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Abstract

Stefan Hilger introduced the theory of time scale in his PhD research work in 1988 [13].
Time scale is an arbitrary non-empty closed subset of real numbers [14]. This theory
unifies continuous and discrete analysis to deal with both rd-continuous and ld-continuous
functions.

My thesis deals with the Laplace transform on time scale by using different time scales.
We consider two papers of Martin Bohner [7] and Gusein Sh. Guseinov [8]. These papers
give us definitions of Laplace transform, convolution, inverse Laplace transform and some
results about these topics on isolated time scale, T = hZ = {hk : k € Z} where h > 0 and
T = ¢ = {¢* : k € Ny} where ¢ > 1 by using delta operator.

Finally, we extend the work of Martin Bohner and Gusein Sh. Guseinov on their
papers by using nabla operator instead of delta operator. Nabla calculus for time scales
was introduced by F. M. Atici and G.S. Guseinov [3]. We also give definitions of Laplace
transform, convolution, inverse Laplace transform and some results about these topics on
isolated time scale, T = hZ = {hk : k € Z}whereh > 0 and T = ¢"o = {¢* : k €
No} where ¢ > 1 by using nabla operator.
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Chapter 1

Introduction to Time Scale

1.1 Basic Definitions of Time Scale with Delta Operator

An arbitrary non-empty closed subset of real numbers is known as time scale, which is de-
noted by T. Natural numbers, integers, nonnegative integers, real numbers are well known
examples of time scales. The cantor set and [0,2]U[4, 6], [0,2] UN are also the examples of
time scales. Open intervals, complex numbers, Rational numbers and irrational numbers

are not time scales.

Definition 1.1.1. Suppose T denotes a time scale. For s € T, the forward jump

operator o : T — T is defined by
o(s)=inf{t € T:t > s},

on the other hand, the backward jump operator p: T — T is defined by
p(s) =sup{t € T: ¢ < s}.

In the above definition, substitute inf ® = sup T and sup( = inf T, where () denotes the
empty set. If o(s) > s, then s is right-scattered, whereas if p(s) < s, then s is left-
scattered. Points that are left-scattered and right-scattered at the same time are called
isolated. Also, if o(s) = s and s < supT, then s is called right-dense and if p(s) = s
and s > inf T, then s is called left-dense. Points that are right-dense and left-dense at
the same time are called dense. Now, the graininess function p: T — [0, 00) is defined

as
wu(s) = o(s) — s.
The set T* is derived from the time scale T as follows: If T has a left-scattered maximum

m, then T¥ = T — {m}. Otherwise, T¥ = T. In summary,

T T\(p(sup T),sup T] if supT < oo

T if supT = oo.



1.2 Examples with Delta Operator

Example 1.2.1. Consider three examples T =R, T = Z and T = a,,, = {1 : m € N}u{0}.
(a) If T =R, then for any s € R

o(s) =inf{t e R:t > s} = inf(s,00) = s,

in similar way

p(s) =sup{t e R:t < s} =sup(—o0,s) =s.

Thus every point s € R is dense. The graininess function p becomes
pu(s) =0 for all seT.
(b) If T = Z, then for any s € Z
o(s)=inf{t€Z:t>s}=inf{s+1,s+2,s+3,..} =s+1,
in the same way
p(s)=sup{t € Z:t<s}=sup{..s —3,s—2,s — 1} =s—1.
Thus every point s € Z is isolated. The graininess function p changes into
p(s) =1 for all seT.

In above two cases, the graininess function is constant. Now we will discuss third case for
which the graininess function is not constant.
(¢) If T = ap, = {£ : m € N} U{0}, then for any s € ay,

0(0) = inf{t € ay, : t > 0} = inf(0,1] =0,

similarly
o(1) =inf{t € ap : t > 1} =inf{@} =supT = 1.

Now, we find o(s) where s = 2. As we know

m+1l1>m>m-—1
1 1 1

m

m—1
t € am: t>} e

+
4 :L
m— m’
1 s=1.



Similarly

0 it s=0,
pls) =417 if s=21,
1 if s=1.

Thus the points s = 0,1 are dense and all others points of T are isolated. The graininess

function in these cases are

0 it s=0,
p(s) = m(n}bq) if 5=,
0 if s=1

1.3 Delta Differentiation

Consider f: T — R and define the delta derivative of f at s € T*.

Definition 1.3.1. [4,15] Assume a function f : T — R and let s € T*. Then define
f2(s) is the number (if exists) with the property that any € > 0, there is a neighborhood
U of s (that is, U= (s — 4,8+ d) (T for some 6 > 0) such that

[[f(a(s)) — F(B)] — f2(s)[o(s) —t]| < €|lo(s) —t| forall te U,
where f#(s) called delta (or Hilger) derivative of f at s.

Example 1.3.2. (a) Let a function f : T — R is defined by f(s) = v for all s € T, where
v € R is constant, then f#(s) = 0. This is true because for any € > 0

[£(o(s)) = F(O] = 0.[o(s) = t]] = |y =7 = 0 < elo(s) — 1],

holds for all ¢ € T.
(b) Consider a function f: T — R is defined by f(s) = s for all s € T, then f2(s) = 1.

This is clear since for any € > 0

[[f(e(s)) = f(O)] = L[o(s) —t]] = |o(s) =t — (o(s) = )| =0 < €|o(s) — 1,
holds for all t € T.

Theorem 1.3.3. [9,11] Assume a function f: T — R and let s € T*. Then:
(a) If f is delta differentiable at s, then fis continuous at s.
(b) If fis continuous at s and s is right-scattered, then f is delta differentiable at s with



(c) If s is right-dense, then fis delta differentiable at s if and only if

1o F9) = £(0)

t—s s—1t ’

exrists as a finite number. In this case

(d) If f is delta differentiable at s, then

flo(s)) = f(s) + u(s)f*(s).

Example 1.3.4. Again consider the cases T =R and T = Z.
(a) If T = R, then by Theorem (1.3.3)(c) implies that the function f : R — R is delta
differentiable at the point s € R if and only if

— f(t

t—s s—t ’

exists, that is, if and only if f is differentiable at s. In this case

by Theorem (1.3.3)(c).
(b) If T = Z, then by Theorem (1.3.3)(b) implies that the function f : Z — R is delta
differentiable at s € Z with

sy JEE) = 16) _ Fs+ D= 1)
Fi(s) = RO = TR — A (),

where A denotes the usual forward difference operator.

1.4 Delta Integration and Continuity

Definition 1.4.1. [2] Assume a function F': T — R is called delta antiderivative of the
function f : T — R such that F2(s) = f(s), for all s € T*. Then the integral of f is
defined by .

/b F(F) AT = F(s)— F(b) forall bsecT.

Definition 1.4.2. A function p: T — C is said to be regressive if
14+ pu(s)p(s) #0 forall s e T.

Definition 1.4.3. A function f : T — R is called rd-continuous if it is continuous at

each right dense points in T and lim,_,,— f(t) exists for all left-dense points s € T.



Theorem 1.4.4. [12/  Assume the points a,b € T and a function f : T — R is rd-
continuous.
(a) Let T =R, then

/ (5)A(s) = / " f(s)ds.

(b) If time scale T consists of only isolated points, then

c Ese[a,c) f(S)M(S) if a<e,
JRCNCERY i oae
- Zse[c,a) f(S)M(S) Zf a > c.

1.5 Basic Definitions of Time Scale with Nabla Operator

Let T denotes time scale with the backward jump operator p and the nabla differentiable

operator V. Then the graininess function v : T — [0, 00) is defined by
v(s) =s—p(s).
The set Ty, is derived from the time scale T as follows: If T has a right-scattered minimum
m, then Ty, = T — {m}. Otherwise, Ty = T.
1.6 Examples with Nabla Operator

Example 1.6.1. Consider three examples T =R, T = Zand T = a,,, = {1 : m € N}u{0}.
(a) If T =R, then for any s € R

p(s) =sup{t e R:t < s} =sup(—o0,s) =s.
Thus every point s € R is dense. The graininess function v becomes
v(s)=0 forall seT.
(b) If T = Z, then for any s € Z
p(s)=sup{t € Z:t<s}=sup{..s —3,s —2,s —1} =s— 1.
Thus every point s € Z is isolated. The graininess function v changes into
v(s)=1 forall seT.

In above two cases, the graininess function is constant. Now, we will discuss third case for

which the graininess function is not constant.



(¢) If T = ap, = { : m € N} U{0}, then for any s € ay,

0 if s=0,
pls) =1 2 if s=1,
1 if s=1.

Thus, the points s = 0,1 are dense and all others points of T are isolated. The graininess

function in these cases are

0 if s=0,
v(s) = m(n}bﬂ) if 5=
0 if s=1

1.7 Nabla Differentiation

Consider f: T — R and define the nabla derivative of f at s € Ty.

Definition 1.7.1. [1] Assume a function f: T — R and let s € Ty. Then define fV(¢)
is the number (if exists) with the property that given any ¢ > 0, there is a neighborhood
U of s (that is, U = (s — 4, s + §)) such that

£ (p(s)) = f(B)] = 7 (s)lp(s) — ]| < elp(s) —t| forall teU,
where fV(s) called the nabla derivative of f at s.

Example 1.7.2. (a) Consider a function f : T — R is defined by f(s) = for all s € T,

where v € R is constant, then fV(s) = 0. This is true because for any € > 0

[f(p(s)) = f(t) = 0.[p(s) =t = |y =7 =0 < elp(s) — 1],

holds for all ¢ € T.
(b) Consider a function f : T — R is defined by f(s) = s for all s € T, then fV(s) = 1.

This is clear since for any € > 0

[f(p(s)) = f(t) = Llp(s) = t]| = |p(s) —t — (p(s) —t)] = 0 < €|p(s) — ],
holds for all t € T.

Theorem 1.7.3. [9,11] Consider a function f: T — R and let s € Ty. Then:
(a) If f is nabla differentiable at s, then f is continuous at s.

(b) If fis continuous at s and s is left-scattered, then fis nabla differentiable at s with



(c) If s is left-dense, then f is nabla differentiable at s if and only if

1o F9) = £(0)

t—s s—1t ’

exrists as a finite number. In this case

Example 1.7.4. Consider also previous two cases T =R and T = Z.
(a) First assume T = R, then by Theorem (1.7.3)(c) implies that the function f : R — R
is nabla differentiable at the point s € R if and only if

— f(t

t—s s—t ’

exists, that is if and only if f is differentiable at s. In this case

by Theorem (1.7.3)(c). Thus, for T =R, f'(s) = fV(s) = f2(s).
(b) Now consider T = Z, then by Theorem (1.7.3)(b) implies that f : Z — R is nabla
differentiable at the point s € Z with

fv(S) — f(S) ;(i)(p(s)) _ f(S) _{(5_ 1) ZVf(S),

where V is the usual backward difference operator.

1.8 Nabla Integration and Continuity

Definition 1.8.1. [1] Assume a function F': T — R is called a nabla antiderivative of
the function f : T — R such that FV(s) = f(s) for all s € Ty. Then the integral of f is
defined as

/sf(T)VT:F(S)—F(b) for all b,s € T.
b

Definition 1.8.2. A function ¢ : T — C is said to be regressive if
1+wv(s)q(s) #0 forall seT.

