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ABSTRACT

Reaction-diffusion systems are mathematical models that describe how the
concentration of one or more substances distributed in space changes under
the influence of two processes namely chemical reactions and diffusion. In
chemical reactions substances are converted into each other and diffusion
causes the substances to spread out. The simplest system with no reaction
part, is the heat equation. More complex systems can model different phe-
nomena, like chemical reactions or ecological systems. For example, Fisher’s
linear model of advance of advantageous genes [1], Fitzhaugh’s model of the
propagation of voltage impulse through a nerve axon [2], etc are modeled
by reaction-diffusion equations. Some of these systems show different be-
havior like traveling waves. The main focus of this dissertation is on the
existence, uniqueness and approximation of traveling wave solutions of the
reaction-diffusion system of the type
2
(0.0.1)

oP 9°P oP
5 = oz g, TS - KIP,

subject to the boundary conditions
S(—o0) = 59, S(00) = Sy,

P(—00) =0, P(c0) = 0. (0.2

The system (0.0.1) has been used in references [3, 4] as a model for a single

population microbial growth for a limiting nutrient in a flow reactor, where
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0 (> 0) is the flow velocity, S(x,t), P(x,t) are the concentration of nutrient
and microbial population in the reactor at position x and time ¢, p > 0 is
the diffusion coefficient, K > 0 is the cell death rate and f is the nutrient

uptake function (or birth rate) of bacteria cells.

This dissertation consists of three chapters. In Chapter One, some ba-
sic definitions and notations are presented. These consist of stable, unstable,
center manifold, equilibrium points, reaction-diffusion equations, divergence
theorem, Gronwall’s inequality, traveling waves, Adomian’s decomposition
method and the homotopy perturbation method. Chapter Two, deals with
existence of traveling wave solutions of the system (0.0.1) for any given pos-
itive constant p. Some properties of the solution are also discussed in this
chapter. Uniqueness of traveling wave solution is proved under the monotone
condition on f. In Chapter Three, Adomian’s decomposition method, the
homotopy perturbation method and the generalized approximation method
are used to study approximation of traveling wave solutions of the system
(0.0.1) on a finite interval. Existence results are also discussed by the method
of upper and lower solutions. An example is included for comparison pur-
poses. Graphs of solutions are also presented in the cases of the Adomian

decomposition method and the homotopy perturbation method.
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1. PRELIMINARIES

1.1 Introduction

In this chapter, we recall some basic definitions and known results that are
necessary for the existence, uniqueness and approximation of traveling wave
solutions of the reaction-diffusion equations of the type

oS 0*S oS

S = — 0 — ()P,

oP  0*P 0P

The system (1.1.1) is used as a mathematical model to study some problems
in Biology. For example, the system (1.1.1) has been used in references [3, 4]
as a model for a single population microbial growth for a limiting nutrient
in a flow reactor, where 6 (> 0) is the flow velocity, S(x,t), P(z,t) are the
concentrations of nutrient and microbial population in the reactor at position
x and time t, p > 0 is the diffusion coefficient, K > 0 is the cell death rate
and f is the nutrient uptake function (or birth rate) of bacteria cells. For
f(S) =S and 6 = 0, the system (1.1.1) describes a simple diffusive epidemic
model, in which S(x,t) and P(x,t) represent the densities of susceptible and

infective population [5, 6].

Before discussing the system (1.1.1) in detail let us introduce some basic

definitions and concepts.
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1.2 Basic definitions and concepts

Definition 1.2.1. A system that describes the time evolution of variables

known as states of the system is called a dynamical system.

For example, for the dynamical system representing a moving body the
position ¢(t) and velocity ¢(t) are state variables, where ¢ is the time deriva-
tive of ¢. Dynamical systems are generally defined by differential equations,

that describe the variations of different state variables. In this case

q= f(q).

Definition 1.2.2. Metabolism is a set of chemical reactions that occur in

living organisms in order to maintain life.

Metabolism allow organisms to grow, reproduce, maintain their structure

and respond to their environment.

Definition 1.2.3. A substance taken from the environment that is used in

an organism’s metabolism is called a nutrient.
For example, carbohydrates, fats, proteins, vitamins, etc are nutrients.

Definition 1.2.4. Diffusion is a phenomenon by which matter, particle
groups, population, etc., spread out according to individual’s random mo-
tion.

Fick’s law: The net movement of a diffusing substance is proportional to

the concentration gradient. Mathematically,
J(x,t) = —=D(x)VxC(x,t),

where J is the particle flux, C'(x,t) is the concentration of the solute, D(x)

is diffusion coeflicient.
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Definition 1.2.5. An equilibrium point p for a system X = f(X) is a point
such that f(p) = 0.

Definition 1.2.6. A trajectory is a solution to a dynamical system passing

through a specified initial condition.

Definition 1.2.7. An equilibrium point p for a system X = f(X) is said to
be hyperbolic if Re(\) # 0 for all the eigenvalues A of the linearized system
(linearized about p). If Re(\) < 0 for all eigenvalues A of the linearized
system, the point p is said be a sink and is stable because all trajectories
approach it as ¢ increases. If Re(\) > 0, for all eigenvalues, it is said to be
a source and all the trajectories move away from it as ¢ increases. As such
it is unstable. It is called a saddle point if it is neither a source nor a sink
i.e, Re(\) < 0 for at least one eigenvalue and Re(\) > 0 for at least one

eigenvalue.

Definition 1.2.8. A subset S of a dynamical system is called an invariant

set if every trajectory that starts in S remains in S.
For example, a sink is an invariant set.

Definition 1.2.9. An invariant subset which is also a manifold (a separable,
connected, Hausdorff space with a homeomorphism from each element of its

open cover into R") is called an invariant sub-manifold.

Definition 1.2.10. For a hyperbolic point p, a stable manifold W* in the
neighborhood u’ of p is defined to be the set

We(p,u', f) ={qeu : f/(q) €u forj >0 and d(f’,p) — Oas j — oo}.

A past history of a point ¢ is defined to be a sequence of points {q_;}52,
such that ¢o = ¢ and f(q_;_1) = ¢—; for 7 > 0.
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Definition 1.2.11. The wunstable manifold for a hyperbolic point p in a
neighborhood u'of p is defined to be the following set

Wu(p,u,f) = {qeu : there exists a past history {a-j}520 C u
such that d(q_;,p) — 0 as j — oo}.

Definition 1.2.12. An invariant manifold, which at a stationary point is
tangential to the space spanned by the eigenvectors associated with imagi-

nary eigenvalues, is called a center manifold.

Notice that for an n x n matrix associated with a linearized system of
differential equations at a point p there are n eigenvalues. Stable manifolds
correspond to eigenvalues with negative real parts, unstable manifolds corre-
spond to eigenvalues with positive real parts and center manifolds correspond

to eigenvalues with zero real parts.

For example, consider the system of differential equations [7],

t=o(y—x)=fi,
j=—y+re—az=fo
2= —bz+uxy = fs, (1.2.1)

where o, r and b are positive constants. The point P(0, 0,0) is an equilibrium

point of the system (1.2.1). The linearized system about the point P(0,0,0)

is given by
. 9 2] 9
T % %y? % T oy —x)
. é) é) 9
: Ofs Ofs Ofs 2 —bz

ox oy 0z (0,0,0)

and the matrix associated with this linearized system at P(0,0,0) is
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—oc o 0
M = r —1 0
0 0 -b

If 0 < r < 1, then all the eigenvalues of M are negative, so the stable
manifold of the linear system is the whole space and the unstable manifold
is the empty set. If » > 1, then M has two negative eigenvalues and one
positive eigenvalue, so the unstable manifold of the linear system is a line
and the stable manifold is a plane. If » = 1, then M has one zero eigenvalue.

Hence the linearized system (1.2.2) has a one dimensional center manifold.

Theorem 1.2.13. (Gauss’s divergence theorem) Let Q be a bounded open
subset of R™ with boundary 0. Let X=(X1, ......... , Xn) be a vector field in
R™. Let m be the unit outward-pointing normal of 0S2. Then,

/dz’deV: X.ndA,
Q o0

where dV is the element of volume in R™ and dA is the element of surface

area on 0f).

1.3  Reaction-diffusion equation

The diffusion mechanism models the movement of many individuals in an
environment. The individuals can be very small such as bacteria, molecules,
cells, etc, or very large such as animals, plants, certain kind of events like
epidemics, rumors, etc. The particles reside in a region, denoted by 2. As-
sume that €2 is an open subset of R". Let P(x,t) be a population density.
Assume that P(x,t) is continuous and differentiable. The total population

in any subregion D of {2 at time ¢ is given by

/ P(x,t)dV. (1.3.1)
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The population density function P(x,t) changes as time evolves and as the

location x varies. Population can change in two ways:
1. The individual particles can move around;

2. The number of individuals may change because of birth, death, hunting,

ete.

Using Fick’s law, it follows that
J(x,t) = —=D(x)VxP(x,1), (1.3.2)

where J is the flux of P(x,t) and D(x) is the diffusion coefficient at x.
Assume that the rate of change of the density function P(x,t) due to the
reasons stated in (2) is f(¢,x, P). The rate of change of the total population

in the region D is given by

0
— [ P(x,t)dV. 1.3.3
5 | Pect (133
The net growth of the population inside the region D is
[ sttx Prav (1.3.4)
D
and the total out-flux is
/ J(x,t) -ndA, (1.3.5)
oD

where 0D is the boundary of D and n is the outer normal direction at x.
According to the conservation law, the rate of change of the amount of ma-
terial in a region is equal to the rate of flow across the boundary plus any

amount of material that is created within the boundary. Mathematically

%/ P(x,t)dV:—/ J(x,t).n(x)dA+/ ft,x, P)dV.  (1.3.6)

From the divergence theorem, it follows that

/ J(X,t).n(x)dA:/div(J(x,t))dV. (1.3.7)
oD

D
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Using (1.3.2), (1.3.6) and (1.3.7), it follows that

/D[%—]tj — div(D(x)V«P) — f(x,t, P)]dV = 0. (1.3.8)

Since the choice of the region D is arbitrary, hence

% = div(D(x)V<P) + f(x,t, P). (1.3.9)
The equation (1.3.9) is known as the reaction-diffusion equation. In Eq.(1.3.9),
the term div(D(x)VxP(x,t))is the diffusion term which describes the move-
ment of the individuals and f(x, t, P) is the reaction term which describes the
birth-death or reaction occurring inside the habitat. The diffusion coefficient
D(x) also known as diffusivity, is a measure of how efficiently the particle
disperse. When the region of the diffusion is approximately homogeneous,

D(x) is assumed to be constant. In such a case, (1.3.9) takes the form

O —DAP [(x1.P), (1.3.10)

where AP = div(VP) is the laplacian operator. When there is no reaction
term, then (1.3.10) takes the form

0P
- = DAP, (1.3.11)

which is also known as the heat equation.

If © is an unbounded domain, one require some initial conditions of the

type
P(x,0) = Py(x), x €.

If Q is a bounded domain with boundary 02, then some boundary conditions
of the type
B(x,t,u,Vu) =0, x €09, t>0,
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are required, where B is a boundary operator. For example:

1) Neumann or no flux boundary conditions:
nVP =0, xe€0dQ, t>0, (1.3.12)

where n is the outer normal to €2 at xe€ 0€2. For equations like the one above
this means that there can be no flux of particles either into or out of the
domain €.

2) Dirichlet boundary conditions:
P =b(x,t), x€0Q, t>0, (1.3.13)

where b is some prescribed function. These conditions are called homoge-
neous provided b = 0.
3) Robin or mixed boundary conditions:

Conditions of the type
a(x,t)P+ B(x,t)n.VP = b(x,t), x€0Q, t>0, (1.3.14)

where n and b are as defined in (1) and (2) and «, (3 are given functions are
known as Robin or mixed boundary conditions.
One might also impose some combination of (1)-(3) on separate parts of

the boundary.

1.4 Traveling waves

The theory of traveling wave solutions of partial differential equations begins
with the mathematical work by Kolmogorov, Petroski and Piskunov, see
reference [8]. A traveling wave is any kind of wave which propagates with
negligible change in its shape. Mathematically, if the function u(zx,t) is of
the type

u(z,t) =u(r —ct) =u(z), z=ux—ct, (1.4.1)
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then u(zx,t) is a traveling wave, which travels with a speed ¢. The variable z is
also known as the wave variable. One of the important properties of nonlinear

reaction diffusion systems is their ability to support traveling waves.

1.5 Existence of traveling wave solutions

A number of approaches are available in the literature to prove the existence
of traveling wave solutions of reaction diffusion equations [8]. The most
commonly used method is reduction of the system of equations of second
order to a system of first order ordinary equations and then analyzing the
trajectories of the reduced system. By substituting u(x,t) = wu(z), where

z = x — ct into the reaction diffusion equation

ou 9%u
o= Do+ fw). (15.1)

The following ordinary differential equation is obtained
Du" + cu' + f(u) = 0. (1.5.2)
Equation (1.5.2) can be reduced to the system of equations

u=p, Dp=—cp— f(u). (1.5.3)

Thus the problem of proving the existence of a traveling wave can be reduced
to the study of trajectories of the system (1.5.3). Particularly, if the waves
satisfy the boundary conditions

lim u(z) = uy, (1.5.4)

z—Foo

then the system (1.5.2) has trajectories joining the stationary points (u4,0)
and (u_,0) in the phase space (u,p). Hence the problem of proving the ex-
istence of a traveling wave solution reduces to the problem of proving the

existence of the corresponding trajectories of the system (1.5.3). To prove
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the existence of a traveling wave solution, a trajectory is drawn from one of
the stationary points (uy,0) or (u_,0) and the constant ¢ is selected so that
this trajectory reaches the other stationary point. This method was used for
the first time by Kolmogorov to prove the existence of a traveling wave, see

reference [8].

The following result will be used for our later work [9].
Lemma 1.5.1. Let a and b be two positive numbers. Then there are positive
numbers 1 and o such that for all t > 0,
11 —e™) <1 —e™™ < pp(1 — e,
Proof. 1f a < b, then the second inequality holds for 7, = 1. If a > b, choose

75 > 0 such that 150 > a and let h(t) = y2(1 — ™) — (1 — e~ ), then

h(0) =0, h(t) =ypbe ™™ —ae™ >0, t>0.

Hence h(t) > 0 for ¢t > 0. This implies 1 — e7% < ~45(1 — 7). Similarly
(1 —e ) <1 —e . O

Theorem 1.5.2. (Gronwall’s Inequality) Let v(t) and g(t) be continuous
nonnegative functions on (a,b), a <ty <b, C >0, and

<O+|/ (s)ds|, a<t<b,

then

1.6 Adomian’s decomposition method

In the eighties G. Adomian [10] (1923-1996) proposed a method for solving

nonlinear differential equations, which is based on a decomposition of the
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nonlinear operator as a series. Adomian’s decomposition method has been

successfully applied to wide class of problems.

To explain the basic ideas, consider a general nonlinear differential equa-
tion
Fu =g, (1.6.1)

where JF represent a general nonlinear differential operator involving both
linear and nonlinear parts and ¢ is a continuous function. Decompose F into
two parts, linear and nonlinear N. The linear part is decomposed as L + R,
where L is invertible and R is the reminder of the linear operator. Thus

equation (1.6.1) can be written as
Lu+ Ru+ Nu = g, (1.6.2)
where N represent nonlinear terms. Solving for Lu,
Lu=g— Ru— Nu. (1.6.3)
Applying L1, it follows that
L 'Lu=L"'g— L ''"Ru— L 'Nu. (1.6.4)

If L is of order n, then L~! is the n-fold integral. Thus L~'Lu = u+ ¢, where

¢ is the term emerging from the integration and one gets
u=L"'9g—¢— L '"Ru— L 'Nu. (1.6.5)

The solution u of the problem (1.6.1) is assumed to be in the form of a series

of the type

U= iun (1.6.6)
n=0
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and the nonlinear part Nu is assumed to be an infinite series of polynomials

of the type
Nu=> A, (1.6.7)
n=0

where A,, are the so-called Adomian’s polynomials. Substituting (1.6.6) and
(1.6.7) into (1.6.5), it follows that

> uy=L"g—¢—L'RY> u,— LY A, (1.6.8)
n=0 n=0 n=0
Identifying ug as L™'g — ¢, the components, u, (z,t), n=0,1,2....... , can be

determined from the following relations

u=L"g-0¢,

u, = —L ' Rug — L™t Ay,
Uy = —L 'Ru; — L™ Ay,
u3 = —L ' Ruy — L7 Ay,

Upi1 = —L ' Ru, — L' A,.

