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Introduction

Banach showed that every contraction on a complete metric space (U, d) has a unique
fixed point. A number of authors introduced various contractive type conditions in order
to generalize Banach fixed point theorem. Rhoades has given a comparison of various
contractive type conditions, considered by different authors. Rhoades pointed out that
some contractive conditions are equivalent, some depend upon others whereas some are
independent.

Nadler extended Banach contraction principle to multi-valued mappings by general-
izing the definition of contraction from single-valued to multi-valued mappings. Since
then, many authors extended contractive type conditions from single-valued to multi-
valued mappings.

In this dissertation, we define some new contractive type conditions in order to gen-
eralize and unify some existing contractive type conditions and prove some fixed point
theorems. In Chapter one, basic definitions and results are given, which are needed for
subsequent chapters. In Chapter two, we obtain some fixed point theorems for single-
valued as well as multi-valued mappings by using new contractive conditions. In Chapter
three, we extend some results of Chapter two to partially ordered metric space, whereas
in Chapter four, we define another contractive condition and obtain some fixed point

theorems for pre-ordered metric spaces.



Contents

1 Preliminaries 4
1.1 Some basic definitions and results . . . . . . ... .. ... ..., 4
1.2 Contractive type mappings . . . . . . . . . . o e e 6

2 Fixed point theorems for ¢-contractions 8
2.1 Single-valued ¢-contractions . . . . . . . . ... ... L. 8
2.2 Multi-valued ¢-contractions . . . . . .. ... Lo 19

3 Fixed point theorems in partially ordered metric spaces 35
3.1 Fixed point theorems for single-valued mappings . . . . . . . .. ... .. 35
3.2 Fixed point theorems for multi-valued mappings . . . . . . . . ... . .. 41

4 Fixed point theorems in pre-ordered metric spaces 46



Chapter 1

Preliminaries

In this chapter, we recall some definitions and results which are needed in the sequel.
In the last section of this chapter, we define a new contractive condition. We use this
contractive condition in the subsequent chapters.

Throughout this dissertation, It is assume that (U, d) be a metric space, N(U) denotes
the set of each nonempty subsets of U, B(U) denotes the set of each nonempty bounded
subsets of U and C'B(U) denotes the set of each nonempty closed and bounded subsets
of U.

1.1 Some basic definitions and results

Definition 1.1.1. Let U be a nonempty set. A relation < on U is called partial ordering

if it is reflexive, antisymmetric and transitive, i.e., for each wuy, us, u3 € U, we have
(i) w1 = g
(ii) u; < ug and uy = wuy, then u; = uy;
(111) Ul j () and U j us, then (751 j us.

A set together with a partial order is a partially ordered set. A relation < on U is called

pre-ordering, if it is reflexive and transitive.

Example 1.1.2. Let U # () and P(U) is the power set of U. Then the set inclusion C is

a partial ordering on P(U).



Example 1.1.3. Let U = R?. Define < on R? by (uy,v;) < (ug, ve) if and only if uy < uy

and v; < vy. Then < is a partial ordering on R2.

Definition 1.1.4. For a set A C (U,d), the distance of x € U from A is defined by

D(xz,A) = inf{d(z,a) : a € A}.

Example 1.1.5. Let U = [0, 1] be endowed with the usual metric d and A = U N Q.

Then D(u, A) = 0 for each u € U.

Definition 1.1.6. A set B C (U, d) is called bounded if and only if
d(B) = sup{d(a,b) : a,b € B} is finite. §(B) is called diameter of the set B.

Example 1.1.7. Let U = [0,1] be endowed with the usual metric d and A = U N Q.

Then §(A) = 1.
Definition 1.1.8. For A, B C (U, d), we define

d(A, B) = sup{d(a,b) : a € A, b € B},
and

H(A, B) = max{sup D(a, B),sup D(b, A)}.

a€A beB

Theorem 1.1.9. H(A, B) is a metric on CB(U).

(1.1.1)

(1.1.2)

Remark 1.1.10. Note that (CB(U), H) is complete if and only if (U, d) is complete.

Definition 1.1.11. Let 7' : U — U be a mapping. Fixed point of T is a point v € U

when v = Tu. Coincidence point of T,S : U — U is a point v € U when Su = Tu.

Moreover, if u = Su = T'u then u is a common fixed point of T" and S.

Example 1.1.12. Let U = [0,00). Define T; : U — U for i = 1,2, 3 as follows.

e Thu=u+1 for each u € U. Then T; has no fixed point.

e Thu = % for each u € U. Then T5 has a unique fixed point, i.e., u = 0.
2

e Tsu = u for each v € U. Then each point of U is a fixed point of T3, i.e., T3 has

infinitely many fixed points.



The following theorem, usually know as Banach fixed point theorem, was first ap-

peared in Banach’s doctoral thesis [1].

Theorem 1.1.13 (Banach [1]). Let T': U — U be a mapping and d be complete. Assume
that there exists o € [0,1) such that

d(Tu,Tv) < ad(u,v), ¥ u,v € U. (1.1.3)
Then T has a unique fixed point.

Nadler [11] extended Banach fixed point theorem to multi-valued mappings in the

following way.

Theorem 1.1.14 (Nadler [11]). Let T': U — C'B(U) be a mapping and d be a complete.
Assume that their exists o € [0,1) such that

H(Tu,Tv) < ad(u,v), ¥ u,v € U. (1.1.4)
Then T has a fixed point.

Definition 1.1.15 (Berinde et al. [2]). We say that two self mappings S and 7" on (U, d)
are weakly compatible if they commute at their coincidence points, i.e., T'Su = STu

whenever Su = Tu.

Definition 1.1.16 (Kamran [8]). Let 7' : U — B(U) be a mapping. Then a mapping
f:U — U is said to be T-weakly commuting at u € U if f fu € T fu.

1.2 Contractive type mappings

In this section we consider various contractive type conditions defined by different authors.
Throughout this section 7" is a mapping from U into U.

Banach used the contractive condition given in (1.1.3) on the mapping 7.

Following condition for contraction was introduced by Kannan [9]. There exists a real

number « € [0,1) such that

d(Tu,Tv) < a(d(u, Tu) + d(v,Tv)), ¥ u,v € U. (1.2.1)



Another condition is due to Bainchini [3] which states that there exists a real number

a € [0,1) such that
d(Tu, Tv) < amax{d(u,Tu),d(v,Tv))}, ¥ u,v € U. (1.2.2)

Following condition was given by Reich [14]. There exist nonnegative real numbers a, b, ¢

satisfying a + b+ ¢ < 1 such that
d(Tu,Tv) < ad(u, Tu) + bd(v, Tv) + cd(u,v), ¥ u,v € U. (1.2.3)
Chatterjea |4] introduced that there exists a real number « € [0, 3) such that
d(Tu,Tv) < a(d(u, Tv) + d(v,Tu)), VY u,v € U. (1.2.4)

Following condition is due to Hardy and Rogers [7]. There exist nonnegative real numbers

a, b, c satisfying a + 2b 4+ 2¢ < 1 such that
d(Tu, Tv) < ad(u,v)+b(d(u, Tu)+d(v, Tv))+c(d(v, Tu) +d(u, Tv)), Y u,v € U. (1.2.5)

Following conditions are mentioned by Rhoades [15]. There exists a real number « € [0, 1)

such that
d(u, T d(v,Tv) d(v,T T
d(Tu,Tv) < amax{d(u,v), (u, u)—2{— (v U), (v u)—gd(u, v) , YVu,veU.
(1.2.6)
There exists a real number « € [0,1) such that
T d(u, T
d(Tu, Tv) < amax {d(u,v),d(u,Tu),d(v,Tv)), dv, Tu) ; (v U)} , Vu,vel.
(1.2.7)

Rhoades [15] gave a comparison of above contraction conditions along with other con-
tractive conditions. Now looking at the above contractive conditions, we introduce the

following.

Definition 1.2.1. Let R, = [0,00). A mapping T : U — U is said to be a ¢-contraction,

if there exists a mapping ¢ : R,* — R such that

d(v, Tu) + d(u, Tv)
2

Note that the contractive conditions (1.1.3) and (1.2.2) — (1.2.7) can be obtained

d(Tu,Tv) < ¢ (d(u,v),d(u, Tu),d(v, Tv), ) , Vu,oeU. (1.2.8)
from (1.2.8) for different choices of function ¢. For example, (1.2.5) follows from (1.2.8)

by taking ¢(uq,us,us, uy) = auy + b(ug + uz) + cuy, where a,b, c are nonnegative real

numbers such that a + 20+ c € [0, 1).



Chapter 2

Fixed point theorems for ¢-contractions

Banach contraction principle [1] says that every contraction 7" on a complete metric
space U = (U, d) has a unique fixed point. Also, starting from any uy € U the sequence
of iterates T™uqy converges to unique fixed point of 7. A number of authors generalized
Banach contraction principle by introducing various contractive conditions. In Section
2.1 of this chapter, we prove a fixed point theorem for ¢-contraction whereas in Section

2.2, we extend the result of section one to multi-valued mappings.

2.1 Single-valued ¢-contractions

Let 1) : [0,00) — [0,00) be a nondecreasing mapping such that Y >°  ¢"™(t) < oo for all
t>0and () < tforallt>0. By ® we denote the family of functions ¢ : R,* — R, =

[0, 00) satisfying the following conditions:
(i) ¢ is continuous and nondecreasing in each coordinate;

(ii) let uj,us € Ry such that if u; < us and u; < P(ug, ug, u, uz) then uy < ¥(us).

Further if uy > us and uy < ¢(uq, ug, ug, uy) then uy = 0;

(iii) if u € Ry such that u < ¢(0,0, u, %u) or u < ¢(0,u,0, %u) or u < ¢(u,0,0,u) then

u=20.

Example 2.1.1. Let ¢ (uq, us, us, uy) = o max{uy, ug, ug, ug}, where o € [0,1). Clearly ¢

is continuous and nondecreasing in each coordinate. If vy < uy and uy < @(ug, ug, uy, us),



then u; < aug. If uy > ug and uy < @(ug, ug, ug, uy), then uy < cuy which implies u; = 0.
If u < ¢(0,0,u, %u), then u < au which implies u = 0. Similarly, for u < ¢(0,u, 0, %u)

and u < ¢(u,0,0,u), we have u = 0. Taking ¢(t) = at implies ¢; € P.

Example 2.1.2. Let ¢o(ug, us, us, uy) = auy, where a € [0,1). Clearly ¢ is continuous
and nondecreasing in each coordinate. If u; < uy and u; < @(ug, ug, ug, uz), then uy <
aug. If uy > up and uy < @(uq, ug, ug,ur), then uy < auy which implies u; = 0. If
u < ¢(0,0,u, %u), then u < (a/2)u which implies u = 0. Similarly, for u < ¢(0,u, 0, %u)

and u < ¢(u,0,0,u), we have u = 0. Taking 1(t) = ot implies ¢y € P.

Example 2.1.3. Let ¢3(uq, ug, us, ug) = amax{uy, ug, us}, where o € [0,1). Clearly ¢ is
continuous and nondecreasing in each coordinate. If u; < ug and u; < @(ug, ug, uy, us),
then u; < aug. If uy > uy and uy < @(ug, ug, ug, uq), then uy < cuy which implies u; = 0.
If uw < ¢(0,0, u, %u), then u < au which implies u = 0. Similarly, for u < ¢(0, u, 0, %u)

and u < ¢(u,0,0,u), we have u = 0. Taking 1(t) = ot implies ¢3 € P.

Example 2.1.4. Let ¢4(uq, ug, us, uy) = amax{uy, us}, where a € [0,1). Clearly ¢ is
continuous and nondecreasing in each coordinate. If u; < ug and uy < P(ug, ug, uq, uz),
then uy < aug. If uy > ug and uy < @(ug, ug, ug, uy), then uy; < auy which implies u; = 0.
If u < ¢(0,0,u, %u), then u < au which implies v = 0. Similarly, for u < ¢(0, u, 0, %u)

and u < ¢(u,0,0,u), we have u = 0. Taking 1 (t) = at implies ¢4 € P.

Example 2.1.5. Let ¢5(ug, us, us, ug) = auy, where a € [0,1). Clearly ¢ is continuous
and nondecreasing in each coordinate. If u; < us and uy < ¢(ug, us, uy, us), then u; <
auy. If uy > uy and uy; < @(ug, us, ug, uq), then u; < auy; which implies u; = 0. If
u < ¢(u,0,0,u), then u < au, which implies v = 0. Similarly, for u < ¢(0,u, 0, %u) and

u < ¢(0,0,u, %u), we have u = 0. Taking ¢(t) = at implies ¢5 € O.

