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Abstract

This thesis shows devotion towards the study of Caputo Hadamard-type fractional
derivatives and their Mellin transform analysis. The generalization of the Taylor’s
formula in sense of Caputo Hadamard-type derivatives is introduced. Also, few
related results are presented. Furthermore, Mellin transform of some generalized
fractional differential operators is evaluated. An example for Mellin transform of

generalized Caputo fractional derivative is also discussed.
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Chapter 1

Introduction

Fractional calculus is an important developing field in both pure and applied math-
ematics. Its applications are found in different areas of science and engineering, for
example, electrical circuits with fractance, tracer in fluid flows and model of neurons.
In fractional calculus, integrals and derivatives are of arbitrary or fractional order.
Calculus was discovered in 17" century by Newton and Leibniz independently. At
first Leibniz discovered the concept of a symbolic method, he found notation of nt*
derivative, where n be a non-negative integer. A question was raised by L’Hospital

%”, that question leads to

on Leibniz discovery that what happened about “n =
the concept of fractional calculus. Few mathematicians made contributions in 18
century such as Euler, who found a ratio d"p (p is a function of x and n be a positive
integer) to dz". In 1772, Lagrange introduced the law of exponents for differential
operators of integer order. In case of fractional calculus, mathematicians were ea-
ger to find such conditions for which this law holds, when m and n are arbitrary.
During 19" century, studies in the field were made by Laplace, Lacroix, Riemann
and Liouville and by some other mathematicians. In 1812, Laplace introduced a

fractional derivative by an integral. The formula for derivative of z# where j is

fractional number, was introduced by Lacroix in his book [1]. Further more, the



formula for fractional order derivative of a function k(z) was expanded by Liouville
[2] known as Liouville’s first formula. Later he introduced a second formula but
that was applicable for rational functions. None of his definition was applicable for
large number of classes of functions. According to his second definition, %c =0
where ¢ is any constant, but according to [1], derivative of a constant is non-zero.
In 1822, Fourier [3] proposed the integral representation of function and its deriva-
tives. In 1823, Abel gave an application of fractional calculus. He solved isochrone
problem by using derivatives of arbitrary order. Peacock supported Lacroix formula
but several mathematicians acknowledged Liouville’s definition in 1833.

Riemann-Liouville fractional (RLF) integrals and derivatives were properly in-
troduced in Riemann and Liouville in 1847, where as in 1858, Greer [4] developed
fractional derivative for hyperbolic and trigonometric functions using first defini-
tion of Liouville. In 1892, Hadamard [5] introduced new formulas for frac-integrals
and derivatives by using kernel of logarithmic form and such formulas are known as
Hadamard frac-integrals and derivatives. Many mathematicians worked in the devel-
opment of fractional calculus during 20" century, Hardy, Weyl, Little wood, Fabian
and Erdelyi are few of them. In 1967, Caputo [6] introduced a new concept of frac-
derivative by interchanging the order of integral and derivative of RLF-derivative,
is known as Caputo frac-derivative (for more details see [7]).

In 1993, Samko [8] used Hadamard frac-operators to develop properties and
showed a link between R-L and Hadamard operators by using change of variables.
Some other properties of Hadamard operators were introduced in [9].

In the beginning of 21%* century, Hilfer [10] introduced a new definition for frac-
derivatives which insets RL-derivative (Riemann-Liouville derivative) and Caputo
derivative known as Hilfer derivative. A simple modification in the definition of
Hadamard frac-operator leads to a new formula which is known as Hadamard-type

frac-operator (HTF-operator) introduced in [11]. At the same time Kilbas [9] found



some properties of Hadamard-type frac-integrals and derivatives (HTF-integrals and
derivatives). In 2014, Gambo et al. [12] discussed several new results such as
semi-group property about Caputo Hadamard derivatives (CH-derivatives). Further
more, generalizations of R-L, Caputo and Hilfer frac-operators were introduced in
[13, 14, 15].

In this thesis, our main focus is to explore properties of Caputo Hadamard-type
frac-operators (CHTF-operators), Taylor’s formula for CHTF-derivatives following
[9, 12, 16, 17]. Furthermore, Mellin transform of generalized Caputo, Hilfer and
generalized Hilfer frac-derivatives is also evaluated.