The polynomials Ag, A1, As, As, ..... can be computed as follows. Choose a

parameter A and set
u(A) = A'uy, (1.6.9)
n=0

then

oo

N(u(N) =Y "4, (1.6.10)

n=0
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From (1.6.10), it follows that

N(u(A) = Ag + AA; + M2 Ag + X343 + N A 4+ + A\"A,
%N(u(/\)) = A; +2MAy + 302 A3 + 4N AL+ +nA" A,
2

%N(U(A)) = 2'A2 + 3'/\A3 + 43/\2A4 R + TL(TL — 1))\n_2An
a3

WN(U()\)) =3lAs +4NA + o +n(n—1)(n —2)A" A,

d4

WN(U()\)) =4lA 4+ +n(n—1)(n—2)(n —3)\"*A,
and so on.

(1.6.11)

From (1.6.11), it follows that

— . n=0,1,2,3..... (1.6.12)
As an example, consider the following two point boundary value problem [11]
v = f(r,u,u’), a<z<b, (1.6.13)

subject to the boundary conditions
u(a) = a, u(b) =7, (1.6.14)

where f is continues on the set D={(z,u,v') | a < 2 < b,u,u’ € R}.

The boundary value problem (1.6.13) can be written as
Lu= Nu+y, (1.6.15)

2 . . .
where L = ZC—Z is the second order operator and Nwu is the nonlinear operator.

L = /x /:(.)dxdw. (1.6.16)

Clearly L is invertible and
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From (1.6.15), it follows

u=u(a)+ (r —a)/(b) + L g+ L' Nu. (1.6.17)
Let .
u = Zun
n=0
and

Nu = iA”’
n=0

then (1.6.17) implies

i u, = u(a) + (x —a)u'(b) + L~ 'g+ L7} i A, (1.6.18)

Letting
uy = u(a) + (v — a)u'(b) + L'y,

then the following recursive scheme can be obtained
Ups1 = LA, n=0,1,2,3,4..... (1.6.19)

In order to determine all the components of u, the zeroth component uq has
to be determined first. However, «/(b) is not defined by the boundary condi-
tion as such the zeroth component uq of the solution v can not be determined
directly. The best way to determine u/(b) is proposed in reference [11], which

is as under.

From (1.6.17), the value of u at x = b is given by

u(b) = u(a) + (b—a)u'(b) + [L7'g + L7 Aulams, (1.6.20)

n=0

which implies

u'(b) = “(bl)) - Z<a) -5 i (L4 LY Al (1.6.21)

n=0
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Substituting (1.6.21) into (1.6.18), it follows that

D ttn = ula)tq(@) u(b)—u(@)] (@) L7 g+ LT Y Anlaest LT gL Y An,
n=0 n= (1g:202)

where

Tr —a

From (1.6.22) combined with boundary conditions (1.6.14), the following is
proposed

up = a+q(@)(8 —a) + L' g — q(x)[L7" gla=s,
U, = LA, — q(z)[L 7 Ap)ams, 1> 0. (1.6.23)

1.7 Homotopy perturbation method

The homotopy perturbation method (HPM) [14, 15], proposed by Ji-Huan
He in 1998, is a method for finding approximate solution of nonlinear differ-
ential and integral equations. The method, couples the perturbation method

and homotopy theory.

To explain the basic ideas of the method, consider the following nonlinear

differential equation,

Alw)— f(r)=0, reqQ, (1.7.1)
with boundary conditions
Ou
on

where A is a general differential operator, B is an operator known as the

B(u, 5~) =0, (1.7.2)

boundary operator, f(r) is a known analytic function. The operator A can
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be divided into two parts L and N, where L is linear part and N is nonlinear

part. Therefore, equation (1.7.1) can be written as
L(u) + N(u) — f(r) = 0. (1.7.3)
Defines the homotopy v(r, p) : € x [0,1] — R which satisfies
H(v,p) = (1= p)[L(v) = L(uo)] + p [L(v) + N(v) = f(r)] =0,  (L74)
or equivalently,
H(v,p) = L(v) — L(uo) + p L(uo) + p [N(v) = f(r)] =0, (1.7.5)

where p € [0, 1] is an embedding parameter, ug is an initial approximation.

From equation (1.7.5) it follows that

H(v,0) = L(v) — L(ug) = 0, (1.7.6)
L(v)+ N(v) — f(r) = A(v) — f(r) =0. (1.7.7)

X
—~
<
—
~—
I

The changing process of p from zero to unity is just that of v(r, p) from ug(r)
to u(r). In topology, this is called deformation and L(v)—L(ug), A(v)—f(r)
are homotopic. The basic assumption is that the solution of equation (1.7.5)

can be expressed as a power series in p, that is
v = vy + puy + pPvg + pPug + (1.7.8)

The approximate solution of Eq.(1.7.1), can be obtained as

u=1lmv=wvy+v; +v2+v3+ ... (1.7.9)

p—1

Consider the following PDE [16]

V2 A+ (50)2 = 2y + 2, (1.7.10)
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subject to the boundary conditions

u©0,9) =0, u(l,y) =y +a,
u(z,0) =azx, u(z,1)=2x(z+a), (1.7.11)

where a is a constant. According to the homotopy perturbation method,

construct the following homotopy:
Viu -2y =plz* — ()7 (1.7.12)

The homotopy parameter p changes from zero to unity. In case p = 0,
equation (1.7.12) becomes V?u — 2y = 0, which is easy to be solved and
when it is one, equation (1.7.12) turns out to be the original equation (1.7.10).

According to homotopy perturbation method the solution is written as
u = ug 4+ puy + pPus + pPus + plug F oo (1.7.13)

The approximate solution can be obtained by setting p = 1 in the equation
(1.7.13), that is

U=1uy+u +uy+us+us+ ... , (1.7.14)

is the approximate solution of the problem (1.7.10). Substituting (1.7.13)
into (1.7.12),

VS pu) — 2y = plet — (R s

equating the terms with the identical powers of p, only the first two linear

equations are written

Vuy — 2y =0, (1.7.16)
Viu, = 2t — (52)% (1.7.17)
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Solution of the equation (1.7.16) gives,
ug = Y. (1.7.18)

Substituting ug into the equation (1.7.17), a differential equation for u, is

obtained as,
V2u; = 0. (1.7.19)

If the first order approximate solution is sought, u = wuy + wuy, then the

boundary conditions for u; are

u1(0,) = u(0,y) — uo(0,y) = 0,

ui(Ly) =u(l,y) —uw(ly) =y+a-y=a,

u1(z,0) = u(x,0) — uo(z,0) = ax,

uy(2,1) = u(z,1) —up(x,1) = xv(z +a) — 2> = ax.  (1.7.20)

Considering the boundary conditions (1.7.20), equation (1.7.19) can be solved
to obtain

U = azr.

The first order approximate solution is

u:u0+u1:x2y+ax.



2. EXISTENCE AND UNIQUENESS OF
TRAVELING WAVE SOLUTIONS

2.1 Introduction

In this chapter, the existence and uniqueness of traveling wave solutions of
the system of reaction-diffusion equations of the type,

08 9%S aS

=0~ [(5)P

oP  0*P 0P
5 = o Vg TS - KD,

is discussed. The system (2.1.1) is used as a mathematical model to study
some problems in Biology. For example, the system (2.1.1) has been used
in references [3, 4] as a model for a single population microbial growth for a
limiting nutrient in a flow reactor, where 6 (> 0) is the flow velocity, S(x,t),
P(x,t) are the concentrations of nutrient and microbial population in the
reactor at position x and time ¢, p > 0 is the diffusion coefficient, K > 0 is
the cell death rate and f is the nutrient uptake function (or birth rate) of
the bacteria cells. If f(5) =S and 6 = 0, then the system (2.1.1) describes
a simple diffusive epidemic model, in which S(x,t) and P(z,t) represent the

densities of susceptible and infective population [5, 6].

Consider a tubular reactor through which liquid medium flows at constant
velocity. Fresh nutrient at constant concentration enters at the inflow to the

reactor while un-utilized nutrients exit at the outflow from the reactor. This
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reactor is known as a flow reactor. The natural environment most closely
approximated by the flow reactor is the gut of an animal [3]. Let the flow
reactor be long enough and assume that the amount S° of nutrient is input
at a constant velocity 6 at one end of the flow reactor, say at © = —oo. If
there is no bacteria population, then the concentration of nutrient keeps on
constant and is washed out at the other end of the reactor. On the other
hand, suppose that the nutrient uptake function (or birth rate of bacteria
cell) f(S) is increasing with respect to S and there exists a constant K such
that f(S°) — K > 0. If a small amount of bacteria be introduced, then the
population increases when the growth rate f(S) — K > 0. The growth rate
eventually becomes negative because of the reduction of the nutrient due
to which the bacteria population declines. Hence one might expect that a
hump-shaped bacteria population density P(x,t) moves toward the other end
of the reactor. That is to say, it is expected that there are constants ¢ and
So with f(Sp) < K and a non-negative traveling wave (S(x — ct), P(z — ct))
such that
S(—o00) =S5, S(c0) = S, (2.19)
P(—00) =0, P(o0)=0.
Assume that the function f : [0,00) — R is Lipschitz continuous and

satisfies the following conditions:

(A1) f(0) =0 and there is a unique Sk > 0 such that f(Sx) = K and
0< f(S)<K, Se€(0,5«), K<f(S), Se€(Sk,0).

(A2) There is a positive number £ such that f(S) is increasing for S € [0, £”]

and
&* 1
li ——dS = .

Introducing the new variable z = z — ¢t and using

(S(z,t), P(x,t)) = (U(x — ct), V(x — ct)),
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into the equations (2.1.1) and (2.1.2), it follows that
CU = pU = f(U)V,

L (2.1.3)
CV=V+I[fU)-K]V
and
U(—o0)=28", U(co) =S,
(7o0) (00) = 5o (2.1.4)
V(=00) =0, V(o0)=0,
where C' = —c + 6 and (.) denote differentiation with respect to z. Choose
¢ >0.
By the change of variables
u(x) = U(=2), o(z)=V(=2), 2€R
the system (2.1.3) takes the form
i = —Cu+ f(u)v,
P flu) (2.1.5)
U=—-Co+[K — f(u)lv
and the boundary conditions (2.1.4) can be written as
u(—00) = uy < up, < u’ = u(cx), wv(—00) =wv(c0) =0, (2.1.6)

where ug = Sk.

Let
U =uU, Uy =1U, V3 =V, Up=7.
Then the system (2.1.5) can be written equivalently as a system of first-order
equations

Uy = Ug,

o = 1 U1 )1 — CUg
e = W) = Gl (2.1.7)

U1 = V2,

UQ = [K — f(ul)]vl — CUQ.
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The equilibrium points of the system (2.1.7) are
up=ug, u=v=0v=0, wug€ [0,00).

The linearized system of the system (2.1.7), which provides an approximation
to the behavior of the original system near the equilibrium point, in the

matrix form is

oh  O0h 0K 0N

Uy Ou; Ous Ovi Ovo U

; Ofs 0fs Of2 Ofe

U2 — Ouy Ous Ovy  Ovg U2 (2 1 8)
1 du;  Oug Ovi  Ova 1

v oh O 0fs Ok v,

oul Ous  Ov Ova (ug,0,0,0)

where f; = ug, fo = %[f(U,]_)'U]__CU/Q], fs =wv9and fy = [K — f(uy)]vy — Cuvs.
The characteristic equation of the linear system (2.1.8) at the equilibrium
point (ug, 0,0,0) is

—-A 1

0 =£ -\ 0 0
det P =0
0 0 —A 1
0 K — f(ug) —C — X
or equivalently
¢ 2
A(;+>\)(A + CX+ f(up) — K) =0, (2.1.9)

whose roots known as eigenvalues of the system (2.1.8) are

—C 4 /C? + A[K — f(up)]

)\1 — 9 )
o _ —C= AR = J(w)]
2 — 2 9
Ay = _—C, My = 0.

P
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If ug < ug, then of these four eigenvalues, A\ is positive and A\, A3 are nega-
tive. Corresponding to the positive eigenvalue \;, there is a one dimensional
unstable manifold with one branch positive. For uy € (0, uy), assume that
(u(t,ug), v(t, up)) be a solution of the system (2.1.5) that stays in the positive

part of the unstable manifold for all sufficiently negative t and satisfy
u(—00) = uy, U(—00) = v(—00) = v(—o00) = 0. (2.1.10)

Also, assume that there exists a T (ug) < oo such that the interval (—oo, Ty)
is the maximum interval on which the solution (u(t, ug), v(t, ug)) exists. Now
multiplying the first equation of the system (2.1.5) by el 7% and then inte-

grating, the following expression is obtained

P
Integrating (2.1.11) from ¢, to ¢, it follows that

a(t) = alte)e 7 + 1/t =25 Flu(s))o(s)ds. (2.1.11)

—C(s—tq)

u(t) = u(t0)+u(t0)/t e v ds
1 [t [T —ce-s
+;/t0 /t e~ fluls))u(s)dsdr, (2.1.12)

which implies that

—C(t—tq)

ut) = ulty) + Lalto)l—e 7]
1 t

C
L

Similarly, from the second equation of the system (2.1.5), it follows that

—C(t—s)

e » |f(u(s))v(s)ds. (2.1.13)

0(t) = 0(tg)e 1) —I—/t e K — f(u(s))]v(s)ds. (2.1.14)

Integrating (2.1.14) from ¢, to t,

o(t) = v(to)—i—%@(tg)[l—e_c(t_to)]

+é /t (1= e CC9IN[K — flu(s)]o(s)ds.  (2.1.15)
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At tyg = —o0, using the boundary conditions (2.1.10), it follows that

aft) = & / =5 F(u(s))v(s)ds, (2.1.16)

—C(t—s)

u(t) = up + é /Oo[l —e 7 |f(u(s))v(s)ds, (2.1.17)

0(t) :/ e YUK — ful(s))|v(s)ds (2.1.18)
and
v(t) = é/oo[l — e CEIK — f(u(s))]v(s)ds. (2.1.19)
Since

—C(t—s)

e o f(u(s))v(s) >0, s€(—o0,t],

for some sufficiently negative ¢, hence from equation (2.1.16), u(t) > 0 for
some sufficiently negative t. In a similar way, from (2.1.18), it can be de-
duced that there exists a sufficiently negative ¢; such that v(t) > 0 for all
t € (—o0,t1]. Hence (t,ug), v(t,ug) and 0(t, ug) are all positive for all suffi-

ciently negative t.

Let
tar = sup{t < Ty(ug) : v(s,up) >0, sé€(—o0,t|}.

Since
—C(t—s)

e v [flu(s))(s),
is positive for all s € (—o0,ty), hence from (2.1.16), u(t) > 0 for all ¢t €

(—o0, tar), that is, u(t) is increasing on (—oo,tyr). Now define

Tug) = tl_lftrj[ u(t, uo).

u

We need the following result for later use [9].
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Lemma 2.1.1. For a given uyg, the solution (u(t),v(t)) = (u(t, uo), v(t, uo))
of the system (2.1.5) is bounded on (—o0,ty).