Definition 1.8.3. A function f : T — R is called 1d-continuous if it is continuous at

each left dense points in T and lim,_, .+ f(t) exists for all right-dense points s € T.



Theorem 1.8.4. [12] Assume the points a,c € T and a function f : T — R is ld-
continuous.

(a) Let T =R, then
/ f(5)V(s) = / £(s)ds.

(b) If time scale T consists of only isolated points, then

c Ese(a,c] f(S)Z/(S) 'Lf a <c,
[ 1996 =40 -
- Zse(c,a] f(S)V(S) Zf a > cC.



Chapter 2

Laplace Transform with Isolated
Time Scale by using Delta
Operator

2.1 The Exponential Function and Laplace Transform by
using Delta Operator

This section is based on generalized exponential function and Laplace transform for an
arbitrary time scale T by using delta operator.
The set of all rd-continuous and regressive functions p : T — C denoted by R. Suppose

p € R and t € T, where t is any fixed element. Then the initial value problem is

y°(s) =pls)y(s), y(t)=1, (2.1.1)

has unique solution on T. This solution is said to be exponential function and is denoted

by ep(s,t).
Assume p € R, then exponential function is defined as

=ex SOM 7) for s
ep(s,t) = p/tlg () A (1) for s,t €T.

Throughout assume that s, denote real numbers, for all » € Ny such that

lim s, =00 and u, =841 — 8, >0 forall reN, (2.1.2)
rT—00

while throughout assume that
lim s, = o0 and wu= inf u, > 0, where  u, = s,41 — s, for reNy (2.1.3)
r—00 r€Np

holds. For example, the numbers

s, =hr, reNg and s,=¢q", r e Ny,



where h > 0 and ¢ > 1, respectively satisfy previous assumption (2.1.3), while
sr =+/r, réeN and Sm =1Inm, m €N,

do not satisfy previous assumption (2.1.3).

Suppose z denotes complex number, then

1
z# —— for all r € Np. (2.1.4)

T

Then solution of the problem (2.1.1) is e, (s, Sm)

y(ST+1) = (1 + uTZ>y(S7')7 y(Sm) = 17 m,r G N07

satisfies
r—1
ex(Sr, Sm) = H (1+wugz) if r>m, (2.1.5)
k=m
and
1
ex(Sr, 8m) = it r<m,

o (14 up2)
for m = r, the product are understood to be 1.

Assume that supT = oo and fix sg € T. Also assume that z denotes complex constant
that is regressive. Thus e, (., sg) is well defined on T. Assume z : [sg,00)7 — C is locally
A-integrable function, that is, this function is A-integrable over each compact subinterval
of [sg,00)r. Then the Laplace transform of z is defined below [7,10]

= OOA S or z X
E{x}(z)—/so oA for 2 e Da}, (2.1.6)

where D{z} consists of all those complex numbers z € R for which improper integral
exists.

More general form of Laplace transform is given below.

Definition 2.1.1. Assume (2.1.2) holds. If = : {s, : r € Ng} — C represents a function,

then the Laplace transform of this function is defined in this way

#(z) = L{x}(z an 0 Hum (2.1.7)

for those complex values of z € C satisfying (2.1.4) for which this series converges.

Recall previous assumptions (2.1.3) and (2.1.4). Define

r

Po(z) = [ +wz), reN, (2.1.8)
k=0

10



represent a polynomial in z whose degree is r+1. Consider

T r—1
P.(z) — Pr_1(2) = H(l +upz) — H(l +ugz), 1€ Ny,
k=0 k=0
r—1
Po(z) = Proa(z) = [[(1 + w2)[1 + urz = 1], 7 €Ny,
k=0
P.(z) = Pr_1(2) = zu, P._1(2), 7 € Np. (2.1.9)
It is easily verified that
1 1 Uy
— =z , r € Np, 2.1.10
Pi(z) P(2) “P(2) 0 (2:1.10)
holds, where P_;(z) = 1.
The numbers o, = —u; ', 7 € Ny, are contained in [-u~!,0). For any positive number
6 > 0 and r € Ny, then we set
oo
D;=C\|JD; where Dj={z€C:|z—a,| <6}, reN,, (2.1.11)

r=0

so that Djs is closed domain of C, where C is the complex plane and the distance of the

points of Ds are not less than d from this set {a, : r € Ny}.

Lemma 2.1.2. [7] Assume (2.1.3), (2.1.4), (2.1.8) and (2.1.11) holds. For any z € Ds,
then

|Pr(2)] > (6u) and |P.(2)| > 6(0u)"u, for all r € Ny. (2.1.12)
Moreover,
li_)m P.(z) =00 forall z€ Ds provided &> u"'. (2.1.13)

Proof. For any z € Ds and r € Ny, we have

T

1P(2)] = [T+ ur2)
k=0
— H uk(u,zl + 2)
k=0
= [ [ (ur(z - ak))‘
k=0
r—1 r
= U, (H uk> (H |z — aM)
k=0 k=0
> Ukuk5k+1
= 5(6u)*uy

11



The proof of second statement in (2.1.12) is complete. The proof of first statement in

(2.1.12) is as follows
1P ()] = (H Uk) (H |2 = akl)
= k=0

>( T+1)(6T+1)
|Pr(2)] = (6u)™

Thus proof of (2.1.13) follows from (2.1.12). O

Example 2.1.3. If x(s,) = 1 then its Laplace transform

L{1}(z) = -

and Laplace transform of exponential function is defined below

1
z—a

L{ea}(z) =

For any z € Ds, with § > u~!, by using (2.1.7), (2.1.8), (2.1.10) and (2.1.13)

LN =3 5

r=0
oz P._1(2) Prz
r=0
1 . [ ] 1
= — lim -
2 m—00 2

The Laplace transform of the second function, by using (2.1.5) and (2.1.8)

r—1

ea(sr) = H(l +upa) = Po_q1(a) for r e Np.
k=0

It follows that

> urea(sr)

£lea}(?) = () = > 22

r=0
_ i uTPT_l(a)
P z
ZUTHk 0 1+Uk0[)
[Tr—o(1 +ukz)

_ > ur [The 0(1+uka)
Z(

1+uz ) ro(1 4 ug2)

—1
> Uy 1+ upa

— 1+ urz 0 1+ ugz

r

12



r—1

= a—«
=) - k. (2.1.14)
= 1+ urz o 2T

Since the numbers oy, where k € Ny, are contained in [—u~!,0), thus there exists a
sufficiently large number denoted by Ry > 0, such that

o — O

1
< 5 for all |z| > Ry and k € Ny. (2.1.15)

Z — O
Thus, the series (2.1.14) converges for the values |z| > Ry, because

1 1

lz—o,] =0

Uy
1+ urz

is bounded. Next, the Laplace transform of this function by using (2.1.10)

oo

. urPr_(c)
balz) = Y ML)
2R

_ U li [Prog(a) | aup1Proa(a) Pr1(04)]
Po(z) 2= [ P-1(?) P._1(2) P.(z)
U 1 X [Pr_o(a) Pr_l(oz)] O o= Up_1Pr_o(c)
Py(z) =z rzl | Pr—1(2) P.(z) z TZI P_1(z)
U 1 I .. Puoi(a) _
B TR i TR e
- P (0% z b))
where, the fact used that
lim Lot
m—00 m(z)
because of
Pm, (a) _ mel(oé)

1
P(z) (1 + wmz)Pp—1(2)
B 1 ni—f o — oy
14 upz o T Ok

and (2.1.15). Thus, the final equality is

Hence




Theorem 2.1.4. [7] Assume (2.1.3) holds. If x : {s, : 7 € No} — C is a function and
satisfies this condition
|z(s)| < CR"  for all r € No, (2.1.16)

where R and C' are constants which are positive, then the series converges uniformly which

is in (2.1.7), with respect to z in region Ds with § > Ru~"

Proof. By Lemma (2.1.2) and (2.1.16), the general term of the series in (2.1.7)

urx(sy) u,CR" C (R\"
=—|= f N d Ds.
P.(z) | — 0(0u) u, 5 \du or e Ro and = € Hs
The series
> (&)
s ou
converges if § > Ru~'. This completes the proof. O

As denotes a class of function z : {s, : r € Ng} — C for which the Laplace transform
exists and it satisfying the following condition

[e.9]

> (6u) T (sy)| < oo. (2.1.17)

r=0
Theorem 2.1.5. [7] Assume (2.1.3) holds. Let x : {s, : r € No} — C is a function and

define x® : {s, : v € No} — C is another function, by

x(sy + up) — x(sr).

o) = T
Suppose that x € As, then z* € As too, and
L{x"}(2) = 28(2) — z(s0). (2.1.18)
Moreover, we have that x®* € A
L{x"2}(2) = 2%5(2) — 22(s0) — 2°(s0)- (2.1.19)
Proof. Consider
S 0 o) = 3y o) =)
r=0 r=0 "

u™ Z (0w) ™" [z (srp)| + |2 (sr)]]

o
Z 6u) " (sppn)| +Fu” 12 du) "z (sy)| < 0.
r=0 r=0

14



This shows that 22 € As. Now by using the definition of Laplace transform (2.1.7)

—0 Pria(2) —0 P (2)
_ > z(8r+1) B > z(sr) . > Ur417(Sr+1)
" it 2P P R
~ z(s0) Lz _uom(so)
R O R
_(1 + upz)z(so) +2i(2)

The proof of the second statement (2.1.19) is obtained by applying the first statement
(2.1.18).

O

Theorem 2.1.6. [7] (Initial and Final Value Theorem). Assume (2.1.3) holds.
Then:
(a) Assume x € As and for some 6 > 0, then

x(so) = lim {zZ(z)}. (2.1.20)

Z—00

(b) Assume x € As and for all § > 0, then

lim z(s,) = lim{zZ(2)}. (2.1.21)

r—00 z2—0

Proof. Let z € As for some 6 > 0. It follows by definition of Laplace transform (2.1.7)

() = Mor(s0) u1z(s1) uaz(s2)
T4+wupz  (I4wuwz)(l+urz)  (I+wupz)(1+ uiz)(1l+ ugz)

and
u1x(s1) u2x(s2)

(14 u02)2(z) = wow(s0) + A7 "8 + A0 (1 + uas)

15



Hence
li_>n1 Z(z) =0 and li_>m {(1 +wup2)z(2)} = upz(so)

Zlgglo[i;(z) + upz(z)] = wox(so)

up lim 2Z(z) = upz(so)
Z—00

Zli)rgo 2&(z) = z(s0).