Chapter 2 consists of the fundamental concepts such as definitions, properties
and examples of frac-calculus and Mellin transform. Mellin transform is an integral
transform which was introduced by Mellin in [18] . Many mathematicians worked
on Mellin transform in different aspects such as, Butzer [11, 19], Katugampola [13],
Carlo [20] and Podlubny [21].

Chapter 3 presents the review work of Hadamard, Caputo Hadamard and
Hadamard-type operators while some new results about CHT-derivatives are intro-
duced. Taylor and integration by parts formulas are also discussed in this chapter.
Chapter 4 contains work of Butzer [11, 19], Katugampola [13] and Carlo [20] about
Mellin transform of frac-operators whereas some new results about generalized frac-

derivatives are obtained.



Chapter 2

Preliminaries of fractional calculus

and Mellin transform

In this chapter, some fundamental concepts of the frac-calculus and Mellin transform
are discussed. Many mathematicians worked for the growth of frac-calculus, for
example, Lacroix, Riemann, Liouville, Caputo, Hilfer, Katugampola and Oliveira,
to name a few. To move further, we need to discuss gamma function and beta

function.

2.1 Euler gamma function

Euler gamma function was introduced by Leonhard Euler to generalize the factorial
function to non integer values. It belongs to the group of unusual transcendental
functions and appears in various areas of mathematics such as integration, number
theory, hyper-geometric series etc (see [22]).

The gamma function, denoted by I'(.) is defined as

I'(a) :/ 2l exp(—t)dt, @ > 0. (2.1.1)
0



where z is a dummy variable. Here are some properties of Gamma function such as

r'a) =1,
1+ a) = al'(a).

Relation between gamma function and factorial function is given as:

MNa)=(a—-1)!, a>0,

where | denotes the factorial.

By using Eq. (2.1.2), gamma function for negative values of « is given by

r 1
I(a) = M’ a>—1,a#0.
o
In general,
r
F(a) = M, for a € R— { - 37 _27 _170}
@

2.2 Beta function

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

Now we discuss a useful function related to gamma function which occurs in com-

putation of many definite integrals. The Beta function B(7y,7) is the name used

by Legendre, Whittaker and Watson 1990. It is also known as the Eulerian integral

of first kind, defined as

1
B(r1,75) :/ K1 — k)L
0

(2.2.1)



Relation of gamma function with Beta function for positive 71 and 75 is given as

(2.2.2)

2.3 Fractional calculus

In this section, basic definitions of some well known frac-operators are presented.
The following definition of integral and derivative in frac-calculus was defined by
Riemann and Liouville known as RLF-integrals and derivatives (see [7] for more

detail).

Definition 1. For = € [a,b], the left/right-sided RLF-integrals of order v > 0 are

given as
3 k() = — / 1) ()t (2.3.1)
at+P\T1) = () 1 1) 1)aty, -9
1
3 k@) = 7o / b — ) Ukt )dta. (2.3.2)

Definition 2. For = € [a, ], the left /right-sided RLF-derivatives of order o > 0 are

given as

RLpe ) (%)mr( S / C(r = )" k()

_ (%)m( Ik (). (2.3.3)
Pi) = (1 (1) s [ = e

= (- D) @R @), (2.3.4)

such that m = [«|, where [.] denotes the ceiling function.

Hadamard frac-operators were introduced in [5]. The definition follows:



Definition 3. For = € [a, b], the left /right-sided Hadamard frac-integrals of order

« > 0 are defined as

k(1) = ﬁ /:1 (ln %)Q_lk(tl)i—?, (2.3.5)
T k() = ﬁ/ (m i—ll)a_lk@l)i—?. (2.3.6)

Definition 4. For x € [a, b], the left /right-sided Hadamard frac-derivatives of order

a > 0 are defined as

. 1 d\m [*/  xpymee-l o dt
Da+l€<$1) = —F(m — a) (Ild_xl> / (hl E) k(tl)?7

a

= 0Tk (1) b (2.3.7)
Dba—k’(%) = —F(<77_112 a) <$10lixl>m/:qu (hl %)ma k(tl)i—?,
= (=0)"(J" k) (x1). (2.3.8)

where m = [«] and 6™ = (:Lj%)m.

Hadamard’s work was different in two ways from R-L (compare Definitions 1,2 with

3,4 in this section) as he used kernel of logarithmic form In(¢) instead of ¢ and in

a4

case of derivative, 6 = r -

instead of %.

