous

dissipation on micropolar nanofluids in the context of activation energy. Their findings revealed

that an increase in the Peclet number resulted in a reduced motility rate.

Numerous applications for the phenomenon of heat transfer under convective boundary con-

ditions involves petroleum processing, nuclear power, gas turbines, thermal energy storage and

manufacturing industry (drying material). The efficacious implementations of convective bound-

ary conditions compelled various researchers to reconsider the heat transfer problems. Aziz [36]

scrutinized the convective boundary conditions for viscous fluid problem in classic Blasius flow

and concluded that, Biot number could be employed to administer thickness of thermal bound-

ary layer. Makinde et al. [37] examined the flow formation on boundary layer using convective

boundary conditions. Non-similar solution of Eyring-Powell fluid was found by Ray et al [38] by

using homotopy analysis method. Babu et al. [39] illustrated phenomenon of heat transfer under

convective boundary conditions for jeffery fluid. The Darcy-Forchheimer nanofluid flow was in-

vestigated by Mabood et al. [40] by utilizing carbon nanotubes as nanoparticles and integrating

convective boundary conditions.
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1.2 Fluid as Continuum

A material composed of continuous matter, we call such system as a continuum. The continuum

hypothesis states that since matter is composed of molecules, a small volume can contain a large

number of molecules. In continuum studies, we are concerned not with the properties of each

molecule at a given moment but with the average properties of a large number of molecules

around each point especially in liquids. We therefore assume that matter is continuously dis-

tributed throughout an imaginary region, with a large number of molecules present in even the

smallest volumes.

1.2.1 Compressible/Incompressible Flow

Compressible flows are those fluids whose density changes significantly with changes in pressure.

Gases such as air, oxygen, and nitrogen are generally compressible fluids because their density

changes dramatically with pressure and temperature. Mathematically,

dρ

dt
̸= 0. (1.1)

The flow through which density of the fluid stays constant for every small volume is termed

incompressible flow.
dρ

dt
= 0. (1.2)

Furthermore, fluid flows having Mach number higher than 0.3 are categorized as compressible

while, flows with Mach number smaller than 0.3 are termed incompressible.

1.2.2 Steady/Unsteady Flow

Steady-state flow means that the fluid properties at any point during the flow of the fluid do not

change with time. Mathematically,

∂ζ

∂t
= 0. (1.3)

An unsteady flow is one in which the properties of the fluid at any point during the flow change

over time. Mathematically,
∂ζ

∂t
̸= 0. (1.4)
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1.2.3 Newtonian/Non-Newtonian Fluids

Newtonian fluids refer to fluids that conform to Newton’s law of viscosity. Their viscosity is

constant and does not change with the change of shear rate. This behaviour is encapsulated in

following mathematical expression:

τ = µ
du

dy
, (1.5)

wherein τ symbolizes the shear stress, µ is the dynamic viscosity and du

dy
is the deformation

rate.

In contrast, non-Newtonian fluids do not obey Newton’s law of viscosity and their viscosity

changes with the shear rate. This relationship can be characterized by the subsequent mathe-

matical expression:

τ = K

(
du

dy

)n

. (1.6)

Here, K is the consistency index and n is the rheological index.

1.2.4 Shear Thickening Fluids

Shear thickening fluids, also known as dilatant fluids increases in viscosity as the rate of applied

shear enhances. This indicates when a fluid experiences higher levels of deformation or shear,

its resistance to flow increases. Numerically, when flow index n is greater than 1, the fluid is

termed shear-thickening.

Figure 1.1: Illustration of different types of fluids
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1.2.5 Shear Thinning Fluids

Shear-thinning fluids are also known as pseudoplastic fluids, whose viscosity decreases as the rate

of applied shear increases. This means when a fluid is subjected to higher levels of deformation,

its resistance to flow decreases. Numerically, when flow index follows 0 < n < 1 then, the fluid

is termed shear-thinning.

1.3 Governing Equations

1.3.1 Continuity Equation

The equation of continuity can be defined as the amount of fluid entering into the control volume

is same as that of fluid leaving the control volume. Particularly, it is the mass flow rate that

remains constant. So, it is basically another form of law of conservation of mass. Here, we can

write it as,
∂ρ

∂t
+ −→

∇ · (ρ−→
V ) = 0. (1.7)

For an incompressible flow, as ρ is constant, the continuity equation becomes,

−→
∇ ·

−→
V = 0. (1.8)

1.3.2 Momentum Equation

The momentum equations are derived from law of conservation of momentum. It can be stated

as, the rate at which momentum alters for a fluid in motion equates to the body and surface

forces exerted on the fluid. The general momentum equation can be written as,

ρ
d
−→
V

dt
= −→

∇ · τ + ρ−→g , (1.9)

where, τ , −→g denotes stress tensor and gravity, respectively and material time derivative is defined

as,
d

dt
= ∂

∂t
+ u

∂

∂x
+ v

∂

∂y
.

1.3.3 Energy Equation

The energy equation has been derived from law of conservation of energy. For a fluid, the energy

equation can be written as,

ρcp
dT

dt
= −→

∇ ·
(

k
−→
∇T

)
+ ϕ, (1.10)
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where, ρ represents density, cp denotes specific heat, T is temperature, k is thermal conductivity,

ϕ denotes viscous dissipation function defined as

ϕ = µ

[
2
(

∂u

∂x

)2
+ 2

(
∂v

∂y

)2
+ 2

(
∂w

∂z

)2
+
(

∂v

∂x
+ ∂u

∂y

)2
+
(

∂w

∂y
+ ∂v

∂z

)2
+
(

∂u

∂z
+ ∂w

∂x

)2
]

.

1.3.4 Concentration Equation

The law of conservation of concentration is illustrated in following mathematical formulation:

dC

dt
= −

−→
∇ ·

−→
K + G,

where, C, −→
K and G denotes concentration field, diffusion flux and source term due to nuclear,

chemical or other factors, respectively. From the Fick’s law, we know that diffusion flux is

proportional to negative concentration gradient such as,

−→
K = −D

−→
∇C,

here, D is proportionality constant termed as diffusivity. Now, the general simplified form of

concentration equation will be presented as,

∂C

∂t
+
(−→

V ·
−→
∇
)

C = D∇2C + G. (1.11)

1.4 Boundary Layer Flow

Prandtl showed in early 1900s that the viscous flow region could be studied by dividing the

viscous flow into two parts, a region where there is flow in a thin layer near a solid wall, called

the boundary layer and an outer region where friction can be neglected. They are interpreted

as continuous 2D steady and incompressible continuity and momentum equation. This velocity

vector will be represented as,
−→v = u(x, y)̂i + v(x, y)ĵ, (1.12)

So we will have continuity equation and both components of momentum equation as,

ux + vy = 0,

uux + vuy = 1
ρ

[
− Px + (uxx + uyy) µ

]
,

uvx + vvy = 1
ρ

[
− Py + (vxx + vyy) µ

]
,

(1.13)
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Employing the boundary layer assumptions as,

u >> v ,
∂

∂y
>>

∂

∂x
. (1.14)

Eq. (1.13) implies,

uux + vuy = 1
ρ

[
− Px + µuyy

]
,

Py = 0,

(1.15)

Figure 1.2: Illustration of boundary layer flow

1.4.1 Momentum Boundary Layer

In fluid dynamics, the concept of the no-slip condition is based on the assumption for viscous

fluids that when they encounter a solid boundary, their velocity relative to that boundary is

zero. This means that when fluid particles come into contact with a solid surface, they come

to a complete halt. The absence of relative motion between the fluid and the solid surface has

a cascading effect on adjacent layers of fluid particles, ultimately influencing the subsequent

layers. This deceleration in velocity occurs in close proximity to the solid surface, while its

impact becomes negligible as the distance from the surface increases. Within the boundary

layer, the fluid velocity ranges from 0 to 0.99 times the free stream velocity, denoted as U∞.

8



1.4.2 Thermal Boundary Layer

When a fluid flows over a heated surface, it creates a temperature distribution called a tem-

perature field. This temperature field exists in a region known as the thermal boundary layer.

