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"1f we value independence, if we are disturbed by the
growing conformity of knowledge, of values, of attitudes,
which our present system induces, then we may wish to set

up conditions of learning which make for uniqueness, for

self-direction,and for self-initiated learning"” .

(Carl Rogers)
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Abstract

Tensors are of great importance in Mathematics, Physics and Engineering. They
provide a natural and concise mathematical framework for formulating and solving
problems in areas such as elasticity, fluid mechanics, and general relativity. In this
dissertation we discuss a general theory of finding independent linear invariants of a
Cartesian tensor of arbitrary rank under SO(4) . A linear form is defined in terms
of elements of a tensor. Group theoretic methods produce formulas which precisely
determine the number of linear invariants for an arbitrary tensor of rank r. Explicit

results are obtained for simple cases.
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Chapter 1

Introduction

1.1 Background

This dissertation entitled "Linear Invariants of a cartesian tensor under SO(4)" is a
blend of mathematical flavors. As its title indicates, the dissertation revolves around
three interconnected and particularly fertile themes, each arising in a wide variety of

mathematical disciplines.

The most basic of the themes to be discussed is the concept of tensors. It is very
important to note that physical laws are independent of any particular coordinate
system. Consequently, equations describing physical laws, when referred to a partic-
ular coordinate system, must transform in a definite manner under transformation
of coordinate systems. This leads to the concept of a tensor, that is, a quantity that

does not depend on the choice of coordinate system.

Tensors were first conceived by Bernhard Riemann and Elwin Bruno Christoffel.
Later they were developed by Tullio Levi-Civita and Gregorio Ricci-Curbastro, in

order to formulate the intrinsic differential geometry of a manifold in the form of
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the Riemann curvature tensor. Because they express a relationship between vectors,

tensors themselves are independent of a particular choice of coordinate system.

Tensors in the general sense relate to arbitrary coordinate transformations, as
required in general relativity, whereas Cartesian tensors relate to rotations between
orthogonal axes, as in elasticity and other branches of classical physics. This makes
tensor analysis an important tool in theoretical physics, continuum mechanics and

many other areas of science and engineering.

In many areas of physics, there are certain systems which are homogeneous on
a macroscopic scale. In dealing with the behaviour of such systems, it is necessary
to make use of isotropic tensors. Isotropic tensors are tensors whose components
referred to any Cartesian frame are invariant under rotation of the frame axes. Such
tensors play an important role in the theory of many physical processes which take

place in gases and liquids.

The concept of an invariant is useful in many areas of mathematics and physics
e.g. elasticity, relativity etc. By definition, an invariant is a quantity which is
unaffected by the change of variables. An invariant of a tensor is a scalar associated

with that tensor. It does not vary under co-ordinate changes.

In geometrical and physical applications, group theory is closely associated with
symmetry tranformations. In classical physics, the interest lies in the effect of sym-
metry transformations on the solutions to partial differential or integral equations of
"mathematical physics". These solutions usually form a linear vector space. With
the advent of quantum mechanics, this connection becomes more explicit, as linear
vector space is adopted as the formal mathemaical framework for the underlying
theory. The interest in group theory, therefore, centers on the realization of group
transformations as linear transformations on vector spaces of classical and quantum

physics.
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The symmetry groups that arise most often in the applications to geometry and
differential equations are Lie groups of transformations acting on a finite-dimensional
manifold. Often, an r-dimensional Lie group is referred to as an r parameter group,
the "group parameters" referring to a choice of local coordinates on the group mani-
fold. The simplest example of an r parameter Lie group is the abelian Lie group R".
The group operation is given by vector addition. The identity element is the zero

vector, and the inverse of a vector x is the vector —zx.

In elasticity, the elasticity tensor or the stiffness tensor c;;i; plays an important
role. By definition, a medium is said to be elastic if it returns to its initial state after

the external forces are removed. The generalized Hooke’s law is defined as

Oij = Cijki€kl,

where o;; is the stress tensor, € is the strain tensor and c;j; is the fourth rank

elasticity tensor which is the coefficient of linearity.

It is well known [1,2] that, under arbitrary orthogonal rotations of the coordinate

axes, the stiffness tensor c;;;; possesses only two linear invariants, namely

Ay = cyjj=cn+ca+tcss+2(c2+ a3+ c3),

Ay = cyjij = c11+ a2 + 33+ 2 (Caa + C55 + Cos) -

Here, the familiar Voigt’s two-index notation has been used. Index pairs ij used for
detailed notation are contracted to a single index / with summation range [ = 1....6.

This is done according to the following convention
11—-1,22—-2 33—3, 23 —4, 13—5, 12— 6.

Then the component c;; represents cq111, c12 represents ciioe and cs; denotes c¢i313

etc.
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In 1987, Ting [3] considered quadratic invariants of the stiffness tensor. He re-
ported two invariants of second order with respect to an arbitrary orthogonal trans-
formation and fifteen invariants when the transformation is confined to rotation
about a fixed axis. In 2002, F. Ahmad [4] extended the work done by Ting [3]. He
re-examined the invariants of the elasticity tensor. His analysis enlarged these num-
bers to four and seventeen, respectively. Further he demonstrated that the seven
quadratic invariants are independent but still it was an open question whether the
list of invariants is complete or not. In 2007, A. N. Norris [5] showed that the seven
invariants identified by Ahmad form a complete basis. He also proved that the corre-
sponding set under SO(2) consists of 35 quadratic invariants. In 2009, F. Ahmad and
M. A. Rashid [6] considered the problem of finding the number of independent linear
invariants of an arbitray tensor. This problem was related to the work of Ting [3],
Ahmad [4] and Norris [5]. They applied methods of group theory to derive a general
formula for finding the number of independent linear invariants for a tensor of arbi-
trary rank r in three dimensions. In addition to this, they developed a method for
finding linear invariants explicitly. Recently Ahmad and Rashid [7] have described
a general theory for finding independent invariants of an arbitrary tensor. Group
theoretic methods have been applied to find the formulas which exactly determine

the number of independent linear invariants for an arbitrary tensor.

1.2 Objective of the dissertation

In this dissertation, we consider the problem of finding the number of linearly in-
dependent invariants of a Cartesian tensor under SO(4). The main tool to be used
in obtaining the number of independent linear invariants is the density function. In

case of SO(4) we do not have a direct expression for the density function. But it is
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well known that
SO(4) = SO(3) ® SO(3).

Due to this isomorphism, we can use the density function of SO(3) in order to
calculate the number of independent linear invariants of an arbitrary tensor of rank
r. In this dissertation, we have calculated explicitly the independent linear invariants
of tensors of rank 7, with 2 < r < 8. Also, by applying the methods of group theory,
we have derived a general formula for finding the number of independent linear

invariants of an arbitrary tensor of rank 7.

1.3 Scheme of work

The dissertation has been organized in the following manner:

In Chapter 1 we have provided a brief introduction of the three interconnected
themes that have been used throughout the sequel and some previous work done
in this field. This Chapter presents the manner in which the Chapters are being
organized in the dissertation and also includes a brief overview of the contents of

each chapter.

Chapter 2 deals with the preliminary notions along with examples, which pro-
vide us necessary background for the later work. In this Chapter, we also give the

terminology which will be used throughout this dissertation.

In Chapter 3, we have provided a review of the work done by F. Ahmad and M.
A. Rashid [6,7] for finding the number of independent linear invariants of a Cartesian
tensor of an arbitrary rank r, under SO(2) and SO(3). Explicit expressions obtained

for simpler cases and formulas for finding the number of independent invariants in
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the two cases are also part of this Chapter. This dissertation is an extension of their

work to the group SO(4).

In Chapter 4, we have described a general theory for finding the independent
linear invariants of a tensor of an arbitrary rank r under SO(4). Linearly independent
invariants of a tensor of rank r with 2 < r < 8, have been determined explicitly. We
have derived a general formula for finding the number of independent linear invariants
of a tensor of arbitrary rank r. Also, we have verified that the number of invariants
calculated by finding the dimension of the space of isotropic tensors agrees with the
number produced by the general formula. The direct approach has the advantage
that it not only gives the number of independent invariants but, at the same time,
it produces the corresponding invariants as well. However, for large r, it is difficult
to find the invariants, or merely their number, by using this approach. The formula

becomes handy in such a situation.



Chapter 2

Mathematical preliminaries

In this Chapter, we recall some fundamental concepts and relevant results used
throughout this dissertation. We also provide examples to make the definitions eas-
ily understood. Necessary notations and the terminology used in the sequel are also
introduced. The definitions presented in the Chapter have been divided into three
sections. We begin our exposition with a brief review of the basic concepts related
to group theory. Afterwards, definitions relating to tensor analysis have been intro-

duced. Famous Wallis cosine formula has been included in the end of this chapter.

2.1 Basic concepts in group theory

2.1.1 Group representation

In the mathematical field of representation theory, group representations describe
abstract groups in terms of linear transformations of vector spaces; in particular, they
can be used to represent group elements as matrices so that the group operation can

be represented by matrix multiplication. Representations of groups are important
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because they allow many group-theoretic problems to be reduced to problems in
linear algebra, which is well-understood. They are also important in physics because,
for example, they describe how the symmetry group of a physical system affects the

solutions of equations describing the system.

A representation of a group is a (continuous) mapping that sends each element of
the group into a continuous linear operator that acts on some vector space, and which
preserves the group operation. If we map an arbitrary group G homomorphically on
a group of operators D(G) acting in the vector space V, we say that the operator
group D(G) is a representation of the group G in the representation space V. If
the dimensionality of V' is n, we say that the representation is of degree n (or is an
n-dimensional representation). The operator corresponding to the element R of G is

denoted by D(R). If R, S and E are elements of the group G, then

D(RS) = D(R)D(S), (1)
D(R™") = [D(R)] ", (2)
D(E) =1 (3)

As an example, let us consider the general linear group G'L(n,R). The simplest
possible representation is the trivial one-dimensional representation that assigns to
each matrix A € GL(n,R) the real number 1. Slightly more interesting is the
one-dimensional determinantal representation D(A) = det A. Let us now consider

2mi/3

the complex number u = e which has the property u® = 1. The cyclic group

C3 = {1,u,u?} has a representation D on C? given by

10 9
D(1) = , D(u) = , D(u) =
01 0 wu 0 wu?

If we choose a basis in the n-dimensional space V', the linear operators of the rep-
resentation can be described by their matrix representatives. We then obtain a

homomorphic mapping of the group G on a group of n X n matrices D(G), i.e., a
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matrix representation of the group G. From equations (1), (2) and (3), we see that

all the matrices are nonsingular, and that

1, j=1,...., n

1 fori=j
Dij(E):(sij:{O fori;«éj}’

Dy;(RS) = (D(R)D(5)),; = Xk) Dix(R)Dy;(S) = Dir(R) Dy (5),

where in the last expression, summation over the index k is implied.

Representations have applications to many branches of mathematics, physics and
chemistry. The name of the theory (representation theory) depends on the group G
and on the vector space V. Different approaches are required depending on whether
G is a finite group, an infinite discrete group, or an infinite continuous (Lie) group.
Another important ingredient is the field of scalars for V. The vector space V' can be
infinite dimensional such as a Hilbert space. Also, special kinds of representations
may require that a vector space structure is preserved. For instance, a unitary
representation is a group homomorphism ¢ : G — D(V') into the group of unitary

transformations which preserve a Hermitian inner product on V.

2.1.2 Group character

If we change the basis in the n-dimensional space V', the matrices D(R) are replaced

by their transforms by some matrix 7. The matrices
D'(R) =TD(R)T ™,

also provide a representation of the group GG, which is equivalent to the representation

D(R). If we take the sum of the diagonal elements of the matrix, or trace of a matrix
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D(R), we obtain

> (TDR)T™), = ¥ Ty;Dix(R)T,!

= Z]; (Ti') Ty Din(R)

= 20k Dj(R)
= ;Dkk(}%).

When we are dealing with group representations, this trace is called the character of

R in the representation D and is denoted by x (R). Thus
X (R) =3 Du(R).

We see that equivalent representations have the same set of characters. In essence,
group characters can be thought of as the matrix traces of a special set of matrices
(a so-called irreducible representation) used to represent group elements and whose
multiplication corresponds to the multiplication table of the group. Charaters are
invariant on conjugacy classes. All members of the same conjugacy class in the same
representation have the same character. Therefore we can say that character of a
representation is a class function. Also the charaters of irreducible representations

are orthogonal.

2.1.3 Scalar product
In order to bring the theory of representations into closer contact with physics, we

define a metric in the n-dimensional space V. For this purpose we associate with

each pair of vectors x,y in V' a complex number (z,y). The complex number (z,y) is

10
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called the scalar product of x and y and is required to satisfy the following conditions:

1 + 55279) = ('rlay) + (l.Qay) )

and (z,z) =0 only if z = 0.

2.1.4 Unitary representation
Before defining unitary representation we define a unitary operator and a unitary
matrix.
The operator O is called unitary operator if
(Ox,0y) = (x,y), for all x,y
where (x,y) is the scalar product.

In an orthonormal system the matrix representative of O is represented by a

unitary matrix
O'0=00"=1.

Now if the operators of a representation of the group GG are unitary operators or if
the matrices of the representation are unitary matrices, then the representation is

called a unitary representation.

2.1.5 Irreducible representation

Irreducible representations are the building blocks of all other representations. Math-

ematically, they are useful because one can often reduce an idea or a calculation

11
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involving representations to an easier one involving only irreducible representations.

Physically, irreducible representations correspond to fundamental physical entities.

An irreducible representation of a group is a group representation that has no
nontrivial invariant subspace. For example, the orthogonal group O(n) has an irre-
ducible representation on R". Any representation of a finite or semisimple Lie group
breaks up into a direct sum of irreducible representations. But in general, this is not

the case.

2.1.6 Group orthogonality relation

Let the order of a group be h, and the dimension of the i*" representation (the order
of each constituent matrix) be [; (a positive integer). Let any operator be denoted
by R, and let the m'* row and n'® column of the matrix corresponding to a matrix

R in the i'" irreducible representation be D; (R) then

mn’

h
Z Dl (R)mn Dj (R):n’n’ = —5ij5mm’5nn’-
R Lil,

The orthogonality relation for the characters of the unitary representation is given

by

2 XU (R) X" (R) = hdu.

2.1.7 Continuous groups

Consider a set of elements R which depend on a number of real continuous parame-
ters, R(a) = R(a1, as, ....,a,). These elements are said to form a continuous group if
they fulfill the requirements of a group and there is some notion of ‘nearness’ or ‘con-
tinuity’ imposed on the elements of the group in the sense that a small change in one

of the factors of a product produces a correspondingly small change in their product.

12
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If the group elements depend on r parameters, then this is called a r-parameter con-
tinuous group. Our interest in physical applications centers around transformations
on n-dimensional spaces. Examples include Minkowski spaces, where the variables
are space-time coordinates. In this case, these are mappings of the space onto itself

and have the general form
/ . .
Ty = ©; (L1, ey T3 A1, ey Q) 1=1,...... , M.

If the functions ¢, are analytic, then this defines an r-parameter Lie group of trans-

formaions.

2.1.8 Lie groups

The symmetry groups that arise most often in the applications to geometry and
differential equations are Lie groups of transformations acting on a finite-dimensional
manifold. The general mathematical theory of continuous groups is usually called
the theory of Lie groups. Roughly speaking, a Lie group is an infinite group whose

elements can be parametrized smoothly and analytically.

Lie group is a differentiable manifold obeying the group properties which satis-
fies the additional condition that the group operations are differentiable. We are
mainly interested in groups of linear transformations. An r-parameter Lie group of

transformations is a group of transformations
T = @ (X1, ey T3 a1, ey Q) i=1,... .M.
or, symbolically,
o' =@ (z;0),

for which the functions ¢, are analytic functions of the parameter a. The r real

parameters a; are assumed to be essential.

13
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Example:
Consider the one-dimensional transformations
2 = ax, (1)

where a is a nonzero real number. This transformation corresponds to stretching the

real line by a factor a. The product of two such operatios, " = a2z’ and =’ = bz is
2" = ax’ = abx.

By writing 2" = cx, we have
c = ab, (2)

so the multiplication of two transformations is described by an analytic function that
yields another transformation of the form in (1). This operation is clearly associative,
as well as abelian, since the product transformation corresponds to the multiplication
of real numbers. By setting ¢ = 1 in (2), so that 2" = z, the inverse of (1) is seen to
correspond to the transformation with a’ = @', which explains the requirement that
a # 0. Finally, the identity is determined from 2’ = x, which clearly corresponds to
the transformation with a = 1. Hence, the transformations defined in (1) form a one

parameter abelian Lie group.

In general, a Lie group may have a more complicated group structure, such as the
orthogonal group O(n) (i.e., the set of all n x n orthogonal matrices), or the general
linear group GL(n,R) (i.e., the set of all n x n invertible matrices). The Lorentz

group is also a Lie group.

2.1.9 Orthogonal group O(n)

Many transformations in physical applications are required to preserve length in the

appropriate space. If the space is ordinary Euclidean n-dimensional space, then the

14
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restriction that lengths be preserved means that
i SN +a =z + T+ + z7,

i.e., we restrict the transformations of the general linear group to those which leave

n
>~ x? invariant. Thus we impose n + % conditions on the n? parameters, which
i=1

leaves us with @

essential parameters. The corresponding group, which is sub-
group of the general linear group GL(n, F) is called orthogonal group. Thus, the
orthogonal group of degree n over a field F' (written as O(n, F')) is the set of all
n X n orthogonal matrices with entries from F', with the group operation of matrix

multiplication, given by

On,F)={Qe€GL(n,F) | Q"Q=QQ" =1},

where Q7' is the transpose of Q). Elements of O(n, F') are called orthogonal transfor-
mations. Every orthogonal matrix has determinant either 1 or —1. The orthogonal
n x n matrices with determinant 1 form a normal subgroup of O(n,R) known as
the special orthogonal group SO(n,R). Over the field R of real numbers, the or-
thogonal group O(n,R) and the special orthogonal group SO(n,R) are often simply
denoted by O(n) and SO(n). Geometrically, elements of O(n), are either rotations

or combinations of rotations and reflections.

2.1.10 Special orthogonal group SO(n)

Let V be a n-dimensional real inner product space. The group of orthogonal oper-
ators on V' with positive determinant (i.e., the group of “rotations” on V') is called
the special orthogonal group, denoted SO(n). The special orthogonal group SO(n)
is a subgroup of the orthogonal group O(n). SO(n) is isomorphic to the group of
rotations of R" that keep the origin fixed. Geometrically, elements of SO(n), are

pure rotations.

15
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SO(2) is isomorphic (as a Lie group) to the circle S* (circle group). This iso-
morphism sends the complex number exp(pi) = cos(p) + isin(yp) to the orthogonal

matrix

coSp  —sing

Sty  cosp

The group SO(3), understood as the set of rotations of three-dimensional space, is

of major importance in science and engineering.

2.1.11 Special orthogonal group in four dimensions SO(4)

The group SO(4) is the four-dimensional rotation group; i.e, the group of rotations
about a fixed point in a four-dimensional Euclidean space. This is the group whose
elements are 4 x 4 matrices S such that STS = I, where I is the 4 x 4 unit matrix,
with the condition det S = +1. The Euclidean (length)? 2% + 23 + 22 + 22 is left
invariant under SO(4) transformations. The group SO(4) is a noncommutative six-

parameter Lie group. The six infinitesimal operators can be chosen as

0 0 0 0 0 0
Al = p3—— — @9, Ay =a1— — 13—, Ay = 19— — 11—
1 xs3 9%s T2 81:3’ 2 = T1 O3 xs3 8x1’ 3 = T2 B T1 83:2’
0 0 0 0 0 0
B, = x18_x4 - $4a—xl, By = 2028—204 - x4(9_3:2’ Bs = $38_x4 - !1548—3:3-

Evaluating the commutators, we obtain the relations

[Ai, Aj] = eijkAkv
[Ai, Bj] = €ijiBy,
[B;, Bj] = €jpAk,

16
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which describe the structure of the corresponding Lie algebra. This algebra may be

simplified by introducing the linear combinations

Mi:Ai-i-Bi, Ni:Ai_Bz’7
2 2
which satisfy
[M;, M;] = €My,
[Ni, N;] = €Nk,
[M;,N;] = 0.

We see that, in this form, the six generators have seperated into two sets of three,
each set obeying the algebra of SO(3) (or of SU(2)) and commuting with the other
set. Consequently SO(4) is isomorphic to the direct product of SO(3)®S0(3).

2.1.12 Conjugacy classes

In mathematics, especially group theory, the elements of any group may be parti-
tioned into conjugacy classes. Suppose G is a group. A conjugacy class in G is a
nonempty subset C' of G such that the following two conditions hold

1. Given any z,y € C, there exists g € G such that gzg~! = v.

2. If r € C and g € G then gxg~t € C.

In other words, it is closed under the action of the group on itself by conjugation,
and the action is transitive when restricted to the conjugacy class. Any group is
a disjoint union of conjugacy classes. The identity element forms a class by itself.
In an abelian group every conjugacy class is a set containing one element (singleton

set). If two elements a and b of G belong to the same conjugacy class (i.e., if they

17



Chapter 2. Mathematical preliminaries

are conjugate), then they have the same order. For a finite group, the size of any
conjugacy class divides the order of the group. In general, the size of C' is not greater

(as a cardinal) than the size of G.
Example:

Let us consider the symmetric group on three letters i.e.,

This is the smallest non-Abelian group. This group has three conjugacy classes, the
class of the identity element (size 1), the class of the transpositions (size 3) and the

class of the 3-cycles (size 2). We may write these distinct classes explicitly as

1. €;
2. (12),(13),(23);
3. (123),(132).

2.1.13 Invariant

An invariant is a quantity which remains unchanged under certain classes of transfor-
mations. Invariants are extremely useful for classifying mathematical objects because
they usually reflect intrinsic properties of the object of study. The most fundamental
example of invariance is expressed in our ability to count. For a finite collection of
objects of any kind, there appears to be a number to which we invariably arrive
regardless of how we count the objects in the set. The quantity—cardinal number—is

associated with the set and is invariant under the process of counting.

Another simple example of an invariant is the distance between two points on a

number line which is not changed by adding the same quantity to both numbers. On

18
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the other hand multiplication of the numbers by the same quantity does not have

this property. Thus, distance is not invariant under multiplication.

2.1.14 Invariant integration

The symmetry transformations that are based on continuous quantities, occur in
many physical applications. For example, the Hamiltonian of a system with spher-
ical symmetry (e.g., atoms) is invariant under all three-dimensional rotations. To
address the consequences of this invariance within the framework of group theory,
we need to examine the theory of the representations for continuous groups. A fun-
damental tool in the study of continuous groups is invariant integration. In order to
define characters and derive the orthogonality relations for continuous groups, we use
invariant integration. For the generalization of the orthogonality relations from finite
groups to infinite or continuous groups, it is necessary to replace the summation by

an integration over the group.

In case of finite groups, in the derivation of orthogonality relation we need that

if f(R) is a function defined on the group manifold, then

%f(R):%:f(SR)a (1)

where S is any element of the group. Now if we want to extend the orthogonality
relation to the continuous groups, then we need to establish some analog of the
above equation. The important point in the derivation of equation (1) is that equal
weights are attached to all elements R of the finite group. For Lie groups, we must
have some replacement of the statement that the weight attached to an element A
of the group is equal to the weight attached to the element BA which is obtained by
left translation from A. We associate a volume measure d7 4 with a set of elements

H in the neighborhood of A such that

dTA:dTBA,
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where d7p4 is the volume measure of the set of elements BH which is obtained by
making a left translation of the set H with the element B. In order to make the
measure of the group elements H and BH the same, we choose a density function

p (a) such that
drg = p(a)dr, = p(c)dr. = drpy.

Here ¢, = ¢, (a;b) , where the functions ¢, are analytic.

In order to find the density function for group integration, we arbitrarily fix the
value of p (0) in the neighborhood of identity. The set in the neighborhood of identity
is carried by the left translation with B into a region of the parameter space in the

neighborhood of b, so that

b = ¢, (0;0),

r [0 i
dby = 2[%‘;)} dar.
a=0

=1

Thus the relation of the volume elements da and db in the parameter space is given

by

01 (a;b) | Oy (a;b) |
8(11 a=0 8a1 a=0
db = ' ' da = J(b)da.
Oy (a;b) | Oy (a;b) ‘
da, 1a=0 - da, 1a=0
If we let
p (0

then we have
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Thus the density function p (b) is determined for all b by making a left translation
with the element B. For integrating a function f(a) over the group, we must form
[daf(a). To make the theory of invariant integration clearer, let us consider an

example.
Example:

Let us consider a linear group G L(2) of linear transformation in two dimensions,

given by:

¥ =aamz+ axy ar ap 40
, .
Yy = asxr + aqy , as Qq4

This group is isomorphic to the group of 2 x 2 invertible matrices, with matrix

multiplication as the law of combination. Here

10
Identity element: A= =1,

0 1
Inverse element: A=A

Product element: C = BA.