There are some disadvantages of RLF-derivative (see chapter 2 and 3 of [7]), as
it is not consistent with initial and boundary value problems. Also, R-L derivative
of a constant is non zero. In order to overcome these shortcomings, refined concept

of frac-derivative was introduced by Caputo. The formal definition of Caputo frac-

derivatives is given below.

Definition 5. For = € [a,b], the left/right-sided Caputo frac-derivatives of order



a > 0 are defined as

PR
— (m—a(d%)mk) (2). (2.3.9)
Dy k(z) = % / b(t1 — )OI ()t

_ (j;n;a( _ d%)m@ (x), (2.3.10)

where m = [a], k™ (t) = (%)mk(m.

Hilfer derivative was introduced by Hilfer [10]. It is considered as an inset
between R-L and Caputo derivative. The formal definition of the Hilfer derivative

is given as:

Definition 6. For = € [a,b], the left/right-sided Hilfer derivatives of order a > 0
and = [0, 1] are defined as

—o) A _(1—a)(1—

Dy k(x) = (00870 (). (2.3.11)
o) A (1o (1—

D (z) = —(3°¢ )%’J,(f_ =01 (). (2.3.12)

In special case, for 5 = 0, we get RLF-derivative (defined in Egs. (2.3.3) and (2.3.4))
and for 5 = 1, the Caputo frac-derivative is obtained (defined in Eqs. (2.3.9) and
(2.3.10)).

Like R-L, Hadamard derivative of a constant is also non zero. To overcome
this shortcoming, CHF-derivative was introduced [16], the definition of which is as

follows:

Definition 7. For x € [a, b], the left /right-sided CHF-derivatives of order a > 0 are



defined as

Dy k(x) = /a ln m o 1<t1dih>mk(t1)i—?,

_ ( Jm- a(smk> (). (2.3.13)
Dy k(z) = m : (hl %)mal (h%)mk(ﬁ)i—?,

_ (jb@*a( 5)mk)(x), (2.3.14)

where 6™ = (z-L)™ and m = [a].

Butzer et al. added a simple modification in the definition of Hadamard oper-

ators, to introduce a new concept known as HTF-operators ([20]), defined below.

Definition 8. For = € [a,b], left HTF-integral and derivative of order av > 0 is
defined as

o k() = ﬁ /z <%)(ln %)Q_lk(tl)i—? (2.3.15)

Dg+ k() = mxcémxc /I (%)C(ln %)m_a_lk(t )Citll
= DI Tat k) (@), a (2.3.16)

a

respectively. Here D™ = 7¢§™z¢, m = [a] and 0™ = (z-£)™. For o = 0 and ¢ = 0,

we set J, o = I (identity operator) and also for a« =0 and ¢ =0, Dy, , = I.

Definition 9. For x € [a,b], right HTF-integral and derivative of order o > 0 is
defined as

T k(x) = FL /: (£) (m t—1>a_1k’(t1)% (2.3.17)

(Oé) tl X tl
o — <_1)m csm,.—c ’ T\ ty\m—a—l dtl
Db_pkﬁ(l') = ml’ oM /x (E) (hl ;) k(tl)?,
= DTy k) (), (2.3.18)



where D™ = 2¢(—0)"2~¢, m = [a] and (—0)" = (—a-L)™,

2.4 Spaces

In this section, definitions of spaces of p-integrable, absolutely continuous functions

and their weighted modifications are presented [8, 17].

Definition 10. Let £P(a,b)(1 < p < o0) be the set of those Lebesgue complex-

valued measurable functions k on [a, b] for which ||k||, < oo, where

b 1
Ikl = ([ koPar)”. 1< p<c (2.01)
and
|kl|oo = ess sup |k(x)], (2.4.2)
a< x<b

where ess sup k(z) is the essential supremum of k(x).

Definition 11. Let X?(a,b) (¢ € R;1 < p < o0), be the set of those Lebesgue

complex-valued measurable functions k on (a,b) for which ||k||xr < oo, with

’ dt\ s
bl = ([ enorS)”s 1< p<oc, (243
and
k|| xse = ess sup |ak(z)]. (2.4.4)
a< x<b

In special case, when ¢ = ]l?, the space X?(a,b) coincides with the £P(a, b) space

in Eq. (2.4.1).

