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Abstract

Fractional calculus has attracted much attention in recent research area due to its
use as a modeling tool for real world problems in many different areas of science
and technology. In this thesis some priliminary facts based on brief history and
definitions related to fractional calculus are discussed. Mainly used functions in
fractional calculus such as gamma and Mittag-Leffler functions with their properties
are also discussed.

We establish new existence and uniqueness results of the solutions for a coupled
system of impulsive fractional differential equations with boundary conditions and
also establish related applications in this thesis. These results are established by the
application of the Leray-Schauder alternative and the Banach’s fixed-point theorem.
We review some basic definitions and results of stability for linear and non-linear
ordinary differential equations. These results are mainly based on the linearization
method, the Liapunov stability method and the Routh-Hurwitz stability criterion.
Also we review few important concepts and results on stability of linear and per-
turbed fractional differential systems. We analyze these stability results with the
help of eigenvalues of the system matrix.

Finally, we review the stability of ordinary and fractional delay differential equa-
tions. We use linearization and Sturm sequences methods for analyzing the stability
of ordinary delay differential equations. To investigate the stability of the system of
fractional delay differential equations we use the concept based on the negative real
parts of the roots of the characteristic equation of the system and this characteristic

equation is obtained, by using the Laplace transform to the system.
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Chapter 1

Preliminaries

1.1 Introduction to Fractional Calculus

In seventieth century, modern calculus was discovered by Issac Newton (1642 —1727)
and Gottfried Wi-helm Leibniz (1646 — 1716). “...the calculus was the first achieve-
ment of modern mathematics and it is difficult to overestimate its importance.”
These words quoted by John Von Neumann’s (1903 — 1957) show the importance
of calculus. A repeated multiplication of a numerical value is always written in an
integer exponent form that provides an easy short notation to it. As in our early
education we have learnt y.y.y.y can be written in an easy form as y* but we be-
come confused when thinking about the exponents of non integer value y*3 or the
transcendental exponent y™. Even one cannot take a step to multiply a quantity or
a number by itself 3.4 times, or 7 times, and yet a definite value exists for these
expressions, provable by infinite series expansion, or by calculator in more practical
way.

In a similar way we treat the integral and derivative. For any integer value of
n, n integration can be done as methodical as multiplication. What if n were not
taking an integer value?, a question that can be asked by a curious mind. Similarly,
one can easily encounter the differential operators d/dt, d®/dt3, d®/dt° etc., but by
applying ordinary definition of derivative one cannot solve d> / dt%, di / dti,etc. In

fact, these were the queries that gave a new dimension in the field of mathematics



and also diverted the attentions of mathematicians to a new idea. They started
their interest on these queries in 1968, and later on discovered a new subject in
the field of mathematics. This new subject is called fractional calculus which flows
quit naturally from traditional definitions of elementary calculus. It is a natural

generalization of calculus.

Brief Historical Background

Fractional calculus is an ancient subject but studied little. Fractional calculus can
be sorted as an applicable mathematics. In the last decade, applied mathematician
and scientists found the fractional calculus valuable in various fields: quantitative
biology, scattering theory, elasticity, probability, transport theory, diffusion, poten-
tial theory and electro chemistry.

Fractional calculus in its origin has the query of the extension of meaning. Two well
known examples are, the extension of meaning of real numbers to complex num-
bers, and the extension of meaning of factorials of integers to factorials of complex
numbers. In generalized differentiation and integration we have the question of ex-

¢

tension of meaning as: “...can the meaning of derivatives of integral order d" f /dt" be
extended to have meaning where n is any number irrational, fractional or complex?.”

Leibnitz discovered the symbolic notations. Leibniz (1646 — 1716) first invented
the idea of symbolic method and for nth derivative used the symbol ‘Zl—f =D"f,
where n > 0. The basic concept of fractional calculus was introduced in 1695. In a
letter L'Hospital asked Leibnitz “ What the order will be if n be 1/27 7 Leibnitz in
1695 replied, “ It will lead to a paradox and from this apparent paradox, one day

7

useful consequences will be drawn.” And this was the statement which gave birth
to fractional calculus. However, by most authors 30th September 1695 is the birth
date of fractional calculus.
For non-integer values of n Leibnitz gave the fractional order derivative as;
dnemt

dtn

— mnemt’

where m is a positive integer.



L. Euler (1730) introduced the formula for nth derivative in the following form;

O = m(m— 1)+ (m— (n— 1)
As
D+ 1) = mm — 1) (m — (0~ D) — (0.~ 1))
Thus

it T(m+1)
dtn T(m—(n—1))
By taking m = 1 and n = 1/2, Euler obtained the following relation;

it a2 /2
a2z NV m

J. B. J. Fourier (1820 — 1822) took the first step in the generalization of notation

tm—n

for the differentiation of arbitrary function by using the following relation

+o0 o0
f(t) =~ f@m/ cos(pt — ps)dp

2m —o0 oo

He then gave a remark as

D" f(t) = S - f(s)ds /+OO cos (pt —ps+ %)dp,

27T —0o0 —00

where n is a non-integer.
N. H. Abel (1823 — 1826) invented the integral as

[P S (n)dn
ww_AQ—W'

In fact, he solved this integral for an arbitrary « as follows

s(t) = S0 o / 1 (wﬂdr.

T 1—7)l-e

J. Liouville (1832) started his approaches with known result made by Leibnitz for

integral order derivatives
dnemt

dtm

— mnemt




and in a natural way Liouville extended this to derivatives of arbitrary order «;

o ,mt
d“e

_ o, mt
e = moe
oo
He used the series expansion f(t) = Z cne™" to derive a relation as follows;
n=0

Df(t) = Z combe™t.
n=0

This is known as Liouville’s first definition. But it has a disadvantage so that «
must be restricted to such values for which the series converges.
Liouville’s second definition was applied to explicit functions with the form of

t=#, B> 0. He assumed the integral

oo
]:/ uP et du.
0

Using the transformation su = ¢, then the result obtained was

1

tP = WI :

then operating D“ on both sides of the above equation, he obtained
r @
Do = (—1)a—(1@ (;) oo
G.F.B. Riemann (1847) gave notation with the complementary function ¢(t) as
follows ) .
D / (t— )2 f(r)dr + ().

A definition which fulfills some criteria given in [26], named in honour of both

Riemann and Liouville is

D) = ﬁ / (t — ) f(r)dr.

This definition is same as Riemann’s definition with no complementary function.

This definition gives Riemann’s definition when ¢ = 0 and for ¢ = oo it gives

Liouville’s definition.



1.2 The Gamma Function

Indeed, the Euler’s gamma function I'(z) is one of the basic functions of integral

calculus, which generalizes the factorial n!, where n is non-negative integer.

Definition 1.2.1. The function I' : (0, 00) — R, defined by the integral formula

['(z) := /Ooo t*~Lexp(—t)dt, (1.2.1)

is called the Euler’'s gamma function. This improper integral is convergent for all
z € C with Re(z) > 0.

Properties of Gamma Function:

Gamma function carries some basic properties as follows;
(i) (Functional Equation for I)
['(z+1) :=2I(z), Vz>0. (1.2.2)
(ii) In particular, for non-negative integer values
MNz+1):=2, 2=0,1,2....

So, gamma function is also known as a generalized factorial function.

(iii) (Reflection Formula for I)

)1 —z) = , 0<z< 1.

sinmz

(iv) For the gamma function of rational numbers, we substitute ¢t = u? in (1.2.1)

['(z) = 2/ u* texp(—u?)du, Re(z) > 0.
0

1
Taking z = 3 we obtain

F(%) = 2/000 exp(—u?)du = Qﬁ = /7.

5



Using property (i), we obtain

o(3)=5r(5) =%

2n—{—1>

5 7
In the same way we can get the values of F<§>, F<§> R F( 5

(v) To extend the domain of the gamma function to negative values of z, we rewrite
(1.2.2) forn=1,2,3...n— 1, as

I'(z+n)
2(z+1)(z+2)---(z+n—1)

['(z) = , for 2 £0,—1,-2....

For some values of z

()= al) o

1.3 Mittag-Leffler Function

Definition 1.3.1. The function F,(z) in infinite series representation, defined by

E.(z) = kZ:O %, a>0, z€C, (1.3.1)

is called the one-parameter Mittag-Lefller function of order .

This function is convergent in the entire complex plane. The parameter a may be
a complex number, provided Re(a)) > 0 for the convergence of the function (1.3.1).

The two-parameter Mittag-Leffler function for o > 0, § > 0 is defined by

N @)F
— ]; fak 10~ eC. (1.3.2)

Remark 1.3.1. It is obvious that for § = 1, the two-parameter Mittag-Leffler

function equals the one-parameter Mittag-Leffler function via the relation

=y I ak — = E,(2). (1.3.3)



1.4 Fractional Integrals and Derivatives

Here in this section we study the Riemann-Liouville fractional integral and derivative
operators with their basic properties. We also, discuss the Caputo approach by
studying the Caputo derivative operator with its properties. A theorem based on
the relationship between the Riemann-Liouville fractional derivative and the Caputo

fractional derivative is also discussed here in this section.

1.4.1 Riemann-Liouville Fractional Integral

Let us consider a function f(t) € Ly[a, b] of real variable ¢, namely complex or real
valued functions, that are vanishing for ¢ < a. The notion of Riemann-Liouville
fractional integral of order a (aw > 0) for f(t), is a natural analogue of the renowned
formula (usually credited to Cauchy).

The Cauchy’s formula for ¢ > a is defined as;

0 = ) = g [ =i e,

(n—1
here N is the set of natural numbers. The integral vanishes at ¢t = a.

In a natural way we can extend this formula from positive integer values to
any positive real values by introducing the gamma function. Now, introducing the
arbitrary positive real number « and using (n — 1)! = I'(n), we define for ¢t > a, the

Riemann-Liouville fractional integral as follows;

Definition 1.4.1. For a € R*, the operator ,I* defined on L4 |a, b] by

JOF(E) = ﬁ / (t— o f(r)dr, a<t<b

is called the Riemann-Liouville fractional integral of the function f € Li|a,b] of

order o« > 0.

Properties:
Some well-known properties of the Riemann-Liouville fractional integral operator

are as follows;

(i) For a = 0, we define ,I) := I as an identity operator.

7



(ii) These fractional integral operators satisfy the semigroup property as;
I8P F() = JIOTP (8 B>0
atatf() att f()? Oé, -
which implies 12,1 = .17, I* (a commutative property).

(iii) The Riemann-Liouville fractional integral operator is linear as;
ol (af(t) +bg(t)) = alal? f(£)) + b(alg(t)).

(iv) The Riemann-Liouville fractional integral operator of f(t) = (t —a)” (a power

function) gives the following formula

[(y+1)

Ji(t—a) = —————
t( CL) F(’y+1—|—a)

(t—a), a>0,v>-1, t>a.

1.4.2 Riemann-Liouville Fractional Derivative

Definition 1.4.2. The Riemann-Liouville fractional derivative of order v > 0 of f

is defined as
BLDOf(t) = D" o I f(t), m—1<a<m, meN. (1.4.1)

More explicitly as

m—1<a<m,

1 qnm /:( f(r)dr

Dy f(t) = § Tm — ) dim Sy (= r)roiom (1.4.2)
dt_mf(t), o =m.

Properties

(i) For a = 0, we obtain the identity operator

WD) =D A =D I =1

(ii). Let m, ne N, m—1<a <m,n—1<f <n, we write relations [23]

D7 (97 1(0)) = 0E 50 - 3 [0 (o) {E 0 1)

=1



And

fLDf (fLDf‘f(t)) RLDa+,6’f i [pra af }% (1.4.4)

Jj=1

In general the Riemann-Liouville fractional derivative operators D¢ and

RLDP do not commute except for o« = B. For a # 3, the Riemann-Liouville
fractional derivative operators commute only if both sums in the right-hand

sides of (1.4.3) and (1.4.4) vanish and it possible only if
BLDS=if(a) =0 for j=1,2,...,m.
BLDe=If(a) =0 for j=1,2,...,n

(iii) Let a;, as € R, then the Riemann-Liouville fractional derivative is a linear

operator as
DM ayfi + asfa) = anPDY fi + asl DY fo.

(iv) The Riemann-Liouville fractional derivative of f(t) = (t—a)” (a power function
) is
I(y+1)

RLIDOzt_ e
o Dit—a) T(y+1—a)

(t—a)’, a>0,v>-1, t>a.

(v) For constant function f(¢) = 1 and when (a ¢ N), then

t—a)™®
RLpay — t—a > =0, t>a. 1.4.
« D= P gy @20 =0 e (1.4:5)

1.4.3 Caputo Fractional Derivative

By interchanging in (1.4.1) the processes for differentiation and integration, the

Caputo fractional derivative of order « is obtained as follows
CDf(t) = oI D f(t), m—1<a<m, meN. (1.4.6)

More explicitly as

L )/at(fm(T)dT m—1<a<m,

CDpf(t) = Dim =) Jo (= r)erto (1.4.7)
dtmf(t), a=m.



Properties

Some basic properties of the Caputo fractional derivative operators are as follows;

(i) The Caputo fractional operator is a linear operator as
e DY () + pg(t) = ATD (1) + g DR g(t)
a7t ng a 't He ¢ 9 .
(ii) Commutavity property does not satisfy by the Caputo fractional operators
SDD; =D # (DD

(iii) The Caputo fractional derivative of the power function satisfies

r 1
Ltw—a’ m—-—1l<a<m,y>m-—1,v€R,
Cpopr =L Ty —a+1) (1.4.8)

0, m—-—l<a<m,y<m-1velN.