Now

2 = b’ + by
= b (@12 + agy) + by (azx + a4y)
= (a1 + baas) x + (brag + baay) y
= T+ ¢y,
where  c1 = ¢ (a;b) = biar + baas,

and ¢y = @y (a;b) = brag + beay.
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Similarly
y/l — ngl + b4y/
= b3 (a1x + axy) + by (a3z + asy)
= (b3ay + bsasz) = + (bzag + bsay) y
= 3T+ ¢y,
where ¢z = 5 (a;b) = bsay + byas,
and ¢4 = @, (a;b) = bsag + byay.
Now
0¢y (a;b) _ O(biay + byaz) B
—|a:0 - |a:0 — bl
day Oay
Similarly,
Oy (a;b) d¢y (a;b) Iy (a;0)
——— gm0 =0, ————— |0 =byand ————=|,—0 =0
8a2 | 0 8a3 ’ 0 2 At 8a4 | 0
Note that in the above, by a = 0, we mean that
a; = 1,@2 :0,6L3 = 0,&4 =1.
On similar lines as above, we find that
Doy (a;b) | 0 (biag + beay) o = 0
aal a=0 aal a=0 9
dp, (a;b 0, (a;b dp, (a; b
%Mo = by, %Mo =0 and %bo = bo.
s (a;b) O (bsay + byas) _p
aal |a:0 — 8@1 |a:0 — U3,
dps (a;b 04 (a;b 04 (a;b
903822 >‘a:O - ) 9038((13 )|a:O = b4 and ¢38£L4 )‘azo = 0.
Op, (a;b) | _ 0 (bzag + byay) o = 0
aal a=0 8(11 a=0 9
0 ) 0 ) 0 )
2 (Cl, >|a:0 — bg, 2 (a7 )|a:0 =0 and 2 (Cl, )|a:0 — b4.
0&2 8a3 0&4
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The Jacobian of the transformation is

by 0 by 0
0 b, 0 b
J(b) = ! %1 = (biby — babs)? = [det(B)]?,
by 0 by O
0 by 0 by
where
L | e |
bs by

so that the density function p (b) is

1 1

p(b) = (bibs — bobs)®  [det(B)P

To integrate over the group we form f daldagda3da4mf(a1, ag, as, ay).

2.2 Basic concepts in tensor analysis

2.2.1 Tensor

A tensor is a physical quantity which is independent of co-ordinate system changes.
The simplest tensor is a scalar, a zeroth-rank tensor. A scalar is represented by a
single component that is invariant under coordinate transformation. A first rank
tensor is a vector. The representation of a second order tensor in a co-ordinate
system is a square matrix. The representation matrices of a second rank tensor are

square matrices similar to each other.

An n'f-rank tensor in m-dimensional space is a mathematical object that has n
indices and m™ components and obeys certain transformation rules. Each index

of a tensor ranges over the dimension of the space. However, the dimension of the
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space is largely irrelevant in most tensor equations (with the notable exception of the
contracted Kronecker delta). Tensors are basically generalizations of scalars (which
have no indices), vectors (which have exactly one index), and matrices (which have

exactly two indices) to an arbitrary number of indices.

The tensor transformation rules are linear in the components and are homoge-
neous (there is no additive constant term). A tensor itself is (as for a vector) an
invariant entity, independent of the coordinate system used: it is the components

that transform when the coordinates are changed.

2.2.2 Invariant of a tensor

An invariant of a tensor is a scalar associated with that tensor. It does not vary under
co-ordinate changes. For example, the magnitude of a vector is an invariant of that
vector. For second order tensors, there is a well-developed theory of invariants. The
coefficients of the characteristic polynomial of a second order tensor are invariants

of that tensor.

2.2.3 Cartesian tensor

A Cartesian tensor is a tensor in three-dimensional Euclidean space. Cartesian ten-
sors are widely used in various branches of continuum mechanics, such as fluid me-
chanics and elasticity. In classical continuum mechanics, the space of interest is usu-
ally three-dimensional Fuclidean space. Cartesian tensors behave as tensors under
orthogonal linear transformations, representing rotations and translations of axes.
Unlike general tensors, there is no distinction between covariant and contravari-
ant indices for Cartesian tensors. However, tensors in non-Euclidean spaces (e.g.,

Lorentzian spaces) do require this distinction.
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A Cartesian tensor T of rank r is an array of components denoted by T}, with
r indices ijk...m. In three-dimensional space T" has 3" components. The defining

property of a Cartesian tensor is the following law:

From coordinate system S to S’ by a rotation, the components of a tensor trans-

form according to

!
ijk..m — QisQjt Q- --amsttu...va

where a;; = cos(angle between the z;—axis and the transformed x;—axis). As special
cases, a scalar is a zero-th rank tensor 77 = T'. A vector is a first rank tensor which is
transformed according to 7] = a;;7;. A second rank tensor is transformed according

[
to Tyij = aisajtht'

2.2.4 Isotropic tensor

Something is isotropic at a particular point if it looks the same in all directions when
one stands at that point. On the largest scale, the universe is thought to be isotropic
at every point. An isotropic tensor is a tensor which has the same components
in all rotated coordinate systems. All rank—0 tensors (scalars) are isotropic, but
no rank—1 tensor (vectors) is isotropic. The unique rank—2 isotropic tensor is the
Kronecker delta, and the unique rank-3 isotropic tensor is the permutation tensor

(Goldstein 1980, p. 172).

2.2.5 Permutation symbol

The Levi-Civita symbol (Weinberg 1972, p. 38; Arfken 1985, p. 132), also called the
permutation symbol (Goldstein 1980, p. 172), antisymmetric symbol, or alternating
symbol, is a three-index mathematical symbol used in particular in tensor calculus.

It is named after the Italian mathematician and physicist Tullio Levi-Civita.
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In three dimensions, the Levi-Civita symbol is defined as follows

+1  for (i,5,k) € {(1,2,3),(2,3,1),(3,1,2)},
€ijk = -1 for (i,7,k) €{(1,3,2),(3,2,1),(2,1,3)},
0 fori=jorj=kork=r1,

ie., € is 1if (i, j, k) is an even permutation of (1,2,3), -1 if it is an odd permutation,

and 0 if any index is repeated.
The Levi-Civita symbol can be generalized to higher dimensions

+1 if (4,4,k,1,.....) is an even permutation of (1,2,3,4,....),
€ijkl..... = —1 if (4,4,k,1,.....) is an odd permutation of (1,2,3,4,....),

0 if any two labels are the same.

Thus, it is the sign of the permutation in the case of a permutation, and zero other-

wise.

The permutation symbol satisfies the following identities:

5ij €ijk = 0,

€ijk €pgk = 5ip 5jq - 5@'(1 5]’?7
€ipg €jpg = 20ij,

€ijk €ijk = 0,

where §;; is the Kronecker delta (Arfken 1985, p. 136).

2.2.6 Permutation tensor

The tensor whose components in an orthonormal basis are given by the Levi-Civita
symbol (a tensor of covariant rank n) is sometimes called the permutation tensor.

The permutation tensor, also called the Levi-Civita tensor or isotropic tensor of rank
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3 (Goldstein 1980, p. 172), is actually a pseudotensor because under an orthogonal
transformation of Jacobian determinant -1 (i.e., a rotation composed with a reflec-
tion), it acquires a minus sign. Because the Levi-Civita symbol is a pseudotensor,

the result of taking a cross product of two vectors is a pseudovector, not a vector.

The permutation tensor of rank four is important in general relativity, and has

components defined as

+1 if afv0 is an even permutation of 0123,
€1 = —1 if afv9 is an odd permutation of 0123,

0 otherwise.

(Weinberg 1972, p. 38).

2.3 Wallis cosine formula

Wallis cosine formula is given by

W//QCOSR rzdx = vl (% (n+ 1>)
A nl’ (%n)

(=1 {71'/2 forn =24, ...

n!! 1 forn=3,5,...

where I'(n) is a gamma function and n!! is a double factorial.

The double factorial of a positive integer is a generalization of the usual factorial

and is defined by

n.(n—2)...5.3.1 n >0 odd,
=4 n.(n—2)..642 n>0 even,
1 n=—1,0
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Note that (—1)!! = 0!l = 1, by definition (Arfken 1985, p. 547).

The double factorial can be expressed in terms of the gamma function by

1 1
I —1) = ——o9n il
(2n ) NG I<n+2>,

and 2n)l! = 2"n!=2"T'(n+1).

(Arfken 1985, p. 548).
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Linear invariants of a Cartesian

tensor under SO(2) and SO(3)

Consider group of special orthogonal coordinate transformations. Let us first examine
the proper rotations in two dimensions. This group is called the special orthogonal
group in two dimensions and is denoted by SO(2). The parametrization of this group
that we use in this dissertation is given by

cosy —sing

R(p)=| :

singp  cos @
where ¢, the single parameter in this Lie group, is the rotation angle of the trans-
formation. The matrix representing an orthogonal coordinate transformation, in
three dimensions, through an angle ¢ about z-axis passing through the origin can be

written as

cosip —sing 0
R(p) = |sinp cosp 0],
0 0 1
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Now consider a Cartesian tensor, T; ; , of rank two. In two dimensions, the indices
take values 1 and 2 only and the tensor has 22 = 4 components but, in case of
three dimensions the indices take values 1, 2 and 3, and the number of components
increases to 32 = 9. We denote dimension by letter d and rank by the letter r. Let
us now consider invariants associated with a tensor 7T; ; , of rank 2. When d = 2,
Le., in two dimensions, it is obvious that 7}, + 7, is an invariant of the tensor T; ;, .
However it is not so obvious that 7,, — 7}, is also an invariant and that this set of
invariants is complete in the sense that any other linear invariant must be a linear
combination of the two. But we will see later that 7, — T}, is also a linear invariant
of the tensor 7; ;, and that this set of invariants is complete. On the other hand, if

d=3and r =2, T} i, possesses only one invariant, 71, + 7, + T3s.

Here we have just discussed the case of a second rank tensor. In the papers written
by F. Ahmad and M. A. Rashid [6,7], results pertaining to a tensor of arbitrary rank
in two and three dimensions have been presented. These results have been applied
to tensors of different ranks and linearly independent invariants have been found
explicitly. By using the methods of group theory, formulas for finding the number of

linear invariants of a tensor of an arbitrary rank have also been derived.

In the beginning of this Chapter we have discussed the independent linear invari-
ants of an arbitrary tensor of rank two for d = 2 and d = 3. Now we provide the
independent linear invariants of a tensor of arbitrary rank under SO(3), and some

invariants under SO(2).

3.1 Linear invariants under SO(2)

The linear invariants of a tensor of rank r, with 2 < r < 4. have been mentioned

below.
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L.d=2r=2

In this case any isotropic tensor must be a linear combination of the tensors d;,;,

and ¢; ; . Thus there are two linear invariants of the tensor of rank 2, 4; ; 7;

€ii, Tiji, for 1 < iy,49 < 2.

i and
1%2

2.d=2,r=3

In this case no isotropic tensor can be constructed in terms of products of 9; , .
Also in two dimensions €iiyi, = 0. Thus for a tensor of rank 3, no linear invariant

exists. It is obvious that this result is true for any tensor of odd rank.

3.d=2,r=14

Here the possible members of the basis for the space of isotropic tensors are

iydg 5i3i4 ) 5i1i3 5i2z‘4, 5i1i45i2i3 ) 5i1i2 €igiys 51'11'3 €Ciyigs 5i1z‘4€i2z‘3,

Igtg Ciyty Yigty Ciyigs Vigi, Cigiyy Ciyi, Cigiy s CigigCigiyr o0, Cigig

However calculations show that out of these, only six are linearly independent and
remaining six depend upon these independent ones. A ser of independent linear

isotropic tensors is

5i1i2 5i3i4 ) 5i1i3 51‘2@'47 5i1i45i2z‘3 ) 5i2i3 €iligs 5i2i4 €iligs 5i3i4€i1i2,

which results in the linear invariants ﬂijja ﬂjij; ﬂjji; 62‘1@'2 ,'Til iyiis eilis ﬂl iy Gil i4ﬂliii47

where, as in the sequel, summation over repeated indices is implied.

3.2 Linear invariants under SO(3)

Theorem 1 (given below) has been applied to find the linear invariants of a tensor of

rank r, with 2 < r <5.
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1.d=3, r=2

Here, 0; ;, is the only isotropic tensor. Thus 7;; is the only linear invariant of the

tensor Tilig .

2.d=3, r=3

In three dimensions, for a tensor of rank 3, the situation is different from the
one in two dimensions. Here €; ; ;, # 0, rather this is the only member of the basis
for the space of isotropic tensors. Thus there is only one linear invariant namely,
€ili2z‘st‘11’2i3~

3.d=3, r=4

For d = 3 and r = 4, the possible candidates for the membership of basis for the

space of isotropic tensors are

Oigiys OiyiyOigiys Oiyiy Oy -

)

For different choices of 41,75 and i3 we see that all of the above are linearly inde-
pendent. Thus for a tensor of rank 4 there are three independent linear invariants

namely ﬂwy’, ﬂjij and irz'jji‘

4. d=3, r=5

Here we have

5!

ST 10 isotropic tensors of type (51-11-2 €iyiygiy -

Thus the possible elements of the basis in this case are

61‘1@'2 Ciziyis> 5i1i3 €iyiyis > 5i1i4 €iyigiy 5i1i5 Ciyigiy s 5i2i3 €iligigs

dgty Ciyigig s Vigig Cigigiyy Vigi, Cigigig s Vigip €ipdgi, s Vi i, Cigigigs
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for 1 S Z.laZ.277:37Z.472.5 S 3.

Calculations reveal that among these 10 isotropic tensors only six are linearly
independent. For example, a basis for the independent linear isotropic tensors in

this case consists of
5i2i3€z’1i4i575i2i4€z‘1i3i575i2i5 Ez‘lz‘3z’4,5i3z‘46i1i2i5,5i3i5 61'1@‘2@‘4,51’41‘561‘11'21‘3,

which leads to the independent linear invariants as €i iy ﬂliii4z-5, €i1i3i5ﬂlii3iz‘5 ete.

Obviously this is not the only linearly independent set. There can be many

different choices. Another linearly independent set for the isotropic tensors is

LTI T VI S T P S
1/112 2314157 2113 221/4157 2114 2223157 1223 11Z4157 7,224 1113257 1314 1/11225

3.3 Main results

Now we present without proofs some main results used in these two papers [6,7] and
the formulas which have been derived for finding the independent linear invariants

of a tensor of an arbitrary rank in two and three dimensions respectively.

Let T' =15, ...... ,i, be a Cartesian tensor of rank r in three dimensions. The

main results of the reviewd work are embodied in the following theorems.
Theorem 1:

The number of independent linear invariants of 7" under SO(3) is the same as the
dimension of the space of the space of the isotropic tensors of rank r possessing the

same symmetries, if any, as 7.

Define viand wvs, respectively, as the number of 1’s and 2’s among the subscripts
si,,- For example, in 7190312, v1= 2 and v,= 3. Now the result concerning linear

invariants under SO(2) can be stated.
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Theorem 2:

The number of independent linear invariants of 7" under the group of rotations
about a fixed axis, say xs-axis, is the same as the number of components 7;,....... vin

with v;=wvs.

Theorem 1 in [6] (stated above) was given in the context of arbitrary  and d = 3.

However the proof holds for arbitrary d and in [7] it has been restated as
Theorem 3:

The number of independent linear invariants of a tensor of rank r equals the

dimension of the space of the isotropic tensors of the same rank.
Theorem 4:

The number of invariants under SO(2) is the same as the number of ways S,,, in
which n elements consisting of 1s, 2s and 3s can be arranged with the stipulation

that the number of 1s and 2s are equal. It is easy to see that

k
(2k)! ,
S TZO(QT)!(k—r)!(k—r)!’ o=
k
(2k + 1)! ,
and S TZO(Qr—i—l)!(k;—r)!(k—r)!’ it =2k +

Theorem 5:

The number of invariants S3(r) in three dimensions is found to be

: (2h)! o
2:0(27“)'(/{3—1)'<k_2>'7 if r =2k,

i

&
—
=
N~—
I

E

B (2k+1)! T
and S3(r) = 0(22‘+1)!(k—7ﬁ)!(k‘—i)!’ if r=2k+1.

7
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Obviously the set of invariants in two dimensions is a subset of the above invariants

consisting of those members which are independent of the third dimension.

Theorem 6:

The number I5(r) of independent linear invariants of a tensor of rank r in two
dimensions is zero if r is an odd integer and if r is an even integer then this number

is given by

Theorem 7:

The number /3(r) of independent linear invariants for a tensor of arbitrary rank
r in three dimensions is given by

[(=4-] .
ri(r+1—3i)
falr) = ZO il + 1 — 20)

T =
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Linear invariants of a Cartesian

tensor under SO(4)

In this Chapter, we find independent linear invariants of a tensor of rank r, with
2 < r < 8 under SO(4). But for higher ranks, it is not possible to find invariants
by using the direct approach. So, by applying methods of group theory we find a

general formula for finding the number of independent linear invariants.

General results for three dimensions were presented by F. Ahmad and M. A.
Rashid [6,7]. Theorem 1 in [6] was given in context of arbitrary r and d = 3.
However the proof holds for arbitrary d and it has been restated by Ahmad and
Rashid [7] as follows:

Theorem 1: The number of independent linear invariants of a tensor of rank r

equals the dimension of the space of the isotropic tensors of the same rank.
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4.1 Casel: d =4, r = 2:

For d = 4 and r = 2, we see that 5i1i2 is the only isotropic tensor. Thus Tj; is the
only linear invariant of the tensor 7; ; , that is we have 12=1 linearly independent

invariants of a tensor of rank 2.

4.2 Case 2: d =4, r = 3:

No isotropic tensor of rank 3 can be constructed in terms of products of (5i1i2 and
€i,iyigiy s since both 511% and €iiyiyi, Are even rank tensors. It is obvious that this
result must hold for any tensor of odd rank. Thus we conclude that for d = 4, we only
find the linear invariants of tensors of even rank because number of linear invariants

is zero for any tensor of odd rank.

4.3 Case 3: d =4, r = 4:

Now let d = 4 and r = 4. Here number of possible candidates for the membership
of a basis for the space of isotropic tensors of rank 4 is four. These candidates are

the following

i1i25i3i47 51'1@'3551‘4, 51'11455@'3, €i inigiys

where 1 <7i,,1,,1,,7, < 4.

39

Let

a, 6i1 iy 5i3¢4 + a, 5i1"3 5i2i4 + s 5i1 iy 5i2¢3 + ay eil Ggigly = 0. (A)

where a,,a,,a,,a, are scalars, not all zero.
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Now we determine that out of the above four possible candidates, how many are
linearly independent. For this purpose, we assign different values to ,,1,,7, and 1,

in equation (A) and proceed as follow:
Let ¢, =1, =1,i, =1, = 2, then
a,011 022 + a,012 012 + a,012 012 + a €122 =0,
which implies that a, = 0.
Let i, =i, =1, i, =i, = 2, then
a,012 012 + a,011 do2 + a,012 012 + a,€1212 =0,
which implies that a, = 0.
Similarly for ¢, =14, =1, 7, =1, =2
a,012 012 + a,012 012 + a;011 022 + a,€1091 =0,
we arrive at a, = 0.
Finally taking i, = 1,7, =2, i, = 3,1, =4
a,012 034 + a,013 024 + a,014 023 + a,€12314 =0,
we arrive at a, = 0.

As all the scalars come out to be zero, so all the four isotropic tensors are linearly
independent and form basis for the space of isotropic tensors of rank 4. Thus for

d = 4 and r = 4, there are 2? = 4 linearly independent isotropic tensors namely

OiyiyOigi, »0iyigOiyiys Oiyi, Oigig s €iinigiy »

which results in the independent linear invariants

Tiijjs Tijij, Tiggi, €

1%2%3% Tl "
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)
4.4 Case4: d =4, r = 6:

Now when d = 4 and r = 6, we have

6! 1 ) '
ool 15 isotropic tensors of type d; i,0i,i, i i
6!
and o = 15 isotropic tensors of type 0; i, €i i, i i,-

Thus the number of possible candidates for the membership of a basis for the space

of isotropic tensors of rank 6 is 30. These possible candidates are:

o 0

4]

i i. 0i

Y3

9,0
o

5i2i4 5 6i1 Z‘.‘3 5i2i5 5

)

(2 Z4Z67

J

1/5167

J

112 1324 25167 117,2 2315 14167 11/2 1/37'6 7,4257

=2

’Ll’L4 12Z5 Z3Z67 ’6226 13157 Zl’LS 1213 14267

0;

iyigOigig Oiyis s Oiyiy Oigiy Oiiy s

%)

iyig Oigiy Oigigs Oiyiy Oigig Oigiy s 0y ig Oiyiy Oy iy » Oy i Oty Oigic s Oy i Oy Oy

iyig gt igigy Vigig Cigi igigy Vigiy Cigigigics Vigig Ciyigiyigs VigigCigigigig

. . E . . . 5 . 6. . . . 5. . 6 . . . 5 . 6. . . . . . 6 . . .
Iyl Clqttgtgr Vigty Clyigigiegyr Vigty Cigigt,00 Yigtg Clyigt iss Vigt, Ciiy05040

S S S

glg Tyttt Viglyg Clyigi iy Vigig Cigigigigy Yigig Ciyigigigs Vigig Cigigigiy

where 1 < iuiz?isaimim% <4.

Now in order to find the independent linear invariants, we let

a15i1i25 isig -+ a2(5i1i25 ) -+ a35i1i25 ) -+ a45i1i35 -+

i2 Z'4 52’5 i6

0

iyt
5i5i6 + (18(5"1@1(S
)

137 13l5 7l i3l

a55i1i35 +

ay0; ; 0

i+ a65i1i35

4%

ig + CL105

Siie
)

+ a75i1i45

3%

J

7,2 26 7,2 23 7,2 25

)

0
i
) + a115i1i55

+ a125i1i55 +

t37y

+

3% 2%

J

11tq T g% T3 11t5 T3 Yyl Loty

0 + a166i1 iy €i3i4i5i6

_|_

a135i1i6512i3 6i4i5 + a145i1i6 6i2i4 igig + a156i1i6 5i2i5 igiy

a175i1i3 61’27;47"57;6 + a5 6i1i4 Ei2i3i5i6 + g 5i1 iy €i2i3i4i6 + g (sil ig 61'21'31441'5

a215i2i3 E’A1i4i5i6 + a225i2i4 Eiﬂsisis + a235i2i5 €i1i3i4i6 + a245i2i6 EZ‘1’A3i4"5 +

Qo5 0iyi, Ei + Aye0iyi €iiyiyig T Qo Oigiy €iiyiyiy T QogOii, €iiyigiy T

=0, (A)

t3ly 2%

(g9 5i4 ig eil igtgis + 30 5i5 ig 61'1 lgigly
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

where a, , 1 <n < 30, not all zero, are the members of the field F'.

In order to find the linearly independent invariants in this case we assign different

values to i,,1,,1,,1,,1, and i in equation (A) and proceed as follow,

Let i, =i,=1, i, =1, =2, i, =1, = 3, then

0,104,055 + y0,,05,0,5 +036,,0,,0,, +a,0,,0,,0,, + a50,,0,,0,,+
A0,50,50,, + 0,0,,0,,05, + 00,050, + Ag0,,0,,0,, + a,,0,,0,,0,,+
Ay,0,50,,0, + A150,,0,,0,, + A150,,0,,0,, + ay,0,,0,,0,5 + a,50,,0,,0,,+
U160, €gas F U1r0 5€ nas F A g010€ gas + Q100 5€ 00 F Apg015€ 00s + Aoy 01,€ at
Uy 015 € a5 T g0 5€ n0a F Qoy010€ 0a  Aor 000 €1 1as F Ap00a€10e + Ao 00u €)1+
(g0 €119 T+ Opg00€,19s F Agg0sg€yy0y = 0,

which implies that a, = 0.