10



Definition 12. Let [a,b] be a finite interval and let AC[a, b] be the space of abso-
lutely continuous functions.
It is known that ACla, b] coincides with the space of Lebesgue summable func-

tions:
k€ ACla,b] = k(z)=c+ /I f(t)dt. (2.4.5)

where f € L(a,b), and therefore an absolutely continuous function k(x) has a

summable derivative k'(x) = f(x) almost everywhere on [a,b]. Thus
f@t) =k (t), c=k(a). (2.4.6)

For n € N, we denote by AC"[a, b] the space of complex-valued functions k(z) which

have continuous derivatives up to order (n—1) on [a, b] such that k"~ 1(x) € AC|a, b]:
AC"[a,b] = {k b = C and (D"k)(z) € AC[a,b]}, (2.4.7)

C being the set of complex numbers. In particular, AC'[a,b] = AC[a,b]. Such
changes, which we represented by ACg§ ,[a,b](n € N, u € R), it includes functions h,
which are the complex-valued Lebesgue measurable on (a,b) such that x{'h(x;) has
d-derivatives order (n — 1) on [a,b] and 6" [z}'h(z1)] is absolutely continuous on
[a,b]. Therefore, a generalization of space in Eq (2.4.7) is

AC; la,b] = {h :[a,b] = C: 6" al'h(x,)] € ACla,b], u € R, = xldi} (2.4.8)

X1

As special case, when pu =0,

AC?[a, 0] = {h [a,b] — C : 6" '[h(21)] € ACa,b], 8 = xldi}. (2.4.9)

X1

11



If 4 = 0 and n = 1, the space AC}a, b] coincides with ACla, b].

Definition 13. Let —co < a < b < oo and m € Ny. Then C™][a, b] is given as:

m

Ellom = " ED )¢ = max [k (x)|. (2.4.10)
q=0 q

= z€[a,b]

For m = 0, C°a,b] = Cla, ]

2.5 Generalized fractional operators

In this section, a new approach for frac-operators is presented which was introduced
by Katugampola in [23] and [24]. He has generalized R-L and Hadamard frac-
operators into single form which now are the generalized RLF-integrals and deriva-
tives, respectively. Furthermore, Oliveira [14] introduced a new operator which
generalizes Caputo and Hadamard frac-derivatives into single form known as gen-
eralized Caputo frac-derivatives. where as, generalized Hilfer frac-derivatives were

introduced in [15].

Definition 14. For x € [a, b], the left /right sided generalized RLF-integrals of order

a>0,v>0and k € X? are defined as

Vlfa x
vI0 k(x) = (o) / (" — ) Ly k() dr. (2.5.1)
l/f"ak :Vl_a ’ v _ . vya—l1 llflk d 259
Bh) = fgay [ e (25

For = € [a, b], the left /right sided generalized RLF-derivatives of order & > 0, v > 0

and k € X? are defined as

Vo Vliera 1—v d m ’ v vym—a—1_v—1
Da+k(l’) = m(l‘ %) /a (.I' —7'1) ’7'1 k'(Tl)dTh
= M (Imk) (). (2.5.3)

12



vpe ]{I( )_ ylomte (_ 1l/i)m/b( vo_ ,,)m,a,1 uflk( )d
p— (T _F(m—a) A i T1 T T1 T1)aTy,

= (=0 (3 ) (@), (2.5.4)
where 07" = <x1*”%>m and m = [«].

After that Oliveira et al. [14] introduced generalization of Caputo and Hadamard

derivative, defined below.

Definition 15. For = € [a, b], the left /right sided generalized Caputo frac-derivatives

of order @ > 0, ¥ > 0 and k£ € X? are defined as

pl-—mta T tV—l d\m
YD k(z) = =) k(t)dt
Do k() ['(m — «a) / (xv — t”)l—m+a< dt) (t)dt,

= (Ja4 0, k)(1). (2.5.5)
“DiMe) = (= 1y}@n—a} uv—iwLWWa<hW%>mM”“’
— ()™ (IR (), (2.5.6)

where §7 = (:1:1_”%>m and m = [a].

Oliveira [15] also introduced generalization of Hilfer and Hilfer-Hadamard frac-

derivatives as:

Definition 16. For = € [a, b], the left & right-sided generalized Hilfer derivatives of

order m — 1 <a<mand f=[0,1] withm € N, v > 0 and k € X? are defined as

Delk(t) = (I T k) (1), (2.5.7)
vDEPK() = (=)™ (I sl 0 ey ). (2.5.8)

where 0™ = (xl_”%)m and m = [«].