Example 2.1.6. Let ¢g(ui, u2,us, ug) = §(uz + ug), where a € [0,1). Clearly ¢ is
continuous and nondecreasing in each coordinate. If u; < ug and uy < P(ug, ug, uq, us),
then u; < §(uz+uy) < aug. If ug > ug and uy < G(ur, ug, ur, uy), then uy < §(ug+up) <
au; which implies u; = 0. If u < ¢(0,0,u, %u), then v < Su which implies v = 0.
Similarly, for u < ¢(0,u,0,2u) and u < @(u,0,0,u), we have u = 0. Taking ¢(t) = at

implies ¢ € P.



Example 2.1.7. Let ¢7(ur, up, us, ug) = amax{u, 3(us + u3),us}, where a € [0,1).
Clearly ¢ is continuous and nondecreasing in each coordinate. If u; < wy and w; <
& (ug, ug, u1,us), then u; < auy (note that since uy < ugp s0 ujtus < 2uy = %(ul—l—uQ) <
ug). If uy > up and uy < @(uq, ug, ug,up), then u; < auy (note that since u; > ug 80
U > U Fuy = up > %(ul + uz)) which implies u; = 0. If u < ¢(0,0, u, %u), then
u < %u which implies u = 0. Similarly, for u < ¢(0, 4,0, 3u) and u < ¢(u,0,0,u), we
have u = 0. Taking ¥(t) = ot implies ¢; € P.

Example 2.1.8. Let ¢g(uy, us, us, ug) = auy + b(ug + ug) + cuy, where a,b, c are non-
negative real numbers such that a + 2b 4+ ¢ € [0,1). Clearly ¢ is continuous and
nondecreasing in each coordinate. If u; < ug and u; < ¢(ug, us, ur, uz), then uy <
aug + blug + uy) + cug < (a + 2b + c)ug. If uy > ug and uy < @(uy, ug, ur,uq), then
uy < auy+b(ug+uy)+cuy < (a+2b+4c)u; which implies u; = 0. If u < ¢(0,0, u, %u), then
u < (b+ §)u which implies v = 0. Similarly, for u < ¢(0, 4,0, %u) and u < ¢(u,0,0,u),
we have v = 0. Taking () = (a + 2b + ¢)t implies ¢g € P.

Example 2.1.9. Let ¢g(uy, ug, us, uy) = aus+bug+cuy, where a, b, c are nonnegative real
numbers such that a + b+ ¢ € [0,1). Clearly ¢ is continuous and nondecreasing in each
coordinate. If u; < ug and uy < ¢(ug, ug, ur, ug), then uy < aug+buy +cug < (a+b+c)us.
Ifuy > ug and uy < @(uq, us, uy, uq), then uy < aug+bug+cuy < (a+b+c)u; which implies
up = 0. If u < ¢(0,0,u, su), then u < a(0) + b(u) + ¢(0) which implies v = 0. Similarly,
for u < ¢(0,u,0, %u) and u < ¢(u,0,0,u), we have u = 0. Taking (t) = (a + b+ o)t

implies ¢g € P.
We are now in a position to state and prove our first result.

Theorem 2.1.10. Let T': U — U be a ¢-contraction and d be complete. Then 7" has a

unique fixed point whenever ¢ € .

Proof. Let {u,} be a sequence in U such that u,,; = Tu, for each n € NU {0}. If

unys1 = uy for some N € NU{0}. Then uy is a fixed point. Suppose u, 1 # u, for each

10



n € NU{0}. From (1.2.8), we have

d(un+1aun+2) = d(TunaTun—H)

¢ (d(un7 un+1>7 d(u'm Tun)v d(un+17 Tun-l-l)a

d(un-‘rlv Tun) + d(um Tun-i—l))
2

- Qb d(unu un+1)a d(u’m un—l—l)a d(un+17 un+2)>

IN

d(un+1> un—i—l) + d(um un+2)) (2 1 1)
5 . 1.
By triangular inequality, we have
A(Up, Upr2) < d(Up, Upt1) + d(Ups1, Upto). (2.1.2)

We claim that d(u,q1, Unia) < d(uy, uy1) for each n € NU {0}. Suppose on contrary
that d(up41, Unta) > d(tn, upy1) for some n € NU{0}. From (2.1.2), we get d(uy, tni2) <

2d(tp1, Unyo). Since ¢ is nondecreasing, by using these in (2.1.1), we have
d(tnt1, Un+2) < O(d(Uns1, Uns2), d(Un, Ungr), A(Unst, Unsa), A(Unsrs Ungz)). (2.1.3)
By (2.1.3) and property (ii) of ®, we have
A(Upy1,Upso) = 0.

A contradiction to our assumption that u,; # u, for each n € NU{0}. Thus d(u11, Uni2)
< d(up, upyq) for each n € NU{0}. From (2.1.2), we have d(u,, ty12) < 2d(Up, Upi1)-

Using it in (2.1.1), we have

d(un-i-la un+2) S ¢(d(una un—&-l)’ d(uru un—i—l)v d(un+17 un+2)7 d(una un—l—l))- (214)

By (2.1.4) and property (ii) of ®, we have

d(tny1, Uny2) < P(d(Up, Uny1)), Vn € NU{0}.
Continuing in the same way, we get

A(Upi1, Unsa) < " (d(ug,u1)), ¥V n € NU{0}. (2.1.5)

11



Let n > m. Then we have

A (U, )

IN

d(uma uerl) + d(um+17 um+2) + -+ d(unfb un)

< W"(d(uo, ur)) + U™ (d o, w)) + -+ " (d(uo, )

> oo, )

Therefore {u,} is a Cauchy sequence in U. By completeness of U, there exists u* € U

such that u,, — u* as n — oo. From (1.2.8), we have

d(upsr, Tu*) = d(Tuy,, Tu")

IN

1) <d(un, u*), d(uy, Tuy), d(u*, Tu"),

d(u*, Tuy,) + d(u,, Tu*))
2
= ¢ d(un7U*)7d(unaun+1)7d(U*aTU*)u

d(U*7un+1) + d(un’ TU*)> (2 1 6)
5 . 1
Letting n — oo in (2.1.6), we have
0+ d(u*, Tu*
dlu*,Tu*) < ¢ (0,0,d(u*,Tu*), il (1; U )> : (2.1.7)

By property (iii) of ®, we have d(u*, Tu*) = 0. Hence Tu* = u*. Suppose that v* and v*
be two distinct fixed points of T. Then from (1.2.8), we have
d(v*, Tu*) + d(u*, TU*))

d(Tu*, Tv*) < ¢ (d(u*,v*),d(u*,Tu*),d(v*,Tv*), 5

It implies that
d(u*,v*) < ¢(d(u*,v"),0,0,d(u",v")). (2.1.8)

By (2.1.8) and property (iii) of ®, we have d(u*,v*) = 0. A contradiction to our assump-

tion. Hence 7" has a unique fixed point. O
As a consequence of our result we have the following corollaries.

Corollary 2.1.11 (Banach [1]). Let 7" : U — U be a mapping and d be complete.
Assume that there exists « € [0,1) such that

d(Tu, Tv) < ad(u,v), ¥ u,v € U.
Then T has a unique fixed point.

12



Proof. Let ¢(uq,ug, ug,ug) = ¢s(uy, us, ug, uy) = auy, where a € [0,1). From (1.2.8), we
have

d(Tu,Tv) < ad(u,v), ¥ u,v € U.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O]

Corollary 2.1.12 (Kannan [9]). Let 7' : U — U be a mapping and d be complete.
Assume that there exists a € [0,1/2) such that

d(Tu,Tv) < a(d(u, Tu) + d(v,Tv)), ¥ u,v € U.
Then T has a unique fixed point.

Proof. Let ¢(uy,ug, us, uq) = ¢g(ur, ug, us, ug) = g(UQ + u3), where 5 € [0,1). From
(1.2.8), we have

d(Tu,Tv) <

N | ™

(d(u, Tu) + d(v, Tv)) = a(d(u, Tu) + d(v, Tv)), ¥V u,v € U.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O

Corollary 2.1.13 (Bainchini [3]). Let T': U — U be a mapping and d be complete.
Assume that there exists o € [0, 1) such that

d(Tu,Tv) < amax{d(u,Tu),d(v,Tv)}, ¥ u,v € U.
Then T has a unique fixed point.

Proof. Let ¢(uy, ug, us, us) = Pa(us, ug, uz, ug) = amax{us, uz}, where a € [0,1). From

(1.2.8), we have
d(Tu, Tv) < amax{d(u,Tu),d(v,Tv))}, ¥V u,v € U.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O

Corollary 2.1.14 (Reich [14]). Let T': U — U be a mapping and d be complete. Assume

that there exist nonnegative real numbers a, b, ¢, satisfying a + b + ¢ < 1 such that
d(Tu, Tv) < ad(u, Tu) + bd(v, Tv) + cd(u,v), ¥V u,v € U.
Then T has a unique fixed point.

13



Proof. Let ¢(uq,us, us,uy) = Po(uy, s, ug, uy) = aus + buz + cuy, where a,b, c are non-

negative real numbers satisfying a + b+ ¢ € [0,1). From (1.2.8), we have
d(Tu, Tv) < ad(u, Tu) + bd(v, Tv) + cd(u,v), ¥ u,v € U.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O

Corollary 2.1.15 (Chatterjea [4]). Let T': U — U be a mapping and d be complete.
Assume that there exists a € [0,1/2) such that

d(Tu,Tv) < a(d(v,Tu) + d(u, Tv)), ¥ u,v € U.
Then T has a unique fixed point.

Proof. Let ¢(uq, ug, ug, uq) = Pa(uq, ug, ug, ug) = Pug, where g € [0,1). From (1.2.8), we

have

d(Tu,Tv) <

ro | ™

(d(v, Tu) + d(u, Tv)) = a(d(v, Tu) + d(u, Tv)), ¥V u,v € U.
Therefore by Theorem 2.1.10, 7" has a unique fixed point. O

Corollary 2.1.16 (Handy [7]). Let T : U — U be a mapping and d be complete. Assume
that there exist nonnegative real numbers ag, by, co, satisfying ag + 2by + 2¢o € [0, 1) such

that
d(Tu, Tv) < agd(u,v) + bo(d(u, Tu) + d(v, Tv)) + co(d(v, Tu) + d(u, Tv)), YV u,v € U.
Then T has a unique fixed point.

Proof. Let ¢(uy,us, us, uy) = ¢g(uy, ug, us, ug) = auy + b(ug + us) + cuy, where a, b, c are

nonnegative real numbers satisfying a + 2b+ ¢ € [0,1). From (1.2.8), we have

d(Tu, Tv) < ad(u,v) + b(d(u, Tu) + d(v, Tv)) + g(d(v, Tu) + d(u, Tv)), ¥ u,v € U.
Let ¢ = 2¢q, then

d(Tu,Tv) < ad(u,v) + b(d(u, Tu) + d(v,Tv)) + ¢1(d(v, Tu) + d(u, Tv)), ¥V u,v € U.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O

14



Corollary 2.1.17. Let T : U — U be a mapping and d be complete. Assume that there
exists o € [0,1) such that

d(u,Tu) + d(v, Tv) d(v,Tu)+ d(u,Tv)
2 ’ 2

d(Tu,Tv) < amax {d(u,v), } , Yu,vel.
Then T has a unique fixed point.

Proof. Let ¢(uy, ug, uz, ug) = ¢7(ug, ug, uz, ug) = amax{ul,%(uQ + u3),uys}, where a €

[0,1). From (1.2.8), we have

d(u, T d(v, Tv) d(v, T d(u, T
d(Tu, Tv) < amax {d(u, v), (u, Tu) —2i_ (v U), (v, T'w) ; (u, T) } , Vu,veU.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O]

Corollary 2.1.18. Let T': U — U be a mapping and d be complete. Assume that there
exists a € [0,1) such that

d(v, Tu) + d(u, Tv)
2

d(Tu,Tv) < amax {d(u,v),d(u,Tu),d(v,Tv), } , YVu,vel.

Then T has a unique fixed point.

Proof. Let ¢(u1,us,us, uy) = ¢1(ug, ug, us, ug) = amaxq{u, ug, us, uys}, where a € [0, 1).
From (1.2.8), we have

d(v, Tu) + d(u,Tv)
2

d(Tu, Tv) < amax {d(u,v),d(u,Tu),d(v,Tv), } , Vu,vel.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O

Corollary 2.1.19. Let T : U — U be a mapping and d be complete. Assume that there

exists o € [0,1) such that
d(Tu,Tv) < amax{d(u,v),d(u, Tu),d(v,Tv))}, ¥ u,v € U.
Then T has a unique fixed point.

Proof. Let ¢(uy,us,us,uy) = ¢3(uy, ug, ug,ug) = amax{uy,us,us}t, where a € [0,1).

From (1.2.8), we have
d(Tu,Tv) < amax{d(u,v),d(u, Tu),d(v,Tv))}, ¥ u,v € U.
Therefore by Theorem 2.1.10, T" has a unique fixed point. O]
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Example 2.1.20. Let U = [1, 00) be endowed with the usual metric d. Define T : U — U
by Tu = \/u for each u € U. Consider ¢(u1,us, us,us) = sus. Clearly ¢ € ®. Now for

each u,v € U, we have

B ViEVE u—el 1

Therefore by Theorem 2.1.10, T" has a unique fixed point.