Proof. Firstly, it is required to show that lim; ., u(t,ug) = u™(ug) < 4o0.
Suppose that u*(ug) = co. Then, by (2.1.17),

lim u(t) = 1 lim 11— e#tﬂ)]f(u(s))v(s)ds = 0. (2.1.20)

t—tyr t—tar oo

Hence there exists a t; < t5; such that u(t) > u(ty) > wuy for all t € (t1,tp).
The equation (2.1.20) implies that

lim [ [L—e o 1f(u(s))u(s)ds = co. (2.1.21)

t—tys oo

From (2.1.19) the expression for v(t) is

o(t) = é / 1= e CNK — flu(s)o(s)ds.  (2.1.22)

Since u(t) > u(t) > uy for all t € (¢1,t5r), by assumption (A;),
Y= sup{—D ety )} < 1 (2.1.23)
f(u(t)) v
Hence ¢ f(u(t)) > K for t € [t1,tp). Let d =1 — ) then d > 0,

fu(t)) =K =¢f(ut)) —¢f(u@) + flult) - K
=1 =) f(u@®) + ¢ f(ut) — K
=d f(u(®)) +¢f(u) — K
> df(u(t)), t€ [t ta). (2.1.24)

Now, by Lemma (1.5.1), there is a positive v; such that

—CT

o), T > 0. (2.1.25)

1—e©7 >y(l—e
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Hence, it follows from (2.1.23)-(2.1.25) that

o)) = [ = eI uls)) ~ Klots)ds,
<o [l = ) ls)ds,

— 00

—d t —C(t—s
S— l1—e < )]f u(s))v(s)ds — —oo as t — tyy,

C

—00

(2.1.26)

which contradicts the definition of ¢y;. Thus u™(ug) < oo. Since wu(t) is
increasing on (—oo,ty) and lim; ., u(t) = ut(ug) < oo, hence, u(t) is
bounded on (—oo, tyr).

Now, it is required to show that v is bounded on (—o0, t/). From (2.1.19)

it follows that

o(t) = / [1— e CINK — f(u(s))]o(s)ds

CJ
< é/_;[l — e I Ko(s)ds. (2.1.27)
By Lemma (1.5.1), there exists a 75 > 0 such that
1—e 9 < (1 - e%m), t > 0.

Moreover, since u(t) > ug > 0 for t € (—oo,t5r). By assumption (A;) there
exists a £ > 0 such that

€< fu®)or K < %f(u(t)), £ (=00, ta).

Hence, from the above inequalities and (2.1.27), it follows that

v(t)

K, ¢ —C(t—s)
<22 [ -SSP

K, 1 [t —C(t—s)
<Pt g [ 1= )

- Pl < 5

(2.1.28)
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which implies that v(t) is bounded on (—o0, tyr). O

Corollary 2.1.2. Let ug € (0,ux) and (u(t,up),v(t,up)) be a solution of the
system (2.1.5). Then, u(t,up) and v(t,uy) are bounded on (—oo,tyr).

Proof. Let u(t) = u(t,up) and v(t) = v(t,up). By Lemma (2.1.1), there exists
M; > 0 such that
0<wv(t) <M, te(—oo,ty).
Since f is continuous and u(t) is bounded, so there exists My > 0 such that
flu(t)) < My, te€ (—oo,ty).

Let
M = max{Ml, MQ},
then
0<w(t) <M, f(ult)) <M, te(—oo,ty).
Hence, using (2.1.16), It follows that
M? [t —ct-s M?
0<alt) < — o ds = —— .t e (—oo,tu).
i <2 [ W as =T e (oot
Similarly, from (2.1.18), it follows that

K+ M)M
o] < EEM e ot
C
Hence, u(t) and v(t) are bounded on (—oo, ty/). O

Corollary 2.1.3. For each uy € (0,ug), the following are true:
(1) u*(ug) > ug

(2) There is a ty < tp such that 0(t,ug) > 0 fort <ty and v(t,up) < 0 for
t € (t, tar).
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Proof. Let u(t) = u(t,up) and v(t) = v(t,up). It is claimed that there exists
a t; < tpr such that 0(¢;) = 0. If this is not the case then o(t) > 0 for all
t € (t1,tn). The boundedness of v(t) implies that lim; ., v(t) = v(ty) < 0.
So ty = 00, for otherwise the boundedness of w(t), u(t),v(t) and ©(t) would
imply that the solution (u(t),v(t)) can be extended to a right interval of ¢,
on which v(t) is positive. This contradicts the definition of ¢;;. On the other
hand, if ¢); = oo, then from monotone increasing property of v(t), it follows
that

zﬁ@@:nmwmww+é/fD_e*?ﬂym@»mg@y:m.

This leads to a contradiction of Lemma (2.1.1). Now let ¢t; < tj; is a first

time at which 0(¢) = 0. Then from (2.1.18), it follows that
t1
0=190(t) :/ e UK — flu(s))]v(s)ds. (2.1.29)
It is claimed that there is at” < t; such that u(t/) = ug. Because, if u(s) < ug

for all s € (—o0,t;), then
(K — f(u(s))]v(s) >0, s € (—o0,11).

which implies that
t1
mm:/‘a%ﬂWcjw@m@@>a
a contradiction to (2.1.29). Hence, there is a t < t; < tj such that
u(t') = ug. This proves the inequality u*(ug) > ugx. Moreover, since u(s) is
monotone increasing, hence f(u(s)) — K > 0 for all s > ¢; > t. Now from
(2.1.14) with the use of equality v(t1) = 0, for t € (t1,tn),

o(t)

(ty)e ¢t —i—/ e YUK — f(u(s))|v(s)ds

t1

/t e CUIK — flu(s))|v(s)ds < 0. (2.1.30)

t1
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Hence there is a t; < t3; such that 0(¢,ug) > 0 for ¢ < ¢; and v(¢, uy) < 0 for
t € (ty,ta). O

2.2 Existence of traveling wave solutions

In this section existence of a traveling wave solution of the system (2.1.1) is

discussed. For each u° > w;, define
() = maz{f(u) : u € [ug,u’]}.
Lemma 2.2.1. [9] If for each ug € (0,ux), u™(up) < u°,
A () - K] < €%,

and tyy = +oo, then (u(t,up), v(t,ug)) is a traveling wave solution connecting
(ug,0) and (u°,0) such that u(t,ug) is monotone increasing and v(t,ug) > 0
for all t € R.

Proof. Let (u(t),v(t)) = (u(t,up),v(t,up)). As shown in the proof of Corol-
lary (2.1.3), there exists a t < ty, such that u(t') = ug. Without loss of
generality assume that u(0) = ug. By Corollary (2.1.3), v(¢) has a maximum
value at t =t; > 0 and 0(t) < 0 for all ¢ € (t1,tp). Let

v1(t) = v(t), valt) = 0(t).
Since
vi(t) =v(t) >0, ve(t) =0(t) <0, whent € (t1,tp),

this implies that the solution (v (t),v2(t)) enters the region {(vy,vq) : v4 >
0,v3 < 0} in the plane (vqy,vy) for ¢ € (t1,tp). Since t > t; > 0 implies
that w(t) > wu(t1) > w(0) = ug, hence f(u(t)) — K > 0. Also 09(t) =
—[f(u(t)) — K]v; < 0, at the positive v, axis of the plane (vq,v9) for ¢ > ;.
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Hence (v1(t), v2(t)) can not leave this region along the positive v-axis. Select
§ = C? —4[fM(u’) — K] then § > 0. Now choose 0 < 4¢ < §. Define

_C—\/(5—46

b 2
Then
C., 0
B-3) =1«
Expanding and re-arranging terms
CB=p+ M) +e— K. (2.2.1)

Now consider the region 2 in the 4th quadrant of (vy,vs) plane bounded by
the positive vj-axis and the ray L = {ve = —fv; : v1 > 0}. Let (v1,v2) € L,
then

i = vy < 0.
Using (2.2.1), it follows that
vy = —[f(u(t)) — Koy — Cvy

= —[f(u(t)) = KJui + CBu,

= v {CB = [f(u(t)) — K]}

=01 [+ fM(u’) +e— f(u®))] > 0. (2.2.2)
Moreover, from (2.2.2), it follows that
v {8 + [fM(W°) + e — flu(®)]}

2] =
vt |va
_ B+ () — f(ult) + €}
By
>0 ;6 > 8. (2.2.3)

From the above inequalities it follows that the vector (91(t), v2(t)) points to
the interior of Q. Hence the solution (vy(t),v2(t)) must stay in 2 for all
t > to. Thus, ty = +oo and u(t) — u™(ug) < u’ as t — +oc. O



2. Existence and uniqueness of traveling wave solutions 35

Let u® > ug be fixed. Since & (u® — ug) < “?O for all ug € (0,ux) and

from assumption (As),
& 1
lim ——du = 4o0. 224
UO_)[:WL uo f(u) ( )

Hence there exists a ug € (0,£*) such that

| 1
——du > —(u
w () K(

where £* < ug.

O — ) for all uy € (0,ul], (2.2.5)

Lemma 2.2.2. [9] For each u® > ug such that 4[fM(u°) — K] < C?, let u}
be defined as in (2.2.5). Then for all ug € (0,uf] the relation u™(ug) > u®
holds.

Proof. In order to prove this result, it is shown that u™(ug) < u° leads to a
contradiction. Let ug € (0, uj] and that u™(ug) < u°. Then by Lemma (2.2.1)
tyy = oo. Hence lim; . u(t) = ut(ug), also limy_u(t) = limy_v(t) =
lim; ., ©(t) = 0. By integrating the first equation of the system (2.1.5) from

—00 to +00, it follows that

pli(+00) —t(—00)] = —Clu(+00) —u(—c0)l + [ " J®)olt)d,
which implies that
Clu™t (up) — ug) = ) OOf(u(t))v(t)dt. (2.2.6)

Similarly integrating the second equation of the system (2.1.5) from —oo to

+00, it follows that

/_ K = fule)o(t)dt = 0. (2.2.7)

o0



2. Existence and uniqueness of traveling wave solutions 36

From (2.2.6) and (2.2.7), it follows that

K / Pt — / Fu — Clut(ug) —ug). (2.2.8)

Select £* < ug, then by Part (1) of Corollary (2.1.3) there is a ¢* such that
u(t*) = £*. Since u(t) is monotone increasing for all t € R, hence f(u(t)) < K
for all t € (—o0,t*). From equation (2.1.18), the expression for 0(t) is

o(t) = / e CUIE — f(u(s))o(s)ds.

— 00

As K — f(u(t)) >0, te& (—o0,t*). Hence 0(t) > 0, t € (—oo,t*]. That is,
v(t) is increasing on (—oo,t*]. Now by the equation (2.1.16)

at) = - / e~ flu(s))o(s)ds. (2.2.9)

Since wu(s) is increasing and u(s) < &* for all s € (—o0,t*], then by the
assumption A(2) f(u) is increasing for u € (0,&*]. It follows from (2.2.9)

that «(t) is increasing for ¢ € (—oo,t*], so that
ii(t) >0, te (—o0,t]. (2.2.10)

Now dividing the first equation of the system (2.1.5) by f(u(t)), it follows
that

pKi U
=-CK Kv. 2.2.11
fumm MmN -
Integrating (2.2.11) from —oo to t*
" pKii(t) u(t)
N T dt+K/ L (2:2.12)

using equations (2.2.8), (2.2.10) and the equalities u(—o00) = ug, u(t*) = £*,
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in the equation (2.2.12), it follows that

" pKi(t)
)

! Flut) *
_ —OK/ it) dt+K/ o(t)dt
E*

f(u(t))

1 t
=-—CK —du + k/ v(t)dt
W LU0

< —CK uf ﬁduﬂt k/w v(t)dt
o
=-—CK wo ﬁ du + Clu™ (ug) — ug).

From the above inequality it follows that

o0

+ L. o
——du < —(u"(up) —up) < ?(u — Up)- (2.2.13)

Equation (2.2.13) contradicts (2.2.5) and therefore u™(ug) > u®. O

The following Lemma provides an estimate for the bounds of v(t) and

0(t) on t € (—o0,0).

Lemma 2.2.3. [9] There is a ug < ug such that for each uy € [tg,ur),
if (u(t),v(t)) = (u(t,uo),v(t,ug)) is a solution of the system (2.1.5) with
u(0) = ug, then

K(ugx — up)

0<ov(t) <ug —ug, 0 <0(t) < 8

, t € (—00,0].

Proof. The continuity of f implies that for a given € > 0, there exists § > 0
such that
|f(u) — K| < e whenever |u — ug| < 0.

Consequently, there exists g < ug such that

K — flu) < %f(u), w € [iio, u]. (2.2.14)
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Now, let ug € [ug, ux) and (u(t),v(t)) = (u(t,up),v(t,up)) be a solution of
the system (2.1.5) with u(0) = ug. Since u is increasing and u(—00) = uy,
hence uy < u(s) < ug for s € (—o0,0]. By Lemma (1.5.1), there exists
~v9 > 0 such that

1— €% < [l — 7], for s < 0. (2.2.15)

Using the inequalities (2.2.15) and (2.2.14), the following inequality is ob-

tained,
[1— eC[K — f(u(s))] < [1—e#°]f(u(s)), s < 0. (2.2.16)
By formula (2.1.17), it follows that
ur = u(0) = up + —/ - eo’ (u(s))v(s)ds, (2.2.17)

which implies that

1/ Cy o
G /_Oo[l —e?°|f(u(s))v(s)ds = ug — ug. (2.2.18)
From (2.1.19),
o0 = [ 1= UK ful)elds

Using (2.2.16) and (2.2.18), it follows that

o(0) =1 / [1— K — F(u(s))o(s)ds

< —/ 11— ev (u(s))v(s)ds = ugx — uy. (2.2.19)
From (2.1.18) v(t) is increasing for ¢ € (—oo, 0]. Hence,

0 <o(t) <v(0) <ug —ug, t € (—00,0]. (2.2.20)
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Moreover from (2.1.18) and (2.2.20),

0< i(t) = / e CEIK — flu(s))uls)

O

Lemma 2.2.4. [9] Let u° > ug be fivzed. Then for each § > 0 with § <
u® — ug, there exists a o > 0 such that if (u(t),v(t)) is a solution of the
system (2.1.5) with

lu(ty) —u’| < o, |u(ty)] <o, v2(t) N2 <o, (2221)
then (u(t),v(t)) exists for all t >ty and
[u® —u(t)] <6, t>ty, lim_oov(t) =D0.
Define the quadratic form

Vo(vi,v2) = C%v} +20vvy + 203,  (v1,v2) € R?,
= (Cvy +v2)? + 03, (v1,v2) € R% (2.2.22)

Hence Vj is positive and there are positive constants 7; < 7 such that
m (v +v3) < Vo(vr,ve) <me(vi +v3), (vr,v2) € R?. (2.2.23)
Since lim,_.,,. f(u) = K, define 4y < ug such that
1
K — f(u) < ~ f(u), where 7 >0,
8

where u € [tg, uk].
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Lemma 2.2.5. [9] Let ug be defined as above, for each fized u® > ug, if

ug € [, ug) is sufficiently close to ur, then the relation u™(ug) < u® holds.

Proof. Since f(u) is continues, so f(u) — K as u — ug, there is a u with

ur < 4 < u® such that
flu) — K < —, u € [ug,ul. (2.2.24)

Consider the following two cases.

Case L. u™(ug) < @.

Since u™ (up) < @ and @ < u°, hence u™(ug) < u.

Case II. u™(ug) > 1.