The thickness of the thermal boundary layer is characterized by the spatial distance from the

surface at which the temperature decreases to 99 % of the differential temperature between the

surface and the free stream. The Prandtl number, a dimensionless parameter in fluid dynamics,

plays a crucial role in determination of relative thicknesses of velocity and thermal boundary

layers. Close to the heated surface, the temperature of the fluid layer is equal to the surface

temperature. However, as we move away from the surface, the temperature gradually decreases

until it approaches the temperature of the surrounding free stream.

1.4.3 Concentration Boundary Layer

A concentration boundary layer is a thin layer of fluid immediately adjacent to a boundary surface

formed by a fluid flowing along a surface. Concentration boundary layer thickness is the distance

from the surface of a solid object to the point at which the concentration of a chemical species in

a fluid reaches 99% of its free-stream value. The thickness of the concentration boundary layer

is affected by turbulence, usually resulting in a thicker boundary layer.

1.5 Mathematical Models

1.5.1 Buongiorno Model

In 2006, Buongiorno [23] proposed a nanofluid transport model that included four equations.

The model aims to describe the behavior of nanofluids i.e fluids containing nanoparticles. Buon-

giorno identified seven mechanisms that could account for the relative velocity between the

nanoparticles and the underlying fluid. However, he focused on two key parameters, Brownian

diffusion and thermophoretic mobility as the most important factors. Based on this under-

standing, Buongiorno proposed a set of conservation equations incorporating these parameters

to describe transport phenomena in nanofluids.

−→
∇ ·

−→
V = 0 ,

ρ

(
∂

−→
V

∂t
+
(−→

V ·
−→
∇
)−→

V

)
= −

−→
∇p + −→

∇ · −→τ ,

(ρcp)
(

∂T

∂t
+
(−→

V ·
−→
∇
)

T

)
= −→

∇ · −→q − cp
−→
J p ·

−→
∇T ,(

∂ϕ

∂t
+
(−→

V ·
−→
∇
)

ϕ

)
= − 1

ρp

−→
∇ ·

−→
J p ,

(1.16)
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where heat and mass fluxes are expressed by q, Jp, respectively and mathemamtically defined

as,

−→q = −knf
−→
∇T ,

−→
J p = −ρp

(
DB

−→
∇ϕ + DT

−→
∇T

T

)
,

(1.17)

among them, DT and DB represents the thermophoretic and Brownian diffusion coefficients,

which describe the thermal motion and random diffusion motion of nanoparticles in the fluid,

respectively. φ represents the concentration of nanoparticles, which indicates the number of

nanoparticles per unit volume. This implies,

(ρcp)
(

∂T

∂t
+
(−→

V ·
−→
∇
)

T

)
= −→

∇ ·
(

knf
−→
∇T

)
+ cpρp

(
DB

−→
∇ϕ + DT

−→
∇T

T∞

)
·
−→
∇T ,

(
∂φ

∂t
+
(−→

V ·
−→
∇
)

φ

)
= −→

∇ ·

(
DB

−→
∇φ + DT

−→
∇T

T∞

)
.

(1.18)

1.5.2 Cross Fluid Model

The most common method to evaluate shear-thinning or shear-thickening fluids flow is power law

model. Since the major deficiency arises due to inability of power law model to assess behaviour

of fluids at very low or very high shear rates. This causes onset of class of generalized Newtonian

fluids termed Cross fluids.
µ − µ∞

µ0 − µ∞
= 1

1 + (Γγ̇)n , (1.19)

where, µ0, µ∞, Γ, γ̇, n denotes zero and infinite shear rate viscosity, relaxation time of fluid,

shear rate and flow behaviour index, respectively.

1.5.3 Carreau Fluid Model

The Carreau fluid model is a mathematical model used to describe the behavior of fluids in

high shear rate regions. It is named after its developer, Pierre Carreau. The model is a type of

generalized Newtonian fluid model and is also considered a viscous model. It has both shear-

thinning and shear-thickening properties, elastic behavior and stress growth. The Carreau fluid

model can be used to simulate blood flow in narrow arteries with low shear rates. It is used

for pseudoplastic and dilatant fluids and establishes a fundamental link between low shear rates

(behaving like Newtonian fluids) and high shear rates (acting as power-law fluids).

µ − µ∞

µ0 − µ∞
=
[
1 + (Γγ̇)2

]n−1
2

. (1.20)
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1.6 Shear Stresses for Considered Fluid Models

1.6.1 Cross Fluid Model

For problem under consideration, shear stresses of the axisymmetric flow over the cylinder in-

volving Cross fluid is as follows,

τxx = −p + µ0

2∂u

∂x

1 +
(

Γ∂u

∂r

)n , (1.21)

τrx = τxr = µ0

∂u

∂r
+ ∂v

∂x

1 +
(

Γ∂u

∂r

)n , (1.22)

τrr = −p + µ0

2∂v

∂r

1 +
(

Γ∂u

∂r

)n , (1.23)

1.6.2 Carreau Fluid Model

For problem under consideration, shear stresses of the axisymmetric flow over the cylinder in-

volving Carreau fluid is computed.

τxx = −p + µ0

(
2∂u

∂x

){
1 +

(
Γ∂u

∂r

)2
}n−1

2

, (1.24)

τrx = τxr = µ0

(
∂u

∂r
+ ∂v

∂x

){
1 +

(
Γ∂u

∂r

)2
}n−1

2

, (1.25)

τrr = −p + µ0

(
2∂v

∂r

){
1 +

(
Γ∂u

∂r

)2
}n−1

2

, (1.26)

1.7 Some Non-Dimensional Parameters

1.7.1 Weissenberg Number

A dimensionless number, named after Karl Weissenberg relates elastic forces to the viscous

forces. It basicly shows the relation of relaxation time with time scale of flow.

We = elastic forces
viscous forces = λU

L
. (1.27)

where λ, U and L represents relaxation time, velocity scale and characteristic length, respectively.
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1.7.2 Magnetic Parameter

The magnetic parameter is the ratio of the Lorentz force to the inertial force. The Lorentz force

is the force exerted on charged particles moving at a certain speed in electric and magnetic fields.

The total electromagnetic force acting on charged particles is called the Lorentz force.

M = σB2
0

ρa
. (1.28)

Here, σ, B0, a represents electrical conductivity, electric field strength and positive constant,

respectively.

1.7.3 Prandtl Number

It is a dimensionless quantity that represents the ratio of kinematic viscosity and thermal diffu-

sivity. Mathematically, it can be written as,

Pr = ν

α
. (1.29)

In this expression, ν signifies kinematic viscosity while, α is thermal diffusivity.

1.7.4 Schmidt Number

It is a dimensionless parameter that expresses the ratio of kinematic viscosity and the molecular

diffusion coefficient. Schmidt number Sc is utilized to characterize flowing fluids where there are

mass and momentum diffusion convection processes simultaneously. It is formulated as,

Sc = ν

DB
, (1.30)

where, ν is kinematic viscosity and DB is molecular diffusion coefficient.

1.7.5 Peclet Number

The Peclet number Pe is a numerical measure used to analyze the transport phenomena in a

continuum. It is a dimensionless number that indicates how important advection versus diffusion

is in the transport of a particular substance. A high Pe number indicates an advection-dominated

flow, while a low Pe number indicates a diffusion-dominated flow. In simple terms, the Peclet

number indicates the extent to which the convective motion of the substance exceeds the diffusion

or vice versa.

Pe = Transport rate of convection
Transport rate of diffusion = ul

D
, (1.31)
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where D, l and u denotes mass diffusivity, characteristic length and flow speed, respectively.

1.8 Numerical Method

1.8.1 bvp4c

The MATLAB built-in package bvp4c is for solving boundary value problems (BVPs) of systems

of ordinary differential equations. The algorithm uses an iterative structure to solve nonlinear

equations and is based on the collocation method. Residuals from successive solutions are used

for mesh selection and error control. Since bvp4c is an iterative method, the effectiveness of the

algorithm will ultimately be determined by the ability to make an initial guess at the solution.