This completes the proof of (2.1.20). To show (2.1.21), let x € A; for all § > 0. By using
the equality which is obtained in the proof of Theorem (2.1.5)

o 2lsr41) — 2(sr) =22(2) — (s
; By = )~ as0) (2.1.22)

By using Lemma (2.1.2)
lim P,.(z) =1 for any r € Np.
z—0

To arrive at (2.1.21), applying limit at (2.1.22), then

—x(s0) + Tl;rgo z(s;) = lim(22(z)) — lim x(sp).

z—0 z—0
Hence
li =i t(2)).
Tim (s,) = lim((2))
The proof of second statement is complete. O

2.2 The Convolution by using Delta Operator

We are using two basic concepts of shift. These concepts are introduced in [6].
Assume a function f : [sg,00)T — C, shift (or delay) of this function is denoted by

f(s,t) and is defined as solution of the problem

oo (s,0(t) = —f2(s,t), t,seT, sg<t<s,

: (2.2.1)
f(s,s0) = f(s), s€T, s9<s.
For given function f, g : [so,00)T — C, convolution of f x g is defined as
(Fe9)s) = [ Fs.o)a®, seT, s<s (222)
50

In this section assume only (2.1.2). For a given f : {s, : r € Ny} — C, consider the
shifting problem (2.2.1)

A~ A~

fAS(5r>3m+1) = _fm(tmtm) m,r € No, r>m,

f(sry80) = f(sr), 7€ Np.
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[ Flsr1ssma1) = Fsrssmn) |+ ur [ Flsrsman) = Fsr5m)] = 0.
m,r € Ng, r>m, (2.2.3)
f(srys0) = f(sr), €N
Theorem 2.2.1. [7] Assume (2.1.2) holds. For an arbitrary function f : {s, : r € No} —
C, shifting problem (2.2.3) has unique solution.

Proof. Setting f(s,, sy) = fnm for convenience, let us rewrite (2.2.3)
um(fr+1,m+1 - fr,m+1) + ur(fr,m—i—l - fr,m) =0, m,r € Ng, r>m, (224)

fro=f(sr), 7€N, (2.2.5)

where fr,m is defined for m,r € Ny with m < r is a desired solution. Suppose fnm is a
solution of (2.2.4), (2.2.5). Then there are two cases, m = r and m < r. For m = r,

putting m = r in (2.2.4)
Ur(fr—i—l,r—&-l - fm”-i-l) + ur(fr,r-i-l - fr,r) =0, forall r € N,
fritos1 — frr =0 for all r € Np,
fr+1,r+1 = fAT’,« for all r € Np.
Note that fr+17r+1 is constant for all values of r € Ny, and since by (2.2.5) f070 = f(so0),

then
frr = f(s0) for all e No. (2.2.6)

Furthermore, it is enough to show that (2.2.4) has a unique solution satisfying (2.2.5)
and (2.2.6). For this, now discuss the case when m < r. For any ¢ € Ny, let us set

N; = [i,00) "Np. Put m =r — 1 with » € Ny in (2.2.4), then
Ur—l(fr—‘rl,r - fr,r) + ur(fr,r - fr,r—l) = 07 for all r € Nj.
Putting the value of fr,r from (2.2.6), then

w1 (friry — f(50)) +ur(f(s0) = fro—1) =0, forall 7 € Ny,

UrflfrJrl,r - f(SO)(Urfl - UT‘) - urfr,rfl =0, forall r €Ny,

ur—lfr—i—l,r = (Ur—l - ur)f(SO) + urfr,r—h for all 7 € Nj.
Hence
~ Uy Up 2
fro1r = <1 - ) f(s0) + —— fror—1, for all r € Ny, (2.2.7)
Upr—1 Upr—1
by (2.2.5)
Fro= f(s1). (2.2.8)
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Now by using (2.2.8), we are able to find the value of fr+1,r from (2.2.7) recursively in

unique way for all r € Ny. Next, put m = r — 2 with r € Ny in (2.2.4), then

uT—Q(fT-i-l,T—l - f’r,r—l) + Ur(fr,r—l - fr7r—2) = 0, for all r € NQ,

ur—2fr+1,r—1 + (Ur - ur—2)fr,7‘—1 - urfr7r—2 =0, for all r € Ny,

ur—2fr+1,r—1 = (ur—2 - U'r)f'r,'r—l + urfr,r—2 =0, for all r € Na.

Hence
Foitro1 = (1 — u“_2> Fro1 + UU—_Z Ffowez, forall re Ny, (2.2.9)
by (2.2.5)
o0 = f(s2). (2.2.10)

In (2.2.9), the term fm_l is known for all » € N; from the first step. Then, by using
(2.2.10), we are able to find the value of fr+1,r71 from (2.2.9) recursively in unique way

for all » € Nj. Repeating this technique, put m = r — i for r € N; in (2.2.4), then

UT*’L'(fAT+1,T*i+1 - fr,r7i+l) + Ur(fr,rfiJrl - fr,rfi) = O, for all r € Ni7

Urfifr+1,r7i+1 + (ur - urfi)fr,rfi+1 - Urfr,rfi =0, for all r € N,
Ur—ifr—l—l,r—i—i—l = (ur—i - ur)fr,r—i—H + urfr,r—i =0, for all r € N;.
Hence
A Uy 2 Up 2
fr+1,7”—i+1 =11- frm—i—i—l + 7f7n’7~_7;, for all r € N;, (2211)
Up—; Up—
by (2.2.5)

fin = f(si). (2.2.12)

In (2.2.9), the term fw_iﬂ is known for all » € N;_; from the previous step. Then, by
using (2.2.12), we are able to find the value of fr+1,r7i+1 from (2.2.11) recursively in unique
way for all » € N;_;1. Since we take i € N arbitrarily, so fT,m is constructed uniquely in

this way for all m,r € Ng with m <r. O

Definition 2.2.2. Assume (2.1.2) holds, suppose two function f,g : {s, : r € Ngo} — C
and let f is the solution of the previous problem (2.2.3). Then convolution of f and g is
denoted by f * g and is defined by (f * g)(sg) = 0 and

r—1

(f*g)(sr) = Zukf(snskﬂ)g(sk), r € Np.

k=0

The following theorem is constructed with the help of the classical theorem of Titch-
marsh [18,19] for usual continuous convolution. This theorem is discrete analogue for

usual continuous convolution.
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Theorem 2.2.3. [7] Assume (2.1.2) holds and f,g : {s, : r € No} — C are two functions.
If convolution of f and g on {s, : v € No} is identically zero, then at least one of the

functions f and g is identically zero on {s, : v € Np}.

Proof. Suppose that f * g is identically zero on {s, : 7 € Nyo}. Then by definition (2.2.2)

of convolution and by using the notation f (SpySm) = fr,mv we have

uof1,1g(80) =0,
uofz,lg(so) + U1f2,2g(31) =0,

o f3,19(50) + u1f329(s1) + uzf339(s2) = 0,
(2.2.13)

o fr19(50) + 1 frog(s1) + oo + Up_1 frrg(s,—1) =0,

where r € N. It is enough to show that if one of the function is not identically zero, then
other function must be identically zero. Assume that f : {s, : r € Ny} is not identically
zero, then we have to show that g : {s, : » € Ny} is identically zero. Suppose f(s;,) with
m € Ng be the first of the values of f(so), f(s1),... that is different from zero. Thus

f(s0) = f(s1) = ... = f(sm—1) =0 and f(sm) # 0. (2.2.14)

For showing ¢(s,) = 0 for all » € Ny, consider all the values of m € Ny in (2.2.14)
separately. Assume m = 0 in (2.2.14), then by (2.2.14) f(so) # 0. Assume (2.2.13) as
a homogeneous system of linear equations Agyo = 0 with yo = (g(s0),9(51), -, g(sr-1)) 7.

The determinant of Ay (triangular matrix) is

r—1 r—1
1T wnfrsrnsr =[£G T T wrs
k=0 k=0

by using (2.2.6). Hence the determinant of A is different from zero by the assumption
f(s0) # 0. Thus Ay is invertible matrix and Apyy = 0 implies yo = 0, that is g(sp) =
g(s1) = ... = g(s,—1) = 0. Since r € N is arbitrary, so we get g is identically zero on
{sp 17 € Np} .

Assume m = 1 in (2.2.14), then

f(so) =0 and f(s1) #0. (2.2.15)
In this case, (2.2.6) implies that

frr = f(s50) =0 forall 7 e Ny, (2.2.16)
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and (2.2.13) becomes

uon,lg(So) =0,
uof3,1g(80) +uy f329(s1) = 0,
uof4,19(80) + U1f4,29(51) + U2f4,39(32) =0,

(2.2.17)
uOfr,lg(SO) + ulfr,2g(81) + ...+ uerfr,rflg(Sr72) =0.
Next, since f(sg) = 0, then from (2.2.7)
N U ~
Jro1r = Lfr,r—la r e Ni.
Up—1
Iterating previous equation and taking into account (2.2.5), then
A Uy 2 u
friir = —fi0=—f(s1), 7€ Ny. (2.2.18)
Uuo Ug

Let us consider the system (2.2.17) as before as a system Ajy; = 0, the determinant of A

is equal to
r—2

r—2

P _ Uk+1
[T wnfropin = OV ] =
k=0 o

k=0
and this is different from zero by (2.2.15). Therefore y; = 0, that is, g(so) = g(s1) = ... =
g(sr—2) = 0 and since r € N is arbitrary, so we get g is identically zero on {s, : r € Ny} .
Assume m = 2 in (2.2.14), then

f(s0) = f(s1) = 0 and f(s2) # 0. (2.2.19)
In this case, (2.2.16) and (2.2.18) still hold. Besides, from f(s1) =0, (2.2.18) yields
fra1r =0 for all r e Ny. (2.2.20)
Therefore (2.2.13) becomes

o f319(s0) = 0,
U0f4,19(80) + U1f4,29(51) =0,

uo f5,19(50) + w1 f5.29(s1) + uafs39(s2) = 0,
(2.2.21)

uofr,lg(SO) + Ulfr,w(sl) +...+ Ur—zfr,r—2g(8r—3) =0.
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Next, since fm_l = 0 for r € N; by (2.2.20), then by (2.2.9)
~ U ~
fritro1 = ——frr2, 7 €Na.
Up—2
Iterating the last equation, then

UpUr—1 2 UpUpr—1

frotr—1 = fo0= f(s2), e Ny.
U1uo U1uQ

Writing the system (2.2.21) again as Ayys = 0, the determinant of As is equal to

r—3
; Uk+2Uk+1
T weferspsr = [f(s2)) 2 H ETm—

U1U
k=0 k=0 110

and this is different from zero by (2.2.19). Then yo = 0, that is g(so) = g(s1) = ... =
g(sr—3) = 0 and since r € N is arbitrary, so we get that g is identically zero on {s, : r € Ny}.
We observe that one can discuss the system A,,y,, = 0 and argue in this way for any value

of m € Ny in (2.2.14) in order to obtain that g(s,) = 0 for all r € Ny. O

Theorem 2.2.4. [7] (Convolution Theorem). Assume (2.1.2) holds and f,g : {s, :
r € No} — C are two functions such that L{f}(z), L{g}(z), L{f * g}(z) exist for a given
z € C satisfying (2.1.4). Then, at the point z,

L{f x g}(z) = L{f}(2). L{g}(2) (2.2.22)
Proof. For our convenience, we set
erm(2) = e;(sp, sm) and fnm = f(sT,sm).

