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Abstract

In this thesis, we find solutions to Einstein field equations using nonlinear equations of state.
The spacetime is considered to be static and spherically symmetric. The solutions are found
by extending Chaplygin equation of state together with a choice of gravitational potentials and
electric field intensities in the presence of anisotropic pressure. Numerous physical features
of the solutions have been explored. The metric potentials, densities, and pressures have no
singularities and satisfy the required physical conditions. The stability requirements are satis-
fied and the balance of forces (Fy, Fj,, Fy, Fe) in our models have been examined by analyzing
the Tolman—Oppenheimer—Volkoff (TOV) equation. The anisotropic factor is zero at the center
and increases afterward. We also study the behavior of mass, compactness factors, and redshifts

which are found to be in acceptable ranges.

iii



Contents

1 Introduction 1
1.1 Exact Solutions . . . . . . . . . .. 1
1.2 Tensors . . . . o v v i e e e e e e e 2

1.2.1  The Metric Tenor . . . . . . . . . . . e 3
1.2.2 Curvature Tensor . . . . . . . . . . Lo 4
1.2.3 The Einstein Tensor . . . . . . . .. ... . . e )
1.2.4 Maxwell Tensor . . . . . . . . .. o e 6
1.2.5  Stress-Energy Tensor . . . . . . . .. . .. . L 6
1.3 An Introduction to General Relativity . . . . .. .. .. ... ... ... ..., 7
1.3.1 The Einstein Field Equations . . . . . . . .. ... .. ... ... ..., 8
1.4 Compact Ojects . . . . . . . . o e e 8
1.5 Solutions of Einstein’s Field Equations . . . . . . . . . ... ... ... .. .... 10
1.5.1 The Schwarzschild Solution . . . . . . . ... ... ... ... .. ..... 10
1.5.2  The Reissner-Nordstrom Solution . . . . . . . . .. ... ... ... .... 11

2 Charged Anisotropic Model with p, = Ap? + Bp — % 12
2.1 Boundary Conditions . . . . . . . . . ... L 15
2.2 Physcial Conditions . . . . . . . .. L L 16
2.3 The Stability Analysis . . . . . . . . . L 27

3 Charged Anisotropic Model with p, = Ap? — % 34
3.1 Electrified Anisotropic Framework . . . . . . .. .. ... ... . ... ... 34
3.2 Boundary Conditions . . . . . . . . . ... L 36
3.3 Physical Conditions . . . . . ... L 36

iv



3.4 The Stability Analysis

4 Conclusion

A1l

58

64



List of Figures

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21

Graph of metric potential with respect to r. In this and all other figures of this
chapter, the values of the constants are a = 0.5, b = 0.0236, C' = 0.83, A = 0.029,
B=0.0001and Ay =1.1. . . . . .. e

Graph of metric potential with respect tor . . . . . . . . ... .. ... ... ..
Graph of electric field intensity with respect tor . . . . . . . ... ... ... ..
Graph of energy density with respect tor . . . . . . . .. ... ...
Graph of radial pressure with respect tor . . . . . . . .. . ... ... ... ...
Graph of tangential pressure with respect tor . . . . . . . .. ... ... ... ..
Graph of pressure density ratio with respect tor . . . . . ... ...
Graph of anisotropic factor with respect tor . . . . . . .. ...
Graph of charge density with respect tor . . . . . . .. ... oo
Graph of energy density gradient with respect tor . . . . . ... .. ... ...
Graph of radial pressure gradient with respect tor . . . . . ... .. ... ...
Graph of tangential pressure gradient with respect tor . . . . . . . ... ... ..
Graph of mass M (r) with respect tor . . . . .. . ... .. L.
Graph of compactness factor with respect tor . . . . . . . .. .. ... ... ..
Graph of surface redshift with respect tor . . . . . .. ... .
Graph of gravitational redshift with respect tor . . . . . .. .. ... ... ...
Graph of a trace of energy tensor with respect tor . . . . . .. .. .. ...
Graph of radial and tangential velocities with respect tor . . . . . . . ... ...
Graph of stability factor with respect tor . . . . . . . . .. ...
Graph of weak energy condition (p + p,) with respect tor . . ... ... ... ..

Graph of weak energy condition (p + p;) withrespect tor . . . . . . ... .. ..

vi



2.22

2.23

2.24

2.25

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

3.19

3.20

3.21

3.22

3.23

3.24

Graph of strong energy condition (p, 4+ p + 2p;) with respecttor . . . . . . . .. 30

Graph of adiabatic index (I',) with respect tor . . . . . . ... ... .. ... .. 31
Graph of adiabatic index (I';) with respect tor . . . . . .. ... ... ... ... 32
Graph of forces with respect tor . . . . . . . . .. L 33

Graph of metric potential (e?*) with respect to r. In this and all other figures

of this chapter the values of the constants are a = 0.75,b = 1.65, C' = 0.12,

A=0.038and A1 =0.2. . . . . .. 37
Graph of metric potential (e?”) with respect tor . . . . . . ... ... ... ... 37
Graph of electric field intensity with respecttor . . . . . . ... .. ... 38
Graph of energy density with respect tor . . . . . . .. ... oo 38
Graph of charge density with respect tor . . . . . . ... ... ... 39
Graph of radial pressure with respect tor . . . . . . . .. ... L. 39
Graph of tangential pressure with respect tor . . . . . . . . ... ... ... ... 40
Graph of pressure density ratio with respect tor . . . . . . ... ... ... ... 40
Graph of anisotropic A with respect tor . . . . . . . . ... L. 41
Graph of a trace of energy tensor with respect tor . . . . . .. ... ... ... 41
Graph of pressure density ratio with respect tor . . . . . . .. ... 42
Graph of mass M (r) with respect tor . . . . . . . ... . Lo L. 43
Graph of compactness factor with respect tor . . . . ... ... ... 43
Graph of surface redshift with respect tor . . . . . . . ... ... 44
Graph of gravitational redshift with respect tor . . . . . . . ... ... ... .. 44
Graph of energy density gradient with respecttor . . . . . ... ... ... ... 45
Graph of radial pressure gradient with respect tor . . . . . . .. ... ... ... 46
Graph of tangential pressure gradient with respect tor. . . . . . . . .. .. ... 46
Graph of radial and tangential velocities with respect tor . . . . . . . ... ... 47
Graph of stability factor with respect tor . . . . . . . . ... Lo 48
Graph of weak energy condition (p + p,.) with respect tor . . . . . ... ... .. 48
Graph of weak energy condition (p + p;) with respect tor . . ... ... ... .. 49
Graph of strong energy condition (p, + p + 2p;) with respect tor . . . . . . . .. 49
Graph of adiabatic index (I',) with respect tor . . . . . . . ... ... ... ... 50

vii



3.25 Graph of forces with respect to r

viii



Chapter 1

Introduction

1.1 Exact Solutions

The exact solutions of the Einstein-Maxwell field equations (EMFESs) for the static and spher-
ically symmetric geometry are of great interest. Finding exact solutions to the EMFEs is chal-
lenging due to their non-linearity and complexity. In fact, only a limited number of exact
solutions are known. In Relativistic Astrophysics solutions of the EMFEs which satisfy some
physical criterion are of real interest because these can be used to model compact objects like
stars, neutron stars, quark stars, etc. This helps us to understand the highly dense distribution
of matter in the interior of relativistic compact objects. Although many solutions have been
obtained, only a few exact solutions of the EMFEs fulfill the physical criterion to be considered
as models of relativistic compact objects. Often an equation of state (EoS), which relates energy
density to pressure, i.e. p = p(p), is assumed to determine solutions. Many other exact solu-
tions to the Einstein field equations have been obtained by various approaches using different
kinds of equations of state. Tooba Feroze [49] has discovered two solutions for the EMFEs by
using general linear EoS which is p, = ap — v in the energy-momentum conservation equation.
Prasad and Kumar [38] present a class of relativistic and well-behaved solutions to EMFEs for
anisotropic matter distribution using linear EoS. Feroze and Siddiqui [52,53] obtained the solu-
tion with quadratic EoS, p, = ap?+ Bp—~ where «, § and v are arbitrary constants for charged
anisotropic matter by analyzing the characteristics of a compact relativistic object. Malaver
and Iyer [7] develop a model for the charged anisotropic distribution with linear p, = vp and
quadratic p, = vp? EoS. Sunzu [28] generates a new solution for a neutral anisotropic star by
utilizing a quadratic EoS. Thirukkanesh et al. [35] investigate the stability and enhancement of
the physical characteristics of compact, relativistic objects that follow a quadratic EoS. Notably,
Sifiso et al. [36] provided a quadratic EoS to describe the matter distribution in spherical co-

ordinates. Paul et al. [25] and Thirukkanesh et al. [26] discover new models of a compact star