Theorem 2.1.21. Let 7,5 : U — U are mappings such that TU C SU. Assume that

SU is complete subspace of U and there exists ¢ € ® such that

d(Sv,Tu) + d(Su, Tv)
2

d(Tu,Tv) < ¢ <d(5u, Sv),d(Su, Tu), d(Sv, Tv), ) , Vu,veU.
(2.1.9)
Then T and S have a coincidence point. Moreover, if T and S are weakly compatible,

then 7" and S have a unique common fixed point.

Proof. Let ug € U. As TU C SU, we can choose a sequence {T'u,} with initial point
ug such that Su,,1 = Tu, for each n € NU {0}. Suppose that Su, # Su,.1 for each

n € NU {0}, for otherwise, u,, is a coincidence point of 7" and S. From (2.1.9), we have

d(SunJrlasunJrQ) = d(TunaTun+1)

IN

6 (d(Stn, Stnir), d(Sttn, Tug), d(Stnsr, Ttns),

d(Supi1, Tup) + d(Sup, TunH))
2
= ¢(d(Sun, Sups1), d(Stup, Stni1), d(Stuni1, Stnis),

d(Stuni1, Stni1) + d(Sun, Sun+2)> (2.1.10)
5 : 1.
By triangular inequality, we have
d(Stp, Stpio) < d(Sty, Stni1) + d(Stupy1, Stnio). (2.1.11)

We claim that d(Su,q1, Stni2) < d(Suy, Stu,1) for each n € N U {0}. Suppose on
contrary that d(Su,11, Stunia) > d(Sup, Sty1) for some n € NU {0}. From (2.1.11),
we get d(Suy,, Stupia) < 2d(Supi1, Suysz). Since ¢ is nondecreasing, by using these in

(2.1.10), we have

d(Sun—i—la Sun-‘,—?) S ¢(d(sun+1a Sun—i—?)a d(Suna Sun+1)7 d(Sun—i-h Sun—i—Z)a d(Sun-l—la Sun-{—?))'
(2.1.12)
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By (2.1.12) and property (ii) of ®, we have
d(SUn+1, Sun+2) =0.

A contradiction to our assumption that Su,,; # Su, for each n € N U {0}. Thus
d(Stupi1, Stnie) < d(Sty, St,q) for each n € NU{0}. From (2.1.11), we have
d(SUp, Stnio) < 2d(Suy,, Stugy1). Using it in (2.1.10), we have

d(Stups1, Stnre) < A(d(Stn, Stni1), d(Stpn, Stini1), d(Stpi1, Stpia), d(Stp, Stni1)).

(2.1.13)
By (2.1.13) and property (ii) of ®, we have
d(Sups1, Stnr2) < PY(d(Sup, Stuni1)), Vn e NU{0}.
Continuing in the same way, we get
d(Stps1, Stnya) < V" (d(Sug, Sur)), ¥V n € NU{0}. (2.1.14)

Let n > m. Then we have

d(Stpm, Suy,)

IN

d( Sty Stmi1) + d(Stma1, Stmio) + -+ + d(Suy_1, Suy,)

IN

wm(d(SUQ, Sul)) + ¢m+1(d(SUO, Sul)) +---+ Qﬂn_l(d(SU,O, Sul))

Z_: @bZ(d(SUO, Sul))

i=m

Therefore {Su,} is a Cauchy sequence in SU. By completeness of SU, there exist u*, 2* €
U such that z* = Su* and

lim Tu, = lim Su,.; = Su™ = z".
n—oo n—oo

From (2.1.9), we have

d(Supi1, Tu*) = d(Tu,, Tu")

< gb(d(Sun, Su*), d(Stun, Tuy), d(Su*, Tu*),
d(Su*, Tuy,) + d(Suy, Tu*))
2
= ¢(d(Su,, Su*), d(Suy, Supi1),d(Su™, Tu"),
d(Su*, Suni1) + d(Suy, Tu*)>
2

(2.1.15)
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Letting n — oo in (2.1.15), we have

(2.1.16)

d(Su*, Tu*) < ¢ (o,o,d(su*,Tu*), 0+ d(Suw, Tu )> .

2
By property (iii) of ®, we have d(Su*, Tu*) = 0 which implies Tu* = Su*. Therefore u*
is a coincidence point of T" and S. Now we assume that 7" and S are weakly compatible.

Then Tz* = T'Su* = STu* = Sz*. From (2.1.9), we have
d(z*,Tz") = d(Tu*,Tz")

< gb(d(Su*, S2*), d(Su*, Tu®), d(Sz*, =),

d(Sz*,Tu*) + d(Su*,Tz*))
2
= o(d(z*,Tz"),0,0,d(z",Tz")). (2.1.17)

*

By property (iii) of ®, we have d(z*,T2*) = 0 this implies z* = T'z*. Hence z* = Tz* =
Sz*. So T and S have a common fixed point. Suppose that z* and v* be two distinct
common fixed points of 7" and S. Then from (2.1.9), we have

d(Sv*, Tz*) 4+ d(Sz*, T’U*))
5 :

d(Tz*,Tv") < ¢ (d(Sz*, Sv*),d(Sz*,Tz"),d(Sv*, Tv"),
It implies that

d(z*,v") < ¢ (d(z*,v"),0,0,d(z",v")) . (2.1.18)

By property (iii) of ®, we have d(z*,v*) = 0. A contradiction to our assumption. Hence

T and S have a unique common fixed point. m

The following corollary can be obtained by the above Theorem.

Corollary 2.1.22. Let T,S : U — U are mappings with TU C SU. Assume that SU is
a complete subspace of U and for each u,v € U, there exists « € [0, 1) such that
d(Sv, Tu) + d(Su, Tv) }

d(Tu, Tv) < amax {d(Su, Sv),d(Su, Tu),d(Sv, Tv), 5

Then T and S have a coincidence point. Moreover, if T and S are weakly compatible,

then 7" and S have a unique common fixed point.

Proof. Let ¢(u1,us, u3, us) = ¢1(ur, ug, us, us) = amax{uy, us, us, us}, where a € [0,1).

From (2.1.9), we have

d(Tu, Sv) < amax {d(u, V), d(u, Tu), d(v, Sv), d(v, Tu) + d(u, Sv) } |

2

18



for each u,v € U, where o € [0,1). Therefore by Theorem 2.1.21, T and S have a
coincidence point. Moreover, if T" and S are weakly compatible then 7" and S have a

unique common fixed point. m

2.2 Multi-valued ¢-contractions

Nadler [11] extended Banach contraction principle to multi-valued mappings. Consequen-
tially, many authors extended contractive conditions (1.1.3) and (1.2.2) — (1.2.7) from
single-valued to multi-valued mappings. In this section, we extend Theorems 2.1.10 and
2.1.21 to multi-valued mappings.

By ®5 we denote the family of functions ¢ : R.* — R, = [0,00) satisfying the

following conditions:
(i) ¢ is continuous and nondecreasing in each coordinate;

(ii) let uy,uy € Ry such that if uy < us and uy < P(ug, ug, g, uz) then uy < P(us).

Further if u; > up and u; < @(uq, ug, uy, uy) then uy = 0;
(iii) if v € Ry such that u < ¢(0,0, u, %u) or u < ¢(0,u,0, %u) then u = 0.

Note that the functions ¢; to ¢g given in Section 2.1, belong to the family of functions
Op.

Theorem 2.2.1. Let T : U — B(U) be a mapping and d be complete. Assume that
there exists ¢ € @ such that

D(v,Tu) + D(u,Tv)
2

0(Tu,Tv) < ¢ (d(u,v), D(u,Tu), D(v,Tv), ) Nu,veU. (2.2.1)
Then T has a fixed point.

Proof. Let {u,} be a sequence in U such that u,.; € Tu, for each n € NU {0}. If

unyy1 = uy for some N € NU{0}. Then uy is a fixed point. Suppose u, 1 # u, for each
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n € NU{0}. From (2.2.1), we have

VAN

(T, Ttiy41)

& (At 1), D, Tat), Dltnsr, Tt ),

D(un+17 Tun) + D(una Tun—l—l))
2

d(Unt1, Unt2)

IN

S ¢ d(u’m un+1)7 d(una un+1>7 d(un-f—l? un+2)7
d(“n-ﬁ-la un-i—l) + d(una un+2)> (2 2 2)
5 . 2.
By triangular inequality, we have
A(Up, Upr2) < d(Up, Upt1) + d(Ups1, Upto). (2.2.3)

We claim that d(u,q1, Unia) < d(uy, uy1) for each n € NU {0}. Suppose on contrary
that d(up41, Unta) > d(tn, upy1) for some n € NU{0}. From (2.2.3), we get d(uy, tni2) <

2d(tp1, Unyo). Since ¢ is nondecreasing, by using these in (2.2.2), we have
d(tnt1, Un+2) < O(d(Uns1, Uns2), d(Un, Ungr), A(Unst, Unsa), A(Uns1s Unga)). (2.2.4)
By (2.2.4) and property (ii) of ®p, we have
A(Upy1,Upso) = 0.

A contradiction to our assumption that u,; # u, for each n € NU{0}. Thus d(u11, Uni2)
< d(up, upyq) for each n € NU{0}. From (2.2.3), we have d(u,, ty12) < 2d(Up, Upi1)-

Using it in (2.2.2), we have

d(un-i-la un+2) S ¢(d(una un—&-l)’ d(uru un—i—l)v d(un+17 un+2)7 d(una un—l—l))- (225)

By (2.2.5) and property (ii) of ®p, we have

d(tny1, Uny2) < P(d(Up, Uny1)), Vn € NU{0}.
Continuing in the same way, we get

A(Upi1, Unsa) < " (d(ug,u1)), ¥V n € NU{0}. (2.2.6)
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Let n > m. Then we have

AU, up) < AUy Ums1) + AUt Umaa) + -+ d(Up_1, Uy)

¢m(d(u0, up)) + " (d(ug, ur)) + - 4+ " (d(uo, ua))

= Zw u07u1

Therefore {u,} is a Cauchy sequence in U. By completeness of U, there exists u* € U

IN

such that u,, — u* as n — oo. From (2.2.1), we have

O (Upy1, Tu")

IA

(T, Tu")

IA

¢(d(un, u*), D(tup, Tuy,), D(u*, Tu"),

D(u*, Tu,) + D(un,Tu*))
2
O d(up, u*), d(tp, upy1), D(u*, Tu"),

IA

d(u*, uny1) + D(uy, Tu*)
. ) (2.2.7)
Letting n — oo in (2.2.7), we have
D(u*, Tu*
§(u*, Tu*
< qb(0,0,é(u*,Tu*),%). (2.2.8)

By (2.2.8) and property (iii) of &, we have §(u*, Tu*) = 0. Hence Tu* = {u*}. Moreover,
u* is a fixed point. O

The following corollaries reduce from our result.

Corollary 2.2.2. Let T : U — B(U) be a mapping and d be complete. Assume that
there exists a € [0, 1/2) such that

0(Tu,Tv) < a(D(v,Tu) + D(u,Tv)),¥ u,v € U.
Then T has a fixed point.

Proof. Let ¢(uq, ug, uz, us) = Ppa(uy, ug, ug, ug) = Pug, where g € [0,1). From (2.2.1), we

have

0(Tu,Tv) < =(D(v,Tu) + D(u,Tv)) = a(D(v,Tu) + D(u,Tv)),¥ u,v € U.

o™

Therefore by Theorem 2.2.1, T has a fixed point. O]
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Corollary 2.2.3. Let T : U — B(U) be a mapping and d be complete. Assume that
there exists a € [0, 1) such that

D(v,Tu) + D(u,Tv)
2

§(Tu,Tv) < amax {d(u,v), D(u,Tu), D(v,Tv), } NVu,veU.

Then T has a fixed point.

Proof. Let ¢(u1,us,us, uy) = ¢1(u1, ug, us, ug) = amax{u, ug, us, uys}, where a € [0, 1).
From (2.2.1), we have

D(v,Tu) + D(u,Tv)
2

§(Tu,Tv) < amax {d(u,v), D(u,Tu), D(v,Tv), } NVu,veU.

Therefore by Theorem 2.2.1, T has a fixed point. O]

Example 2.2.4. Let U = {(0,0),(0,1),(—1, %)} be endowed with metric d define by

d(u,v) = max{|u; — v1], |ua — va|} for each u,v € U. Define T': U — B(U) by

o Jtony ez 00 00

Consider ¢(uy, us, uz, us) = 3 max{uy, us}. Now we discuss (2.2.1) by following cases:

(i) Consider u = v = (0,1). Then Tu = Tv = {(0,1)}. Also, we have 6(Tu,Tv) =

0,d(u,v) = 0,D(u, Tu) = 0. Thus (2.2.1) is satisfied because 0 = 2(0).