Then by (2.1.4)

err(z) =1 for all r € Ny (2.2.23)
ert1,m(z) = (L +upz)epm(z) for all r,m e Ny with m <, (2.2.24)
erm+1(2) = m for all r,m € Ny with m+1 <, (2.2.25)

and shifting problem (2.2.3) can be rewritten as (2.2.4), (2.2.5). By using definition of
Laplace transform (2.1.7) and the definition of convolution (2.2.2)

Z up frp19(58)

7‘—|—1 0(

Cieal) =Y I =3

= Grt, o(z)

S 0o
urfr,k—i—l
= § kg Sk § .
=0

o erto(2)

Substituting here

€r+1,0(z) = €r+1,k+1(2)€k+1,0(z)a

21



we get that

L{fxghz) =)

k=0

Hence

L{f*g}(z) = L{g}(2) D

r=k+1

For our convenience, we set

P,

>

r=m

urg(sk)

Up fr k1

6k+1,0(z

urfr,m

er—&-l,m(z)’

) el ers1he1(2)

o

urfr,kJrl
€r+1,kz+1(2)

m € Np.

(2.2.26)

(2.2.27)

The target is to show that ®,, is independent of the value m € Ny, then

Nl eri1k+1(2) = ert10(2)

-y

r=0

Urf(sr)

6r+1,0(z)

= L{r}(2),

thus yields (2.2.22) by using (2.2.26). Now, the remaining part is to show that ®,, does

not depend on the value of m € Ng. Now putting e, ,, = e, n(z) and by using (2.2.4) and

(2.2.23), (2.2.24) and (2.2.25)

o

X o A A A
P . Z urfr,m—i—l _ Z urfr,m + Umfr,m+l - umfr—l—l,m—i—l
m+1 — - —
e (&
r=m4+1 r+1,m+1 r=m+1 r+1,m+1
9] A 9] M7 A A A
B Z UTfr,m u Z fr+1,m+1 fr,m+1 + fr,erl fr,m+1
= —_— T — Uy, — —
i €r+1,m+1 i _€r+1,m+1 €rm+1 €rm+1 €r+1,m+1
00 P 00 [ P p P
. Z Urfr,m u Z fr+1,m+1 fr,m+1 + fr,m+1(1 + ’LLrZ) fr,erl
= —_— T — U — —
i €r+1,m+1 i _€r+1,m+1 €rm+1 €r+1,m+1 Er+1,m+1
0o ; o [ 2 7 ; ;
_ Z Ur frm " Z fretmer  frma n Jrom+1 Jromt1 | Wrzfrmi
= — " U, _
r=m+1 €r+1,m+1 r=m+1 _6T+1,m+1 €rm+1 €r+1,m+1 €r+1,m+1 €r+1,m+1
o0 P o0 M7 A o0 P
urf'r,m fr—i—l,m—l—l fr,m—i—l f'r,m—l—l
= E — — Um E - — Um — Urz
(& (& e e
re=m+t1 r+1,m+1 r=m+1 L r+1,m+1 rym—+1 re=m+1 r4+1,m+41
0o 2 2 oo 2
ur f Jmt+1,m+1 Jrm+1
= E LI (] U 2) A U Ly Jrmtd
— Er+1,m Em+1,m+1 — Er4+1,m+1
o A A X
Uy f [ J
= E 0 (1 + U 2) + tUm——— (1 + U 2) — Uy —— (1 + U 2)
— Er+1m Em+1,m Em+1,m
00 A
A fm,erl
+ Umferl,erl — Um~z 67 T
—1 r+1,m+1
fm,m r
= (1 4+ umz)®y, — ume (14 wm2) + wm frt1,m+1 — Um 2Pt
m+1,m
Jmm
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= (1 + umz)q)m - umfm,m + umfm+1,m+1 - umzq)m+1
= (1 + umz)q)m - umfm,m + umfm,m - umzq)m—o—l

= (14 um2)®Ppm — umzPmi1,
by using the fact that fm = f(sp) for all r € Ny. Consequently

Hence ®,,,41 = ®,, as 1 + w2z # 0 under condition (2.1.4). O

2.3 The Inverse Laplace Transform by using Delta Operator

Theorem 2.3.1. [7] (Uniqueness Theorem). Assume (2.1.3) holds and suppose x :
{sy : ¥ € No} = C is a function in the space As, that is x satisfies (2.1.17). Further, let
Z(z) denotes the Laplace transform of x which is defined by (2.1.7) for z € Ds. If &(z) =0
for z € Dg, then x(s,) =0 for all r € Ny.

Proof. By using the definition of Laplace transform (2.1.7), we have

woz(so) u1z(sy) N u2x(82)
T+wuz  (I4wuwz)(l+uz)  (IT+wupz)(1+uiz)(1l+ ugz)

+..=0, (2.3.1)

for z € Ds. Multiplying (2.3.1) by 1+ upz and then passing the limit as |z| — oo, then we
get x(sg) = 0. Use z(sp) =0 in (2.3.1) and get

ur(sy) uz(52)

(1+upz)(14+urz) (1 +upz)(14+ur2)(1 + ug2) +..=0.

Now multiplying this equation by (14-ugz)(14wu1z) and then passing the limit as |z| — oo to
obtain z(s1) = 0. By repeating this technique, we find z(so) = z(s1) = z(s2) = ... = 0. O

Theorem (2.4.1) gives that inverse of Laplace transform exists. The inverse Laplace

transform can be found out by using the formula stated in the following theorem.

Theorem 2.3.2. [7] (Inverse Laplace Transform). Assume (2.1.3) holds, suppose
x € As and let T(z) denotes its Laplace transform which is defined by (2.1.7). Then

1 r—1
z(s;) = 2HZ/Fj(Z) H(l +ugz)dz  for r e Ny, (2.3.2)
k=0
where I' denotes any positive oriented closed curve in Dy that contains all points oy, = —u,;l
for k € Np.
Proof. Integrating the equality
_upx(so) urz(sy) u2x(s2)

#(2) o, (233)

14wz (T+wuez)(I+uz) (14 upz)(1+urz)(1 + ugz)
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over the curve I' with respect to z and then we can take term-by-term integration, and

get that

/i(z)dz—u x(s )/ dz + urx(s )/ dz
r Y e Yoz Y e (T uoz) (1 + urz)
+ ugz(s )/ dz +

2P+ up2) (1 + urz)(1 + ugz)
Next

/ dz 7i dz 7@

rl4ugz  uo Jrz—ag ug’
and

d
r [Tizo(1 + up2)

because P(z) denotes the polynomial whose degree greater than or equal to two and if T’

be any closed contour containing all the roots of the polynomial P(z), then
dz
=0.
/r P(z)

2(s0) = — /F #(2)dz.

2mi

Therefore

Now multiplying (2.3.3) by 1 + upz and then integrating over I with respect to z, then

dz
14+ uz

/F (1+ 102)i(2)dz = uoz(s0) /

T

dz + uyx(s1) /
r

dz
T ua(s2) /r T+ ur) (1 ugz)

Next,
1 271
/dz:(),/ dz _ 1 dz :ﬂ’
r rl4+wz wu Jrz—o U1
and
dz
—— =0 forall re N—{1}.
/FHk::l(l + ug2) t
Therefore
1
x(s1) = 5 /Fi’(z)(l + upz)dz.

Repeating this technique, we are able to obtain this formula (2.3.2) for an arbitrary r €
No. O

2.4 Examples

The time scale which used in these examples are defined in [16,17].
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Example 2.4.1. Let s, = hr, r € Ng, where A > 0 is any fixed real number. In this case
Up = Spq1 — Sp = (r+1)h—rh=h forall reNp.

Note that (2.1.3) holds with w = h. For a function x : {hr : r € No} — R, its Laplace

transform (2.1.7) becomes

oo

- (rh)
Li{x}(z) =&(z) =h > o
~ (1+ h2)
The inversion formula (2.3.2) takes the form

x(rh) = 2Hl/rfc(z)(l + hz)"dz, r e Ny,

where I' denotes positive oriented curve that encloses the point —%.

Example 2.4.2. Let s, = ¢", r € Ny, where ¢ > 1 is any fixed real number. Then
Up =841 —Sr=¢ 1 —q"=(q—1)¢" =¢q" forall reNy, where ¢ =q-—1.

Notice that (2.1.3) holds with u = ¢/. For a function x : {¢" : r € No} — R, its Laplace

transform (2.1.7) becomes

E{SU}( ZHk01+qqz)

The inversion formula (2.3.2) takes the form

1 r—1

- ~, 1 !k
s | EO L0+ ddas reo,

k=0

z(q") =

where T' denotes positive oriented curve that contains all points —(¢’¢*) ™" with k € Nj.
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Chapter 3

The h-Laplace and g-Laplace

Transform in Time Scale

3.1 The Exponential Function and The Laplace Transform

This section consist definition of exponential function for an arbitrary time scale T and
some properties regarding exponential functions are also discussed. All these properties
are given in [6, 10].
The set R under the operation of addition & is an abelian group where @ is defined
by
(p @ g)(s) = p(s) + g(s) + u(s)p(s)g(s) forall se€T.

For any g € R, ©g denotes the additive inverse of g, defined by

(©9)(s) = —HZE:Z;Q(S) for all s € T.

The subtraction © on R is defined by

(peg)(s) = (p+(89))(s) =p(s) + (&(9))(s) + p(s)p(s)(©g)(s)
— p(s) — 9(s) p(s)p(s)g(s)
+u(s)g(s) 1+ p(s)g(s)
_p(s)+ ( )p(s)g(s) — g(s) — u(s)p(s)g(s)
1+ p(s)g(s)
= p(s) — 9(s) for all s € T.

1+ u(s)g(s)’
Similarly, the following properties directly follows from the definition
969=0,
e(e9) =9,
oSlpog)=g9Sp
S(p@g) = (©p) © (O9)-
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(R, ®) is said to be regressive group.

Let p € R and fix a point sy € T. Then the initial value problem

y* =p(s)y, y(so0) =1, (3.1.1)
has a unique solution on T.

Definition 3.1.1. If p € R and sg € T, then (3.1.1) has a unique solution is said to be

exponential function which is denoted by e, (., so).
Few properties of exponential functions are stated in the form of following theorem.
Theorem 3.1.2. [6,10] If p,g € R, then

(1) eg(s,t) =1 andey(s,s) =1,

ep(s,t)

(2) ep(a(s),t) = [1+ u(s)p(s)]ep(s,t) and ey(t,o(s)) = W;

(3) ep(s,t) = (9] = egp(t, s);

(4) ep(s, t)ep(t, w) = ep(s, w);

(5) ep(s,)eg(s, 1) = epag(s,t);
ep(s,t)

(7) (ep(1))2(5) = p(s)ep(s,t) and (ep(s,.))"(s) = —p(s)ep(t, o(s));

1 Al p(s)
(8) ( ) (8) - ep(o_(s)’t)'

If T = R then o(s) = s, u(s) = 0 and y* = ¢ is usual derivative. Thus, in this case

p: T — C be any function and s, sy € T, then

e, (s, 50) = exp {/Sjp(f)df} .

In particular, a is any complex constant, then

eal(s, sg) = e*57%0),

Assume that supT = oo and fix sg € T. Suppose that z is complex constant which is

regressive, then ©z € R is also regressive. Thus eg, is well defined on time scale T.