The code for MATLAB is,

function yvector = bvpcross (t,y) %% SystemOf1stOrderEq

yy1 = 1/(t*(1+(1 - n(j))*(we(j)*sqrt(t)*y(3))ˆn(j)))* ( -(2

+(2-n(j))*(we(j)*sqrt(t)*y(3))ˆn(j))*0.5*y(3) - (y(1)

*y(3) - y(2) ˆ2 -A(j)*(y(2) + t*y(3) - Kp(j)*y(2) -M(j)

*y(2) )*(1 + (we(j)*sqrt(t)*y(3))ˆn(j))ˆ2));

yy2 = -1/(t*(1 + epsi(j)*y(4) + 4/3* Rd(j)))*( epsi(j)*t*y

(5) ˆ2 + Pr(j)*(y(1)*y(5) - A(j)*t*y(5)) + Pr(j)*t*(Nb(

j)*y(5)*y(7) + Nt(j)*y(5) ˆ2) + Pr(j)*Q(j)*y(4) + (1+

epsi(j)*y(4) +(4/3* Rd(j)))*y(5) );

yy3 = -1/t*(y(7) + Sc(j)*(y(1)*y(7) - A(j)*t*y(7)) + (Nt(j

)/Nb(j))*(t*yy2 + y(5) ) ) ;

yvector = [y(2); y(3); yy1; y(5); yy2; y(7); yy3 ];

end

hold on

function residual = bcross (y1 , yinf) %% BoundaryConditions

residual =[y1 (1); y1 (2) -1; yinf (2); y1 (5) + gamma1 (j)*(1 -

y1 (4))/(1+ epsi(j)*y1 (4) + (4/3)*Rd(j)); yinf (4); y1

(7)+ gamma2 (j)*(1 - y1 (6)); yinf (6) ];

end
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for j = 1:4

sol1 = bvpinit ( linspace (1 ,5 ,200) ,[0 0 0 0 0 0 0]);

sol = bvp4c (@ bvpcross , @bcross , sol1);

eta = sol.x;

y = sol.y;

figure (1)

plot(eta (1 ,:) , y(2, :), c{j},'linewidth ', 1.0)

hold on

ax = gca;

ax. FontSize = 12;

xlabel ('\eta ', 'fontweight ', 'bold ', 'fontsize ', 17)

ylabel ('fˆ\ prime (\ eta)', 'fontweight ', 'bold ', 'fontsize ',

17)

lgd = legend ({ 'A = -1','A = -1.2','A = -1.4','A = -1.6'},'

fontsize ' ,11,'textcolor ','black ')

end

1.9 Research Questions

The main research questions raised and justified in Chapter 2 are,

1. How does radiative heat flux affect the temperature of fluid?

2. How does porous medium affect motion of fluid?

3. How do MHD affect momentum boundary layer and velocity profile?

4. How do local Nusselt and Sherwood numbers vary due to MHD, porous medium and

radiative heat flux?

Whereas, research questions raised and justified in Chapter 3 are,

1. How does MHD and porous medium effect velocity profiles of Cross and Carreau nanoflu-

ids?

2. What will be the change found in skin friction co-efficients, local Nusselt numbers, local

Sherwood numbers, density of motile micro-organisms of Carreau and Cross fluid?
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Chapter 2

Cross Nanofluid Flow under

MHD and Radiation Effects with

Variable Thermal Conductivity

2.1 Introduction

The prime concern of this study is to extend and broaden the investigations of Azam et al. [44]

by instilling magnetohydrodynamics and radiation effects over stretching cylinder submerged in

porous medium. In order to transform the partial differential equations of considered problem,

similarity variables are utilized. The extensive problem is solved numerically by implementing

built-in solver bvp4c of MATLAB software. Moreover, the quantities of interest such as skin

friction coefficient, local Nusselt number and local Sherwood number are analyzed under the in-

fluence of different parameters and also, displayed in tabular form. While, Velocity, temperature

and concentration fields are plotted in graphs.

2.2 Problem Formulation

Considering unsteady, incompressible Cross fluid flowing over porous and stretching cylinder.

The cylinder having radius a(t) = a0
√

1 − βt that is time dependent where a0 denotes positive

constant, β represents contraction or expansion strength constant and t is time. For β > 0,

there is contracting cylinder since it’s radius decreases whereas, for β < 0, cylinder is expanding

since it’s radius increases. Buongiorno mathematical model is used in order to discuss nanofluid

with thermophoresis and Brownian effects. Physically, the geometry of model is two dimensional
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axisymmetric along axial (x-direction) and radial (r-direction) directions of cylinder (Figure 2.1).

Figure 2.1: Schematic diagram of the problem.

In the current study, under variable thermal properties, temperature dependent thermal conduc-

tivity has been examined using MHD and radiation effects. The present study has been actuated

in a porous medium. For variable thermal conductivity k(T ) [45], the mathematical relation will

be,

k(T ) = k∞

[
1 +

(
T − T∞

∆T

)
ϵ

]
, (2.1)

where, k∞ represents thermal conductivity distant from cylinder surface, ϵ denotes variable

thermal conductivity parameter and ∆T = Tw − T∞ is temperature gradient of fluid. Moreover,

convective boundary conditions are employed in modelling the problem. For Cross fluid model

[13], Cauchy stress tensor becomes,

τ = −pI + µA1 , µ = µ0

1 + (Γγ̇)n . (2.2)

where, p is pressure, I identity tensor, µ apparent viscosity, A1 is first Rivilin-Ericksen tensor,

µ0 represents zero shear rate viscosity, Γ denotes time material constant and γ̇ is shear rate.

In order to examine the problem under consideration, γ̇ in cylindrical co-ordinates will be,

γ̇ =
{

2 (ux)2 + 2
(v

r

)2
+ (ur + vx)2 + 2 (vr)2

} 1
2

. (2.3)
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The modelled equations for the considered problem are,

(ru)x + (rv)r = 0, (2.4)

ut + uux + vur = ν

r
ur

[
1

1 + (Γur)n

]
+ ν

[
ur

1 + (Γur)n

]
r

− νu

k∗
p

− σ1B2
0u

ρ
, (2.5)

Tt + uTx + vTr = 1
ρcp

1
r

[k(T )rTr]r + τ

[
DBCrTr + DT

T∞
(Tr)2

]
+ Q0

ρcp
(T − T∞)

− 1
ρcp

1
r

( rqr)r ,

(2.6)

Ct + uCx + vCr = DB

[
Crr + 1

r
Cr

]
+ DT

T∞

[
Trr + 1

r
Tr

]
. (2.7)

Here, the convective boundary conditions for Eq. (2.4) - (2.7) will be,

At r = a(t),

u = U = 4νx

a2
0 (1 − βt) , v = 0 ,

−DmCr = km (Cw − C) , −keff Tr = hf (Tw − T ) ,

(2.8)

when r → ∞, then

u → 0 , T → T∞ , C → C∞, (2.9)

Here,

keff = k(T ) + 16σ∗T 3
∞

3k∗ ,

while, k∗
p , σ , B0 , τ , DB , DT , Q0 , Dm , hf , km denotes permeability of medium, electrical

conductivity of fluid, uniform magnetic field, ratio of effective heat capacity of nanoparticles and

base fluids, Brownian diffusion parameter, thermophoresis diffusion parameter, heat source co-

efficient, molecular diffusivity, heat and mass transfer coefficient at wall, respectively. (.)t , (.)x

and (.)r represents derivatives with respect to t, x and r, respectively.

Moreover, radiative heat flux is expressed as qr, which is mathematically defined as

qr = −16σ∗T 3
∞

3k∗ Tr.