Without loss of generality suppose that u(0) = ug. Then 3 t5 € (0,5)
such that

u(to) =u, ug <u(t) <u, te(0,ty).
So that f(u(t)) — K > 0 for ¢t € (0,to]. Let vi(t) = v(t), 01(t) = va(t), and
Vo(t) = Vo(vi(t), va(t)) for t € (0, ). From the second equation of the system
(2.1.5), it follows that

0a(t) = U1 () = 0(t) = —Cin(t) — [f(u(t)) — Klvi(t). (2.2.25)
Now from equation (2.2.22) with the use of equation (2.2.25), it follows that

Volt) = 2020, (8)in(t) + 2C oy (£)0n(t) + va(t)in ()] + dva(£)0s(t)
2C%0y (t)va(t) + 2C[or ({=Con (t) = [f(u(t)) — KJvi(t)} + v3(t)]
+4vy () [-C01(t) — [f(u(t)) — K]ui (1)) (2.2.26)
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Rearranging the equation (2.2.26), it follows that

Volt) = =2C1F(u(®) = KJo — Lf(u(®)) = Klorws - 203
2 2,2 02 U2
= — Gl u(h) — KI(CH} + 200+ ot

(2.2.27)

Equation (2.2.24) implies that

02

W > 2, te(0,t).

The above inequality, with the use of equation (2.2.27), implies that

V(t) < —=[f(u(t)) — K](C*v? + 2Cv,v5 + 202)

[f(u(t)) — K]Vo(t) <0, te(0,t). (2.2.28)

Qe

Hence V/(t) is monotone decreasing for ¢ € (0,%y]. Using the monotone de-

creasing property of V() and equation (2.2.23), it follows that

m(©*(t) + [0()]?) < Vo(t) < Vo(0)) < ma(v®(0) + [#(0)]), t € (0, 1),

(2.2.29)
Using Lemma (2.2.3), it follows that
, K?(ug — ug)?
03(0) + [O)) < (g — ug)? + Ut
KQ
= (ux = uo)*(1 + =)
2 K2
— (ug — uo)z—(o ; ) (2.2.30)

Equations (2.2.29) and (2.2.30) implies that
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From the above equation it follows that

772(02 + KZ)

v(t) < V(02(1) + [0()]2) < (ux —uo) mC?

€ (0, to).

(2.2.31)

Since 1o > 1y and by Lemma (2.2.3) v(t) < ug — up for t € (—o0, 0], hence
from equation (2.2.31), it follows that

2 2
v(t) <ug —up < (ug — uo) MC——ZK), t € (—00,0](2.2.32)
mC
It follows from (2.1.16) and (2.2.32) that
0 <4(to)

fM(I_L) 7’]2(02 + K2) /to —C(tg—s)

< Ug — U e » ds

<= e (uk — uo) N
fM(w) m(C*+ K?)

== 7P (ux — o), (2.2.33)

where fM(u) = max{f(u) : v € [ug,u|}. Suppose that § > 0 with § <

min{u — ug,u’ — u}, ¢ > 0 be the corresponding number defined in Lemma

(2.2.4), such that
o (K2 + 02
77102 Uk — o)

(@) [no(K?+ c?)
C 7’/102

(uK —up) < 0. (2.2.34)

From equations (2.2.31), (2.2.33), (2.2.34) and the fact u(ty) = u, it follows
that

’U(to) —ﬂl < o, to ’ <o, \/U2 to )]2 < 0.

By Lemma (2.2.4), u(t) < u+§ < u® for all t > ¢ and hence u™ (ug) < v®. O
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The following result [9] establishes the existence of a traveling wave solu-
tion of the system (2.1.1).

Theorem 2.2.6. Suppose that f : [0,00) — R is Lipschitz continuous and
satisfy the assumptions (Ay) and (Ay). Then for each S° > ug and

C > \/A[sup{f(u) : u € [ug, S} — K], (2.2.35)

there is a Sy € (0,ux) such that system (2.1.1) has a traveling wave solution
(S(x,t), P(z,t)) = (U(x — ct)),V(z — ct)), connecting (S°,0) and (Sy,0)
satisfying boundary conditions (2.1.2). Moreover U(z) is strictly monotone
decreasing and there is a unique t, such that V(z) is increasing on (—oo, t1)

and decreasing on (ty,00).

Proof. Consider the system

pti = —Cu+ f(u)v,
U =—-Cv+[f(u) — K],

with boundary conditions
u(—o0) = up < up, < u’ = u(o0), v(—00) = v(00) = 0.
Firstly, consider the strict inequality for the above system, that is,
41 (W) - K] < C2

Let
Q= {ug € (0,ug) : ut(up) < u}.

By Lemmas (2.2.2) and (2.2.5) the set € is nonempty and it has a positive
lower bound. Let

inf{ug : up € Q} =i’ >0
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and u' < ug. It is claimed that v (uf') = Y, if this is not true, then one of

the following cases must occur
Case I. u™t(ul') < u®.

Let W*(ug) be the unstable manifold of the equilibrium (g, 0,0, 0). Then,
W"(ug) is continuously depending on ug. Moreover, a solution depends con-
tinuously on its initial value on any finite interval. If uy < ug' is very close
to ug', then with the use of continuity property and Lemma (2.2.5) it is
concluded that u™(uy) < u®. This contradicts the definition of uJ'. Hence

) £
Case II. u™(u]") > u®.

By continuity, there is an € > 0 such that for each uy € (uj" + €, u'],
ut(ug) > ug. Hence uy ¢ Q for all ug € [u',uy” + €). It follows that
inf{ug : ug € Q} > uf', which again leads to a contradiction. It follows that
ut(ul') # u®. Since both the cases leads to contradictions so u™(uJ') = u°
and by Lemma (2.2.1), t(ug) = +00.

Secondly, consider 4[f™(u’) — K] = C?. Choose a sequence C,, > C,
n=1,2,3,4.... with C, — C as n — oco. Since 4[fM(u’) — K] = C* < C?
forn=1,2,3,4...... By the above arguments, for each n there exists g such
that u™(uy) = u® and ¢y (u) = 4o00. Since there exists an ¢ > 0 such that
0 < e <uj <ug — e for all n, the sequence {uy} has a subsequence that
converges to some number uy € (0,ug). So that u™(ug) = u’. Hence by

Lemma (2.2.1), tp(ug) = +00. O

Remark 2.2.7. If f is monotone increasing then the condition (2.2.35) be-

comes

C = VA[f(u°) = K].



2. Existence and uniqueness of traveling wave solutions 45

2.3 Uniqueness of traveling wave solutions

In this section the uniqueness of a traveling wave solution of the system
(2.1.1) is established. Suppose that (A;), (A2) holds and f(u) also satisfies

(As) f(u) in the system (2.1.1) is monotone increasing.

The second equation of the system (2.1.5) can be rewritten as

i =-C0—[f(u(t)) — Kv
= —Cv — [f(u) — f(u°) + f(u°) = K]v
= —Co— [f(u®) = Ko+ [f(x°) — f(u)]v
= —C9 — [f(u°) — KJv + g(t)o(t)
B+ CO+ [f(u’) — Ko = ¢(t), (2:3.1)

where  6(t) = g(t)o(t) and  g(t) = f(u°) — f(u(t)), tER.
Using the increasing property of f, it follows that

as u < u’. The characteristic equation of the equation (2.3.1) is
N+ ON+ f(u') - K =0,

whose roots are

_ —C+ O =4[ — K]
. ,
_ —C =/ 4[f() ~ K]
- |

A

A2
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When C? > 4[f(u’) — K], then clearly A\; > Xy. Applying the variation of
constant formula to (2.3.1), it follows that

v(t) = 01€A1t+c2€/\2t—e>‘1t/t e*2g(s)v(s)
o (

N — Ay)elh s
s [ Etinty
0 ()\2 — )\1)@0\14—)\2)5

1 t
= creM 4 et 4 —[/ (Mg (s)v(s)ds
A=A g

¢
- [ gs)o(s)is
0
¢
= M e+ 5/ [et=9) — 22915 (5)y(s)ds, (2.3.2)
0

where
1 1

T X /O AJ@) - K]

and the constants ¢y, ¢y satisfy the following equations

) >0

U(O) = + Co, ’U(O) = Cl)\l -+ CQ)\Q.

Solving for ¢; and cs, it follows that

1
YD
1

DYDY

&

[—A20(0) + 9(0)] = 6[—A20(0) + v(0)],

C2

Mo(0) — 9(0)] = [Av(0) — 0(0))]. (2.3.3)
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Since Ay — A1 < 0 and g(t)v(t) = (f(u®) — f(u(t)))v(t) > 0, hence from (2.3.2)

¢
v(t) = 1Mt + et + 5/0 [e’\l(t_s) — e)‘Q(t_s)]g(s)v(s)ds
e My(t) = ¢ 4 et

t t
+5[/ e M%y(s)g(s)ds —/ e’\Q(t_S)_AltJr’\lse_’\lsv(s)g(s)ds]
0 0

= ¢ + cpeP2 Mt

t ¢
+5[/ e u(s)g(s)ds — / eP2m A=) g sy, (6 (5) ds]
0 0
¢
< e+ |eo| + 5/ e Mu(s)g(s)ds, t>0. (2.3.4)
0

Since (u(t), v(t)) converges to (u°,0) ast — oo and v(t) # 0, (u(t), u(t), v(t),v(t))
must converges to (u°,0,0,0) along the stable manifold of the equilibrium
(1u°,0,0,0). So that u(t) converges to u° exponentially as t — oo, hence
g(t) = f(u®) — f(u(t)) converges to 0 exponentially as t — oo, also g(t) is

continuous and bounded on [0, 00), hence,

[ st <o

Applying the Gronwall’s inequality to (2.3.4), the following is obtained
e () < (ler] + [ea] )0 901 < (Jey | + [es] )T 908 < 00, £ > 0. (2.3.5)

Hence,
[e.e]

lim g(s)v(s)e™*ds = 0. (2.3.6)

t—o00 ¢

A

Moreover, g(t)v(t)e "' — 0 as t — oo implies that

t

lim [ P2 29 g(s)y(s)e M5ds = 0. (2.3.7)

t—o00 0
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From (2.3.2), the expression for v(t) is
v(t) = e 4 et 46 /t[e)‘l(t_s) — =) g(s)u(s)ds
0
= Mep + e 4§ /000 g(s)v(s)e Mds
-4 /00 g(s)v(s)e ™Mds — 5/t 2=~ Mt g () (s)ds]
¢ 0
= MI(—Av(0) + 0(0)) + 5/000 g(s)v(s)e M¥ds + (A v(0) — 9(0))

o} t
g2t _ 5/ g(s)v(s)e M*ds — 5/ eP2 =M= g () (5)e M4 ds).
t 0

(2.3.8)
The equation (2.3.8) can be rewritten as:
v(t) = MM + H(t)). (2.3.9)
with
M = §[—Xv(0) +0(0) + /000 g(s)v(s)e M4ds] (2.3.10)
and

o) t
H(t) = 5(/\1v(0)—1}(0))6(’\2_)‘1)t—5/ g(s)v(s)e"\lsds—é/ eP2=ME=9) g () (5)e M3 ds.
t 0
From (2.3.6)-(2.3.7) and the expression for H(t) one can easily see that
lim H{(t) = 0.

Remark 2.3.1. When C? = 4[f(u") — K], that is, A\; = Ay, then the expres-

sion for v(t) is

v(t) = M ([=Aw(0) + 0(0)]t + v(0)) + /0 M=) (t — 5)g(s)v(s)d42.3.11)
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Lemma 2.3.2. [17] Suppose that (u;(t),v;(t)), i = 1,2 are two traveling wave
solutions of the system (2.1.5) connecting (&,0) and (u°,0), where 0 < & <
& < ug. If there is a t; < 0o such that uy(t) < us(t) for t € (—oo,t;)
and uy(t1) = ua(ty), then there is a ty < t; such that vi(ty) = va(ty) and
01(to) > D2(to).

Proof. The characteristic equation for the equilibrium point (&;,0) of the
system (2.1.5) is

)\(% + AN +CX+ f(&) — K) =0, (2.3.12)

roots of the above equation are

_ —C+ /O K- JE)

>\1,i 9 9

\, _ ~C— VIR - (&)

2,4 2 9

At = O Ap=0, i=1,2
P

If gy < ug, then of these four eigenvalues, \;; is positive and Aa;, As;
are negative. Corresponding to the positive eigenvalue A;;, there is a one
dimensional unstable manifold. The positive traveling wave (u;(t), v;(t)) must
converges to (§;,0) as t — —oo, along the unstable manifold. Since f is
monotone increasing and &; < &, so f(&1) < f(&) and one has A;; > Ajo.

Hence vy (t) goes to 0 faster than vy(t) as ¢t — —oo. So there is a ¢’ such that
vi(t) < va(t), t € (—o0,t]. (2.3.13)

Next it is claimed that there is a t, € (—o0,t;) such that vy(t,) > va(ty).
If this is not the case, then vi(t) < vy(t) for all ¢ € (—o0,?;). From the

monotone increasing property of f it follows that

Flus(®))va(t) = flur(£))or(8). (2.3.14)
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From (2.1.17)

—C(t—s)

u(t)—uo—i—%/_oo[l—e S fu(s)o(s)ds.  (2.3.15)

Using (2.3.14), it follows that

wlt) =gt [ 1= fluao)s)ds

g [ - )

—00

= ui(ty). (2.3.16)

Equation (2.3.16) is a contradiction to the assumption u;(t1) = us(t;). Hence
there exists a t, < t; such that v, (ty) > vs(ty). Now from (2.3.13) and the
continuity it follows that there is a ty < t; such that

’Ul<t) < Ug(t), t e (—OO,to), Ul(to) = Ug(to). (2317)

Obviously v1(tg) > ©2(ty). Suppose that o1(tyg) = 02(tp). Then, from the
inequality f(uy(to)) < f(u2(ty)) and second equation of the system (2.1.5),
it follows that

1(to) = —Cirlto) + [K — f(ui(to))]vi(to)
= —Cia(to) + [K — f(ui(to))]v2(to)
> —Ca(to) + [K — f(ua(to))]va(to)
= Uo(tp)- (2.3.18)

Hence 9 (tg) — ¥2(tg) > 0. Thus the function vy (t) —v(t) has a local minimum
zero at tg. This is a contradiction to (2.3.17). Hence vy (tg) > va(to)- O

The following result will be used in our later work.

Lemma 2.3.3. [17] Let (u;(t),v;(t)), i = 1,2 be two positive solutions of the
system (2.1.5) satisfying

Ul<t0) = Ug(to), ’Ul(to) > @Q(to),
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for some ty € R and if there exists t* > ty such that
Ul(t) < Ug(t) < UO, t e [to,t*),

then
'U1<t) > Ug(t), V te (to,t*]

Proof. Without loss of generality suppose that ¢y = 0. Also let g;(t) = f(u®)—
f(u;(t)). Since uy(t) < ug(t) for t € [0,t*), so that g;(¢t) > g2(t) > 0 for
t € [0,t*). Since

’Ul(O) = UQ(O), U1(O) > UQ(O),

implies that vy(¢) > vy(t) for small ¢ > 0. It is claimed that vy (t) > va(t)
remains true for all ¢ € (0,t*]. If this is not true, then there must be a

t1 € (0,t*] such that vy(¢;) = va(t;) and

vi(t) > va(t), t€]0,t).
Then clearly
g1(t)vi(t) — g2(t)va(t) >0, t€[0,t).
By formulas (2.3.4) and (2.3.5), it follows that

vi(t) = va(ty) = 8[=Agv1(0) + 91(0)]eM + S[Aw1(0) — iy (0)]e*h
+ /Ot1 [ehti=s) _ re(i=9)1 ) (5)uy (5)ds — 6[—Ayv2(0)
+09(0)]eM — §[A1v2(0) — B5(0)] 2"
=5 / (M=) _ M2 t=5)] g ()01 (s)ds
= 6" [01(0) — 02(0)] — 62 [01(0) — 02(0)]
+0 /O M=) — 2079 [g (s)0y(s) — ga(s)va(s)]ds
= 3[01(0) — 0(0)](eM" — 21

+5/0 (M=) X9 [g, (5)u (5) — ga(s)ea(s)]ds.
(2.3.19)
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Since
Ul(()) — UQ(O) > O, gl(t)’l)l(t) — gg(t)?)g(t> > O, te [O,tl),

hence "
/ [eAl(tlfs) . 6)\2(151*8)][91(3)1)1(5) — 92(8)U2(5>]d8 > 0.
0

It follows from the equation (2.3.19) that vy (t;)—v2(t1) > 0, which contradicts
the assumption vy(ty) = wvo(t1). Hence wvi(t) > wvq(t) is true for all ¢ €
(0,t*]. O

Remark 2.3.4. If \; = Ay, then using the equation (2.3.11) the following

results are obtained
o(t) = MM 4+ HO(t)] = teM MOt + %Ho(t)], (2.3.20)
where
M = [=X0(0) + 9(0) + /000 e~ Mog(s)v(s) ds] (2.3.21)
and
HO(t) = v(0) — t/oo e Mg (s)v(s)ds — /Ot se M4g(s)v(s)ds,
t
THO(t) — 0 as t — oo.
Remark 2.3.5. The Lemma (2.3.3) remains true for the case C' = /4[f (u%) — K].