1/2 _ f for anisotropic matter in spherical symmetric

using color-flavor-locked EoS, p,. = gp+ hp
spacetime. Malaver and Kasmaei [8] also presented the work on the polytropic equation of state
which is p, = fp" where I' = 1+ 1 and 7 is the polytropic index. Nasima and Azam [37] worked
on anisotropic-charged physical n?odels with a generalized polytropic EoS, investigating various

scenarios involving linear, quadratic, and polytropic equations. Malaver worked on a modified
fr

14 hp

and uncharged [20] anisotropic matter. Errehymy et al. [34] investigate the non-linear Van Dar

Van Der Waals EoS, p, = gp? + and found a new class of exact solution with charged [18]

Waal EoS and introduce new models of compact stars within the framework of general relativity,

characterized by a new class of exact solutions to the field equations. A number of solutions to
B

EMFEs have been found using the Chaplygin EoS, p, = Ap+ — by Malaver [27,30], Sunzu [28],
P

Bhar [39-41], Kumar [51] and Ortiz [50]. To construct such solutions, we need to understand

some following basic principles that serve as the building blocks for their formation.

1.2 Tensors

Tensors are mathematical objects, described entirely in their respective coordinate systems by
changing properties. Tensor formalization is studied in relativity to gain deeper geometric aware-
ness because it explains how quantities transform under coordinate transformations because they
are valid in all systems. Tensor is fundamentally a generalization of vectors and dual vectors.
If T is a general tensor with the components having number of upper indices equal to ‘r’ and
number of lower indices equal to ‘s’, then in component notation 7' is written as

T=T" 6@ 8 @0 @0, (L1)

where

6, ® @6, RV ® @0, (1.2)

is the basis of the (r,s) tensor, provided by the tensor product of vectors and dual vectors.
Similarly, one can define components of contravariant and covariant tensors having all upper
and lower indices respectively. The transformation law for mixed tensor components is defined
as ) y . ‘

Oz"h Ox'r Ozt Ox¢

-/ -/ . .
T =T e — 1.3
13k Ji-ds §pin Oxir Hxii s (13)

Basic operations such as addition and subtraction are valid for tensors but have the same rank
and are of the same type, while the product of two tensors given by its components whose upper
and lower indices consist of all upper and lower indices of the original tensor components is valid.

It is expressed as follows

Taﬁ’Y _ UozﬁV 4 V(Xﬁw (1.4)

aBy _ rraf
% = U V7 . (1.5)



Contraction is the summation of one upper and one lower index (of the same type) otherwise
tensor would not hold the transformation laws.
1 Contrac 1 Contrac

Rank n tensor ———— Rank (n — 2) tensor ————Rank (n — 4) tensor - - -

As an example consider

B _ qanp
e (1.6)

Given a tensor, its symmetric and skew-symmetric parts are defined as follows

1

Tiyoin) = —5 (T3y..i,, + sum over permutation of indices i1 ---iy), (1.7)
n!
1

Tiyin) = - (T}, ...s, + alternating sum over permutation of indices iy -+ iy) . (1.8)

1.2.1 The Metric Tenor

In general relativity, the metric tensor is the most basic and important tensor to investigate
space-time geometry. It is also broadly used as a tool for lowering and raising the indices of
vectors and tensors, that is going from covariant to contravariant vectors and tensors and vice
versa. The metric tensor, also known as the metric, is a symmetric tensor of rank 2 [6]. The
components of the covariant metric tensor is presented in the form of matrix below where «, 8

=0,1,2 3.

goo go1 9Go2 9go3

gio 911 Gi2 913
Gap = . (19)
g20 921 922 923

g30 931 g32 933

The contravariant metric tensor, ¢g®?, is the inverse of the above matrix. In tensor algebra, the

product of a tensor and its inverse gives
90r 9"’ = 85 = 9" g1, (1.10)

where 67 is known as the Kronecker Delta (named after Leopold Kronecker) or identity the

matrix that is defined by
L if a=p5,
0 if a#p.

The determinant of the matrix given in eq. (1.10) is denoted by ‘g’ i.e.

g = detgag (1.11)

The line element in spherical coordinates, (t,r,0, ¢), is mathematically defined as

ds® = gapdr®da’- (1.12)



1.2.2 Curvature Tensor

The curvature tensor is a mathematical representation of the intrinsic geometric curvature of
spacetime due to the presence of matter. It is also called the Riemann curvature tensor. The
symbols used to write the Riemann curvature tensor are called the Christoffel symbols (named
after Elwin Bruno Christoffel). These symbols allow us to measure distances on surfaces or

space-times that are equipped with a metric. Mathematically, they are defined as

« 1 (07
By~ ig " (gnsy + 9.8 — 9van) - (1.13)

The Riemann curvature tensor is then defined as

_ § 3
g“m - %rm - g%n + Fgérﬁn - Fgfrﬁv’ (1.14)
where ‘,” represents the partial derivative. Rj., can be transformed into covariant tensor form
by using the transformation
Ro‘ﬁ'}/n = gaERgfyn’ (1.15)

where ng # Rapyy. The covariant curvature tensor in explicit form, by performing some

algebra, can be written as

1
Rapyn = B (Ina,8y + 98v.ma = I8n.ay — Gya,6n) + Jec (F%aFSB - F’Cyarf],8> ) (1.16)

Some properties of the Riemann curvature tensors are:
1. Tt is skew-symmetric either the order of the first two indices is swapped or of the last two.

Raﬁ'm = _R[ia’ynv Raﬂ'yn = _Raﬁn'y- (117)

2. It satisfies Bianchi’s identity of the first and second kind given as

Rojpyn) = Rapyn + Ranpy + Rayyp =0, (1.18)
Rg[ﬁv;n] = Rpgyin + Rpngiy + Bpynp = 0. (1.19)

Here ’;’ is the covariant derivative that is the generalization of the partial derivative for

curved spacetime. For example, the components of the covariant derivative of a tensor of

rank (1, 1) are defined as
A, = A5, +T5, AT —T7 AD. (1.20)

Y84

3. Tt is symmetric if the first two pair of indices are swapped with the last two

Rapgyn = Rynags- (1.21)



By contracting the components of the Riemann tensor one can construct the Ricci tensor

Rosg =R}, 5 (1.22)

and the trace of the Ricci tensor is the Ricci scalar (or curvature scalar) as given below
R =g"’Rags. (1.23)

Ricci tensor is symmetric and an interesting feature of the Ricci scalar is that it determines
the nature of singularity as it is invariant under coordinate transformations. There are two
types of singularities coordinate and essential, one arises with a bad choice of coordinates and
is removable, the other occurs due to a problem in geometry that can not be removed. By
examining the invariant quantities given below, one can conclude that if curvature invariants are

finite then there is coordinate singularity otherwise essential.