(iv) Let « € R, m—1 < a <m, m € N, A\ € C. Then the Caputo fractional

derivative of the exponential function has the form

o N > /\k—l—mtk—i-m—a
Diet = = AN"t"TE —asr1 (ML), 1.4.9
att€ ;F(k+1+m—a) tm-at1(AY) (1.49)

1.4.4 Relationship Between the Riemann-Liouville Fractional

Derivative and the Caputo Fractional Derivative

The following theorem relates the Riemann-Liouville fractional derivative and the

Caputo fractional derivative as follows;

Theorem 1.4.1. [14]. Lett >0, a € R, m —1 < a <m € N. Then the following

relation between the Riemann-Liouville and the Caputo operators holds

3

tk_a

F(k:—l——l—a)f(k)(())' (1.4.10)

aDRf(t) = P Df(t) —

B
Il

0

10



Proof. The expansion of Taylor series about the point 0 expresses

2 3 m—1
) = F0) 4 £710) + G F'O) £ (O) -t o P70+ R
— <« t* ) (0)+ R
=L A

Now considering the Cauchy’s formula for repeated integration [23] as

m t— (m— 1)
ml—/f T /fm o mld,r_t]mfm()
(1.4.11)
m—1 tk
JIDRf(t) = 3Dy ( > mf(k)(o) + Rm—1>
k=0
m—1 RLDtatk;

a (k) RLDQR
F(k+1)f (0)+a t ftm—1

o
[en]

( using property (ii) of the Riemann-Liouville fractional derivative)

S

th—a
I'k—a+1)

FE0) + 5D o} (1)

o
o

( using property (iii) of the Riemann-Liouville derivative and (1.4.11))

3

th—o

mf(k( )+ D™ (E).

Eo
o

This completes the proof. O

Lemma 1.4.2 (Gronwall Inequality). Suppose that g(t) and p(t) are continuous
on [to,t], g(t) >0, A >0 and r > 0 are constants. If

o(t) < A —l—/t [g(T)o(T) + r]dT, (1.4.12)
then .
o(t) < (A +7r(ty —to)) exp (/ g(T)dT), to <t <t. (1.4.13)

Proof. Since A > 0, therefore

A+ / (g(1)p(T) +r)dr # 0. (1.4.14)

to

11



So, then from (1.4.12) we get the following inequality

p(t)g(t)
A+ fti (g(T)p(7) + r)dT

<g(1),

. o(1)g(t)

(At —to)r + [} g(7)p(r)dr

< g(t).

Now integrating from ¢y to t, we get

[ (e o = [ o

In [)\ + (t —to)r + /Tg(s)go(s)dTr < /t:g(r)dT,

to to

In [/\+(t—t0)r+ / t g(T)¢(T)dT] Cn {)\%—(t—to)r] < / gy,

A+ (t—to)r + fti g(T)(T)dT
A + (t - to)r

A+ (t —to)r + ffo g(T)e(T)dT < 9y
A+ (t—to)r a |

In

or
t t
A+ (t—to)r+ / g(m)p(r)dr < (A+r(t— to))efto g(r)dr.

to

So,
p(t) < At ({t—to)r+ / 9()p(r)dr < (A+r(t — to))eto 1,

to

This gives o(t) < (A+r(t — to))eftto g(r)dr-

Hence, we have proved the lemma. O

1.5 Initial and Final Value Theorems

We obtain the time representation of a Laplace function by taking the inverse

Laplace transform. Sometimes we are interested to find the value of the given

12



function at its very star that is y(¢ = 0), or its very end that is as y(t — 00). Two
useful theorems of Laplace transform that can provide us this information are the
initial value theorem and the final value theorem. These two theorems help us to
find the initial and the final values of the function without taking the inverse Laplace
transform. The initial value theorem associate the ‘initial value’ y(0+) of a function
y(t) to the behaviour of the Laplace transform Y'(s) for s — oco. Similarly, the final
value theorem associate the ‘final value’ tlgilo y(t) of a function y(¢) to the behaviour
of the Laplace transform Y (s) for s — 0. Here we will only prove the final value

theorem.

1.5.1 Final Value Theorem

If Y(s) is the Laplace transform of y(¢), then the final value theorem states that

lim y(t) = lim sY'(s).
5—0

t—o00

The roots of the denominators polynomial Y'(s) that is the poles of Y(s) must have

negative or zero real parts. which is the only restriction of the final value theorem.

Proof. By the definition of the Laplace transform of the time derivative of y(t) as

dil_it) _ /OO dzél—(:)e_“dt — sV (s) — y(07). (15.1)

Consider that y(t) is continuous at ¢ = 0, by taking limit as s — 0 we get

dy(t *dy(t
lim Me‘“dt = / u )(lim e *)dt = lim sY (s) — y(07),

5—=0 Jo— dt _ dt ‘s—0 5—0
or o)
| = s () — (00,
y(00) = y(07) = lim sY(s) — y(07),
or

y(o0o0) = lim sY (s),

s—0

13



or
Slgrolo y(t) = ll_f)f(l) sY (s).

Hence we have proved the final value theorem. O

1.6 Some Results from Analysis

Some basic definitions and familier results are to be given here in this section, which
later on will be used to establish the existence and uniqueness of solutions for a
coupled system of fractional impulsive differential boundary value problem involving

the Caputo fractional derivative.

Definition 1.6.1. A set A C C([a,b]) is said to be equicontinuous if for given € > 0,
there exists a 0 > 0 such that

|Tn(y1) — Tn(y2)| < e, for all y1,ys € [a,b] whenever |y; —yo| < 0 forall T, € A, n =
1,2,....

Lemma 1.6.1 (Leray-Schauder alternative). [12| Let T : E — E be a completely

continuous operator (i.e., a map that restricted to any bounded set in E is compact).
Let
E(T)={y € E:y=X\(y) for some 0 < A < 1}.

Then either the set E(T) is unbounded, or T has at least one fized point.
Definition 1.6.2. Let T : Y — Y be a mapping, then y € Y is fixed point of T
iff

T(y) =y.
In other words, the image Ty coincides with y.
Definition 1.6.3. Let Y be a Banach Space. A mapping T : Y — Y is called a
contraction, if there exists a nonnegative real number £ < 1 such that for any
Y1, Y2 €Y,

T (1) = T(w2)l] < Ellyr = el

Theorem 1.6.2 (Banach Fixed Point Theorem). Let Y be a non-empty Banach
space. Let T :'Y — Y be a contraction mapping on'Y . Then T has exactly one fized

point.

14



Chapter 2

Existence and Uniqueness of
Solutions for Impulsive Fractional

Differential Equations

In recent years, existence theory for boundary value problems involving fractional
impulsive differential equations has been analyzed extensively by many researchers.
Among the previous research in the field of fractional calculus, little is concerned
with impulsive fractional differential equations. Very recently, many researchers
show their great interest in the field of impulsive problems for fractional differential
equations. Recently, Benchohra [1, 4] proved sufficient conditions for the existence
of solutions for impulsive fractional differential equations with initial condition in-
volving the Caputo fractional derivative of order o € (0, 1] and « € (1, 2]. Xiao-Bao
Shu [28] analyzed the existence of mild solutions for impulsive fractional differential
equations. Balachandran [2] proved the existence of solutions of nonlinear fractional
integro-differential equations with impulsive conditions by using the fixed point prin-
ciple.

Here in this chapter we will establish the existence and uniqueness of solutions for
coupled system of impulsive fractional differential boundary value problem involving
the Caputo fractional derivative by applying the Leray-Schauder alternative and the

Banach contraction principle. Before doing this we give the brief background of

15



impulsive equations (impulsive ordinary and fractional differential equations).

2.1 Impulsive Equations

Dynamics of some evolutionary processes from many fields such as physics, biol-
ogy, population dynamics, control theory, and medicine go under abrupt changes
at some certain moments of time like harvesting, shock, earthquake and so forth.
These perturbations could be well estimated as instantaneous change of states or
impulses. All these processes are modeled via impulsive differential equations. In
1960, these impulsive differential equations were first introduced by Milman and
Myshkis in their paper [20]. Some authors have considered ‘impulsive differential
equations’ as ordinary differential equations coupled with impulsive effects. On the
other hand, also the impulsive fractional differential equations give a real framework
for mathematical modeling towards the real world problems.

In general, the impulsive equations have two parts. A differential equation part,
that describes the continuous part of the solution. It could be ordinary differential
equations, partial differential equations, functional differential equations, integro-
differential equations, etc. And an impulsive part, that describes the instantaneous
changes and the discontinuity of the solution. This part is called a jump condition.
The points, at which the impulses take place, are known as moments of impulses and
the functions, that give the amount of impulses, are named as impulsive functions.

Here the basic two types of impulsive differential equations are defined according

to the type of the moments of impulses as follows [13]:

e impulsive equations with fixed moments of impulses (i.e. the impulses occur

at initially given fixed points),

e impulsive equations with variable moments of impulses (i.e. the impulses occur
on initially given sets, i.e. the impulse occurs when the integral curve of the

solution hits a given set).

Here we describe only the first type of impulsive equations in detail. For detailed

description of the second type of the impulsive differential equations site [13].
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Type 1. Impulsive differential equations with fired moments of impulses.
Let t, € R be the fixed points such that t,.; > tx, £ = 0,1,2... and also
lim ¢, = oo. Now consider the impulsive differential equation as:

k—o0
differential equation (continuous part)

y(t) = f(t,yt)) for t >ty t#t, (2.1.1)

impulsive part (jump condition)
y(t5) —y(ty) = I((t;)), for k=0,1,2.... (2.1.2)

where y € R", f : R x R" is the given function, I : R” — R" is the jump of state
ateach tp and top <t; <-- - <l <tpp1 <---, k=1,2,3....
The equations (2.1.1) and (2.1.2) and the initial condition

y(to) = o, (2.1.3)

define the initial value problem for the system of impulsive differential equations.
The solution of the system of equations (2.1.1), (2.1.2), (2.1.3) is denoted by y(¢; to, yo)-
The point (¢,y) of the integral curve of the solution y(t; ¢y, yo) starts its motion from
(to,yo) of the set D C R x R. It continues its motion along the integral curve
(t,y(t)) of the solution of the ordinary differential equation (2.1.1) with initial con-
dition (2.1.3) up to moment t; > ty. At this moment the point instantaneously
moves from (t1,y1) to (t1,y;"), where y1 = y1(t1), yi7 = y1 + Ii(y1). Then the point
keeps its motion along the integral curve of the solution of ordinary differential
equation (2.1.1) with initial condition y(¢;) = %, until moment ¢, > ¢; at which it
jumps. By the equality (2.1.2) the amount of jump is determined and so on.

The impulsive differential equations with non-integer(fractional) order are called

the “fractional impulsive differential equations”.

Example 2.1.1. Consider the following fractional impulsive differential equation
D(t)=1, t#kfork=1,2,3... and « € (0,1], (2.1.4)
y(tr) —yty) =0, (2.1.5)
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y(0) = yo. (2.1.6)

The solution of the above ordinary differential equation (2.1.4) with initial condition
(2.1.6) is

y(t)+c= F(a;—l—l)/o (t —s)*1ds

ta

y(t) +c= Tat D)

Using y(0) = yo to find the value of the constant ¢ and then we get

tCM

y(t) = yo + ma

for ¢ > 0. Now the solution of the impulsive system (2.1.4), (2.1.5) with initial
condition (2.1.6) is:

I(a+1)
for t € (k,k+ 1], k =1,2,.... Tt is increasing for b > 0, decreasing for b < 0,

and for b = 0 the solution becomes constant and coincides with the solution of the

corresponding differential equation (2.1.4) with initial condition (2.1.6).

2.2 Coupled System of Impulsive Fractional Dif-
ferential Equations with Integral Boundary

Conditions

The study of a coupled system of fractional differential equations is also significant
because this system can often occur in various applications. Recently, Ntouyas and
Obaid [22] discussed boundary value problem for a coupled system of fractional dif-
ferential equations involving the Caputo fractional derivative. In their work they
proved two results for the existence and uniqueness of solutions by applying the
Leray-Schauder alternative and the Banach contraction principle. Motivated by

the work of Ntouyas and Obaid, here we are to prove the same two results for the
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existence and uniqueness of solutions for a coupled system of impulsive fractional dif-

ferential equations with integral boundary conditions by imposing some restrictions

with non-linear functions.

Consider a non-local boundary value problem for a coupled system of impulsive

fractional differential equations as follows

CPo
where ~“ Dy,

C([0,1] x R: R

CDo+y1(t) fty(t),92(t)), ¢ # t, t€[0,1],

Dy ya(t) = g(t, 1 (1), 12(t)), t#t, t €[0,1],
yi(t5) —wn(ty) = Ie(yi(te), k=1,2,- (2.2.1)
ya(ty )—92(75/;) Ji(y2(tr)), k= cem,

)

51(0) = Jy o) (s)ds, 12(0) = f0

CD€+ denote the Caputo fractional derivatives , 0 < o, 8 < 1, f,g €
)and[k,Jk R — R for k‘—l 2

Let the space Y7 = {y1(t)|y1(t) € C'([0,1])} with the norm ||Y;|| = max{|yi(¢)],t €
[0,1]}. (Y1, |].]]) is a Banach space. Also, (Y2, ||.||) is a Banach space defined by the
space Yy = {ya(t)|y2(t) € C*([0,1])} with the norm ||Yz|| = max{|y.(¢)|,t € [0,1]}.
The product space (Y1 x Yz, [[(y1,92)[|) with the norm [[(y1, y2)|[ = [ly1l[ + [|y2]] is

also a Banach space.

Lemma 2.2.1. [25]. Assume that h : R — R and I, : R — R are continuous and

0 < a< 1. A function y is solution of impulsive problem

CDg (1) = h(t), t# te, t € (0.1,
y(te) = y(th) = L(y(h), k=1,2,---m, (22.2)

:folgzﬁsysds

if and only if y is solution of the integral equation

_ g)(@-1)
/¢> ds+/ (t F(>) s)ds+ Y Lu(y(tr). (2.2.3)

O<tp<t
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1
For simplicity we define m; = ———— and my = ————.
Pty w YT a1 2T+ 1)

and define the operator T': Y] x Y5 — Y] x Y5 by

- (TM)

To(y1, y2)
o ot nis + [T fsds + 3 Rl
B e+ [T as s+ Y (o)

The prove of the first result related to the existence of solutions for the system

(2.2.1) is mainly based on the Leray-Schauder alternative.

Theorem 2.2.2. Assume that there exist real constants ~;, (;,m;,& > 0 (i = 1,2)
and o, Co, Mo, &0 > 0 such that Vy; € R (i = 1,2) and the following conditions are
satisfied:

|f(t vy, 92)] < 0+ 7lyil + y2lval,
19t y1, y2)| < o+ Gilya| + Calyal,
e (y1 (t)] < mo + mlwal,
| e (2(t)] < o + & lyel-

In addition, it is assumed that
miyr +moCy +mn <1 and myys +mo(s +mé < 1.

Then the boundary value impulsive problem (2.2.1) has at least one solution.

Proof. First, we show that T : Y] xY; — Y] x Y5 is a completely continuous operator.
Since f, g, Iy, J are continuous functions, therefore the operator T is continuous.