Since v(t) > 0 for all t € R and v(—o0) = v(0c0) = 0, hence there exists
a time ty € R such that o(ty) = 0. Let (a(t),0(t)) = (u(t + to),v(t + to)) be

a translation. Then (u(t),0(t)) is a traveling wave and

(—00) = u(—00 +ty) = u(—00) = uy,

N

ii(00) = u(oo +tg) = u(oo) = u'.
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Also,
0(—00) = v(—00 + ty) = v(—00) =0,
0(00) = v(0o + ty) = v(oco) = 0,

which implies that (@(t),(t)) connects the same points as (u(t),v(t)) does.
Further, from 5(0) = 0(ty) = 0, (2.3.8) and (2.3.9), it follows that

o) = MO(—Ab(0)) + 6 / e M3 ds + (M5 (0))e P2
_5/ Alsds 5/ ()\2 /\1)(t S)g( )17( ) —/\1Sd8
= MM+ H(1)),
where

00 t
H(t) = §(\5(0))eP2=A)t 5/ g(s)(s)e™™*ds — 5/ eP2=ME=9) g (6) 3 (5)e M3 ds.
t 0

From equations (2.3.6) and (2.3.7), it follows that H(t) — 0 as t — oo.
Since f(u®) — f(a(s)) > 0 for all s € (0,00) and o(s) > 0 for all s € (0, 00),

hence,
which implies

Now,
u(t) = 0(t — tg) = MM + H(t — tg)] = M e ™M + MOH(t — ty)).

Since et [ (t —ty) — 0 as t — oo, by comparing the above inequality and
(2.3.9), it follows that M = e~ %M > 0.
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Remark 2.3.6. The above result remains true for the case when C' =
VA[f(u%) — K] that is, when A; = Xs.

Proposition 2.3.7. [17] Suppose there are two traveling waves (u;(t), v;(t)),1 =
1,2 connecting (&;,0) and (u®,0), where 0 < & < & < ug. If w(t) <
us(t), t € R, then My > My where M; is the number in (2.3.9) associated
with (u;(t),v;(t)) fori=1,2.

Proof. Let (u;(t),v;(t)), i = 1,2 be the two traveling wave solutions connect-
ing (&,0) and (u°,0), where 0 < & < & < ux and ui(t) < us(t), t € R. By
Lemma (2.3.2), there exists a ¢y € R such that

Ul(to) = Ug(to), Ul(to) > Ug(to)

Without loss of generality suppose that t, = 0. Since uy(t) < us(t) for all
t € R, by Lemma (2.3.3), it follows that vy (t) > vq(t) for all ¢ > 0. Since f is
monotone increasing, thus the inequality u;(t) < uq(t) for ¢ > 0 implies that

Flur(t)) < f(us(t)) for t > 0, hence
g1(t) = [F(u) = Fn ()] > [F() = Flua(®)] = galt), ¢ > 0.
The above equation together with v;(£) > va(), for £ > 0, implies that
g (t)vi(t) > ga(t)va(t), t> 0. (2.3.22)

It follows from (2.3.10) that

Ml :(5[—)\21)1 +Ul +/ gl )\lsds
0

[e.e]

> 5[—)\27}2 + UQ —|—/ 92 Alst = M,.
]

Remark 2.3.8. The Proposition (2.3.7) remains true when C' = /4[f(u%) — K].
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Lemma 2.3.9. [17] Let y; : R — R, ¢ = 1,2, be monotone increasing,
differentiable function and y;(—o00) < yo(—o0). If there are t; < ty such that

y1(t1) > y2(te),  wi(tz) = 1a(ta),

then there exist numbers to and * > 0 such that

yi(to —€") = ya(to),  G1(to — €7) = 12(to),
yi(t — ") <uya(t), te (—o0,tp).

Proof. Define y° : (—o0,t3] — R by
ys(t> = y1<t - 6)7 te (_Oo7t2]7

where ¢ > 0. Since y1, yo are continuous, hence y;(—o00) < ya(—00), implies
that there is a 7 < t; such that

yi(t) < wya(t), te€ (—o0,7]. (2.3.23)
Further, from the monotone increasing property of y; and s, it follows that
v (t) =t —e) <uyi(t) <yalt), te(—oo,7], e>0.

Since y;(t1) > ya(t1) and yy, y2 are continuous, so select a small enough € > 0
such that y°(t;) = y1(t1 —e) > ya(t1). Next, if t € [1, 5], then t —t5+7 < 7.
Hence from (2.3.23), it follows that

YTt =yt —ta+7) <yt —ta+71), tE][T )
From the above inequality
inf{e : y°(t) < ya(t), t € [T, ta]} =" > 0.

From the definition of ¢* and continuity, it follows that 4= (t) < y(t) for
t € [1,t3]. Hence there exists ¢ € [1,t3), such that y*(t) = yo(¢). Further, let
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*

to = min{t € [7,t3) : y° (t) = y2(?)}, then ty < t5. From the definition of #,
and (2.3.23), it is concluded that

yi(t—e*) =" (t) < ya(t), t<to,
y1(to — %) = ya(to), 9i(to — ™) = (o).
L]

Lemma 2.3.10. [17] Suppose there are two traveling waves (u;(t), v;(t)),i =
1,2 connecting (&,0) and (u°,0), where 0 < & < & < ug. If there is a
t1 € R such that uy(t1) = ua(ty) and uy(t) < us(t) for allt € (—oo,ty), then
Uy (ty) > ta(ty).
Proof. As uy(t1) = us(t;) and uy(t) < wug(t) for all ¢ € (—o0,t1), hence
Uy(t1) £ ug(ty). It is claimed that u(¢;) > 49(ty), if this not the case
then 4y (t1) = ts(t1). By Lemma (2.3.2), there exists a ty < t; such that
v1(to) = wva(ty) and vy(tg) > 02(ty). Hence, it follows from Lemma (2.3.3)
that vy (t) > va(t) for t € (to,t1]. Set I(t) = ua(t) — us(t), then I(t) > 0, t €
(—o0,t;) and

V(t1) = ui(tr) — ua(ts) =0,

D(ty) = 01 (t1) — tg(t1) = 0.
Since ¥(t1) is not a local maximum of ¥ in (t; — €,¢; + €) for small € > 0,

hence
0 < D(ty) = dia(ty) — i (). (2.3.24)
Further, using the first equation of the system (2.1.5), it follows that
plia(t1) = —Cuz(ts) + f(ua(tr))va(tr) = —Clin(tr) + fur(t1))v2(t)
< =Ciy(t1) + flur(tr))vi(tr) = piin (1),

which implies that

V(t1) = dig(t1) —iia(t1) <0,

which is a contradiction to (2.3.24). Hence @ (t1) > ta(t1). O
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Proposition 2.3.11. [17] Suppose there are two points 0 < & < & <
ug and two positive traveling wave solutions (u;(t),vi(t)),i = 1,2 such that
(ui(t),v;(t)) connects (&;,0) and (u°,0). If there is a t; € R such that uy(t;) =
us(t1), then the following holds:

(1) y(ty) > ta(ty).
(2) ui(t) <wug(t), te (—oo,ty) andui(t) > us(t), te (t;,—00).
(3) There is at least a ty > t1 such that vy(ta) < ve(ta).
Proof. Consider the set
A= {t:u(t) =us(t)}.

Since it is given that there is a ¢; € R such that ui(t1) = us(t1), so the set

A is nonempty and has lower bound. Let
T = mf{t . Ul(t) = UQ(t)} S tl.

From the definition of 7 it follows that u;(7) = ua(7) and us(t) < us(t) for
all t € (—oo, 7). By Lemma (2.3.10) @y (7) > us(7). It is claimed that 7 = ¢;.
If this is not the case then 7 < t;, which implies that @, (7) > (), hence
that there is a t € (7,t;) such that u;(#) > uy(#). Since

u1(—00) = & < & = ug(—00)
and there exists a ¢ < t; such that
uy (£) > ug(f) and uq(ty) = us(tr),
using Lemma (2.3.9), it follows that there is a ¢y and o* > 0 such that

ul(to — Oé*) = U2<t0), ul(to — Oé*) = ’le(to), Ul(t — Oé*> < UQ(t), te (—OO,t(]).
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Let @ (t) = uy(t — a*) and 01(t) = vy (t — a*), then

uy(—o0) =ug, i=1,2,

Sz
|
2
|
g
n
8
|
Q
N
|

Hence (u4(t),71(t)) is also a traveling wave solution connecting (£;,0) and

(u®, 0). Moreover
1 (t) = ur(t — a*) < wua(t), t e (—o0,tp)
and
iy (to) = wi(to — @) = ua(to), tr(to) = ta(to),

that is, @1 (t) < ua(t) for t € (—o0,to) and @y (to) = us(ty), Uy (to) = wa(to).
This leads to a contradiction of the Lemma (2.3.10). Hence 7 = ¢;. This
implies that wu(t) < wug(t) for all t < ¢, and @y (t1) > wa(ty). From the
above discussion, it follows that 7 is unique. The uniqueness of 7 implies
that ui(t) # wus(t) for all ¢ > t;. Hence ui(t) < us(t), t € (—o0,t;) and
Uy (t1) > to(ty), implies that wuy(t) > ua(t) for all £ > ;.

Next, assume that vy(t) > wve(t) for all ¢ € [t1,00). Integrating the first
equation of the system (2.1.5) from ¢; to oo and with the use of Part (2), it
follows that

plin(o0) (1) = ~Clun(oc) —m(t))+ [ fun(s)a(s)s
—pul(tl) = C[UQ( ) — U9 tl / f U1 Ul( )dS
> —Clug(00) — us(ty)] / f(ua(s))va(s)ds

= —ply(ty),
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which implies that @, (¢;) < @(t1). This leads to a contradiction of Part (1).
Hence there must be a ty > ¢; such that vy (t3) < va(ta). O

Theorem 2.3.12. [17] Let u® > ux and C' > 0 be given with

C > VA[f(u®) — K].

Then there is a unique ug < ug such that the system (2.1.5) has a positive

traveling wave solution connecting (ug,0) and (u°,0).

Proof. Case I. Let C' > /4[f(u°) — K].

Suppose there are two traveling waves (u;(t), v;(t)) connecting (&;,0) and

(u®,0), 71 =1,2, with 0 < & < & < ug. Since
ui(—o0) = & < ug < u’ = uy(00), i =1,2.

In view of the Corollary (2.1.3), with out loss of generality suppose that
u1(0) = wuz(0) = ug. By Proposition (2.3.11), 471(0) > 42(0). Hence, it
follows that wy(a) > wug(a) for all small a > 0. The inequality u;(—o0) =
&1 < & = ug(—o0) implies that for each small a > 0, there is a t, such that
u(ty — a) = us(t,). By Part (2) the of preposition (2.3.11), it follows that

ur(t — a) < ug(t) for t € (—o0,t,) and uy(t — a) > us(t) for t € (4, 00).
Let
2 = {a € R : there is at, such that ui(t, — a) = ua(t,)},

then  is nonempty. If a € Q, then there exists a t, such that u;(t, — a) =

us(t,). Since uq(t) is monotone increasing, hence,

’

ul(ta - a/) > ul(ta - a) = u?(ta)> a <a.
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Thus there is a ¢ such that u (¢, —a’) = us(t,), which implies that a" € €.
That is, (—o0,a] C Q whenever a € Q. Hence € is an interval. Let a;,ay € j

with a; < ay. Then

Uy (te, —a1) = uz(ts,)

Uy (ta, — a2) = us(ta,). (2.3.25)
From Part (2) of the Proposition (2.3.11), it follows that
ur(t —ay) < wus(t), t < ty.
The monotone increasing nature of u;(t) implies that
ur(t —ag) <ug(t —ar) <wus(t), t <tg.

It is claimed that t,, > t,,, for if t,, < t,,, then uy(te, — a2) < ua(ts,),
a contradiction to the equation (2.3.25). Hence, t,, > t,,, that is, ¢, is

monotone increasing for a € ). Further, suppose that
a* = sup{a:a€Q}.

Since t, is monotone increasing for a € €2, hence, lim, ..« t, = t,+ is well
defined. It is claimed that t,~ = oco. If t,«+ < oo, then, from the equality

ui(ty —a) = us(t,) as a — a*, it follows that
Ul(ta* — CL*) = ’U,Q(ta*) > 52 > 51.

Since uy(—00) = & > & = uy(—00). It therefore follows that ¢+ — a* > —o0
or a* < oo. Thus both t,~ — a* and t,« are real numbers. Hence, by Part
(1) of Proposition (2.3.11), it follows that @ (te« — a*) > ta(te+). From this
inequality it is easily concluded that for each small € > 0, there is a ;.
such that u; (tg«c — (@* 4 €)) = ua(tas+c), which contradicts the definition of

*

a*. Hence t,+ = 0o. Let a* < oo, since t, — oo as a — a*, for each t € R
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there is an a < a* such that ¢t < t,. Thus u(t — a*) < w1 (t — a) < uy(t)
for t < t,. Let (u1(t),01(t)) = (ui(t — a*),v1(t — a*)). Then (u;(t),0:(t)) is a

traveling wave solution that connects the same points as (uq,v1) does and
Uy (t) < ua(t). (2.3.26)
Using the equation (2.3.9), it follows that
oy (t) = MM, + Hy(t)),

where M, is the number associated with @, in the equation (2.3.9) and

Hi(t) — 0 as t — oo and
’Ug(t) = GAlt[Mg + HQ(t)],

where M, is the number associated with vy in the equation (2.3.9) and
Hy(t) — 0 as t — oo. From (2.3.26), u1(t) < uy(t) and Proposition (2.3.7),
it follows that M; > M. Thus there exists a small number § > 0 and suffi-
ciently large T such that for any € € [0,4] and ¢ > T,

GAIEMl + 6>\1€H1(t -+ E) > M2 + HQ(t), (2327)
which implies that, for any € € [0,6] and all ¢ > T', with the use of (2.3.27)

Byt +e€) = MMM+ Hi(t + €)]
= e)‘lt[e)‘leMl + eMH (t + €)]
> MMy 4 Hy(t)] = va(t). (2.3.28)

Since t, — t,» = 00 as a — a*, hence there exists an € € (0, d] such that
tor—e > T. By definition

U (tar—c+€) =ui(te—c te—a*) = up(te—e — (a* —€)) = ua(te—c) (2.3.29)

Since (@ (t 4 €),01(t + €)) is also a traveling wave solution connecting (i, 0)
and (u°,0), in the view of (2.3.29) and Part (3) of Proposition (2.3.11) there
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exists at least a t > to-_. > T such that & (t' + €) < ’Ug(t/). This leads to a

contradiction of the equation (2.3.28). Hence a* £ oo.

If a* = co. Then since t, — 00 as a — a* = oco. Clearly

lim wy(t, —a) = lim us(t,) = uz(00) = u’ = uy(00).

a—00 a—0o0

The monotone increasing property of u(t) in the view of the above equality
implies that, t, —a — 00 as a — oo. Now by (2.3.9) v1(t) and vq(t) are
expressed as

vi(t) = MM, + Hy(t)),

with H;(t) — 0 ast — oo, and M; > 0 for i = 1, 2. Since \; < 0, a sufficiently

large number n* > 0 is chosen, such that

=" \f
¢ ! > 2M,.