Definition 3.1.3. Assume z : [sg,00)7 — C is locally A-integrable function, that is, it is
A-integrable over each compact subinterval of [sp, c0)r. Then Laplace transform of x

is defined as

Lla}(z) = / " o(s)eon (0(5), s0) AL for = € Dia}, (3.1.2)

S0

where D{z} consists of all those complex numbers z € R for which the improper A-integral

exists.
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Definition 3.1.4. Assume f : [sg, 00)r — C is a function, its shift denoted by f(s,t) and
defined to be the solution of problem
fho(s,o(t) = —f2(s,t), tseT, sg<t<s,

f(S’SO):f(S)v 5€T7 89 < s.

(3.1.3)

Definition 3.1.5. Assume two functions f, g : [sg,00)T — C, then convolution of these

two functions f x g is defined as

(f*g)(s) = / fs,0t))gA®E), seT, s<s. (3.1.4)

3.2 The h-Laplace Transform in Time Scale
In this section, consider time scale T which is introduced in [16,17].
T =hZ ={hk: ke Z},
where Z denotes integers set and h denotes fixed positive real number. Then
o(s)=s+h and pu(s) = h.
For a function g : hZ — C, we have
g>(s) = gls+h) = 9(s) for all s € hZ.

h

Therefore for any complex number z, the initial value problem

yA =zYy, S€ T? y(SO) = 15

is transformed as

and the final initial value problem has the form
y(s+h) =1+ h2)y(s), s€hZ, y(so) =1.

Next

S

e.(s,80) = H 1+ (Sg+1— Sk)z = H (14 hz)

k=sq k=so
=[1+ (s1 —s0)z][1 + (s2 — s1)2][1 + (s3 — s2)2]...
=1 +hz)(1+hz)(1+h2)..
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Hence e, (s, sg) has (for z # —1/h) the form

5—s

es(s,50) = (1+hz) = forall s¢ hZ.

Next
o z z
Zz = — = — s
14 pu(s)z 1+ hz

so the initial value problem

y* = (62)(s)y, s€T, y(so) =1

is transformed as

Yt —yls) =
h 1+ hzy(s)
s+ 1) = yls) = — ()

st = (1= 15 ) o)

and the final initial value problem has the form

1
1+ hz

y(s+h) = ( ) y(s), s€hL, y(so)=1.

Since
s—sq

e;=(1+hz) " .

By using previous equation, we find the value of eg,

eo: =[1+h(62)] "

S*SD
—2z h
=|14+h|—+--7+
[ <1 + M(S)Z)]
_ (1 hz =l
- 1+ hz
S*SO

1\ +
_(1+hz> .

Hence eq(s, so) has (z # —+) the form

s—so

e, =(1+hz)" " .
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Any function x : [sg,00)pz — C, by using (4.2.14), its Laplace transform is

L{z}(z) =a(z) = > uls)a(s) eszlo(s), 50)
5€[50,00)nz

= Z h x(s) esz(s + h, so)

$€[80,00)nz
s+h—sg )

=h > a(s) (1+hz)(* 2
s€ls0,00)nz

=h Y a(s+s) (1+hz) ()
SG[SO: Inz

x(kh + koh)
=h Z 1+ hz)ktl

o Zm(kh+koh)
_1+hzk: (1+ hz)k

where we are using kg = so/h so kg € Z. The following definition is in the case when

807&0.

Definition 3.2.1. If a function z : hNy — C, then h-Laplace transform of z is given

by
. h = xz(kh)
L{ah(2) = al2) = 5 kZO 1 haE
for z # —% for which this series converges.
Setting
b1
*x T ha
then (3.2.1) takes the form
. h = x(kh
w(z) = L{z} () = 5 kZO 1+ )P
1 i z(kh)
2+ g i nk (he)
1 i z(kh)
cHni bt (+4)"

Finally

L)) =l = 3
Theorem 3.2.2. [8] (Shifting Theorem) If
#(2) = L{x(kh)}(2) for |z —ha|> A,
where A be any real number, then
L{a(kh+ 1)} (2) = (14 h2)#(2) — ha(0),
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and

L{z(kh +2h)}(2) = (1 + h2)23(2) — h(1 + h2)z(0) — hx(h). (3.2.5)

Proof.

Hence

Now
L{xz(kh + 2h)}(z) = (1 + hz)L{z(kh + h)}(z) — hx(h)
= (14 hz)[(1 + hz)Z(z) — hz(0)] — ha(h)
= (1 + h2)%%(2) — ha(h) — k(1 + h2)z(0).

Theorem 3.2.3. [8] (Initial and Final Value Theorem).
(a) If Z(z) exists for |z — hy| > A, then
z(0) = zlgglo{zw(z)}

(b) If i(2) exists for |z — hi| > h™! and 2(2) is analytic at z = 0, then

lim z(kh) = lim{zZ(2)}.

k—o0 z—0
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Proof. By using (3.2.1)

oy he O a(kh)
@) =1, Z < (1+ hz)F

o

1 (kh)
T4l Z (1+ hz)*

hz k=0
1 1 = z(kh)
= —2(0) + T
1+ L 1+,w; (14 hz)k

Applying limit at z — oo
lim [2Z(2)] = z(0).

Z—00
For the proof of second part
2. x(kh +h) —x(kh)
L{z(kh+ h) — z(kh)} — h* Z G h .
By using h, = —%
_ h ~z(kh+ h) — x(kh)
C{x(kh+h) = x(kh)}(2) = £ i kz_o (e (3.2.6)

Now by using the previous shifting Theorem (3.2.2)

L{z(kh + h) — z(kh)}(z) = L{z(kh + h)}(z) — L{z(kh)}(2)
= (14 hz)Z(z) — hz(0) — Z(2)
= hzZ(z) — hz(0).

By using this value in (3.2.6)

7 h = x(kh+h) — 2(kh
her(e) = hal0) = 1% kzo ( (1++)hz)k( )
(1+ h2)zi(z) — (1+ hz)z(0) = x(khdrf)h;)f(kh)
k=0
(1+h2)[23(2) — 2(0)] = > x(kh(i f)h;):]:(kh)

£
Il
o

Hence for any r € Ny

o0

(1+ h2)[z3(2) — 2(0)] — kz ”J(kh(j f)h;)f(kh) .S w(kh(1+ f)h;)f(kh)
=0

(3.2.7)
k=r+1
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Consider

"\ x(kh + h) — z(kh " x(kh+h "\ z(kh
Z(+) (kh) _ (+)_Z(()

— (1+ hz)k = (1+ hz)k — (1+ hz)k
B " x(kh+h) <~ x(kh)
= —e(0)+ kzo (1+hz)k kzl (1 + h2)*

_ ~ )~ _alh) | eht )
SO | wen T S ey | aner

T

, 1 1 x(rh+h)
)2 e {<1+hz>1—1 - <1+hz>f] T ey

B x(kh+ h) — w(kh) x(rh+ h)
Z (11 ho)F +hz 1—|—hz TS
By using this value in (3.2.7)
Z x(kh(—li_—ﬁ)h;)i(kh) = (1+ h2)[z2(2) — x(0)] + =(0)
k=r+1
(3.2.8)

T .
h
(1 + hz)" — (1+ hz)d
Now by choosing sufficiently large non-negative value of r € Ny, we can make the absolute
value of right-hand side of equation (3.2.8) less then for any value of € > 0, uniformly with
respect to z in a small neighbourhood of z = 0. Then by passing the limit in (3.2.8) as

z — 0. These reasoning completes the proof of second part. O

In case T = hZ, the shifting problem (3.1.3) has the form
Fh(s,t+h) + f2(s,8) =0, t,s€hZ, sog<t<s,
f(s780):f(8)7 SGhZ SOS'S?

) —

f(s+ht+h)—f(s,t+h) f(s,t+h)— f(s,t)
h + h
A(s780) (8)7 s€hZ, so<s,

=0, t,s€hZ, sop<t<s,

(s + byt 4+ h) = f(s,1), b5 € hE, s9<t<s,
f(s,s0) = f(s), s€hZ, so<s.

where f : [sp,00)pz — C is a given function. Then unique solution of this problem is
F(s,t) = f(s—t+ so).

therefore the convolution of f, ¢ is denoted by f * g, where f,g : hNyg — C, is defined by
using (3.1.4)

(f*g)(s)=h Z f(s—t—h+s0)g(t), for se€ hZ, so<s.

t€[50,5)nz

For sg = 0, this formula convert in the following definition.
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Definition 3.2.4. The convolution of these two functions f,g: hNg — C, is defined as

(fxg)(s)=h > f(s—t—h)g(t), for se hNy,

tG[O,S)hNO
that is
k—1
(f % g)(kh) =h Y f(kh —mh —h)g(mh), for k€ Ny,
m=0
where
(f*g)=0,

and Nj denotes the set of natural numbers includes zero.

Theorem 3.2.5. [8] (Convolution Theorem). If L{f}(z) exists for |z — hy| > A and
L{g}(z) exists for |z — hi| > B, then

LLf * g}(2) = L{f}(2)L{g}(2) for |z — hi| > max{A, B},
where A, B are any real numbers.

Proof. For |z — hy| > maz{A, B}, then

LAFH=)EAg N !Z e ] [Z (e m]

mh)
Z _ )j+m+1 ’

7=0m=

and if j +m + 1 =k, then

L@ = oS > [t

7=0 k=j+1

Interchanging the order of summation

[e's] k—1
L{f}(2)L{g}(z) = z—lh Z h f(jh)g(k:hjhh)] W
*k=1| j=0 *
1 0 - jcfl 1
o Z h f(kh—mh—h)g(mh)] m
*k=1 L m=0 *
1 oo [ k-1 1
== . 2 -hmzof(k:h — mh — h)g(mh)] 7]1’“(,2 )
= L{f x g}(2).



Now consider the inverse problem, in which Z(z) is given and find z(s). For existence
of well defined inverse transform, uniqueness property must hold, that is, if there are two
functions z and y for which Z(z) = g(z), then x(s) = y(s).

Suppose z : hNg — C is a function and R is defined in (3.2.9) and h, is defined in
(3.2.2). Let R < oc.

Lemma 3.2.6. [8] For each A > R/h, the series (3.2.3) converges uniformly in the region
|z — hy| > A.

Proof. From A > R/h, it follows that there exists ¢ > 0 such that

R+ ¢

A>h

Next, for this € we are able to find an integer m > 0 by (3.2.9) such that
|z(kh)| < (R4 €)* for all k> m.

Then for the value of |z — hy| > A,

Z hk‘z—h ’k

h ]k
< > R—|—€
- T hkAR
k=m
(| _Bte\T (Bt
- hA hA
—0 as m — o
This shows that (3.2.3) in the region |z — hy| > A is uniformly convergent . ]

Theorem 3.2.7. [8] (Uniqueness Theorem). Consider Z(z) which is defined in (3.2.3).
If 2(z2) = 0 for |z — hy| > R/h, then x(s) =0 for s € hNy, where

?r\*—‘

R= hm sup(]x(kh)|) (3.2.9)

where R may depend on h.