(i) Consider v = v = (0,0). Then Tw = Tv = {(0,1),(—1,3)}. Also, we have
0(Tu, Tv) = 1/3, d(u,v) = 0, D(u,Tu) = 2/3. Thus (2.2.1) is satisfied because
5 <506).

(iii) Consider u = v = (—1, %). Then Tu = Tv = {(0,1)}. Also, we have §(Tu,Tv) = 0,
d(u,v) =0, D(u,Tu) = 1/3. Thus (2.2.1) is satisfied because 0 < 2(3).

(iv) Consider u = (—%,2) and v = (0,1). Then Tu = Tv = {(0,1)}. Also, we have
§(Tu,Tv) = 0, d(u,v) = 1/3, D(u,Tu) = 1/3. Thus (2.2.1) is satisfied because
0< 20

(v) Consider v = (0,0) and v = (—%, 2). Then Tu = {(0,1), (-7, 3)} and Tv = {(0,1)}.

Also, we have §(Tu,Tv) = 1/3, d(u,v) = 2/3, D(u,Tu) = 2/3. Thus (2.2.1) is

- 1_ 202
satisfied because 3 < 3(3).
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(vi) Consider u = (0,0) and v = (0,1). Then Tw = {(0,1), (=3, %)} and Tv = {(0,1)}.
Also, we have 0(Tu,Tv) = 1/3, d(u,v) = 1, D(u,Tu) = 2/3. Thus (2.2.1) is
2

satisfied because 3 < 2(1).

Hence by Theorem (2.2.1), T has a fixed point.

Theorem 2.2.5. Let f : U — U be a single-valued mapping and 7' : U — B(U) be a
multi-valued mapping such that TU C fU. Assume that fU is a complete subspace of
U and there exists ¢ € ®g such that

D(fv,Tu) + D(fu,Tv)
2

Vu,v e U.
(2.2.10)

0(Tu,Tv) < ¢ (d(fu, fv), D(fu,Tu), D(fv,Tv),

Then T" and f have a coincidence point, say w. Moreover, if f is T-weakly commuting at

w and ffw = fw, then T and f have a common fixed point.

Proof. Let uy € U. As TU C fU, we can choose a sequence {T'u,} with initial point
ug such that fu,.; € Tu, for each n € NU {0}. Suppose that fu, # fu,y; for each

n € NU {0}, for otherwise, u, is a coincidence point of 7" and f. From (2.2.10), we have

d(funJrla fun+2) = 5(Tuna Tun+1)

&(A(ftn: Fitnsn), D(fitn, Titn), D{ fitnr, Tt 1),

D(fun+17 Tun) + D(fum TunJrl)
2

¢ d(fum fun-i-l) (fuTM fun-‘rl)? d(fun-i-la fun+2)

d(funer fun+1> + d furm fun+2
2

IN

IN

(2.2.11)

By triangular inequality, we have

d(fun, funse) < d(fun, funsr) + d(frngr, funge). (2.2.12)

We claim that d(fu,i1, funs2) < d(fun, fuyy1) for each n € NU {0}. Suppose on
contrary that d(fu,i1, funia) > d(fun, fun1) for some n € NU{0}. From (2.2.12),
we get d(fun, funie) < 2d(funy1, funs2). Since ¢ is nondecreasing, by using these in

(2.2.11), we have

d(funs1, funta) < O(d(frng1, fng2), d(fn, funsr), d(fungt, fng2), d(fungt, fung2)).
(2.2.13)
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By (2.2.13) and property (ii) of ®p, we have

d(fun-i—h fun-i-?) = 0.

A contradiction to our assumption that fu,,; # fu, for each n € N U {0}. Thus
d(funst, funyo) < d(fuy, fu,41) for each n € NU{0}. From (2.2.12), we have
d(fun, funys) < 2d(fun, fu,e1). Using it in (2.2.11), we have

d(fun—i—l; f“n+2> < Qb(d(fum fun+1)v d(fum fun—&-l)’ d(fun+la fun+2)7 d(f“m fun+1))'

(2.2.14)
By (2.2.14) and property (ii) of &5, we have
d(funt1, funte) < Y(A(fun, funtr)), ¥V n € NU{O}.
Continuing in the same way, we get
d(frni1, fnge) < V" (d(fuo, fur)), ¥ n € NU{0}. (2.2.15)

Let n > m. Then we have

d(furm fum+1) + d(fum—i-la fum-i-?) + -+ d(fun—b fun)

O™ (d(fuo, fur)) + " Hd(fuo, fur)) + -+ 9" H(d(fuo, fua))
n—1

> W (d(fuo, fuwn).

i=m

d(ftm, fun)

IN

IN

Therefore { fu,} is a Cauchy sequence in fU. By completeness of fU, there exist u*, z* €
U such that z* = fu* and

lim fu,,1 = fu* = 2",
n—oo

From (2.2.10), we have

O fupyr, Tu*) < 6(Tuy,, Tu™)
< gb(d(fun,fu*),D(fun,Tun),D(fu*,Tu*),
D(fu*,Tu,) + D(fup, Tu*))
2
S ¢ d(funafU*>vd(fun7fun+l)aD(fU*7TU*)7
d(fu*, fups1) + D(fuy, Tu*)
e ) (2.2.16)
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Letting n — oo in (2.2.16), we have

st 1) < o (0.0, par Ty, LT

(5(fu*,Tu*)) ‘

< ¢ (0,0,é(fu*,Tu*), 5 (2.2.17)

By property (iii) of ®p, we have (fu*, Tu*) = 0. This implies Tu* = {fu*}. Therefore
u* is a coincidence point of T" and f. By assumption we have fu* = ffu* € T fu* which

implies that z* = fz* € Tz". m
The following corollary can be obtained by the above Theorem.

Corollary 2.2.6. Let f : U — U and T : U — B(U) be mappings. Assume that
TU C fU and there exists a € [0,1/2) such that

0(Tu, Tv) < a(D(fu,Tu) + D(fv,Tv)), ¥V u,v € U.

If fU is a complete subspace of U, then T" and f have a coincidence point, say u. Moreover,

if f is T-weakly commuting at v and f fu = fu, then T and f have a common fixed point.

PT’OOf. Let ¢(U1,U2,U3,U4) = ¢6(U1,UQ,U3,U4) = g(”b@ -+ Ug), where 5 c [0,1) From
(2.2.10), we have

§(Tu,Tv) <

g(D(fu, Tu) + D(fv,Tv)) = a(D(fu, Tu) + D(fv,Tv)),

for each u,v € U, where a € [O,%). Therefore by Theorem 2.2.5, T" and f have a

coincidence point, say u. Moreover, if f is T-weakly commuting at v and f fu = fu, then

T and f have a common fixed point. m

By ®¢p we denote the family of functions ¢ : R.* — R, = [0,00) satisfying the

following conditions:
(i) ¢ is continuous and nondecreasing in each coordinate;

(i) let uy, ug, w € Ry such that if ug < ug, u; < qw, where ¢ > 1 and w < ¢(ug, ug, uy, us)
then w < 1(ug). Further if uy > w9, uy < qw, where ¢ > 1 and w < ¢(uy, ug, uq, uy)

then w = 0;
(iii) if u € Ry such that u < ¢(0,0, u, %u) oru < ¢(0,u,0, %u) then u = 0.
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The functions ¢; to ¢g given in Section 2.1, are contained in the family of ®op.

We need following lemma to prove our next result.

Lemma 2.2.7. Let B € CB(U). Then for each u € U with D(u, B) > 0 and p > 1 there

exists an element b € B such that
d(u,b) < pD(u, B). (2.2.18)
Proof. Tt is given that D(u, B) > 0. Choose
e=(p—1)D(u, B).
Then by using definition of D(u, B), it follows that there exists b € B such that
d(u,b) < D(u, B) + € = pD(u, B).
[

Theorem 2.2.8. Let T': U — C'B(U) be a mapping and d be complete. Assume that

there exists ¢ € ®cp such that

D(v,Tu) + D(u, Tv)
2

H(Tu,Tv) < ¢ (d(u,v), D(u, Tu), D(v,Tv), ) , Vu,vel.
(2.2.19)

Then T has a fixed point.

Proof. Let ug € U. Since Tuy # (), there exists u; € Tug. Suppose uy # uq, for otherwise,

up is a fixed point. From (2.2.19), we have

D(ul, TUO) + D(U(), Tul)
2

H(Tuy, Tuy) < ¢ (d(uo,ul), D(ug, Tug), D(uq, Tuy),

(2.2.20)

For p > 1, there exists us € Tu;. Suppose u; # us, for otherwise, u; is a fixed point.
Then we have

0 < d(ur,u2) < pH(Tug, Tuy). (2.2.21)
From (2.2.20), we have

H(Tug, Tuy) < ¢ <d(u0,ul),d(uo,ul),d(uhuﬁ, M) .

: (2.2.22)
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By triangular inequality, we have
d(UQ, Ug) S d(UO, Ul) + d(ul, UQ). (2223)

We claim that d(uy,us) < d(ug,u1). Suppose on contrary that d(uy,us) > d(ug,us).
Then from (2.2.23), we have d(ug, uz) < 2d(uy,us). Using these in (2.2.22), we have

H(TUO, Tul) S qb(d(ul, Ug), d(uo, Ul), d(ul, U/Q), d(ul, UQ>) (2224)

By property (ii) of ®cp, we have H(Tug, Tu;) = 0. A contradiction to (2.2.21). Hence
d(uy,ug) < d(ug,ur). From (2.2.22), we have

H(Tug, Tuy) < ¢(d(ug, ur), d(ug, uy), d(uy, us), d(ug, uy)). (2.2.25)
By property (ii) of ®¢p, we have
H(Tug, Tuy) < 1(d(ug,uy)). (2.2.26)
From (2.2.21) and (2.2.26), we have
d(uy,uz) < p(d(ug,uy)). (2.2.27)
Since v is strictly increasing, we have
U(d(u, uz)) < ¥(py(d(uo, ur))). (2.2.28)

Thus we have p; = %. Again from (2.2.19), we have

D(Ug, Tul) =+ D(ul, TUQ)
2

H(Tuy, Tuy) < ¢ (d(U1,U2)7 D(uy, Tuy), D(ug, T'us),

(2.2.29)

For p; > 1, there exists ug € Tuy. Suppose uy # us, for otherwise, us is a fixed point.
Then we have

0< d(UQ, Ug) < le(Tul, TUQ) (2230)

From (2.2.29), we have

0+d
H(Tul, TUQ) S gb (d(ul, UQ), d(ul, UQ), d(UQ, Ug), W) . (2231)
By triangular inequality, we have
d('Ll,l7 U3) S d(ul, UQ) + d(UQ, 'ng). (2232)
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We claim that d(us,us) < d(uy,us). Suppose on contrary that d(us,us) > d(uq,us).
Then from (2.2.32), we have d(uy,u3) < 2d(us,u3). Using these in (2.2.31), we have

H(Tuy, Tug) < ¢(d(us, uz), d(uy, us), d(ug, us), d(ug, ug)). (2.2.33)

By property (ii) of ®¢p, we have H(Tuy,Tus) = 0. A contradiction to (2.2.30). Hence
d(ug,us) < d(uy,uz). From (2.2.31), we have

H(Tuy, Tug) < ¢(d(uy,us), d(uy, uz), d(ug, us), d(uy, us)). (2.2.34)
By property (ii) of ®¢p, we have
H(Tuy, Tus) < (d(uy,us)). (2.2.35)
From (2.2.30) and (2.2.35), we have

d(ug, uz) < pr(d(uy, ug)) = (g (d(ug, ur))). (2.2.36)

Since v is strictly increasing, we have

(d(uz, us)) < 0> (pib(d(ug, wr)). (2.2.37)

Thus we have py, = %. Continuing in this way, we get a sequence {u,} in U

such that u,11 € Tuy,, U, # U1 and d(Upy1, Unr2) < d(uy,, u,y1) for each n € NU{0}.
Further, we have

A(Up, Uny1) < V" (pYp(d(ug,up))), ¥V n €N, (2.2.38)

Let n > m. Then we have

d(uma un) S d(uma um—l—l) + d(um+17 um+2) + -+ d(un—h un)
< "N (d(ug, ur)) + 9" (d(ug, wr)) + -+ " (d(ug, ua))

S (g, w)).

i=m—1

Therefore {u,} is a Cauchy sequence in U. By completeness of U, there exists u* € U
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such that u,, — u* as n — oo. From (2.2.19), we have

D(upy1, Tu*) < H(Tu,, Tu")
< ol d(uy,u"), D(uy, Tuy,), D(u*, Tu"),
D(u* ,Tun) + D(up, Tu*))
2
< ¢l d(un, u"), d(tn, tnsr), D(u, Tu"),
d(u”, tny1) + D(un,Tu*>> (2.2.39)
5 : 2.
Letting n — oo in (2.2.39), we have
D(u*,Tu*) < ¢(0,0, D(u*, Tu"), D(u*, Tu")). (2.2.40)

By property (iii) of ®¢p, we have D(u*, Tu*) = 0. By closedness of U, we have u* €
Tu*. O

The following corollaries are immediately follow form our above result.