Since H;(t) — 0 as t — oo, there is a sufficiently large ¢* such that for all
t >t

M
(1) < 5L [Hae)] < Mo,

Hence for a > n* and all t > a + t* we have

vi(t —a) =eMe MM, + Hy(t — a)]

= M e MM, + e MUH (t — a)]

—-A1a
e My
> e)\lt

Z €A1t[M2 + Hg(t)] = Ug(t). (2330)

> 6)\1t2M2

Since t, — a — o0 as a — 00, there is a a > n* such that t; —a > t*, that is
tg > t*+a,. Let 4y(t) = ui(t —a) and 01(t) = v1(t — a), then

i (ta) = wi(t — a) > us(ta), t > ta. (2.3.31)
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Since t; — a > t*, implies that t; > a + t*. So in the view of (2.3.30)
171(t) > 'Ul(t — C_Z> > ”Ug(t), t > tg. (2332)

Equation (2.3.31) and equation (2.3.32) contradicts Part (3) of the Propo-
sition (2.3.11). Hence a* # oo. That is for each given u° > ux and C > 0
with

C = VA[f(u°) - K],
there exists a unique uy < ug such that the system (2.1.5) has a positive

traveling wave solution connecting (ug,0) and (u°,0).

Case II. When C = /4[f(u%) — K].

In this case the theorem can be proved in the same fashion by using the

equation (2.3.20) instead of equation (2.3.9). O



3. APPROXIMATION OF TRAVELING WAVE
SOLUTIONS

3.1 Introduction

In this chapter, we study traveling wave solutions of the system of reaction-

diffusion equations of the type

0S 028 0S
E—P@—ea—ﬂs)P’
op_#P_op
ot Ox2 ox

The system (3.1.1) has many useful applications. It is used as a mathematical

(3.1.1)
+[f(S) — K|P.

model to study some problems in Biology. For example, the system (3.1.1)
has been studied in references [3, 4] as a Mathematical model for a single
population microbial growth for a limiting nutrient in a flow reactor, where
6 (> 0) represents the flow velocity, S(z,t) and P(z,t) are respectively the
concentrations of nutrient and the microbial population density in the reactor
at position x and time ¢, p > 0 is the diffusion coefficient, K > 0 is the cell
death rate and f is the nutrient uptake function (or birth rate) of bacteria
cells and is assumed to be increasing. If f(S) = S and 6 = 0, the system
(3.1.1) describes a simple diffusive epidemic model, in which S(z,t) and
P(z,t) represent the densities of susceptible and infective population [5, 6].

For a long flow reactor the boundary conditions are
S(—o00) = S5%  S(00) =Sy,

P(—00) =0, P(co) =0, (312)
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where SY (> Sy) is the amount of nutrient that enters at one end (inflow) of
the reactor with constant velocity 6, Sy is the amount of un-utilized nutrients
that exit at the other end (outflow) of the reactor and the constant K is such
that f(S°) > K > f(Sp). Introducing the new variable z = z — ct, c € R
and using

(S(x,t), P(x,t)) = (U(x — ct), V(x — ct)),

into (3.1.1) and (3.1.2), we have the following coupled system of boundary
value problems

CU = pU - f(U)V,

CV =V +I[fU)- K]V

(3.1.3)
U(—o0) = S°, U(oo) = Sy,
V(—o00) =0, V(o0) =0,
where C'= —c+6 and (.) denote differentiation with respect to z. Solutions

of the system (3.1.3) are the corresponding traveling waves of the reaction
diffusion system (3.1.1),(3.1.2). The existence of a traveling wave reflects the
important phenomenon of wave propagation and has been studied extensively
by many authors, see for example, [5, 6, 9, 17, 18] etc.

This chapter deals with the analytical approximate solutions to the sys-
tem (3.1.3). We present the Adomian decomposition method [10, 19] and
numerical simulations are also presented to illustrate and confirm the theoret-
ical results. We also present the homotopy perturbation method [14, 15] and
the generalized approximation method, see reference [23] to study approxi-
mation of solutions. We also present the upper and lower solution method

[20] for the system (3.1.1) to establish new existence results.
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3.2 Adomian’s decomposition method [10]

Since V' (z) is nonnegative for z € R, it follows from the boundary conditions
that there exist 21, 29 € R with 2o > 2; such that V(z;) = V(z) = £ for
some £ > 0. The monotone decreasing property of U implies that there exist
some «, # with a > (3 such that U(z;) = «, U(z2) = 3. Hence, we consider
the following system of boundary value problems on a finite domain

CU = pU — f(U)V,

CV =V + [f(U) = K]V, z € [z, 23],

U(z1) = o, Ul(z2) = 5,

Vi(z1) = ¢, V(z) =&

(3.2.1)

Define the operator L., by L., = %. The system (3.2.1) can be written

as
C 1
LzzU - ;LZU + I;f(U>v7 KAS [Z17 22]7
Lzzv = CLZV + [K - f(U)]V7 Z € [217 ZQ]' (322>

The inverse operator L !(.) is defined by

LM :/ /Z:/(.)dz/ dz.

Applying the inverse operator to both the sides of the system (3.2.2), we

obtain
1
Lz_zlLZZU = ng_zleU + _Lz_zl (U)‘/v
p P (3.2.3)
LJL..V=CL LV + LK - f(U)V,
which imply that
/ c. 1.
U(z)=U(z1)+ (z—=21)U (20) + —=L_ L, U+ -L_ f(U)V,
p p (3.2.4)

V(z) =V(z) + (2 — 2)V () + CLZIL.V + L7 K — f(U)]V.
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Using the boundary conditions, we obtain
/ C 1
Uz) = a+(z—2)U (2) + L LU + ZLf(U)V,
p C (3.2.5)

V(2) =&+ (22— 2)V (2) + CLIIL.V + L7HEK — f(U)}V.
At z = 29, we have
_ _ ’ Q -1 l -1
B=a+ (22— 2)U (2) + [p LIL.U + CL% FOUWV]aess, 526
0= (22— 21)V (22) + [CL L.V + LK — f(U)}V].—,.

Solving the system (3.2.6) for U'(z3) and V' (2,), we obtain

, — 1 C 1
V() = = Cronu s o,
N p (3.2.7)

V' (22) = ———[CLIALY + LMK — f(U)}V]oes

Zo — 21
Substituting (3.2.7) into (3.2.4), we obtain
0 —« 1 c. R
Ul(z) = a+(z—2 — —L. LU+ —-L_ f(U)V],=,
©) = atl-mli=s - [ LL UV ]ma
C

1
+_L;z1LZU + _L;zl (U)‘/?
p p

V() = €= (= a)l o= [CLILY + LMK — [(U)}V].=)
+CLL.V + L_'[K — f(U)]V.
(3.2.8)

For simplicity, let us denote Z=- by q(z), then

zZ2—Zz

Uz) = atq)(B—a)- q<z>[%L;;LZU i %L;; U)WV,

C 1
+—L_ LU+ =L f(U)V,
p p

V(z) = £—q2)[CLIL.V + LK — f(U)}V].—s,
+CL'L.V + LK — f(U)V.
(3.2.9)
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According to the Adomian decomposition method, the solution (U(z), V(2))

can be written as infinite series of the form

=3 U(2). V() = Y Val2)

and the nonlinear function f(U) as

= i Ana
n=0

where A, are the so-called Adomian’s polynomials and can be computed
using the formula

A, = l[Cmf( (A ))hzo, n=0,1,23.. (3.2.10)

The system (3.2.9) takes the form

STUM:) = a+a(2)(@-a) - () [%L;;Lz IAC
+%ngi,4nivn(z)]z:zﬁ —L]'L. ZU

+OLZ iAniVn(z), (3.2.11)

iVn(z) = ¢—q(»)[CL]L, ZV )+ LMK — ZA ZV

+CLIML, ZV )+ L 1KZV

—L 1ZA Zv (3.2.12)

The components U, (z), V,(z) for n > 0 are given by

Uo(2) = a+q(2)(8 — ),
Vo(2) =&,
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C 1 C 1
Ui(z) = —Q(Z){;Lz_zleUo + ;Lz_zlAO‘/O}ZZZQ + EL,Z;LZUO + ;LZAOVO

Vi(z) = q(2)[L}AcVo — KL Vo — OLL.Vy)o., + CL L.V
+KL;21% - L;21A0%7

C 1 C
Us(z) = —Q(Z){;LZzleUl + ;LQZI(A()Vl + AiVo) by + ;Lz_zlLZUl

1
—|—;L;Z1(A0V1 + A1),
Va(z) = q(2)[L7 (A2 + Vo) = KL Vi = CLZL.Vi].—s,
+OL LV + KLV — L (Ao + AVp),
and so on,

C 1
Un+1 (Z) = —Q(Z){;L;;LZUVL + ;ngl (An% + An,1% + ... + onn)}Z:Z2

C 1
-i#;@m+;@ﬂ@%+AWWH— ..... + AVy),

Vii1(2) =q) LAV + A Vit .+ AV, — KLV, — CLML.V,).—.,
+CL LV, + KLV, — L7HA VY + Ay Vi 4 o+ AgVy).

Define
Wn(2) = B Uil2), Pul2) = B Vi(z), n > 1,
then the solution of the system (3.2.1) is given by

(U(2),V(2)) = (lim ¥,(2), lim ®,(2)).

n—oo n—oo

Example 3.2.1. (Diffusive epidemic model [5]): As an illustration, choose
f(U)="U and 2z, =0, 29 = 1, then the system (3.2.1) takes the form
CU = pU - UV,
CV =V +[U-K]V, ze€0,1],
U(0) =a, UQ1) =7,
V(0)=¢, V(1) =¢.

(3.2.13)
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The Adomian’s polynomials are
AQ = Uo, Al = Ul, AQ = UQ, (3214)

The components Uy(2), Vo(2), Ur(2), Vi(2), Us(z), Va(2), ... of solution of the
system (3.2.13) are:

W) = &
i) = LApoe-9)+ (- 2a-0+29d
Vi(z) = M[(Q—z)a+(1+z)ﬁ—3[(],

6

1
Ua(2) = 3502

+€[(=5 — 5z + 1522 — 102° + 22Y)a?p + a{(8 + 82 — 1222 + 32°)¢
+{3K (3432 =72 +32%) + (=7 — 7z + 32> + 82° — 42") 8} p}

+ B{(T+ 72 — 322 = 32%)6 + {K(6 4 62 + 622 — 92%)

+ (=3 =32 — 322 + 22° + 2218} p} ],

[2(z — 1)[30C%(22 — 1)(a — B) + 30C¢(—2za + 2% (a — B) + f]

1
360p

4 (=5 — 5z 4 152% — 102° + 22" a?p + 13K Bp + 13K 28p + 3K 2*Bp
—12K2°Bp — 33%p — 323%p — 3223%p + 22°B%p + 22 3% p 4+ a{(8 + 82
— 1222 +32°)E + {K (17 + 172 — 332% + 122°) + (=7 — Tz + 32* + 82°
—422)B}p} + 15C{2K (=1 +22)p+ B{1 + 2+ p—2zp— 2*(1+ p)}
+af{-1+p+22(1+p) — 2(1 +3p)}}]].

Vo(2) = ———[(—1+ 2)2€[TBE + T2 — 32° 3¢ — 15K%p — 15K%2p + 15K%2%p

Hence the three term solution of the system (3.2.13) is
U(z) = Uo(z) + Ui(z) + Us(2),

V(z) = Vo(2) + Vi(z) + Va(2).
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3.3 Graphs of solutions

For the existence of a traveling wave solution, we must have a unique positive
number Uk such that f(Ux) = K, f(a) > K and f(f) < K. Also p >
0, K > 0, C > 0 are arbitrary constants. Hence, select K = 1, C' = 2, we
must have Ux = 1, S° > 1 > S;. Choose S° = 2, Sy = 0.5, i.e U(0) = 2,
U(l) = 0.5 and V(0) = 2 = V(1). Result obtained for different values of
p=20.3,04, 0.5, 0.6, 0.7, 0.8, 0.9, 1 are shown graphically, see appendix.

3.4 The homotopy perturbation method [14, 15]

Writing the system of equations

i = So+ Lo,
pp
V =CV+[K— fU)V, (3.4.1)
as
7S - Ly =o
PP
V —CV+[f(U)- K]V =0. (3.4.2)

Construct the following homotopy for system (3.4.2)
. c. 1
U=pu=U+-fU)V],
. p . p
V =ulCV + (K — f(U))V], (3.4.3)

where the parameter u € [0, 1]. For p = 0, the system (3.4.3) reduces to the

following simpler system
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whose solution is

UQZAZ+B,
Vo=Cz+ D.

For = 1, the system (3.4.3) reduces to the original system (3.4.2).

Using homotopy perturbation method, we write

U:UU+MU1+M2U2+,U3U3+ ........
V=Vo+ uVi+ 12 Vo + 12 Vs + (3.4.4)

and letting yu — 1, we obtain the approximate solution of the system (3.4.2),
that is,

U:U0+U1—|—U2+U3—|— ........
V=Vo+Vi+Va+Vs+ . (3.4.5)

Substitute (3.4.4) into (3.4.3) and expanding f(U) by Taylor’s series, we

obtain
y . - C . . -
U0+MU1+MU2+ ..... —/L[;(U0+MU1+MU2+ ..... )]

, (U,
—%U@%%+f@mgdh+u%5+ ..... )+féfﬂuma+u%&+ ..... )i
Vo +uVi + 12V +...] =0,

(3.4.6)
Vo+ Vi 4+ 12Va + oo — 1 [C (Vo + Vi + p2Va + ...
/ (U,
+1f(Uo) + £ (Uo) (U + p2Us + ... )+I4—Q0dh+u%&+ ..... ) S — K]

Vo + uVi + Vo +....] = 0. (3.4.7)
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Collecting terms of the same powers of p, we obtain

UO =Y,

Vo =0, (3.4.8)

. 1 C .

Uy — = f(Uy)Vo — =Uy = 0,

.. p p .

Vi+ f(U)Vo — KV — CVy =0, (3.4.9)

. 1 C . 1 .,

Uy — = f(U)Vi — —Uy — ~f (Up)VoU, = 0,

L r P p

Vo + f(Ug)Vi — KVi — CVi + VUL f (Uy) = 0, (3.4.10)

. 1 C .. 1 / 1 /

Us — ~f(Ug)Va — —Us — =ViUL f (Up) — =VoUsf (Up) = 0,

L r P p P

Vs — f(Up)\Va — KVy — CVa + ViU f (Up) + VoUs f (Up) = 0,
(3.4.11)

Solving (3.4.8), we obtain

Uy = c1 + c27,

Vo =mn1 4+ noz. (3.4.12)

Using boundary conditions

we obtain

Uo(21) = a, Up(22),= B
Vo(z1) = &, Vo(ze) =&,
213 — 2« a—0

aO=—"—"—", C= ) 771257 7]2:0
21 — 22 21 — 29
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If the first order approximate solution is required, that is, U = Uy + U; and
V =V, + Vi, then we have

U =U-UyandV; =V — V.

Hence,
Ui(z1) =U(z1) = Up(z1) =a—a =0,

Vi(z1) = V(a1) = Wo(z1) =€ =€ =0.

Similarly,
Ui(z2) = 0and Vi(2z9) = 0.

Thus, U; and V; satisfy the homogenous boundary conditions, that is,

U1(21> = O, Ul(ZQ) =0
Vi(z1) =0, Vi(2) = 0. (3.4.13)

Next, we solve the system (3.4.9) subject to the boundary conditions (3.4.13),
to obtain the first order approximate solution U = Uy + U; and V =V, + V)

of the system (3.4.2). For the second order approximate solution, i.e
U=Uy+ U +U,,
V=W+WV+1V,

we solve the system (3.4.10) subject to the boundary conditions

UQ(Zl) = 0, UQ(ZQ) = O, ‘/2(21) = 0, and %(Zg) =0. (3414)

Continuing in the same fashion, we can obtain the 3rd, 4th, etc order ap-

proximate solutions.