In special case, when v = 1 and § = 0, we get the definition of RLF-derivatives
(defined in Eqs. (2.3.3), (2.3.4)) and for v = 1 and 8 = 1, we get the definition of
Caputo frac-derivatives (defined in Eqs. (2.3.9), (2.3.10)).

13



2.6 Mellin transform

Mellin transform occurs in many areas of engineering and applied mathematics. Its
utilization can be found in the study of classes of functions which are defined on the
positive real line. Riemann acknowledged Mellin transform in his study on prime
numbers. Further more Cahen worked on it but according to Flajolet et al. the
formula of Mellin transform and its inverse was derived by Mellin [18]. He derived
Mellin transform (M) and its inverse (M™!) from complex Fourier transform and

its inverse (see Chapter 8 of [25]).

Definition 17. The Mellin transform of a real valued function k(x) on (0,00) is

defined by
M(k](s) = /000 5 k(x)de, (2.6.1)

where s is a complex number.

Definition 18. The inverse Mellin transform is defined by

1 c+1i00

ME](x) = —/ x°k(s)ds. (2.6.2)

o f
where ¢ is a constant.
Mellin transform is closely related to the Laplace transform, Fourier transform,
theory of the gamma function and allied special functions. In case of many applica-
tions Mellin transform is more convenient to operate directly rather than the Laplace

and Fourier transform. The Mellin transform can simplify some of the frac-calculus

operations which makes it an interesting subject for research in frac-calculus.

14



2.7 Some useful properties of Mellin transform

Various properties of Mellin transform are treated in different books on integral
transforms like in [25]. Following are some of them.

If M[k](z) = k(s) and M[h](z) = h(s), then the following properties hold:

i. Mlk(ax)] = a *k(s),a > 0.
ii. M[z%k(z)] = k(s + a).
iii. M[k(z?)] = 1k(2).

, ~

iv. Mlzk (x)] = —sk(s).

Q=

vi. M[k'(z)] = —(s — 1)k(s — 1).
vii. M(zk)"(2)] = (—=1)"s"k(s).
viii. M[k(z) * h(x)] = k(s)h(s).
Uniqueness theorem of Mellin transform

Theorem 2.7.1. [11] Let k,g € X, for some ¢ € R such that M[k|(c + it;) =
M(h](c+ity) for all t € R. Then k = h on R+.

Existence of Mellin transform

Theorem 2.7.2. [26] The conditions k(t1)s, 0+ = O(t]"), k(1) —+00 = O(t]?).

when u; > us, guarantee that l%(s) exists in the strip < —uq, —ug > .

15



Chapter 3

Hadamard-type frac-operators

In this chapter, basic properties such as semi-group property, composition of inte-
grals and derivatives are presented. Also relevant examples about Hadamard frac-
integrals and derivatives, CH-derivatives, HT-integrals and derivatives and CHT-
derivatives are discussed. Furthermore, Taylor’s formula and its relevant results
are given for CH and CHT-derivatives. Later, the integration by parts formula for
Hadamard and HT-derivatives is discussed. HTF-integrals and derivatives were in-
troduced by Butzer et al. in 1997 by using a simple modification in the definition

of Hadamard frac-operators.

3.1 Hadamard frac-integrals and derivatives

In this section, some results of Hadamard calculus are reviewed from [8], [9] and

[17].
Example 3.1.1. For a > 0 and § > —1

(a) Let k(z) = <ln %)ﬁ Then

o I's+1) (ln§>ﬁ+3

@ k(z) = Aot D\ (3.1.1)

16



and

D k() — F(g(f—;’i)l)@n g)ﬁ_“. (3.1.2)
(b) Let g(z) = (m g)ﬁ. Then
T g(x) = F(E(f—zi)l)@n %)BM, (3.1.3)
and
D g(x) = %(m g)ﬂ_a. (3.1.4)

3.1.1 Some properties of Hadamard operators

Some results/properties of Hadamard calculus are as follows.

Semi-group property:

Theorem 3.1.2. Let & > 0, > 0and 0 < a < b < oco. Then for k € LP(a,b),

p € [1,00] the following equalities hold everywhere on open interval of a and b.
(a) Ti Tarnk(t) = T2k (1),
(b) T Ty k() = Ty k(D).
Now we discuss an interesting result.