Let Q C Y7 x Y5 be bounded. Then for some positive constants My, M, Ly, Lo
and V (y1,y2) € €, we have

|f(tyi (1), y2(t)] < My, |g(t, yi(t),92(t))] < My, |Ii(y1)] < Ly and [Ji(y2)| < Lo.
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Then for any (y1,y2) € €2, we have

i@ < 1+ [ T wlds + 3 )
< (O] + Fra iy + M

< |1 (0)| + mi My + mLy.

Similarly
T (y1, y2) ()] < [y2(0)] + maMs + mLs.

Consequently
T (y1, 2) (O] < [91(0) + [y2(0)[| + ma My + maMs + m(Ly + Lo) := R.

So, it follows that the operator 7' is uniformly bounded.
Now we show that T' is equicontinuous. Let 0 < t; <ty < 1. Then

T1(91(L2), ya(t2)) — Ta(ya (1), ya(11))]

1ty — 5)t 5 gt
/O F(O./) f(S,yl<S)7y2(3))dS — /0 Wf(&yl(s),yQ(s))dg

+ Y L) — Y Llw(ty)

O<tp<to O<tp<t1

/01Mf(s,yl(s),yg(s))ds—{—/zMf(‘g’yl(s)’y?(s))ds

= F(Ck) t1 F(Oé)
t1 (tl _ 8)a_1
_ /O Wf(s,yl<5)vy2<3))
< rﬂ({i) /0 [(b2 = )" = (01 =)™ ]ds + /t (s
Ml (ta o ta) |
D)2

So T (y1(t2), y2(t2)) — Th(y1(t1), y2(t1))] — 0 as to — .

Similarly

alon(t2). ) = alon(12) ()] < (85— )
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Thus [To(y1(t2), y2(t2)) — Ta(yr(tr), y2(t1))] — 0 as ty — ;.

Consequently the operator T' is equicontinuous, and hence T is completely con-
tinuous.

Finally it will be shown that £ = {(y1,32) € YiXYa|(y1,42) = AT (y1,942)},0 < A < 1
is a bounded set. Let (y1,92) € &, then (y1,v2) = AT (y1,y2). So for any t € [0, 1]
yi(t) = AT(y1,y2) (1), y2 = ATa(y1, y2) ().

Now
()] < 0+ F(a—il)(’m +7ilyi] +72|yz!) +m(no +mlyil)
< sy (o bl + el )+ o+ .

Hence

gy (D] < ma(yo +2llyall +2llyall) + m(no + mllyl])-
Similarly

2O < ma2(Co + Cullyall + Cllv2l]) + m(§o + &illy=]]).
Now

Iy ()] + [ly2(D) || = miyo +malo + m(no + o) + (M + maly + mm)||y]|
+ (mays + maa + mér)||y2||-

For simplicity, we define K1 = myvy1 + mao(y +mm and Ko = myys + male + mé;.
Obviously
yr (O] + [ly2(@)]] = mavo + malo + Kil|yi]] + Ka|y2||-

Here two cases are to be discussed for K, K5 as follows:

Case 1. If K; < Ks, then

1 ()] + y2(0)]] < mavo + malo + Kal|pa || + Kal|yo],
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(1= K2) ([l (O] + [ly2(B)]]) < m1vo + mako.

This implies
m17Yo + Mmoo
< —— = "2
||(y1792)” — (1—K2)

Case 2. If Ky < K7, then

[y (O] + [y (O] < maryo + mao + Kally ] + Killyall,

or

(1= K) ([ + [ly2(D]) < mayo +malo.

This implies

mi7o + maCo
(1, p2)|| < ——>

(1-K,y)

Both cases are discussed for any t € [0, 1], which shows that the set £ is bounded.

By Lemma (1.6.1), the operator 7" has at least one fixed point. Hence, the given

impulsive problem (2.2.1) has at least one solution.

With the help of the Banach fixed-point theorem we prove the uniqueness of the

solution for the system (2.2.1).

Theorem 2.2.3. Let there exist constants p;, v;, p,v,1 = 1,2 such that for all t €

0,1] and yi,y5, i, y3* € R and the following conditions are satisfied:

*

f oy o) — fE s v )| < paly — v+ pelys — 5™,

(
l9(t, 1, 917) — 9(t, y3. 95
Lo (91" (t)) — Le(yi ()| < pelyt — wi™],
| Tk (5" (k) — Je(ya (te))| < vlys — 57

In addition, assume that

)
)
)
)

| <wlyf — v+ velys — ws'l,

my(pr + po) + ma(vr +va) + mp+v) < 1.
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Then the impulsive problem (2.2.1) has unique solution.

Proof. Since Iy, Jj, are continuous functions, so let sup |Ix| =6y, sup |Jx| = bs.
t,€[0,1] tr€[0,1]

Also we define sup |f(¢,0,0)| = My, sup |g(¢,0,0)] = My and set |y1(0)] = 6,
t€[0,1] te0,1]
ly2(0)| = 6*. Then
m1M1 + m2M2 —+ m(91 -+ 92)

T 1 —my (4 po) — mo(vn 4+ 10)

We show that T'(B,) C B,, where B, = (y1,y2) € Y1 x Y2 1| (y1,92) ||< 7.
Now for (y1,92) € B,, we have

T (y1, y2) (1)

<yl + [1°f(tym)| + | D Le(y(te))]

0<tp<t
t (t _ 8)04—1
< [yo| + T|f(3791,y2)|d5+ > Ty ()]
0 a O<tp<t
t (t _ S)a—l
< |y0| + —(|f<8,y1,y2) - f(87070)| + |f(8’070)|)d8 + Z |]ky1(tk)|
0 F(a) 0<tp<t
t a—1 t a—1
(t-s) [
< -~ - d ~ d
<lunl+ | g tnbl + mlelds + [ L2 0.0)ds
+ > | Lan ()]
O<trp<t
<46 _+ M| ——— 0
= +(M1|Z/1\+M2|Zl2|)r(a+l)+ 1F(Oé—|—1)+m 1
tCM «
<@ _ M — 0
< +(M1|y1|+ﬂ2|y2|)r(a+1)+ 1F(a—|—1)+m 1

< mby + ma((py + po)r + My).

Hence
T (y1, y2) ()] < mby +my((pa + p)r + My).

Similarly
o (y1, y2) ()] < mby + ma((v1 + vo)r + Ma).
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Consequently
T (y1, y2) ()] = T2 (yr, y2) O]+ [ To(y, 12) (1))
<mby + my((u1 + po)r + M) + mbs + ma((vy + vo)r + Ms)
<m(01 + 02) 4+ (ma(pn + p2) + mao(vy + v2))r + miMy + maoM,
T (y, y2) @[] < .

Hence T'(B,) C B,.
Now for (y7,vys), (yi*,y5*) € Y1 x Ya, and for any t € [0, 1], we obtain

Ta(y*, y5") (1) — Th(yy, y5) (1)

! (t B S)a_l Kk ok * ok sk *
< / WU(SJA Y5 ) — f(s, 1, y5)|ds + Z (e (yr™ (8k) — Li(yi (k)|
0 0<t<t
< ) — fsgt ) 3 () — L)
_F(oz—l—l) y Y1 5 Ys y Y1, Ys — E\Y1 Lk kY1 Lk
< m(mlyi‘* —yi| + pelys” — y’5|> + mplyr™ =yl

< (mapn +mp)|yr™ = yi| + mape|ys” — ys|
< (mapy +mp 4+ map) (7™ — yil + " — y3)

Hence
Ty, ™) () — Th(ys, ws) ()] < (ma(pn + po)) + mp) (|y™ — vill + [lys* — vsl]),

Similarly
Ty, 5*) () — Ta(yy, vs) ()] < (ma(vr +ve) +mv)([lyr* — yill + lys™ — wsl)-

Consequently
T (i y57) (@) = Tyt 95) (@)l
< (ma(pn + pi2) + ma(vy + v2) + mu+ V) ([[95" = will + lly3" — 1)

Since my(py + p2) + me(v1 + o) + m(p + v) < 1, therefore the operator T' is a
contraction operator. Thus, by Banach’s fixed-point theorem, T" has a unique fixed-

point, which we call the solution of the impulsive problem (2.2.1). Hence proved. [
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Example 2.2.1. Consider the following coupled system of fractional impulsive

boundary value problem:

(D) = Jsinm(t) + 5 e s = fltnm), 7 0 e 1),
DY) = g s e0) = gt ¢ £ 0 1€ 0.1]
n(3)
I (1 (tx _1- = _
k(y (t ))‘t,§ 3+ ’yl(% )|
(3 )|
Je(y2(te))|,_1- = -
(Y2 (tr))l,_ 3t 1))
(1(0) = [y @(s)ya(s)ds,  42(0) = [y &(s)ya(s)ds

(2.2.4)
Here a« = 1/2 =7
1 1 1 1
[y, w2)l < 90 + 2@+ < lye@)] 1ot y1,92)] < Go+ Gl O] + Slya(2)];

1 1
[ Te(ya (tk))] < mo + §|y1(t)|, | Je(y1(tr))] < &+ §|y2( )|, where 7o, CO> Mo, o > 0 are

1
some real constants. Also, v, = 7= = (1= i (== 771 =&,
1 1
my = —— = 1.571, my = ——— = 1.571.
YT D(a+ 1) T T+

Now m171 + mali + may = 1.571(0.25) + 1.571(0.111) + 0.333 & 0.9002 < 1

and

M + maCs + mé = 1.571(0.2) + L571(0.111) + 0.333 ~ 0.8216 < 1.

Thus, all the conditions of Theorem (2.2.2) are satisfied. So, the boundary value

problem (2.2.4) has at least one solution.

Example 2.2.2. Consider the following coupled system of fractional impulsive

boundary value problem:

o ) ol
P = G @ T T0 0 g s 17 e 10
[92(1)] |2

DYy (t) = = g(t,y1,42), t#t, t €10,1],

At + 221+ @) 16(1+ |ya(2)])
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Jr(ya(tr))] . M, (2.2.5)

Here a« = 1/2 =7

* 1 *k k%
|y1 Yol + Elyl — 5|,

1 * * %k
12k (yi (t)) = Te(yi™ ()| < 9!@/ =yl [y (k) = Je(ui™ (8))] < 5 !yl il
After doing some calculations, we have
1 1 1 1 1

- =y = = . 15Tl=m= .
ST R T R S R W P YY)

* 1 *k *k
—lyi — y2|+mlyl -y,

M1 =
Also

ma(pn + p2) + ma(vr + va) + mip + v) = 1.571(0.2) + 1.571(0.125) + 1.571(0.222)
~ 0.732575 < 1.

Thus, all the conditions of Theorem (2.2.3) are satisfied. So, the boundary value

problem (2.2.5) has a unique solution.
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Chapter 3

The Stability of Ordinary

Differential Equations

Theory of differential equations has been of great interest for many years. It plays a
prominent role in many other disciplines including engineering, physics, economics
and biology. In this chapter we will focus on the stability theory of the systems of
the ordinary differential equations, concentrating in particular on systems of first-
order linear and non-linear ordinary differential equations. For this we will review
some basic definitions, theorems and methods for the suitable stability concepts
of the equilibrium points of the systems. Also an alternative method for studying
stability, called Liapunove method, is explained here in this chapter.

The general form of the first order n-dimensional systems of differential equations

in n unknowns is
y=f(t,yd)), (3.0.1)

with f:[0,00) x D — R™ is piecewise continuous in ¢ and locally Lipschitz in y, D

is a domain containing the origin. Here

1 Y1

f2 , and the n-vector function y = y'Z

~
Il

fn Yn
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The system (3.0.1) is called the non-autonomous system.
If ¢, the time variable, does not appear explicitly in the right hand side of (3.0.1),
then the system is called autonomous system having the general n-dimensional

form as

y(t) = f(y). (3.0.2)
Definition 3.0.1. The point y € R" is an equilibrium point for the autonomous
system (3.0.2), if f(y) = 0 for all ¢. Similarly, if f(¢,y) = 0, then the point y € R™

becomes the equilibrium point for the non-autonomous system (3.0.1) for all ¢.

Definition 3.0.2. An equilibrium point g(t) of the system (3.0.2) is stable (or
Liapunov stable) if, given € > 0, 3 6 = §(¢) > 0, such that for any other solution,
y(t), of (3.0.2) satistying |y(to) — y(t,)| < ¢ (where | . | is a norm on R") implies
|g(t) —y(t)| < eforall t >ty and t; € R.

Definition 3.0.3. y(t) is said to be asymptotically stable if it is Liapunov stable
and for any other solution y(t) of (3.0.2), there exist a constant b > 0 such that, if

[9(t0) = y(to)| < b then lim [g(t) —y(t)| = 0.

The geometrical interpretation of the above two definitions is given in Figure 3.1

([29]).

y(t) y(t)

> v y(t)

Figure 3.1: Liapunov stability and Asymptotic stability.
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Example 3.0.3. Consider Newton’s law of cooling

dy
o —k(y —vys),  y(0) =yo (3.0.3)
where y is temperature of the object at time ¢, y, is temperature of surroundings
and k is positive constant.
The equation (3.0.3) has y = y, as the only equilibrium point. y = ys + (yo — ys)e*
represents the equation of Newton’s law of cooling. For k > 0, tlim e =0, s0y=
—00

ys. Thus our analysis suggest that the equilibrium y = y, is stable.

80

——y,=T0F
81 ——— y,0) = 60F]
76 ¥,(0) = 65 F|4
V(0 =75F
ar —— y(0)=80F]
w
72
=2
©
T 70 ———————
5 —
& 68l ~
661
64t
62}
60 s
) 1 2 3 4 5 6

Time,hours
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Definition 3.0.4. Let y(t, o, go) denote the solution of the initial value problem

(v = f(t,y), y(to) = wo), (3.0.4)

indicating its dependence on ¢ and also the initial point ¢3 and initial value yo. This
solution is said to be stable if for a given € > 0, 3 § > 0 such that
||Ayo|| < ¢ implies [[5(t, to, Yo + Ayo)|| < €.

3.1 Stability of Autonomous Non-Linear Systems

of Ordinary Differential Equations

Consider a two-dimensional system in the following form

dy

= f(y1,92),
th (3.1.1)
E :g(yhyZ)'

Suppose that (71,92) is the equilibrium point, so that f(y1,72) = 0 = g(v1, 12).
Now a question arises that either the equilibrium point is stable or not? From the

equilibrium point we consider a small perturbation by letting
h = ?jl + u,

Yo = Yo + V.