Corollary 2.2.9 (Nadler [11]). Let T : U — CB(U) be a mapping and d be complete.
Assume that their exists a € [0, 1) such that

H(Tu,Tv) < ad(u,v), ¥ u,v € U.
Then T has a fixed point.

Proof. Let ¢(uy, us, us, ug) = ¢5(uy, us, ug, ug) = auy, where o € [0, 1). From (2.2.19), we
have

H(Tu,Tv) < ad(u,v), ¥ u,v € U.

Therefore by Theorem 2.2.8, T" has a fixed point. O

Corollary 2.2.10. Let T': U — C'B(U) be a mapping and d be complete. Assume that
their exists a € [0,1/2) such that

H(Tu,Tv) < a(D(u, Tu) + D(v,Tv)), V u,v € U.

Then T has a fixed point.
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PTOOf. Let ¢(u17u2;u37u4) = ¢6<U1,U2,U3,U4) = g(uQ + u3)7 where /B € [071) From
(2.2.19), we have

H(Tu,Tv) <

]S

(D(u, Tu) + D(v,Tv)) = a(D(u, Tu) + D(v,Tv)), ¥V u,v € U.
Therefore by Theorem 2.2.8, T" has a fixed point. O

Corollary 2.2.11 (Gordji [6]). Let T': U — C'B(U) be a mapping and d be complete.
Assume that their exist nonnegative real numbers ag, by, co, satisfying ag+2by+2co € [0,1)

such that
H(Tu, Tv) < apd(u,v) + bo(D(u, Tu) + D(v, Tv)) + co(D(v, Tu) + D(u, Tv)), ¥V u,v € U.
Then T has a fixed point.

Proof. Let ¢(uy,us, us, uy) = ¢g(uy, us, us, ug) = auy + b(ug + us) + cuy, where a, b, c are

nonnegative real numbers such that a + 20+ c € [0,1). From (2.2.19), we have
H(Tu,Tv) < ad(u,v) + b(D(u, Tu) + D(v,Tv)) + g(D(v,Tu) + D(u,Tv)), Y u,v € U.
Let ¢ = 2¢y, then

H(Tu,Tv) < ad(u,v) + b(D(u, Tu) + D(v,Tv)) + c1(D(v, Tu) + D(u,Tv)), ¥V u,v € U.
Therefore by Theorem 2.2.8, T" has a fixed point. O

Corollary 2.2.12 (Gordji [6]). Let T': U — C'B(U) be a mapping and d be complete.
Assume that their exists a € [0,1/2) such that

H(Tu,Tv) < a(D(v,Tu) + D(u,Tv)), V u,v € U.
Then T has a fixed point.

Proof. Let ¢(u1,ug, ug, ug) = ¢o(u1, ug, us, ug) = fuy, where g € [0,1). From (2.2.19), we

have

H(Tu,Tv) < =(D(v,Tu) + D(u, Tv)) = a(D(v,Tu) + D(u, Tv)), ¥V u,v € U.

o™

Therefore by Theorem 2.2.8, T" has a fixed point. O
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Example 2.2.13. Let U = [1,00) be endowed with the usual metric d. Define T : U —
CB(U) by Tu = [1,/u] for each u € U. Consider ¢(uy, us, uz, us) = suy. Clearly ¢ € P.
Now for each u,v € U, we have

lu — | 1
< =

Vu+v T2

1
lu —v| = §d(u, v).

H(Tu,Tv) = |v/i /o] = | (Vi = V) % ﬁi%' _

Therefore by Theorem 2.2.8, T" has a fixed point.

Theorem 2.2.14. Let f : U — U be a single-valued mapping and 7' : U — CB(U) be
a multi-valued mapping such that TU C fU. Assume that fU is a complete subspace of
U and there exists ¢ € ®¢p such that

D(fv,Tu) + D(fu,Tv)
2

, Vu,vel.
(2.2.41)

H(Tu,Tv) < ¢ <d(fu, fv), D(fu,Tu), D(fv,Tv),

Then T" and f have a coincidence point, say w. Moreover, if f is T-weakly commuting at

w and ffw = fw, then T and f have a common fixed point.

Proof. Let ug € U. Since Tug # () and Tug C fU. Then there exists u; € U such that
fuy € Tugy. Suppose fug # fuy, for otherwise, ug is a coincidence point of T and f.

From (2.2.41), we have

D(ful, TUo) + D(qu, Tul)
2

H(Tug, Tuy) < ¢ (d(fum fu1), D(fuo, Tug), D(fur, Tuy),
(2.2.42)
For p > 1, there exists fus € Tuy. Suppose fu; # fug, for otherwise, u; is a coincidence

point of 7" and f. Then we have
0 < d(fuy, fus) < pH(Tug, Tuy). (2.2.43)

From (2.2.42), we have

H(Tuo, Tur) < & (d(fuo, Fun), d(Fuo, fur), d(fu, fus), o d(fzu‘)’ fUQ)) (2.2.44)

By triangular inequality, we have

d(fUO, fU2> S d(fU()7 ful) + d(ful, fU,Q) (2245)

We claim that d(fui, fus) < d(fuo, fu1). Suppose on contrary that d(fuy, fus) >
d(fug, fur). Then from (2.2.45), we have d(fug, fus) < 2d(fuy, fuz). Using these in
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(2.2.44), we have

H(TUO, Tul) S gb(d(ful, fUQ), d(qu, ful), d(ful, fU2)7 d(ful, fUQ)) (2246)

By property (ii) of ®¢p, we have H(Tug, Tuy) = 0. A contradiction to (2.2.43). Hence
d(fuy, fus) < d(fug, fuy). From (2.2.44), we have

H(Tuy, Tuy) < ¢(d( fuo, fuq),d(fuo, fuq), d(fur, fus), d( fug, fur)). (2.2.47)
By property (ii) of ®¢p, we have
H(Tug, Tuy) < (d(fug, fur)). (2.2.48)
From (2.2.43) and (2.2.48), we have
d(fuy, fua) < pb(d(fug, fur)). (2.2.49)
Since 1) is strictly increasing, we have

(d(fuy, fuz)) < Y(pY(d(fuo, fur)))- (2.2.50)

Thus we have p; = %. Again from (2.2.41), we have

D(fug, Tuy) + D(fuy, Tuy)
2

H(Tuy, Tug) < ¢ (d(fuh fuz), D(fuy, Tuy), D(fus, Tus),
(2.2.51)
For p; > 1, there exists fus € T'us. Suppose fus # fus, for otherwise, us is a coincidence

point of 7" and f. Then we have
0< d(fUQ, fU3) < p1H(Tu1,Tu2). (2252)

From (2.2.51), we have

H(Tuy, Tus) < ¢ (d(ful, i), d(fuus, i), d(Fus, fus), o d(f;”’ f“3)) . (2.2.53)

By triangular inequality, we have

d(fuy, fus) < d(fuy, fug) + d(fus, fus). (2.2.54)
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We claim that d(fus, fus) < d(fuy, fuz). Suppose on contrary that d(fus, fus) >
d(fuy, fuz). Then from (2.2.54), we have d(fuy, fus) < 2d(fus, fus). Using these in
(2.2.53), we have

H(Tul, TUQ) S ¢<d(fU2, ng), d(ful, fUQ), d(fUQ, fU3), d(fUQ, ng)) (2255)

By property (ii) of ®¢p, we have H(Tuy,Tus) = 0. A contradiction to (2.2.52). Hence
d(fua, fus) < d(fu, fus). From (2.2.53), we have

H(Twy, Tuz) < ¢(d(fua, fus), d(fur, fuz), d(fuz, fus), d(fus, fus)). (2.2.56)
By property (ii) of ®¢p, we have
H(Tuy, Tug) < (d(fuy, fup)). (2.2.57)
From (2.2.52) and (2.2.57), we have
d(fuz, fus) < prv(d(fus, fuz)) = (g (d(fuo, fus))). (2.2.58)
Since ¢ is strictly increasing, we have

D(d(fus, fus)) < ©*(py(d(fuo, fur))). (2.2.59)

2 (pyp(d(fuo,fur
W(d(fuz,fus))

OB(U) such that fun-H € Tum fun 7é fun-i-l and d(fun-i-b fun+2) < d(fumfun-i-l) for
each n € NU {0}. Further, we have

D) Continuing in this way, we get a sequence {Tu,} in

Thus we have py, =

A fitn, Funss) < ¥ (pE(A(fuo, fur))), ¥ € N. (2:2.60)
Let n > m. Then we have
A fitms fn) < d(ftms ) + At Fmsa) + -+ d(ftns, fun)
N fu, fur)) + 97 (d( fu, fur)) + -+ 6" 2(d( Fuo, fun)
=S (e fu).

i=m—1

A

Therefore { fu,} is a Cauchy sequence in fU. By completeness of fU, there exist u*, z* €
U such that

lim fu, = fu* = z".
n— oo
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From (2.2.41), we have

IN

D(fupi1, Tu™) H(Tuy,, Tu")

ol d(fun, fu”), D(fu,, Tu,), D(fu*, Tu"),
D(fu*,Tu,) +D(fun,Tu*)>

2
¢ d(fun,fU*)vd(fumfun—&-l)’D(fU*vTU*)a

d(fU*a fun+1) + D(funa TU*)>
5 .

IN

IN

(2.2.61)
Letting n — oo in (2.2.61), we have
D(fu*,Tu*) < ¢(0,0, D(fu*,Tu*), D(fu",Tu")). (2.2.62)

By property (iii) of ®¢p, we have D(fu*,Tu*) = 0. By closedness of T, we have fu* €
Tu*. Therefore u* is a coincidence point of 7" and f. By assumption we have fu* =

ffu* €T fu* which implies that 2* = fz* € T'z*. m

Example 2.2.15. Let U = [1, 00) be endowed with the usual metric d. Define f : U — U
by fu=2yu—1foreach u € Uand T :U — CB(U) by Tu = [1,/u] for each u € U.

Consider ¢(u1,us, us, us) = sus. Clearly ¢ € ®. Now for each u,v € U, we have

1T, Tv) = | - Vo = 2V o = L, o,

Therefore by Theorem 2.2.14, T" and f have a coincidence point. Moreover, ff1 € Tf1
and ffl= f1.
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Chapter 3

Fixed point theorems in partially

ordered metric spaces

Ran et al. [13] initiated the study of fixed points for mappings of partially ordered metric
spaces. A number of authors obtained many interesting results in this direction. In
this chapter we generalize some results of Chapter one. Although, we have considered
same contractive conditions as introduced in Chapter one but we require that these
conditions hold for those pair of points from the metric space that are related to each
other. Throughout this chapter, U is a nonempty set endowed with a complete metric d

and a partial ordering <.

3.1 Fixed point theorems for single-valued mappings

In this section, we establish some fixed point theorems for ¢-contraction mappings in
partially ordered metric spaces. We can obtain some results of Nieto et al. [12] as

consequences of our results.

Theorem 3.1.1. Let T': U — U be a continuous and nondecreasing mapping. Assume

that there exists ¢ € ® such that

d(Tu,Tv) < ¢ (d(u, V), d(u, Tw), d(v, Tv), d(v, Tu) + d(u,Tv))

; (3.1.1)

for each u,v € U with u < v and there exists ug € U such that ug < Tug. Then T has a

fixed point.
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Proof. Let ug € U such that ug < T'ug. Since T' is nondecreasing, by induction we have
ug = Tug = T?ug < Tug < -+ X T™ug < T" Mg < -+ . (3.1.2)

Put u,1 = Tu, = T" g for each n € NU {0}. If uyyy = uy for some N € NU {0}.
Then uy is a fixed point. Suppose u, 1 # u, for each n € NU {0}. As w, < u,y; for
each n € NU{0}. Then from (3.1.1), we have

d(un—i-laun-l—Q) = d(TunaTun—H)

¢ (d(una un+1)a d(u’m Tun)a d(un+1> Tun-l—l)a

d(tni1, Tup) + d(un, Tun+1)>
2

= ¢ d(una un+1)a d(unv un—i—l)a d(un+17 un+2)7

IN

d(un+17 un+1) + d(un7 un+2)> (3 1 3)
5 . .
By triangular inequality, we have
d(una un—l—?) S d(uny un—i—l) + d(Un+1> un—l—?)- (314)

We claim that d(uny1,Unio) < d(tn, uny1) for each n € NU {0}. Suppose on contrary
that d(uni1, Unt2) > d(Up, upi1) for some n € NU{0}. From (3.1.4), we get d(uy, Uy2) <

2d(up1, Uny2). Since ¢ is nondecreasing, by using these in (3.1.3), we have
A(tUn g1, Unya) < O(d(Unt1, Ung2), d(Un, Ung1); A(Ungrs Unta), A(Unyr, Unya)). (3.1.5)
By (3.1.5) and property (ii) of ®, we have
d(Upt1, Unya) = 0.