Following similarity transformations will be applied in order to get ordinary differential equations

from non-linear partial differential equations (2.5) - (2.7):

u = 4νx

a2
0 (1 − βt)f ′(η) , v = − 2ν

a0
√

1 − βt

f(η)
√

η
, η =

(
r

a0

)2 1
1 − βt

,

θ(η) = (T − T∞)(Tw − T∞)−1 , ϕ(η) = (C − C∞)(Cw − C∞)−1. (2.10)
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Using similarity transformations defined in Eq. (2.10) , Eq. (2.5) - (2.7) becomes,

{1 + (1 − n)(We
√

ηf ′′)n} ηf ′′′ + {2 + (2 − n)(We
√

ηf ′′)n} 1
2f ′′ + {1 + (We

√
ηf ′′)n}2

{
f ′′f − A (f ′ + ηf ′′) − (f ′)2 − kpf ′ − Mf ′} = 0,

(2.11)

(
1 + ϵθ + 4

3Rd

)
(ηθ′′ + θ′) + ϵη (θ′)2 + Pr

{
Nbϕ′θ′ + Nt(θ′)2} η + Pr (fθ′ − Aηθ′) +

PrQθ = 0,

(2.12)

(ηϕ′′ + ϕ′) + Nt

Nb
(θ′ + ηθ′′) + Sc (ϕ′f − Aηϕ′) = 0. (2.13)

The respective transformed boundary conditions will be,

f(1) = 0 , f ′(1) = 1 , θ′(1) = γ1
(θ(1) − 1)(

1 + ϵθ(1) + 4
3Rd

) , ϕ′(1) = γ2(ϕ(1) − 1), (2.14)

f ′(η) → 0 , θ(η) → 0 , ϕ(η) → 0 as η → ∞, (2.15)

where, the dimensionless variables are We Weissenberg number, A unsteadiness parameter, Kp

porosity parameter, M magnetic parameter, Q heat source parameter, Pr Prandtl number, Rd

radiation parameter, Nt thermophoresis parameter, Nb Brownian motion parameter, γ1 thermal

Biot number, γ2 solutal Biot number and Sc Schmidt number.

We = 8Γνx

a3
0(1 − βt)3/2 , A = a2

0β

4ν
, Q = Q0a2

0(1 − βt)
4νρcp

, P r = ν

α
, Sc = ν

DB
,

Nt = τDT (Tw − T∞)
νT∞

, Nb = τDB(Cw − C∞)
ν

, γ1 = hf

2k∞
a(t) ,

γ2 = km

2Dm
a(t) , Kp = νx

k∗
pU

, M = σB2
0x

ρU
, Rd = 4σ∗T 3

∞
k∞k∗ .

(2.16)

2.3 Physical Quantities

2.3.1 Skin Friction Coefficient

The skin friction coefficient is defined as the ratio of wall shear stress by the momentum of the

free stream. In other words, it quantifies the drag force exerted on an object as a result of its

interaction with a fluid. Mathematically, it is expressed as,

Cf = τrx
1
2 ρU2 ,
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Shear stress will be,

τrx = µ0
ur

1 + (Γur)n

∣∣∣∣∣
r=a(t)

,

that gives,

Cf
x

a(t) = f ′′(1)
1 + (Wef ′′(1))n . (2.17)

2.3.2 Local Nusselt Number

A dimensionless number that describes the ratio of convective to conductive heat transfer across

a boundary.

Nu = a(t)qw

2k(T )(Tw − T∞) ,

where, heat flux at wall is defined as

qw =
(

− k(T )
(

Tr

)
+ qr

) ∣∣∣∣∣
r=a(t)

,

this implies,

Nu = −
(

1 + 4
3

Rd

(1 + ϵθ(1))

)
θ′(1) . (2.18)

2.3.3 Local Sherwood Number

A non-dimensional number that describes the ratio of convective mass transfer to the mass

diffusion rate.

Sh = a(t)qm

2DB(Cw − C∞) ,

where, mass flux at wall is illustrated as

qm = −DB (Cr)
∣∣∣∣∣
r=a(t)

,

this implies,

Sh = −ϕ′(1) . (2.19)

2.4 Numerical Methodology

Intending to handle system of non-linear ordinary differential equations, Eq. (2.11) - (2.13)

will be transformed into first order ODEs. This system of differential equations will be solved

numerically via MATLAB inbuilt package bvp4c [41]. For this purpose, derivatives will be
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assumed as,

f = z1 , f ′ = z2 , f ′′ = z3 , θ = z4 , θ′ = z5 , ϕ = z6 , ϕ′ = z7.

Consequently, seven first order differential equations will be,

z′
1 = z2,

z′
2 = z3,

z′
3 = −

{
(2 + (2 − n))(We

√
ηz3)n

} 1
2 z3 +

{
z1z3 − (z2)2 − A(z2 + ηz3) − Kpz2 − Mz2

}{
1 + (We

√
ηz3)n

}2{
(1 + (1 − n))(We

√
ηz3)n

}
η

,

z′
4 = z5,

z′
5 = −

ϵη(z5)2 + Prη
{

Nbz5z7 + Nt(z5)2}+ Pr {z1z5 − Aηz5} + PrQz4 +
{

1 + ϵz4 + 4
3 Rd

}{
1 + ϵz4 + 4

3 Rd

}
η

,

z′
6 = z7,

z′
7 = −

z7 + Sc {z1z7 − Aηz7} + Nt
Nb {z5 + ηz′

5}
η

,

with boundary conditions,

z1(1) = 0 , z2(1) = 1 , z5(1) = γ1 (z4(1) − 1)

1 + ϵz4(1) + 4
3Rd

, z7(1) = γ2(z6(1) − 1),

z2(η) → 0 , z4(η) → 0 , z6(η) → 0 when η → ∞.

2.5 Comparison and Discussion

Table 2.1: Comparing numerical results for skin friction coefficient for n = 1, We = 0

A Fang et al.[42] Khan et al. [43] Azam et al. [44] Current study
0 -1.17775 -1.17884 -1.178844 -1.178847
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Table 2.2: Numerical computations for local Nusselt number when n = 3

A W e P r Sc ϵ Q γ1 γ2 Nt Nb Rd Kp M
Nusselt
number

-1.2 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.254144
-1.4 0.258831
-1.6 0.262663
-1 0.4 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.248207

0.6 0.248359
0.8 0.248496

-1 0.5 7.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.25252
8.9 0.256091
10 0.259408

-1 0.5 6.9 3 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.248545
4 0.248791
5 0.248997

-1 0.5 6.9 2 0 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.289815
10 0.217781
20 0.175871

-1 0.5 6.9 2 5 0.45 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.246197
0.75 0.243757
1.15 0.239736

-1 0.5 6.9 2 5 0.15 0.4 0.4 0.3 0.4 0.8 0.5 0.1 0.312882
0.5 0.370688
0.6 0.422699

-1 0.5 6.9 2 5 0.15 0.3 0.5 0.3 0.4 0.8 0.5 0.1 0.247719
0.6 0.247178
0.7 0.24666

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.4 0.4 0.8 0.5 0.1 0.247993
0.5 0.247698
0.6 0.247400

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.248286
0.7 0.246234
0.9 0.244814

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.2 0.5 0.1 0.243345
0.4 0.245247
0.6 0.246868

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 1 0.1 0.248235
1.5 0.248194
2.5 0.24813

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.2 0.248275
0.6 0.248235
1 0.248201

2.5.1 Analysis of Results

The results found in response to the research questions mentioned initially are represented via

graphs and tables. While responding to the research questions, Figure 2.2 is resolving question

1, Figure 2.3 is drawn to answer question 2, whereas Figure 2.4 is responding to question 3. In
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order to minimize research question 4, Table 2.2 - 2.3 is presented.