Ry =R, (1.24)
Ry =R R ., (1.25)
Ry =R R R* (1.26)
Ry =R R R, R ,. (1.27)

Now as the curvature tensor is discussed in detail then the principle of minimal gravitational
coupling implicitly used by Einstein is quite easier to understand, which is stated as “No term
explicitly containing the curvature tensor should be added in making the transition from special

to general theory of relativity”.

1.2.3 The Einstein Tensor

The Einstein tensor is defined over pseudo-Riemannian manifolds and is a tensor of order 2. The

Einstein tensor is written as [48]
1
Gop = Rap — iRgaB’ (1.28)
The Einstein tensor is symmetric and divergence-free i.e
Gag = Gﬁa, (1.29)

and

G*? =0. (1.30)



1.2.4 Maxwell Tensor

The Maxwell tensor is also known as the electromagnetic field tensor. For its construction define

the four-vector potential, A, and skew-symmetric tensor, F,3, as

Fop = 00 Ag — 95 Aa. (1.32)

Here, ¢ is the scalar potential and A is 3-vector potential. Electric and magnetic fields in terms

of ¢ and A become

E=-V¢—0A, (1.33)
B=V xA. (1.34)

From equations (1.32)-(1.34), we get Fo; = E; and Fj; = €;;,B* where i, j,k = 1,2,3 and €, is

the Levi-Civita tensor defined as

+1 if ¢jk is an even permutaion of 123,
€ijk =4 -1 if ijk is an odd permutaion of 123, (1.35)

0 otherwise.

Further simplification yields the covariant form of electromagnetic field tensor as

0 E1 E2 E3
“E, 0 B _pB?
Fop = : (1.36)
~-E, -B3 0 B!

~E; B® -B' 0

and its contravarient form is represented as F*% = g gfF,, .

1.2.5 Stress-Energy Tensor

The stress-energy tensor also called the energy-momentum tensor or the stress-energy-momentum
tensor is a 2nd-rank symmetric tensor i.e. T,g = Tgo. It is a physical quantity that demon-
strates the distribution of matter at each region of spacetime. As the stress-energy tensor is of

order two, so in 4-dimensions its components can be displayed in a 4x4 matrix form

TOO TOI T02 T03

o T10 Tll T12 T13
s . (1.37)

T T T22 T23

T30 T31 T32 T33

The components of the above matrix demonstrate the following physical quantities:



o Energy density of the matter is denoted by 79,
o Energy flux xc¢™! in the i** direction is denoted by T,
« Momentum density xc in the i*" direction is denoted by T,

o The flow of i** component of momentum per unit area in the j** direction is represented

by T%.

Here ¢ and j are the indices that represent the spatial coordinates. The stress-energy tensor in
the covariant form is given by

Ta/j = T’Yng'yozgnﬁv (138)

in the mixed form as

T =Tg,. (1.39)

The stress-energy tensor is also divergence-free.

B _
¢ =0. (1.40)

1.3 An Introduction to General Relativity

The special theory of relativity was Einstein’s first step towards relativizing physics. Only non-
accelerated systems are addressed by the special theory of relativity. After a ten-years effort
to incorporate acceleration into the theory, Einstein presented his general theory of relativity
in 1915. General relativity (GR) is concerned with one of the fundamental forces in the uni-
verse which is gravity. As gravity defines macroscopic behavior so GR also explains large-scale
physical events. This theory describes and explains gravity as a manifestation of the curvature
of spacetime, not a force as it was once thought in Newtonian physics. Geometry defines gravity.
Gravity is the warping of spacetime induced by the existence of matter and energy, although the
pathways followed by matter and energy in spacetime are determined by spacetime structure. In

short, GR deals with these two important aspects:

o Effects of curvature on motion of matter.

o Effects of matter on the spacetime curvature.

According to John A. Wheeler, “Matter tells spacetime how to curve and spacetime tells matter

how to move.”



1.3.1 The Einstein Field Equations

The general theory of Relativity explains the interaction of gravity as a consequence of spacetime
being curved by energy and matter. Einstein derived the Einstein field equations (EFEs) in 1915,
which are in fact a set of tensor equations. EFEs are nonlinear partial differential equations
(PDEs) that relate the energy and momentum present within a spacetime with the curvature of

the spacetime. The Einstein field equations in the components form are [48]
Gap = KTup, (1.41)

Now by including the cosmological constant “A” and then Einstein field equations can be written
as

Gaﬁ + Agaﬁ = kTaﬁ' (1'42)

The EFEs are used to find out the geometry of the spacetime due to the energy, mass and linear
momentum present in a given spacetime. These equations describe how spacetime is curved in the
presence of matter and how the motion of the matter is influenced by the curvature of spacetime.
The EFEs are tensor equations that give a relation between different 4 x 4 symmetric tensors.
Each symmetric tensor has 10 independent components. Answers to many physical problems
can be found by the solution of the field equations that explain GR such as planetary dynamics,

the evolution of Universe, stars birth and death, and black holes.

1.4 Compact Ojects

Earlier in 1798, Laplace introduced the theoretical concept of the existence of a massive object
from whose gravitational field no particle ‘even light’ can escape, but it did not receive much
attention due to some strange properties. However, gravity has been in the spotlight due to
its unique properties. Astronomers believe that stars form through the gravitational collapse
of gaseous mass. In the 18th century, it was known as Laplace’s nebular hypothesis which was
overruled lately in the 1970s by solar nebular disk model, mainly due to its lack of information
about the dissemination of angular momentum in between planets and the sun. Star formation
is caused by nebulae, which means that there is a dense disk-like structure of interstellar dust
and gas in the form of molecular clouds made of hydrogen (which is 75 %) and helium (which
is 23%). This cloud starts spinning due to the conservation of momentum from the movement
of particles, and this sharp rotation flattens the cloud into a protoplanetary disk. The protostar
formation occurs as regions of increased gravity, allowing gas and dust to condense, and as these
regions become larger, they collapse under the increased gravitational field, creating an increase
in temperature and gradually becoming a protostar. Eventually, the star would remain that

way for thousands of years until the fusion process ignites the compressed hydrogen atoms to



become helium, then carbon until the iron is formed. The fusion process that creates iron does
not produce any energy. Because in the process of nuclear fusion, if the gravitational force of
inward pressure is greater than the pressure pushed outwards, the core of the star will collapse,
which is a process dominated by gravity. From this point, stars begin to form, often referred to

as “compact objects.” The kinds of compact objects are:

o White dwarfs,
e Neutron stars,

¢ Black holes.

White Dwarfs

The collapse of a star’s core into a white dwarf takes tens of thousands of years. Smaller stars,
up to 1.4 solar masses, implode under the infliction of their own gravitational pull and become
white dwarfs as a result of a lack of nuclear fuel. White dwarfs are very dense objects with

masses equivalent to that of the sun. It has a volume similar to that of the Earth.

Neutron Stars

The cores of bigger stars collapse gravitationally to produce neutron stars. Instead of producing
a white dwarf, a star with more than 1.4 solar masses must continue its destruction under the
influence of gravity to form a neutron star. A neutron star has a mass of roughly 1.4 to 4 solar

masses and a radius of about 10 kilometers. As a result, it is an incredibly dense object.

Black Holes

Black holes have been one of the key discoveries of GR. They were first predicted by Albert
Einstein in 1916. In 1967 American theorist John Wheeler coined the term black hole. Black
holes are among the weirdest and most interesting phenomena in the Universe. A black hole is
a region of space with so tremendous gravity that even light cannot leave. Gravity is incredibly
powerful because much of the matter has been crammed into a very very small region. This can
occur when a star dies. “Nothing can travel faster than light” Einstein stated in his theory of
relativity. As a result, if light cannot escape, neither can anything else; the gravitational field
drags everything back. So, one has a series of occurrences, a region of space from which one
cannot leave to reach a distant observer. This region is now known as a black hole [4,5]. At

the conclusion of their lifetimes, only the most massive stars those with a mass three times the



mass of the Sun become black holes. A star as massive as 20 solar masses has a proclivity to
collapse under its own gravity and become a black hole. A black hole is the death of a star and
is also known as the last stage of a star. Black holes cannot be seen through the naked eye as
they do not emit light. Space telescopes like the event horizon telescope in collaboration with
several other telescopes located at different locations can form a combined image of a black hole
by capturing the light of the accretion disk through different angles. Black holes can be as small
as an atom or as large as a galaxy. Stellar black holes have a mass equal to 15-20 solar masses,
and our galaxy Milky Way contains many such black holes. The enormous black holes are the
ones with masses equal to roughly 106 solar masses and they are located at the center of the
largest galaxies a recent discovery shows Sagittarius is a supermassive black hole located at the

center of our galaxy Milky Way, which has a mass of roughly 4 x 10° times that of the Sun [9].