Here it is understood that u and v both are to be small (u,v << 1). Either u and
v will grow or decay? w or v is growing if y; and y, both are moving away from the
equilibrium point and the equilibrium point is unstable. The equilibrium point is
stable, if y; and y, both move towards it (u and v are decaying).

Now we want to derive the differential equations for u and v, from which we will see

whether the perturbation grows or decays, as follows
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du _ dy,

dat  dt
= f(y1,92)
= [ + w52 +0)

0 0
= (71, 2) + %(yl, U2 )u + a—‘;t(yl, U2)v + h.o.t. (by expansion of Taylor series)
1

af _ _ aof  _ _
= — — h.o.t.
o (71, 2)u + o (71, 92)v + h.o
Similarly,
dv  Jg

0 : o
G = o+ 5L + hot. (since g(51.12) = 0
2

h.o.t represent higher order terms, as O(u?, v? uv). Since we have assumed that u
and v both are small, so these h.o.t become extremely small.
So by neglecting the higher order terms, the following linear system of equations is

obtained, which governs the progression of the perturbations of both v and v :

du g_f(y_lay_Q) g—f(y_lay_2> u
% _ ayl 892 <>

99 o iy 99 oy | \w
ayl(ylayQ) ay2(ylay2>

. ()

where J, is the Jacobian matrix evaluated at the equilibrium point (77, 72). As J,

dt

is a constant matrix, so the above differential equation is linear. Then this linear
system has the trivial equilibrium point (u,v) = (0,0), and by the eigenvalues of

the J, we determine the stability of (u,v) = (0,0), as by the following theorem:
Theorem 3.1.1. Assume that

(1) The equilibrium point is stable, if all the eigenvalues of J. have the real negative

parts.

(2) The equilibrium point is unstable, if J. has at least one eigenvalue which has

real positive part.
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(3) No conclusion is obtained about the equilibrium point, if J. has at least one

eigenvalue which has a zero real part.

Sometimes the negative real parts of eigenvalues do not give stability of the
systems. For a general time dependent solution () it may be tempting to deduce
the stability properties of this solution from the eigenvalues of the Jacobian J.. This
can lead to wrong answers, as shown by the following example from Hale (1980) [29].

In the example we assumed a linear vector field having time periodic coefficients as

follows
ERCI
Y1 U1
where
3 3 :
A(t): —1+§coszt —1—§COStSIHt ' (3‘1‘2>
—1—%costsint —1+%sin2t

The eigenvalues of A(t) determined to be independent of ¢ are given by

e AV e YA
=, 2Q == .

M 4 4

In particular, these eigenvalues have real negative parts for all values of ¢. We have

determined the following two linearly independent solutions of the above systems as

—cost sint
vi(t) = ez and wvy(t) = et
sint cost

Hence the solutions are unstable. A conclusion that does not obtained from the

follows

M

eigenvalues of A(t).

3.1.1 Classification of Equilibrium Points

On the basis of signs of the real parts of the eigenvalues of the J., we can classify

the equilibrium points of system (3.1.1) as follows:

1. The equilibrium point (y1,%2) is a stable node (or a sink), if \;o < 0 for
AN €R(i=1,2).
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2. The equilibrium point (47, 92) is an unstable node (or a source), if A\; o > 0 for

3. The equilibrium point (g7, 92) is a saddle point (or unstable), if \; < 0 < Ay
for \; € R (Z = 1,2)

4. The equilibrium point (y1,¥2) is astable spiral (or stable focus), if \; = a £if
fora <0and \; € C (i =1,2).

5. The equilibrium point (7, ¥2) is an unstable spiral (or unstable focus), if \; =
atif fora>0and \; € C (i =1,2).

6. The equilibrium point (41, %2) is a center (or neutrally stable), if \; = a £ i/
fora=0and \; € C (i =1,2).

3.2 Stability of Linear Autonomous Systems

The following is the matrix-vector form of the n linear first order differential equa-

tions in n unknowns

y= Ay +0.

Here the matrix function A = [a;], ¢ = 1,2,...n is the coeflicient matrix and
b=1[b;(t)], i =1,2,...n is the vector function.

If b is the zero vector then it is a homogeneous system and has the form

y = Ay.

Theorem 3.2.1. [6] Let O(t) be a fundamental matriz solution of y = A(t)y. Then
the system is stable for any ty € R if and only if there is a positive constant K =
K(ty) such that |®(t)] < K for all ty > t.

Theorem 3.2.2. [6] Let O(t) be a fundamental matriz solution of y = A(t)y. Then
the system is asymptotically stable for any ty € R if and only if |P(t)| — 0 ast — oc.
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3.3 Stability of Linear Non-Autonomous Systems

The system
y = A(t)y,
can be written as

y=A{B+C(t)}y,

where B is an n X n constant matrix.
Theorem 3.3.1. [27]. Assume that
i. Bis an n x n matriz and the eigenvalues of B have negative real parts;

ii. C(t) is continuous fort >ty and

/t C()dt,

1s bounded for to <t < oo.
Then all solutions of the system y = {B + C(t)}y are asymptotically stable.

Proof. §y = {A+ B(t)}y = Ay + B(t)y, where h(t) = B(t)y, is an inhomogeneous
term. Let ¢(t) be the solution of ODE with ¢(ty) = yo. Then by using the variation

of constants formula:

¢
o) =My [ AIB()o(s)ds
to
¢
(1)) < |10 fyo +/ 196 (s)[| B(s)|ds
to
Re(\;) < 0= 3K,p > 0, such that

|A(t —to)| < Ke U7 ¢, <t < o0

|A(t —5)| < Ke P79 5 < 5 < o0,
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t
|6(t)] < Kem?10)y| +K/ e 79| ¢(s)|| B(s)|ds,
to

t
6(8)] < Ke e |yo| + Ke " / 7|6 (s)| | B(s)|ds.

to
t
e”[p(t)| < Ke™ ol +K/ e”|¢(s)||B(s)|ds,
to

this inequality is a Gronwall Inequality of the form

u(t) =c + 02/ u(s)v(s)ds.

to

So by this Gronwall Inequality

(1] < K et [yole’ o @ IBOds

16()] < KePtt0)yo|e™ Jio IBEds.
t

since K/ |B(s)|ds < My < oo = erfO IB(s)lds . Mo _ M,
to

|p(t)] < KMe Pt |yo| — 0 as t — oo.

Hence the 0-solution of the system y = {B + C(t)}y is asymptotically stable. [

Corollary 3.3.2. [27] If the solutions of y = A(t)y are only bounded and C(t)
satisfies the conditions of Theorem (4.1.2), then all the solutions of y = {B+C(t)}y

are bounded, hence stable.

Example 3.3.1. Consider the linear non-autonomous sytem

g = =272y +yp + 1%
Yo=—yp — 2t ya+ 1t
In the matrix form the system is
y={B+CM)}y,

where,




As we know that the system y = {B + C(t)}y has the same stability properties as

a homogeneous equation § = A(t)y, we have

—2-A 1

1B — M| =
-1 —2—=A

=(=2-)N%*+1=0.

By solving, we find eigenvalues as

M= —2+1,
N = —2—1i.

So we conclude that both the eigenvalues have negative real parts. On the other

hand, C(t) is continuous for ¢t > 0 and

00 t
/ [|C(s)||ds = lim/ |s2|ds
to t—o0 to

= lim 2| — s !|?
t—o0

w|-(iw)
=lm2|—(-——
t—o0 t tO

2
= — < oo, tyg>0.
lo

According to the Theorem (4.1.2), all solutions of § = { B+C(t) }y are asymptotically
stable. Hence, the solutions of y = {B+C(t) }y+ f(¢) are also asymptotically stable.

3.4 Stability of Linear Systems with Constant Co-

efficients

Assume an n x n constant matrix A in equation and consider the following linear

autonomous homogeneous system

y = Ay, (3.4.1)
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y = 0 is the only equilibrium solution of §y = Ay, and from the eigenvalues of A we

can find the stability of the given system.

Definition 3.4.1 (Liapunov Function). A continuously differentiable function V'
defined on an open set U € R™ with ¢ € U(y is an equilibrium of y = f(y) is called
Liapunov function for ¢ = f(y) provided,

(i) V(y) =0

(ii) V(y) >0 fory #9, yeU

Definition 3.4.2. [27]. Let f(y) be a scalar function such that f(0) = 0. If, y # 0,
(i) f(y) >0 (or < 0), then it is called positive (or negative) definite.
(ii) f(y) >0 (or < 0), then it is called positive (or negative) semidefinite.

Theorem 3.4.1 (Liapunov stability for autonomous systems). Suppose that there
is a continuously differentiable positive definite function V(y) : D € R™ — R, where
D is an open set containing the origin, and V (y) is negative semi definite fory € D.
Then the 0-solution of y = f(y) is stable.

Theorem 3.4.2 (Liapunov asymptotic stability for autonomous systems). Suppose
that there is a continuously differentiable positive definite function V(y) : D € R™ —
R , with D an open set containing the origin, and let V(y) be negative definite for
y € D. Then the 0-solution y = f(y) is asymptotically stable.

Example 3.4.1. For the autonomous non-linear system
i =~y + (1 =y —y3)

o = —y2 — (1 — ¥ — v3).

Consider the Liapunov function

V(yi,y2) = 3 + ya.

38



Now taking the time derivative of V (yy,y2) as follows

V(y1,92) = 20141 + 29232
=201 (=1 + 12(1 — 47 —3)) + 202(—v2 — (1 — 47 — v3))
= 2y — 2y;
= —2(y{ +y3) <0.

Since V (y1,12) is positive definite and V (1, 1) is negative everywhere except at the

origin, so the O-solution of the system is asymptotically stable.

Theorem 3.4.3 (Liapunov stability for non autonomous systems). Suppose that
there is a continuously differentiable positive definite function V (t,y) : [0,00) x D —
R such that V(t,y) < 0. Then the 0-solution of y = f(t,y) is stable.

Example 3.4.2. For the non autonomous system
U1 = Yo,

3]2 = —Y2 — e_t7
consider the Liapunov function

V(t,y1,92) = y1 + €'ye
Now taking the time derivative of the above Liapunov function as follows

V(t, Y1, Y2) = 20141 + €'ys + 2yatjae’
= 2y1ys + €'y5 + 2u2e’ (—y2 — e 'y1) = —pe L.

Since V' (t,y1,y2) is positive definite and also V(t, Y1, y2) < 0, so by the above

theorem the 0-solution of the non-autonomous system is stable.

3.5 Stability of Periodic Solutions: Floquet The-
ory

Differential equations comprising periodic functions play a significant role in various

applications. Let’s consider the n-dimensional first-order linear system

g = A(t)y, (3.5.1)
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where A(t) is a continuous, periodic n x n matrix function with minimum positive
period w; that is
Alt+w) = A(t), —oo<t<oo.

(A(t), also has periods 2w, 3w, ... ). Such type of systems are called Floquet systems
and its study is called Floquet theory.

Definition 3.5.1. (Fundamental Matrix). Let ¢;(t), ¢2(t), ..., ¢n(t) be n solu-
tions of vector differential equation y = A(t)y. Then an n x n matrix function ®(t)

is a fundamental matrix for y = A(t)y, where

(I)(t) = [le(t)? ¢2(t>7 s 7¢n(t)]a

with columns ¢ (t), ¢a(t), ..., dn(t), provided that ®(¢) is an n X n matrix solution
of the matrix equation Y = A(t)Y on I and det ®(t) # 0 on 1.

Definition 3.5.2. (Floquet Multipliers). Let ®(¢) be a fundamental matrix for
the Floquet system (3.5.1), then the eigenvalues A\ of

B :=o10)®(w),
are called the Floquet multipliers of the Floquet system (2.6.1).

Theorem 3.5.1. [16]. Let A1, Ag, ..., An be the Floquet multipliers of the Floquet
system (2.6.1). Then the trivial solution is

(i) globally asymptotically stable on [0,00) iff |N| <1, 1 <i <m;

(ii) stable on [0,00), provided |X\;| < 1, 1 < i < n and whenever |N;| =1, X\; is a

simple eigenvalue;
(iii) wnstable on [0,00), provided there is an iy, 1 < iy <mn, such that |A\;,| > 1.

Example 3.5.1. Consider the Floquet system

J = ( —sin(2t)  cos(2t) — 1) " (35.2)

cos(2t) +1  sin(2t)
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and

B(t) = <et(cost —sint) e Y(cost + sint) ) | (3.5.3)

e'(cost +sint) e *(—cost+ sint)
be a fundamental matrix for the Floquet system (3.5.2). The Floquet multipliers
are \; = —e2, Ay = —e ™. So by the Theorem 3.5.1 the trivial solution is unstable

on [0, 00).

3.6 The Routh-Hurwitz Stability Criterion

The Routh-Hurwitz stability criterion was independently published by A. Hur-
witz(1895) in Germany and E.J.Routh(1892) in United States. The Routh-Hurwitz
stability criterion provides a necessary and sufficient condition to accertain the sta-
bility of a linear control systems. Without solving for the poles of the closed loop

system the stability of a closed loop system can be judged by this criterion.

Consider a transfer function of a single-input, a single-output closed loop system

is given by
_ bos™ + by s™ L+ by 8™ + by, _ p(s)
aps™ + ars" L+ - ap1s" Fan, q(s)

The method was originally introduced in terms of determinants, however here we

F(s)

(3.6.1)

use the more suitable array formulation. The characteristic polynomial in (3.6.1) is
given by
q(s) = aps” +ar1s" M+ -+ an_15" + ap. (3.6.2)

This criterion is based on arranging the coefficients of the characteristic polynomial

in (3.6.2) into a schedule or an array[8]:

S Qanp, Qp—2 Ap—4
Snil ap—1 QAp—-3 Qn—5
Sn72 bn—l bn—3 bn—5
"3 1 Cns Cuos
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where

(an—1> (an—2> - an(an—3)

bnfl - )
(p—1
b o (an71>(an74> - an(an75>
n—3 — 9
Qp—1
Chol = (bnfl)(an73) - (an71)<bn73)
" bn—l

and so on.