Proof.

z(0) + h(:(_h)h*) + hzé(ihi)l*)z +..=0 for |z—h> %. (3.2.10)

Passing the limit in (3.2.10) as |z| — oo (due to uniform convergence which is proved in
previous lemma, we can apply the limit in (3.2.10)) term by term, by this process we get
x(0) = 0. Now multiplying the remaining part of (3.2.10) by z — h, and passing the limit
as |z| — oo to obtain x(h)=0. By repeating this process, we obtain x(0) = xz(h) = z(2h) =
.=0. [
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Theorem 3.2.8. [8] Let #(z) is defined by (3.2.3) and A is any real number such that

A > R/h. Then
hk

kh) = —
33( ) 211 T

(z — hy)*E(2)dz  for k € Ny, (3.2.11)
where I" is the positively oriented curve {z € C: |z — hy| = A}.

Proof. For any j € Ny, By using (3.2.3),

(2= hoyii(z) = 3 xfkh) (= — ho)i—h-1.
k=0

Integrating this equation both sides over the circle I' , and integrate this term under the

sum sign by the uniform convergence of the series, then

/F(z — h)E(2)dz = Z 1‘(::) /F(Z L

k=0

As, we know

, 2w if k=7,
/(z — hy ) Rty = /
r 0 if k#y,

then

i ~ x(jh)
/F(z — hy)Z(z)dz = 2mi ffj

This theorem concludes that

LYY (kh) = hi /(z — h)*E(2)dz for k € Ny.
r

21

3.3 The g-Laplace Transform in Time Scale

Consider the time scale in the whole section which is defined in [17,20].

T = qNO = {qk : k E NO} = {17q) q27q37 "‘}7

where ¢ > 1 is a fixed number. In which,

o(s)=gqs and u(s)=(q—1)s.

Let a function ¢ : ¢No — C, then its A-derivative is defined as

Ag) — g(gs) — g(s)
7= )

So, for any z € C, the initial value problem is

for all s € ¢™°. (3.3.1)

yi(s) =zy(s), yt)=1, steT,
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then

y(gs) —y(s)

(G—1)s )
y(gs) = z(q — 1)sy(s) + y(s)
y(gs) = y(s)(2(g — 1)s + 1),

the initial value problem takes the form

ylgs) = (L+ gzs)y(s) yt) =1, s,te v, (3.3.2)

where ¢ — 1 = ¢.
By putting s = ¢" and t = ¢ with m,r € Ny, then e, (s, )

r—1
e(q.q™) = [[11+wz] if r=m,

Hence
ex(q".q™) = [ (1 +dd*2) if r>m, (3.3.3)
k=m

and similarly
1

o1+ dgkz)

for m = r, the product are understood to be 1. Now assume that

e.(q",¢™) = it r<m, (3.3.4)

1
27— forall keNo. (3.3.5)

Since
z 1 1

R (S EA A iy P e

the initial value problem is
y*(s) = (©2)sy(s), y(t) =1, s,teT.
Now from equation (3.3.2)

y(gs) = y(s)(1 + ©2¢s)
4sz
1+ sz
1+ gsz — ¢sz
= yls) [
+ gsz




So the initial value problem becomes

1
14 ¢sz

y(gs) = y(s), y(t) =1, s,tev.

So ec.(q",¢™), where m,r € Ny and z satisfies (3.3.5), takes the form
1

eo:(q",q") = == - if r >m, (3.3.6)
(L + dd*2)

and )

ec:(q,q™) = [[ A +dd¥z) if r<m.

k=r
By comparing (3.3.3), (3.3.4)
T m 1
ec:(q",q™) = W.

Taking the general definition of Laplace transform (4.2.14) and (3.3.6), for any function

@ [s0,00) 9 — C with sp € ¢, then Laplace transform of z is defined as
Llz}(z)=x(z) = D p(s)x(s) ee(gs, so)a(s),
se[so,oo)qNO
put t =¢"
L{z}(z) =2(2) = (¢— 1) Y ¢ ec(d" ™, ¢")(q"),

r=ro

now by using the value of eq.(q" ™, ¢™)

oe) = Lla}e) = 4 Y =(d)

The following definition is in the case when sg # 0.

Definition 3.3.1. If a function z : ¢N° — C, then g-Laplace transform of z is defined

as
SN~ qx(d)
L{z}(z) =z(z) =¢ = - , (3.3.7)
; [Tieo(L + dg*z)
for z # —ﬁ for which the series is convergent, where ¢ = g — 1.
Setting
Po(z) = [[(1+dq*2), reNy, (3.3.8)
k=0

which is a polynomial in z whose degree is r + 1. Consider

T r—1

Po(2) = Proa(z) = [ (1 + dd¥2) — T (1 + d*»)
k=0 k=0
r—1
= [ +dd"2)(1 +dg"= - 1).
k=0
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Hence
P.(z) — Pr_1(2) = 4q"2P,—1(z), r € Ny, (3.3.9)
and similarly
1 1 4q"
P_1(z) P.u(z) "P(z)
also holds, where P_;(z) = 1.

The numbers o = —ﬁ, where ¢ = ¢ — 1 and k € Ny, are contained in [—(q — 1)71,0)

r € Np, (3.3.10)

and approaching to zero as k — oo. For any positive number § > 0 and k € Ny, we set
Di={2€C:|z—a <}

and

&=C\|JDf={2€C:|z—a4 >4}, forall keN,
k=0

so that &s is a closed domain of the complex plane C and the distance of the points are

not less than § from the set {ay : k € No}.

Lemma 3.3.2. [8] For any z € &, we have

r(r+1)

Pr(2)] = (@8) g 7, reNo| (-1} (3.3.11)

Therefore, for an arbitrary positive number R, a positive integer ro = ro(R,d,q) exists,
such that

|P.(2)| > R™ for all ¥ >y and z € &. (3.3.12)
In particular,
li}m P.(z) =00 forall z € &. (3.3.13)

Proof. For any z € &, then

r

[T+ dq"2)

k=0

.
[T dd"(z =)
k=0

1P (2)] =

Since |z — ag| > 9§, then
T
1P.(2)] > ] da"o
k=0
T
_ (qf(s)rJrl H qk
k=0

— (do) g
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Hence (3.3.11) holds. Now consider
|Pr(2)] = (¢8q%)™!

On the other hand, since ¢ > 1, for any number R > 0, we can choose a positive integer

ro = ro(R, d,q) such that
G6q2 > R, for all > rg
|P(2)] > (¢6q2)™ ™ > R
|P.(2)| > R,
The proof of (3.3.12) is complete. O

Example 3.3.3. Let us show that
1

z2—a

L’{l}(z):% and L{ea(z) =

First find g-Laplace transform of z(s) = 1, by using (3.3.7), (3.3.8) (3.3.10) and (3.3.13)

LN =03 5

r=0
- 12 [Prll(@ - Prl(z)}
= 2 o [1 - Pm1<z>] -2

The g-Laplace transform of the second function, by using (3.3.3) and (3.3.8)

r—1
ealq") = H(l + koé) = P,_1(a) forall r € Ny.
k=0

It follows that

eal2) = Lleal(z) =4 ) q;<(zq>)
r=0 r

qrprfl(a)
=9q
e
— 4 “1+dq"z 1+ gqk=
00 q" r—1 1+quka
dq
=iy 71l 1+Gg
o LT aaE o A




e ) r r—1

= ZquZHj:z/’:. (3.3.14)

Since the positive numbers «y, where k € Ny, are contained in [—(g — 1)1, 0], there is a

sufficiently large positive number Ry > 0, such that

o — O

1
< — forall |z| >Ry and k € Ny. (3.3.15)
Z— Qp 2

Therefore the series (3.3.14) converges for |z| > Ry, next the Laplace transform of this

function by using (3.3.10)

ZqPr 1(

Py(z) " Pr(z
q 1 — Pr 1(04) Pr—l(a)
Py(z zrz: P_1(2) P.(2) }
_ 4 I [(+dei0)Poa(e) PH(a)]
Py(z) =z — | P._1(z) P.(2)
_ 9 1 o [Pro2(a) + dgr—10Pr—2(a) Prl(a):|
Py(z) =z — | P._1(2) P.(2)
¢ 1 o [Pro2(@)  Pra(@) ‘jQTlaPT2(a):|
Py(2) z = P._1(2) P.(z) P._1(2)
g 1 & _Pr_g(a) b)) i d T Proa(e)
TRG) &Pk PG % : 2 PL)
i 1] 1 R, R@ Pl Pl
RICNE [po@ HERSEREERERE ey
a | o~ d Poa(a)
T3 q; Pi(2)
=1 L1y Poale) e o
Py(2) + 2Py(z) zrr1—>oo P (z) + z a(2)
=1 ! Lealz
Py(z)  zPy(2) 3 al2)
by using the fact that
i 5 o

because

() Prp—1(a)
(2)  (L+4gmz)Pp-1(2)

m—1
_ 1 l—Ioz—az;C
1+ gz Pt z—ay’
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by using (3.3.14)
Pm_l(a)
1/2)™.
Pn(z) — 1+chmz( /2)

Apply the limit as m — oo, then (1/2)" — 0, hence

. mel(a)
1 L N
s P(2)

=0.

Thus the g-Laplace of exponential function takes the form

éa(z):;;(iz) %ul2)
B
- 1 «

eal2) = > + ;éa(z)

S
p—
|

| ©
N———
™
Q
~—~
IS}
S~—
Il
IS

1

z—Q

Theorem 3.3.4. [8] Suppose the function x : ¢"° — C satisfies the condition
[z(¢")| < CR"  for all r € Ny, (3.3.16)

where R and C are constants which are positive then the series converges uniformly which

is in (3.3.7) with respect to z in region &s.

Proof. By Lemma (3.3.3), R is given in (3.3.16), then choose a natural number 9 € N
such that

|P(2)] > [q(1 4+ R)]" forall 7>y and z € &.

The general term of the series in (3.3.7) is given by

q"z(q") C R \"
< for all r > d .
Po2) _q(l—i—R)(l—i—R orall r>rg and z € &
The series
> (ia)
—\1+ R
converges if 1 + R > R. This completes the proof. O

As denotes a class of functions = : {¢" : 7 € Ny} — C for which the g-Laplace transform

exists and it satisfying the following condition

[e.9]

A _7‘(7‘71) r
Y 60 Tq 7 |a(g")] < oo (3.3.17)
r=0
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Theorem 3.3.5. [8] Let x : {¢" : r € No} — C be a function and z* denote the g¢-
derivative of x, which is defined in (3.3.1). Suppose that © € As, then

L{x"}(2) = 22(2) — x(1), (3.3.18)

and
L{z%2Y(2) = 2%58(2) — z2(1) — 22(1). (3.3.19)

Proof. Definition of g-Laplace transform (3.3.7) implies that
X AT
42t (d)
L{x" =
SR
% ¢ (w(qrﬂ)—m(qr))

iy q'r+1_qr
=4 Z B (2)

r=0

S $3E

R e Vet R oy

- ;(f(lz)) i ;(?z; " io ;(3:(3 + ¢z TOOO qr;iigl)
S
SEERREUE

Py(z)  Po(z)
_ ~ [2(g”)(A + 24)
=) [ Po(z) }
— Z.i'(Z) _ x(qO)PO(z)
Py(z)
=22(z) —z(1)

The proof of the second statement (3.3.19) is obtained by applying the first statement
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(3.3.18).
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Theorem 3.3.6. [8] (Initial and Final Value Theorem).
(a) If x € As for some positive real number § > 0, then

z(1) = lim {z2(2)}. (3.3.20)

Z—00

(b) If x € As for all positive real number § > 0, then

lim z(q") = lim{z%(2)}. (3.3.21)

r—00 z—0

Proof. Let x € As for some positive real number § > 0. This follows by definition of

g-Laplace transform

_qZHk 0 1+qq 2)
dz(1) dqx(q)

W)= 174 1+ d2)(1 + dg2)
and 2@
LN~ , qqr\q
1 = 1 —_—
(14 @2)i(2) = (V) + (1o )
Hence

lim Z(z) =0 and Zhﬁn;(){(l + ¢2)x(z)} = gz (1)

Z—00

lim {Z(z) 4 ¢22(2)} = qx(1)

Z—00
lim #(z) + ¢ lim {22(2)} = g=(1)

¢ lim {z(2)} = g (1)

Z2—r00

lim {zZ(2)} = z(1).