Table 2.3: Numerical computations for local Sherwood number when n = 3

A W e P r Sc ϵ Q γ1 γ2 Nt Nb Rd Kp M
Sherwood
number

-1.2 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.350566
-1.4 0.354888
-1.6 0.358521
-1 0.4 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.345223

0.6 0.345450
0.8 0.345670

-1 0.5 7.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.345169
8.9 0.344911
10 0.344674

-1 0.5 6.9 3 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.358814
4 0.366762
5 0.372050

-1 0.5 6.9 2 0 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.344481
10 0.346050
20 0.347183

-1 0.5 6.9 2 5 0.45 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.345484
0.75 0.345660
1.15 0.345952

-1 0.5 6.9 2 5 0.15 0.4 0.4 0.3 0.4 0.8 0.5 0.1 0.342885
0.5 0.340629
0.6 0.338550

-1 0.5 6.9 2 5 0.15 0.3 0.5 0.3 0.4 0.8 0.5 0.1 0.419685
0.6 0.490020
0.7 0.556657

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.4 0.4 0.8 0.5 0.1 0.342438
0.5 0.339553
0.6 0.336682

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.1 0.345338
0.7 0.349189
0.9 0.350331

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.2 0.5 0.1 0.339851
0.4 0.342242
0.6 0.343996

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 1 0.1 0.345250
1.5 0.345178
2.5 0.345067

-1 0.5 6.9 2 5 0.15 0.3 0.4 0.3 0.4 0.8 0.5 0.2 0.345319
0.6 0.345250
1 0.345191
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2.5.2 Discussion of Results

The findings derived in response to the posed research queries are subjected to an analysis and

deliberation in this section. Figure 2.2 elucidates variation in radiation parameter on concen-

tration field. Increase in Rd causes rise in θ(η) and their boundary layer thickness. Figure 2.3

represents the variation in velocity profile due to porosity parameter Kp. When Kp rises, f ′(η)

reduces. Physically, porous medium implements higher restriction on fluid flow causing it to

move slowly. The behavior of magnetic parameter M on f ′(η) is depicted in Figure 2.4. The

magnetic field parameter generates drag force that dampens the fluid velocity. In Table 2.2 and

2.3, it is noticed that local Nusselt and Sherwood number is rising function of Rd. Heat and

mass transfer rate diminishes little bit when Kp and M uplifted.

Figure 2.2: Effect of radiation parameter
on temperature curve.

Figure 2.3: Impact on velocity curve due to
porosity parameter.

2.5.3 Investigation of various other parameters

The computations found as result of numerical procedure are featured in Table 2.1 that depicts

comparison of present numerical study with previous literature in order to validate the numerical

simulations.

Table 2.2 - 2.3 highlights the numeric outcomes for heat and mass transfer rate by varying the

dimensionless parameters such as unsteadiness parameter A, Weissenberg number We, Prandtl

number Pr, Schmidt number Sc, thermal conductivity parameter ϵ, thermal Biot number γ1,

solutal Biot number γ2, heat source parameter Q, thermophoresis parameter Nt, Brownian

parameter Nb with magnetic parameter M , radiation parameter Rd and porosity parameter

Kp. It is found in Table 2.2 and 2.3 that local Nusselt number enhancing function of γ1 and

local Sherwood number is rising function of A, ϵ, Q, γ2 and Nb. Heat transfer rate diminishes

when ϵ, Q, γ2, Nt and Nb increases, whereas rate of mass transfer reduces when γ1 and Nt

uplifted.
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Figure 2.4: Impact of M on f ′(η). Figure 2.5: Velocity curves for different A.

Figure 2.6: Temperature curves for varying
unsteadiness parameter.

Figure 2.7: Concentration curves for vary-
ing unsteadiness parameter.

The influence of the remaining parameters are presented and discussed here.

Figure 2.5 illustrates the effect of unsteadiness parameter A on velocity whereas, temperature

and concentration fields are depicted by Figure 2.6 and 2.7, respectively. It indicates that with

the decrease in value of A, velocity, temperature, concentration profiles and their respective

boundary layer thickness diminishes. In fact, unsteadiness increases when β is becoming far

smaller than 0 causing lower flow strength, θ(η) and ϕ(η).

The variation in Prandtl number Pr on θ(η) has been depicted through Figure 2.8. Physically,

when Prandtl number enhances, there is an improvement in momentum diffusivity relative to

thermal diffusivity, that diminishes θ(η).

The influence of Schmidt number Sc on nanoparticle concentration is illustrated through Figure

2.9. Since, increase in Schmidt number lowers the concentration field and respective boundary

layer. Physically, higher Sc implies enhanced momentum diffusivity relative to mass diffusivity

that returns depressed ϕ(η).

24



Figure 2.8: Modulation of temperature pro-
file by the Prandtl number.

Figure 2.9: Modulation of concentration
profile by Schmidt number.

Figure 2.10: Velocity curves for different
Weissenberg number.

Figure 2.11: Effect of heat source parame-
ter on θ(η).

Figure 2.10 indicates behavior of Weissenberg number on velocity profile. Smaller We implies

viscous forces of the flow dominates. So, when Weissenberg number increases from 0.2 till 0.8,

the dominating viscous forces of flow are becoming weaker that causes enhanced flow velocity.

The variation of temperature curve due to change in heat source parameter is demonstrated

in Figure 2.11. With any increase in Q, heat will be produced causing enhanced temperature

profile.

The impact of thermal conductivity parameter ϵ on temperature and concentration profiles is

depicted through Figure 2.12 and 2.13, respectively. It is observed that, at constant thermal con-

ductivity parameter ϵ = 0 temperature and nanoparticle concentration is larger when comparing

to varying thermal conductivity. The temperature diminishes closer to the surface of cylinder

due to increase in ϵ. While, the temperature curve far away from cylinder shows opposite trend,

enhancing values of thermal conductivity parameter leads to higher temperature field. Whereas,
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decline in concentration profile is observed.

Figure 2.12: Influence of thermal conduc-
tivity parameter on θ(η).

Figure 2.13: Influence of thermal conduc-
tivity parameter on ϕ(η).

Figure 2.14: Change in θ(η) due to γ1. Figure 2.15: Change in ϕ(η) due to γ1.

The influence of thermal Biot number γ1 on temperature and nanoparticle concentration profiles

is depicted in Figure 2.14 and 2.15, respectively. With the increase in γ1, temperature and con-

centration fields increases. When γ1 = 0, the surface of cylinder will be completely isolated and

then, thermal resistance inside cylinder is infinitely large relative to its thermal layer thickness.

So, convective heat transfer discontinues.

Figure 2.16 indicates the impact of γ2 on concentration curve. Whenever, solutal Biot number

rises, it enhances molecular diffusivity of the flow then, concentration profile increases.

Figure 2.17 and 2.18 illustrates influence of Brownian parameter whereas, the behavior of ther-

mophoresis is shown in Figure 2.19, respectively. The higher flow strength is generated away

from the stretching surface due to temperature gradient in affect of thermophoretic force. The

accelerated fluid flowing from the stretching surface with thermophoretic force results in the in-

crease of temperature in boundary layer leading to the higher boundary layer thickness of ϕ(η).
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Greater thermophoresis parameter means the temperature gradient between surface and ambient

rises, which gives enriched fluid concentration. On the other hand, when Nb uplifts, it causes

considerable rise in θ(η) and fall in ϕ(η). It happens since increase in Brownian parameter re-

sults higher random motion of nanoparticles implying diminished concentration of nanoparticles.

Figure 2.16: Change in ϕ(η) due to solutal
Biot number.

Figure 2.17: Variation of θ(η) due to Brow-
nian parameter.

Figure 2.18: Variation of ϕ(η) due to Brow-
nian parameter.

Figure 2.19: Variation of ϕ(η) due to ther-
mophoresis parameter.
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Chapter 3

Comparative Analysis of Cross

and Carreau Nanofluid Flow

Containing Motile

Microorganisms

3.1 Introduction

This chapter covers the comparative analysis of two generalized non-Newtonian fluid models

under the effects of thermal radiation, magnetohydrodynamics and Arrhenius activation energy.

The flow model involves complex and highly nonlinear ordinary differential equations that have

been solved using the MATLAB built-in package bvp4c. The study evaluated the enhancement

of heat and mass transport by considering the effects of Brownian motion and thermophoresis. It

presents and explains graphical profiles of the velocity, temperature, concentration and density

of microorganisms based on appropriate parameters. Finally, skin friction coefficient, the rates

of heat transfer, mass transfer and motile density are analyzed and discussed using the graphs

and tables.