The Routh-Hurwitz criterion states that the number of roots of characteristic
polynomial ¢(s) with positive real parts is equal to the number of changes of sign
in the first column of the array. So, the system is stable if and only if there are no

changes in sign in the first column of the Routh array.

Example 3.6.1. Let
q(s) = s* 4+ 4s* + 165* + 32s + 40.

The Routh table is obtained as follows

s*11 16 40
s3] 4 32

21 8 40

st ] 12

s | 40

Here we observe that in the first column no sign changes occur which indicates that

no root lies in the right half of the s-plane and so, the system is stable.

3.6.1 Special Cases

Case 1. No element(entry) in the first column in Routh table is zero.
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Example 3.6.2. Consider the characteristic equation
q(s) = azs® + azs® + ais + ag.
The Routh table will be as follows

53 as aq
82 a9 Qg
Sl bl 0
sl 0

For stable third-order system, the necessary and sufficient conditon is that the coef-
ficients of the characteristic polynomial must be positive and asa; — agaz > 0. The
condition asa; = apaz gives rise to a marginal stability case, and a pair of roots of
characteristic polynomial lies on the imaginary axis in the s-plane. Our case 3 is
based on this marginal stability because for asa; = agas there is a zero in the first

column. Later on we will discuss it under case 3.

Case 2. If an element of the first column in the Routh table is zero, it might
be replaced by a small positive number,e, to complete the table. The sign of the

elements in the first column is observerd as the € approaches to zero.

Example 3.6.3. Let the characteristic equation be

q(s) =s'+ 8+ 5+ s+ K.

Here the gain K is to be determined, that results in marginal stability. The Routh

table is as follows

st11 1 K
211 1 0
sl e K 0
stleg 0 0
sITK 0 0
where
e— K

-K
= —ase— 0.

cl =
€ €

So for K > 0 (e > 0), the system is unstable. As the last element in the first column

is K, so for k < 0 the system is unstable. Thus for all values of gain K the system
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is unstable.

Case 3. When all the elements of a row in the Routh table is zero or when a row
comprises of a single zero element. This indicates the existence of some roots of
the characteristic polynomial that are located symmetrically about the origin in the
s-plane. In this case we should utilize an auxiliary polynomial from the row that
precedes the zero row of the Routh table. This auxiliary polynomial is always with

even order and shows the number of symmetrical root pairs.

Example 3.6.4.
q(s) = s + 25> +4s + K,

s 1 4
52 2 K
st % 0
SO K 0

For 0 < K < 8, the system is stable.

When K = 8, we find that two roots are on the imaginary axis and gives a marginal
stability case. And also for K = 8, case 3 arises that is a row of zero elements is
obtained. Therefore an auxiliary polynomial with even order is formed from the s?
row which preceds the row of zeros as follows

Q(s) =25+ Ks® = 25> + 8 = 2(s? +4) = 2(s + j2)(s — j2). Now
s +282 +4s+ K
A(s) =
252 + 8
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Chapter 4

Stability of Fractional Differential

Equations

Stability analysis is a an essential task in the theory of fractional differential systems.
Many researchers contributed in the stability theory for fractional differential equa-
tions through their research papers. For instance, Matignon studied the stability of
linear fractional order systems with commensurate order [18] and with incommen-
surate order [19]. Here in this chapter we will deal with some stability properties
of linear fractional differential equations and also we will review some important
theorems related to stability of linear fractional differential equations and perturbed
fractional differential equations from the paper of Qian, Li, Agarwal and Wong [24].

The system of fractional differential equations with the Caputo derivative or the

Riemann-Liouville derivative have the following general form

wDry(t) = f(t.y), (4.0.1)

with appropriate initial values yx = [Yx1, k2, - - - Urn)? € R® (K =1,2,...,m — 1),
where y(t) = [yl(t)7y2(t>7 s 7yn(t>]T S Rn) a = [a17a27 SR 7an]T7 m—1<ao <
m € Zy (2 =1,2,... 7n)7 tOIDt@y(t> = [tOIDtalyl(tL tOD?2y2(t)v S ’tolpgnyn(t)]Tv [
[to, 00) x R™ — R", 4 DY represents either { D or DY

Particularly, if a1 = ay = -+ - = a,, = «, then equation (4.0.1) can be written as
wDry(t) = f(ty). (4.0.2)

45



Here we say that equation (4.0.2) is the same order fractional differential system,
while equation (4.0.1) is the multi-order fractional differential system.
Now we give some basic definitions which are mainly related to the stability

problems of the fractional differential systems.

Definition 4.0.1. The constant vector y is an equilibrium point of fractional
differential system (4.0.1), if and only if f(t,7) = 1, D5y(t)|y4)=y for all t > 1.

Without loss of generality, let the equilibrium point of system (4.0.1) be y = 0,

give the following definition

Definition 4.0.2. . The 0-solution of fractional differential system (4.0.1) is said to
be stable if, for any initial values yx = [Yr1, Yr2, - - - Ykn)? € R (k=0,1,...,m—1),
there exists € > 0 such that any solution y(¢) of (4.0.1) satisfies ||y(t)|| < € for all
t > tyo. The O-solution is said to be asymptotically stable if, addition to being
stable, |ly(t)|| = 0 as t — +o0.

Lemma 4.0.1. [23]. Let 0 < a < 2, 8 be an arbitrary complex number and p be an
arbitrary real number such that % < p < min{r, 7a}. Then, for p > 1, an arbitrary

integer, we have an expansion as follows:

P —k
Eop(z) = L207A/a exp(z1/) — ; m +O(|z|7*7P). when |arg(z)| < u and
p :k
|z| = o005 Eap(z) = —Zz— + O(|2|7'P), when p < |arg(z)| < 7 and
) [e % - F(ﬁ—@k‘) ) — —

Remark 4.0.1. [23] If § = a in Lemma (4.0.1), then
(i)

1 b 27k
E — —(1-a)/a ay _ - —1=py, 4.0.
nald) = G2 = 3 s O ) (0

when |arg(z)| < p and |z| — oo;

(ii) , »

Ema(Z) = — Z m + O(|Z’717p), (404)

k=2
when p < |arg(z)] < 7 and |z]| = oo.
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Lemma 4.0.2 (Jordan Decomposition [30]). Let A be a square complex matriz, then

there exists an invertible matriz such that
Q'AQ=1® L@ - ®J, (4.0.5)

where J; i = 1,2---1 are the Jordan blocks of A with the eigenvalues of A on the
diagonal. The Jordan blocks are uniquely determined by A.

Here some results are to be given which are mainly used in the stability analysis
of the fractional differential equations. These results based on the Laplace transform

of the fractional derivatives and the Mittag-Leffler function [23].

e The Laplace transform of the Riemann-Liouville fractional derivative ZLDoy(t)

18

—_

/ e DMy (t)dt = s°Y (s) = 3 "D Ny (B)lima, (n—1 < <n). (4.0.6)
0 0

il

e The Laplace transform of the Caputo fractional derivative CD2y(t) is

n—1

/ e_SthtO‘y(t)dt = s"Y (s) — Z sa_k_ly(a)(k), (n—1<a<n). (4.0.7)
0 k=0

e The Laplace transform of the Mittag-Leffler function is to be found as

_Sttak_ﬁ_lE(k) +at®)dt = —klsa_ﬁ R 3 4.0.8
€ a,B( @ ) (SO‘ :Fa)k+1’ ( 6<S) > |CL| ) ( T )
0

4.1 Stability of Linear Fractional Differential Equa-

tions

Here in this section we will analyze some important theorems and results on the sta-
bility of linear fractional differential equations and will give some related examples.

Consider the linear fractional differential equation of the form
WDy y(t) = Ay(t), (4.1.1)
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where matrix A € R™" y(t) = [y1(t), y2(t), ..., yn(D)]T € R, @ = [y, 0, ..., 4],
tng),ty(t) = [tnglyl (t)a tthOQy2 (t)a ce 7t0D?nyn(t)]T and toD?i is the CaPUtO deriva-
tive or Riemann-Liouville derivative of order «;, 0 < a; < 2, fort=1,2,...,n.

Particularly if oy = as = -+ = a,, = «, then the system (4.1.1) can be the same

order linear system

wDry(t) = Ay(t). (4.1.2)

Theorem 4.1.1. The autonomous system (4.1.2) with Caputo derivative and initial

value yo = y(0), a € (0,1], is

(1) asymptotically stable iff | arg(A(A))| > %. In this case the components of the
state decay towards 0 like t=%, ( Here arg(A\(A)) denotes the arguments of the

eigenvalues of the square matriz A.)

(ii) stable iff either it is asymptotically stable or those critical eigenvalues which
‘ arm , L
satisfy | arg(A(A))| = - have geometric multiplicity one.

Proof. (i) Taking the Laplace transform of (4.1.2) and 0 < a < 1

s*Y (s) — i: s Rk (0) = AY (5), (n—1<a<n).

k=0

Using the initial condition y*(0) = yo (k = 0) we get

sYY (5) — s* 1y = AY (),
(51 — A)Y (s) = s* 1y,
Y (s5) = s*HsT — A ly.

Now, taking inverse Laplace transform of the above equation we get the solution of

the given system by (4.0.8) as follows
y(t) = yo a1 (AL”). (4.1.3)

Suppose that the matrix A is similar to a Jordan canonical form, i.e., there is an

invertible matrix () such that
A=Q'JQ = diag(J1, Js, ..., J.). (4.1.4)
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Here J;, 1 <i <r is the jordan block (by Lemma(4.0.2))

Ao 1
i

Mn; XN,

and >_._ n; = n. Now

k—n;+1

Eoévl(Ata) = Qdiag[EaJ(Jlta), Eml(JQta), . ,Ea,l(Jnta)]Qil
Where for 1 <1 <,
—  (Jit*)* =~ ()
E, 1) =
(i) = kzr(k;aﬂ Zor k:a+1
k
Ao 1
_ i (t*) Ai
=0 P(kOé + 1) 1
Ai
NOPNTT Lok
B i (t)* Py :
— F(ka+1) C{c/\f 1
e
G0 G o S ) L e () ck
CYA ;
gF(kanLl) gF(k:anLl) gl“koz—l—l
i (Ait?)
_ c~T'(ka+1)
()" kyk—1
> ChN!
— ['(ka+1)
pard I'(ka+1
( where CJ = j,(kk—lj),, 1 < j <mn; —1 are the binomial coefficients.)
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R N G A
=2 [(ka+1) ik

o @) 19N,
=2 T(ka+1) 11 (87) A

1O\ (N
Tl (aA) kz (ko + 1)

=0

i
o

f: (ta)k Ck )\’?*’ﬂi‘i’l — io: (ta)k k' )\l.cfnz‘+1
T(ka +1) ™17 — D(ka+1) (n; — D!k —n; + 1)1

k=0 k=0

B(k=1) (b= mit 2)(k—ni+1) 321 44
(ng — D!k —n; +1)! :

)...(k_ni+2)(k:—ni+1)!)\,?_%1
(n; — DIk —n; +1)! '
1

RSN AN
=2 T(ka + 1) (n; — 1)! (8_A> A

1 AN (L WL
~ (n; —1)! (axi) 2 [(ka +1)

k=0

20



%, o \"!
Eoi(Mt®) H5-FEai( M) ... ﬁ(—) Eo1(Nit?)

o\ o\
_ Eo1(A\it®)
0
% a—)\ianl ()\Zta)
Eq1(A\it*)

By Remark (4.0.1), if | arg(A;(A))[ > &, 1 <4 <r and t — oo, then

a J
Jl((‘?_/\) Eo1(Mt®)
P (\t)E

Since, En1(A\t®) = — Z -
“—~I'(1 - ka)

|Eo1(AitY)| — 0 as t — oo; and

1/ 0V RV A " (at) S
}?<a&) Eaa(Nit )_:ﬁ(a&> {}‘Eszfi?ﬁﬁ + O(At®)~P)
k=2
p

:%{_k: %(%)j/\;k 4+ O(ai)jﬂ)\ital_l_p)}

(k=G (k= DN
- JI0(1 — k) +

|Eo1(Ait®)] — 0 and so

-0, 0<7<n; -1, 1 <3<

+ O(|(M\t®*)~*7?]), which implies that

O(I\i] =Pt =77)
p

(=1 (k45— 1) (k+ 1)kX ok
JIT(1 — ak)

k=2
O(I\i| P77 |=77).

Multiply and divide the first term on the right hand side of the above equation with
(k— 1)1, we get

P (=1 (k+7—1)- (k4 Dk(k — 1)\ ok
JIT(1 — ak)(k —1)!

e
[|

2
(Y I
(=1 (k4 — 1IN ok

o k- DI —ak) O[N] 71777 [t)|717).

< T

B
[|
N

o1



Ast — oo, %(%)anJ()\itaﬂ — 0 for 1 < j < n; — 1. Tt follows that
[y (O = [|yoEa,a(At%)]| — 0 as t — oo,

for any non-zero initial value yo. Hence proof (i) of Theorem (4.1.1) is complete.
(ii) Suppose A; be a critical eigenvalue satisfying | arg(\;)| = 0%77 with same algebraic
and geometric multiplicity equal to one. Now, from (4.1.3) the solution of the given

system is
y(t) = yOEoz,l(Ata)
= yoQdiag[En1(J1t%), Ea1(Jat®), ..., Ea1(Jim1t®), Eq1(JitY), Eaa(Jipa1t®),
< Ea,l(Jnta)]Q_17

where J;'s represent Jordan block matrices of order k, |arg(Ay(A))| > 9F, and
Zk lnk—i-zzziﬂnknk—l—l =n, k=1,...,i—1,i+1,....r
By using (4.0. 3) we have
p
Ait®)
Eop(Nit® At) A D/e At®)H) MO R At 7H7P).

M) = LD exp(A) ) = 3 R+ O
Suppose \; = r ((:08“—27r + 7 sin %), where r represents the modulus of )\;, and
j2 = —1. Then,

1 am\\ V/a P (rt®(cos % + jsin %))~k
Fun0®) = Sexp L (17 (c0s X7 1 ©T)) 7} 7+ jsin g
a( aexp{ rt% (cos & +]sm 5 } 2 (1= ak)
+0 (’rta (cos— + jsin %) ‘_ _p>
e { Vet (cos 5 +sin ) |
= pqr /%t (cos = + jsin
o} 2
p kt ak cos =akm —ock7r + jsin —ekx ak7r
( / ) + O ((rt)~"?)
F(l — ak)
k=2
*kt*ak(cos akm _ jsin @kT))
— . l/at o T’ 2 O t —1-p
o exp {JT } ; (1 — ak) + ((T ) ) 7

1
which leads to ‘Eml()\ita){ — — as t — 00, and also from the proof of the Theorem
Q@
(4.1.1)(1), Eau(Jkt*) = 0ast — +oofor k=1,...,i—1,i+1,...,r, we find that
the 0-solution of the given system is stable but not asymptotically stable. O
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Remark 4.1.1. In Theorem (4.1.1)(ii), if the critical eigenvalues have their alge-
braic multiplicities greater then their geometric multiplicities, and the other condi-

tions remain unchanged then its 0-solution is unstable.