Lemma 3.1.3. If n € Nand 0 < a < b < oo then for every k € LP(a,b), 1 < p < o0,

the following equalities hold almost everywhere on open interval of a and b. .
(a) 0" T k(z) = k(x), where § = z-.
(b) 6" Ty k(x) = k(z), where § = —z L.

17



Lemma 3.1.4. If n € Nand 0 < a < b < oo, then for every k € ACj[a,b] the
following relations hold almost everywhere,

n—1 k(a . q
(a) T (6"k(2) = K(x) — T 7ol (n2)", where § = .
P

59k(b
®) b) , where 0 = —x—dd )
X

(b) TP (5"h(w) = b(w) — 3 it (m

Composition of Hadamard integrals and derivatives:

Compositions between D* and J are given by following Theorems.

Lemma 3.1.5. Let « > 0,0 < a < b< oo and 1 < p < oo, then for k € LP(a,b),

(a) Dgy (T k) (2) = k(x).

(b) Dy (F1k) (x) = k(z).
Lemma 3.1.6. If @ > 0 and 0 < a < b < co. Suppose that k € LP(a,b) is such

that 7"k € ACjla, b]. Then

n—1 cn g1 n—a a a—q—1
(a) T2 (Dah) () = hlo) = ¥ T (me)™ "

q=0

-1 n—q— n—ao
& L T T %k (b)

(b) T (D5 K)(x) = k(x) — 3 T B0 (1 2)

q=0

In particular, for 0 < a <1

_ Jui “k(a) ( m)al.

2 (D5 k) (@) = (@) = 45 ()

When Hadamard derivatives and integrals are of different order, then the fol-
lowing results hold.
Lemma 3.1.7. If @ > 0 and 5 > 0, where 8 > a, 0 < a < b < oo and p € [0, 0],
then for k € LP(a,b), following relations hold

(a) Dy (T k) (@) = Tos k().
18



(b) Dp_ (T k) (x) = T~ k(x).

In particular, for o« =r € N
DZJr(jaB-i-k)(x) - jae-_rk(x)'

Theorem 3.1.8. For § > a > 0,0 < a < b < oo, and 1 < p < oo then for
k e LP(a,b),

@ a— ity 5j—q—1jg*5k(a) . a—q—1
(@) T (D2k(@) = T k) = & ey (m)

o j—1 5j7q71‘7j*5k b a—q—1
(0) T (LK) = k() — 5 S (1)
=
Semi-group property of Hadamard frac-derivatives is discussed below.

Theorem 3.1.9. Let «, § be positive such that m — 1 <a<m,n—1< < n.
Then

(a) Dy (DY k() = Dy k().

(b) Dy (Dy_k(z)) = Dy k(z).

3.2 Caputo Hadamard frac-operators

In this section, results about CH-derivatives are reviewed from [12] and [16]. As
Hadamard derivative of a constant is non zero, so to overcome this shortcoming,
CH-derivatives were introduced. An example that is discussed below, plays a vital

role in proving some properties of CH-operator.
Example 3.2.1. Fora >0, > —-1land 0 < a < b < o0,

(a) Let k(z) = <ln§>6, then

D2 k(x) = %(m g)ﬁ_a. (3.2.1)
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(b) Let h(x) = <ln%>ﬁ, then

r'pg+1) b\ B—a
D2 h(z) = —(1 —) . 3.2.2
b (.T) F(ﬁ —a+ 1) n T ( )
In particular,
Dy 1=0 and ,Dy"1=0. (3.2.3)

Composition between CH-integrals and derivatives is discussed in following re-

sults.

Lemma 3.2.2. Let a > 0 then for k& € C|a, b],
(a) «DF (T2 k) () = k(x).
(b) Dy (T2 k) () = k(x).

Lemma 3.2.3. If a > 0 and k € ACj§[a,b] or C§la,b] then the following relations
hold:

(8) T (D2 k) (2) = kw) — 5 St (1)

(b) T (Dgk) () = kx) - zﬁ?:ﬁ( L),

In particular, If 0 < o <1, then
2 (D) (@) = k(z) - k(a).
When CH-integrals and derivatives are of different order then following results

hold.

Lemma 3.2.4. If « > 0, 5 > 0 and 8 > « then for k € C}[a,b] then the following

relations hold:

20



(a) D (T2 k) (@) = T k().