3. Approximation of traveling wave solutions 75

Example 3.4.1. Consider the following equation with f(U) =U

U—QU—EUV:O,
PP

V-CV+[U-K]V =0, (3.4.15)
with boundary conditions as

U(0) = o, U(1) =5,

V() =€ V(1) =€
According to the homotopy perturbation method putting

U:U0+MU1+M2U2+M3U3+ ........ ,
V=Vo+uVi+ p1®Vo+ pi*Va + o , (3.4.16)

and collecting terms of the same powers of y we obtain the following systems

of differential equation with boundary conditions as

Us(z) = 0, V(z) =0,

Up(0) = a, Up(1) =0, (a>p)

Vo(0) = 1, V(1) =1, (3.4.17)
Up(2) = 2Us(2)Vi(2) + 4Uy(2),

Vi(z) = —Uo(2)Vo(2) +2Vo(2) + 2V (2),

U1(0) = 0, Uy(1) =0, V3(0)=0, Vi(1) =0, (3.4.18)
Us(2) = 2Up(2)Vi(2) +4U1(2) + 2V (2)Vi(2),

Va(z) = —Up(2)Va(2) +2Vi(2) + 2Vi(z) — Vo(2)Ui(2),

Ux(0) = 0, Us(1) =0, V5(0) =0, V(1) =0, (3.4.19)
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Solving these equations with the corresponding boundary conditions, we get

Va(2)

a—za+ 200,
£,
(1=2)28cla—0)+((z—2)a—(1+2)5)¢

6p ’
%(2 C 12K + (2 — 2)a— (1+ 2)B)E,

1
36002
+8)€ + {(=5 — 5z 4+ 1522 — 102° + 22%)a?p + a{(8 + 82 — 1222 + 32%)¢
H{BK(3+32 — 72" +32%) + (=7 — Tz + 32> + 82° — 42*) 8} p}
+8{(7+ 7z — 32* — 32°)6 + {K (6 + 62 + 62° — 92%)
+(=3 — 32 — 322 + 22° + 2218} p}}],

1

@[(_1 + 2)2E[TBE + T2p€ — 32°BE — 32°B¢ — 15K p + 15K zp

+(=5 — 5z + 152% — 102° 4 22" a’p + 13K Bp + 13K 26p

+32°K3p — 12K2°8p — 33%p — 32%p — 32°3%p + 22°3%p

4228320 + a{(8 + 82 — 1222 + 32°)6 + {K (17 4+ 172 — 332% 4 122°)
+(=7 =Tz + 322 +82° — 42" B}p} + 15C{2K (—1+ 22)p + B{1 + 2
+p—2p =221+ p)} +af{~1+p+2°(1+p) — 2(1+3p)}}]],

[(—1 + 2)2[30C%(—1 + 22)(a — B) + 30C (=22 + 2%)(a — B)

(3.4.20)

The second order approximate solution is obtained as

U(z) = Uy(2) + Ui(2) + Us(2),

V(2) = Vo(2) + Vi(2) + Va(2).
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3.5 Graphs of solutions

Select K = 1, C = 2, we must have Uy = 1, S > 1 > S;. Choose S° =
2,50 =0.5,1ie U(0) =2,U(1) =0.5 and V(0) =2 = V(1). For these values
the homotopy perturbation method correspond to the Adomian decomposi-
tion method. The graphs for various values p = 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1
are exactly the same as given in appendix.

3.6 The method of upper and lower solutions [20]

We write the system of equations

CU(z) = pU(z) — f(U)V, z€ |21, 2],
CV(2) =V (2) + [f(U) = K]V, z€ [z, 2], (3.6.1)

in more general form of the type

V(Z) — C’V(Z) =h(U,V), z € |z, 2], (3.6.2)

where

G(U.V) = %f(U)V, WUV = [K — fU)]V

The boundary conditions are

(3.6.3)
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We write the systems (3.6.2), (3.6.3) as an equivalent system of the integral

equations
1 ) £z Lz 2
U) = —ro—r(aleF™ — e8) + (65" — &%)
(c5 —e5)
22
—I—/ Ki(z,s)g(U,V)dt
21
22
V() = ¢+ [ Kalzs)h(U V)t (3.6.4)
21
where
er® —er2)(er® —er™), 2 < s
K1(Z,S): = 9:; — ( ) C )( ) c ) >
cer®(er™ —er™) | (er® —er™)(er” —er™), s < 2.
1 eCs — 22 (% — et , z S s
o (e = e) (e — %)

Cecs(eczz _ ecz1) (ecs _ eczl)(ecz _ 6022) s < 2.
Recall the definition of upper and lower solutions for a system.

Definition 3.6.1. A pair of functions (U, V) is called a lower solution of the

system (3.6.2), if it satisfies the following inequalities

(3.6.5)

—
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A pair of functions (U, V) is called an upper solution of the system (3.6.2),

if it satisfies the following inequalities
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Let us choose U, V., U, V € CY([z1, 23], R) such that U < U and V. < V.

Define the modification of g and h as follows:

\

g(U, V), itg(U,V) £ g(U,V)

gU, V) = g(U,V), if g(U, V) <g(U,V)<g(U,V)
(U, V), ifg(U,V) £ g(U,V),
(WU, V), if h(U,V) £ h(T,V)

WU, V)= h(U,V), it WU,V) < h(U,V) < hU,V)
(AUY), iU, V) £ RUV).

Clearly, the modified functions are § and h continuous and bounded.

Consider the following modified system of BVPs

Ul(z) — %U(z) =g(U,V), z€ [z, 2,

WU, V), z€ |z, 2], (3.6.7)

subject to the boundary conditions (3.6.3). Note that if the modified system
(3.6.7) has a solution (U, V') such that

(U, V) < (U,V) < (U,V), on [z, 2], (3.6.8)
then the solution (U, V) is a solution of the original system (3.6.2). On the

other hand, the system (3.6.7) can be equivalently written as

V) = oz (5 ) 4 e —ei™)

eﬁzl)

/ Ki(z,s) g(U V)dt z € |z, 2]

V(z) = 5—1—/ Ky(z,8) h(U,V)dt, =z € [z, z)]. (3.6.9)
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By a solution of the modified system (3.6.7), we mean a solution of the system
of integral equations (3.6.9). Since ¢ and h are continuous and bounded, by
Schauder’s fixed point theorem, the system of integral equation (3.6.9) has a

solution, which implies that the modified system (3.6.7) has a solution.

Theorem 3.6.2. Every solution (U, V') of the modified system (3.6.7) satis-
fies (3.6.8) and hence is a solution of the original system (3.6.2).

Proof. From the boundary condition (3.6.3) and the definition of lower and

upper solutions, we have

(U(21), V(1)) < (,6) = (U(z1),V(21)) < (U(21),V(21)),
(U(22),V(22)) < (8,€) = (U(22),V(22)) < (U(22),V(22)).

1<

Hence, the relation (3.6.8) hold for z = 2, 2».
Assume that (U, V) < (U, V) is not true on (21, 25).
Case I. U £ U on (21, 22).

Then either U £ Uand V > V on (21, 20) or U £ Uand V < V on (21, 22).
If U £ U and V >V on (21, 29). Then, there exists some z, € (21, 23) such

that the function U — U has a positive maximum at z,. Consequently,

Ulz) > Ulz), Ulz) = [;](zo), and U (zy) — lj(zo) <0.

However, using the definition of g and that of upper solution, we obtain

U(Z()) — U(Zo) = %U(Zo) + Q(U, V) — U(to)
—4(UV) = (O en) ~ S0 )
> g(U,V)—g(U,V) =0, (3.6.10)
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which is a contradiction to the choice U(zy) — (7(,20) <0. fU £ U and
V <V on (z1,22). Then there exists at least 2y € (21, 22) such that

V(zo) > V(z0), V(z)=V(z)andV(z) — V(z) < 0.

But,

(3.6.11)

which is again a contradiction. Hence U < U on [z, 2y].
Case IL. V £ V on (z1, 2).

Then either V£ Vand U > U or V £ V and U < U. We can prove in
the same fashion as above that both these possibilities lead to contradictions.
Hence V <V, on [z, 25]. That is (U, V) < (U, V) on |21, 29].

Now, we show that (U,V) < (U,V). Assume that (U, V) < (U, V) is not

true on (z1, z2). Again consider
Case. I. U £ U on (21, 22).

Then either U L Uand V. >V or U L U and V < V. If U £ U and
V. > V. Then, there exists at least yo € (21, 22) such that

Ulyo) > Ulyo), U(yo) = Ulyo), and U(yo) — U(yo) < 0.
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Using the definition of § and that of lower solution, we obtain
U(yo) = Ulyo) = Ulyo) — ;U(yo) —9(U,V)
. C .
= U(yo) — ;Q(yo) —g(U,V)
> g(U.V) - g(U,V) =0, (3.6.12)

which leads to a contradiction. If U £ U and V. < V| then by the same

arguments, as above there exists a point yo € (21, z2) such that the function

V — V has a positive maximum at yy. But

V() = Vg) =V

Case II. V. £V on (21, 22).

(3.6.13)

We can prove in the same fashion as above that this also leads to a
contradiction. Hence every solution (U,V) of (3.6.7) satisfies (3.6.8) and

hence is a solution of the system of equations (3.6.2).

3.7 Generalized approximation method

]

In this section, we show that there exists a bounded monotone sequence of

solutions of linear system that converges to a solution of the original system

(3.6.2).

Assume that the quadratic forms

2 2

0°g g

H(g)=(U-Y)?=Z 42U -Y)(V = Z)=-2= +(V = 2)?

ou? ouov

ov?’



3. Approximation of traveling wave solutions 83

, 0%h 9%h , 0%h
H(h)=(U-Y)? W+2(U Y)<V_Z)8U8V (V —2)? EYER

are non positive, that is, H(g) <0, H(h) < 0. Hence,

GUV) < gV, 2) + L2V, 2)U ) + LY. 2)(V - 7).

<9V, 2)+mU=Y)+ma(V—-2), U>Y,V>2Z,

(3.7.1)
where Lo ()
my = max PR V:UeUU),Vel,V)}
and
my — mam{%f(U) Ue D),V eV,
Similarly
oh h
WU, V) <hY,2) + 55, 2)U = Y) + 7Y, Z)(V - Z)
< WY, Z) +my(U = Y) +mu(V — Z), for U > Y,V > Z,
(3.7.2)
where
sy = maz —%v Ue(U,0),V eV, 7)),
my = max{[K — f(U)]: U € (U,U),V € (V,V)}.
Define

GU VY, Z) = gV, Z)+my(U=Y)+ma(V — 2),
HUVY,Z) = h(Y,Z)+m3(U-Y)+my(V —-2). (3.7.3)
From (3.7.1), (3.7.2) and (3.7.3), it follows that

UV)=GUV;UV),
MU V)< HUV:;Y,Z), forU>Y, V>2Z,
WU, V) = H(U,V:U,V).

gU V)< GU,V;Y,Z), forU>Y, V> Z,
(U,V)
Vv
(3.7.4)
v
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Consider the following system of linear BVPs,

{(z) - %U(,@ ~GUV,UY) = g(UV)+m(U~1U)

+mo(V =V), z € [21, 29],
V(z) = CV(2) = HU,V.U,V) = W(U,V)+my(U ~U)

+my(V =V), z € [21, 29, (3.7.5)
subject to the boundary conditions

Ulz) = o, Ulz) =0,
Via) =¢ Vi) =¢.
Using (3.7.4) and the definition of lower solution, we obtain
GW.V.U.Y) = g(U. V) < 0 = S0, for [a, 2],
H(U,V.U,V)=h(U,V) <V~ CV, for [21, 2],
(3.7.6)

which implies that(U, V) is a lower solution of the system (3.7.5).

Similarly, using (3.7.4) and the definition of upper solution, we obtain

_ _ o C;
G(Ua V7Q>K) 2 g(U7V) Z U - _U7 fOI' [21722]7

S

H(U,P,U,V) > h(U,V)>V =V, for [z, 2), (3.7.7)

which implies that (U, V) is upper solution of the system of (3.7.5). Hence
by Theorem (3.6.2) the system (3.7.5) has a solution (Uy, V}) such that

(U, V) < (U, V1) < (U,V), on [z, 2.

In view of (3.7.4) and the fact that (Uy, V}) is solution of the system (3.7.5),

we obtain

. C .
Ul(z) - ;Ul(z) = G(U17‘/17Q7K) 2 g(Ulv‘/l)v on [217Z2]a

Vi(z) — CVi(z) = H(Uy, Vi; U, V) > h(Uy, Vi), on [z1, 2], (3.7.8)



3. Approximation of traveling wave solutions 85

which implies that (Uy, V1) is lower solution of the system (3.6.2).

Now, consider the following linear system

C .
z) — EU(Z) =GU,V;U, V1), z € [21, 29,

2) = CV(z) = HU, VU, V1), z € [z, 2],
=, U(ZQ) = 67
z1) =&, V() ==¢ (3.7.9)

Using (3.7.8) and the fact that (U, V}) is a solution of (3.7.5), we obtain
¢
.. p

Vi(z) — CVi(z) > h(Uy, Vi) = H(Uy, Vi; U, Vi) 2 € [21, 2] (3.7.10)

UI(Z) Ul(z) > (U, Vi) = G(Uy, Vi; Ur, Vi) 2 € [, 22],

and

H(U,P;U, Vi) > h(U, V) >V —CV onlz, z).  (3.7.11)

which implies that (U;,V;) and (U, V) are lower and upper solutions of the
system (3.7.9). Hence by theorem (3.6.2), there exists a solution (Us, V2) of
the system (3.7.9) such that

(U1, V1) < (Us, Vo) < (U, V) on [z, 2o].

From (3.7.4) and the fact that (Us, V3) is a solution of (3.7.9), we obtain
¢
.. p .

Va(z) = CVa(2) = H(Uz, Va; Ui, Vi) > h(Us, Va).

U2(Z) U2(Z) :G(U%‘/Q)Ul)‘/l) Zg<U2>‘/2)7

(3.7.12)
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Hence, (Us,V3) is lower solution of the system (3.6.2). Continuing in the
same passion, we obtain a monotone sequence {(U,, V;,)} of solutions of linear

system such that
(Q7K) S (Uh‘/l) S (U27‘/2) S (U37‘/E’)) S ----------- S (U7 V) on [21)22]7

where (Uy,, V,,) is a solution of the system

. C .
U(z) — ;U =GWU,V;Up1, V1),

V—-CV=HUV:U,1,V,_1)

and is given by
1 c, c, cy Cy
Un(2) = ——=—(aler™ —er”) 4+ fler” —er™))
(65 —ei™)

+ / Kr(2,8) G(Un, Vi Un1, Vi1 ),
z1

Pu(z) = £+ / Kol 8) H(U, Va: Un 1, Vo )dt,  (3.7.13)
Z1
where
er® —er®)(er” —er™), 2 < s
P (65 — 5 — i)

1 (668—68Z2)(66Z—6021), ZSS

Ks(z,s)

cecs(eczg — ecz1) (ecs . Gczl)(ecz _ eczz) s < »
, < z.

The sequence of functions {(U,, V},)} is uniformly bounded and equi-continuous.
Hence by Arzela Ascoli theorem the sequence {(U,,V,,)} has a convergent
subsequence {(U,;, V;,)}, which converges to (U, V) € C'[z1, 23] x C|21, 22].
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Passing to the limit as n — oo (3.7.13) gives

Uz) = ———(a(ef™ — &%) + fe5" — e57))

(e5 — i)
T / K (2,) g(U, V)dt,

V(z) = €+ / " Ko(z,5) h(U, V)t (3.7.14)

which is a solution of the system (3.6.2).