Theorem 4.1.2. The 0-solution of the autonomous same order system (4.1.2) with
Riemann-Liouville derivative and initial value yo = FFDY 1y (t)|i—0, where 0 < a < 1

and ty =0, s

(1) asymptotically stable iff all the non-zero eigenvalues of A satisfy | arg(A(A))| >

ar
5

(ii) is stable but not asymptotically stable, if all the eigenvalues of A satisfying
|arg(A(A))| > % and the critical eigenvalues satisfying |arg(A(A))| = %

have the same algebraic and geometric multiplicities.

Proof. Taking the Laplace transform of (4.1.2) with Riemann-Liouville derivative

and 0<a<1

s*Y (s) — Z_: PRy ()]mo = AY(5), (n—1<a <n).

Using the initial condition yo = F£DP y(t)],—0, we get
s*Y (s) — yo = AY (s),
(Sa[ - A)Y(S) = Yo,
Y (s) = [s*T — Al y,.

Now, taking inverse Laplace transform of the above equation we get the solution of

the given system by using (4.0.8) as follows

Y(t) = yot* ' Eg o At?). (4.1.5)

First, suppose that A is diagonalizable, i.e., there exists an invertible matrix () such
that
A =Q1AQ = diag(Ai, A2, ..., \n).

Then,
Epo(AtY) = QE, o(At")Q ™ = Qdiag[Ey o (Mt%), Eaa(Xat®), ..., Eqo(Aant®)]Q 7.
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Applying

p ta\—k
Ea7a(>\ita) - _ (A’Lt )

F(a k) TOUNTT) = Oast = +oo, 1<i<m.

k=2

Thus,
| Euoo(AtY) ||=| diag[Ea.a(Ait), Eaa(Xat?), ..., Eaa(Aat®)] ||— 0.

Hence, the conclusion holds.
Next, suppose that A is similar to a Jordan canonical form, i.e., there exists an

invertible matrix ¢ such that
J=Q 'AQ = diag(Jy, J, ..., J,).

Where J;, 1 <@ < ris in the following form

Mg XNyg

and Y., n; = n.
Obviously, E, (AtY) = Qdiag[Es o (J1t%), Eaa(Jat®), ..., By o Jut*)]Q 71
Where for 1 <1 <,

el I'(ka + «) I'ka+a) "
k=0 k=0
n;—1
Ea,oz<)‘ita) % i Ea,a()\ita) s (nil_l)! (ail) Ea,oz<)\ita)
— Eqo0(Ait®)
1135 Pova(Nit®)
Eq o0(Ait®)

By Remark (4.0.1), if [arg(Ai(A))[ > 5, 1 < <7 and ¢ — oo, then
%<M> B (M%)

o4

| Eo.a(Nit®)] — 0 and so =0, 0<j<n—1, 1<i<r




Since, Eyo(Ait®) = — Z o = ko) + O(|(At®)~17P]), this implies that
|Eoa(Nt¥)] > 0 as t — 0.

Now by some calculations as we have done in Theorem (4.1.1), we obtain the fol-
lowing

L(aY P (—1)i(k + j — 1)IATF gk |
| — E ) — i J=1—p—j|poy|—1—p .
! (8&-) el M%) 2 k=) a—ak) OlAl )™ 7)

J
As t — oo, %(%) Eyo(Nit®)| — 0 for 1 < j < n; — 1. It follows that
J: i ’

(I = [1yot® ™" Eaa(At*)]| = 0 as ¢ — o0,

for any non-zero initial value y. Hence proof (i) is complete.

(ii) Suppose \; be a critical eigenvalue, satisfying | arg(\;)| = % with same alge-
braic and geometric multiplicity equal to one. Now, from (4.1.5) the solution of the

given system is

y(t) = yot® ' EqaAt?)
= yotaileiag[Ea’a(Jlta), Ea’a(JQta>7 NN Ea’a(Jz;lta), Ea’a(g]ita), Ema(JiJrlta),
i Ea,a(t]nta)]@_17

Where Ji's represent Jordan block matrices of order k, |arg(Ag(A4))] > % and

o lnk—i—zk e 1 =mn, k=1, —1,i+1,...,7. By using (4.0.3),

we have

Pt 1
Eoa(At®) = 5 (Nt*) 1/ exp((Xit*) /) ZT)(X}C)JFO(I(M I~ ).
k=2

Suppose \; = r (COSO‘—Q7r + 7 sin %), where r represents the modulus of );, and
j2 = —1. Now by some tedious calculations as we have done in Theorem(4.1.1),

we get

1
Eoa(Nt?) = > <T(1_a)/at(1_o‘) (sin ? + j cos %)) exp {jr/*t}
(T_kt_ak( akm akT

Y a0 ().
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Consequently

1
t By (Nt =t = (r(l_o‘)/o‘t(l_o‘) <sin an + j cos %» exp {jrl/at}
o

2 2
P (r7Ft=ok(cos T — jgin 2kT))
_ tafl 2 2 taflo +o —1-p
; Mo — ak) + ((T ) )
1 1—a)/a . am . aTm -1/«
:a<r( )/ (sm7+jcos7))exp{jr/ t}—
p —kt—ak akm s i akm
Tt COS =5~ — jsin =~
ta_l Z ( ( 2 .7 2 )) + O (t—pa—l) ’
— INa— ak)

which leads to to‘_lEa7a()\ita)‘ — é'r(l_o‘)/o‘,l > jJi >ni—1ast — oo. And
also from the proof of Theorem(4.1.2)(i), Ena(Jxt®) — 0 as t — +oo for k =

1,...,i—1,i4+1,...,7, we find that the 0-solution of the given system is stable but
not asymptotically stable. O

Example 4.1.1.

[ (t) -8 2 =3 y1(t)
oD [ () | =] -1 =2 05| | () |- (4.1.6)
ya(t) 02 -1 =2/ \ys(t)

Here y € R3. The eigenvalues of matrix A are A\;o = —2.18378 & 0.99799j, A3 =
—7.63244. As it has found that |arg(\;2)| = 2.71293 and |arg(As3)| = 7 such that
|arg(eig(A))| > 1.2, which satisfy the stability conditions given in Theorem 4.1.2.
Therefore the given system is stable.

Remark 4.1.2. The conclusion does not hold if the critical eigenvalues in Theorem
(4.1.2)(ii) are such that their algebraic multiplicities are greater then their geometric

multiplicities and the other conditions remain same.

Theorem 4.1.3. Suppose all the non-zero eigenvalues of A satisfy | arg(A(N))| >

ar
—, the critical eigenvalues having the same algebraic and geometric multiplicities,

satisfy | arg(A(N))| =

oT

5, and A has k-multiple zero eigenvalues corresponding to a Jordan

displaystyle
block matriz diag(Jy, Ja, .. ., Jp,), where J; is a Jordan canonical form with order ny,
Zle ng =k and o < 1,1 <1 <. Then, the 0-solution of the system (4.1.2) with

Riemann-Liouville derivative is stable but not asymptotically stable.
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Proof. If A has k-multiple simple zero eigenvalues, then

y(t) = yot* ' Qdiag T'\F(La)’ - ﬁ QL

>

-~

k
where T represents all the non-zero eigenvalues of matrix A and the expression

to—1T is bounded as in part (ii) of (4.1.2) we have proved this. Thus in this case
the 0-solution is stable but not asymptotically stable.

Now we examine the Jordan canonical form relating to the k-multiple of zero
eigenvalues

1 oo tak o jk
()

b [(ak + «) o\ o
_ i k(k = 1) (k= j + D)ok )kd
! JI0(ak + ) \—0
_JG =D (=i +2) G — g+ DN
T (aj +a)
io: k(k; — 1) . (k —j+ 1)tak)\k—j
T R
](]-1)21t0£])\0 0 k(k_l)(]{;_j+1)tak0k—]
— + Z -
jiaj+a) oo 57, J'T(ak + a)
glted o

T jM(aj+a) T(aj+a)

The eigenvalue having multiplicity n; relates to the Jordan canonical block of order
n; X ny, 1 <1 <4, in the following form

1 te t(nl—l)
MNa) T'(2a) " T(mo)
1 .
Jnl F(a) o
T'(2a)
1
F(a) nyXnyg



Here t(a_l)Jnl for 1 <[ <, are bounded for ¢t > t5 > 0 under the condition n;a < 1.
So the 0-solution is stables but not asymptotically stable. Hence the proof of the

theorem is complete. O]

4.2 Stability Analysis of Perturbed Fractional Dif-

ferential System
The perturbed system of (4.1.2) with Riemann-Liouville derivative is given by
FEDry(t) = Ay(t) + B(t)y(t), (0<a<1). (4.2.1)

Here y(t) and A are the same as in system (4.1.2), the n x n matrix B(t) depends

on time t and has the initial condition as follows
oDy ()|i=o = Yo (4.2.2)

Theorem 4.2.1. (a) Suppose ||B(t)|| is bounded, i.e., ||B(t)|| < M for some M >

0, and all the eigenvalues of matriz A satisfy the inequality

|arg(A(A))] > 0‘2—” (4.2.3)

Then, the 0-solution of system (4.2.1) is asymptotically stable.

(b) Suppose matriz B(t) is bounded in [0,d) for any small 6 > 0, also B(t) €
L]0, +00)™, all the eigenvalues of matriz A satisfy inequality

| arg(A(A))] = %ﬂ (4.2.4)

and the critical eigenvalues having the same algebraic and geometric multiplic-
ities, satisfy | arg(A(A))| = 0. Then the 0-solution of (4.2.1) is stable.

(c) Suppose all the non-zero eigenvalues of matriz A satisfy (4.2.3), the critical
eigenvalues satisfying | arg(A(A))| = 0, have the same algebraic and geomet-
ric multiplicities, corresponding to a Jordan block matriz diag(Jy, Ja, ..., Jp,)

matrix A has k-multiple zero eigenvalues, where J; is a Jordan canonical form
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with order ny, Si_ my =k and ma < 1, 1 <1 <14, B(t) is bounded in [0,0)
for any small 6 > 0, and

|B(#)|| <t“ ast — 400, w<— min ma, w##—1,-2,...,—m,...
1<i<n

Then the 0-solution of (4.2.1) is stable.

Proof. Taking Laplace transform of (4.2.1) as follows
n—1
=) DT y(t))imiy = AY (s) + B(s)Y(s), (n—1<a<n)

Using initial condition, we get

s?Y (s) —yo = AY (s) + B(s)Y (s)
(s* = A)Y(s) = yo + B(s)Y(s)
Y(s) = (s* — A) "ty + (s — A) "' B(s)Y (s)

Now, for solution of system taking inverse Laplace transform of the above equation

as follows

Y(t) = ot B (A1) + / (L — 0) " Eu o A(t — 6)")B(0)y(0)db,
19(6) = yot® B (A1) + / (t — 0) " Eu n(A(t — 0)*) B(9)(0)db) .

Iy < lyot™ ™" Ea.a(At)]] + /Ot(t = 0)* M| Eaa(At = 0))I - IBO)]] - [|y(0)]|de.

(a) Since all the eigenvalues of A satisfy inequality (4.2.4). By using Gronwall

inequality we get

y (@)1 < [lyot® " Ea.o(AtY)] |€XP{/ (t — 0)* " Eq oAt — 0)Y)]| - ||B(9)||d9}
ot B (AE)] |exp{/ 16° By o (A0%)]| - || B(t — )||d8}
< o™ F o (A£) ||exp{/ 16°- B, o Aea)MHde}

< llyot™ En (At exp {M / ||ea—1Ea,a<Aea>||de}
0

(since ||B(t)|| < M, so ||B(t—0)|| < M.)
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We first suppose that A is similar to () which is a diagonal matrix, then
t

/ 10° B, o (A0Y)||d6
0

t
:/ 1Qdiag(0° ' Eq 0 (M0%), 0% Ey0(A0%), ..., 0% By 0 (X,0%)Q 7 |d6.
0

Now we shall show that 3 a positive constant N such that
t
/ 09 B, a(N0¥)]d0 < N, 1<i<n.
0

Fo; t>ty >0
/ 0L, (\07)|d6
0

= [ e+ [ 107 B
0 to
fo a—1 « ' a—1 - ()\ 804 [} 1
:/0 0 B (A0 )|d9+/to 0 ( X;Foc—ak: O(|(M6™)|~ p))‘d@,
(using (4.0.4))
- [ B [ |- A s oy
0 to — [ — ak)
s/to |9a‘1\|Eaa(Ai9a>|d9+/ {‘ i T
0 ’ N

)\’ ke kata—1

to t
— a—1 Ea N @ d9 / ‘ d / ; —1-pp—ap—1 do
|10 a0 + 3 |M_ak o+ [ Ogxn[ o)

de

+ |O(|/\i|_1_p9_o‘p_1)|} do

to k—2 to
:i ‘)\ ’k /t gak+a 1d0+z | / 0~ ka+a— 1d9+0(|)\ | l_pt ap)
c~I'(ak +a) ]Fa—ak |
_ i ‘)\ ’kt8k+a N zp: ’)\z| kt—ka+a B zp: |>\i‘—ktako¢+o¢
c (ak+a)l(ak+a) = (—ak+a)|ll(a—ak)] <= (—ak+a)|l(a—ak)
O(|\i| = reer)

|)\A|ktak+a |)\ | kt ka+a

Z Z |)\| kt—ka+o¢
— I'(ak+a+1 IT(a — ak + 1) IT(a — ak + 1)

O(|A| " rt)

OM8

p ’)\i‘—kzt—k;a—s—a

—~ |I'(a —ak + 1)

—0 andalso O(|N|"Pt7P) -0 as t— oo.
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Therefore
LY |\ g kate

<N t— :
I'(ak+a+1) Z|Fa—ak+1)|— as 100

k=0

It directly follows that / 10° B, o (A0%)]|d6 < C4, for any t > 0.