3.2 Problem Formulation

Assuming an incompressible, steady laminar flow of 2D bionanofluid via stretching cylindrical

geometry in axial direction. The cylinder immersed in porous medium is subjected to MHD,

thermal radiation, heat source or sink along with the presence of Arrhenius activation energy.
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The geometry of the problem is kept at constant temperature, denoted as Tw and fixed con-

centration of nanoparticles, represented as Cw while, surrounding environmental conditions are

characterized by ambient temperature and concentration, symbolized as T∞ and C∞, respec-

tively (Figure 3.1). Here, a(t) = a0
√

1 − βt is the radius of cylinder with β representing strength

of stretching constant.

Figure 3.1: Illustrative configuration of the problem.

The flow equations for the current problem will be as follows,

∂

∂x
(ru) + ∂

∂r
(rv) = 0, (3.1)

For Carreau nanofluid, momentum equation is

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂r
= ν

[
1
r

∂u

∂r
+ ∂2u

∂r2 +
(

n − 1
2r

)
Γ2
(

∂u

∂r

)3
+ 3

(
n − 1

2

)
Γ2
(

∂u

∂r

)2
∂2u

∂r2

]

−σ1B2
0u

ρ
− νu

K∗
p

+ 1
ρ

℘BT (T − T∞) + 1
ρ

℘BC(C − C∞),

(3.2)
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For Cross nanofluid, momentum equation will be,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂r
= ν

r

∂u

∂r

 1

1 +
(

Γ∂u

∂r

)n

+ ν
∂

∂r


∂u

∂r

1 +
(

Γ∂u

∂r

)n


+1

ρ
℘BT (T − T∞) + 1

ρ
℘BC(C − C∞) − σ1B2

0u

ρ
− νu

K∗
p

,

(3.3)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂r
= α

(
∂2T

∂r2 + 1
r

∂T

∂r

)
+ τ

(
DB

∂C

∂r

∂T

∂r
+ DT

T∞

(
∂T

∂r

)2
)

+ Q0

ρcp
(T − T∞) − 1

ρcp

1
r

∂

∂r
(rqr) ,

(3.4)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂r
= DB

(
∂2C

∂r2 + 1
r

∂C

∂r

)
+ DT

T∞

(
∂2T

∂r2 + 1
r

∂T

∂r

)
−kr(C − C∞)

(
T

T∞

)m

exp
(

−Ea

KBT

)
,

(3.5)

∂N

∂t
+ u

∂N

∂x
+ v

∂N

∂r
+ bwc

(Cw − C∞)
1
r

∂

∂r

(
N

(
r

∂C

∂r

))
= Dn

r

∂

∂r

(
r

∂N

∂r

)
, (3.6)

with appropriate boundary conditions as,

At r = a(t),

u = U = 4νx

a2
0 (1 − βt) , v = 0 , N = Nw ,

−Dm
∂C

∂r
= mt (Cw − C) , − keff

∂T

∂r
= ht (Tw − T ) ,

(3.7)

when r → ∞, then

u → 0 , T → T∞ , C → C∞ , N → N∞, (3.8)

Here,

keff = k + 16σ∗T 3
∞

3k∗ ,

while σ1, ℘, BT , BC , B0, K∗
p , α, τ , qr, kr, m, Ea, KB , N , b, wc, Dn, Dm, mt, ht and k shows elec-

trical conductivity of fluid, gravitational acceleration, volumetric thermal expansion coefficient,

volumetric solutal expansion coefficient, uniform magnetic field, permability of porous medium,

thermal diffusivity, ratio of effective heat capacity of nanoparticles and base fluids, radiative heat

flux, chemical reaction rate, fitted rate constant, Arrhenius activation energy, Boltzmann con-

stant, concentration of micro-organisms, chemotaxis constant, maximum cell swimming speed,

diffusivity of micro-organisms, molecular diffusivity, mass transfer co-efficient, heat transfer co-

efficient and constant thermal conductivity, respectively.
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Similarity transformations suitable for given problem are defined as,

u = 4νx

a2
0 (1 − βt)g′(ξ) , v = − 2ν

a0
√

1 − βt

g(ξ)√
ξ

, ξ =
(

r

a0

)2 1
1 − βt

,

ϑ(ξ) = (T − T∞)(Tw − T∞)−1 , φ(ξ) = (C − C∞)(Cw − C∞)−1 ,

χ(ξ) = (N − N∞)(Nw − N∞)−1.

(3.9)

With the intention of transforming partial differential equations written in Eq. (3.2) - (3.6) into

ordinary differential equations, we will utilize Eq. (3.9) and get,

ξg′′′
{

1 + 3
(

n − 1
2

)
(Weg′′)2

ξ

}
+ g′′

{
1 + (n − 1) (Weg′′)2

ξ
}

− A (g′ + ξg′′) − (g′)2

+g′′g + Gtϑ + Gsφ − g′ (M + Kp) = 0,

(3.10)

1
2g′′

{
2 + {2 − n)

(
We
√

ξg′′
)n}

+ ξg′′′
{

1 + {1 − n)
(

We
√

ξg′′
)n}

+
{(

1 +
(

We
√

ξg′′
)n)2}

{
g′′g − A (g′ + ξg′′) − (g′)2 + Gtϑ + Gsφ − g′ (M + Kp)

}
= 0,

(3.11)[
1 + 4

3Rd

]
(ϑ′ + ξϑ′′) + Pr

{
ξ
(

Nbφ′ϑ′ + Nt (ϑ′)2
)

+ ϑ′ (g − Aξ) + Qϑ
}

= 0, (3.12)

(ξφ′′ + φ′) + Nt

Nb
(ϑ′ + ξϑ′′) − Sc σ φ (1 + δϑ)m exp

(
−E

1 + δϑ

)
+ Sc (g − Aξ) φ′ = 0, (3.13)

χ′ + ξχ′′ − Sb (Aξ + g) χ′ − Pe {χ′φ′ + (χ + ω) (φ′ + ξφ′′)} = 0. (3.14)

The boundary conditions, transformed correspondingly with Eq. (3.10) - (3.14) are delineated

as follows:

g(1) = 0 , g′(1) = 1 , ϑ′(1) = γ1 (ϑ(1) − 1)

(1 + 4
3 Rd)

, φ′(1) = γ2 (φ(1) − 1) , χ(1) = 1,

g′(ξ) → 0 , ϑ(ξ) → 0 , φ(ξ) → 0 , χ(ξ) → 0 as ξ → ∞.

(3.15)
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The dimensionless parameters appearing are,

We = 8Γνx

a3
0(1 − βt)3/2 , A = a2

0β

4ν
, Gt = ℘BT x

ρU2 (Tw − T∞) ,

Gs = ℘BCx

ρU2 (Cw − C∞) , Q = Q0a2
0(1 − βt)
4νρcp

, Sc = ν

DB
,

Nt = τDT (Tw − T∞)
νT∞

, Nb = τDB(Cw − C∞)
ν

, γ1 = ht

2k
a(t) ,

γ2 = mt

2Dm
a(t) , M = σ1B2

0x

ρU
, Rd = 4σ∗T 3

∞
k k∗ , P r = ν

α
,

δ = Tw − T∞

T∞
, Kp = νx

k∗
pU

, σ = krx

U
, E = Ea

KBT∞
,

Sb = ν

Dn
, P e = bwc

Dn
, ω = N∞

Nw − N∞
.