A contradiction to our assumption that u,1 # u, for each n € NU{0}. Thus d(u11, Un+2)
< d(Up, upyq) for each n € NU{0}. From (3.1.4), we have d(u,, ty12) < 2d(Up, Upi1)-
Using it in (3.1.3), we have

d(un+17 un+2> < (b(d(una un—&-l)a d(um un—l—l)a d(un+17 Un+2>7 d(“m un-i-l))' (3'1'6)
By (3.1.6) and property (ii) of ®, we have

A(Unt1, Unta) < Y(d(Un, Unt1)), ¥V n e NU{O}.
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Continuing in the same way, we get
d(un+1,un+2) S ¢”+1(d(u0, u1>>, Vn e NU {0} (317)
Let n > m. Then we have

d (U, Uy)

IN

d(uma um—l—l) + d(um+l> um+2) + -+ d(un—h un)

™ (d(uo, ur)) + " (d(ug, ur)) + - - -+ " (d(uo, ur))

= Y ().

IN

Therefore {u,} is a Cauchy sequence in U. By completeness of U, there exists u* € U
such that u,, — u* as n — oo. Since T is continuous, then u,,; = Tu, — Tu* as n — oo.

By the uniqueness of limit, we have u* = Tu*. O

Corollary 3.1.2 (Nieto et al. [12]). Let T : U — U be a continuous and nondecreasing
mapping. Assume that there exists a € [0,1) such that d(Twu,Tv) < ad(u,v) for all

u,v € U with u < v. If there exists uyg € U such that ug < T'ug, then T has a fixed point.

Proof. Let ¢(uq, ug, ug,uq) = ¢s(uy, us, ug, uy) = auy, where a € [0,1). From (3.1.1), we
have

d(Tu,Tv) < ad(u,v),

for each u,v € U with u < v. Therefore by Theorem 3.1.1, T has a fixed point. n

Corollary 3.1.3. Let T : U — U be a continuous and nondecreasing mapping. Assume
that there exists a € [0,1/2) such that d(Tu, Tv) < a(d(v, Tu)+d(u, Tv)) for all u,v € U

with v < v. If there exists ug € U such that ug < Tug, then T has a fixed point.

Proof. Let ¢(uq, ug, ug,uq) = Po(uq, ug, ug, ug) = Pug, where g € [0,1). From (3.1.1), we

have

o™

d(Tu, Tv) < =(d(v,Tu) + d(u,Tv)) = a(d(v, Tu) + d(u, Tv)),

for each u,v € U with u < v. Therefore by Theorem 3.1.1, T" has a fixed point. O

Corollary 3.1.4. Let T : U — U be a continuous and nondecreasing mapping. Assume
that there exists o € [0, 1) such that d(Tu,Tv) < amax{d(u,Tu),d(v,Tv)} for all u,v €

U with u < v. If there exists ug € U such that ug < Tug, then T has a fixed point.
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Proof. Let ¢(uq,us,us, uy) = Pg(u, ug, uz, ug) = amax{ug, us}, where a € [0,1). From
(3.1.1), we have
d(Tu,Tv) < amax{d(u,Tu),d(v,Tv)},

for each u,v € U with u < v. Therefore by Theorem 3.1.1, T" has a fixed point. O

Theorem 3.1.5. Let T': U — U be a nondecreasing mapping and there exists ¢ € ®
such that

(3.1.8)

d(Tu,Tv) < ¢ (d(u, v), d(u, Tw), d(v, Tv), d(v, Tu) + d(u,Tv))

2

for each u,v € U with u < v. Assume that u, < u for each n € NU {0}, whenever {u,}
is a nondecreasing sequence in U such that u, — wu. If there exists uy € U such that

ug = T'ug, then T has a fixed point.

Proof. Following the proof of Theorem 3.1.1, we know that {u,} is a Cauchy sequence in
U. Since U is complete, there exists u* € U such that u, — u* as n — oco. As u, < u*

for each n € NU {0}. From (3.1.8), we have

d(tupi1, Tu*) = d(Tuy,, Tu")

IN

qb(d(un, u*), d(uy, Tuy), d(u*, Tu"),

d(u*, Tuy,) + d(un,Tu*)>
2
= (b d(un7U*)ad(unvunJrl)?d(U*?Tu*)u

d(UJ*’ un-‘rl) + d(unu TU*)) (3 1 9)
5 . 1.
Letting n — oo in (3.1.9), we have
0+ d(u*, Tu*
d(u*, Tu*) < ¢ (0,0,d(u*,Tu*), il (7; L U )) . (3.1.10)
By property (iii) of ®, we have d(u*, Tu*) = 0. Hence Tu* = u*. O

Corollary 3.1.6 (Nieto et al. [12]). Let T : U — U be a nondecreasing mapping.
Assume that there exists « € [0, 1) such that d(Tu, Tv) < ad(u,v) for all u,v € U with
u = v. Also, assume that u, < u for each n € NU{0}, whenever {u,} is a nondecreasing
sequence in U such that u, — wu. If there exists ug € U such that ug < T'ug, then T has

a fixed point.
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Proof. Let ¢(uq, ug, ug,us) = ¢s(uy, us, ug, uy) = auy, where a € [0,1). From (3.1.8), we
have

d(Tu,Tv) < ad(u,v),

for each u,v € U with u < v. Therefore by Theorem 3.1.5, T" has a fixed point. O

Corollary 3.1.7. Let T : U — U be a nondecreasing mapping. Assume that there
exists a € [0,1/2) such that d(Tu,Tv) < a(d(u,Tu) + d(v,Tv)) for all u,v € U with
u < v. Also, assume that u,, < u for each n € NU{0}, whenever {u,} is a nondecreasing
sequence in U such that u, — wu. If there exists ug € U such that ug < T'ug, then T has

a fixed point.

Proof. Let ¢(uy,ug, us,uq) = ¢dg(uy, ug, ug, uy) = §<U2 + u3), where 5 € [0,1). From
(3.1.8), we have

d(Tu, Tv) < =(d(u, Tu) + d(v,Tv)) = a(d(u, Tu) + d(v, Tv)),

NS

for each u,v € U with u < v. Therefore by Theorem 3.1.5, T has a fixed point. O

Corollary 3.1.8. Let T : U — U be a nondecreasing mapping. Assume that there
exists o € [0, 1) such that d(Tu, Tv) < amax{d(u,Tu),d(v,Tv)} for all u,v € U with
u < v. Also, assume that u,, < u for each n € NU{0}, whenever {u,} is a nondecreasing
sequence in U such that u,, — u. If there exists ug € U such that uy < Tug, then T has

a fixed point.

Proof. Let ¢(u1,ug, us, ug) = ¢auy, us, uz,uy) = amax{us,uz}, where o € [0,1). From
(3.1.8), we have
d(Tu,Tv) < amax{d(u,Tu),d(v,Tv)},

for each u,v € U with u < v. Therefore by Theorem 3.1.5, T has a fixed point. n

To ensure the uniqueness of fixed point, we will consider the following condition:

(C): For each u,v € U, there exists z € U such that « < z and v =< z.

Theorem 3.1.9. Adding condition (C) to the hypothesis of Theorem 3.1.1 (resp. Theo-

rem 3.1.5), we obtain the uniqueness of fixed point of 7.
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Proof. Suppose u* and v* be two distinct fixed points of T. By using (C), for u*,v* € U,
we have z € U such that v* < z and v* < z. Since T is nondecreasing, we have u* < T"z
for each n € N. Put 2, = T"z for each n € N. Moreover, it is easy to show that {z,} is
a Cauchy sequence in U, thus there exists z* € U such that z, — z* as n — oo. From

(3.1.1), we have

du*,Tz,) = d(Tu",Tz,)

Tu* *T
< ¢ (d(u’ﬂzn),d(u*,Tu*),d(zn,Tzn), d(zn, Tu’) +d(u, Z">>

2
d ny * d *7 n
= ¢ (d(u*,zn%o,d(zn,zﬂ), (G ”2 CaL: “)) - (3.1.11)
Letting n — oo in (3.1.11), we have
d(u*, z") < ¢ (d(u*, 2"),0,0,d(u", 2%)). (3.1.12)

By (3.1.12) and property (iii) of ®, we have d(u*, z*) = 0, i.e., u* = z*. Similarly, we have

v* = z*. By the uniqueness of limit we have u* = v*. A contradiction to our assumption.

Hence T has a unique fixed point in U. O

Corollary 3.1.10. Let T': U — U be a continuous and nondecreasing mapping. Assume
that there exists a € [0,1) such that d(Tu,Tv) < ad(u,v) for all u,v € U with u < v.
Also, assume that U holds (C). If there exists ug € U such that ug < T'ug, then T has a

unique fixed point.

Proof. Let ¢(uq, ug, ug, ug) = ¢s(uy, us, ug, uy) = auy, where a € [0,1). From (3.1.1), we
have
d(Tu, Tv) < ad(u,v),

for each u,v € U with u =< v. Therefore by Theorem 3.1.9, T" has a unique fixed point. [

Example 3.1.11. Let U = [0,00) X [0,00) be a partially ordered set with relation <,
where (uq,us) = (vy,v9) if and only if u; < vy and us < ve. Define a metric d on U such
that for each u = (uy,uz),v = (v1,v2) € U, we have d(u,v) = max{|u; — vy, |ug — vo|}
and T' : U — U is given by T'(uy,up) = (£, %) for each u € U and for some { € U.

Consider ¢(uq, ug, ug, ug) = %ul. Clearly ¢ € ®. For each u,v € U with u < v, we have
1 1 1
d(Tu,Tv) = §\u2 —g| < §(max{]u1 — vy, |lug — va}) = §d(u,v).
Therefore by Theorem 3.1.9, T" has a unique fixed point.
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3.2 Fixed point theorems for multi-valued mappings
For A, B € N(U), we have following relations:
e A < B, if for each a € A we have b € B with a < b.

e A <, B, if for each b € B we have a € A with a < b.
Theorem 3.2.1. Let T': U — B(U) be a mapping satisfying the following conditions:

(i) there exists up € U such that {ug} <1 Tuo;
(ii) for u,v € U, u = v implies Tu <1 Tv;

(iii) if {u,} is a nondecreasing sequence in U such that u, — u, then u,, < u for each

n e NU{0};

(iv) there exists ¢ € ®p such that

5(Tu, Tv) < ¢ (d(u,v), D(u, Tu), D(v, Tv), 20T u Dlu, Tv) ) (3.2.1)

for each u,v € U with u < v.
Then T has a fixed point.

Proof. By (i) there exists ug € U such that {ug} <1 T'ug. Then there exists u; € Tug such
that ug < uy. By (ii) we have Tug <1 Tuy. Then for uy € Tug, there exists us € Ty such

that u; < up. Continuing in this way, we get a sequence {u,} in U such that u, 1 € Tu,

for each n € NU {0} and
Up Jup U DU D DUy DU D00 (3.2.2)

If there exists some N € NU{0} such that uy = uy,1, then uy is a fixed point. Suppose
Uy, 7 Upy for each n € NU{0}. As u, < upy for each n € NU{0}. Then from (3.2.1),

we have
d(Upt1, Unt2) < 0(Tun, Ttpy)
< 6(dlttn, 1), D, Tutn), D, Titnsr),
D(upi1, Tuy,) + D(up, Tun+1)>
2
S ¢ d(un7 un+1)7 d(una un+1)7 d(un+17 un+2)7

d<un+17 unJrl) + d(um un+2)>

5 (3.2.3)
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By triangular inequality, we have
AU, Upyo) < d(Up, Upy1) + d(Upi1, Upio). (3.2.4)

We claim that d(u,11, Uni2) < d(uy, u,qq) for each n € NU{0}. Suppose on contrary that
d(Upt1, Unt2) > d(Up, upy1) for some n € NU{0}. From (3.2.4), we have d(uy, tni2) <
2d(Up41, Uny2). Since ¢ is nondecreasing, by using these in (3.2.3), we have

d(“n-{—la un+2> S ¢(d(un+1a un+2)7 d(una un—l—l)a d(un+17 un+2)7 d(un-i-la un+2))- (325)
By (3.2.5) and property (ii) of ®p, we have d(u,i1,unia) = 0, 1€, Upp1 = Upyo. A
contradiction to assumption that wu, # u,.; for each n € NU{0}. Thus d(up+1, Uns2) <
d(tp, Upy1) for each n € NU{0}. From (3.2.4), we have d(u,, tni2) < 2d(uy, tpi1). Using
it in (3.2.3), we have