Now let i, =1, =1, ¢
al 611523523 + a2511522533 + a3511523523 + a4612613623 + a5612612533+
a6512613623 —"_ a7513512523 —"_ a8613512523 _'_ a’9513513622 —"_ a10512512533+
a11512523523 + a12512613523 + a13513612523 + a14513513622 + a15613512523+
C111651162323 + C111751261323 + a1851361223 + a1951261233 + a2051361232 + a2151261323+
a2251361223 + a’2351261233 + a’24513€1232 + a2552361123 + a26522 61133 + a27523€1132+
a28523€1123 —"_ a29533€1122 —"_ a30523€1123 = 07

which implies that a, = 0
Proceeding in the same way as above we find that

Ay = A, = ......... =a,, =0.

w

Hence
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Thus we have found that out of 30, first 15 isotropic tensors given above are linearly

independent. These 15 members are part of the basis for the isotropic tensor of rank

Asa, =a,=a, = ....... = a,, = 0, so equation (A) reduces to

a6 5i1 iy 6is igl5ig + a175i1 ig 61'2"4 i5lg + a5 6i1 iy 61'2"3 i5lg + g 6i1 i5 €i2 iglylg +

a206i1i6 6"2Z'3,Z'4i5 + a216i2i3 6i1i4i5i6 + a225i2i4 €i1i3i5i6 + &236i2i5 €i1i3i4i6+
a245i2i6 EZA1i3i4i5 + A5 5i3i4 Eilizisie + g6 5i3i5 €i1i2i4i6 + a275i3i6 €i1i2i4i5 +

Qos i i, €iiyigiy T QagOiyiy €iiyigis + agOisiy €iigigi, = 0 (B)

Now we find that out of the remaining 15 isotropic tensors, how many are linearly
independent. For this purpose we assign different values to i,,1,,1,,%,,7, and 7, in

equation (B). We do this in a systematic manner. The symbol

(12)

Ot = W

6
is a collection of the next four equations.
For (12)(3), we take i, = i, = i, = 1 and the remaining ¢'s are given values 2,

3, 4 where the indices appear in ascending order. We mention only the resulting

equations.

(12) (3)
iy =1,i, = 2,i, = 3,i, = 4,
i =i, =1,

a’16511€1234 + a17511€1234 + a2151161234 - O

= a’16 —"_ a17 —"_ a21 = 0 (1)
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

The same pattern is followed in the sequel upto equation (20)

(12) (4)

1, =1, =1,
a16511€2134 + a18511€1234 _I_ a2251161234 = 0

= —a,, +a,, +a,, =0.

lzi :1

5 Y

a1651162314 + a1951161234 + a’2351161234 = O

= a5 + A,y + ay = 0.

1:Z6:17

a16(511€2341 —"_ a‘20511€1234 —"_ a24511€1234 - O

= —a,, + a,, +a,, = 0.
4

(13) 5
6
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

(13) (4)

1, =11, =21, = 3,1, = 4,
1, =1, =1,

a17511€2134 + a18511€2134 + a2561161234 - O

= —a,, — a,; +a,, =0.

1, =1, = 1,
C,“1751162314 + C,“1951162134 + C,“2651161234 = O

= a,, — a,y +a,, = 0.

(13) (6)

1, = 1,1, =21, = 3,1, = 4,
1, =1, = 1,

C’“1751162341 + a20511€2134 + a2761161234 - O

= —a,, — @y, +a,, = 0.

1, =1, =1,
a’18511€2314 + a19511€2314 + a2851161234 = O

= A,y +a;y +a,, = 0.
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

(14) (6)

1, =1, =1,
a1851162341 —"_ a’20511€2314 —"_ CL29511€1234 - 0

= Qg T Oy T Ay = 0.

5 = g = 1,
a1951162341 + a2051162341 _I_ a30511€1234 = 0

= —,y — Ay, + ayy = 0.

4
(23) | 5
6

(23) (4)

1, =1, = 2,
a’21522€1234 + a22522€1234 + a2552261234 = O

= a,, +a,, +a, =0.
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

(23) (5)
i, =1,4, =2,i, =3,i, =4,
T
C’“2152261324 + C’“2352261234 + C’“2652261234 = O

= —Qy + A,y + a, = 0.

1, =1, = 2,
C,“2152261342 + C,“2452261234 + C,“2752261234 = O

= a,, +a,, +a, =0.

a’22522€1324 + a23522€1324 + a2852261234 - O

= =0y, — Qyy + Ay = 0.

1, =1, = 1,
a’22522€1342 + a24522€1324 + a2952261234 = O

= Ay, — Ay, + ayy = 0.

45
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

5:i :1

6 J

C’/2352261342 _I_ a2452261342 _l_ a30522€1234 = 0

= Ay, +ay, +a,, = 0.

1, =1, = 3,
C’“2553361234 + C’“2653361234 + a2863361234 = O

= Ay, + Ay + A, = 0.

1, =1, = 3,
a2553361243 + a2753361234 + a29633€1234 - O

= —a,, +a,, + a,, = 0.

(35) (o)
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(35) (6)

1, =1 = 3,
a26633€1243 + a2753361243 + a3053361234 = O

= —Q,, — Ay, + gy = 0. (19)

a’28544€1234 —"_ a29544€1234 —"_ a3054461234 = O

= gy + Ay + g, = 0. (20)

In order to find the remaining linear invariants for rank 6, we consider these 20
equations and determine that among these 20 equations how many are independent.
Starting from equation (1) our observation is that equations (1), (2), (3) and (4)
are independent because none of these can be written as linear combination of one

another. Let us move further.
From equations (5) and (11) we have

Uy, = Oy T Ayy = 0, (5)

Ay, + Gy + a,y = 0. (11)
By eliminating a,, from the above equations we arrive at

a,, + a3 + a,, +a,, =0.
(1) + (2) gives us

Ay + Qg+ Ay T Ayy = 0.
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This equation is identical to the one which we obtained by combining equations (5)

and (11). This shows that we need only one of the two equations for a,,.

From equations (6) and (12) we have

Ay; = Qg+ Qyg = 0, (6)

—Q,, + Ay + Gy = 0. (12)
By combining above two equations we get

a,, — Qg + Qy — a,, = 0.
(1) — (3) gives us

a,, — Qg + ay, — a,, = 0.

This equation is identical to the one which we obtained by combining equations (6)
and (12). Thus equations for a,, does not yield a new equation. So we consider any

one of the two equations for a,,.

From equations (7) and (13) we have

=y, = Oy + Ay = 0, (7)

a,, + a,, +a,, =0. (13)
By eliminating a,, from the above equations we arrive at

a,, + a,, +a, +a, =0.
(1) + (4) gives us

a,, + ay +a, +a,, =0.

This equation is the same as above equation which we obtained by combining equa-
tions (7) and (13). Thus equations for a,, does not give us a new equation. So, we

keep any one of the two equations for a,,.
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

From equations (8) and (14) we have

alS —"_ a19 —"_ a’28 = 07 (8)

—Qyy — Oy + G,y = 0. (14)
By combining above two equations we get

Ay + Qg + ay, +a,, = 0.
(2) + (3) gives us

a,g +a,,+a,, +a,, =0.

This equation is identical to the one which we obtained by combining equations (8)
and (14). Thus equations for a,, does not provide us a new equation. So we consider

any one of the two equations for a,,.

From equations (9) and (15) we have

—Qyg + % + Qyg = 07 (9)

Ayy — Ay, + Qyy = 0. (15)
By combining above two equations we get

(g — Qoo + Ayy — Ay, = 0.
(2) — (4) gives us

(g — Aoy + Agy — Ay, = 0.

This equation is the same as above equation which we obtained by combining equa-
tions (9) and (15). Thus equations for a,, does not yield a new equation. So, we

keep any one of the two equations for a,,.
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From equations (10) and (16) we have

Qg = Oy T gy = 0, (10)

Aoy + yy + ayy = 0. (16)
By eliminating a,, from the above equations we arrive at

Ay + Ay + ayy +a,, =0.
(3) + (4) gives us

Ay + Ay + ayy +a,, = 0.

This equation is identical to the equation which we obtained by combining equations
(10) and (16). Thus equations for a,, does not provide us a new equation. So, we

keep any one of the two equations for a,,.

From eq (17) we have
Aoy + Qo + Ay = 0,
using equations (5) and (6) in above equation we get
ag + a,q + a,e = 0.
This is not a new equation. This is identical to equation (8)

From equation (18) we have
—Uyy + Ay, + Ay = 0.
Using equations (5) and (7) in above equation we get
— Q5 F Qyy + Ay = 0.

This is not a new equation. This is identical to equation (9)
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From equation (19) we have
—Qy — Uy + Ggy =0,
using equations (6) and (7) in above equation we get
—lyg — Ay + Ggy = 0.
This is not a new equation. This is identical to equation (10)
From equation (20) we have
(og + Ayy + gy = 0,
using equations (8) and (9) in above equation we get
—0,y — Uy + ay, = 0.
This is not a new equation. This is identical to equation (10)
Observation:

Out of above 20 equations we found that first 10 equations are linearly indepen-
dent and remaining 10 equations depend upon these first 10 equations. For the sake
of convienience, let us rewrite these linearly independent equations. These linearly

independent equations are

16 — Gi7)

Ay = + Q15 — Ay,

16— Qg

(yy = T+ Ay — Ay,
Aoy = + Ay + Ay,
(yg = — Ay + Ay,

a’27 = + a’17 + a207
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Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

Qyg = = Qg = Oy,

(yg = + Qg — Ay,

(g = + Q1g — Uy

Now @y, Qgyy v ,a,, will be zero if a,, = a,, = ..... = a,, = 0. Thus we conclude

219

that for d = 4 and r = 6, we have 52 = 25 independent linear invariants. These linear
invariants are constructed from the following linearly independent isotropic tensors

of rank 6

Y

igigs 0iyiyOigiz Oiyig s

8 i 81,6

19 51'37;6 6i4i5, iydg iglg )
0;

0i 5i1 ig 5i2i5 0;
51 145 51 122'66'
0;

0; i 0;

iyl 12"35‘

PV P 9

7,3 57 2116 127,5 7,3247

1/112 1324 K3

&

iis Oigigs Oii, igis )
iy

24157

iyiss 0iyi, Oiyiy Oiig s

0i i 0;

237,67 1125 7,216 137/47

iy ig 6i2 ig

iy 52'21'4 iy 5i2i3 51 1% 612 iy

’L2Z3 7,11425267 4 Z 127,5 67

0;
6i2i4€i1i3i5i67612i561 iglyt 6>5121661 iglyt 576
0;

Iglg Ciyty0,060 Vigig Cigigiy iy Vigig Ciigigigy Yiyig 117,2 3%5 0 Yigig € 189050, "

These appear in equation (A) on p. 28, together with the coefficients a, ,a, ,.....,a,. ,
Ay, 5 gy, --...s (g . In this case a set of independent linear invariants of an arbitrary ten-
sor is given by Tiijjuk, Liijkjk, Liikkis> Lijijer, Tijikjk, €iyiyigig Tiliiz’4i5z‘6 ) Eiligisiﬁﬂliis%%,

7,1Z374416 11113242Z6

4.5 Case 5: d =4, r = 8:

Now when d = 4 and r = 8, we have

8! 1 ) )
SIolalal 105 isotropic tensors of type 5i1i2 5¢3i4 6%%5 inig)
8! 1 ) )
Sraral 2l = 210 isotropic tensors of type 511% 51-314 €iiginig
1 1
and YT 35 isotropic tensors of type €; i,i,i, €iigi,ig-

52



Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

Thus, the number of possible candidates for the membership of a basis for the space

of isotropic tensors of rank 8 is 350. Here we list a few of these possible candidates,

however, in equation (A), we list them all in detail.
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5137’657’4 s € 18778 52326514 Ly € 189757 8’5i3i66i4i8€i1i2i5i7’ """"""" ? 5i3’65’7’862112’4 57
613z7 51415 11lg0g1g 0 61317 61416 1ylglgig ) 5i3i7 51'41'8 €i1i2i5i67 ----------- ) 5@'317 51618 611 lglyls s
61328524 561 lolgly s 61318514 661 lglgt 775i3i86i4i7€i1i2i5i67 ---------- ) 5i318516 7€i1i2i4i57
6’4 557'6 L7 €iyiyi 3lg) 514’5 6’618 by lgigl 7’5i4i5 5i7i8 Eili2i3i6’ """"""" ? 51518516’762112’3i4’

7/17,2137,4 ’LS’LGZ7ZS7 11121325 141627187 11121316 1425 78’

where 1 < 4,,0,,%,,%,,0,, %, 0,1y < 4.

In order to find independent linear invariants of a tensor of rank 8, under SO(4),

we let

y 5’ i 623 2 5’ ¢ 5i7i8 +a, 6i1 i 5i3i4 5i5i7 5% ig +a, 51'1 iy 5i3 iy 5i5 8 516’7 +

a 5’ 182 5‘3 5 524 6 6i7i8 +a 511 2 51’3"5 5i4i7 5i6 ig +a, 51’1 iy 5"3 i5 5i4 8 57‘617 +

a 5’1 2 57’316 5’4 s 5i7is +a 5% 2 5i3i6 6i4i7 5i5i8 +a, 5i1i2 5i3i6 5i428 5%’7 +

1o 521 L2 513 7 6’425 526 8 +ay, 5Z1i2 513 7 5"4% 6Z5 8 ta, 5i1 iy 513’7 iylg 525 ig +
Ay 5 513 8 67’4 5 5Z617 +a, 611 iy 513 8 51416 51517 +a; 0 523 8 6’417 525 6 +
16 611 3 512’4 (5’5 s 67’718 + a17511i3 612 ) 61527 5267’8 + a5 511 3 5’2’4 (5’5 8 67’627 +
o 521 '3 5%’5 6’4% 517%5 + Gy 6’1i3 5"2% 514’7 526’8 + Gy, 511 '3 5’2’5 5’4% 5%% +
U2 521 3 512’6 6’4 5 52718 + Ay 6Z1i3 512 6 51417 6‘5 8 + ay, 52 3 5227‘6 5’4 8 525’7 +
s 511 i3 512’7 6’4 s 5Z6 g + Gag 51'1 ig 51217 51416 5’518 + a’27511 i3 512’7 6’4 g 5‘5 173 +
s 511 i3 512’8 (5’4 s 67’617 + Ay 6’1i3 622 8 51416 52527 +a, 5Z 3 5’2’8 (5’417 515 6 +
sy 511 2 512’3 5’5 e 51718 + A, 6’1i4 6’2 3 515 by 616"8 +a, 5’ 2 512’3 6’5 g 526’57 +
REY 521 4 512’5 67’3 g 517 8 + Ay 6i1 iy 512 5 513 L7 616 8 + Ay 521 2 5’2’5 6’3 8 526’7 +
a375l1 L) 67‘27’6 513 5 61718 + A 5i1 iy 612 6 513 7 5257’8 + Qg 511 ) 67‘216 6’3 g 51527 +
yo 511 2 512’7 5’315 616% +ay 6’1i4 5’2% 513’6 52528 +a, 5Z 14 5’2’7 5’3% 5Z526 +
43 511 L2 512’8 51325 51617 +ay, 5Z1i4 5’2 g 513 6 6’5 7 +ay 521 2 51218 5’327 525 6 +
a465 hits 51 i 67’4 g 5177‘8 +ay 611 i 5’2 I3 51417 51618 + a'485 5 21 6’4 g 5i6’7 +
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where a,, 1 <n < 350, not all zero, belong to the field F'.

In order to find the independent linear invariants we assign different values

t0 4y, 0y, 105, 1,,15,14,1, and i, where 1 < i ,4,,....,7, < 4, in equation (A) and pro-
ceed further as
Let ih,=1,=11,=1,=2,1, =i, =3, 1, =1, =4, then

a1511522533544 =0,
which implies a, = 0.

Let i =i, =1,i, =i, =2 i, =i, =3, i, =i, =4, then

a2511522533544 =0,
which implies a, = 0.

Similarly, by adopting the same process as above, we have

Thus we have

Now we check that out of remaining 245 possible candidates of the basis, how many
are linearly independent. As mentioned earlier, in case 4, this will be done in a

systematic manner. The symbol

456
457
458
467
468
478

(123)
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is a collection of the next six equations

For (123) (456), we take ¢, =i, =i, = 1,4, =i, = i, = 2 and the remaining 7's

are given values 3, 4 where the indices appear in ascending order.

(123) (456) i

a’11151152261234 + a11251152261234 + a115511522€1234 +
a’12651152261234 + a127611622€1234 _'_ a’13051152261234 +
a21151152261234 + a21251152261234 + 0’215(51162261234 = O

= Oy + Ay, T+ Q45 + Q126 + Q57 + Q30 + Ay + Ay, QAgy5 = 0. (1)
The same pattern is followed in the sequel upto equation (126)

(123) (457) i,=1,i, =2 i, =3, i, =

a11151152261324 + a11351152261234 + 0’11661162261234 +
C’“12651152261324 + a12861162261234 + a’131 61152261234 +
a’21151152261324 + a21351152261234 + a21651152261234 - O

= —0yy, + Q5 + Qy16 = Qyg + Qy9g + Ay = Qg4 + Qg3 + o156 = 0. (2)

(123) (458) iy =14, =2, i, =3, i, =4,

a11151162261342 + a’114511(52261234 _'_ a’11761152261234 +
a126511522 E1342 + a’12961152261234 + a’132511622€1234 +
a’21151152261342 + a21451152261234 + a217511522€1234 - O

= a’lll + a’114 + a’117 + a’126 + a’129 + a132 + a’211 + a214 + a’217 = O (3)
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(123) (467) i, =10, =2 i, =3, i, =4,

a’11251152261324 + a11361152261324 + a/118511522€1234 +
a’127511522€1324 + C1’12861162261324 + a’133511522€1234 +

a21251152261324 —"_ a21361152261324 + 0’21861162261234 = O

= =y — Ay T Oy = Oy = Qpgg T Qg — Qgpy — Qg T Aypg = 0.

(123) (468) iy =1,i,=2i, =3,i, =4,

a112511522€1342 + a’11461162261324 + a’119511622€1234 +
a’127511522€1342 + a12961152261324 + a134511522€1234 +
a’212511522€1342 + C]“214(51162261324 + a’219511522€1234 = O

= Q19 = Qqqy + Qy19 + Qrg7 — Qygg + Q34 + Qg1 — Qo1y + Qg9 = 0.

(123) (478) i, =1,i, =2 i, =3, i, =4,

(124)

a11351162261342 + a11451162261342 _'_ 0’12061152261234 +
a128511522 E1342 + a’12961162261342 + a’135511622€1234 +
a’213511522€1342 + a21451152261342 + a220511522€1234 - O

= a’113 + a’114 + a’120 + a’128 + a’129 + a’135 + a’213 + a’214 + a’220 = O

356
357
358
367
368
378
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(124) (356) i,=1,i

a107511522 61234 + a108 511622 61234 + a115 511522 62134 +
a’141 611 522 61234 + a142 511 62261234 _'_ a’145611 52261234 +

a221511522 61234 —"_ a22251152261234 + a225611522€1234 = O

= a’107 + alOS - a115 + a141 + a142 + a145 + a221 + a222 + a225 - O

(123) (457) i, =1,i, =2 i, =3, i, =4,

C,“10751152261324 + a109 511622 61234 + allG 511522 €2134 +
a141 511 522 61324 + a143 611 (522 61234 + a146 511 52261234 +

a22151162261324 —"_ a22351162261234 _'_ 0’22661152261234 = O

= —Qyo7 + Qg9 — 16 — Qg + Q43 + Qg6 — ooy + Qg9 + Qoo = 0.

(124) (358) i, =1,i, =2, i, =3,i, =4,

a107511522 61342 + allO 511622 612.‘34 + 0/117(511(522 62134 +
C’“14151152261342 + a144 511622 61234 + a147511522€1234 +

a’221511522 61342 + a224 611622 61234 + a’22751152261234 - O

= 0’107 —"_ allO - a117 —"_ a141 —"_ a144 —"_ a147 —"_ a221 + a’224 —"_ a227 = O

(124) (367) i, =1,i, =2, i, =3,i, =4,
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a10851152261324 + a109 611622 61324 + a118 511522 €21.34 +
a142511 522 61324 —"_ a143 611 622 61324 + a148 511 52261234 —"_
a222511622 61324 + a223 51162261324 _'_ 0’22861152261234 = O
= —a

—a

108 100 — Gi1g 7 Gyup 7 Ay + Qg = Qoo — Qgog + Qgog = 0. (10)

(124) (368) iy=1,i,=2,i, =3,i, =4,

a108511522 61342 + a’110511(52261324 _'_ a’119611522€2134 +
a142511522 E1342 + a’144 611522 61324 + a’149 51162261234 +
a’22251152261342 + a224 511522 61324 + a229 51152261234 - O

= Qg — Qyyp — Qg + Qg = Qyyy + Q49 + g9y ™ Qoo + Qg9 = 0. (11)

(124) (378) iy =10, =2, i, =3, i, = 4,

a109511522 61342 + allO 511522 61342 + a120 511522 62134 +
a’143511522 61342 + a14461162261342 _'_ a’15051152261234 +
a223511522 61342 + a224 611522 61342 + 0/230 61162261234 - O

= a’109 + allO - a120 + CL143 + a144 + a150 + a223 + a224 + a230 = O (]‘2)

346
347
348
367
368
378

(125)
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(125) (346) i

a10651162261234 —"_ a10851162262134 _'_ a’11261152262134 —"_
a156511522 61234 + a’15751162261234 + a’160511522€1234 +

a’231511522€1234 + a23251152261234 + a235511522€1234 - O

= 0’106 - a’108 - a112 _'_ a156 + a’157 _'_ a’160 + a231 + a’232 + a235 = 0

(125) (347) by =11, = 2,45 = 3,1y = 4,

C’“10651152261324 + a10961162262134 + a113511522€2134 +
a15651152261324 + a15861152261234 + a16151152261234 +
a23151162261324 + a23351162261234 _'_ 0’23661152261234 = O

= —a

(125) (348) i

a’10651152261342 + a110611622€2134 + a’11451152262134 +

a156511522 61342 —"_ a15951152261234 + a16261152261234 —"_

C’“23151152261342 + a23451162261234 + a’237511522€1234 = O

= a’106 - allO - a114 + a156 + a159 + a162 + a231 + a234 + a237 - 0

(125) (367) i, =10, =2 i, =3, i, =4,

64
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a, 0.0, €

108 V11

a

J

157711

223124 + a10961162263124 + a118511522€2314 +

522 61324 + a15861162261324 + a16351152261234 +

a23251162261324 —"_ a23351162261324 _'_ 0’23861152261234 = O

= Qg + Q109 + Qg = Qqg5p = Oy + Qg3 = Oogp — Qogg + Qg3g = 0.

(125) (368)

a

a

A0, 0, €

232711

=~y + Q19 + Qg + Q57 = Qygg + Q64 + Qggp — Qygy + Qgz9 = 0.

J

108 ¥ 11

d

157711

(125) (378)

Ay000 4,
.50,
Ayss0
= — 0
345
347
(126) 348
357
358
378

62263142 + a’11051152263124 _'_ a’119611522€2314 +
522 E1342 + a’15961162261324 + a’164511622€1234 +

2271342 + a23451152261324 + a239511522€1234 - O

522 63142 + a11051152263142 + a/120511522€2314 +
52261342 + a15961162261342 _'_ a’165511522€1234 +
522 61342 + a23451152261342 + 0/240(511(52261234 - O

- a’110 + alZO + a’158 + a159 + a’165 + a233 + a’234 + a240 = 0

65

(18)
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(126) (345) iy =1,i

a10651162262134 + a10761162262134 _'_ a’111611522€2134 +
a171511522 61234 + a’17261162261234 + a’175511622€1234 _I_
a’241511522€1234 + a24251152261234 + a245511522€1234 - O

= —Q — @

(126) (347) i, =1,i, =2 i, =3, i, =4,

C’“106511522 63124 + a10951162262314 + a’113511522€2314 +

a’17151152261324 + a17361162261234 + a/17651152261234 +

a24151162261324 —"_ a24351162261234 _'_ 0’24661152261234 = O

= a’106 + a109 + a’113 - a171 + a173 + a176 - a’241 + a’243 + a’246 = 0

(126) (348) ig = 17 Z.4 = 27 is - 3a Z‘7 = 47

a’10651152263142 + a110611622€2314 _'_ C1'11451152262314 +
a171511522 61342 + a17451152261234 + a17751152261234 +

C’“24151152261342 + a24451162261234 + a’247511522€1234 = O

= _a106 + all() + a114 + a’l?l + a174 + a177 + a241 + a244 + a247 - 0

(126) (357) i, =10, =2 i, =3, i, =4,

66

107 a’lll + a171 + a172 + a175 + a’241 + a242 + CL245 = 0

(20)

(21)
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a107511522 63124 + a109 511622 63214 + allG 511522 €2314 +
a’172511522 61324 + a17361152261324 + a17851152261234 +
a242511622 61324 + a24351162261324 _'_ a’248611522€1234 = O

=a

(126) (358) i, =1,i

a10751162263142 + a’11051152263214 _'_ a’117611522€2314 +
a172511522 E1342 + a’17461162261324 + a’179511622€1234 +

a’24251152261342 + a24461152261324 + a249511522€1234 - O

= — 05, — Gy + Qyyq + Qg = Qypy + Qy7q + Qogp — Ooyy + Qo9 = 0.