Z—00

By taking term-by-term limit because of uniform convergence of series in &s. This com-
pletes the proof of (3.3.20).

To show (3.3.21), let x € Ay for all 6 > 0. By using the equality which was obtained
in proof of the Theorem (3.3.5)

0 .f q 1 r
Z . (q ) = 2%(z) — z(1).

r=0 T
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Further, by using the argument as in proof of the Theorem (3.2.3)(b) such that
lim P.(z) =1 for any r € Np.
z—0

To arrive at (3.3.21), applying limit at (3.3), then

 tglld DO i)~ 1)

io[rc(q”l) —a(q")] = lim[23(z) — 2(1)]

T—w(qo) +2(¢") — 2(¢") + 2(q”) — . + lim 2(¢™") = lim[z3(2) - 2(1)]
—a(q") + lim x(q") = lim [23(2)] — z(1)

—z(1) + lim z(¢") = lim[z2(2)] — z(1)

r—00 z—0

Tim (q") = lim([=3(=)].

This completes the proof of second statement. O

For the case when T = ¢, then the shifting problem (3.1.3) with the value of tg = 1
is defined below

fAS(S7qt) = _flAt(Svt)? t,S € qNO7 S0 <t< S,
fs1

(S ):f(8)7 SEQNov SOS&

flgs,qt) — f(s,qt) N f(s,qt) = f(s,1)
(q—1)s (q—1)t

f(571):f(5)7 SEQNOa 89 < 8.

=0, t,sEqNO, so<t<s

Y

t[f(qqut)_f(qut)]+S[f(57qt)_f(5’t)] =0, t78€qN07 so <t <s,

) (3.3.22)
f(s,1) = f(s), seqd, s<s.

Definition 3.3.7. Let two functions f, g : ¢"° — C, then convolution of these functions

is denoted by f * g and is defined by

i
L

(f*9)d) =(a—1)> d"f(d".d"")a(d"),
0

i

where (f * g)(¢") = 0 with r € Np.

Theorem 3.3.8. [8] (Convolution Theorem). Consider L{f}(z),L{g}(z) and L{f

g}(2) exist for given complex number z € C. Then at the point z

L{f x g9}(2) = L{f}(2)L{g}(2). (3.3.23)
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Proof. For our convenience, we set
erm(2) = ex(q",q™) and frm = f(q",q™).

By using (3.3.3)

err(2) =1 forall re Ny, (3.3.24)
er+1.m(2) = (14 4q"2)epm(z) for r,m € Nog, r>m, (3.3.25)
erm(2)
Tm ——— fi ) N ) Z 17 3.2
erm+1(z) = T+ dqa or r,mée Ny, r>m+ (3.3.26)

Put s = ¢" and t = ¢ with r > m in equation (3.3.22), then

qm[fr+1,m+1 - fr,m+1] + qr[fr,m—i-l - fr,m] = 07 r>m > 07

R (3.3.27)
fro=f(d"), reNo.
By using two definitions (3.3.7) and (3.3.9), we obtained
— ¢"(f *9)(d")
L{f*xg}z2)=(¢g—1 — =
{f+g}(=)=(q ); oo
0 r r—1
— (g —1)2 4q kf
(q—1) Tzler+1o( )kzzoq Frar9(d")
q fr,
Zq g(q Z =
i er+1,0(2)
By substituting in the last equation
er+1,0(2) = erp1k41(2)ers1,0(2),
then - .
q 9(q q" frk+1
L] % d
{9} Z g Ck+1, 0( ;1 ert1,k+1(2)
_ - qrfr,k+1
L+ g} (2) = (g - DL{g}(z) D, —— . (3.3.28)
r:k+4,e“+Lk+1(Z)
For our convenience, let us set
P,, = i M m € Np. (3.3.29)
er+1,m(2)

The target is to show that ®,, is independent the value of m € Ny, then

(q—l) i qrfr,k—l-l _ Z q frO

e e
it r1k+1(2) —eryio(z

_py @) —c{f}<z>,

—0 er—i—l O
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by using this value in (3.3.28), we get (3.3.23)

L{f * g}(2) = L{f}(2)L{g}(2).

Now, for showing ®,, does not depend on the value of m € Ny. Now putting e, ,(2) = em
and by using (3.3.27) and (3.3.24), (3.3.25) and (3.3.26)

(I)erl _ Z q fr 9 Jrom+1 i qrfr,m +qur,m+1 - qur+1,m+1

r=m+1 Er+1,m+1 r=m-+1 €r+1,m+1
0o A o T & A
_ q" frm m Jrm+1 — fretme1
Prpg1 = E PR +q E -
— e r=m4+1 r+1,m+1
00 R 00 M2 o ~ ~
q’”fr,m m fT+1,m+1 fr,m—i—l fr,m-t,-l fr,m+1
Gy = Y L m _ N B
r=m+1 €r+1,m+1 r=m-+1 _€T+17m+1 €r,m+1 €rm+1 €r+1,m+1

Bppg = i A frm 7" i Fratmet _ frm " frmir(L+4q"2)  frmn ]

— €r+1,m+1 — Er+1,m+1 €rm+1 €r+1,m+1 Er+1,m+1
00 P 00 7 P ; , o N
) Z qrfﬁm qm Z f7’+1,m+1 fr,m—i—l + fr,m+1 + (quZ)fr,m+1 fr,m+1
m+1 — - - - -
—) €r+1,m+1 —] _6r+1,m+1 €rm+1 €r+1,m+1 Cr4+1,m+1 Er+1,m+1
00 P 00 [, p
P qTfr,m qm Z fr—l—l,m—i—l fr,m—i—l m Z qq z frm+1
m+1 — § - - - - -
—) €r+1,m+1 —) _€r+1,m+1 €rm+1 i Er4+1,m+1
0o A A o A
d 1= Z qrfr,m +qm fm+1,m+1 B qm fr,m+1 (q,qrz)
1l = AL Ll s
—) Cr+1,m+1 Em+1,m+1 S €r+1,m+1
0o r P 7 0o »
q fr,m ;m mfm+1,m+1 m fr,m+1 ;7
Pt = o (+dgme) " g o ddz)
r=ma1 r+1,m m+1,m—+1 r=ma1 r+1,m+1
0o i 2 A
q fT7m s m m fm,m s m fm,m s T
g1 = . (1+dg™2) + ¢~ (1+dq"2) = ¢~ (1+dq"z)
r=m+1 r+l,m m+1,m m+1,m
+ qm fm+1,m+1 _ , m ., Z q fm m+1
1
r=m-+1 Cr4+1,m+1
q frm ) q" fnm ] 2 ]
Qg1 = Z 5 dq"z) — P (1+4q"2) + 4" fmt1m+1 — 44" 2Pmt1
Cr4 m m—+1,m
fm m

Qi1 = (14 4¢"2)Pp, — @™ frnttmi1 — g™ 2P0

m,m
(1 + q'qmz)(I)m+1 = (1 + q’qmz)(I)m - qum,m + qum+1,m+1
(14+dq"2)Pmi1 = (1 + dq"2) P,

by using the fact that fr,r = f(1) for all r € Ny. Hence ®,,,11 = ®,,, as 1 +¢q"™z # 0 under
condition (3.3.5). O

Now discuss some result of inverse g-Laplace transform.
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Theorem 3.3.9. [8/ (Uniqueness Theorem). Assume a function z : ¢"° — C in
the space Ag, that is x satisfies (3.3.17). Further, suppose &(z) denotes the g-Laplace
transform of x which is defined by (3.3.7) for z € &. If &(z) = 0 for complex value of

z € &, then x(q") = 0 for all non-negative integers r € Ny.
Proof. Definition of g-Laplace transform (3.3.7) implies that

z(q") qx(q) ¢*z(q)

- y —— + - . 4.
14+q¢z  (1+42)(1+qqz) (1 +¢2)(1 + dgz)(1 + ¢g>2)

0, (3.3.30)

for z € &. Multiplying (3.3.30) by 1 + ¢z and then passing to the limit as |z| — oo, we
get 2(¢") = 0. Use x(¢°) = 0 in (3.3.30) and get

qz(q) 7*z(q)
(1+42)(1+dgz) (14 ¢2)(1 + dgz)(1 + 4q*2)

Il
e

+ ..

Now multiplying this equation by (1+¢°2)(1+¢'z) and then passing the limit as |z| — oo,
then we get z(¢') = 0. By repeating this technique, we find z(¢°) = z(¢') = 2(¢?) = ... =
0. O

Theorem (3.3.9) gives that inverse of Laplace transform exists. The next theorem gives

the integral formula for the inverse Laplace transform.

Theorem 3.3.10. [8/ (Inverse Laplace Transform). Let x € As and Z(z) denotes
its g-Laplace transform which is defined by (3.3.7). Then

1 r—1

— / Z(2) H(l +4q*2)dz  for r € Ny, (3.3.31)
r

(@) = 5
k=0

where I' denotes any positive oriented closed curve in &5 that have encloses all points

ar = —(4g")~! for k € Ny.

Proof. For any j € Ny, by using (3.3.7)

E(2) | |A+dgz)=¢) qx(q") | |(1+dq"2) + — +4
=0 =0 £=0 Ttde’z o Tl (14 da*2)
T

(3.3.32)
Integrating the equality over the curve I' with respect to z and then we can take term-by-

term integration and get that

j-1 j-1
dz
~ .k
/Fx(z)kl:[()(l+qq z)dz = /H 1+ ¢q2)dz + ¢’z (q )/1—|—qu2
B k;ér
> dz
+q ¢ x(q" / v -
T:JZ;I (@) r [T5—; (1 + da~z)

48



Since
j—1
/ H(l +dqf2)dz =0 for j >0,
Fk—o
k#r
d 271
/ 7'2 = ﬂ for 7 >0,
rl+q¢z q¢

=0 for 720, r>j+1,

/ dz
r [T5—; (1 + da~z)
By putting these values in the previous equation

7—1

/Fi(z) H(l + ¢~ 2)dz = 2miz(¢?).

k=0

We have used these result from the theory of complex function: If P(z) is any polynomial

of degree greater then two and I' denotes any positive contour that contains all roots of

|35 -0

This completes the proof. O

the polynomial P(z), then
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Chapter 4

Laplace Transform on Time Scale
with Nabla Operator

4.1 Introduction

Remark 4.1.1. (a) Every continuous function is both ld-continuous and rd-continuous
but it is not necessary every ld or rd-continuous function is continuous.