(3.16)

Here, We is Weissenberg number, A denotes unsteadiness parameter, Pr shows Prandtl number,

Gt represents temperature buoyancy parameter, Gs depicts concentration buoyancy parameter,

Q defines heat source parameter, Sc is Schmidt number, thermophoresis parameter is depicted

by Nt , Brownian parameter is illustrated by Nb, γ1 is for thermal Biot number, γ2 for solutal

Biot number, M specifies Magnetic parameter, Rd refers to radiation parameter, δ indicates

temperature difference, Kp is porosity parameter, σ shows chemical reaction parameter, activa-

tion parameter is denoted by E, Sb defines bioconvection Schmidt number, Pe is Peclet number,

ω represents bioconvection parameter (motile microorganism difference parameter)

3.3 Physical Quantities

3.3.1 Skin Friction Coefficient

The quantity of interest is,

Cf = τrx
1
2 ρU2 ,

where, τrx is wall shear stress

Carreau fluid: τrx =

µ0

(
∂u

∂r

)(
1 +

(
Γ∂u

∂r

)2
)n−1

2


r=a(t)

,

Cross fluid: τrx = µ0

∂u

∂r

1 +
(

Γ∂u

∂r

)n

∣∣∣∣∣
r=a(t)

,
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The dimensionless coefficient of skin friction for both fluids is expressed as,

Carreau fluid: Cf
x

a(t) = g′′(1)
(

1 + (Weg′′(1))2
)n−1

2
, (3.17)

Cross fluid: Cf
x

a(t) = g′′(1)
1 + (Weg′′(1))n

. (3.18)

3.3.2 Local Nusselt Number

To calculate the local Nusselt number, we have formula

Nu = a(t)qw

2k(Tw − T∞) ,

where, qw is heat flux at wall which is defined by Fourier’s law of heat conduction as,

qw = −
(

k + 16σ∗T 3
∞

3k∗

)(
∂T

∂r

) ∣∣∣∣∣
r=a(t)

,

Thus, rate of heat transfer Nu equation becomes,

Nu = −
(

1 + 4
3Rd

)
ϑ′(1) . (3.19)

3.3.3 Local Sherwood Number

To compute local Sherwood number, we have

Sh = a(t)qm

2DB(Cw − C∞) ,

where, qm shows mass flux of nanoparticles at surface which is determined using Fick’s law of

diffusion as,

qm = −DB

(
∂C

∂r

) ∣∣∣∣∣
r=a(t)

,

This implies non-dimensional mass transfer rate Sh equation as follows,

Sh = −φ′(1) . (3.20)

3.3.4 Local Density of Motile Micro-organisms

In order to demonstrate the local density of micro-organisms, we measure Nn as

Nn = xjw

Dn (Nw − N∞) ,
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where, jw depicts mass flux of motile microorganisms at wall.

jw = −Dn

(
∂N

∂r

) ∣∣∣∣∣
r=a(t)

,

Therefore, dimensionless Nn will be written as,

Nn = −χ′(1) . (3.21)

3.4 Numerical Methodology

When the boundary value problem needs to solve numerically, it is necessary to convert higher

order differential equations into system of first order ordinary differential equations. For this

purpose, Eq. (3.10) - (3.14) are first transformed into system of first order ODEs so that, it

will then be solved numerically by utilizing MATLAB solver bvp4c [41]. Here, we are assuming

derivatives as,

g = z1 , g′ = z2 , g′′ = z3 , ϑ = z4 , ϑ′ = z5 ,

φ = z6 , φ′ = z7 , χ = z8 , χ′ = z9.

Subsequently, nine first order differential equations for each Carreau and Cross fluid are,

z′
1 = z2,

z′
2 = z3,

z′
3 =



[
− z3

(
1 + (n − 1) ξ (Wez3)2

)
+ A (z2 + ξz3) + (z2)2 − z3z1 + z2 (M + Kp)

−Gtz4 − Gsz6

][
ξ

(
1 + 3

(
n − 1

2

)
ξ (Wez3)2

)]−1

(Carreau fluid)

[
− z3

2
(
2 + (2 − n)

(
We

√
ξz3
)n)+

[
A (z2 + ξz3) − z3z1 + (z2)2 + z2 (M + Kp)

−Gtz4 − Gsz6

] (
1 + (We

√
ξz3)n

)2
][

ξ
(
1 + (1 − n)

(
We

√
ξz3
)n) ]−1

(Cross fluid)



,

z′
4 = z5,

z′
5 =

[
ξ

(
1 + 4

3Rd

)]−1 [
−Pr

{
ξ
(
Nbz5z7 − Nt(z5)2)+ z5 (z1 − Aξ) + Qz4

}
+
(

1 + 4
3Rd

)
z5

]
,
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z′
6 = z7,

z′
7 = 1

ξ

[
− Nt

Nb
(z5 + ξz′

5) + σSc (1 + δz4)m
z6 exp

(
−E

1 + δz4

)
− Sc (z1 − Aξ) z7 − z7

]
,

z′
8 = z9,

z′
9 = 1

ξ
[−z9 + Sb (Aξ + z1) z9 + Pe {z9z7 + (z8 + ω) (z7 + ξz′

7)}] ,

with boundary conditions,

z1(1) = 0 , z2(1) = 1 , z5(1) = γ1(z4(1) − 1)

1 + 4
3 Rd

, z7(1) = γ2(z6(1) − 1) , z8(1) = 1,

z2(ξ) → 0 , z4(ξ) → 0 , z6(ξ) → 0 , z8(ξ) → 0 when ξ → ∞.

3.5 Comparison and Discussion

Table 3.1: Numerical computations for skin friction coefficient when m = 0.3, Pr = 10, n = 4
Q = 0.1, Sc = Sb = 0.3, δ = ω = 0.1, σ = 0.3, E = 0.1, Pe = Nt = 0.3, Nb = Rd = 0.4,
γ1 = 0.3, γ2 = 0.4

A W e Gt Gs M Kp Carreau Fluid Cross Fluid
-1.5 0.2 0.4 0.5 0.1 0.3 -2.12230 -1.82114
-2 -2.54336 -2.25594

-2.5 -2.99698 -2.70947
-1 0.1 0.4 0.5 0.1 0.3 -1.70643 -1.41847

0.2 -1.74492 -1.41737
0.3 -1.80245 -1.41256

-1 0.2 0.4 0.5 0.1 0.3 -1.74492 -1.41737
0.6 -1.74431 -1.41676
0.8 -1.74370 -1.41615

-1 0.2 0.4 0.5 0.1 0.3 -1.74492 -1.41737
0.7 -1.68388 -1.35060
0.9 -1.62389 -1.28463

-1 0.2 0.4 0.5 0.1 0.3 -1.74488 -1.41733
0.5 -1.93698 -1.62305
0.9 -2.11137 -1.80103

-1 0.2 0.4 0.5 0.1 0.3 -1.78650 -1.46492
0.8 -2.01393 -1.70385
1.3 -2.21935 -1.90856

For the considered problem, the results are plotted and tabulated as comparative analysis of

Cross and Carreau fluid.

In Table 3.1 - 3.4, the comparison of local skin friction coefficient, local Nusselt number, local

Sherwood number and density of motile micro-organisms has been noted down in response to

varying parameters offering distinctive insight to the system’s behaviour. Table 3.1 shows that,
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Table 3.2: Computation of local Nusselt number when We = 0.2, n = 4, Sc = 0.3, Sb = 0.3,
ω = 0.1, σ = 0.3, Pe = 0.3, Gt = 0.4, Gs = 0.5, γ1 = 0.3, γ2 = 0.4, δ = 0.1, m = 0.3, Kp = 0.3,
M = 0.1, E = 0.1

A P r Nt Nb Q Rd Carreau Fluid Cross Fluid
-1.5 10 0.3 0.4 0.1 0.4 0.294531 0.294529
-2 0.295773 0.295772

-2.5 0.296562 0.296560
-1 6 0.3 0.4 0.1 0.4 0.288448 0.288456

9 0.291607 0.291611
12 0.293374 0.293377

-1 10 0.4 0.4 0.1 0.4 0.292348 0.292353
0.6 0.292433 0.292438
0.8 0.292511 0.292517

-1 10 0.3 0.5 0.1 0.4 0.292147 0.292151
0.7 0.291820 0.291823
0.9 0.291468 0.291473

-1 10 0.3 0.4 0.2 0.4 0.292228 0.292232
0.6 0.291901 0.291906
1.2 0.291303 0.291310

-1 10 0.3 0.4 0.1 0.4 0.292304 0.292308
0.8 0.292648 0.292653
1.2 0.292943 0.292950

in absolute sense higher drag force will be exerted during flow of Cross fluid other than Carreau

fluid when varying the parameters like unsteadiness, flow index, temperature and concentration

buoyancy, magnetic and porosity parameters. Simultaneously, it is observed that local skin

friction is increasing function of A, M and Kp while, local skin friction coefficient is decreasing

function of We, n, Gt and Gs.