(126) (378) i, =1,

a’109511522 63412 + a11061152263412 + a/120511522€2341 +
a’17351152261342 + a174611622€1342 + a’18051152261234 +

a243511522 61342 —"_ a24451152261342 + a250611622€1234 = O

= a’109 + allO - a120 + CL173 + a174 + a180 + a243 + a244 + a250 = O

345
346
348
356
358
368

(127)

67

107 — Gigg + Q16 = Qypg = Qqrg + Qyrg = Qogg = Qoyg + Qoyg = 0.

(22)
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(127) (345) iy =1,i

a106511 622 62314 + a107 611 622 62314 _'_ a’lll 611 522 62314 +
a186611522 61234 + a’187611622 61234 + a’190 51162261234 _I_
a’251511522€1234 + a252 511522 61234 + a255 51152261234 - O

= 0’106 + a107 + a’lll + a’186 + 0’187 + a’190 + 0’251 + a’252 + a’255 = O

(127) (346) i,=1,i, =2 i, =3, i, =4,

C’“106511522 63214 + a10851162262314 + (1/11251152262314 +

a18651152261324 + a18861162261234 + CL19151152261234 +

a25151162261324 —"_ a25351162261234 _'_ 0’25661152261234 = O

= Q6 + Qg + Aq19 — Qg + Q58 + Qg — Qosy + Qa5 + Qos6 = 0.

(127) (348) by = 1,0, = 2,15 = 3,45 = 4,

a’106511 522 63412 + allO(sll 622 62341 _'_ C1’114511 522 6234:1 +
a186511522 61342 + a189 511522 61234 + 0/192 61162261234 +
C,“25151152261342 + a254 611622 61234 + a’257511522€1234 = O

= a’106 - allO - a114 + a186 + a189 + a192 + a251 + a254 + a257 - 0

(127) (356) i, =10, =2 i, =3, i, =4,

68

(26)
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a107511522 63214 + a108 511622 63214 + a115 511522 €2314 +
a’187511522 61324 + a188 611622 61324 + a193 51152261234 +
a252511622 61324 + a25351162261324 _'_ a’258611522€1234 = O

= Oy — Oy + 15 = Qqgr — Qygg + Qg3 = Qo590 — Qg5 + osg = 0. (28)

(127) (358) i, =1,i

a107511 622 63412 + a’llO 511 522 63241 _'_ a’117611 522 62341 +
a187511522 E1342 + a’189 611622 61324 + a’194511622€1234 +
a’25251152261342 + a254 511522 61324 + a259 61152261234 - O

= Oy + Ay = Qqy7 + Qg7 — Qygg + Qg4 + Qosy — Qogy + Ao59 = 0. (29)

(127) (368) i, =1,

a’108511 522 63412 + allO 511 522 63421 + a119 511 522 62341 +
a’188511 522 61342 + a189 611 62261342 _'_ a’195511 52261234 +
a253511522 61342 + a254 611522 61342 + a/260 61162261234 - O

= Qg = Gypg — Qg + 2 + Q59 + Qg5 + Qa5 + Qa5 + Qgg = 0. (30)

345
346
347
356
357
367

(128)

69
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(128) (345) iy =1,i

a106511 622 62341 —"_ a107 611 622 62341 _'_ a’lll 611 522 62341 —"_
a201511522 61234 + a202 511622 61234 + a’205 51162261234 _l_

a’261511522€1234 + a26251152261234 + a265511522€1234 - O

= Tl — Ay — Ay + Qg4 + U0z + Qgp5 + Qg6 + Qg69 + Uoes5 = 0.

(128) (346) i, =1,i, =2 i, =3, i =4,

C,“106511 522 63241 + a108 511 622 62341 + a’112 511 522 €2341 +
a201 511 522 61324 + a203 611 522 61234 + a206 511 522 61234 +
a261 511 622 61324 + a263 511 (522 61234 _'_ 0’266 611 522 61234 = O

= Qo6 — Qqog = Q1o — Qgpp + o + Qoo — Qg6 + Qg3 + Qo6 = 0.

(128) (347) i

a’106511 522 63421 + a109 611 622 62341 _'_ a’113511 522 6234:1 +
a201511522 61342 + a204 511522 61234 + a20751162261234 +
C’“26151152261342 + a264 511622 61234 + a’267511522€1234 = O

= 6 — Qygg — Gy + Qg4 + Qg04 + Qa07 + Qg6 + Qg64 + Qo7 — 0.

(128) (356) i, =1,0,=2 i, =3,i =4,

70
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a107511522 €300 T a10861162263241 + a115511522€2341 +
a202511522 €324 T a20361152261324 + a20851152261234 +
a26251162261324 + a263511622€1324 + 0’26861152261234 =0
:>a'107+a108_a —a

115 202 Qogz T Qogg = Uoggy — Qogg T Qogg = 0.

(128) (357) i, =1,i

a107511 522 63421 + a’109 511 (522 63241 _'_ a’116611 522 62341 +
a202511522 E1342 + a’204 611622 61324 + a’209 51162261234 +
a’26251152261342 + a264 511522 61324 + a269 51152261234 - O

= — 0y, + Ay — Oy + Qogy ™ ooy + Qg9 + Qogy — Uogy + Qo9 = 0.

(128) (367) i, =1,

a108511 522 63421 + a109 511 522 63421 + a118 511 522 62341 +
a’203611 522 61342 + a204 611 62261342 _'_ a’210511 52261234 +
a263511522 61342 + a264 511522 61342 + 0/270 61152261234 - O

= g5 — Qygg — Qypg T Qogy T Aoy + Qypg T Aoy + Aygy T Aoy = 0.

256
257
258
267

268
278

(134)

71
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(134) (256) iy=1,i,=2i, =3, i, =4,

a12251162261234 —"_ a12361162261234 _'_ a’130611522€2134 —"_
a137511522 61234 + a’13851162261234 + a’14551162262134 _l_

a’231522511€1234 + a24152251161234 + a271511522€1234 - O

= 0’122 + a123 - a130 + CL137 + a138 - a’145 + a231 + a’241 + a271 = 0

(134) (257) i, =1,i, =2 i, =3, i, =4,

C,“12251152261324 + a12451162261234 + a131 51152262134 +
a’137511522 61324 + a13961152261234 + a14651152262134 +
a23152261161324 + a25152261161234 _'_ 0’27261152261234 = O

= —Qyy + gy — @

(134) (258) iy=1,i, =2 i, =3,i, =4,

a’12251152261342 + a125611622€1234 + a’13251152262134 +

a137511522 61342 —"_ a14051152261234 + a147611622€2134 —"_

a23152251161342 + a261 62261161234 + a’273511522€1234 = O

= a’122 + a125 - a132 + CL137 + a140 - a147 + a231 + a261 + a273 - 0

(134) (267) i =1,4, =2,4; =3, i, = 4,

72

131 — Qa7 + Qr39 = Qrg — Qo34 + Qysy + Aoy = 0.

(38)
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C,“12351152261324 + a124 511622 61324 + a133 511522 €2134 +
a’138511522 61324 + a139 611622 61324 + a148 511522 62134 +

a24152261161324 —"_ a25152261161324 _'_ 0’27461152261234 = O

= T3 T Qqpy — Oygg Q38 Q39 Q48 Qoyy Aoy + Aoy = 0
(134) (268) i=1,i,=2i, =3,i, =4,
1y =1, =1, 1, =1, = 2,

a123511522 61342 + a’125511(52261324 _'_ a’13461152262134 +
a138511522 E1342 + a’140 611522 61324 + a’149 511622 62134 +
a241 52251161342 + a261 522 51161324 + a275 51152261234 - O

= Oypy — Oypg — Qyyy + Qi35 ™ Qyyg = Qyyg + Aogy — Qogy + Qg7 = 0.

(134) (278) i=1,i, =2, i, =3, i, =4,

a124511522 61342 + a125 511522 61342 + a135 511522 62134 +
a’139511522 61342 + a14061162261342 _'_ a’15051152262134 +
a25152251161342 + a261 622 51161342 + a/276 62261161234 - O

= a’124 + a125 - a135 + CL139 + a140 - a150 + a251 + a261 + a276 = 0

246
247
248
267
268
278

(135)
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(135) (246) i

a12151162261234 + a12351162262134 _'_ a’12761152262134 +
a152611522 61234 + a’15351162261234 + a’160511622€2134 _I_
a’221522511€1234 + a24252251161234 + a277511522€1234 - O

= Oy = Oypy = Gy + Q159 + Qy53 — Ay + Qg94 + Qg4 + Qo7 = 0.

(135) (247) i, =1,i, =2 i, =3, i, =4,

C’“12151152261324 + a12461162262134 + a’128511522€2134 +
a15251152261324 + a15461152261234 + a16151152262134 +
a22152261161324 + a25252261161234 _'_ 0’27861152261234 = O

= —a
(135) (248) i

a12151152261342 + a125§1162262134 + a12951152262134 +

a152511522 €1342 + a15551152261234 + a16251162262134 +

a22152251161342 + a26262261161234 + a279511522€1234 =0

= Oy — Oyg5 — Gy + Q59 + Q55 — Ay + Qg94 + Qg69 + Qgrg = 0.

(135) (267) i=1,0,=2 i, =3, i, =4,

74

121 — Qaq 7 Qo = Gy + Qi54 = Qrg1 — Qoo + Qoss + Aoy = 0.
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C,“123511522 63124 + a124 511622 63124 + a133 511522 €2314 +
a153511522 61324 + a154 611622 61324 + a163 511522 62134 +

a24252261161324 —"_ a25252261161324 _'_ 0’28061152261234 = O

= Qa3 + Q94 + Qg3 = Qg3 = Qygq = Qugg = Qoup = Aoy + Qo9 = 0.

(135) (268) i=1,i,=2i, =3, i, =4,

a123511522 63142 + a’125611(52263124 _'_ a’13461152262314 +
a153511522 E1342 + a’155 611522 61324 + a’164511622 62134 +

a’24252251161342 + a26262251161324 + a281511522€1234 - O

= 0y + Qg5 + Q34 + gy = Qg = Qygy + Qogp — Oogy + Qogy = 0.

(135) (278) i =1,

a’124511522 63142 + a12561152263142 + a135511522€2314 +
a’15451152261342 + a155611622€1342 + a’16551152262134 +

a25252251161342 —"_ a26252251161342 + a282611522€1234 = O

= Uy, — Oy + Q35 + Q54 + Qy55 — Qs + Q59 + Qg69 + Qogy = 0.

245
247
248
257
258
278

(136)

75
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(136) (245) iy=1,i, =2 i =3, i, =4,

a121 511 622 62134 —"_ a122 611 622 62134 _'_ 0’126611 522 62134 —"_
a167511522 61234 + a168 511622 61234 + a’175 511622 E2134 _l_

a’222522511€1234 + a23252251161234 + a283511522€1234 - O

= Ty T Qg — Qg + Q167 + Uigs — Qy7s + Q329 + Qa39 + Qag3 = 0.

(136) (247) i, =1,i, =2 i, =3, i, =4,

a121511522 63124 + a12451162262314 + a128511522€2314 +
a’167511522 61324 + a16961152261234 + a17651152262134 +
a22252261161324 + a25352261161234 _'_ 0’28461152261234 = O

= Uy + Q94 + Qo5 — Qygy + Qg9 — @

(136) (248) i

a’12151152263142 + a125611622€2314 + a’12951152262314 +

a167511522 61342 —"_ a17051152261234 + a177611622€2134 —"_

a22252251161342 + a26352261161234 + a’285511522€1234 = O

= _a121 + CL125 + a129 + a167 + a170 - a’177 + a222 + a’263 + a285 - 0

(136) (257) i =1,0,=2 i, =3, i, =4,

76

176 — (aog + Qa5 + Qogq = 0.

(50)



Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

1, =1, =1, 1
C,“122511522 63124 + a12451162263214 + a131 51152262314 +
a’168511522 61324 + a16961162261324 + a/178511522€2134 +
a232 52261161324 + a253 522 61161324 _'_ 0’28661152261234 = O

= gy — Oy + Q31 = Qugg = Qg9 = Qygg = Qogp = Aoy + Qggs = 0.

(136) (258) i=1,i,=2i, =3, i, =4,

a122511522 63142 + a’125511(52263214 _'_ a’13261152262314 +
a168511522 E1342 + a’17061152261324 + a’179511622€2134 +
a’23252251161342 + a26352251161324 + a287511522€1234 - O

= Tl — Oy + Ay + Qg = Qygg — Qyzg + g3y ™ Qogg + Qogr = 0.

(136) (278) i =1,

a’124511 522 63412 + a125 511 522 63412 + a135 511 522 62341 +
a’169511 522 61342 + a170 611 62261342 _'_ a’180511 522 62134 +
a25352251161342 + a263 522 51161342 + a/288 61162261234 - O

= Uy + Qqg5 — Q35 + Q169 + Q79 — Qygo + Qa5 + Qa63 + Qogg = 0.

245
246
248
256
258
268

(137)
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(137) (245) i

a121 511 622 62314 —"_ a122 511 622 62314 _'_ 0’126611 522 62314 —"_
a182511522 61234 + a183 611622 61234 + a’lQO 511622 E2134 +

a’22352251161234 + a23352251161234 + a289511522€1234 - O

= 0’121 + a122 + 0’126 + a’182 + 0’183 - a’190 + a223 + CL233 + a289 = 0

(137) (246) i, =1,i, =2 i, =3, i, =4,

a121511522 63214 + a123 511622 62314 + a’127511522 €2314 +
a’182511 522 61324 + a184 611 522 61234 + a191 511 522 62134 +
a22352261161324 + a24352261161234 _'_ 0’29061152261234 = O

= 0y + Q93 + Qg7 — Qg + Qigqy — G

(137) (248) iy =1,4,=2,i, =3, i, =4,

a’12151152263412 + a’125611622€2341 + a’129511522€2341 +

a182511522 61342 —"_ a18551152261234 + a19261152262134 —"_

a22352251161342 + a26452261161234 + a’291 51152261234 = O

= Oy — Oyg5 — Gy + Q59 + Qg5 — Qyg + Qg9 + Qgp4 + Qg9 = 0.

(137) (256) i=1,0,=2 i, =3, i, =4,

78

101 — Qoo + Ay + Ao99 = 0.

(56)
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C’“1225115
o

183711

a

€

223214

+ a12361162263214 + a/130511522€2314 +

522 61324 + a18461162261324 + a19351152262134 +

a23352261161324 —"_ a24352261161324 _'_ 0’29261152261234 = O

= —a

122

(137) (258)

— Qg + Q39 = Qg3 = Qgq = g3 = Qoygg = Qoyy + Qggy = 0.

a12251162263412 —"_ a’125511(52263241 _'_ a’13261152262341 —"_

)

183711

Aoon0,.0, . €

233

= a’122 + a’125

227111342

(137) (268)

050,
Uy, 05,0, €
Apys0 4,
= Ay, — @
245
246
(138) 247
256
257
267

125

522 E1342 + a’18561152261324 + a’194511622€2134 +

+ a26452251161324 + a293511522€1234 - O

= Qyg + Qigg = Qygg — Qg4 + Qgzg — Oogy + Qg9 = 0.

522 63412 + a125 511622 63421 + a134 511522 62341 +
1342 + a18561162261342 _'_ a’195511522€2134 +
522 61342 + a264 622 51161342 + a29461152261234 - O

- a134 + a184 + a185 - a’195 + C’“243 + a’264 + C’“294 = 0

79
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(138) (245) iy=1,i, =2 i, =3,i, =4,

a121 511 622 62341 —"_ a122 511 622 62341 _'_ 0’126611 522 62341 —"_
a197511522 61234 + a198 611622 61234 + a’205 511622 E2134 +

a’224522511€1234 + a23452251161234 + a295511522€1234 - O

= Ty T Qg — Qg + Qg7 + Uygg — Qgp5 + Q324 + Qg34 + Qa9 = 0.

(138) (246) i, =1,i, =2 i, =3, i =4,

C,“121511522 63241 + a123 611622 62341 + a/127511522 €2341 +
a’197511 522 61324 + a199 611 522 61234 + a206 511 522 62134 +
a22452261161324 + a244 522 61161234 _'_ 0’29661152261234 = O

= a

(138) (247) iy =1,i,=2,i, =3, i, =4,

a’121 511 522 63421 + a124 611 622 62341 _'_ a’128 511 522 6234:1 +
a197511522 61342 + aQOO 511522 61234 + a/207611622 62134 +
C,“22452251161342 + a254 522 61161234 + a’297511522€1234 = O

= —Q,y —a

(138) (256) i=1,0,=2 i, =3,i =4,

80

121 — Quag = Qo = Qygy + Qrgg = Qgp6 — Ugoy + Ao44 + Qo9 = 0.

124 = Qg + Q197 + Qg0 — Qgo7 + Q324 + Qg5 + Qo7 = 0.

(62)
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a’122511522 63241 + a123611622€3241 _'_ a’13051152262341 +
a198511522 61324 + a199 511522 61324 + 0’208 611622 e2134 +

C’“23452251161324 + a24452261161324 + a’298511522€1234 = O

= Qg + Qg3 = Qzqg = Oygg = Qg9 = Qppg — Qygy = Qygyy + Qggg = 0.

(138) (257) i=1,i,=2i, =3, i, =4,

a’122511 522 63421 + a124 611 522 63241 + a’131 511 522 62341 +
a198511622 61342 + a200 51152261324 _'_ a’209611522 62134 +

a234522511€1342 + a’25462261161324 + a’299511622€1234 = O

= Uy, + gy — Uy + Qg5 = Uagp — Qagg + Qozq — o5y + Qo9 = 0.

(138) (267) io=1,0, =2, =3, i, =4,

a’123511522 63421 + a12451162263421 + a/133511522€2341 +
a’19951152261342 + a200611622€1342 + 0/21051152262134 +

a24452251161342 —"_ a25452251161342 + a300611622€1234 = O

= Oy — Oy — Qg + Qg9 + Qa0 — Ug1g + Aoyq + Qg5 + QAgp9 = 0.

267
(145) | 268
278
(145) (267) i, = 1,0, =2, i, =3, i, = 4,

81
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a’138511(52263124 + a139611622€3124 + a’148511522€2314 +
a153511522 63124 + a15451152263124 + 0’16361162262314 +

C’“24552251161324 + a25552261161324 + a’301 51152261234 = O

= a’138 + a’139 + a’148 + a’153 + a’154 + a’163 - a245 - a255 + a301 - 0

(145) (268) i=1,i,=2,i, =3, i =4,

a138511522 63142 + a140 611522 63124 + a’149 511522 62314 +
a153511622 63142 + a15551162263124 _'_ a’164611522€2314 +

a245522511€1342 + a’26562251161324 + a’302611622€1234 = O

= Qe + Q1490 + Qg9 — Qys53 + Q55 + Q164 + Qgys — Qg5 + Qgpp = 0.

(145) (278) io=1,0, =2, i, =3, i, =4,

a’139511522 63142 + a140 511622 63142 + a150 511522 62314 +
a’154511522 63142 + a155 611622 63142 + a’165511522 62314 +

a25552251161342 —"_ a26552251161342 + a303611522€1234 = O

= Qg — Gy, + Q59 = Qg — Qys5 + Qyg5 + Qs + Qg + Qg3 = 0.

257
(146) | 258
278
(146) (257) i, = 1,0, =2, i, =3, i, = 4,

82

(67)
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a’13751152263124 + a139611622€3214 _'_ a’14651152262314 +
a168511522 63124 + a16951152263124 + 0’17861162262314 +
a23552251161324 + a25652261161324 + a’304511522€1234 = O

= Qy3p — Oy + QAy46 + Qg + Q169 + Qyrg = Qgg5 — Ugsg + Qspq = 0.

(146) (258) i=1,i,=2i,=3,i, =4

a137511522 63142 + a140 611522 63214 + a’147511522 62314 +
a168511522 63142 + a17051152263124 _'_ a’17961152262314 +
a235 52251161342 + a’266 622 61161324 + a’305 61162261234 = O

= Uy — gy, + Q47 — Qs + Q79 + Q79 + Qg3 — Uggg + Qg5 = 0.

(146) (278) io=1,0, =2, =3, i, =4,

a139511522 €a012 T a14051152263412 + a150511522€2341 +
a’169511522 €3102 T a170511522€3142 + a’180511522€2314 +
a25652251161342 + a26652261161342 + a306611622€1234 = O
:>a139+a140_a —a

150 169 CL17O —‘f_ a180 + CL256 —‘f_ a266 + CL306 = 0

256
(147) | 258
268
(147) (256) i=1,d, =24, =3, i, =4,

83
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a’137511522 63214 + a138§11622€3214 _'_ a’145511522€2314 +
a183511522 63124 + a184 511622 63124 + a/193 611622 62314 +

C,“23652251161324 + a24662261161324 + a307511522€1234 - O

= O3, — Qg + Q45 + Q153 + Qg4 + Qg3 = Uaz6 — Aoy + QAgp7 = 0.

(147) (258) i=1,i,=2 i, =3, i, =4,

a’137511 522 63412 + a140 511 522 63241 + a147511 522 62341 +
a’183511 522 63142 + a185 611 622 63124= _'_ a’194511 522 62314 +
a23652251161342 + a267522 51161324 + G/SOS 61162261234 - O

= Uy, + Qg9 = Qg7 — Qg3 + Q55 + Qg4 + Qg3 — Uagr + Qgp5 = 0.

(147) (268) i=1,4, =2 i, =3, i, =4,

a138511522 E3412 + a14061152263421 + a’149511522€2341 +

a’184511522 63142 + a185 511622 63142 + a195 611522 62314 +

a’24652251161342 + a267622611€1342 + a’309511522€1234 = O

= Qgg = Quyg = Qugg = Qugq = Qygg + Qg5 + 46 + Qo67 + Q309 = 0.
256
(148) | 257
267
(148) (256) i =1,0,=2 i, =3,i, =4,

84

(73)

(74)

(75)
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a’137511522 63241 + a13861162263241 + a’14551152262341 +
a198511522 63124 + a’199 511522 63124 + 0’208 611622 e2314 +

C’“23752251161324 + a24752261161324 + a’310611622€1234 = O

= O3 + Qyzg = Quys + Qg + Qg9 + Qgos — Ugz7 — Ugyr + Qg9 = 0.

(148) (257) =11, =214, = 3,1, =4,

a137511522 E3421 + a139 611622 63241 + a’146 611522 62341 +
a198511 522 63142 + a200 511 522 63124 + a209 511 522 62314 +
a’23762251161342 + a257622611€1324 _'_ 0/31151152261234 = O

= —Qyy + 39 — G

(148) (267) i, =10, =2 i, =3, i, =4,

a’138511522 63421 + a139611622€3421 + a’14851152262341 +
a199511522 63142 + a200 511522 63142 + 0’210 611622 e2314 +

a24752251161342 + a25752261161342 + a’312511522€1234 = O

= Tl — Qygg — Qyyg — Oigg — Oy, + Q19 + Qay7 + Qgs7 + Q319 = 0.

(156) (278) i=1,0,=2i,=3,i, =4,

85

146 — Qo + Q00 + Q09 + Qoz7 — Qgs7 + QAgqp = 0.

(76)

(78)
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a’154(511 522 63412 + a155 611 622 63412 + a’165511 522 62341 +
a169511 522 63412 + a170 511 522 63412 + 0’180 611 622 e2341 +
C,“25852251161342 + a268 522 61161342 + a’313 61162261234 = O

= a154 + a’155 - a165 + a169 + a170 - a180 + a258 + a268 + a313 - 0

(157) (268) i=1,0,=2 i, =3, i, =4,

a153511522 E3412 + a155 611622 63421 + a’164511522 62341 +
a184511 522 63412 + a185 611 622 63412 + a195 511 522 62341 +
a’24862251161342 + a’269 622 61161342 _'_ a’314511522€1234 = O

= Qg3 — Oy — Qg + (O™ + Qg5 — Qg5 + Qg4 + Qap9 + Qgyy = 0.