(b) It is not necessary every ld-continuous function is rd-continuous and its vice versa.

Example: Consider the time scale

Py = | J[2k, 2k + 1].
k=0
then
s if UX 2k, 2k + 1)
o(s) =
s+1 it U {2k +1}
and
0 if selUpy[2k,2k+1)
pu(s) =
1 if selUp{2k+1}
and -
p(s)=s if se | J[2k 2k +1]
k=0
and
v(s)=0 if se | J[2k, 2k + 1]
k=0
where

f(s)=o0(s) forall se€T
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This function is continuous at right dense points and its limit exists at left dense points, so
it is rd-continuous function but not ld-continuous, since it is not continuous at left dense

points. This example is used for both parts of this remark.
Remark 4.1.2. FEvery nabla and delta integrable function are not given same result always.
Consider T = {1,2,3,4,5} and
f(s)=s forall seT,

Then

5
/1 F&VE) = 3 Fswls)

s€(1,5]

= > ()

s€(1,5]
= Z S
s€(1,5]

=2+3+4+5=14.

and

/1 F)AG) = S Fs)u(s)

s€[1,5)

= > ()

s€[1,5)

=) s

s€[1,5)

=14+2+3+4=10.

4.2 Exponential Function and Laplace Transform by using
Nabla Operator

In this section we define a generalized exponential function and Laplace transform for an

arbitrary time scale T by using nabla operator.

The set of all 1d-continuous and regressive functions ¢ : T — C denoted by S. Suppose

q € S and fix s € T. Then initial value problem is

y'(s) =a(s)y(s), y(t)=1 (4.2.1)
has a unique solution on T. This solution is said to be exponential function and denoted

by eq(s,t).
If ¢ € S, then the exponential function is defined by

eq(s,t) = exp /ts logH_I;igq(T) v (1) for s,t €T.
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Throughout let us consider s, are real numbers for all » € N such that

lims, = and wv.=s—8._1>0 forall reN (4.2.2)

T—00

while throughout assume that

lim s, = o0 and v = inf v, >0, where v, =s, —s,-1 for reN (4.2.3)
r—00 reN

holds. For example, the numbers
s, =hr, reN and s.=¢", r €N,
where h > 0 and ¢ > 1, respectively satisfy the assumption (4.2.3), while
Sm=+vm, meN and Sm=Inm, méeN,

do not satisfy the assumption (4.2.3).

Suppose z be the complex number such that

1
z# —— for all r € N. (4.2.4)

Ur

Then solution of the problem (4.2.1) is e, (S, Sm)

y(sr—H) = (1 + UTZ>y(S’!’)7 y(sm) =1, m,r € Ny,

satisfies
I8

€x(Sry8m) = H (I+wvgz) if r>m, (4.2.5)
k=m+1

and

1
ex(Sr, Sm) = == if r<m,
[Trimrm1 (1 + 052)

for m = r, the product are understood to be 1.

Assume that supT = oo and fix sg € T. Also assume that z denotes complex constant
that is regressive. Thus e, (., sg) is well defined on T. Assume z : [sg,00)7 — C is locally
V-integrable function, that is, this function is V-integrable over each compact subinterval
of [sg,00)T. Then Laplace transform of x is defined below

L{a}(z) = / T ) Gy for s e gfal, (4.2.6)

S0 ez(p(sr-f—l)v 80)
where E{x} consists of all those complex numbers z € S for which improper integral exists.
After solving this improper integral by using the help of M. Bohner, G.Sh. Guseinov [5],

we are able to make more general form of Laplace transform which is given below.

Definition 4.2.1. Assume (4.2.2) holds. If z : {s, : r € N} — C represents a function

and its Laplace transform is defined in this way

L{x}(z Z Hk N 1 sz) (4.2.7)

for those complex values of z € C satisfying (4.2.4) for which the series converges.
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Recall previous assumptions (4.2.3) and (4.2.4). Define

T

Qr(2) = [0 +wm2), reN, (4.2.8)

k=1

represent a polynomial in z whose degree is 7.

r r—1
Qr(2) — Qr_1(2) = H(l + vgpz) — H(l +wvgz), r€EN,
k=1 k=1
r—1
Qr(2) = Qra(z) = [JA+ wp2)[1 + 0,2 — 1], rEN,
k=1
Qr(2) — Qr_1(2) = 20,Qr—1(2), r € N. (4.2.9)
It is easily verified that
1 1 Uy

Qr1(z)  Qu(z) ZQT(Z)7 reN, (4.2.10)

hold, where Qo(z) = 1.

The numbers 3, = —v; !

, 7 € N, are contained in the interval [-v~!,0). For any positive

real number 6 > 0 and r € N, we set

Es=C\|J Ej where Ej={z€C:|z—8]<6}, reN, (4.2.11)

r=1
so that Fjs is closed domain of C, and the distance of the points of Fs are not less than §
from this set {5, : r € N}.

Lemma 4.2.2. Assume (4.2.3), (4.2.4), (4.2.8) and (4.2.11) holds. For any z € Es, we
have
1Qr(2)| > (6v)"  and |Q,(2)] > 6(6v) " v, forall reN. (4.2.12)

Moreover,

h_)m Qr(z) =00 forall z€ E; provided §>uv"'. (4.2.13)

Proof. For any z € Fs and r € N, we have
T
[T +we2)

k=1
r

[T ortop " +2)

k=1

Qr(2)] =




The proof of second statement in (4.2.12) is complete. The proof of first statement in

(4.2.12) is as follows
Qr(2)] = <H ’Uk) (H |2 —5k>
k=1 k=1

1Qr(2)] > (v")(d")
Qr(2)] = (6v)".
The proof of (4.2.13) follows from (4.2.12). By using (4.2.3), we have

lim s, =00 forall reN
T—00

implies that

lim s,_1 = o0,
r—00

thus

lim (s, — s,—1) = 00,
T—00

lim v, = oo.
T—00

From this, we have
lim §(6v)" " v, = oo
T—00

lim Q,(z) =oco forall ze Es provided §>ov "

r—00

Example 4.2.3. If x(s,) = 1 then its Laplace transform

L{1}(2) = -

For z € Es, with § > v~1, using (4.2.7), (4.2.8), (4.2.10) and (4.2.13),

L{1} (2

1

_ii[ 1(Z)]

- 12 [Qo > " Qf(z) B Q;(z) i
- [1 an(z)} 2

Theorem 4.2.4. Consider (4.2.3). If x : {s, : r € N} — C is a function and satisfies this
condition
l2(s,)| < CS™™' forall r€EN, (4.2.14)

where S and C' are constants which are positive, then the series converges uniformly which

is in (4.2.7), with respect to z in region Es with § > Sv~!
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Proof. By Lemma (4.2.2) and (4.2.14), the general term of the series in (4.2.7), we have

vpz(sy) v, C ST 1 c/s\ !
=— (= f N and Es.
Qr(2) | = d(0v) 1o, ) <6U> or r &V and z € L
The series
00 S r—1
> (&)
r=1
converges if 6 > Sv~!. This completes the proof. O

Gs denotes a class of function z : {s, : r € N} — C for which the Laplace transform

exists and it satisfying the following condition

[e9]

Z(5v)_rl$(s7«)| < 0. (4.2.15)

r=1
Theorem 4.2.5. Assume (4.2.3) holds. Then:
Assume x € Gs for some positive real number § > 0, then

x(s1) = le)rglo{zﬁc(z)} (4.2.16)

Proof. Let x € G5 for some positive real number § > 0. It follows by definition of Laplace
transform (4.2.7)

o 2 vpz(sy) _ > vpx(Sy)
=2 0@ "ML ud

i(2) = v1z(s1) vox(s2) N v3x(s3)
1+viz (14vmz)(1+wv2z)  (14+v12)(1+v2z2)(1+ v32)

" (52 (53
- VaX(S2 V3T S3
1 —
(1 4+ v12)2(z) = viz(sy) + 1 002) T (1T 022)(1 £ 037)
Hence
li_)m Z(z) =0 and li_>m {(1+v12)Z(2)} = viz(s1)
li_}rn [Z(2) + v122(2)] = v1z(s1)
U1 Zlingo 2%(z) = viz(s1)
Zl;rgo 2x(z) = z(s1).
This completes the proof of (4.2.16). O

4.3 The Convolution by using Nabla Operator

Assume a function f : (sg, 00)r — C, its shift denoted by f(s,t) and is defined as solution
of the problem
fV (s, p(t)) = =fV(s,t), t,seT, s <t<s,

~

f(Sysl):f(S)v S€T7 81 < s.

(4.3.1)
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For given function f, g : (so,00)r — C, then convolution of these two functions denoted
by f * ¢ and is defined by

(f*g)(s /fsp V), seT, s <s. (4.3.2)

Assume only (4.2.2) in this section. For given function f : {s, : r € N} — C, consider the
shifting problem (4.3.1)

~

fvs(sr7sm—1) = _th(t’f"tm) m,TGN, er,

f(sr,s1) = f(sr), reN.

Um f(srvsm—l) - f(sr—la Sm—l)} + vy {f(sr,sm) - f(sru Sm—l)} =0, m,r € N, r>m,

f(sra s1) = f(sr), reN
(4.3.3)

Definition 4.3.1. Assume (4.2.2) holds, let two functions f, g : {s, : r € N} — C, and let
f is the solution of the problem (4.3.3). Then convolution of these two functions f and

g is denoted by f * g and is defined by

(f*9g)(sr) Z’kasr,sk 1)9(sk), 1E€N.
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Chapter 5

Conclusion

This thesis is concerned with Laplace transform on time scale. The main objective of our
study is to define Laplace transform on time scale by using nabla operator.

In chapter 1, we give a brief introduction of time scale T. This chapter consists
of definitions, related examples and theorems which we have used in the next chapters.
Chapter 2 deals with Laplace transform on isolated time scale by using delta operator.
Similarly, chapter 3 deals with Laplace transform on two different time scales T = hZ =
{hk : k € Z} whereh > 0 and T = ¢"o = {¢* : k¥ € Ny} where ¢ > 1, by using delta
operator. Chapter 4 serves as essential and introductry material on nabla operator. After
this we give some definitions related to Laplace transform and prove some related results
on isolated time scale T by using nabla operator.

Martin Bohner and Gusein Sh. Guseinov has given the concept of Laplace transform
with different time scales by using delta operator. In our work, we have given the concept
of Laplace transform on isolated time scales T by using nabla operator. In future, this work
can be extended on Laplace transform with time scale T = hZ = {hk : k € Z} where h > 0
and T = ¢ = {¢¥ : k € Ng} where ¢ > 1, by using nabla operator. If we consider that
all the problems of Laplace transform [7,8] can be solved by using nabla operator then
this work can be extended in such a way that we use diamond operator instead of nabla

operator.
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