1.5 Solutions of Einstein Field Equations

In this section, we discuss some important and well-known black hole solutions of the Einstein

field equations.

1.5.1 The Schwarzschild Solution

Let us consider an isolated point of mass m. We consider space-time to be static and spherically

symmetry. The line element is specified as
ds? = =2 dt? + 2 g2 4 2 (d02 + sin? 9d(;52) : (1.43)

There is a vacuum all around the source so the stress-energy tensor is zero, i.e. Tog = 0, for
all o and 3. Then the EFEs become R,g = 0 called the vaccum EMFEs and Ricci scalar is
zero. For a diagonal metric given in eq. (1.43), there are 4 independent components of the Ricci
scalar. When the EFEs are solved, the metric in eq. (1.43) becomes
2 2m 2 2m\ ! 2.2 (102 1 ain2 2
ds*=—(1—-—)dt=+(1—- — dr® +r? (d6? + sin® 6d¢?) - (1.44)
r r

This is known as the Schwarzschild solution [10]. This solution exhibits two singularities: the
essential singularity at » = 0, which cannot be removed, and the coordinate singularity at
r = 2m, which can be eliminated via suitable transformations of coordinates. For example, the

Eddington-Finkelstein coordinate transformations can be used which are following

t=f+2min (1 - T) for 7 < 2m, (1.45)
2m
t=f+2min (’" - 1) for 7> 2m, (1.46)
2m
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The metric (1.43) takes the following form under the above transformations,

2 am 2
s = — <1 - m) dF? £ =" drdf + (1 = m) i + 72 (462 + sin? 0dg?) - (1.48)

Obviously, the coordinate singularity 7 = 2m has been excluded, while the essential singularity
7 = 0 has been retained. In the outer region 7 > 2m, the observer cannot get any information
about the events happening in the inner region 7 < 2m, because no object can escape the

hypersurface 7 = 2m.

1.5.2 The Reissner-Nordstrom Solution

The Reissner-Nordstrom solution is a generalization of the Schwarzschild solution that is obtained
by adding charge into the previous assumptions made for obtaining the Schwarzschild solution.
Due to the addition of charge, we also need to incorporate the Maxwell field equations to find
metrics in this case. We are well aware that this is two parameter solution, total mass m and

total charge ). The metric for this solution is as follows [3]:

2 2 2 2\ !
g = (1= Qa1 (1-22 L DN a2 02 (@ 4 sin?0d6?) - (1.49)
r r2 r r2
2m Q2 . .
For r = 0, goo — oo and for (1 — — + —2) = 0, g11 — o0, are the essential and coordinate
r r

singularities respectively. We can find the location of the horizon by setting

2m Q2

1—-—+4+==0 1.50
—+5=0 (1.50)
or
r? —2mr + Q% = 0. (1.51)
The solution to the above equation is
re =m=+ (m? - Q*V2 (1.52)

This solution corresponds to a black hole with r; representing the outer horizon and r_ is the
location of the inner horizon. For m > @ the black hole is non-extremal and for the case m = @
we have extremal black hole. We will consider only the non-extremal case for our purpose. The
solution is also asymptotically flat that is far away from the source the metric reduces to the flat

Minkowski spacetime [?]. Mathematically this fact can be seen as:
r— 00 = ds® = —dt* + dr® + r* (d6* + sin®d0¢?) . (1.53)

We conclude this section with a quick remark, that if we put a charge equal to zero, (Q = 0),

the Reissner-Nordstrom metric reduces to the Schwarzschild metric.

11



Chapter 2

Charged Anisotropic Model with

G
pT:AP2+BP_p

In this chapter, we present solution of the EMFEs for charged anisotropic matter distribution.
The solution is obtained by extending the work of Malaver [27] by adding a quadratic term in
the Chaplygin equation of state. The spacetime is considered to be spherically symmetric and

static given as
ds* = > dt? 4 2O ar? 4 12 (d6? + sin® 0d¢?) (2.1)
metric tensor of line element (2.1) can be written as

gap = diag (7621’, e r?, rzsinzf)) , (2.2)

and inverse metric tensor for line element (2.1) can be written as

11
4 = (—e—%,e—” 1 ) . (2.3)

Tr27 r25in20
The functions v(r) and A(r) are used to represent the gravitational potential in the static radial

coordinate r. The energy-momentum tensor describes the distribution of matter within this

star’s interior in the following manner:

. 1 1 1 1
Top = diag (‘P - §E2 y Pr — §E2 y Pt — §E2 , Pt — 2E2> : (2.4)
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The Christofell symbols for the line element (2.1) are

Tgy = v/, (2.5)
I, = —re?, (2.6)
Iy =N, (2.7)
F%l = F§1 = %a (2.8)
I, = —re P sin?, (2.9

2, = —sind, (2.10
'3, = cotf, (2.11

Y, =v- (2.12

The non-zero components of the Ricci tensor of the line element (2.1) are

Rog=v"+ V' (V' = \N)+ 271/ (2.13)
Rii=—V"+/(0 = XN)+ 27)\/, (2.14)
Roy =1—e 2 fre”? (N —1)), (2.15)
R33 = sin?0 Rao- (2.16)

The equations describing the field generated by the anisotropic charged matter are

%2[7"(1 —e N =p+ %2, (2.17)
;(;—1>+7i’;;:pr+£;2, (2.18)

e%‘ (1/"+V’2—V’)\'—>7\:+Z/> Zpt-l-E;, (2.19)
o= BN (2.20)

The intensity of the electric field is denoted by F, while the energy density is represented by p.
The radial pressure is p, and the tangential pressure is p;. The primes in the equations signify
differentiations with respect to r. The Einstein field equations can be expressed in a different

form by applying the transformations

r=Cr?, e =7 A3y? = e () (2.21)
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proposed by Durgapal and Bannerji [19], where A; and C' > 0 are arbitrary constants.

1-Z . E?
. 72Z:g+%, (2.22)
y 1-Z p. E?
4 Z?J ] Dt E?
. . 172 E2
A—azezd L zoa00Yy U2 LB (2.25)
Y Y T 2
1/2
o= (422) (zE + E), (2.26)

where o is the charge density, A = p; — p,- is an anisotropic parameter, and the dot represents
differentiation with respect to the variable ‘z’. The total mass within the radius ‘r’ of the sphere
is given by

M(z) = 40%/2 /Ow V(p + E?)dz- (2.27)

To develop a model with physical significance, we need a reasonable analysis of one of the
variables (p, pr, pt,y, A, Z, E, o) to simplify the integrability of the field equations. In this thesis,
we choose the gravitational potential Z as

b bx—|—1.
ar + 1

(2.28)

In order to ensure the development of a well-behaved model, it is necessary to assign specific

values to the non-zero arbitrary constants, denoted as a and b. The gravitational potential stated

in eq (2.28) exhibits continuity and finiteness, with the condition e=2*(*) = 1 at the central point
of the star (z = 0). We choose the electric field intensity to be