(158) (267) i=1,0, =24, =3, i, =4,

a’153511522 63421 + a154611622€3421 + a’16351152262341 +
a199511522 63412 + a200 511522 63412 + 0’210 611622 e2341 +

a24952251161342 + a25952261161342 + a’315511522€1234 = O

= Oy — Oy — Qg + Q199 + Qg0 — Ug19 + Qa49 + Qa5 + Q315 = 0.

(167) (258) i=1,0,=2i, =3, i, =4,

86

(79)

(80)

(81)
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a’16851152263412 + a17061162263421 + a’17951152262341 +
a183511522 63412 + a’18551152263421 + 0’19461162262341 +

C’“23852251161342 + a27052261161342 + a’315622611€1234 = O

= Qs — Qyzg — Qg + Qg3 = Qg5 — Qg4 + Qys3g + Qa7 + Qg5 = 0.

(168) (257) i=1,0,=2i, =3, i, =4,

C’“168511522 E3421 + a169 611622 63421 + a’178 511522 62341 +
a198511522 63412 + a200 511522 63421 + a209 511522 62341 +

a’23952251161342 + a26062261161342 + 0/31452251161234 = O

= gy — Qygg — Qg + Qrgg — Qggp — Oogg + Qa3 + Q60 + Ag14 = 0.
(178) (256) i=1,0, =24, =3, i, =4,
i=i =1, i, =i, =2,

a’18351152263421 + a184611622€3421 + a’19351152262341 +
a198511522 63421 + a19951152263421 + 0’20861162262341 +

a24052251161342 + a25052261161342 + a’313522511€1234 = O

= Oy — Qygy — Qyg3 — Qigq — Oygg — Uygg + Qg4 + Q50 + Qgy3 = 0.

(167) (248) i=1,d, =2 i, =3, i, =4,

87

(82)

(83)

(84)
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a’167511522 63412 + a17061162263241 + a’17751152262341 +
a182511522 63412 + a’185 511522 63241 + 0’192 611622 e2341 +

C’“22852251161342 + a27052261161324 + a’312622611€1234 = O

= Oy + Qyrg = Qyr7 + Qg9 + Qg5 — Qygo + Qgg5 — Qgrg + Qgy9 = 0.

(157) (248) i=1,d, =2, i, =3, i, =4,

6,“152511522 63412 + a155 611622 63241 + a’162 511522 62341 +
a’182511522 63142 + a185 611522 63214 + a192 511522 62314 +

a’22652251161342 + a26962261161324 + 0/31152251161234 = O

= Q59 + A5 — Qo — Qg — Qygs + Qg9 + Qgo — Uggg + gy = 0.

(156) (248) i, =1, =2 i, =3,i, =4,

a’152511522 63142 + a’155611622€3214 + a’16251152262314 +
a167511522 63142 + a170 511522 63214 + 0’177611622 62314 +

a22552251161342 + a26852261161324 + a’310522511€1234 = O

= T Oy5, — Oy + Q6o = Qg7 — Qypg + Q77 + Qgo5 — Uogs + Q319 = 0.

(168) (247) i=1,d, =2 i, =3, i, =4,

88

(85)

(86)

(87)
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a’167511522 63421 + a169611622€3241 + a’176511522€2341 +
a197511522 63412 + a’200 511522 63241 + 0’207611622 e2341 +

C’“22952251161342 + a26052261161324 + a’309622611€1234 = O

= — 04, + Qig9 — Qyrg + Qg7 + Qg9 — Qgo7 + Qgg9 — Qg + QAgp9 — 0.

(158) (247) i=1,i, =2, i, =3, i, =4,

a152511522 E3421 + a154 611 622 63241 + a’161 611 522 62341 +
a197511 522 63142 + a200 611 622 63214 + a207511 522 62314 +
a’22762251161342 + a’259 622 61161324 _'_ a’308 52251161234 = O

= —Qy5 + A5y — @

(156) (247) i, =10, =2 i, =3, i, =4,

a’152511 522 63124 + a154 611 622 63214 + a’161 511 522 62314 +
a167511522 63124 + a169 511522 63214 + 0’176 611622 e2314 +
C,“225 52251161324 + a258 522 61161324 + a’307522 51161234 = O

= Qygy — Oy + Q61 + Qy67 — Qg + Q76 = Qog5 — Qosg + Qgo7 = 0.

(178) (246) i=1,d, =2 i, =3, i, =4,

89

161 — Qig7 = Qggg + Qyo7 + Qgg7r = Uasg + Qgog = 0.

(83)

(89)

(90)
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a’182511 522 63421 + a184 611 622 63241 + a’191 511 522 62341 +
a197511522 63421 + a’199 511522 63241 + 0’206 611622 e2341 +

C’“23052251161342 + a25052261161324 + a’306622611€1234 = O

= Oy + Qygq = Qygp — Qyg7 + Qrg9 — Qoo + Qa0 — a5 + QA3p6 — 0.

(158) (246) i=1,d, =2, i, =3, i, =4,

a152511522 E3241 + a153 611622 63241 + a’160 611522 62341 +
a197511 522 63124 + a199 611 622 63214 + a206 511 522 62314 +
a’22762251161324 + a’249 622 61161324 _'_ a’305 52251161234 = O

= Q5 + Q53 — Qi + Qrg7 — Qygg + Qop6 — Qogr — Qoyg + Q305 = 0.

(157) (246) i, =10, =2 i, =3, i, =4,

a’152511(52263214 + a153611622€3214 + a’160511522€2314 +
a182511522 63124 + a18451152263214 + 0’19161162262314 +

C’“22652251161324 + a24852261161324 + a’304522511€1234 = O

= 055 — Oy + Q60 + Q5o — Qygy + A9y = Ogz6 — Uoys + QAgpq = 0.

(178) (245) i=1,d, =2, i, =3, i, =4,

90

(91)

(92)

(93)
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a’182511522 63241 + a18361162263241 + a’19051152262341 +
a197511522 63241 + a’198 511522 63241 + 0’205 611622 e2341 +

C’“23052251161324 + a24052261161324 + a’303622611€1234 = O

= Qg + Qi3 — Qygg + Q97 + Qrgg = Qgp5 — Uazp — Qyyg + Qg3 = 0.

(168) (245) i=1,d, =2, i, =3, i, =4,

6’“16’7511522 E3241 + a168 611622 63241 + a’175 511522 62341 +
a197511522 63214 + a198 611522 63214 + a205 511522 62314 +

a’22952251161324 + a23962261161324 + 0/30252251161234 = O

= Oy + Qg — Qqp5 — Qygy — Oygg + Qo5 — Qgag — Qogg + Qg0 = 0.

(167) (245) i, =10, =2 i, =3, i, =4,

a’16751152263214 + a168611622€3214 + a’17551152262314 +
a182511522 63214 + a18351152263214 + 0’19061162262314 +

C’“22852251161324 + a23852261161324 + a’301 52251161234 = O

= 05, — Qe + Qyrs = Qugy — Qygg + QArgg — Qg5 — Uyazg + Qg = 0.

(167) (238) i=1,0,=21i, =3, i, =4,

91

(94)

(95)

(96)
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a’166511 522 63412 + a170 611 622 62341 + a’174511 522 62341 +
a181 511 522 63412 + a’185 511 522 62341 + 0’189 611 622 62341 +
a21852251161342 + a270 522 61161234 + a’300 622 61161234 = O

= Qg5 — Qyzg — Qypy + Qg — Qg5 — Qygg + Qy1g + Qa7 + Qgg9 = 0.

(157) (238) i=1,0,=21i, =3, i, =4,

6,“151511522 E3412 + a155 611622 62341 + a’159 511522 62341 +
a’181 511 522 63142 + a185 611 622 62314 + a189 511 522 62314 +
a’21652251161342 + a26962261161234 _'_ a’29952251161234 = O

= Uy — Qg — Qpp9 — gy + Qg5 + Q59 + Qa6 + Qap9 + Qg9 = 0.

(156) (238) i, =10, =24, =3, i, =4,

a’15151152263142 + a155§11622€2314 + a’15951152262314 +
a166511522 63142 + a17051152262314 + 0’17461162262314 +

C’“21552251161342 + a26852261161234 + a’298522511€1234 = O

= _a151 + a155 + a159 - a’166 + a170 + CL174 + a’215 + a’268 + a’298 - 0

(147) (238) i=1,d, =2, i, =3, i, =4,

92

(97)

(98)

(99)
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a’136511522 63412 + a140 611622 62341 + a’144511522 62341 +
a181 511 522 61342 + a’185 511 522 62134 + 0’189 611 622 e2134 +

C’“21352251161342 + a26762261161234 + a’297622511€1234 = O

= Qe — Qg — Qyyy + Qg — Qg5 — Qygg + Qg3 + Qg67 + Qo7 = 0.

(146) (238) i=1,d, =2, i, =3, i, =4,

6Lli’>6511522 E3142 + a140 611622 62314 + a’144511522 62314 +
a’166511522 61342 + a170 511522 62134 + a174 511522 62134 +

a’21252251161342 + a26662261161234 + a’296522511€1234 = O

= — Q36 + Q140 + Q44 + g6 — Q7o — Qqpg + Qg9 + Q66 + Qa9 = 0.

(145) (238) i, =10, =2, i, =3, i, =4,

a’13651152261342 + a’140611622€2134 + a’14451152262134 +
a151511522 61342 + a15551152262134 + 0’15961162262134 +

C’“21152251161342 + a26552261161234 + a’295522511€1234 = O

= Oy — Qg — Qyyy + Q51 = Qg5 = Qypg + Qg4 + Qg5 + Qog5 = 0

(168) (237) i=1,0,=21i, =3, i, =4,

93

(100)

(101)

(102)
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a’166511 522 63421 + a169 611 622 62341 + a’173511 522 62341 +
a196511 522 63412 + a’200 511 522 62341 + 0’204611 622 62341 +
a21952251161342 + a260 522 61161234 + a’294622 61161234 = O

= Tl — Qygg — Qg + Qg6 — Uagp — apy + Qg1 + Q60 + g9y — 0 (103)

(158) (237) i=1,0, =21, =3, i, =4,

C,“151511522 63421 + a154 611622 62341 + a’158 611522 62341 +
a’196511522 63142 + a200 511622 62314 + a204 511522 62314 +

a’21752251161342 + a25962261161234 + 0/29352251161234 = O

= Q5 T Qysy — Qqzg = Qg + Qa0 + Qg04 + Qa7 + Qa5 + Qgg3 = 0. (104)
(156) (237) i =10, =2i, =3, i, =4,
Q=i =1, i, =i, =2,

a151 511 522 63124 + a154 611 622 62314 + a’158511 522 62314 +
a166511522 63124 + a169 511522 62314 + 0’173 611622 e2314 +
a21552251161324 + a25852261161234 + a’292522511€1234 = O

= a’151 + a’154 + a’158 + a’166 + a’169 + a173 - a215 + a258 + a292 - 0 (105)

(148) (237) i=1,4, =2, i, =3, i, =4,

94
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a’136511 522 63421 + a139 611 622 62341 + a’143511 522 62341 +
a196511 522 61342 + a’200 511 522 62134 + 0’204611 622 62134 +
a21452251161342 + a257522 61161234 + a’291 622 61161234 = O

= T35 — Qygg — Qyyy + Qg6 — Uagp — apy + Qg1 + Qas7 + Qg9 — 0. (106)

(146) (237) i=1,d, =2, i, =3, i, =4,

C,“136511522 63124 + a13961162262314 + a’143611522€2314 +
a166511522 61324 + a16951152262134 + a173511522€2134 +
a’21252251161324 + a25662261161234 _'_ 0/29052251161234 = O

= Q36 + Q39 + Qg3 = Qugg = Qugg = Qygg = Qgyy + Qa5 + Qo9 = 0. (107)

(145) (237) i, =10, =2 i, =3, i, =4,

a’13651152261324 + a139611622€2134 + a’14351152262134 +
a151511522 61324 + a15451152262134 + 0’15861162262134 +
C,“21152251161324 + a25552261161234 + a’289522511€1234 = O

= Tl — Qygg — Qyyy — Qugy — gy — Qg — gy, + Qa5 + Qo9 = 0. (108)

(178) (236) i=1,0,=21i, =3, i, =4,

95
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a’181511522 63421 + a18461162262341 + a’18851152262341 +
a196511522 63421 + a199 511522 62341 + 0’203 611622 e2341 +
C,“22052251161342 + a250 522 61161234 + a’288 622 51161234 = O

= Tl — Qygy — Qygg — Qigq — Oygg — Uygy + Qg2 + Q50 + Uogg — 0. (109)

(158) (236) i=1,0,=21i, =3, i =4,

C,“151511522 63241 + a153 611622 62341 + a’159 611522 62341 +
a’196511522 63124 + a199 511622 62314 + a203 511522 62314 +

a’21752251161324 + a24962261161234 + a’287522511€1234 = O

= Uy = Oy — Uy + Q196 + Qg9 + Qo3 — Qoq7 + Qg4 + Qog7 = 0. (110)
(157) (236) i=1,0, =21, =3, i, =4,
Q=i =1, i,=i, =2,

a’15151152263214 + a153611622€2314 + a’15751152262314 +
a181511522 63124 + a18451152262314 + 0’18861162262314 +
a21652251161324 + a24852261161234 + a’286522511€1234 = O

= _a151 + a153 + a157 + a181 + a184 + a188 - a’216 + a’248 + a’286 - 0 (1]‘1)

(148) (236) i=1,d, =2, i, =3, i, =4,

96
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a’13651152263241 + a13861162262341 + a14251152262341 +
a196511522 €1324 T a199511(52262134 + G203(511(522€2134 +
CL21452251161324 + a24752261161234 + a’285622511€1234 =0
= Q3 — Qyzg = Qyyy — Qigq — @

199 — @

(147) (236) i=1,d, =2, i, =3, i, =4,

C’“136511522 E3214 + a138 611622 62314 + a’142 511522 62314 +
a’181 511 522 61324 + a184 611 622 62134 + a188 511 522 62134 +

a’21352251161324 + a24662261161234 + a’284522511€1234 = O

= — Q36 + Q35 + Aryo = Qg = Qygq = Qgg = gy + oy + Qogq = 0.

(145) (236) i, =10, =2, i, =3, i, =4,

a’13651152261234 + a138611622€2134 + a’14251152262134 +
a151511522 61234 + a15351152262134 + 0’15761162262134 +

C,“21152251161234 + a24552261161234 + a’283522511€1234 = O

= Oy — Oy — Qyyp + A5y = Qyz3 — Qg + Qg4 + Qg5 + Uog3 = 0.

(178) (235) i=1,0,=21i, =3, i, =4,

97

203 a214 + CL247 + a285 - 0

(112)

(113)

(114)
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a’181511(522 63241 + a183611622€2341 + a’187511522€2341 +
a196511522 63241 + a’198 511522 62341 + 0’202 611622 62341 +
C,“220 522 511 61324 + a240 522 611 61234 + a’282 622 511 61234 = O

= Qg — Oy — gy + Qg6 — Qigg = Qgpp — gy + Q40 + QAogy = 0. (115)

(168) (235) i=1,0,=21i, =3, i =4,

C’“166511522 E3241 + a168 611622 62341 + a’172 511522 62341 +
a196511522 63214 + a198 511522 62314 + a202 511522 62314 +

a’21952251161324 + a23962261161234 + a’281522511€1234 = O

= Qg — Oygg — Qyqy — Oygg + or + Qg0 — Qg1g + Qg3 + Qogy = 0. (116)
(167) (235) i=1,0, =24, =3, i, =4,
g =1, =1, 1, =1, = 2,

a’16651152263214 + a168611622€2314 + a’17251152262314 +
a181511522 63214 + a18351152262314 + 0’18761162262314 +
C,“21852251161324 + a23852261161234 + a’280522511€1234 = O

= — Oy + Qy6g + Ayrg = Qygy + Q53 + Qg7 — Qg + Qg3 + Qogg = 0. (117)

(148) (235) io=1,d, =2, i, =3, i, =4,
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a’136511 522 62341 + a’137611 622 62341 + a’141 511 522 62341 +
a196511 522 61234 + a’198 511 522 62134 + 0’202 611 622 62134 +
C’“21452251161234 + a237622 61161234 + a’279 622 61161234 = O

= Oy — Qyyy — Ay + Qg6 — Qygg — Uyg + Qg1 + Qa37 + Agrg = 0. (118)

(147) (235) i =14, =2, i, =3, i, =4,

a136511522 E2314 + a137611622 62314 + a’141 611522 62314 +
a’181 511 522 61234 + a183 611 622 62134 + a/187511 522 62134 +
a’21362251161234 + a’236622611€1234 _'_ a’278522511€1234 = O

= Q36 + Q37 + Ay + gy — Qg3 — Qygy + Qg3 + Qa3 + Qgrg = 0. (119)

(146) (235) i, =10, =2, i, =3, i, =4,

a’13651152262134 + a137611622€2134 + a’141511522€2134 +
a166511522 61234 + a16851152262134 + 0’17261162262134 +
C,“21252251161234 + a23552261161234 + a’277522511€1234 = O

= Oy — Qyyy — Ay + Qo6 — Qigs — Qyra + Qg1 + Q35 + Qo7 = 0. (120)

(178) (234) i=1,d, =2, i, =3, i, =4,
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C1’181511(52262341 + a’182611622€2341 + a’186511522€2341 +

a196511 522 62341 —"_ a’197511 522 62341 + 0’201 611 622 62341 —"_

C’“22052251161234 + a23052261161234 + a’276622611€1234 = O

= Tl — Qygy — Qigg — Qigq — Qygp — Oy + Qg2 + Q30 + Qorg — 0. (121)

(168) (234) i=1,d, =2, i, =3, i, =4,

a166511522 E2341 + a167611622 62341 + a’171 511522 62341 +

a’196511 522 62314 + a197511 622 62314 + a201 511 522 62314 +

a 52251161234 + a22962261161234 + 0/27552251161234 = O

219
= Q5 — Qygp — Qypy + Q196 + Qg7 + Qg4 + 8T + Qg99 + ors = 0. (122)
(167) (234) i=1,0, =2 i =3, i, =4,

a’16651152262314 + a167611622€2314 + a’17151152262314 +
a181511522 62314 + a18251152262314 + 0’18661162262314 +
C,“21852251161234 + a22852261161234 + a’274522511€1234 - O

= a’166 + a’167 + a’l?l + a’181 + a’182 + a186 + a’218 + a228 + a’274 - O (123)

(158) (234) io=1,d, =2, i, =3, i, =4,
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1, =1s =1, 1, =1, =2,
a’151511522 62341 + a152 611622 62341 + a’156 511522 6234]. +
a’196511522 62134 + a19751152262134 _'_ a’20161152262134 +

a217522511€1234 + a’22762261161234 + a’273622611€1234 = O

= Qs T Qygy — Oygg — Qygg — Gigp — Aoy + Qg17 + Qgo7 + Agrg = 0. (124)

(157) (234) i, =1,

a‘15151152262314 + a15251162262314 _'_ 0’15661152262314 +
a181511522 62134 + a’18261162262134 + a’186511622€2134 +
a’216522511€1234 + a22662251161234 + a272622511€1234 - O

= Q5 + Ay + Qg6 = Qugy — Qygp — Qygg + Q16 + Qg2 + g7y = 0. (125)

(156) (234) i, =1, =2 i, =3, i, =4,

a151611522 62134 + a152 511622 621.‘34 + a’156 511622 E2134 _I_
C,“166511522 62134 + a167511522 62134 + al?l 611522 €2134 +
a’215522511€1234 + a225622611€1234 + a’271 52251161234 = O

= Q5 T Qg = Qg = Qugg — Qugp — Qg + Qg5 + Qg5 + Ay = 0. (126)

4.5.1 Determination of independent linear invariants from

the possible members of the basis, of type 52'12'2 6Z~32~4 €iigi iy

In order to find the remaing independent linear invariants for rank 8 we consider
these 126 equations and determine that among these 126 equations how many are

linearly independent.
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Starting from equation (1) our observation is that equations (1 — 81) are linearly
independent because none of them can be written as a linear combination of one

another. Now in order to find other linearly independent equations let us move

further.

Now using equations (81) and (82) we have

TQy5g T Qg T Qg + Q199 + Qoo ™ g1 + Qg9 + Qysg + Qg5 = 0

a T Qypg — Qypg + Qg3 — Qg5 — Qqgy + Qg3 + QAyro + Qgy5 = 0

168
= Q5 + Q54 + Q163 + Qs — Q7o = Qypg + Qg3 — Qg5 — Qqgy

Qg — Uogg T Uyt Qygg — Qogg — Oogg T Uogg = 0.
By using equations (16), (23), (29) and (36) in the above equation we get

Q53 + Q54 + Q57 + Q58 + Qy6s — Qy7g + A7y = Qyry + Qg3 — a185+

a —a —a — Qg4 + U39 + Qg3 + Qoo — a244+

189 — (199 ™ Uoggg

= Qyggy- (1&)

187 203

Qgsy — Uggq — Uggg

Using equations (80) and (83) we have

a = Qyg5 — Oy + Q184 + Qg5 — Qygs + Qg4 + Qg9 + Agqq = 0

153
TQygs T Qigg — Qyrg + Qrgg — Qggg — Ugpg + Q39 + Q60 + Qg4 = 0
= Oygy — Oygg — gy + Q65 + Q69 + Qy7g + Qg4 + Qg5 = Qg

Ty T Uoygy T Gogg — Qozg Tt Uoyg — Uogg T+ gy = 0,
by using equations (17), (22), (30) and (35) in the above equation we get

— 054 + Qy55 = Qys57 + Qy59 = Qgg = Qyg9 = Uygp = Qygz = Qygy — Qyg5—
Qygg — Qygg + Qrgg — Qggg + Qgpp = Qgpq — Uazy + Qozq = Qoyy — Qopyz—

Qosg — Qogy + Aogy = Uogy - (2&)
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Using equations (79) and (84) we have

a’154 + a155 - a165 + a169 + a170 - C’“180 + a’258 + C’“268 + a’313 - O

TQygg T Qygy T Qigg T Uygg T Qygg = Qg + Q49 + Q50 + Q3,3 = 0

= 0’154 + a155 - a165 + a169 + a170 - 0’180 + a183 + 0’184 + a193

+a198 + Qg9 + Qgog — Uogg — Qg5 + Qg5 + Qoeg = 07

by using equations (18), (24), (28) and (34) in the above equation we get

Ty T Qg T Qypg T Qygg T Qygg T Qypg T Qg = Gygy = Qygg — Qg —
Qg7 = Qugg = Qygg = Qygg = Oogy = Qogg — Qogg — Qogy — Aoyg — Ugyy —
Qo5o = Oog3 — Qggy = Uoggg-

(1a)-(2a)-(3a) gives us

a’153 + a154 + a157 + a158 + a’168 + a169 + a’].72 + a173 + a’183 + a184+

a187 —"_ alSS —"_ a232 —"_ a233 —"_ a242 —"_ a243 + a252 —"_ a253 = O'
Addition of (2a) and (4a) gives us

Q54 + Q55 + Q58 + Q59 + Qg3 — Qg5 + Qg7 — Qqgg + Qgg — a200+
ooy ™ Oogy + Qo33 + Qg4 + Qosy ™ Qoggy = Uggy — Qogy -
By adding (3a) and (4a) we arrive at

Qy55 — Qy5 + Qy57 — Q59 + Qg5 — Qyrg + Q7o = Qqpg = gy = Qg9

Qggg — Qgp3 + Qgzy = Ugzy + QAoyy = Oogq = Qygg + Qg -

Using equations (78) and (85) we have

Q35 7 Qg9 = Qyug = Gygg = Gy + Qa1 + oy + a5z + Ugp9 = 0

Q67 + Qyrg = Qypy + Q59 + Qg5 — Qqgy + Qoo — Qarg + Qgq9 = 0
= Qg+ Qygg T Quyg + Ay T Arpg = Qppp T Qrgy + Qrgg — Qg

+a199 + Qoo — Qgqg + Qggg ™ Ooyr = Qggp — Ugpg = 07
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by using equations (10), (21), (27) and (36) in the above equation we get

Qg5 T Qg9 T Qyyy T Quyz = Qugp = Qupg = Gypyp = Qypy = Qygp — Qg

Qygg = Qg9 ™ Qigg = Uggg = ooz — Uogy — Uggg ™ Ggpg — Ugyy — Uoyy—

Qosy — Qggyq — Qo3 = Qogy-

Using equations (77) and (86) we have

—0Qy3; + Qy39 = Gy — Qygg + Qg0 + Q09 + Aoz — Qo5 + Qg = 0

Q59 + Qg5 = Qgg = Qqgy = gy + Qs + Qgo — Qggg + Qgqy = 0

= Qg — Oy + Q46 + Q59 + Qg5 — Qoo — Qqgy — Qygs + Qygy

H g = gy — Uogg 1 ypg — Gogy § Gogy — Uogg = 0,
by using equations (8), (15), (27) and (35) in the above equation we get

— Q39 + Qrg1 — Qg + Q59 + Q55 + Q156 + Q59 = Qugo — Qg5

Q37
Qg6 — Uygg + Q195 — Uggg + Qapp — Uggy + Qggy — Qgo3 + Q34 + Qa34—
Uosy — Ugsq = Oogy — Qogy-

Using equations (76) and (87) we have

Q37 + Q35 — Qyys + Q198 + or + Qgps — Qaz7 — Ugyy + Qg9 = 0

Q50 T Oy + Qoo — Qg — Qyqg + Q77 + Qgg5 — Uogg + Q310 = 0

= Uy, + Q35 = Qyys + Q59 + Q55 — Qi + Q67 + Q7o = Qyry

Flgg T Qrgg T ygg = Qopy — Uygp — Oogy + Oogg = 0,
by using equations (7), (15), (21) and (34) in the above equation we get

TQygr T Qygg T Quyq T Quup = Gy = Qg = Qg — Qg9 = Qygp = Qygg

TQygy T gy T gy T Qugg = Qgpp — Qggg ™ Ggpy ™ Qggy = Qggq — Qygy

Ty T Ooyy = Uogg + Qg -
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Observation:
(7a) — (8a) — (9a) = 0.