0
Next, we suppose that A is similar to Jordan form as in the proof of Theorem

(4.1.2)(i).

For t > ty > 0, we have

a—1 — pa
/0 f j!(axi) Eo.a(Ai07)

to . 1 a i ¢
= a—1 = E '004
/0 f j!(a)\i) aalAi )d0+/to
to J > Aok
</ ea—ll i ()\1(9 )
—Jo VAN (ak + «)

r
t w1l O J P (Aiea)fk i
+/to ’ ﬁ(f»i) {‘ZQW“XW ) >}
/“ (k= 1) (k= j + 1|\ Igekte
0 !F(ak+a>

do

do

L1000y .
" 1ﬁ(8x) Eoa(Xi67)

do

do

k=0

t
)
to
O(|)\i|1”j6‘lpa)}

N (k= j+ DA / bt
< got-+a=l gy

— 5!
1]y (k45— 1) (k) (k + 1) (k — DY 76
/0 {Z J(k = DT (@ — ak)]

004—1{_ D (—k)(—k—1)"'(—k—j+1))\;k7j9_ak+

= J'T(a — ak)

do

+ omirlwew)}de
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i k (k j + 1)‘)\ |k_ tozk-i—a

— ak + a)['(ak + ) 0

+

p t

k—l—j—1‘|)\]’“3 k / i pap
0“+O‘1d0 O(|\| P70~ 1)dp

Z (k— DN — ak)| J, * (A )

k=
/f(/f - (ff—JJrl)MIk]t“’”“
I (ak + o+ 1)

to

Mg

Bl
Il
o

— DI(—ak + a)|I'(a — ak)|

1/ 0

=@ E |ts

t <a’)\ |> a,oHrl(‘)\zltO)
Z (k +j = DA Fatmekte S (k45 — DAk te
— gk — DI (a — ak 4+ 1)| Uk — DT (a — ak + 1)

p . ki
k+j_1')\l| = —ak+a —ak+a —1l-p—jp—«
Z]'(k ( ) ’ (t k+ _to k+ )+O(|/\z‘| 1-p 70 p)d@

_.I_
ol

k=2

+O(IN|T P dd,

L(oy P\ (k+j — DI Fggekte
= ¥ _ Eaa )\z 1) — i 0 - . |

where 1 < j <n; — 1. So exp {M fg 0271 E, o (A6%)||d6} is bounded.

Also, we find that ||yot®* ' E, o(At*)|| — 0 as t — +oc. Thus, we havet 11£rn = 0.
—1T00

Thus part(a) of the Theorem (4.2.1) is completed.

(b) Without loss of generality we can assume the case when there exist one criti-
cal eigenvalue, say \;, satisfying | arg();)| = ¢ with same algebraic and geometric
multiplicity both equal to one. We can see from the proof (ii) of Theorem(4.1.2),
that

B (t™)] < éwl—avatl—a L O as t — 400,

which implies that
1
[t By o(Nit®)] < =AU £ Ot 1) as t — 4o00.
!

So, it immediately follows that
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Jo 16°7 Eaa(A6%)] - | B(t — 6)]|d6

t t
= [ B 1B = D)o+ [ 1677 B M) 15— )
0

t
< [ B 130 - e+ [ e ) o
0

to &
t
< [0 a1 18— 010+ 2 [ o)
to

So by the assumption on B(t), we get
J3 109 Eq0a(Nf)] - || B(t — 0)||d€ < Cs. By using Theorem (4.2.1)(a) and the proof
of Theorem (4.1.2)(ii), we obtain

yel| < Callyoll-
The proof of Theorem (4.2.1)(b) is complete.

(c) We shall discuss the case of only zero-eigenvalue, in view of (a) and (b) of
Theorem (4.2.1). Suppose that 3 n;-multiple zero eigenvalues A\; = 0. We find that
Jo 16°7 Eaa (A6 5,=0 - || B(t — 0)]|d6

to t
— [ B ol B 0110+ [ 16 Ena M%) ol B¢~ )18
0 to

to o )\ea)k o0
— go-1 _(f?)" B(t — 0)||do / B(t — 0)||d#
/ ;nam@ lBe—olw [ Z e
)\ |k9ak |)\l keak
g1 A B(t — 0)||d6 /eal B(t — 0)||d6
- [ Z St a| 1B = O)do + Z S o] IBE=o

_/ o L+Z 'Mk@ak I B(t— )]1d6
—Jo INCe [ak + «)

A =0

+/t9a_1{ ! +§:M} |B(t — 6)||d6
" I'(a) p I'(ak + ) A =0

= [ st B a0+ [ ot ol
Jo T(a) 1o 1(@)

1 o . b
_W</o 0 \|B(t—9)||de+/toe ||B(t—9>H>d6

is bounded due to the assumptions on B(t). Also,
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go—1 o J
. — | Eqa(NO” B(t —0)||do
(o) Feethe)] B0
I1B(t ~ 6)llds

g1 Jj )\kgak
/ J! (8)\1) :OFak—i-a) 0

904 1 oo ( ) |>\l|k9ak’
Nl ) Tlak +a)ly

1B(t —0)][do
/t 0 S Ek(k— 1) (k— 7+ 1) N7k
0 I'(ak + «)

/

||B(t —0)||do
A=0

‘7' k=0
t goa—1 e k'l)\l’k jgok
B(t — 0)||df
I Z e NN

/t go— 1 k||>\ Ik ]Hozk N j!@aj
o J! — (k= j)T(ak + )  T(aj+a)

o k;!|)\l|k gor )
+ , || B(t — 0)||do.
k%; (k= )T (ak +a) )|,
Fort >ty > 0,
t gafl o J
- — | B, (N0 Bt — 6)||do
1% (aAl) )| Bt

1

to t
= 0> || B(t — 0 d0+/ 0" | B(t — 9)||d6
et A s s L]

is also bounded due to the assumptions on B(t). Combining all these with the
proof of Theorem (4.1.3) and Theorem(4.2.1)(a)(b), we find that the zero solution
of (4.2.1) is stable. Thus, the proof is complete. O
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Chapter 5

Stability of Ordinary and
Fractional Delay Differential

Equations

The earliest systematic study of delay differential equations was made by Myskis
[21] in Russia. An introductory concepts of the theory can be found in Elsgolts
and Norkin [9], and Bellman and Cooke [3]. Delay differential equations have their
applications in various fields of science such as physics, engineering economics, math-
ematical biology, statistics and social sciences. They also serve as modeling tools in
several different areas of applied mathematics that include the analyzes of age struc-
tured population growth, in the study of epidemics, traffic low and also problems
based on the engineering of high-rise buildings for earthquake protection.

Here In this chapter we will discuss some basic concepts and definitions of delay
differential equations (ordinary and fractional). Also we will study the stability

behaviour of ordinary and fractional delay differential equations.

Definition 5.0.1. Functional differential equation

An equation is called a functional differential equation for an unknown function y,
if it involves the derivatives of the function y and also the function y, and possibly
its derivative(s) with various different arguments. Functional differential equations

are also known as differential equations with deviating arguments.
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A general first-order functional differential equation is as follows

y(t) = [t y(t), y(u(t))). (5.0.1)

Delay differential equations, known as difference differential equations, are an
important class of differential equations called functional differential equations. In
the 18th century the delay differential equations were firstly introduced by Laplace
and Condorcet [11].

A general form of a delay differential equation for y(t) € R is as follows

y(t) = f<t7 y<t>7 y<t - T1)7 y(t - 7-2)7 s 7y<t - Tk>>; t > to, (5O2>

where the quantities 7;, ¢ = 1,2,...,k, are known as delays(or time lags), they
may be constants, functions of time ¢ i.e., 7;(¢), called ‘time-dependent delays’, or
functions that may depend on solution y(¢) i.e., 7;(¢,y(t)), called ‘state-dependent
delay.” The delay equations with delays of the derivatives are known as ‘neutral
delay differential equations’ (NDDESs).

5.1 Linearized Stability Analysis

An equilibrium point in the state space is a point for which y(t) = y is a solution

for all ¢. Therefore for a DDE (5.0.2), the equilibrium point satisfy

When we analyze the stability of the equilibrium point of ODDEs, we consider
that the system has been displaced through a small distance from the equilibrium.
For ODEs, the phase space is a finite dimensional coordinate space, so the concept
for the stability of the delay differential equations is same except the phase space,
in this case, is an infinite-dimensional function space. Therefore we assume the
displacements from equilibrium in infinite-dimensional function space such that our
displacements are time-dependent functions dy(t) continuing over an interval of at
least of the longest delay 7,4z

Let g be the equilibrium point of the delay equation (5.0.2), and consider that the
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system has been disturbed from equilibrium by a small perturbation which lasts
from t = tg — Ty to to.
Let the displacement from equilibrium be dy(t), which we have assumed to be small,

taken at any time in open interval [t, Tq.). S0 then

y =y + 0y,

and

Since the quantities oy, dy(t — 1), 0y(t — 7o, ..., dy(t — 71) are small, so we can, by
using Taylor series method linearize the differential equation about the equilibrium

point as follows
0y ~ Jody(t)+J(t—m1)0y(t—m1)+J(t—12)dy(t—12)+- - -+ J(t—7%)Sy(t—7x), (5.1.1)

where Jj is the Jacobian with respect to y calculated at the equilibrium point, while
the quantities J(t —7;) are the Jacobian matrices with respect to y(t —7;) calculated
at the equilibrium points y = y(t — 7)) =yt — ) = =yt — %) = ¢.

For linear ordinary differential equations the exponential functions of time, in
which the exponents contain the eigenvalues of the Jacobian matrices, are the solu-
tions. Assume that the linear delay differential equation (5.1.1) also has solutions

as exponential functions, then we can write
Sy(t) = Ae™.
Using the above equation in (5.1.1), we get

MM = JoAeM + J(t — 1) AN 4 J(t — 1) AeMT) 4 J(t— 1) AerETT)
=(Jo+Jt—m)e M+ J(t—T)e 2 4 J(t—Tp)e M) AeM
MA = Jo4+ Tt —1)e ™ + J(t —m)e ™ 4 o+ J(t — 1p)e T,

or

M = JO + J(t — Tl)e_’\“ + J(t - ’7'2)€_>\T2 + -+ J(t - Tk)e_ATk.
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We know form linear algebra theory that this equation can only be satisfied by

non-zero amplitude A if,
|Jo+J(t —m)e M+ J(t —T)e 2 o H J(t—Tp)e M = A =0, (5.1.2)

which is known as the characteristic equation of the equilibrium point. By expanding
the determinant, we will find the equations with polynomial parts which have some

)\Ti

terms in €. These polynomials are called quasi-polynomials.

(a) The equilibrium point is stable, if all solutions of the characteristic equation

(5.1.2) have negative real parts.

(b) The equilibrium point is unstable, if any solution of the characteristic equation

(5.1.2) have positive real parts.

(c) No conclusion is obtained about the equilibrium point, if the leading values

are zero.

Example 5.1.1. Consider a delay differential equation as follows

y=yt—1). (5.1.3)

As it is a single equation and also the matrices become scaler, so it would be fairly
simple. Here the delay 7 = 1, the equilibrium point is clearly 4y = 0 and, Jy = 0 and
J; = —1 are the Jacobians.

As the determinant of a single number is that number itself, therefore we get the

characteristic equation (5.1.2) as
Y(A)=e*+A=0. (5.1.4)

At A = 0, Y()\) has absolute minimum of 1, so no real solutions exist for the
characteristic equation (5.1.4).

Next to find the complex solutions, we write

A= a+if, (5.1.5)
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where the real and imaginary parts of A are, respectively, o and S. Substituting
(5.1.5) into (5.1.4), we get

e~ @t8) 4 (o 4ip) =0,

or
e e P ra+if=0,
or
e “(cosf—isinf)+a+if =0, (5.1.6)
a+e “cosfB+i(B+sinp) =0.
Then
e “cosf = —a, (5.1.7)
and
sin 3 = —f. (5.1.8)

Now we want to know that whether the equations (5.1.7) and (5.1.8) can have
solutions having positive values of the real part «. It is noted that the characteristic
values arise in complex-conjugate pairs. Therefore, if (o, ) is the solution of (5.1.6),
then so is (a, —f). Therefore we can restrict ourself only to positive values. Now
assume that there exist solutions with positive a. Then in (5.1.7) we must have
cos 3 < 0. So this means that 8 > 7, since cos 3 is positive for any other smaller,
positive values of 5. On the other hand, if @ > 0 then e ® < 1, and |sin | < 1,
which implies that |3| < 1 from equation (5.1.8). This gives a contradiction, since
cannot simultaneously be smaller in magnitude than 1 and larger than 7. Therefore
the equilibrium point is stable, as the characteristic value cannot have real part with

positive value.

5.2 Stability Analysis of Delay Differential Equa-

tion Using Sturm Sequences.

A stable equilibrium point can become unstable if, via increasing the length of delay,

the eigenvalues of the delay differential equation transform from having negative real
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parts to having positive real parts, and this happens only when they traverse the

imaginary axis.

5.2.1 Existence of Critical Delay

The characteristic equation of a delayed differential equation, at the equilibrium

point determine for 7 = 0, has the following form
P\, 7) = Pi(A) + P (M\)e ™ =0, (5.2.1)

where 7 is the time delay and P, and P, are the two polynomials in A. Rewriting

(5.2.1) as
N

M
Z aF N e wa = 0.

k=0 k=0

And assume that in the absence of delay the equilibrium point is stable. Then for
7 = 0, all of the roots of the polynomial will have negative real part. These roots
will change if, 7 varies. Here we are observing for any critical value of 7 for which
a root of this equation changes from having negative real parts to having positive
real parts. If this is to happen, then at this critical value of 7, the characteristic
equation will have a purely imaginary root[9]. Now we are interested in determining
whether or not such a critical value of 7 exist, by reducing the equation (5.2.1) to a
polynomial problem and then seeking for the particular types of roots.

We begin by considering a purely imaginary root i3, 5 € R, of equation (5.2.1),
Pi(iB) + e P Py(iB) = 0.