E? bz

— = . 2.29

2C (az+1)(bz+1) (2.29)
The equation of state of our model is chosen as

G
pr = Ap® + Bp — > (2.30)

where A, B and G are arbitrary constants. By substituting egs. (2.29) and (2.28) in eq. (2.22),

we get
p— C((afb)(axle)(ba:Jrl)*3(b*a)(b$+1)*bx(ax+l))_ (2.31)
(ax +1)" (bx + 1)

Putting eq. (2.31) in eq. (2.30), we get

:ACQ((a—b)(ax—l—l)(bx—l—l)—2(b—a)(b;v+1)—b:v(ax+1))2

Pr (az + 1)* (bz + 1) (232

L BC(a=b) (o +1) (bw+1) —22 (b—a) (bz + 1) = bx (azx +1)) (2.33)
(ax + 1) (bx + 1)

G (az +1)° (bz +1) : (2.34)

CC((a—b)(ax+1)(bz+1)—2(b—a) (bx + 1) — bz (ax + 1))
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Now putting the values from eqs. (2.29) and (2.28) ineq. (2.26). We get the expression for

charge density as

5 202%b(3+2(a+ b)x + abz?)?
N (14 ax)*(1 + bx)?
By eqs. (2.29) and (2.31) in eq. (2.27). The expression for the mass function becomes

<a2b (b—a—1)(b—a)x —a’Vbarctan (\@\/E) + a2b? arctan (\/E\/E)) T
2/C a2b (b — a) (az + 1)
ab (b — a) \/z + a*Vbarctan (\/E\/zf) — /ab? arctan (y/a\/)
2v/C a2b (b — a) (ax + 1)

(2.35)

M(x) =—

(2.36)
Eq. (2.24) takes the following form after substituting egs. (2.29), (2.30) and (2.34) in it

g AC((a—b)(az+1) (b +1) —2(b—a) (bx + 1) — bz (az + 1))*
y 4(ax +1)° (bx +1)°

B G (az+1)° B bx

4C? ((a—b)(ax+ 1) (bx+1)—2(b —a) (bx+1) — bz (ax + 1)) 4(bx+1)
a—>b B((a—b)(ax+1)(be+1)—2(b—a)(bz +1) — bz (ax+1))
T3 (bx +1) - 4(az +1) (b +1)° (2.37)

Integration the above equation, we get

y(z) = C1(bz + 1)V (az + 1)" (ab® + (a — a®)b)z”® + (3b* + (1 — 2a)b — a®)z + 3b — 3a)J .
x exp(H)
(2.38)

where C is the constant of integration and the expressions for U, T, J, and H are shown in
Appendix Al. Introducing A as p; minus p,, the anisotropic factor is defined. This factor
measures the difference in pressure within the star. By combining eq. (2.25) and eq. (2.34), we

can derive an expression for A which is shown in Appendix Al.

Using the gravitational potential y and e?*, as defined in eqs. (2.38) and (2.28), respectively,

the line element takes the form

ds> = —C2A2(bCr% +1)%Y (aCr? + 1)*T (ab2 + (a — a®)b)(Cr?)?

1+ aCr?

+ (367 + (1 — 2a)b — a®)Cr? + 3b — 3a)* eap(2H)di* + (1+bor2

> dr® + r? (d6” + sin® 0d¢?) -

2.1 Boundary Conditions

A necessary condition for a stable solution is that it must meet the exterior solution of Riessner-
Nordstrém at the boundary. i.e.

oA (1_ 2M Q2) _ bOR*+1

) -t (2.39)

R R?
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The total mass within the boundary in our case by using eq. (2.39) is

o B Lwbor: 202b R .
T2 1+hCR2 " (aCRZ+1) (bCR? + 1)

Thus by putting the eq. (2.40) and @Q = Er? while comparing e?” with Riessner-Nordstrém, the

(2.40)

constant Cf takes the form

(14+bCR?*)(1 +aCR?)™1

C? = , 2.41
! A2D(R) (241)
where
D(R) = (bCR?* +1)*Y (aCR* + 1)*" (ab® + (a — a*)b)(CR?)* + (3b” + (1 — 2a)b
—a®)CR? 4 3b — 3a)? eap?™ (7). (2.42)

By using the boundary condition p,.(r = R) = 0, we get

_ AC3(~2(b—a) (CR® +1) + (CR%a+1) (a —b) (CR? + 1) — CR? (CR%a+ 1) )"

a (CR2a+1)° (CR2b + 1)°

| BC?(22(0-0) (CR?+1) + (CR%a+1) (a—b) (CR? + 1) - CR? (CR*a + 1) b)?
(CR2a+1)* (CR2b + 1)

G

(2.43)

2.2 Physcial Conditions

Metric Potentials

The most fundamental and most important condition is to check the regularity of the metric
potentials. The metric potentials are free from singularities and both e?* and e2” are monoton-
ically increasing moreover e>* = 1 at the center. The behavior of metric potentials is plotted in

Figures 2.1 and 2.2. The metric potentials are dimensionless in geometrical units.

Electric Field Intensity

The behavior of the electric strength is depicted in Figure 2.3, starting at zero and gradually

increasing as it approaches the boundary of the star. It has dimensions L~2 in geometrical units.

Density and Pressures

At r = 0, densities and pressures are finite. The values of energy density and pressure at r = 0
are as follow

p(r=0)=3C(a—b), (2.44)
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1.2

Metric Potential
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0 0.2 0.4 0.6 0.8 1

T

Figure 2.1: Graph of metric potential with respect to r. In this and all other figures of this
chapter, the values of the constants are a = 0.5, b = 0.0236, C = 0.83, A = 0.029, B = 0.0001
and A, = 1.1.

0.0120

0.0115

Metric Potential

0.0110]

0.0105 1

0) 0.2 0.4 0.6 0.8 1
r

Figure 2.2: Graph of metric potential with respect to r

G
©3C(a—b)

Note that radial and tangential pressures are equal and positive at r = 0. Figures 2.5 and 2.6

pr(r=0) =pi(r=0) =9AC?*(a — b)* + 3BC(a — b) (2.45)

show the behavior of radial and tangential pressures, respectively, where p, is monotonically
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Figure 2.3: Graph of electric field intensity with respect to r
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Figure 2.4: Graph of energy density with respect to r

decreasing and p,.(r = R) = 0. Deunsity (p) and tangential pressure (p;) also have decreasing na-
ture as shown in the Figure 2.4. The densities and pressures have dimensions L2 in geometrical
units. According to the criterion of Zeldovich [13], the pressure-density ratio must be less than

1 to satisfy the requirement for compact objects. Figure 2.7 shows the pressure-density ratio.
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Figure 2.5: Graph of radial pressure with respect to r
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Figure 2.6: Graph of tangential pressure with respect to r
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Figure 2.7: Graph of pressure density ratio with respect to r

Anisotropic Factor

Anisotropy is defined as the difference between tangential and radial pressure i.e. A = p; — p,,
the spherical symmetry p,.(0) = p:(0) implies A,—¢ = 0. For compact objects, it is necessary
that A > 0 in the interior structure meaning that the anisotropic force is repulsive in nature, it
is possible in the case when (p; > p,). Otherwise, if radial pressure dominates the tangential
one i.e. (p, > p;) then this implies the presence of a new force that is attractive in nature. The

A curve for our case satisfies the required condition, as shown in Figure 2.8.