This means that above three equations are not independent of each other. Infact the

the last equation can be obtained from the previous two by subtraction.

By equating equations (5a) and (8a), we arrive at

a — Q39 + gy — Qg + Q50 = Qygy + Q56 — Qysg = Qgg = Qgg—

137

Qyg6 — Qyg7 + Qg91 — Oagg + gz = Qg3 — Oogq — (ozp = 0. (10&)
Now by equating equations (6a) and (9a), we get

a137 + a138 + a‘141 + a142 + a152 + a153 + a156 + a157 + a167 + a168+

a171 + a172 _l_ a221 + a222 + a231 + a232 + a241 + a242 - O' (lla)
Using equations (75) and (88) we have

Qygg = Qyyg = Qyyg = Uygy — Qygg + Qg5 + Aoy6 + Qo67 + Qg9 = 0

— Qg7 + Qg9 — Qyrg + Qg7 + Qg00 — Qagr + Qgog — Qagq + Qg9 = 0
= Oz — Oyyp — Qyyg + Qyg7 — Qygg + Qy76 = Qigq — Qg + Qg5

“Qygr — Uogg T ooy = Uygg T Qyge T Uogy T Oogy = 0,
by using equations (11), (20), (30) and (33) in the above equation we get

Qy38 — Qygg + Qrg9 = Qqyq + Qg7 — Qygg + Qg = Qqpz = Qqgq = Qg™

Qrgg = Qg9 = Qugr = Uogp — Agpp — Qgoq + Qggg = Uggy + Qogr — Qg3

Qosg — Oogy ™ Qogy = Qoggy- (123“)
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Using equations (74) and (89) we have

Upgp + Qryg = Oyyp = gy T Qg+ Qg T Uozg — Uogy + Ayog = 0
Ty T gy = Qi T Qigr T gy T Gogy T+ Gggy — Oogg + Uggg = 0
= gy T Qg = Oy T+ Qugp — Qg + Qi — Qg + Gy + Qg
Flygr T Gogg = Qogy — Uyyy T Aogg + Aygg — Aogp = 07
by using equations (9), (14), (29) and (33) in the above equation we get

TQygr T Qyyp T Quyp T Quyy = Gypy + Q54 — Qi + Q58 + Qg3 — CLlss"—

Qyg7 = Qugg = Qg7 = Uogp = Uapp = Aoy = Qgpy — Agpy = Qggy + CL233+

Qogy ™ Oogg ™ Qggy = Qoggy-

Equating equations (12a) and (13a) we arrive at

Q37 + Q38 + Q144 + Q49 + Qi59 — Qy5 + Q56 — Qysg + Qg7 — a169+

Qy7p = Qqpg = gz = Qygq — Qigr = Qygg + Qg94 + QAg29 + Qg3 — a233+

oy — Qo3 = Uogp — Qog3 = 0.

(13a)

(14a)

This is not a new equation. It is identical to the equation obtained from (11a)— (4a).

Thus the only additional equation is any one of the above two equations for a,, +a,,, .

We take the form as

Q35 — Qyyg + g = Qygy + Qg7 — Qygg + Qg = Qypg = Qgq = Qg —

Qrgg = Qg9 = Aoy = Uogp = opp — Qggy + Qggg — Uggy + Qo — Uoyg

Tlygy = Qggy = Oygy T g, -

Using equations (73) and (90) we have
Q3 — Qg + Q45 + Qg3 + Q54 + Qrgg = Oazg — Aoy + Qgo7 = 0
Upgy = Qygy + Oy + Qrgp — Qrgg + Qrrg — Qoo — Qogg + Ay = 0
= Uy, + Qyzg = Qyys + Qy59 = Qy5y + Q164 + Qg7 — Qi + Q76
—a

183 Qygy ™ Qg3 = ooy + Q36 + Aoy = Q55 = 0.
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by using equations (7), (14), (20) and (28) in the above equation we get

Q37 + Q38 + A4y + Q4o + Qg0 — Qy5y + Q56 — Qysg + Qg7 — a169+

A7y = Qqpz = Qugz = Qqgq — Qg = Qygg + g0y + 399 + Qg3 — a233+

Qg1 — Qo3 — Uggy — Qgg3 — 0.

This equation is not a new equation. It is identical to equation (14a) which itself is

identical to equation (11a) — (4a)

Using equations (72) and (91) we have
Q39 + Aryg = Q50 = Qg9 — Qyqg + Q150 + Qa5 + Qo6 + Qsp6 = 0
—Qy5 + Qgq = A9y — Qygr + Qg9 — Qgp + Qa39 — Qg5 + Usp6 — 0
= Qg3 + Argg = Q59 = Qg9 — Qyqg + Q50 + Qo — Qygy + Qg
+a197 — Qg9 + Qg — oz + Q50 + Q56 + Qg5 = 0.
by using equations (12), (24), (26) and (32) in the above equation we get
Q39 + Q49 + Q45 + gy = Qrgg = Qyzg = Qypg = Qypy + Qygy — a184+

a T Oygg + Qrg7 — Qygg + Qg1 — Qgp3 + Q93 + ooy — Uoyg — CL244—|-

186
Oogg — Oygz T oy = (ggy
Using equations (71) and (92) we have
Ty — Oyyg T Quyp = Qugg + Qygg T Qupg + Qygg — Qygg + Uggs = 0
Q159 + A5y = Oygg T Orgr — Qg + Uygs — Uoyy — Oogg T Qg5 = 0
= gy T Qg = Oy T+ Qugy + Qg = Qrgp T Qigg = Gypg = Qygg
Ty, = Qg T Qygs — yyy — Oogy — Cygg T Uygg = 0.
by using equations (9), (13), (23) and (32) in the above equation we get
App + Qg T Ay + Ay + Qpgp + Qugy + Quge + Qrgp + Qi — Ayt
a

172 = Gypy + Qrg7 — Qygg + Qg1 — Qgp3 + Qg9y + Qo4 + Qa3 + CL232+

a242 - a244 + a261 = a263'
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By equating equations (16a) and (17a) we arrive at

a137 - a139 + a141 - a143 + a’152 + a153 + a’156 + a’157 + a168 + a’169+

Q79 + Q73 — Qygo + Agq — Qg + P + ooy — Qoo + Qg3 + a232+

(oyy T Qgyg — Qogy T Qggy = 0. (18&)

This is not a new equation. It is same as the equation obtained from (10a) — (4a).

Thus the only additional equation is any one of the above two equations for a,,, —a,, .
We take the form as

Q39 + Q40 + Q43 + Aryq = Qug9g = Qupg = Qu7g — Gy + Qg — a184+

Qg — Qygg + Q197 = Qygg + Qggy — Gogg + Qg3 + ooy = Qoy3 — a244+

Qgsy — Ugs3 = Oogz — Qogy - (19&)

In the presence of the above equations we try to obtain a condition similar to

(4a), (10a) and (11a). Indeed (5a) and (6a) above, on addition, gives us

Q53 + Q54 + Q57 + Q58 + Qy6s — Qyrg + Qyrg = Qyry + Qg3 — CL185+

Qyg7 = Qg9 ™ Qigg = Uggg = logz — Aoggy + Q3o + Qg3 + Aogp — a’244+

(osy = Qggy = Oogy T Qogy-

By subtracting equation (15a) from it, we get

— Q3 + Agg = Qg + Q44 + Q53 + Q54 + Q57 + 55 — Qg7 + a’168+

a = Qypg = Qg + Q79 + A7z = Qqpy + Q53 + Qg4 + Qg7 + a’188+

169

Qrg7 — Qygg + Qg1 — Qg3 — Ugg9 + Qo4 + Qy39 + Qo33 — Uoyy + CL242+

Qogs ™ Qoyy + Aoso + Qgss = Qogz — Qogy -
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Equating the above equation and equation (19a), we arrive at

Qy3g + Q39 + P + Qg = Qyg3 = Qygy = Qqgp = Qg + Qygr = Qygg
2a169 + Q71 = Oy — 2@173 + Ago — Qyg3 — 261184 + Qg6 — Qyg7—
2a188 + Q99 + Qgg3 — Ugzy — Uygg + Aoy — Qggp — 2a243 + Qo5 —

g5y — 20555 = 0.
Addition of equation (4a) to the above equation, implies that

Qy3g + Q39 + P + Q43 + Qyg7 = Qygg + A7y = Qypg + Qygy — a‘184+

Qg6 — Qygg + g99 + Qg9 + Qo — Uoyg + Qosq — Qo535 = 0. (2()&)

Thus by now from to (a,,,) to (a,,,), we have three independent equations expresing
Aoy s Oogsy Oogy 11 terms of a,,, and lower ones, three independent equations expressing

ysy, Oy, 0 terms of a,,, and one equation expressing a,,, in terms of lower ones. Till

now we have found seven independent equations in total. For the sake of convenience,

let us rewrite these equations.

Qogq = Qqzg — Qqyg + Qrgo = Qqgg + Qg7 — Qygg + Qg = Qqpz = Qgg—
Qg5 — Qygg = Qugg = Qg = Qypp = Qggy = Ayy + Qgo9 — a224+
Qoyy ™ Qoyz — Qogg — Uogy — Qogy s (1b)

Qg3 = Qqg9 + Q140 + Q43 + Argq = Qugg = Qugq = Qygg = Qypy + g0~

Q154 + Qrg6 — Qysg + Qrg7 — Qygg + Qg1 — Qgp3 + Qg3 + gos—

Qoyg — Uoyy + Qg5y — Qosg + Qo615 (Zb)
Qoge = —Qy37 = Quzg = Quyq — Quyg = Qo = Qg = Qg — Qg9 — Gy —

Qrg = Qg = gy = Qugg = Qigg = Qypp = Ggpg — Aoy — Qgpp—

Qggy ™ Qogq — Qgyy = Qoyy = Goggs (3b)
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Qoss = —0y55
(O™

Qgs9 = Qq37
Qg3

Qys3 = Qygg + Q39 + Q49 + Q43 + Qg7 —

Q54 + Qg6 —
Oogy = —Qy37 = Qyzg — Uyyy
Qgg = Qg = Qypg
Observation:

—Qa

—a

142 = G5

291 — (goo

—a

—a

T Qygg 7 Qypg — Qyg3—

243 — (asas

Q54 + Q56 — Qysg — Qg™

T Qygy = Qugp = Qyzg = Qygg — OQygg

T Qygy T Oygg = (agp — Qogg — Uoyy
— Q39 + gy — Qg + Q59 —

T Qg T Uygy + Qgg1 7 Ggog + Qggq

—a

233 — Uos1s

Q69 + Qy7p = Qypg + Qg0

—a

a188 + a222 + a223 + a241

153

231

— Qgyg + Qo515
= Oy = Qy5p — Qygr—
T Qyzy T Uoyy -

(7h) — (6b) — (5b) = (4b).

(4b)

(7b)

Thus, we are left with only six independent equations. These equations are (1b),

(2b), (3b), (5b), (6b) and (7b).

Using equations (70) and (93) we have

a

—a

= Q3 — Oy + Q46 + Q59 + Q53

— Qg + Q54

by using equations (8), (13), (22) and (26) in the above equation we get

a

Q79 + Q73 —

) + Aoy —

137 — (39 + Q144

a182 + a184

a251 + a253

152 — Q53 + Q160 + Qg9

— Qg + Q88 + g9y

— Qg + Qg —

= Qygy + Qg

a235 + a248

0.
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—a

—a

137 — Gq39 + Q46 + Q68 + 2r + Qqrg = Qo35 —

226

256

Ao T+ Agoy = 0

= Qyyg T gy = 0

— Oy + Q68 + Q69 + Qy7g

=0.

Qg + Q59 + Q55 + Q56 + Q57 + Qg + a169+

— Qs + Qg3 + CL232+
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This is not a new equation. This is identical to equation (18a) which itself is identical

to (10a) — (4a). Thus we have only six independent equations so far.

Using equations (69) and (94) we have

Qg9 T Oy + Q59 = Qg = Qys5 + e + Qo5 + Qg5 + Qg3 = 0
Qg9 + Qyg3 = Qygg + Q197 + Q1gg = Oogs — Aggp — Uoyg + Qg3 = 0
= Uy + Q49 — Ay + Q54 + Q55 — Qg5 + Q159 + Qg3 — Qygo

Fgr T Qrog = Qogs — Qyzg — Gogg — Uogs — Uogy = 0.
By using equations (12), (18), (25) and (31) in the above equation we get

TQyzg T Qyyg T Quuz T Quyy = Qupy = Qupg = Gypg = Qyg9 = Qygp — Qygg—

186 Y187 = Yigr T Wigg T Wop1 T Mooz T Waoz T Waggq T Wogz T Moz T

— ey — Uy = @ (21a)

251 252 261 262°

But (2b) — (3b) — (7b) + (4b) gives us

a139 + a140 + a143 + a144 + a154 + a155 + a158 + a159 + a182 + a183+
a’186 + CL187 + a’197 + CL198 + a201 + a202 + a223 + a224 + a233 + a234+

Ag5q + Qgsy = Tlog; = Qygy-

This equation is exactly the one which we have obtained for a,,,. Thus uptill now

we have only six independent equations.
Using equations (68) and (95) we have
— Q3 + Q40 + Qg9 — Qy5g + Q55 + Q64 + Qo5 — Qogs + g = 0
Q67 + Qygg = Qg5 — Qig7 — Uygg + Qoos — agg = Qggg + Qg = 0

= Qg = Gygg — Qyyg + Q53 = Qg5 — Qg + Q67 + Qs — Qy7s

Ty T Oygg + Qogs ™ ggg = Qggg — Ugyy + Qogs = 0.
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By using equations (11), (17), (19) and (31) in the above equation we get

Qy38 — Qygg + rgo = Qqgq + Q53 — Qy55 + Q57 — Q59 + a167+
Q68 + Ay + Qy7g = Qg7 — Qugg = Qg — Uygy + Qoo — a224+

Qggp — Oogy + Aogq + Qogp ™ Qogp = Qoga-
But (2b) — (3b) — (7b) — (6b) gives us
Qy3g = Qyyg + Ay = Qyyy + Q55 = Qygy + Qy57 = Qg + a’167+

Q68 + Ay + Ay79 = Qg7 — Qygg — Qgp — Uggy + Agoy — a224+

a232 - a234 + a241 + a242 = a262 + a261'

This equation is exactly the same as equation (22a). i.e., this is not a new equation.

Using equations (67) and (96) we have
e e e e B e e e e N e 0
017 T Oygg + Qy75 = Qygy = Qg + Qygg = Qgpg = Qogg + Qgp; = 0
= Qg + Qgg T Qryg T Qg + Qygy + Qg + Ay + Qrgg — Qg
+a’182 + Qg3 — Qygg + Qg2 + Qazs = Uoys — o5 = 0.

By using equations (10), (16), (19) and (25) in the above equation we get

a’138 + a139 + a142 + a143 + a153 + a154 + a157 + a158 + a167+
a168 + a171 + a‘172 + a182 + a‘183 + a186 + a‘187 + a222 + a‘223+

a232 + a233 + a241 + a242 + a251 + a252 = O
But (4a) + (20a) gives us

a138 + a139 + a142 + a143 + a153 + a154 + a157 + a158 + a167+
a’168 + al?l + a’172 + a182 + a183 + a186 + a187 + a222 + a223+

a232 + a233 + C1/241 + a242 + C1/251 + a252 = O‘
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This is same as equation for a,,, above. Thus till a,,, we still have only six indepen-

dent equations.
Using equations (66) and (97) we have

TQyp3 T gy T Qygg + Qg9 + Qgpq — Qa1 + Q44 + QAa54 + Q309 = 0

Qg6 = Q7o = Qyry + Qg1 = Qyg5 — Qygg + Qg8 + Qo709 + Qsp9 = 0

= Uy + g + Q33 + Qg — Qypg — Qypy + Qg — Qugs — Qygg

Qg — Uygy T Uy + Qyyg = Qygy = Oggy T Uogy = 0.
By using equations (4) and (36) in the above equation we arrive at

a108 + 0/109 + allQ + 0/113 + a123 + 0/124 + a127 + a128 + a166_
Q79 = Qypg + Qi1 = Qugs = Qugg = Qqgg — Uggp — Oop3 — a204+

3P + Qg3 = Qogq — Qo5q = Qygy + Qa63
But (1b) + (2b) — (6b) gives us

Qg9 T Qygg = Qygg = Qupq = Qugy = Qugg = Gygg = Gygg = Gygg—

Qoo0 ™ Qg3 = Qgpq — Qg3 — Uoyy — Qo3 — Aoy = Qygy + Qg3 -

Equating the above two equations for a,,, + a,,,, we have

a108 + a’109 + a112 + a’113 + CL123 + a’124 + CL12’7 + a’128 + a166+

a169 + a173 + a’181 + a184 + a188 + a212 + a213 + a243 + a253 - 0

This is a new equation. Thus upto a,,, we have seven independent equations.

Now we find a condition which replace equation (3b).
Now (3b) — (2b) + (6b) gives us

Qg T Qyyg T Quyy T Quyy T Qupp = Qupy = Qg — Qg9 — Gy —

108 Qoo T Aoy T gy ™ Qggy = Qogq ™ Qggy = Uogy = Qoggy-
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Equation (9b) replaces equation (3b). Thus uptill now we have seven independent
equations namely (1b), (2b), (9b), (5b), (6b), (7b) and (8b). Now for equation (8b) we

have

—Qyps T Qg9 T Ay 7 Qg3 = Qa3 = Qppy = Qg = Qppg = Gy

181 (igg = Qugg = Qgpp = Aoy = Uygyy + Qg3 -

Qo = Qypg —

From equation (4b) we have

Ty T Qg T Ay T Qygg T Qgg — Qygg ™ Qypg = Gygg — Qygg—

rgg = Qugp = Qugg = Oogp = Qogg = Qoyy = Qggy = Uyggy + Aoy

By equating the above two equations we arrive at

a108 + a109 + a112 + a113 + a123 + a124 + a127 + a128 - a’153_
Q54 = Qqsp — Qg + 66 — Arps — Qypo + Qg1 — Qyg3 — a1s7+

Uyiy T Qgg — Qogy — oy — Gogy = (g, (1Ob)
Now equating equation (5b) and equation (10b) we get

TQyps T Qg9 T Qypp T Qyqg = Qypg = Qypy = Qygp — Qyog + Q37—

a139 + a141 - a143 + a152 + a153 + a156 + a157 - a’166 + a168+

Q7o = Qugp = Qygg = Qygg — Qoyyp = Qggy + Uggy — Uggg + a231+

(ogy T gy = Qg - (11b)

Equation (11b) replaces equation (5b) and equation (10b) replaces equation (6b).
Thus till now we have seven independent equations namely (1b), (2b), (9b), (11Db),
(10b), (7b) and (8b).
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Using equations (65) and (98) we have

—Qyp + Aoy = Qyzy + Qrgg — Qgpq — Qgpg + Qgzq — Qgsy + Qag9 = 0

a —a T Qypg T Qg + Qg5 + Qg9 + Qg6 + Qoo + Qgg9 = 0

151 155

= Qg = Qqoy + Q34 + Q51 = Quz5 = Qqs9 — Qg + Qyg5

FUygy = Qigg T Aoygy T+ Aogg T+ Ayyg = Qyzy + Qygy + Aygg = 0.
By using equations (2) and (35) in the above equation we get

— Qo7 + A9 — Qq1q + Qyy3 — Qqg9 + Qrgg — Qygg + Qg — CL151+
Q55 + Q59 + Qg1 — Qyg5 — Qygg + Qrg9g — Qgpq + Qo — Ugps —

a211 —"_ a213 —"_ a234 - a254 _'_ a262 - a264’
Using equations (64) and (99) we have

Aygp + oy = Qygg = Qigg = gg = Oogg = ygy — Uyyy T Oogg = 0
U5y T Oy T Qg — Qg+ Qygg T Qupy + Qyps T Qygg + Aogg = 0
= gy T gy = Qygg T Qpgy = Qygs — Qygg + Oygg — Qypg — Uygy

— Qg — Qigg — Uogg — Ogys — Oogy — gy — Qygg = 0.

199 208

By using equations (1) and (34) in the above equation we get

a107 + alOS + alll + 0/112 + a122 + 0/123 + a126 + 0/127 + a151_
Qy55 — Qysg + Qrg6 = Qrzg = Qqpg = Qqgg = Qg9 — Oopp — a203+

gyt gy = Oygy — Gogy — Uogy = Uygs-
Addition of the above two equations i.e., (23a) + (24a) gives us

Q08 + Q109 + Q19 + Q13 + Q93 + o4 + Q97 + (P + Qr6—
Qyrg = Qqry + Qi1 = Qug5 = Qugg = Qg9 = Uggp — Ugp3 — a204+

3P + Qo153 ™ Qoyy = Qggy = Qogy + Qg3 -
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This equation is identical to the equation which we have obtained for a,,.

From equation (24a) we have

Qo7 + Q108 + Q4 + Ay + Q99 + Qa3 + Q96 + Q97 + Qy51—
Q55 — Qy59 + Qg6 = Qyzg = Qqpg = Qygg = Qygg = Oopp — a203+

Qy1q + Qg9 = Qagq — Ooyy = Qg + Qs -

By equating above equation to equation (9a) we arrive at

C,“107 + a’108 + C’“111 + a112 + CL122 + a123 + a126 + a127 + a137+
a’138 + a141 + a’142 + a151 + a’152 + a156 + a’166 + a167 + CL171+

a211 + a212 + a‘221 + a222 + a‘231 + a241 = O (12b)

This is the eight independent equation. At this stage we have eight independent
equations namely (1b), (2b), (9b), (11b), (10b), (7b), (8b) and (12b).

Using equations (63) and (100) we have

Ty T gy T Qg + Qg7 + Qg9 — Qgo7 + Qgo4 + QAa54 + Qog7 = 0

Q36 = Qugg = Qqyqg + Qg1 — Qug5 — Qygg + Qg3 + Qa67 + Qog7 = 0

= Oy + Q4 + Qg + Ayg6 = Qyyg = Oy + Qygy = Qg5 — Qg

gy = Oggy T Aoy T Qg — Aoyy — Oogy + oy = 0.