In Table 3.2, it is found that Carreau fluids have slightly greater conductive heat transfer through

the boundary when comparing with Cross fluids while increasing different parameters as tabu-

lated for local Nusselt number computations. Table 3.3 depicts that Carreau fluids have little

higher values of local Sherwood number than Cross fluid when altering the values of parameters

such as A, Nt, Nb, Sc, σ, δ and m. Whereas, in case of rising activation parameter E, Cross

fluid has uplifted rate of mass transfer of nanoparticles than Carreau fluid. In Table 3.4, it is

noted that Cross fluids have enhanced local density of motile micro-organisms relative to flow of

Carreau fluids.

The influence of unsteadiness parameter A on g′(ξ) is depicted in Figure 3.2. Higher the un-

steadiness in fluid flow while cylinder is stretching(expanding radially), lower will be the flow

strength and their boundary layer thickness.

Figure 3.3 illustrates influence of Weissenberg number We on velocity field. Whenever relaxation

time for Carreau fluid rises, it results growth in momentum boundary layer thickness and fluid
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Table 3.3: Numerical computation of local Sherwood number when We = 0.2, n = 4, Pr = 10,
Q = 0.1, Sb = 0.3, ω = 0.1, Pe = 0.3, Gt = 0.4, Gs = 0.5, γ1 = 0.3, γ2 = 0.4, Rd = 0.4,
Kp = 0.3, M = 0.1

A Nt Nb Sc σ δ m E Carreau Fluid Cross Fluid
-1.5 0.3 0.4 0.2 0.3 0.1 0.3 0.1 0.262673 0.262616
-2 0.275247 0.275073

-2.5 0.285805 0.285561
-1 0.4 0.4 0.2 0.3 0.1 0.3 0.1 0.234231 0.234439

0.6 0.209058 0.209325
0.8 0.183853 0.184186

-1 0.3 0.5 0.2 0.3 0.1 0.3 0.1 0.254328 0.254474
0.7 0.263028 0.263160
0.9 0.267869 0.267993

-1 0.3 0.4 0.4 0.3 0.1 0.3 0.1 0.262039 0.262206
0.6 0.285087 0.285202
0.8 0.300551 0.300636

-1 0.3 0.4 0.2 0.3 0.1 0.3 0.1 0.245263 0.245473
0.6 0.252601 0.252762
1.2 0.264038 0.264143

-1 0.3 0.4 0.2 0.3 0.3 0.3 0.1 0.246201 0.246392
0.7 0.246205 0.246396
1.1 0.246209 0.246400

-1 0.3 0.4 0.2 0.3 0.1 0.3 0.1 0.245196 0.245408
0.6 0.245197 0.245409
0.9 0.245198 0.245410

-1 0.3 0.4 0.2 0.3 0.1 0.3 0.5 0.242512 0.242743
1 0.240168 0.240417

1.5 0.238677 0.238940

Table 3.4: Computation of local density of motile micro-organisms when We = 0.2, n = 4,
Pr = 10, Rd = Gt = 0.4, Gs = 0.5, Nt = γ1 = 0.3, Gs = Nb = γ2 = 0.4, Sc = σ = Kp = 0.3,
Q = δ = E = M = 0.1, m = 0.3

A Sb P e ω Carreau Fluid Cross Fluid
-1.5 0.3 0.3 0.1 1.05739 1.05809
-2 1.23364 1.23595

-2.5 1.40993 1.41381
-1 0.3 0.3 0.1 0.769285 0.767227

0.6 1.09263 1.08902
0.9 1.39129 1.38647

-1 0.3 0.2 0.1 0.758444 0.756351
0.6 0.802447 0.800494
0.8 0.825087 0.823204

-1 0.3 0.3 0.2 0.771975 0.769930
0.6 0.782734 0.780743
1.2 0.798873 0.796962
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strength. On contrary, increase in relaxation time for cross fluid shows little decline in momentum

boundary layer.

Figure 3.2: Velocity field with changing un-
steadiness parameter.

Figure 3.3: Velocity profile with varying
Weissenberg number.

Figure 3.4 contributes in elaborating Lorentz force impact on velocity g′(ξ) versus ξ graph

in view of Cross and Carreau fluid. So, Lorentz force opposes near wall fluid in both cases,

causing decrease in velocity profile. Momentum boundary layer thickness suppresses due to

rising magnetic parameter for both fluids instead, thickness of boundary layer exhibited by

Cross fluid is marginally varying to that of Carreau fluid when compared.

Figure 3.4: Magnetic parameter via g′(ξ). Figure 3.5: Concentration buoyancy pa-
rameter via g′(ξ).

The behavior of concentration buoyancy parameter Gs on g′(ξ) is shown in Figure 3.5. Incre-

ment in velocity field happens due to higher concentration buoyancy parameter for Carreau as

well as Cross fluid. Since, it is ratio of buoyancy force due to concentration gradients to the

buoyancy force due to temperature gradients. Therefore, the buoyancy force dominates due to

concentration gradient whenever concentration buoyancy parameter elevates.

In Figure 3.6, the influence of porosity parameter Kp on velocity profile g′(ξ) is presented.
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Figure 3.6: Effect of porosity parameter on velocity profile.

Physically, higher the percentage of void spaces or microstructures in the material causes slow

movement of both fluids. Although, Cross fluids have smaller momentum boundary layer than

Carreau fluids.
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Chapter 4

Conclusion and Outlook

In view of unsteady, incompressible fluid flowing through porous medium that has been employed

with two generalized Newtonian fluid models i-e Cross and Carreau viscosity models. These

models are formulated under Brownian, thermophoresis and radiation effects over stretching

cylinder.

So, the thesis comprises of computation and interpretation of two problems summarized in second

and third chapter. Now, in order to conclude the problem elaborated in second chapter, we have

enumerated the findings as,

• Rise in Weissenberg number We causes increase in fluid velocity.

• Due to increment in solutal Biot number and radiation parameter, local mass transfer of

flow rises.

• Thermal Biot number and radiation parameter increments in local Nusselt number.

• Thermophoresis parameter Nt enhances and causes concentration of nanoparticles and

boundary layer thickness to rise.

• Heat source Q and thermal conductivity parameter ϵ causes greater temperature profile

and respective boundary layer.

The results found after modelling and computations of the problem presented in third chapter

is as follows,

• Higher the unsteadiness in fluid flowing over stetching cylinder(expanding radially), there

is diminished flow velocity.

• Increment in relaxation time causes considerable impact on movement of Carreau fluid

flow irrespective to Cross fluid.
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• The inclusion of the concentration buoyancy parameter has led to a more pronounced

velocity profile for the Cross fluid model compared to the Carreau model.

• Carreau fluids have higher magnitude of drag force when interacted with fluid, relative

to Cross fluids due to varying parameters such as unsteadiness parameter, Weissenberg

number, temperature and concentration buoyancy parameters, magnetic and porosity pa-

rameter.

• Carreau fluids have greater local density of motile microorganisms than Cross fluids except

for varying unsteadiness parameter.

Future Aspects

The future line of research after modelling problems involving stretching cylinder placed horizon-

tally in a porous medium under magnetohydrodynamics, radiation, Brownian and thermophore-

sis effects are,

• The problem geometry may be assumed as rotating stretching cylinder.

• Geometry could be assumed as inclined stretching cylinder.

• Comparative analysis of the considered generalized Newtonian fluid models with other

non-Newtonian fluid models.

• Extensive comparative analysis utilizing numerical simulations for three dimensional ge-

ometry instead of two dimensional.
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