Gradients

The generalized expressions for density gradient, and pressure gradients in radial and transverse
directions for our model are:

dp 2C%br " 2C3abr? + 203p%r3
dr (Car? +1)(Cor2 +1)  (Car2 +1)*>(Cr2+1) (Car? +1) (Cbr2 +1)°
B 2C%a(a—b)r n 8C%a(b—a)r

(Car? +1)° (Car? +1)° '

(2.46)
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Figure 2.8: Graph of anisotropic factor with respect to r
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Figure 2.9: Graph of charge density with respect to r
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dp,  8AC%ar ((a—0b) (Car*+1) (Cbr? +1) —2(b—a) (Cbr* +1) — Cbr? (Car? + 1))2
dr (Car? +1)° (Cbr2 + 1)
4AC3br ((a —b) (Car® +1) (Cor? +1) =2 (b — a) (Cor? + 1) — Cbr? (Car? + 1))2
- (Car? +1)* (Cbr2 + 1)
2Gbr (Car? + 1)2
(a—b)(Car?2+1)(Cbr2+1)—2(b—a) (Cbr2 +1) — Cbr2 (Car? +1)
4Gar (Car? +1) (Cbr? +1)
(a—0b)(Car2+1)(Cor2+1)—2(b—a)(Cor2z +1) — Cbr?2 (Car? + 1)
G (Car? +1)* (Cbr2 + 1) (=2C%abr® + 2Ca (a — b) r (Cbr2 + 1))
C((a—b)(Car?+1)(Cbr2 +1) — 2 (b — a) (Cbr? + 1) — Cbr? (Car? + 1))*
G (Car?® + 1)2 (Cbr? +1) (2C (a = b) br (Car? + 1) — 2Cbr (Caz® +1) —4Ch (b —a) 1)
C((a—b)(Car?+1)(Cbr2 +1) —2(b—a) (Cbr2 + 1) — Cbr? (Car? + 1))*
BC (—2C?abr® + 2Ca (a — b)r (Cbr? + 1))
(Car? +1)* (Cbr? +1)
N BC (2C (a — b) br (Car? + 1) — 2Cbr (Car? + 1) —4Cb(b—a)r)
(Car? +1)* (Cbr? + 1)
N 2AC? ((a —b) (Car? + 1) (Cbr? +1) —2(b—a) (Cbr* +1) — Cbr? (Car? + 1))
(Car? +1)*
" (—QCQabr?’ +2Ca(a—0b)r (Cor? +1) 4+ 2Cbr (Car*+1) (a—b—1) — 4Cb (b — a) r>
(Cbr2 + 1)
4BC?ar ((a —b) (Car? +1) (Cbr* +1) = 2(b— a) (Cbr? + 1) — Cbr?* (Car? 4+ 1))
- (Car? +1)% (Cbr2 + 1)
2BC?br ((a —b) (Caz? + 1) (Cor? +1) —2(b— a) (Cbr? + 1) — Cbr? (Car? + 1))
- (Car? +1)% (Cbr2 +1)° '

(2.47)

The decreasing nature of gradients is observed, which is displayed for our model in Figures 2.10,

2.11 and 2.12.

22



0 ‘ ‘ ‘ ‘
| 0.2 0.4 0.6 0.8
= -0.1+ r
2
= -0.2-
P
o
2 -0.3
7
S _04
K -o.
>
&0 _0.5]
(D]
5
_0.6,
_0.7,

Figure 2.10: Graph of energy density gradient with respect to r
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Figure 2.11: Graph of radial pressure gradient with respect to r

23




0.2 0.4 0.6 0.8 1

-0.01

-0.02

Tangential Pressure Gradient
o
S

Figure 2.12: Graph of tangential pressure gradient with respect to r

Mass-Radius Relation

We have previously obtained an expression for the mass function provided in eq. (2.40). Buch-
dahl [14] introduced the concept that the inner mass-radius ratio of a compact star must be
smaller than 4/9, that is to say, M/R < 4/9. This is true for any solution with an energy
density greater than zero, for the present model, the mass-radius ratio is M = 0.138 < 4/9. The
profile of the mass function is shown in Figure 2.13 which is positive and regular inside the stellar
interior and has an increasing nature with m. The compactness factor for stellar configuration

is given as

u(r) = 2. (2.48)

The profile for our case is shown in Figure 2.14 which is increasing monotonically and is less

than 4/9.

Surface and Gravitational Redshifts

A surface redshift of less than 1 is considered physically acceptable and is plotted in Figure
2.15, which exhibits features that increase towards the boundary, which is what nature depicts.
Furthermore, the gravitational redshift (z) shown in Figure 2.16 has a decreasing nature for our

model.
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Figure 2.13: Graph of mass M (r) with respect to r
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Figure 2.14: Graph of compactness factor with respect to r
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Figure 2.15: Graph of surface redshift with respect to r
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Figure 2.16: Graph of gravitational redshift with respect to r




Trace of Energy Tensor

The energy tensor trajectory of our proposed compact star model is based on r and is shown in
Figure 2.17, which is positive in our case and meets Bundy’s [47] condition for an anisotropic

fluid sphere, namely p — p,. — 2p; > 0.

1.0

0.9

0.8

p—p —2p
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r

Figure 2.17: Graph of a trace of energy tensor with respect to r

2.3 The Stability Analysis

In this section, we will check the stability conditions of our model.

Casuality Condition

dpr d R
The radial and tangential velocity is defined as v? = ; and v} = % are plotted in Figure
p p

2.18. The expression for radial velocity for our model is

, G (Car* +1)" (Cbr2 +1)°
Usr o2 ((a—b) (Car? +1) (Cbr2 +1) — 2 (b — a) (Cbr?2 + 1) — Cbr2 (Car? + 1))
N 2AC ((a—b) (Car* +1) (Cor? + 1) — 2 (b — a) (Cbr? + 1) — Cbr? (Car? + 1))
(Car? + 1) (Cbr? 4+ 1)

+ B

(2.49)

and the expression for tangential velocity is shown in Appendix Al. The study of the speed of

sound in stellar matter is important to understand stellar behavior. The stability of a stellar
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sphere needs to meet the conditions of radial velocity v? and tangential velocity vZ, expressed
as 0 < v? < 1land 0 < v? < 1, where v2 > v2. For stable stellar configurations, the inequality

0 < |[v? —v2| < 1 is also satisfied as shown in Figure 2.19.
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Figure 2.18: Graph of radial and tangential velocities with respect to r
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Figure 2.19: Graph of stability factor with respect to r



Energy Conditions

For a physically stable solution, it should surely satisfy the following energy conditions through-

out the stellar interior.

1. Null Energy Condition: p(r) > 0,
2. Weak Energy Condition: p+p, >0, p+p: > 0,

3. Strong Energy Condition: p + p, + 2p; > 0.

For stable configuration Figures 2.20, 2.21, and 2.22 clearly show the well-behaved nature of

energy conditions for our case.
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Figure 2.20: Graph of weak energy condition (p + p,-) with respect to r
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Figure 2.21: Graph of weak energy condition (p + p;) with respect to r
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Figure 2.22: Graph of strong energy condition (p, + p + 2p;) with respect to r




Adiabatic Index

Heinzmann and Hillebrandt [45] and Chen et al. [46] explained the two specific heat ratios for

stable systems which are

T d r
r, = PP (2.50)
pr dr
d
r, = PP AP (2.51)
Py dr

The value of T'; should be greater than 4/3 in Figures 2.23 and 2.24, the conditions for our model
are shown, and we can clearly observe that this condition satisfies the stability in the relativistic

fluid sphere T'; > 4/3.
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Figure 2.23: Graph of adiabatic index (T',) with respect to r

Equilibrium State Under Various Forces

The hydrostatic equilibrium state of the model is studied by analyzing the Tolman-Oppenheimer-
Volkov (TOV) equation [15,16]. This equation dictates how the forces should be balanced,
achieving hydrostatic equilibrium in a stellar sphere. The TOV equation for a charged anisotropic
compact object is given by:

dp,
dr

2
e R U L s cEe* =0 (2.52)
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Figure 2.24: Graph of adiabatic index (I';) with respect to r

the eq. (3.23) can also be written as
Fpn+F,+F.+F,=0 (2.53)

where Fj,, F,, Fe, F, are the hydrostatic, gravitational, electric and anisotropic force respectively,

given as
dpy
F=— ;; , (2.54)
Fy=—(p+p)V, (2.55)
F, = oFEe’, (2.56)
2
Fo= ;(Pt —pr) (257)

In Figure 2.25, the nature of these forces are displayed. The graph demonstrates how F;, which

is dominant in nature, is balanced by the combination of three forces i.e. F}, F. and F,.
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Chapter 3

Charged Anisotropic Model with

B
pr:APQ_Q
P

In this chapter, we present another static and spherically symmetric solution of the EMFEs for
anisotropic charged matter distribution. To obtain this solution, we choose a new version

of modified Chaplygin equation of state which is p, = Ap® — where « = 2 and 8 = 2.