By using equation (33) in the above equation we get

Q06 + Q109 + Qyy5 + Ay9y + Q94 + P + Qy36 = Qg9 — Cl144+

Qg1 = Qugs = Qg9 = Qgy = Qypq = Gypp = Qgqy + Qo137

a’224 = a’254 + a’261 + a’264' (13b)
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From equation (1b) we have

Qi35 = Qyyg + gy = Quyy + Qg7 — Qyg + Aipy = Qupg = Qugq—

Qigy = Qygg = Qigg = Uygy = Uypq — A

Qogy — Qg3 — Qo3 = Qggy + Uy + Qg -

Comparison of equation (1b) and (13b) yields

Q06 + Q109 + Qi3 + Q19 + Qg4 + Q08 + Uiz = Qyzg — Qg™
Q67 + Qg9 — Ay + Q73 + Qg4 + g4 + 2 + Qo137

Qggg — Uoyy + gy3 + Qgs3 = 0.
From equation (7b) we have

Qg 7 gy T Quyy = Quyp = Qygy = Qg — Gz —

Qreg = Qg = Qupg = Qoo = Qoggp — Qoggy — Qggy — Aoy = Uygyy-

Using equation (12a) in the above equation we arrive at

a’107 + alOS + alll + a112 + a122 + a123 + a126 + a127 + a151_

Uysy = sy T Qyge — Qygg = Qypy T Qyyy + yyy — Gogy = Gy
Equation (15b) can replace equation (7b).
Let us consider equation (14b)

Q106 + Q109 + Q13 + QAy9y + Q94 + Q98 + Q36 = Qqzg = Qg0
Q67 + Qg9 — A7y + Qy7g + Q154 + Q54 + T + Qgy3 — Qg9 —

a241 —"_ a243 —"_ a253 = 0
By using equation (8b) in the above equation we get

106 — @

166 Gigr = Qupp 7 Qogpp 7 Qgpp = Gy -
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Equation (12b) may be rewritten as

Qo T Qugg T Qyqp = Qg = Qpp = Qypg = Qo — Qg = Qg —
Qizg = Qg = Qg = Qg5 = Ay = Qg = Qygq — Qygp — Qypy —
g1y ™ Ooyg 7 Qgpy — Uggp ™ Qg = Ugyy -

Comparison of the above two equations gives us

a106 —"_ a107 + alll —"_ 0’121 + a122 —"_ a’126 + a136 —"_ a137 + a141+

C’“151 + a’152 + CL156 + a’211 + CL221 + a’231 = 0 (]‘7b)

This equation is a new one and it provides us the ninth independent equation. Also
equation (16b) for a,,, replaces equation (12b). Thus upto a,,, we have nine inde-

pendent equations namely (1b), (2b), (9b), (11b), (10b), (15b), (8b), (16b) and (17b).

Using equations (62) and (101) we have

gy = Qqo3 = Ay = Qygy + Qg9 = Qoo — ooy + Aoy4 + Qa9 = 0
— Q3 + Q40 + [ + Ao — Qurg — Qqpg + Qg1 + Qg6 + Qg9 = 0
= gy = Qypy — Qyyy + Q36 — Qugp = Qigq — Gy + Q70 + Q74

—Uyg; T Oygg = Qygg — Uyyy — Ooyy T+ Aoy — Uygg = 0.
By using equation (32) in the above equation we get

— Qo + Q08 + Qg = Qyoy + (P + Qg7 — Q36 + a140+
Ay + Qyg6 = Qygg = Gy + Qyg7 — Qg9 + Q01 — a203+

a’212 + a224 - a’244 - a261 + a263'

This is not a new equation. Rather this equation is equivalent to (22a) — (13b).
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Using equations (61) and (102) we have

Ty T gy T Qg + Qg7 + Qqgg — Qyp5 + Qg94 + Qg34 + Qg9 = 0

Q36 = Qugg = Qyyq + Q51 = Qus5 = Qy5g + Qgyy + Qa5 + Qgg5 = 0

= Oy + Q99 + Q96 + Ay = Qugg = Gyy + Qygy = Qg5 — Qyp

TQyg; — Qg + Q05 Tty — Uyyy — oy + Oogy = 0.
By using equation (31) in the above equation we get

Q106 + Q107 + Q14 + QAq9y + Q99 + Q96 + Qr36 = Qg0
Q44 + A5y = Qg5 = Qg9 = Qg = Qg = Qypy — a202+

g1y ™ Qg = Qggy = Uggy = Gygy-

This is not a new equation. This is same as the one obtained from (9b) + (17b).

Using equations (60) and (103) we have

Qpg3 = Qyg5 — Qyzy4 + Qg4 + Qg5 — Qygs + Qgy3 + Qo6a + Qggy — 0
Ty T Qg9 T Qyrg + Q196 = Oogg — Qgpy + Qo1e + Qg0 + ooy = 0
= Qo3 = Qg5 = Qqgy + Q166 + Q69 + Q73 + Q54 + Qg5 = Qg

— Qg + Q00 + Q04 — Qaqg + Aoy — Qag + Aoy = 0.
By using equation (30) in the above equation we arrive at

— Qg + Qy19 + Q19 = Qqog + Q95 + Qi34 = Qg6 — Qg9

Qy7g = gy = Qrgg — Uygg — Oygg + Qg6 = Qypp — a204+

Ugrg = Qo3 = Qgg3 — Uogy = Qogy-

From equation (1b) we have

Qy38 = Qygg + Qrg9 = Qqyq + Qg7 — Qygg + Qg = Qpz = Qgg—

Qrgs = Qugg = Qygg = Qgy = Qypp = Gypp = Qgqy + Qgg9 — a224+

Qogy ™ Ooyz = Qggg — Uogy — Qogy = Uoggy -
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Comparison of above two equations implies that

Qrog = Q19 = Qqpg + g3 = Qyp5 — Qygy + Q38 — CL140—|—

iy — Qqyqg + Q66 + Q67 + Qy71 = Qrgg = Qqg7 — Qoo —

a219 + a222 - a224 + a241 - a261' (]‘8b)

This is a new equation. Thus upto a,,,, we have ten independent equations. These

2949

are for

a2647 a263 ? a263 ? a261 ?
a’253 ? a252 ) a’251 ?
a242? a241 )
a

231°

Now by using equation (16b) in equation (18b) we get

Qo6 = Q110 = Q10 = Qqp9 + Agp = Qo5 = Qqgp = Qygy + Q36—

Qg0 = Quaq = Qg = Qigr = Aoy = Qg1p = Qyig = Agyy = Uyggy - (19b)

This equation can replace equation (18b). Now we keep equations (8b), (15b), (16b),
(17b) and (19b) as they are but we can find some replacements for equations (1b),
(2b), (9b), (10b) and (11b).

Now by making use of equation (15b) in equation (10b) we get

—Qyo7 + Qo9 — Qq14 + Qyy3 = Qqg9 + Qrgg — Qygg + Aog = Q5 —
Qy54 — Qg + Qi1 = Qyg3 = Qyg7 — Qg + Qgy3 — Qg3 = Qysy- (20b)

Now by making use of equation (7b) in equation (11b) we arrive at

—Qyps T Qg9 = Qypp = Qyq3 = Qa5 = Qypy = Qg = Qo = Gy
TQyzg T gy T Quuz T Qugp = Qugr = Guqqp = Gugy = Qigy = Qg
—a —a —a —a —a =a

212 213 222 223 241 251°
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Now by making use of equation (16b) in the above equation we get

Qg — Qg9 — Q13 = Qqp

Tz T Qg T Qigy — @

From equation (9b) we have

Tz T Qyyg T Quyy T Gy

TQigs T Uggp T Oopy — gy

186

—a

—a

T Qygy T Qypg = Qyzg — Qg9
Ugy3 — Ugg3 = Qg -
152 Gygs = Gy — @
924 T Qgzp T Uozy — @

By using equation (18b) in above equation we get

—Qypg + Q19 + Q19 = Qqog + Q95 + Qi34 = Qqz7 = Qyzg —

Ty T G5y T Qg5 — Qg

Qg5 — Uyg + Qg1g — Qoo

Now by making use of equations (16b) and (17b)

—a

—a

150 — G166 — Q

200 T Qggq T Uggy —

a’107 + allO + a’lll + a112 + allg + a122 + a125 + a126+

Q97 + Q34 + A5y = Qg

Qa4 + g1 + g9 — Ugzy =

T Qg + Qg — Qygg — a202+

262 °

Now, let us consider equation (1b)

a

Qg5 = Uygg — Qg9 — @

Uoyy = Qg3 — Uog3 — @

197 = Gagp T Gggp T Qgqy + Qg99

254~ Yol

138 — (a9 + iy = Qryq + Qg7 — Qyg + A7y = Qqpz —

= a264 ‘

Using equations (8b) and (18b) in it we get

alOQ + allO + a112 + a113 + allg + a124 + a125 + a127+

Q9 + Q34 + Qg1 — Qg5

3P + Qg5 + Qg1 = Qo5 =

— Qygg + Qg6 — Qg9 — a204+

264"

121

159

261

241

in the

197

141

167 — Qim + Q196

Q84—

— Qg4 +

262°

262 °

(21b)

above equation we get

(22b)

(23b)
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Let us now consider equation (2b)

Q39 + Q40 + Q43 + Aryq = Qug9g = Qupg = Qy7g — Gy + Q50—
Qg4 + Qg6 — Qg + Qg7 — Qg + Qgo1 — Qopg + Qo3 + Qg4 —

Uoys — Uoyy + Qgsy — Ugsg + Qo1 = Qogy-

By making use of equations (6b) and (18b) in it we arrive at

108 — G119 7 Gy + Qrg3 = Qqo5 — Qygy4 + Qg6 — Qurg — Qqpy

Ty T gy T Qgpz T Ugyg T oy = Qogg-

(24b)

Equations (20b), (21b), (22b), (23b)and (24b) replace equations (9b), (10b), (11b),

(Ib)and (2b) respectively. For the sake of convenience, let us rewrite these ten

independent equations.

264 — U1g9 + Qy19 + Ay + Qyy3 + Q19 + Qg4 + Q95 + a127+
(2P + Q34 + Qg — Qygs — Qqgg + Qg6 — Qgp9 — CL204—|—

Qg1 + Qg + Qg19 = Qggys

263 108 — @110 = Gqqg + Qg3 = Qyo5 — Qygy + Qg — Qypg—

196 — Qigg T Qyzy = Qgpg = Aoy = Aoy,

a262 = a107 + allO + alll + a112 + a119 + a122 + a125 + a126+
Qo7 + Q34 + Q51 = Qyg5 — Qqpg + Qgg — Qqgg — a202+

a’211 + a’212 + a’219 - a2347

Qg1 = Qygg — Qy19 = Gy1p = Gyqg + Ayp = Qo5 = Qo7 — a134+
Q36 = Qugo = Qugq = Qugg = Qigr = Qggy — Ay —
a —a

219 2249
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Ugs3 = —Qygg = Qygg = Qyyg = Qyq3 = Qpg = Qypy = Qo = Gypg—
Qi — Qig9 = Qy7g = Qugy = Qygq — Oygg = oy
*
Qo153 = Qgy3s (5 )
Ugso = g7 + Qo9 — Qq1q + Q13 — Qqg9 + Qrgg — Qygg + Qo8
Q51 = Qygq = OQysg + Qg1 — Qg3 — Qg — a211+
*
QAg13 — Uaz3s (6 )
Qos1 = —Qyg6 = Qo9 = Q3 = Qo = Qqpq = Qa5 = Qg — Qg9
_ _ _ _ _ *
Q43 Qg Qg9 Q156 Qa13 Q235 (7 )
Qoo = Qqgy + Q108 + Q14 + Qq19 + Q99 + Q93 + Q96 + CL127—1—
Q51 = Qg3 = Qy5y + Qo6 — Qigs — Qiro + CL211+
_ *
Ay ) (8 )
Qgq1 = Qqgp = Qipg — Qqqp + Qg1 = Qqp3 = Qqpy + Q36 — Q3™
_ _ _ _ _ *
Q149 Q66 Q67 Ay 3P Qg9 (9 )
Qg31 = TQyg6 = Qo7 = Q3 = Qo = Qqgp = Qa6 = Qg — Qg —
*
Qryy = Qg = Qygp = Qg = Qgpqp — Gy - (10 )

Uptill now we have found ten independent equations. Now in order to check that
other than these ten independent equations, some more independent equations exist

or not, we move further.

Now by using equations (59) and (104) we have

Q99 + Qo5 — Qyz9 + Qg3 — Qg5 — Qqgy + Qgz3 — Qogy + Qo953 = 0

Q5 T 5y T Gz — Qg + Q00 + Q304 + Qa7 + Qa5 + Qgg3 = 0

= Uy + Qyg5 — Qy39 + Q54 + Q54 + Q55 + Qg3 = Qygs — Qqgy

+a’196 T Qygp T Qgoy T Uoyg + Aoz = Qogg = Qggy = 0.

123



Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

By using equation (29) in the above equation we get

a107 + allO - all? + a122 + a125 - a132 + a’151 + a154 + a’158+

Qygg = Qygy + Qyg7 — Qygg + Qg6 = Qygg — Qgoq — Uo7 + Q33

Tlgsy = Qogy T Qoggy-

Now (1*) — (6*) gives us

Qo7 + Ay + ayq,y + Ay + Q19 + Q99 + Qyq5 + a126+
Q97 + Q34 + Q54 + Q54 + Q55 + Qg3 — Qg + Qyg7—
Q59 + Qg6 — Qag0 — op + Qg4 + Qy1g + Qa1 + Qo33

Qgsy = Oogq — Qogo-

Equating above two equations

Ty T Qg T Gy T Qupg T Qupg T Qg T Qygy — Gygy —

211 Yo1p T Ugyp = Ugyg-

Equating the above equation to equation (5)
alll + a114 + a117 + a126 + a129 + a132 + a211 + a214 + a217 = 0

This is not a new equation. It is identical to equation (3).
Using equations (58) and (105) we have
Ty — Oypy H Qygg = Qugy — Oygy — Qigg — Uyyy — Ooyy + Qygy = 0
a151 + a154 + a158 + a166 + a169 + a173 - a'215 + a258 + a'292 = 0

= a122 + a123 - a130 + a151 + a154 + a158 + a166 + a169 + a173

+a’183 + a184 + CL193 - a215 _'_ a’233 + a243 + a’258 = O
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By using equation (28) in the above equation we get

—Qyo7 — Qypg + Q15 = Qqgp = Qqpg + Qg9 = Q51 = Qg — Qypg

Qg T Qigg = Qygg = Qugg = Qygy — Gygp — Qygg + Qgy5—

a’233 - a243 = a253 + a’252'

Now (5*) + (6*) gives us

Qg7 7 Quog 7 Qg = Qupp = Qugg = Qog = Gypg — Qg — G5y —
Qy5q = Qygg = Qyge = Uygg = Qygz = Qygg = Qygy = Gygr — Oygg ™
Qgy1 = Qgq9 — Qazz — Ugyz = Aygg + Qg5 -

By equating the above two equations we arrive at

a’lll + a112 + a’115 + a126 + a127 + a130 + CL211 + a212 + a215 - 0

This equation is identical to equation (1). Thus equation for a,,,, does not yield a
new equation.

Using equations (57) and (106) we have

Qg1 = Qyg5 — Qygg + Qg9 + Qg5 — Qygy + Q93 + Qg6q + Ugg = 0

Q36 T Qg9 = Qyyg + Q196 — Qgpg — Ugp4 + Qg4 + Qa7 + Qg9 = 0

= Oy — Oyg5 — Gy + Q36 + Q39 + Q43 + Q159 + Qg5 — Qygy

g6 + Q00 + Qgoq = Qgqy + Qg93 — Uos7 + Qggq = 0

By using equation (27) in the above equation we get

— Qg + Q19 + Qg = Qqoy + Qa5 + g9 = Qyzg — Qg9 = Qyy3—

Qrgo = Qyg5 = Qygg — Qygg + Qg6 — Qagp — og + QAg1q = Qgp3—

(osy = Qggy + Aoy, -

Now (1*) + (7*) gives us
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—Qyp + Qq19 + Qq19 + Q19 = Qg + Q95 + Qo7 + Qy34 = Qq36—

a —a —a —a = Oyg6 — Qygg + Qrg6 — Qg9 — a204+

139 143 182 185

Ogry T Oorg — Ogpy — Oyggy = Qyogy + Uy,
Equating the above two equations we get
Ay — Ay Qg + Ay — Gy + Ay + Ay — Ay + Ay = 0.
This is not a new equation. It is identical to equation (5).
Using equations (56) and (107) we have

—Qyy + Q93 + Qo7 — Qygy + Qgq = gy — Qoo + Qay3 + Qg9 = 0
Q36 + Q39 + Qg3 = Qg6 — Qg9 — Qypz = Uopp + Qas56 + Qgg9q = 0
= Uy = Oppy — Uy + Q36 + Q39 + Qg3 = Qg — Qig9 — Qyrg

+a182 — Qg + Qygy = Qg + Qgps — Qogys + Qos6 = 0.
By using equation (26) in the above equation we get

g1 = Qqp3 = Qqpy + Q36 + Q39 + Q43 = Qg — Qg9 — Qypg + Qygp—
Qg4 + A9y — Qg19 + Qoo — Ugy3 + Q106 — Qo8 — Qq19 + Qg6 — Qgs ™

Qg + Qg5 — Qo553 = 0

= Qo6 — Qypg = Qqq + Aoy = Qa3 = Qyoy + Q36 + Q39 + g3 — Qi —

—Qyrg + gy — Qygg + Qg6 — Qygg — Ug19 + Qgg3 = Ugy3 = Qo3 — Qopy -
Now (5%) — (7*) gives us

a = Qypg — Qqq9 + Qg1 = Qqp3 = Qqpy + Q36 + a139+

106

Qrg3 = Qg6 — Qg9 — Qyrg + Qgy — Qygy + Qg6 — Qgs ™

3P + Qggg ™ Qoyz = Uggg — Qo -
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This equation is same as the above equation. Thus equation for a,,,, does not yield

a new equation.

By adopting the same procedure shown above we see that upto the equation for

a,.,, we do not find any other independent equation. In all the cases discussed above

271>
(i.e., from equation for a,,, to equation for a,,, ) the resulting equations are equivalent
to some of the equations obtained earlier. Also, as mentioned earlier that equation
(1) to equation (81) are linearly independent because they can not be written as a
linear combination of any other equation. We keep first 36 equations as they are,
but the remaining 45 equations (i.e., from equation (37) to equation (81)) may be
replaced by new equations which we obtain by using equations (1*) to (10*) in these
equations. Here we mention only the resulting 45 equations starting from equation

for a,,, and moving onward to equation for a,,.. These equations are as follows:

271
a’271 - a’107 + alOS + a’lll + a112 + a126 + a127 + a130 + a141 + a142+
0/145 + a151 + a152 + a156 + a166 + a167 + a171 + a‘211 + a212+

a221 + a2227 (11*)

Aorg = 0y + Qo9 — Qq14 + Q13 = Qg6 + Q98 + Q31 = Qyyy +
Q43 + Qg6 = Qy51 = Qysp = Qs + Qg1 + Q159 + Qyg6 — Uy +

Qo153 — Qoo + Ay93 (12*)

a273 = a107 + allO + alll + a112 + a119 + a126 + a“127 + a132 + a“134+

a141 + a144 + a147 + a151 + a152 + a156 + a196 + a197 + a201+

*
Qg4 + 3P + Qg9 + Qg94 + Ag245 (13 )
Aorg = —Q1gg = Qyo9 = Qqy9 = Qqq3 = Qqpp = Qypg + Qg3 = Qugp — a143+
Arug = Quge — Qugr = Qugp = Qugy = Qugy = Qygg — Qgpp = Uy
*
T gy T Uy, (14 )
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Qgrs = Qqpg — Q19 — Qyqg + Ay — Qg + Ay 49 + Q166 + Q67 + A7y —

*
Qg6 — Qqgr = Oopp — Qyqg + Qgg9 — Uggy; (15 )

a276 = a109 + a’llO + a112 —"_ a’113 + a119 —"_ a’127 + a128 —"_ a134 + a135+

a’143 + C’“144 + a’150 + C’“181 + a’182 + C’“186 + a’196 + C’“197 + a201+

*
Qg1 + Qg3 + Qg1 + Qg9 + Ag245 (16 )
oz = —Qyg7 = Qrog = Ay = Qqyg = Qg = Ay = Gy — Gy — CL152+
Ayor F Qg — Oygg + Qrgg T Qppy — Qoyy — Qypy — Qoyy + @ (17%)
157 160 166 168 172 211 212 221 2329
Qoyrg = Qyg7 = Qg + Ay — Qg + A9y + 99 + Q96 + Q54 + Q59 +
*
Q58 + Qi1 — Qygy + Qg3 + Qg7 + g1y — Qgq3 + g9y + Q335 (18 )
Aorg = —Qrg7 = Q19 = Q3 = Qg = Qg = Qg = Qypp = Gy — a127+
Qa9 = Qg = Q5 — Qypp + Q59 + Qg0 — Qyg + o + Q00—
*
Qgpy ™ Qypy — Qgyg — Ugyy + D) (19 )

Qa9 = Qyos + Q109 + Ay + Q3 + Q97 + Qypg = Qyz3 — Q57 — a158+

Q63 + Qg6 — Agg — Qypo + gy — Qg3 — Qqgy + Qg9 + Qg3

*
Qgzp = (agzs (20 )

Qogy = g + Qq19 + Q19 + Q57 — Q59 + Qg4 — Qg6 + O + a172+
*
Qygg — Qigg — Qopp + Qy1g + Qg3 — Ugzy (21 )

Qogo = TQyg9 = qyg = Qqyo = Qqq3 = Qg = Qg = Qpg — Qygy — a135+

Q58 + Q59 + Qg5 — Ay + Q53 + Qig7 — Qygg + Q198 + Qg0 —

*
Qg1p = Qg3 — Gy + Q33 + g4 (22 )
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a283

284

285

a286

287

288

289

290

291

292

Ay + Q99 + Qr96 = Qrg7 — Qg + q7s = Qg9 — Ugz9;s

a108 + a’lOQ + a’112 + a’113 - a121 + a123 + a’127 + a166 _'_ a’167+

0/173 + a176 + a181 + a184 + 0’188 + a212 + 0’213 + a222 + 0’243’

— Qg + Qq19 + Q19 + Qg1 = Qyp3 = Qygg + Ay3q = Qugg — a167+

a’174 + C,“177 + a’196 + a’199 + a203 + a’219 - a222 + a2447

—a —a

108 109
Q66 + Qg
Aoz0 — Qoyzs

Qros — Q19 —

a’174 + a179

—a

—a

112 7 Quiz 7 Qupp T Gppg = Gy = Qg — Qg —

— Qyrg + iz = gy — Qygy — Qygg = Qg — a213+

Q19 + Q99 + Q3 = Qqgp = Qqgy + Qo6 — Qg™

196 — Qigg T Qggg = Aoy = Qggp — Aoy,

a’109 + allO + a112 + a113 + a119 + a127 + a’128 + a134 + a’135+

0/173 + a174 + 0/180 + a181 + a184 + a188 + a196 + a199 + a203+

a212 + a213 + a219 + a243 + a2447

0y — Q
Qyg1 — Qg3
Qg9 — Gy
Qa9 — Qygg
QAg19 — Qgy3
= Ay + Qo3 —

122

—a

—a

126 — (igo = OQygg + Qrgg = Qg3 — Oogg

= Q9 + Qo — Qygy + Q9 + QAgg3 — Qgy3s

112 = Guiz T Qyqg T Gygp T Qygy — Qg — a128+

T Qg — Oy + Qg9 + gy — Qg + Q00 + Q04—

219 — (a3 + Q545

a130 + a183 + a184 + a193 + a233 + a243
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(23%)

(24%)

(25%)

(26%)

(27%)

(28%)
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(30%)
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293

294

295
296

297

Qa —=

298

299

300

301

302

303

304

Linear invariants of a Cartesian tensor under SO(4)

a109 —"_ allO —"_ a112 —"_ a113 —"_ a119 -

Q39 + Q34 + Qg1 — Qyg3 — Qygg + Qg4 + Qgg —

Q19 + Qg3 + Qg19 — Ugz3 — Ugsy

Qg9 T Q9 7 Qqqp

—a

113 — Gq19 7™ Gyog = Gy

Qg1 — Qqgy + 59 + Qrg5 — Qyg + Q300 + Q04

QAg19 — Qgy3 + Q545

Qa4 + Q99 + Qi —
0y + Q93 + Qo7 + Qg7 — Qg9 + Q06 + Qoo —

Ay + Q24 + Ay —

—a
Qygg = Qygy + Q34

a123 + a’124 + a133

Q49 + Qg3 — Qyyg + Q57 + Qy5g

T Qg9 T Ay + a1 = Aoy

Q197 = Qg + Qg5 — Ugoy

Qg7 — Qgpq + Qo7 — Qggy

a182 _l_ a183 - a190 + a222 —"_ a223 + a232 —"_ a233’

0y + Argg = Q9 —

Q197 + Q195 — Qygy

Tz T Quyy — Qqp

Qg7 — Qg + Qg5

—a

—Qa

Q57 + Q59 = Qygq — Qo7

T Qyg + g9y — Qazo + Ags345

158 — (igg — Qg5 — Qygy

923 7 Qogg T Aoz — Qyggy,

—a

—a

— a

—a

—a

— Qg3 + Q167 + Qg

a

127

212

2347

2549

122 C”123 + a’130 + alQS + a’199 + a208 + a234 + a2447

— Oygg + Q300 + Qa9 — Qg3 + U545

2549

—a

a122 + a’124 —"_ a127 + a’128+

200 a204+

= Qg —

2137

a’244 )

- CL175+

— Qg + CL175+

= Oqgg + Qy90—

a107 —"_ alOS —"_ alll —"_ a112 —"_ a122 —"_ a123 —"_ a126 —"_ a127 —"_ a141_

a
Qyrg — Qygo + Q54

a’232 + a2437

143 — Qg + Q54 + Qi59 = Qy57 — Qg + Qg6

— Qg + Qg1y + Qg1 + g9y

130

—a

— Qg + Qy73—

223

(33%)

(42%)

(43%)

(44%)
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Qgo5 = —Qyg7 = Qyog = Qqqq = Qyqg = Qypg = Qa3 = Gy — @

Argq = Quar = Q5 = Qypp + Q57 + Qy60 = Qg6 + Qg + Qy7y—
Q79 — Qyg7 + Qg9 = Qoo = Qg1 = Qppp = Qgpy = Qgyy + a232+

a’244 ?