A(tn g1, Unta) < O(d(Un, Uns1), d(Un, Uns1), d(Ung1, Unga)s d(Un, Ung)). (3.2.6)
By (3.2.6) and property (ii) of &5, we have
A(Ups1, Unso) < (d(Un, uny1)), ¥V n e NU{0}.
Continuing in the same way, we get
A(Unpy1, Ungz) < " (d(ug,ur)), ¥ n € NU{0}. (3.2.7)
Let n > m. Then we have

d(“ma un) S d(uma uerl) + d(um+17 um+2) + -+ d(unfb un)

< 1//”( (w0, ur)) + " (d(uo, ur)) + -+ " (d(uo, w1))

= Zl/) UO,U1

Therefore {u,} is a Cauchy sequence in U. By completeness of U, there exists u* € U

such that u,, — u* as n — co. As u, < u* for each n € NU{0}. From (3.2.1), we have

5(un+17 TU*)

IA

(T, Tu")

IN

¢(d(un,u*),D(un,Tun),D(u*,Tu*),
D(u*, Tu,) + D(un,Tu*)>

2
O d(up, u*), d(tp, Uni1), D(u™, Tu™),
d(u*, upy1) + D(uy,, Tu* )>

2

IN

(3.2.8)

42



Letting n — oo in (3.2.8), we have

5(U*,TU*) S ¢ <O,O,D(u*,TU*),M)

2

< ¢ (O, O, 5(U*, TU*), M) . (329)

By (3.2.9) and property (ii) of ®5, we have 6(u*, Tu*) = 0. Hence Tu* = {u*}. Moreover,

u* is a fixed point. O
Corollary 3.2.2. Let T : U — B(U) be a mapping satisfying the following conditions:
(i) there exists up € U such that {ug} <1 Tuy;
(ii) for u,v € U, v = v implies Tu <1 Tv;

(iii) if {u,} is a nondecreasing sequence in U such that u, — u, then u, < u for each

n e NU{0};

(iv) there exists a € [0,1) such that

0(Tu, Tv) < amax {d(u,v),
for all u,v € U with u < v.
Then T has a fixed point.

Proof. Let ¢(uq,us, us,uy) = ¢r(ug, ug,uz,uy) = ozmax{ul,%(uz + ug),us}, where a €

[0,1). From (3.2.1), we have

0(Tu, Tv) < amax {d(u, V), D(u,Tu) + D(v,Tv) D(v,Tu)+ D(u, Tv)}

2 ’ 2
for all u,v € U with u < v. Therefore by Theorem 3.2.1, T has a fixed point. ]

Corollary 3.2.3 (Choudhury et al. [5]). Let T': U — B(U) be a mapping satisfying the

following conditions:
(i) there exists ug € U such that {ug} <1 Tuo;

(i) for u,v € U, u = v implies Tu <1 Tv;
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(iii) if {u,} is a nondecreasing sequence in U such that u, — u, then u, < u for each

n € NU{0};

(iv) there exists a € [0,1) such that

Dw, T D(u, T
6(Tu, Tv) < amax{d(u, v), D(u, Tu), D(v, Tv), (v, u)—;— (u, U)}
for all u,v € U with u X v.
Then T has a fixed point.

Proof. Let ¢(u1,us,us, uy) = ¢1(ug, ug, uz, ug) = amax{u, ug, us, uys}, where a € [0, 1).

From (3.2.1), we have

0(Tu,Tv) < amax {d(U>U), D(u, Tu), D(v, Tv), D(v,Tu) + D(u,TU)}

2

for all u,v € U with u < v. Therefore by Theorem 3.2.1, T" has a fixed point. O

Example 3.2.4. Let U = {(0,0),(0,1), (—1, %)} be a partially ordered set with relation
<. Where (u,v) = (u,v) if and only if u < u, v < v. Define a metric d on U such that
d(u,v) = max{|u; — v1|, |ug — ve|} for u,v € U and T : U — B(U) by

Tu = 0D} ifw #(0,0); (3.2.10)

Consider ¢(uy, us, uz, us) = 3 max{uy, up}. Comparable elements are: (0,0) < (0,0), (0,1) =<
(0,1), (=3.2) 2 (—1.2), (0,0) = (0,1), (—%,3) = (0,1). Let ug = (—3,2), we have

{up} <1 Tug. If u < v, then clearly we have Tu <; Tv. Now we discuss condition (iv)

by following cases:

(i) Consider u = v = (0,0). Then Tu = Tv = {(0,1),(—1,%)}. Also, we have

0(Tu, Tv) = 1/3, d(u,v) = 0, D(u,Tu) = 2/3. Thus condition (iv) of Theorem

(3.2.1) is satisfied because 3 < 2(2).

(ii) Consider u = v = (0,1). Then Tu = Tv = {(0,1)}. Also, we have §(Tu,Tv) =
0,d(u,v) = 0,D(u,Tu) = 0. Thus condition (iv) of Theorem (3.2.1) is satisfied

because 0 = £(0).
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(iii) Consider u = v = (—4,2). Then Tu = Tv = {(0,1)}. Also, we have §(Tu, Tv) = 0,
d(u,v) = 0, D(u,Tu) = 1/3. Thus condition (iv) of Theorem (3.2.1) is satisfied
because 0 < 3(3).

(iv) Consider u = (0,0) < v = (0,1). Then Tu = {(0,1),(—1%,2)} and Tv = {(0,1)}.
Also, we have §(Tu,Tv) = 1/3, d(u,v) = 1, D(u, Tu) = 2/3. Thus condition (iv)

of Theorem (3.2.1) is satisfied because & < 2(1).

(v) Consider u = (—1,%) < v = (0,1). Then Tu = Tv = {(0,1)}. Also, we have

(Tu,Tv) = 0, d(u,v) = 1/3, D(u,Tu) = 1/3. Thus condition (iv) of Theorem
(3.2.1) is satisfied because 0 < 2(3).

Moreover, if {u,} is a nondecreasing sequence in U such that u, — u, then u, < u for
each n € NU {0}. Since all conditions of Theorem 3.2.1 are satisfied. Therefore 7" has a

fixed point.

Theorem 3.2.5. Let T': U — B(U) be a mapping satisfying the following conditions:
(i) there exists up € U such that Tuy <2 {uo};
(ii) for u,v € U, u = v implies Tu <5 Tv;

(iii) if {u,} is a nonincreasing sequence in U such that u,, — w, then u, > u for each

n e NU{0};

(iv) there exists ¢ € ®p such that

D(v, T D(u,T
5(Tu, Tv) < 6 (d<u, v). D(u,Tu). Do, Tv), 2T A ”))
for each u,v € U with u > v;
Then T has a fixed point.

Proof. The proof follows on the same lines as in Theorem 3.2.1. [
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Chapter 4

Fixed point theorems in pre-ordered

metric spaces

In this chapter, we define another contractive type condition and obtain some fixed point
theorems. We show that some well known results can be obtained as a special case of
our results. Throughout this chapter, we denote by U a nonempty set endowed with a
metric d and pre-ordering <, by ¥ the class of altering distance functions and by & the

class of continuous functions from [0, c0) into [0, co).

Definition 4.0.6 (Khan et al. [10]). An altering distance function is a function ¢ :
[0,00) — [0, 00) which satisfies the following conditions: (i) ¢ is continuous and nonde-

creasing; (ii) ¢ (t) = 0 if and only if ¢ = 0.

Definition 4.0.7. Let §: U x U — [0, 00) be a mapping. A mapping 7' : U — U is said
to be (8,1, ¢)-contraction on S C U if there exist two functions ¢y € ¥ and ¢ € ® such
that

Bu, V) (d(Tu, Tv)) < ¢(d(u,v)), ¥ u,v € S. (4.0.1)

Definition 4.0.8. Let §: U x U — [0, 00) be a mapping. A mapping T': U — U is said
to [B-subadmissible if

(i) for u,v € U, B(u,v) > 1 = f(Tu,Tv) > 1;

(ii) for w € U, B(T" u, T™u) > 1 for each n € N U {0} implies S(T™u,T"u) > 1 for

each m,n € NU {0} with m > n.
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Remark 4.0.9. Note that Tu =u V u € U.
Example 4.0.10. Let U = [0, 00). Define mappings T : U — U and 8 : U x U — [0, 00)
by
Tu=u+1VueU,
and
Blu,v) =u+ovVuveU.
Then T is S-subadmissible.

Lemma 4.0.11 (Yan et al. [16]). If ¢ is an alternating distance function and ¢ : [0, 00) —
[0,00) is a continuous function with condition ¥ (t) > ¢(¢) for all ¢ > 0, then ¢(0) = 0.

Theorem 4.0.12. Let S = {(u,v) e UxU:u=<v or u=wv}and f:S5 — [0,00) be a

mapping such that
0 if u < v;

Blu,v) = (4.0.2)

>0 ifur=-o.

Assume that d is complete and T : U — U be a mapping such that:

(i) T is (B, v, ¢)-contraction on S;
(ii) T is B-subadmissible on S;
(iii) there exists ug € U such that S(Tug, ug) > 1;
(iv) T is continuous;
(v) ¥(t) > ¢(t) for all t > 0.
Then T has a fixed point.

Proof. Tt follows from (iii) that there exists uo € U such that S(Tug,ug) > 1. Let
u; = Tug. Assume that u; # uo, for otherwise, ug is a fixed point of 7. From (4.0.2),

we get ug < uy. Let ug = Tuy. Assume that us # uy. As T is S-subadmissible on S, we

have B(Tuy, Tug) > 1. Tt follows from (4.0.2) that us > w;. Further, using (4.0.1)

Y(d(uz,u1)) = Y(d(Tuy, Tug))
B(ur, ug)(d(Tuy, Tug))
< ¢(d(us,ug)). (4.0.3)

IN
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Continuing in this manner, we get a nondecreasing sequence {u,} = {Tun_1} = {T"up}
in U such that
B(tps1,u,) > 1V neNU{0} (4.0.4)

and
P(d(unir,un)) < G(d(un, Un-1))- (4.0.5)
Assume that w, # u,_1, for otherwise, u,_1 = Tu,_1. It follows form (v) and (4.0.5) that

A(Upt1, Up) < d(Upy Up_1). (4.0.6)

Thus {d(uny1,u,)} is a decreasing sequence of real numbers, which is bounded below by

0. Therefore, there exists » > 0 such that

d(Upy1,Up) — 7 (4.0.7)
letting n — oo in (4.0.5), we get
(r) < ¢(r). (4.0.8)
Thus
d(Upy1,u,) — 0. (4.0.9)

We claim that {u,} is a Cauchy sequence in U. For otherwise, there exists an ¢ > 0 and

a subsequence {u,, } with n; > my > k such that
d(Unp,,, U, ) > € Yk > 1. (4.0.10)
Let ny is the smallest positive integer greater than my satisfying (4.0.10), then
d(Up,_,, U, ) < €. (4.0.11)
From (4.0.10) and (4.0.11), we get

€ < d(uny; Um,) < d(uny, Uny ) + d(tn,_y, Uny,)
< d(Upy,, Un,_,) + €. (4.0.12)
Letting & — oo in (4.0.12) and using (4.0.9), we get
lim d(up,,, Um, ) = €. (4.0.13)
n—oo
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By using triangular inequality, we get
AUy, Uy ) < dUnys Unye ) + d(Ung s Uiy ) + (U5 Uiy ) (4.0.14)

AUy, s Uy y) < d(Upy s Uny,) + AUy, Uy, ) + (U s Uy, ) (4.0.15)

Letting & — oo in (4.0.14), (4.0.15) and using (4.0.9), (4.0.13), we get
lim d(tn, ,,Um,_,) = €. (4.0.16)

k—o0

As T is [f-subadmissible, by using (4.0.4), we have

D(d(tny s tmy.))

IN

B(unk,1 ’ Umk71>¢(d(Tunk71, Tumk71)>
< O(d(Uny_ys Umy_y))- (4.0.17)

Letting k — oo in (4.0.17) and using (4.0.13), (4.0.16), we get

P(e) < ¢le). (4.0.18)

This implies that € = 0, a contradiction. This shows that {u,} is a Cauchy sequence in

U. Therefore, there exists u* € U such that u,, — u* and continuity of 7" implies that

v = lim u,y = lim Tu, = Tu".
n—o0 n—oo

]

Corollary 4.0.13 (Nieto et al. [12]). Let (U, =) be a partially ordered set and suppose
that (U,d) be a complete metric space. Let T': U — U be a mapping satisfying the

following assumptions:
(i) There exists k € [0,1) such that d(Tu, Tv) < kd(u,v) for all u,v € U with u > v;
(ii) there exists ug € U such that uy < T'uy;
(iii) T is continuous and nondecreasing with respect to <.