B
p757
The field equations are same as given by equations (2.22)-(2.26).

3.1 Electrified Anisotropic Framework

Inspired by the work of Manuel Malaver [?,17,22,23], Sunzu at el. [32] and Ratanpal [24] we opt
for a particular expression of the gravitational potential Z that exhibits smooth behavior and
regularity at the center while ensuring that the electric field strength, E, must be zero at the

center and has increasing nature, to have:

1

Z(x) = —— 3.1
@) = T (3.1)
E? ax
e 3.2
2C (14 bx)? (3:2)
where a and b are the arbitray constants. The equation of state we choose for this model is the
following
5, B
pr=Ap° — r (3.3)

where A and B are arbitray constants. By substituting eqs. (3.1) and (3.2) in eq. (2.22), we get

_ C((b*x + 2b — ax)(1 + bx) + 4b)
p= (Lt b2)? ' (34)

34



Putting eq. (3.4) in eq. (3.3), we get
p_ 4 (CUWPx +2b — ax)(1 + b) +4b) : 5 (1 + ba)3 ?
" (1+bz)3 C ((b%x + 2b — az)(1 + bx) + 4b)
Now putting the values from eqgs. (3.1) and (2.26) in eq. (2.26), we get the expression for charge

(3.5)

density as
C%a(3 + bx)?
2 = ———
7 T T A1 ba)s (3:6)
The total mass with in the radius ‘r’ of the sphere is given by
1 * 9
M(z) = W/o Ja(p + B2)da- (3.7)

By using eqgs. (3.4) and (3.2) within eq. (3.7), the expression for the mass function is

VT (2b*2? + 2ab?a? + 4b%x + Sabz + 3a) 3a arctan (\/Bﬁ)

M xTr) = - : 3.8
(=) 4T b2 - (bx + 1) 4v/C b3 (3:8)
Substituting egs. (3.1), (3.2) and (3.5) in eq. (2.25), we get
v _ A((B®z + 2b — az)(1 + bz) + 4b)? B B(1 + bx)®
y 4(1 + bx)* 4C?(b%2x + 2b — ax)(1 + bx) + 4b)?
(3.9)
b2x — ar + 20
4

Integrating eq. (3.9), we get
y(z) = CL(b(V? — a)z® + (37 — a)z + 6b)T (1 + ba)KeV @), (3.10)

where C is the constant of integration and expression for H, K, and V (z) are shown in Appendix

A2. and the factor of anisotropy is presented as follows:
Al — (ACz AC ((ba + 1) (b — az +2b) +4b)" B2z — az + 2
U\ A b)?
2
B (bx + 1)° ) ACh (b + 1) (Bx — az + 2b) + 4b)°

4(bz +1)* - 4
+ E 2 5
403 ((bx + 1) (b%2x — ax + 2b) + 4b) (bx +1)
2Bb (bx +1)" B (b +1)° (b (b — az + 2b) + (b* — a) (bx + 1))

C3 ((bx + 1) (b2x — az + 2b) + 4b)° 203 ((bx 4 1) (b2 — ax + 2b) + 4b)°
+AC’ (b (b?z — az + 2b) + (b* — a) (bx + 1)) ((bz + 1) (b?x — az + 2b) + 4b) N b’ —a
2 (b +1)* 4
1C e AC ((bx + 1) (b2 — Caa® + 2b) + 4b)°
((bx+1)2_(bx+1)3> X( 4(bx +1)*
B (bz +1)° b r — ax + 2b> ~_aCz 2Cb

403 (b + 1) (B2 — az + 2b) + 4b)° 4 (br+1)°  (bw+1)°

C((0%x + 2b — az)(1 + bx) + 4b)\ > (1+ bx)? ?
_A( (1+ bx)3 ) +B<C’((b2x+2b—am)(l+bx)+4b)> '
(3.11)

The spacetime metric (2.1) becomes
ds® = —C2A2(b(V? — a)(Cr?)* 4 (3b? — a)Cr? 4 6b)2H (1 + bCr?) K exp(2V)dt? + (1 + bCr?)%dr?
+r? (d6® + sin® 0dg?) .

35



3.2 Boundary Conditions

A necessary condition for a stable solution is that it must meet the exterior solution of Riessner-

Nordstrém at the boundary. i.e.
2M Q2 1

—2)

— (1= L= )= . 3.12

¢ ( * ) (1+bCR2)? (3.12)

The total mass within the boundary in our case by using eq. (3.12) which is

R ((1 +bCR?)? -1+ 202aR4>

M =
2 (1+bCR2)?

(3.13)

Thus by putting the eq. (3.13) and Q = Er? while comparing €?” with Riessner-Nordstrom,

solution the constant C? is obtained as

o2 (1+bCR?)~2 (3.14)
L A2 X [(b(b2 — a)(CR2)2 + (3b2 — a)CR? 4 6b)2H (1 4+ bC'R2)2K 2V (R)]’ '
By using the boundary condition p,.(r = R) = 0, we get
AC* ((CR2b + 1) (CR2? + 2b — CR2a) + 4b)"
p- ACUCRD 1) ( h a) +48) (3.15)

(CR2b+1)"?

3.3 Physical Conditions

Metric potentials

The most fundamental and most important condition is to check the regularity of the metric
potentials. The metric potentials are free from singularities and both e?* and e?” are monoton-
ically increasing moreover e>* = 1 at the center. The behavior of metric potentials is plotted in

Figures 3.1 and 3.2.

Electric Field Intensity

The behavior of the electric field intensity is depicted in Figure 3.3 starting at zero and gradually

increasing as it approaches the boundary of the star.

Energy and Charge Density

The expression of density at the center is obtained as
p(0) = 6Cb > 0- (3.16)

Thus this implies that energy density is free from central singularity. The profile of energy and

charged density is shown in Figures 3.4 and 3.5, which depicts its decreasing nature.
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Figure 3.1: Graph of metric potential (e2*) with respect to 7. In this and all other figures of this
chapter the values of the constants are a = 0.75, b = 1.65, C = 0.12, A = 0.038 and A; = 0.2.
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Figure 3.2: Graph of metric potential (e2) with respect to r

Radial and Transtential pressure

At r = 0, there is no singularity for pressures. The calculation formula for pressures value at

r = 0 are as follow:
B

(6Cb)2

pr(r = 0) = pu(r = 0) = A(6CH)? - (3.17)
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Figure 3.3: Graph of electric field intensity with respect to r
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Figure 3.4: Graph of energy density with respect to r
Note that radial and tangential pressures are equal and positive at » = 0. Figures 3.6 and

3.7 show the behavior of radial and transverse pressure, respectively, where p, is monotonically

decreasing and p.(r = R) = 0 and tangential pressure (p;) also have decreasing nature.
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Figure 3.5: Graph of charge density with respect to r
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Figure 3.6: Graph of radial pressure with respect to r

Anisotropy

Anisotropy is defined as the difference between tangential and radial pressure. For the compact
object, it is necessary that the anisotropic factor must be zero at the center and increases
afterward. The anisotropic factor satisfies the required condition and the graph is shown in

Figure 3.9.
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Figure 3.7: Graph of tangential pressure with respect to r
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Figure 3.8: Graph of pressure density ratio with respect to r
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Trace of Energy Tensor

Bondi’s [47] condition for an anisotropic fluid sphere states that the trace of energy-momentum
tensor must be positive for compact objects to be acceptable. For our model the condition,

p—pr — 2p; > 0, is satisfied, and a graph is shown in Figure 3.10.
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Figure 3.10: Graph of a trace of energy tensor with respect to r
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Pressure-Density Ratio

P is defined as the ratio of pressure to density. This ratio must be less than 1 throughout the
stellar configuration. Figure 3.11 illustrates the graph of the pressure-density ratio which clearly

satisfies the following property.