We can break the polynomial into real and imaginary parts and also write the

exponential in the form of trigonometric functions as follows

Ri(B) +1Q1(B) + (Ra2(B) 4 iQ2())(cos(B) — isin(B)) = 0. (5.2.2)

Since i is purely imaginary, so R;, Ry are even polynomials and ), ()2 are odd
polynomials. In order for equation (5.2.2) to hold, both the parts(real and imagi-

nary) must be zero such that

Ry(B) + Ra(B) cos(B) + Q2(B) sin(3) = 0,
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or

Ra(B) cos(B) + Q2(B) sin(B) = —Ra(B). (5.2.3)
And
Q1(8) — Ra(B) sin(B) + Q2(p) cos(B) = 0,
Ry(8)sin(B) — Q2(B) cos(B) = Q1(B). (5.2.4)
Squaring equations (5.2.3) and (5.2.4) and adding the results yields
Ri(8)? + Q1(B)* = Ra(B)” + Q2(8)?, (5.2.5)
Ri(8)” 4+ Q1(B)* — Ra(B)* — Q2(B)* = 0. (5.2.6)

This is a polynomial as there is no delay 7 and no trigonometric terms. Also it
is an even polynomial because squaring an odd or an even function gives an even
function, i.e., f(—y)* = (£f(y))* = f(y)*.
A new variable is defined as v = % € R. Then equation (5.2.6) can becomes in
terms of v as
S(y) =0, (5.2.7)

where S is a polynomial. Here we are interested in § € R, and thus S has all of the
roots negative, we will have revealed that no simultaneous solution 5* of equations.
(5.2.3) and (5.2.4) can be exist. Conversely, if polynomial S has a positive real root
~*, then there is a time delay 7 corresponding to 5* = +/4*, which solve both the
equations (5.2.3) and (5.2.4).

Now we find the roots of the equation. (5.2.6). Taking A\ = if3, then we rewrite

(5.2.1) as
_Pl(lﬁ) _ e—i,@‘r
Py(if3) '

As [ varies, in the complex plane plotting the right-hand side traces out a unit circle

(5.2.8)

and the left-hand side yields a rational curve. By the intersection of these two curves
we obtain the critical delays for which we are looking. Thus finding the values of /3,
for which the left-hand side of equation.(5.2.8) has modulus 1. This reproduces the
equation. (5.2.5) and the freely choose of 7 ensures that for some 7* the original

characteristic polynomial (5.2.1) is satisfied(see [10]).
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5.3 Positive Real Roots and Sturm Sequences

Once the polynomial (5.2.7) is obtain, we must determine whether any positive
real roots exist for this polynomial. To determine the root we might take many
different approaches, e.g., for a characteristic polynomial of degree two, a quadratic
formula is always used. There are also some explicit algorithms, for third and fourth
degree characteristic polynomials (see [15] or [17]). To determining the existence of
a positive real root, a simple method is “Descartes rule of signs is used. this method
gives “the number of sign changes in the coefficients is equal to the number of
positive real roots, modulo 2.” If odd time a sign changes, then the existence of a
solution is guaranteed. If a sign changes even time, then this rule is not helpful.
To this problem a more general approach is Sturm sequences. Suppose that p
is a polynomial with no repeated roots. Then the polynomial p and its derivative
P are relatively prime. Let p = py and p = p;, then by the division algorithm a

sequence of equations are obtained as follows

pS—Q(y) = QS—2ps—1(y) - K.

Where K is some constants. The sequence pg, p1,po, ..., Ds—1,0s(= K) of sturm
functions is called a sturm chain. In any interval, the number of real roots of p(y)
can be determined by putting each endpoint of that interval and in this way a
sequence of signs is obtained. In the sequence the difference between the number of

sign changes at each end point gives the number of real roots in the interval.

Example 5.3.1. Let p(y) = y*> — 2, then P = 2y. By division algorithm
y2—2:%.2y—2.

So y? — 2,2y,2 is the sturm chain. We consider the interval [0, 00), then the sign
sequences will be
at 0: —,0,+, and
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at oo : +,+, +.

Since in the first sequence only one sign change occurs, while in the second sequence
there is no sign change, so the polynomial p(y) has one positive real root in [0, 00).

Similarly, if we take the interval [—3, 3], then the sign sequences will be
at —3:4,—,+, and

at 3: 4, +, +.

In the first sequence two sign changes and in the second no sign change are observed,

so we conclude that p(y) has two positive real roots in this interval.

5.4 Stability Analysis of Fractional Delay Differ-

ential Equations

The stability analysis of the time-delayed fractional differential is as important as
of fractional differential equations. Recently, Chen and Moore [7] analyzed the
stability of 1-dimensional fractional systems with retard time. Here in this section
we will review a result based on the stability of the following time-delayed fractional
differential system form the paper of Qian, Li, Agarwal and Wong [24].

Consider the following time-delayed fractional differential system involving mul-

tiple Riemann-Liouville derivative as follows

)
FED oy () = anya (E — 111) + arzya(t — T12) + -+ + a1yn(t — T1n),

FEDM2ys (t) = agiyr (t — To1) + ageya(t — Ta2) + -+ - + a2 Yn(t — Tan), (5.4.1)

KézLD?nyn(t) = anlyl(t - 7_nl) + an2y2(t - Tn?) + -+ annyn(t - Tnn)>

where «; € (0,1), i = 1,2,---n. The multiple fractional order of system (5.4.1) is
a = (aq,ag, -+ ay,). The initial condition is given by

BDX 1y (1) = ¢i(t) € COl=Tomae, 0], 1 < i <n, where Tep = lrg?i{n Tij-

But here we shall set

DYy () imty = wi0, 1 <0<
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Laplace Transform of Time-Delayed Fractional Differential Equation
The Laplace transform of a time-delayed fractional differential equation is to be
taken in the same way as for the ordinary differential equation.

Consider the following equation
yt) =yt —7), 20, (5.4.2)

with initial condition
y(t) =yo, t€[—T,0]. (5.4.3)

Now taking the Laplace transform

/0°° ey (t)dt = /OOO e Sty (t — 7)dt, (5.4.4)

substituting t — 7 = w i.e., t = u + 7, then dt = du, also when t — 0, y — —7 and
when t — 0o, y — oo in the R.H.S of the above equation. Then

sY(s) —yo = / ey () du

T

- r0 o)
=e 7 / e y(u)du + / e y(u)du
-J -7 0

0
=e |y — + Y(s)}
— e[ P ey Y(s)]
L—S
1 _ —S8T
=1 |:—36 ] + S_STY(S),

or

(s = sV (s) —

Theorem 5.4.1. If all the roots of the characteristic equation det(A(s)) = 0 have

1 _ —sT
H—‘g) — 0.
S

negative real parts, then the 0-solution of the above system (5.4.1) is asymptotically
stable.

Proof. Taking Laplace transform of (5.4.1) and using initial condition, we get
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0
SY(6) + 0 = ane™ ™ (Vi) + [ e un(t)dt) + anne™ 2 (Yals)+
—T11

0 0
/ e ya(0)dt) + o+ e (Y(s) + / an(t)dt).

T12 —Tin
0

SV (5) + o0 = ame™ ™ (Vi) + [ e Mya(t)dt) + ane2 (Va(s)+
—T21

0 0
/ e_StyQ(t)dt> + ot age” (Yn(s) + / e_Styn(t)dt>>

T22 —T2n

0
Y (8) + Yno = apre” " <Y1(5) + /

—Tin

/ i e*styz(t)dt) + ot ap,e <Yn(s)—i— /

—Ton —

e*Styg(t)dt> + ag,e ™ (3/2(5)

0
e’“yn(t)dt),

Tnn

writing the above equations in the following form

Yi(s) bi(s)
A(s) YQ.(S) = 62@ : (5.4.5)
Yo(s) bn(s)
s — gqe 5T —appe~ 512 o g,
where A(s) = —ag e ! 592 — ag0e 22 |, —agpe " ,
— @y e 5T Qe g g eTsThN

and

0

0
b1<8) = CLneisT” / €7Sty1 (t)dt + CL12678T12 / €7Sty2(t)dt

—T11 —T12

0
_|_ e _|_ alne—sﬁn / e—styn(t)dt + Y10
—Tin
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0 0
bQ(S) = CL21€_ST21 / e_Styl (t)dt + CL226_5722 / €_Sty2(t)dt

—T21 —T22

0
+ e+ a2n6—57'2n / e—styn(t)dt + a0

—T2n

0

0
ba(5) = Qe / ety (£)dlt + ange" / ety (1)t

—Tnl —Tn2

0
_|_ N + anne*STnn / €7Styn(t)dt + yn(]

Tnn

Here A(s) is a characteristic matrix and det(A(s)) is a characteristic polynomial of
system (5.4.1). From the distribution of the eigenvalues of det(A(s)), we determine
the stability of system (5.4.1). Multiplying both sides of (5.4.5) with * s’ gives

sYi(s) sby(s)
A | | 2 Sbﬁ(s) . (5.4.6)
sYn(s) sby(s)

We consider (5.4.6) in Re(s) > 0, if the transcendental equation det(A(s)) = 0 has
all roots lying in left half open complex plane, i.e, Re(s) < 0. In this limited area,

there exist a unique solution (sYj(s), sYa(s),...,sY,(s)) of (5.4.6). So, we then have

lim sYi(s)=0,i=1,2,...,n.

s—0,Re>0

From the supposition of all roots of det(A(s)) = 0 and the final-value theorem

of Laplace transform, we find lim y;(t) = loirf{1>o sYi(s) =0, i=1,2,...,n. This
s—00 s—0,Re>
completes the proof of the theorem. O

Remark 5.4.1. Suppose the Caputo derivative in place of the Riemann-Liouville
derivative in system (5.4.1) and all other assumed conditions remain the same, then
the conclusion of Theorem (5.4.1) still holds.

76



Bibliography

1]

[5]

[6]

[7]

8]

R. P. Agarwal, M. Benchohra and B. A. Slimani, Existence results for differ-
ential equations with fractional order and impulses, Memoirs on Differential
Equations and Mathemaical Physics, 44(2008): 1 — 21.

K. Balachandran , S. Kiruthika and J. J. Trujillo, Existence results for fractional
impulsive integrodifferential equations in Banach spaces. Communications in

Nonlinear Science Numerical Simulation, 16(2011): 1970 — 1977.

R. Bellman and K. L. Cooke, Differential-Difference Equations, Academic Press
New York, (1963).

M. Benchohra and B.A. Slimani, Existence and uniqueness of solutions to im-

pulsive fractional differential equations, Electronic Journal of Differential Equa-
tions, 10(2009): 1 — 11.

S. B. Bhalekar, Stability analysis of a class of fractional delay differential equa-
tions, PRAMANA: Journal of Physics, 81(2013): 215 — 224.

W. A. Brock, A. G. Malliaris, Differential Equations, Stability and Chaos in
Dynamic Economics, Elsevier, Amsterdam: North-Holland, (1989).

Y. Chen and K.L. Moore, Analytical stability bound for a class of delayed
fractional-order dynamic systems, Nonlinear Dynamics, 29(2002): 191 — 200,

R. C. Dorf and R. H. Bishop, Modern Control Systems, Addison-Wesley Long-
man Publishing Co., In., (1995).

7



[9]

[10]

[15]

[19]

[20]

L. E. Elsgolts and S. B. Norkin, An Introduction to the Theory and Application
of Differential Equations with Deviating Arguments, Elsvier, (1973).

J. E. Forde, Delay Differential Equation Models in Mathematical Biology, PhD
diss., The University of Michigan, (2005).

H. Gorecki, S. Fuksa, P. Grabowski and A. Korytowski, Analysis and Synthesis
of Time Delay Systems, New York: John Wiley and Sons, (1989).

A. Granas, and J. Dugundji, Fixed Point Theory, Springer, New York, (2005).

S. G. Hristova, Qualitative Investigations and Approximate Methods for Im-

pulsive Equations, Nova Science Publishers, Incorporated, (2009).

M. Ishteva, R. Scherer, and L. Boyadjiev, On the Caputo operator of fractional
calculus and C-Laguerre functions, Mathematical Sciences Research Journal,
9(2005): 161 — 170.

E. I. Jury and M. Mansour, Positivity and nonnegativity conditions of a
quartic equation and related problems, Automatic Control, IEEE Transactions,
26(1981): 444 — 451.

W. G. Kelley, A. C. Peterson, The Theory of Differential Equations, Second
Edition, Springer Science +Business Media, New York, (2010).

N. MacDonald, Biological Delay Systems: Linear Stability Theory, Cambridge
University Press, (2008).

D. Matignon, Stability results for fractional differential equations with applica-
tions to control processing, Computational Engineering in Systems and Appli-
cations, 2(1996): 963 — 968.

D. Matignon, Stability properties for generalized fractional differential systems,
ESAIM: Proceedings, EDP Science, 5(1998): 145 — 158.

V. D. Milman and A. D. Myskis, On the stability of motion in the presence of
impulses, Siberial Mathematical Journal, 1(1960): 233 — 237.

78



[21]

[22]

[25]

[29]

[30]

A. D. Myskis, General theory of differential equations with a retarded argu-
ments, Differential Equations, Translations Series 1, 53(1951): 207 — 262.

S. K. Ntouyas and M. Obaid, A coupled system of fractional differential equa-
tions with nonlocal integral boundary conditions, Advances in Difference Equa-
tions, 1(2012): 1 — 8.

I. Podlubny, Fractional Differential Equations, Academic Press, San Diego,
(1999).

D. Qian, C. Li, R. P. Agarwal and P. J. Wong, Stability analysis of fractional
differential system with Riemann-Liouville derivative, Mathematical and Com-
puter Modelling, 52(5)(2010): 862 — 874.

M. Rehman and P. W. Eloe, Existence and uniqueness of solutions for impul-
sive fractional differential equations, Applied Mathematics and Computation,
224 (2013): 422 — 431.

B. Ross, Fractional Calculus and its Applications, Springer-Verlag, New York,
(1975).

I. Savun, Stability of systems of differential equations and biological applica-
tions, Diss. Eastern Mediterranean University (EMU), (2010).

X. B. Shu, Y. Z. Lai and Y. Chen, The existence of mild solutions for impulsive
fractional partial differential equations, Nonlinear Analysis :Theory, Methods
and Applications, 74(2011): 2003 — 2011.

S. Wiggins, Introduction to Applied Nonlinear Dynamical Systems and Chaos,
Second Edition, Springer-Verlag, New York, (2000).

F. Zhang and C. Li, Stability analysis of fractional differential systems with
order lying in (1,2), Advances in Difference Equation, (2011).

79