Then T has a fixed point.
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Proof. Choose ¢(t) =t, ¢(t) = kt and define 5 : S — [0,00) by

1 ifu>=o;
Blu,v) =

0 otherwise.
It follows that B(Tug,uo) = 1, ¥(t) =t > kt = ¢(t) and S(u,v)d(Tu,Tv) < kd(u,v)
for all (u,v) € S. Suppose (u,v) € S be such that B(u,v) = 1. Then w > v which
in turns implies that §(Tu,Tv) = 1 since T is nondecreasing. Also, for each v € U
with B(T""u, T"u) > 1 for each n € N U {0}, we have B(T™u,T"u) > 1 for each

m,n € NU{0} with m > n, since T nondecreasing. Therefore, all conditions of Theorem

4.0.12 are satisfied and T has a fixed point. O

Corollary 4.0.14 (Yan et al. [16]). Let (U, <) be a partially ordered set and suppose
that (U, d) be a complete metric space. Let T': U — U be a continuous and nondecreasing
mapping such that

Y(d(Tu,Tv)) < ¢(d(u,v)), ¥V urwv (4.0.19)
where v is alternating distance function and ¢ : [0, 00) — [0, 00) is continuous function
with condition 1 (t) > ¢(t) for all £ > 0. If there exists ug € U such that ug < T'ug, then

T has a fixed point.

Proof. Taking §: S — [0,00) by

1 ifu=ow;
Blu,v) =
0 otherwise.
Then it is easy to see that all conditions of Theorem 4.0.12 are satisfied. O]

Next two examples show that Theorem 4.0.12 is proper generalization of Yan et al.
[16].

Example 4.0.15. Let U = [0, 00) be endowed with the usual metric d(u,v) = |[u—v| and
u = v if and only if v < v. Define ¢ : [0, 00) — [0,00) by ¥(t) = £, ¢ :
by ¢(t) = % and 5 : S — [0,00) by

p

[0,00) — [0, 00)

2(ul+v) if w>=v and u#0;

Blu,v) =41 if u=wv=0; (4.0.20)

0 otherwise.

\
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Let T : U — U be a mapping such that Tu = u? for all u € U. Note that v is an altering
distance function, ¢ and T are continuous functions, 3(7°0,0) = 1 and ¢(t) > ¢(t) for all
¢t > 0. Further, if u = v then S(u, v)¥(d(Tu, Tv)) = ;|lu — v| = ¢(d(u, v)), for otherwise
Bu,v)(d(Tu,Tv)) = 0 < ¢(d(u,v)). Furthermore, f(u,v) > 1 when u = v = 0 or
u,v € (0, %] and in each case S(u,v) > 1 implies §(Tu,Tv) > 1. Clearly, for each
uw € U with 3(T" " u, T"u) > 1 for each n € NU {0}, we have 3(T™u,T"u) > 1 for each
m,n € NU {0} with m > n. Therefore, all conditions of Theorem 4.0.12 are satisfied
and 0,1 are fixed points of T. Note that Corollary 4.0.14 is not applicable here since
W(d(T5,T2)) > ¢(d(5,2)). Also, note that T is not a Banach contraction.

Example 4.0.16. Let U = [1, 00) be endowed with the usual metric d(u,v) = |u—v| and
u = v if and only if u < v. Define ¥ : [0,00) — [0,00) by ¥(t) =t, ¢ : [0,00) — [0,00)
by ¢(t) =% and 3 : .S — [0,00) by

;

1 if u=v=1;

Blu,v) = if w>wv, and u>1; (4.0.21)

N

0 otherwise.
\

Let T : U — U be a mapping such that Tu = 2u — 1 for all u € U. Note that ¢ is an
altering distance function, ¢ and 7" are continuous functions, 3(7'1,1) = 1 and ¥ (t) > ¢(¢)
for all t > 0. Further, T is (f3,1, ¢)-contraction on S and T is S-subadmissible on S.
Therefore, all conditions of Theorem 4.0.12 are satisfied and 1 is a fixed point of T. Note
that Corollary 4.0.14 is not applicable here since ¥(d(7T4,71)) > ¢(d(4,1)). Also, note

that T is not a Banach contraction.

Example 4.0.17. Let U = {(uy, u2) : uy,us € R} be endowed with the metric d(u,v) =
luy — vi| + |ug — va| and (ug,us) = (v1,v9) if and only if u; < vy and uy < wvy. Define

¥ :[0,00) = [0,00) by ¥(t) =t, ¢ : [0,00) = [0,00) by ¢(t) =% and f: S — [0,00) by
( if u>w;

Blu,v) =91 if uw=u; (4.0.22)

el

0 otherwise.

\

Let T : U — U be a mapping such that T'(uj,us) = (2uq,2us) for all u = (uy,us) €

U. Note that v is an altering distance function, ¢ and T are continuous functions,
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B(Tug,up) = 1 for ug = (0,0) and ¥(t) > ¢(t) for all t > 0. Further, T is (3,9, ¢)-
contraction on S and T is f-subadmissible on S. Therefore, all conditions of Theorem

4.0.12 are satisfied and (0,0) is a fixed point of T

Theorem 4.0.18. Let S = {(u,v) e UxU:u=<v or u=wv}and f:85 — [0,00) be a

mapping such that

0 if u < v;
Blu,v) = (4.0.23)
>0 ifu>w.

Assume that d is complete and T : U — U be a mapping such that:
(i) T is (B, v, ¢)-contraction on S;
(ii) T is B-subadmissible on S;
(iii) there exists ug € U such that S(Tug,ug) > 1;

(iv) if {u, } is a sequence in U such that u,, — v and (up41,u,) > 1 for each n € NU{0},
then 8(u,u,) > 1 for each n € NU {0};

(v) () > ¢(t) for all t > 0.
Then T has a fixed point.

Proof. Following the proof of Theorem 4.0.12, we construct a Cauchy sequence {u,} in
U such that u,, — u* € U. Now using (4.0.4) and condition (iv), we get 5(u*, u,) > 1 for
each n € NU{0}. Further, we have

¢(d(TU*a un-H)) = ¢(d(TU’*7 Tun))
B, up)Y(d(Tu*, Tuy))
< o(d(u*,uy)). (4.0.24)

IN

Letting n — oo in (4.0.24), using the properties of ¢, 1 and condition (v), it follows that
Tu* = u*. ]

Corollary 4.0.19 (Nieto et al. [12]). Let (U, =) be a partially ordered set and suppose
that (U,d) be a complete metric space. Let T': U — U be a mapping satisfying the

following assumptions:
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(i) There exists k € [0,1) such that d(Tu, Tv) < kd(u,v) for all u,v € U with u = v;
(ii) there exists ug € U such that ug < T'ug;

(iii) if {u,} is a nondecreasing sequence in U such that w, — u as n — oo, then u, < u

for each n € NU {0}.
Then T has a fixed point.
Proof. Define 5: 5 — [0,00) by

1 ifu>=w;
Blu,v) =

0 otherwise.

Note that if {u,} is a sequence in U such that S(u,41,u,) =1 for each n € NU {0} and
u, — u*, then u, =< u,,1 for each n € NU{0}. Moreover, it follows by assumption (iii)
that B(u*,u,) = 1 for each n € NU{0}. Choosing ¢(t) =t and ¢(t) = kt, it is easy to
see that all conditions of Theorem 4.0.18 hold. ]

Corollary 4.0.20 (Yan et al. [16]). Let (U, <) be a partially ordered set and suppose
that (U,d) be a complete metric space. Assume that if {u,} is a nondecreasing sequence
in U such that w, — w, then u, =< wu for each n € NU{0}. Let T : U — U be a

nondecreasing mapping such that
Y(d(Tu, Tv)) < ¢(d(u,v)), ¥V urwv (4.0.25)

where 1) is alternating distance function and ¢ : [0, 00) — [0, 00) is continuous function
with condition ¢(t) > ¢(t) for all ¢ > 0. If there exists ug € U such that ug < Tug, then

T has a fixed point.

Proof. Taking f: S — [0,00), by

1 ifu>=ow;
B(u,v) =
0 otherwise.
Then it is easy to see that all conditions of Theorem 4.0.18 are satisfied. [

Following example shows that Theorem 4.0.18 is a proper generalization of Yan et al.

[16].
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Example 4.0.21. Let U = {0,1,2,3,-- -} be endowed with metric d define by

u+v if uF#v;
d(u,v) = (4.0.26)

0 if u=wo,

u—v

2

¥ :0,00) = [0,00) by ¥(t) =t, ¢ :[0,00) = [0,00) by ¢(t):%and513—>[0,oo) by

and v = v if and only if € 7. Here < is a pre-order which is not a partial order. Define

(

2(ul+v) if u>v and u#0;

Blu,v) =<1 if uw=uv=0; (4.0.27)

0 otherwise.

Let T': U — U be a mapping such that

0 if u=0,1;
Tu = (4.0.28)

u?  otherwise.

Note that ¢ is an altering distance function, ¢ is continuous functions, 3(70,0) = 1
and (t) > ¢(t) for all £ > 0. Further, If u > v then clearly S(u,v)y¥(d(Tu,Tv)) =
Bu,v)(Tu+Tv) < 52 = ¢(d(u,v)), for otherwise, 5(u, v)Y(d(Tu, Tv)) = 0 < ¢(d(u,v)).
Furthermore, If v = v = 0 then S(u,v) = 1 = S(Tu,Tv) > 1. Also, for u € U we have
B(T™  u, T™u) > 1 for each n € NU{0} implies 8(T™u, T"u) = 1 for each m,n € NU{0}
with m > n. Moreover, if {u,} is a sequence in U such that u, — u and B(uy41,u,) > 1
for each n € NU {0}, then B(u,u,) > 1 for each n € NU {0}. Therefore, all conditions
of Theorem 4.0.18 are satisfied and 0 is a fixed points of 7. Note that Corollary 4.0.20
is not applicable here since ¥(d(76,72)) > ¢(d(6,2)). Also, note that 7" is not a Banach

contraction.

Theorem 4.0.22. In addition to the hypotheses of Theorem 4.0.12 (resp. Theorem
4.0.18), if for all u,v € U, there exists z € U such that either 3(u, z) > 1 and f(v,2) > 1
or B(z,u) > 1 and (z,v) > 1, then T has a unique fixed point.

Proof. Let u* and v* be the two distinct fixed points of T. Suppose that there exists

z € U such that S(u*,z) > 1 and B(v*,z) > 1. Since T is [-subadmissible, we have
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B(u*,T"z) > 1 for each n € N. Moreover, we have

G, T2)) < Bt T (T, T %)
< o, T2) (4029
Since 1) is nondecreasing and 1(t) > ¢(t) (for t > 0), (4.0.29) implies that d(u*,T""'z) <

d(u*,T"z). Therefore, {d(u*,T"z)} is a decreasing sequence of real numbers, which is

bounded below by 0. Thus d(u*,T"z) — r > 0. Letting n — oo, from (4.0.29) we get

P(r) < o(r). (4.0.30)

It follows that » = 0, by using Lemma 4.0.11 and properties of ©. Hence lim,, o, T2 = u*.
Similarly, we have lim,,_,o, 7"z = v*. Thus u* = v* by uniqueness of limit. The proof of

other case runs on same lines. O

Corollary 4.0.23 (Yan et al. [16]). Adding the following condition in the hypotheses of
Theorem 4.0.14 (resp.Theorem 4.0.20), we obtain the uniqueness of the fixed point of 7'

For u,v € U, there exists z € U which is comparable to u and v.

Proof. Taking f:S — [0,00), by

1 ifu>=w;
Bu,v) =
0 otherwise.
Then it is easy to see that all conditions of Theorem 4.0.12 are satisfied. O

Example 4.0.24. Let U = [0, ] be endowed with the usual metric d(u,v) = |u —v| and
u < v if and only if u < v. Define ¢ : [0,00) — [0,00) by ¥(t) = £, ¢ :
by ¢(t) =L and 3 : .5 — [0,00) by

£ [0,00) — [0, 00)

(

2(ul+v) if u>v and u#0;

Blu,v) =91 if u=wv=0; (4.0.31)

0 otherwise.
\

Let T : U — U be a mapping such that Tu = u? for all u € U. Note that 1 is an altering
distance function, ¢ and 7" are continuous functions, 3(7°0,0) = 1 and ¢ (t) > ¢(t) for all
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¢t > 0. Further, If u = v then S(u,v)¢(d(Tu, Tv)) = {|lu — v| = ¢(d(u, v)), for otherwise
Bu,v)(d(Tu, Tv)) = 0 < ¢(d(u,v)). Furthermore, f(u,v) > 1 when u = v = 0 or
u,v € (0, i] and in each case f(u,v) > 1 implies §(Tu,Tv) > 1. Clearly for each u € U
with S(T""u, T"u) > 1 for each n € N U {0}, we have S(T™u,T"u) > 1 for each
m,n € NU {0} with m > n. Note that for u,v € U, there exists z = min{u,v} in U
such that S(u,z) > 1 and S(v,z) > 1. Therefore, all conditions of Theorem (4.0.22) are

satisfied and 0 is a unique fixed point of 7.
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