(b) DY (T k) (@) = Ty k().

Theorem 3.2.5. If & > 0 and § > 0 then for £ € C§[a,b] the following relations
hold:

n—1 ak(a N
(@) T CDLRE) = T ) = 5 e (s

o q qta—p
(b) T (DLk)(x) = T k() - z ) (me)
Semi-group property for CH—derwatwes is discussed below.

Theorem 3.2.6. If k € C;"""[a,b]. Let « > 0and 8 > 0 such that m—1 < a < m
andn—1< < n. Then

(a) D, (Dyk)(z) = Dg{ k(x).

(b) «Df_( Dy k)(z) = Dy k().

3.3 Hadamard-type frac-integrals and derivatives

In this section, some results about HTF-operators are presented.
Following example shows that HTF-integrals and derivatives (see Definitions 8
B B
and 9) of logarithmic functions (ln f) and (hl g) yield logarithmic function of

the same form.
Example 3.3.1. Force R, a>0and g > —1

(a) Let k(z) = x_c(ln %)ﬁ Then

@ @ —c x\ 8
a+,ck($) = a+,c$ <ln a)

_ ﬁ / (D) (@) ) () ) E
- f / ' (1n(2) = In(t) — In(a) + ln(a)>a_1<ln(t) - ln(“)y%
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k) = 2 [ (i) i)™ ( ) ) 11;1;3))““

_ In(t)~In(a) _ 1 dt
Let v = Tn(z)In(a) and dv = MOENORE then

—C

k(o) = o ()~ (@)™ [0 -0

By using properties of Beta function defined in section 2.2, we get

arch(z) = P(E(f—zfl)xc(ln g)ﬂm. (3.3.1)

Now to find HT-derivative of k(x), first prove for 8 = r, where r € N

Ie% 1o —c T\" 7! —c T\
Dy, k(z) =Dy, x (hl—) :(r—a)!x (ln—>

a a
Replace r with 3, we get

LB+1)

AN
,Dg+7ck($) = ml’c<h’l 5) . (332)

B
(b) Similarly, Let g(x) = mc<ln%) . Then

T g(x) = x% (n g)ﬂm. (3.3.3)
and
Dy .g(x) = xc% ( In g)ﬁ_a. (3.3.4)

Some results/properties of Hadamard calculus are formed as follows.
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Semi-group property:

Theorem 3.3.2. [17] Let « >0, > 0and 0 < a < b < co. Then for k € X?(a,b),

1 < p < oo the following relations hold everywhere on (a,b).
(2) T2he Tipck(t) = T lk(D).
(b) Ji o Ty k(1) = T lk().

Proof.  (a) By using definition of J;, k() from Eq. (2.3.15), we have

ﬂ%ﬁ%mﬂ)zﬁL

By Dirichlet formula, we get

gone / HO(3)
x/{ — In( 7'1 Oé_l(hq(ﬁ)—ln(g))ﬁ_lﬂ

1

=MM@/%@GY%l(mm—mmW1
< (1n(t) “hdn

~In(r) ~ () + () T
i [ O [ (i)

In(7y) — In(§) B-1dm
X (1 - m) <ln(7’1) - ln(g)) e
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_ In(m)-In(§) _ 1 dr .
Introduce v = 1n(tl)——ln(§) and dv = MT—:, then it takes the form

e (200 = s [ RO (5) () - mie) ™ E

1
X / (1 —v)* 1 dv.
0
1 ! e/ tyeth-ld
- —/ k(§)<§> (m-) .
I+ 8) Ja t § §
By using properties of Beta function defined in section 2.2, we get the required
result (a).

(b) Follows similar procedure.

]

Lemma 3.3.3. If n € N, c € Rand 0 < a < b < oo then for every k € X?(a,b),

1 < p < oo, then the following relations hold:
(8) DT k(@) = k()

(b) D2 (T b(z)) = k().

Proof. (a) By using induction method, we have

Forn=1

d
D! al+7ck‘(l’) = x’cw%xc ;+7Ck(a:) = k(x). (3.3.5)

Now we suppose that the relation holds for n and prove that it also holds for

n+ 1.

Dt grtlk(x) = DHDLT,, ) Td k()
= DI K(x) = k(z).

using Eq. (3.3.5) and so assertion (a) of Lemma follows.
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(b) Follows similar procedure.