Remark 3.7.1. The condition H(g) <0, H(h) < 0 does not generally hold
for every g and h. If for some problems, g, h produce H(g) > 0, H(h) > 0,
then one can select an auxiliary function ¢ (say) with H(¢) < 0 such that
H(g+ ¢) <0, H(h+ ¢) <0, see for example [23].

3.8 Conclusion

In this dissertation we address the existence and uniqueness of traveling
wave solutions of the system of reaction diffusion equations (1.1.1). We fur-
ther obtain some approximate traveling wave solutions. Using the method of
upper and lower solutions we establish results for the existence of solutions

on a finite interval. Moreover, we are able to eliminate the usual condition

C > /Alsup{f(u) : u € [ug, S°]} — K] imposed on traveling wave solutions
of the system (1.1.1) [9, 17].

We approximate traveling wave solutions on a finite interval by using
three different methods: Adomian’s decomposition method; the homotopy
perturbation method and the generalized approximation method. Neither
the upper and lower solutions method nor the three methods mentioned

above, were studied previously for the traveling wave solutions of the system
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(1.1.1). Graphs of solutions are also presented in the cases of the Adomian

decomposition method and the homotopy perturbation method.

There are many approximation techniques available for approximating
solutions of non-linear differential equations. Among these approximation
techniques the homotopy perturbation method and the Adomian decompo-
sition method have received much attention recently. In reference [21], the
author says that Adomian’s decomposition method and the homotopy per-
turbation method are theoretically equivalent in solving non-linear problems.
Further in reference [22] it is claimed that He’s homotopy perturbation corre-
sponds to Adomian’s decomposition method for certain classes of nonlinear
problems, namely problems involving exponential nonlinearities. The claim
is confirmed by Bratu’s type problems [22]. In this dissertation we use Ado-
mian’s decomposition method and the homotopy perturbation method for
approximating the solutions. Both the methods lead to the same second
order approximate solutions. In reference [23], R. A. Khan studied a one-
dimensional steady state heat transfer problem in a slab made of a material
with temperature dependent conductivity. He proved that the results ob-
tained by the generalized approximation method for the heat transfer prob-
lem are much more accurate and consistent than the results obtained by the
homotopy perturbation method. The solution obtained by the homotopy
perturbation method may not converge to the solution of the problem in
some cases. A deeper understanding of these three approximation methods
is required. It is expected that the generalized approximation method will
produce better results than Adomian’s decomposition method and the ho-

motopy perturbation method.
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In this appendix graphical results for the traveling wave solutions of the reaction-
diffusion system (1.1.1), obtained by Adomian’s decomposition method with the help

of Mathematica (5.2) are shown.
Wlz] =a+ (B-a) Z

a+z (-a+f)

Vo[z] =€+ (§-8) Z

S

Ui[z] =

z[€ (JZJZD[UO[Z] ,Z]1dzdz /. z- 1) .
\po ‘\Jo J1
1 (JZJZUO[Z] Vo[Zz] dzdZ /. Z- 1)\ .
p ‘\JoJ1 )
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Simplify [%]
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Simplify [%]
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Table[Ul[z],{z,0,1,0.1}]
{2,1.72687,1.49891,1.32203,1.19535,1.11097,1.05353,0.999832
,0.918273,0.768347,0.5%

Table[V1([z],{z,0,1,0.1}]
{2,2.04879,2.08627,2.11147,2.12392,2.12374,2.11182,2.08994,
2.06098,2.02911,2.}

Plot[Ul[z],{z,0,1}]

2
1.8 ¢
1.6 ¢
1.4+

1.2}

0.2 0.4 0.6 : 1
0.8+
0.6 ¢

-Graphics=-
Plot[V1lI[z]l,{z,0,1}]
2.12

2.1
2.08
2.06
2.04

2.02

0.2 0.4 0.6 0.8 1

-Graphics-
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Plot [{Ul[z],V1I[z]},{z,0,1}]

1.75

1.5

1.25

0.2 0.4 0.6 : 1
0.75

0.5

-Graphics-
p=0.4

0.4

U2[Z 1 = Up[2] + U1[Z] + Uz[Z]
2_2.9062572-3.75 (-2+2) Z+
0.833333Z (0.5 (-3+7%) -2 (3-32z+7%)) +0.0347222 7
(70.8-78.2°+43.52°:0.2%-1.82°-45. (2+ (-2+2) Z9) -
0.520833Z% (6. (-3+22) +2 (2 (-2+2)%2-0.5 (-2+Z9)))
V2[z ] = WI[Zz] + V1[Z] + V2[Z]
2_0.21257+ (-2+2) Z+ (13 22 (-6+2(-2+2)%+42-0.5 (-2+7%)) -

1
37 (0.5 (-3+2%) -2 (3-3z+2%)) - 0.0138889 7

(70.8-78.7°+43.52°:0.2*-1.82°-45_ (2+ (-2+2) Z9)) +

= 7 (-37.5+15(2+ (-2+2) Z°) +
180
7% (2 (20+3 (-5+2) z) +0.5 (10-32%)))

Table [U2[z],{z,0,1,0.1}]
{2,1.7813,1.59283,1.43625,1.30924,1.2054,1.11408,1.02019,
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0.903949,0.740582,0.5}

Table([V2([z],{z,0,1,0.1}]
{2,2.04602,2.08081,2.1036,2.11416,2.11289,2.10091,2.08016,
2.05355,2.02507,2.}

Plot [U2 [Z] I{zloll}]

2
18
16
14
1.2}

0.2 0.4 0.6 > 1
0.8
0.6 |

-Graphics-

Plot[v2I[z],{z,0,1}]

2.1
2.08
2.06
2.04

2.02

0.2 0.4 0.6 0.8 1

-Graphics-
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Plot [{U2[z],V2[z]},{z,0,1}]

1.75
1.5

1.25

0.2 0.4 0.6 : 1
0.75

0.5

-Graphics-
p=0.5

0.5

U3[z_] = Wp[Z] + U1[Z] + W[ Z]
2_2.501677-3. (-2+2) Z+

0.6666672z (0.5 (-3+2%) -2 (3-32+7%)) +

0.02222227 (69.75-75. 72+ 39.3752° +

2.257%_2.057°_45. 2+ (-2+2)Z%)) -

0.3333332°% (6. (-3+22) +2 (2 (-2+2)%2-0.5 (-2+2Z%))
V3[z_] = Vo[2z] + V1[Z] + V2[Z]
2_0.1875z+ (-2+2) Z+ (15 722 (-64+2(-2+2)%°+42-0.5(-2+2%)) -

;z<0.5(—3+22) 22(3-3z+2%)) -

0.0111111z (69.75- 75. z°+ 39.3752° + 2.25 2 -

1 z (-37.5+
180

15 (2+ (-2+2) 2°) +Z° (2 (20+3 (-5+2) 2) + 0.5 (10-3Z%)))

2.057° 45. 2+ (-2+2) 2 +

Table [U3[z],{z,0,1,0.1}]
{2,1.80639,1.63521,1.48647,1.35751,1.24297,1.13476,1.02191,



104

0.890477,0.72334,0.5}

Table[V3[z],{z,0,1,0.1}]
{2,2.04436,2.07753,2.09887,2.1083,2.10638,2.09437,2.0743,
2.04909,2.02264,2.}

Plot[U3[z],{z,0,1}]

2
1.8
1.6+
1.4+

1.2}

0.2 0.4 0.6 8 1
0.8 +
0.6 ¢

-Graphics-
Plot[V3[zl,{z,0,1}]

2.1
2.08
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2.02
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-Graphics=-
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Plot [{U3[z],V3[z]1},{z,0,1}]

1.75
1.5

1.25

0.2 0.4 0.6 > 1
0.75

0.5
-Graphics-
p=0.6

0.6

U4[z ] = Up[z] + U1[Z] + Uz[2]
2.2.39127-2.5(-2+2) Z+
0.555556z (0.5 (-3+2%) -2 (3-32z+27°)) +0.0154321 7
(68.7-72.2°+35.2523,4.52* - 2.72°-45. 2+ (-2+2)Z))) -
0.2314817% (6. (-3+22) +2 (2 (-2+2)%2-0.5 (-2+7Z9)))

VA[z_ ] = Vo[z] + V1[2] + V2[Z]
2_0.170833z+ (-2+2) Z + é 722 (2642 (-2+2)%+42-0.5(-2+2%)) -

1
372 (0.5 (-3+2%) -2 (3-32z+27%)) - 0.00925926 z

(68.7-72.72°+35.2523 452 _2.72°_45. 2+ (-2+2) D)) +

= 7(-37.5+15(2+ (-2+2) Z°) +

180
7% (2 (20+3 (-5+2) z) +0.5 (10-32%)))

Table [U4[z],{z,0,1,0.1}]

{2,1.81996,1.65765,1.51232,1.38132,1.26005,1.14201,1.01868,

0.879463,0.711602,0.5}
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Table[V4([z],{z,0,1,0.1}]
{2,2.04325,2.07535,2.09573,2.1044,2.10204,2.09,2.07039,
2.04611,2.02103,2.}

Plot[U4 [z] I{zloll}]
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1.2}
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0.8 |
0.6 |

-Graphics-

Plot[V4([z],{z,0,1}]
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-Graphics=-
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Plot [{U4[z],V4[z]},{z,0,1}]

1.75

1.5

1.25

0.2 0.4 0.6 8 1
0.75

0.5

-Graphics-

p=0.7
0.7

US[Z_] = Up[2Z] + U1[2Z] + Up[2Z]
2_2.252557-2.14286 (-2+2) Z+
0.47619z (0.5 (-3+2%) -2 (3-32z+2%)) +
0.0113379z (67.65-69. 72+ 31.1257° +
6.752%-3.152°-45. 2+ (-2+2) 29 -
0.170068Z% (6. (-3+22) +2 (2 (-2+2)%-0.5 (-2+Z9)))
V5[z ] = Vo[z] + V1[Z] + V2[Z]
2-0.158929z+ (-2+2) z+

ézz(—6+2 (-2+2)%2+472-0.5(-2+2%) -
;z (0.5 (-3+7%)-2(3-32+2%)) -

0.00793651 z (67.65- 69. z°+ 31.1252% 1 6.75 7" -
z (-37.5+

3.152°-45. (2+ (-2+2) Z9)) +
180

15 (2+ (-2+2) z%) + 22 (2(20+3 (-5+2) z) + 0.5 (10- 3Z%)))
Table [U5([z],{z,0,1,0.1}]
{2,1.82811,1.67082,1.52705,1.39423,1.26836,1.144,1.01422,
0.8706,0.7031,0.5}
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Table[V5([z],{z,0,1,0.1}]
{2,2.04246,2.07379,2.09348,2.10161,2.09894,2.08689,2.0676,
2.04399,2.01987,2.}

Plot[U5[z],{z,0,1}]
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-Graphics-
Plot[V5I[z],{z,0,1}]
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-Graphics=-
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Plot [{US[z],V5[z]1},{z,0,1}]
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-Graphics-
p=0.8
0.8
Ub[z_] = Wp[Z] + U1[Z] + W[ Z]
2_2.151047-1.875 (-2+2) z+
0.416667 2z (0.5 (-3+ 2% -2 (3-3z+7%)) +0.00868056 z
(66.6-66.2°+27.2°+9.77-3.62°-45_ (2+ (-2+2) 29 -
0.1302087Z% (6. (-3+22) +2 (2 (-2+2)%2-0.5 (-2+Z9)))
V6[Zz ] = Wo[Z] + V1[Z] + V2[Z]

1
2.0.15z+ (-2+2) z+ 622 (-6+2(-2+2)%+42-0.5(-2+2%)) -

1
372 (0.5 (-3+7%) -2 (3-32z+2%)) - 0.00694444 z
(66.6-66.7°+27.2°+9.2%-3.62°-45_. (2+ (-2+2)Z9)) +

= 7(-37.5+15(2+ (-2+2) Z°) +
180

72 (2 (20+3 (-5+2) z) +0.5 (10-32%)))
Table[U6[z],{z,0,1,0.1}]
{2,1.83338,1.67915,1.53605,1.40167,1.27246,1.14374,1.00971,
0.863408,0.696657,0.5}

Table[V6[z],{z,0,1,0.1}]
{2,2.04186,2.07262,2.09179,2.09952,2.09661,2.08455,2.0655,
2.0424,2.01901,2.}
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Plot [U6[z],{z,0,1}]
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-Graphics-
Plot[V6I[z],{z,0,1}]
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-Graphics=-
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Plot[{U6[z],Vv6[z]l},{z,0,1}]
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-Graphics-

p=0.9
0.9

U71z_1 = Uo[z] + U1[2Z] + Uz[2]
2_2.073567 - 1.66667 (-2+2) Z +
0.37037z (0.5 (-3+2%) -2 (3-32z+2%)) +
0.00685871 z (65.55- 63. z°+ 22.875Z° «
11.257% - 4.052°-45. 2+ (-2+2) Z%)) -
0.1028817% (6. (-3+22) +2 (2 (-2+2)%-0.5 (-2+Z9)))
V71Z_] = Vo[z] + V1[Z] + V2[Z]

1
2-0.1430562 + (-2+2) Z+ 722 (-64+2(-2+2)%°+42-0.5(-2+2%)) -

;z (0.5 (-3+7%)-2(3-32+2%) -

0.00617284 7 (65.55-63. 2%+ 22.8752° + 11.25 7% _
4.052° - 45. 2+ (-2 + 2) 22>> + 10 z (-37.5+

15 (2+ (-2+2) Z%) +Z° (2 (20+ 3 (-5+2) z) + 0.5 (10-37Z%)))
Table [U7[z],{z,0,1,0.1}]
{2,1.83698,1.6847,1.54184,1.40613,1.27439,1.14251,1.00551,
0.857492,0.691608,0.5}

Table[V7([z],{z,0,1,0.1}]
{2,2.0414,2.07171,2.09048,2.09789,2.09481,2.08273,2.06387,
2.04116,2.01833,2.}
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Plot [U7[z],{z,0,1}]
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-Graphics-

Plot[V7I[z],{z,0,1}]
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Plot [{U7[z]1,V7I[z]},{z,0,1}]
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-Graphics-

p=1

1
UB[Z 1 = Up[2] + U1[Z] + U2([Z]
2-2.01252-1.5(-2+2) z+

1 1
= 7(0.5(-3+2%)-2(3-32+7%)) + z

3 180
(64.5-60.7°+18.752>+13.52°-4.52°_45. (2+ (-2+2) 29 -
1

1222(6. (-3+22)+2 (2 (-2+2)%2-0.5 (-2+Z%)))

VB[z 1 = Wo[z] + V1[2] + V2[Z]
2_0.13752z+ (-2+2) Z+ (13 22 (-6+2(-2+2)%+42-0.5 (-2+7%)) -

1z<0.5<-3+22> ~2(3-32+7%) - 1
3 180

(64.5-60.2°+18.752>+13.52* - 4.52°_45. (24 (-2+2) Z))) +

Z

T 7(-37.5+15(2+ (-2+2) Z%) +

180

7% (2 (20+3 (-5+2) z) + 0.5 (10-32%)))
Table [U8[z],{z,0,1,0.1}]

{2,1.83954,1.68856,1.54571,1.40887,1.27513,1.14087,1.00171,
0.852556,0.687544,0.5}
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Table[V8([z],{z,0,1,0.1}]
{2,2.04103,2.07099,2.08943,2.09659,2.09336,2.08128,2.06257,
2.04017,2.01779,2.}

Plot [U8 [Z] I{zloll}]
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-Graphics-

Plot[v8I[z],{z,0,1}]
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Plot[{U8[z],v8I[zl},{z,0,1}]
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-Graphics-
Plot [{Ul([z],U2([z],U3([z],U4([z],U5([z],U6([z],U7([z],U8([z]},{z,0
,1}1]
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-Graphics=-
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