Y4

o< <1 , 0<—=<1 (3.18)
p p
Pt/p Pr/p
g= \
=
~ 0.03
>
~—
z
L 0.02
o
&
o
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<>
—
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0 ‘ ‘ ‘ ‘ ‘
(0] 0.2 0.4 0.6 0.8 1
r

Figure 3.11: Graph of pressure density ratio with respect to r

Mass and Compactness factor

We previously derived the mass function using eq. (3.13). Buchdal [44] proposed that the ratio
of mass to radius inside a compact star should be smaller than 4/9, meaning (M/R < 4/9). In
our current models, the mass-radius ratio is M/R = 0.15, which is less than 4/9 as shown in
Figure 3.12 illustrates the shape of the mass function, which is positive and smooth within the

star’s interior. The compactness factor for the stellar configuration is expressed as follows:

= M:T) (3.19)

The profile for our case is shown in Figure 3.13 which is increasing monotonically and is less

than 4/9.
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Surface and Gravitational Redshift

A surface redshift of less than 1 is considered physically acceptable and is plotted in Figure
3.14, which exhibits features that increase towards the boundary, which is what nature depicts.

Furthermore, the gravitational redshift (z) shown in Figure 3.15 has a decreasing nature for our
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Figure 3.14: Graph of surface redshift with respect to r
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Figure 3.15: Graph of gravitational redshift with respect to r

Gradients

The calculation for the gradient of density and pressure in the radial direction for our model is
presented below
dp 2C%r ((C?b* — C2%ab?) r* + 4CH%r? + 1502 + a)

— , 3.20
dr (Cbr? +1)* (8.20)
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dp.  12AC%r ((Cbr? +1) (Cb*2 — Car® + 2b) + 4b)°
ar (Cor2 +1)"
12Bbr (Cer + 1)5
C ((Cbr2 + 1) (Cb2r2 — Car? + 2b) + 4b)*
n 2B (Cbr2 + 1)6 (QCbr (Cb2 2_Car?+ 2b) + (2062r — 2Car) (Cbr2 + 1))
C2 ((Cbr? + 1) (Cb2r2 — Car? + 2b) + 4b)*
n 2AC? (2C’br (Cb2 2 _Car?+ Qb) + (2Cb27' — 2C’a7’) (Cbr2 + 1))
(Cbr2 +1)°
" ((Cbr2 + 1) (Cb2r2 — Car? + 2b) + 4b)
(Chr2 +1)°

The pressures and density gradients are graphed, and all of them have negative values as shown

in Figures 3.16, 3.17 and 3.18.
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Figure 3.16: Graph of energy density gradient with respect to r

3.4 The Stability Analysis

In this section, we will check the stability conditions of our model.
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Figure 3.18: Graph of tangential pressure gradient with respect to r

Casuality Condition

d, d,
The radial and tangential velocity is defined as v2 = ;% and v} = % are plotted in Figure
P P

3.19. The expression for radial velocity for our model is
, 2B (Cbr? +1)°
T OB (Chr + 1) (CVr2 — Car® + 2b) + 4b)°
N 2AC ((Cbr2 + 1) (Cb2r2 — Car? + 2b) + 4b) '
(Cbr2 +1)°
46
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and the expression for tangential velocity is shown in Appendix A2. The study of the speed of
sound in stellar matter is important to understand stellar behavior. The stability of a stellar
sphere needs to meet the conditions of radial velocity v? and tangential velocity vZ, expressed
as 0 < v2 < 1land 0 < v? < 1, where v2 > vZ. For stable stellar configurations, the inequality

0 < |[v? —v2| < 1 is also satisfied as shown in Figure 3.20.
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Figure 3.19: Graph of radial and tangential velocities with respect to r

Energy Conditions

For a physically permissible system, it should surely satisfy the following energy conditions

throughout the stellar interior:

1. Null Energy Condition: p(r) > 0,
2. Weak Energy Condition: p+p, >0, p+p; > 0,

3. Strong Energy Condition: p + p,. + 2p: > 0.

For stable configuration Figures 3.21, 3.22 and 3.23 clearly show the well-behaved nature of

energy requirements for our case.
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Figure 3.23: Graph of strong energy condition (p, + p + 2p;) with respect to r

Adiabatic Index

Heinzmann and Hillebrandt [45] and Chen et al. [46] explained the two specific heat ratios for

stable systems which are
_ ptprdp

I,
pr dr

(3.22)
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The value of T, should be greater than 4/3 in Figure 3.24, the condition for our model is shown,
and we can clearly observe that this condition satisfies the stability in the relativistic fluid sphere

. >4/3.

Adiabatic Index

T

Figure 3.24: Graph of adiabatic index (I',.) with respect to r

Equilibrium State Under Various Forces

The hydrostatic equilibrium state of the model is studied by analyzing the Tolman-Oppenheimer-
Volkov (TOV) equation [15,16]. This equation dictates how the forces should be balanced,
achieving hydrostatic equilibrium in a stellar sphere. The TOV equation for a charged anisotropic

compact object is given by:

2 dp,
=(pt —pr) — Pr _ (p+p )V +0Ee* =0 (3.23)
r dr
the eq. (3.23) can also be written as
Fpo+Fy+F.+F,=0 (3.24)
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where F},, Fy, Fe, I, are the hydrostatic, gravitational, electric and anisotropic force respectively,

given as
dp;
F=— dﬁ , (3.25)
Fg=—(p+p )V, (3.26)
F, =ocEe*, (3.27)
2
F,= ;(pt —pr) (3.28)

In Figure 2.25, the nature of these forces are displayed. The graph demonstrates how F, which

is dominant in nature, is balanced by the combination of three forces i.e. Fy, F, and Fj,.

Forces

~0.151

Figure 3.25: Graph of forces with respect to r
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Chapter 4

Conclusion

In this thesis, we first discuss how numerous researchers have successfully obtained solutions to
the Einstein field equations by employing various equations of state. In Chapter 1, we briefly dis-
cussed various tensors that are essential for the formulation of Einstein’s field equations and also
discussed in depth about these equations. This chapter also includes some important solutions
of the Einstein field equations for point masses such as the Schwarzschild and the Reissner-
Nordstrom solutions. In Chapter 2, we present a static and spherically symmetric model for a
charged anisotropic compact star by choosing an equation of state, p, = Ap? + Bp — g This
form of the equation of state reduces to the quadratic equation by putting G = 0, ang to the

Chaplygin equation of state by putting A = 0. We also choose gravitational metric potential
br + 1 E? bx
d electric field intensity — =
P and electric field intensity -~ (@t D) ozt 1)
Chapter 3, we find another solution of the EMFEs. We generate a model that describes the

of the form Z = for this model. In

distribution of electrically charged matter with spherically symmetric spacetime. For this, we

choose a modified Chaplygin equation of state, P,. = Ap2 - B/ p2, where A and B are constants.
1 E?
——— and the electric field intensity is —— = LQ. We

have plotted the graphs for both models for gravitational potentials, radial pressure, tangential

The metric potential is Z =

pressure, anisotropy, pressure-density ratio, adiabatic index, mass, gradients, compactness, hy-
drostatic forces, and redshifts, all of which satisfy the physical requirements. In addition, energy
conditions for both models are also satisfied. The causality condition is also obeyed for both

models. Hence, all the conditions for a stable compact star are satisfied by both models.
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AC (8 +a)” + 8% (1° ~ a) )
463 (bx + 1)
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66
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2
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