Qg6 = Qg3 + Q44 + Ay50 = Qypg ™ Gypy — Qg + Qygy = Oygy + a’191+

Qyg7 = Qg9 + Qy06 + Qg3 + Agoq — Qoy3 = Qoyys

Qso7 = —Qyg7 = Qrog = Q13 = Qg = Qqgp = Qa5 = Qo — Qg — Gy —
Qryo = Qg5 = Qu5y = Qo = Qg — Oy — Oy — Qygr—
Qi3 = Qypg = Qygg = Qg = Gigg = Ugyq = gy — Aoy —
Qoo — Qgg3 — Qoygz,s

Qgpg = Qg7 = Qqgg + Qyy; — Qyq3 + Qg — Qqoy + Qg — Qyog + a141+

a’144 + C,“147 + a’151 + C,“152 + a’158 + C’“161 - a181 + a183+

Qg9 — Qygy + Qg7 + Qg0 — Ugo7 + g1y — Qg3 + a221+

0/224 + a233 + a/2547

a309 = a108 + a109 + a112 + 0/113 + a123 + 0/124 + a127 + a128 + a142_
a’144 + 6’“149 + a’166 + C’“167 + a’173 + C’“176 + a’181 + CL184_

Qg9 = g5 — Qg7 = Qygq + Qgo7 + Qg9 + Qg3 + Qg0 —

Qg4 + Qous — Qosy

a310 = a107 + alOS + alll + 0/112 + a122 + 0/123 + a126 + 0/127 + a141+
Q49 + Q45 + Q54 + Qi59 = Qg9 — Ay + Q166 + Qyg7—

Qyrg = Qpp = Qgg = Qg9 = Qypg + Qgqy + Qa1 + a221+

g9y ™ Qogq = Qogyys
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Q31 = —0yy + Qo9 — Qq14 + Q13 = Qqg + Argg — Qyog + Qrog = Qygg +

Q43 + Qr46 = Qq51 = Ay + Q59 + Q169 + Q54 + Agg = Qg9 —

Ay, + Qigg = Uopg ™ Qggg — Ugyy + Qg15 — Qgoy + Qo3 +

Agzq — Qo545
Q31 = TQypg = Qygg = Qg 7 Qyyg = Uygg = Aoy = Qypp = Qypg — @
43 + Qr4g = Qg6 — Qyg7 + A7y + Q7 = Qg — Qygy + Q59 +
Qg9 + Qg9 + Qopg — Qg19 = Qg1p = Qg3 = Qgpp = gy +
Ag44 + Qo545
Q315 = Uygg + Q59 + Qyg5 + Q75 + Qy74 + Qg0 + Qg3 + gy + Qg3 +
Q98 + Qg9 + Qg0 + Q33 + Qg34 + Qo3 + Qo445
Qgiy = TQypg = Qg9 = Qypp = Qyy3 = Qo3 = Qypy = Qg = Gypg + Qy57—
Q59 + Qrgq — Qg + Qrgg — Qy7g + Qrg = Qg — a184+
Qg9 + Qyg5 — Qygg + 00 + Qagg = Q19 — Aoy + Qo390 —
QAgzq — Qoyg + Qg4
Qg5 = Qqpg + Q109 + Q1 + Q13 + Q93 + Q24 + Q97 + Ayog = Q57—

Qg + Qg3 + Qg5 = Qigg ™ Gy + Q79 + gy — Qg3
Q59 + gy — Qygg — Qypq + Qa1 + (2P + Ugy3 — Qggo—

Qoz3 = Qogq — Qogy-

As mentioned earlier that when d = 4 and r = 8, we have

8! 1

21.21.21.91" 41 0

= 105 isotropic tensors of type d; ;,0 )

1314 1516 Z7Z8 Y

132

142

(51%)

(52%)

(53%)

(54%)

(55%)



Chapter 4. Linear invariants of a Cartesian tensor under SO(4)

8 1 _ _
ol al 210 isotropic tensors of type 0; i, 0i,i, €i ii. iy
8 1 , .
and a4l — 35 isotropic tensors of type €; i,i,i, €i igi.ig-

Thus the number of possible candidates for the membership of a basis for the space

of isotropic tensors of rank 8 is 350.

Uptill now, we have found that out of these 350 possible candidates for the
membership of the basis for the space of isotropic tensors of rank 8, only 196 isotropic
tensors are linearly independent. But we have only considered first 105 isotropic
4]
We have not yet talked about the last 35 possible candidates of the basis for the

tensors of type 52-12»2 51'31'4 i 52-71»8 and 210 isotropic tensors of type 51'11'2 (51-32-4 €igiginig-

space of isotropic tensors of rank 8, which are of the type €iiyigi, Cig ig iy ig - We do not

know whether these 35 isotropic tensors are linearly independent or not.

In [7], F. Ahmad and M. A. Rashid have used two identities of the form

€i iy Cigiy, = 5i1i35i2z‘4 - 5i1i45i2i3,

and

€i iyi, Ciyigig 51'1145@'21551‘31'6 - i1i45i2i65i3i5 +
5i1i5 i2i6 i3i4 o Z‘li5 i2i4 i3i6 +
5i1i6 6i2 iy 5i3i5 - 5i1 i 5i2i5 6i3 iy

By using the above two identities, F. Ahmad and M. A. Rashid have found that
among the 12 possible members of the basis for the space of isotropic tensors of
rank 4 under SO(2), only 6 are chosen to be linearly independent and remaining 6

members can be written as a linear combination of the 6 independent ones.

In our case i.e., when d = 4 and r = 8, we may also obtain such kind of identity.
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Let us consider the product
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The identities of the form mentioned above indicate that the last 35 members of the

. Thus for

J 613 i4 5i5i6 5i7 7"8

11

basis are dependent on the first 105 members of the form ¢;

d =4 and r = 8, we have only 142 = 196 linearly independent isotropic tensors. A

particular set is given below
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13 P lplg "l 5060 Yoty Vlglg “lylglnlg ) Plgly Ylgly Fl1l3l608 0 Vgl 1528 21230607 Vg, gty 1305087

.0
o

3

. .
o o

)
o

I VI TIVIP I S e TP T T T T T T
7,4’1/8 11131617? 1215 7'627 ’1/17,3241/87 2225 2618 211/314277 2215 17Z8 7’1237'426’ 7'226 237/4 111517187

)
o
d

N T FIPIY PSR VA PIPIPSIE VI TIPIPIPITIPIY FINY PR
27,4 7,6@8 112315177 ’L2Z4 277'8 111315167 127,5 1314 7,11627187 7,2’1,5 ’L4Z6 21137,7187 2225 7,417 7,17,316287

s

N

N VTIPSR TIPS VI, IPIPSIR N TIPEPI S T
27’6 1315 111427287 ZQZG Z4Z5 21231718’ 2216 ’L4Z7 7,1137/5287 1216 1428 7/113257,77 1216 1517 21Z3’L4ZS7

N PP IPIY. APPSR JEU S, PAPIY, PRSI
7,27,6 2728 Zl’L3'L4l57 Z2Z7 1314 111526187 127,7 7,37,5 211416187 2227 237,6 111415287

5151;861‘11'31'41‘7,5‘

2%

R T TIPIY, PUPIP U A SR TIVIY. AP AP IPIPI AU SR
7,7 Z4Z5 1123Z6l87 ’L2Z7 147,6 le315187 2217 1418 211315167 7,217 1516 1113Z4187 2227 2518 Z17,3’L4Z67

3l

S S S R )
o o o o o

N P T T, IPIY, PIVIPTIIPIPI VAN PSR SRR PR
Z7 ZG’LS 1/11324257 1’27'8 1324 212516177 227/8 1/315 111/47,6277 7'21/8 1326 7,1247/5177 7'228 231/7 211415167
N VAT I S VAP SIS I RS I PITIP T

ZS 1415 11Z3Z6’L77 Z2Z8 Z4Z6 11231517’ Z218 1417 ’Ll’L3Z5Z67 1218 15Z6 111324177 7’218 ’L517 ’ll’L3’L4Z67

. o
o o

N VT FIPIr A N VTP TIPIPITIN, IPIY FIPIPURURRRY JANY SRR
’L8 ’LGZ7 7,17,3@47457 7,37,4 2526 Z112’L7187 137,4 7,517 111226187 137,4 Z518 211216177 2314 1617 7’1127’528’

)
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(513145Z ig €y gt 7’513146%18 iyl 050 6’67‘31561 6 Z1121718’513153(5’4% i19y0g0g)
5’3155% ig iy iyigiz s 6’3%5% i Ciyigigi 8’523’5(5’ ig Ciyiyigi 7’5%’5 0i 7is Ciyiyigig
6’3%5Z ig €iyiyi 7’8’5’316514 ip €iyiyi 518’6131651 ig €iyiyiyi 7’513’6(SZ ip Ciyigiyig s
5’3165Z ig Ciyiyiyi 776Z3265i ig Ciyiyiyi 5’513’7(Sz ig iy iyigi 8’5131751 i Ciyip g
6131751428 1y 19156 5131761516 Gy ly0y0 8’57‘317(515 ig €i 121416’513’761618 By ly0y05)
5"3185% is iy iyigiy s 6’31862 g Ciyiyigiy 5Z3’85’4 iy Ciy iy 5’6’513185Z i Ciyigigiz
51318515 i Ciyiyigig 57’37‘857‘6 i Ciyiyiyi 5’6247‘557‘6 i €iyiyiyi 87514Z56Z6 ig €y ipigin
5’4155Z ig Ciyipigig 61426& i Ciyiyigi 8’57‘41661 ig Ciyiyi 317’5141651 ig iy iyigis
67’41751526 iy iy131 7(5’417615 ig €y iyigi 6’514’75’6 ig Ciyipigi 5’514’86’5 ig Ciyipigiy
6’418(SZ by ’122’3’6 6’418516 i € "21315’(SZ d 517Z8 i ’22314’515’75’618 Uy 0gl30y)
615 857‘6 i Ciyiyigiy -

From these, a set of linearly independent tensors of rank 8 can be constructed. For

iy,
56

example (5i1i2 0; inig

igiy leads to Tj;j;kku Where summation over repeated indices is

1mphed. Slmllarly (51'21'5 (51'31‘4 61'11'61‘71'8 leads to 6i1i6i7i87—’ilijjii6i7ig'

4.6 A General formula for the number of indepen-

dent linear invariants:

So far, we have calculated the number of independent linear invariants of an arbitrary
tensor of rank r, with 2 < r < 8, by finding the dimension of the space of isotropic
tensors. We have not only found the number, but we have also calculated the lin-
early independent invariants in each case explicitly. However, as the rank increases,
the calculations become increasingly complex and it is very difficult to find the in-
dependent linear invariants, or merely thier number by using the direct approach.

In order to handle such a situation, we use the theory of group representations to
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derive a formula for finding the number of linear invariants. This general formula
does not provide us the independent linear invariants explicitly but it only gives us

the number of independent linear invariants.

In this section, we find a general formula to obtain the number of linear invariants
of an arbitrary tensor of rank r under SO(4). In order to calculate the number of
independent linear invariants of a tensor of an arbitrary rank r» we need two things,
character and the weight function. An important thing to note here is that, in order
to define characters and orthogonality theorems, we require density function. We do
not have a direct expression for density function of SO(4). But we can make use of

the fact that
SO(4) =2 SO(3) ® SO(3).

Due to this isomorphism we can use the density function of SO(3) to obtain the

density function of SO(4).

The matrix representing an orthogonal coordinate transformation, in three di-
mensions, for a rotation through an angle ¢, about z-axis passing through origin is

given by

cosp —sing 0
sing cosp 0
0 0 1

This matrix gives us an irreducible representation of the group SO(3). We are
concerned with tensors of rank n. The character of this representation is obviously x".
This representation is highly reducible and contains many irreducible representatins
with different multiplicities. We are interested in the total number that gives the
number of linerly independent linear invariants. For finite groups, we need weight
factors for such calculations. Weight factors are basically the numbers of elements

in different conjugacy classes divided by the order of the group. For infinite groups,
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the corresponding number is called the weight function which essentially represents
the weight of that particular class. For the rotation group SO(3), this number is

(o) where (0 < ¢ < 2. This satisfies

2

1
/—(l—cosgo) dp =1.
2m

0

Using the above weight function, the number of linearly independent invariants I4(n)

for a tensor of rank n in four dimensions is given by

2 2
1

L) = |5 [ X" () (1= cosi) dg| (4)

0
where the character y is still unknown. We are using square of this integral because

we are using the fact that SO(4) = SO(3) ® SO(3). Now for finding the character
X (¢) , we again make use of the fact that SO(4) = SO(3) ® SO(3). Here SO(4) has
six independent generators while SO(3) has three infinitesimal generators, namely
{Js, Jy, J.}. For an irreducible representation, a standard convection for choosing a
basis for the n-dimensional vector space is given by the following set of n = 25 + 1

vectors (the value of j is often called the spin of the representation):

Denoting the (Hermitian) operators on this space that represent the generators, i.e.,
the basis of the Lie algebra for SO(3), by Ji(j ), these vectors are mutual eigenvectors
of the matrices J). In [6,7] for SO(3), the case j = 1 has been used. In this
case, the vector space is three-dimensional. In this dissertation, we are dealing with
SO(4) and using the fact that SO(4) = SO(3) ® SO(3), so we need value of j = 1/2.
Here we are actually using the two-valued representation of the rotation group. In
this case, the vector space is only two-dimensional, and the representation of the

generators is
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Thus, the rotation R(y, 0,0) through angle ¢ about the z-axis is given by

w2

0 e /2

The character or trace of this diagonal matrix is given by

X () = 2cosg.

By using value of x (¢) in equation (A) the expression for finding the number of

independent linear invariants becomes

2w

1 %

I = | — 2 I\ (1 —

4(n) o /( cos2) ( cos ) dy
0

As mentioned earlier that for d = 4, the number of linear invariants is zero for any
tensor of odd rank. i.e., I4(n) = 0, if n is an odd integer. So we are left with the
case when n is an even integer. As we are concerned only about the tensors of even

rank so the above integral may be written as

2 2

I4(2n) = % /(2 cos g)% (1 —cosp) dp : (B)

The above integral can be evaluated by using contour integration. Alternatively, we

may also evaluate this integral by using Wallis cosine formula.

In this dissertation we evaluate the above integral (B) by using both of the above

mentioned methods.
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4.6.1 Method 1: (by using Wallis cosine formula)

The number of linear invariants for a tensor of rank r, in four dimensions is given by

[4(2’”)

Let

and

- 2
P\2n

— [ (2cos =)“" (1 — cosp) dp
2m 2

0
2 2
1
— [ oo 2 (2 sin? f) dy
2 2 2

0

2

22n+1
5 / coszng (sin2 f) dy
T
0

RS

= T

dp = 2d,

p— 0,z —0

p—2mx — T

So, the above integral becomes

[4(271)

— - 2

22n+1
5 /COSZ” r.sin’z (2dx)
T
L 0
. 2
22n+1
/ cos®™ x.sin’ x dx
T
L 0
. 2
22n+1
/COSQn x (1 — cos? x) dx
T
L 0
. 2
22n+1
/ [COSQn T — cos?"t? x} dx
T

0
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B T ™ 2
22n+1
Ii(2n) = /6082” xdx — /C082n+21‘ dx
m
L 0 0
B s T 2
22n+1
= cos® xdr — | cos®™ " x dx : (1)
m
i 0 0

Here we use the property of even function. Let

fi(z) = cos®™ux.
filr —x) = [cos (7 — z)]*"
= [—cosa]™”

= cos™xz, as we are dealing with tensors of even rank only.

This implies that

filz) = film — ).

This shows that fi(x) is an even function. Thus, we may write

- /2
fi(z) = /COSQn xdx =2 / cos®™ xdu.
0 0
Similarly,
w /2
fo(x) = / cos® 2 xdx = 2 / cos®™ 2 xdx
0 0
So, integral (1) becomes
92n+2 i e i
Ii(2n) = - /0052” xdr — /COS2n+2 z dz (2)
0 0

In order to evaluate these two integrals we use Wallis cosine formula. Now

w/2

2n — 1) (2n — 3) (2n — 5) .....5.3.
/Cos2nxdx:(n ) (2n —3) (2n —5) 5312
2n(2n —2) (2n —4).....642 2

0
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and

w/2

/ cos22 gy — 2n+1)(@2n—-1)(2n-3)...531 7
2 +2)2n(2n —2)......642 2

0

So, equation (2) becomes

Lo [P @noD@n=3)..531 ©  (2n+1)(20-1)..53.1
a(2n) = B {Qn 2n—2)(2n—4)...642°2 (2n+2)2n(2n—2)...6.42°2
o[22 ((2n—1)(2n—3) (2n —5) .....5.3.1 ) (2n+1)
T o7 '5{ o (2n —2) (20 —4) ......6.4.2 }{  (2n+2)

B (LIRS TR B AN S E
2 (@n-1)@2n-3)(2n—5)...531\]"
[(n+1) { 2n (2n —2) (2n — 4) .......6.4.2 H

[ oo {2n (2n—1)(2n —2) (2n — 3)...6.5.4.3.2.1 H 2
[(n+1) [2n (2n —2) (2n — 4) .......6.4.2]*

22n

[(n+1) { 2n.n (n — 1) ((jn—)!z) ....... 3.2.1]7 H |

- ;(nﬁnn {227(122")2}}:
_ [ @) r'

(n+1)ln!

Thus the number of independent linear invariants of an arbitrary tensor of even rank

under SO(4) is given by

(2n)! r.

(n+ 1)Ln!

nizn) = |
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4.6.2 Method 2: (by using contour integration)

The number of independent linear invariants for a tensor of rank n, in four dimensions

is given by
2m 2
I,(2n) = L (2 cos E)Z” (1 —cosyp) d
4 o B w) ap
0
B 2
1 m 2 P\"
= |=— /2 <cos —> (1 —cosg) dy
2m 2
0
B 27 2
22n—1 1+cosp\”
= 1-— d
- / ( 5 > (1—cosyp) de
0
B 27 2
227171
= S /(1+cosg0) (1 —cosp) dp
: o 9
= / +cosp)" (1 —cosp) dp
A 0

In order to evaluate the above integral we make the following substitutions.

Let
2 = ¥
d
.—Z = dyp
iz

So that

z+z27t 1+ 22

cosp =

2 2z
1+22 (14 2)
l+cosp = 1+ 2 :< +Z).
2z 2z
. . 1+22 22—-1-22
— COS = — = .
14 2z 2z
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After making these substitutions, the above integral becomes

2

2n—1 (1+2)? "l2r—1-22) dz
14(2n) = S Gl
+(2n) 7r ]{{ 2z { 2z } iz |

c

where C' denotes the unit circle with center at the origin

r 2

2n71 1 on
Iy(2n) = ST % por¥e; (142" (2 =1-2%) dz
- ‘ )
1 1 2n 2
= |52 P v (142" (22 —1-2%) dz

Now by using binomial expansion

2 2 2
(1+2)"" =14 2nz+ <2n)22+ e (nfl)zn_l—i— <:)z"
2
- (nf1>z"+1+....+ 22",

2 2
+ z z2—1—=—2")=2z2+4nz" 4+ ... + " A n z
1 M9y 1 — 22) =22+ 4n2? 2 . ny9 n+1
n_

n
44222 ] oy — L — (Zn) 2"
n
— ( 2_:_11)2”“ — =222 op?
n
— 2n P A— 2n Pans
2 n—1
2
— ( n> A2 A2
n

- anfl) - (2:) 2<n2n2>} .
P02 ()

o= Z2n 4 222n+1 o 22n+2.

(1+2) (22 =1—-2%) =-1+2(1—n)z+ [477,— (2n) —1} 2
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So, the above integral takes the form
2

14224 202 — (P = ()]
I4(2’fl) = Lf 1 Tz + + [ (nfl) (n) (n72)} Z dZ
2w | 2znt2 + [2(271) _ (231) _ (21)] ol o p2nt2

Now we find the residues of the above integral. The only non-vanishing term here is

the coefficient of 2"™!. Our integral comes out to be

{2<2: ) - (n2f 1) - (nzf 1) HQ

{ 2 (2n)! (2n)! (2n)! )!}}2

]4(271) =

n)!'(2n—n)! +)C2n—n—-1) m-1)'2n—-—n+1

1 T 1 T 1
N = N

—~
[\~
S

~

2 1

I {(n)'(n)' (n+ 1! (n—1)! (n—l)!l(n—i—l)!H2
~[@n)! f 2(n+1) 2 2
B : 2 {(n—i—l)!(n)! (n—{—l)!(n—l);H
{ff&zﬂ_m+%mmﬂ

{Q(n-+1)-2n}]2

Thus, the number of linearly independent invariants of a tensor of arbitrary rank

under SO(4) comes out to be

nen = [ |-

Since we have calculated our general formula for tensors of even rank that is why we

are using 2n. If we let r = 2n, then the general formula may be rewritten as
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4.6.3 Theorem:

The number I(r) of independent linear invariants of a tensor of rank r in four
dimensions is zero if 7 is an odd integer and if 7 is an even integer then this number

—@ )!] . (1)

Now we verify that the number of independent invariants calculated by finding the

dimension of the space of isotropic tensors agrees with the number produced by

equation (I).

l.d=4,r =2

I4(T> =

)
)
e - [

2.d=4,r = 4

W = ||

I(4) = Wt
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3.d=4,r = 6

w0 = e
o= <%+(f§:<s>!:2
= (45?22)' 2:52_25.
4.d=4,r = 8
hr) = (§+(I))i(£>!-
= (55?2;)! 2:(14)2:196
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Conclusion

In denouement, this work has been very challenging, but very interesting as well.

F. Ahmad and M. A. Rashid [6,7] have already studied the number of independent
linear invariants under SO(2) as well as SO(3) of a Cartesian tensor of an arbitrary
rank r. They have defined a linear form in terms of elements of a tensor. Formulas
for finding the number of independent linear invariants for an arbitrary tensor in
two and three dimensions have been derived by them and they have also obtained

explicit expressions for the simple cases.

In this dissertation, we have found linearly independent invariants of an arbitrary
tensor of rank r with 2 < r < 8. when d = 4. We have not only found the number,

but also have calculated the linearly independent invariants in each case explicitly.

However we have seen that for d = 4, no isotropic tensor of rank 3 can be

constructed in terms of products of 5,-1i2 and €i iy, - The reason for this is: both

0;

iy, are tensors of even rank. Also we are talking about a rank 3 tensor

and Eil inigiy

while €iiyiyi, 1S A rank 4 tensor. It is obvious that this result must hold for any tensor

of odd rank. Thus we concluded that for d = 4, we only find the linear invariants
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of a tensor of even rank because number of independent linear invariants is zero for

any tensor of odd rank.

The number of independent linear invariants when d = 4 and r = 2 is found to
be 12 = 1. When r = 4, this number increases to 22 = 4. For » = 6 and r = 8, the
number of independent linear invariants are found to be 5% = 25 and (14)2 = 196

repectively.

We ascertained that the calculations for the case, when d = 4 and r = 8, are quite
tedious and for higher ranks i.e., for » > 8, these calculations become increasingly
complex. So, group theoretic methods have been applied to derive a general formula
for finding the number of independent linear invariants for ranks of higher order.

The general formula is given by
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