Lemma 3.3.4. If n € N, c€ R and 0 < a < b < oo then for every k € ACy§

then the following relations hold:

n=1 g4 a 2\
(a’> a+ C(an)( ) ]{J(.Z‘) —atr q=0 I?(Cq]:(lg (111 E) '

n=1 4 q
(b) Jio(Dk) = k() = b~a" X 75 (me)".
q:
Proof.  (a) By fundamental Theorem of calculus, we have

Forn=1

e . dt
a+chk() x /tDk()t

—c “d c
- /a ik(t)dt
=z “[2%k(z) — a®k(a)]
= k(z) — az"k(a).

For n =2 and by Eq. (3.3.6), we have

a+cD2k( ) = a1+c a+c(D D.:k)
a+c[D k() — acﬂchlk(a)]

a-l—chk( ) a+c CD k( )

a+c c

where,
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]
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Therefore,
2. D2k(z) = k(z) — a’ck(a) — z~ (m ) D'k(a).  (3.3.9)
For n = 3 and by Eq. (3.3.9), we have

Ty Dik(w) = T o| T2 DHDL)|
- W[D k(z) — acz~°Dk(a) — 2~a (m )D?k( )]
a+cDik( ) —a‘x CD a+ck(a)
-z~ (ln )D wrck(a). (3.3.10)
Here,

;Jr’c(x_cln E) = x_c/ lnfﬁ. (3.3.11)

Let In(L) = v, then

2
x_’3<1n f)
— (3.3.12)
Now using Eq. (3.3.11) and Eq. (3.3.12) in Eq. (3.3.10), we get

ja—l—c k(z) = k(z) — az™k(a) — (aCDik(a))x_c In (2)

- (a°D?k(a))z° ( In f) ’
5 .

(3.3.13)

In general, we get the required result.

(b) Follows similar procedure. O
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Composition of Hadamard-type integrals and derivatives

Lemma 3.3.5. If « > 0, c€ Rand 0 < a < b < oo then for every k € XP(a,b),

1 < p < o0, then the following relations hold:
(a) DI(T2 K(x)) = k(2).

(b) D2 (F k(x)) = k().

Lemma 3.3.6. [17]If « > 0,0 <a <b < ooand 1 < p < oo, then for k € XP(a,b),

the following relations hold
n—1 acx—° n—g-1 sn—«a a a—q—1
De o, k(@) <1n x) .

() Jg4. <D3+,ck)(5”) = k(z) — q;() T(a—q) a
n—l p—cgepr—a=t gn—ayq) a—q-1
(0) G (DR ) (@) = hlo) = X g (m)
In particular, for 0 < o <'1
z~¢a’J,; %k(a) A
e (Diy o) (@) = bla) - — 7 (m2) . G319)

Proof.  (a) Note that

o k) =T k(). (3.3.15)

DZ (jaa—l——‘:(?:lk) (l’) = D? ayil—,c ( a+,c a+,c

Using Eq. (3.3.15) in left hand side of assertion (a) of this Lemma and by

definition of Dy, & from Eq. (2.3.16), we get

o (Dg-hck) (l') = D?jaa—ljgpg—&-,ck(x)

a+,c
= D Ji (D Tiek) (@)
= DI Tf o |2 oD (TEek) @)
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By using Lemma 3.3.4(a) and Example 3.3.1(a)

a+c (,Dg+ck')<x> = D? aofhc |:‘-7;1+cak( )
n—1 ar—¢ anqfl jarzr—gék,(a) \n—qg—1
L I'(n —q) (111 _> ]
q=0

= D! [ k()

_qz:a gDt Jrek(a )(lnz)n—q—l—l—a]

I'n—qg+a) a

a

— acr DRl gk (a )(m E)(aql)'

g ['(a—q) a

for 0 < a <1 and n =1 we get the required result Eq. (3.3.14).

(b) Follows similar procedure.

]

Lemma 3.3.7. [9] If « > 0 and 5 > 0 where 8 > o, 0 < a < b < 00 and let ¢ € R,

1 < p < oo then for k € XP(a,b), following relations hold

(a) Do (TL ) (@) = Tl k().
(b) Dy (T k) (x) = T Lk().

In particular, for a« =r € N
Dpy o(Tir k) (@) = T Ch(x). (3.3.16)
Proof. (a) If B > a > 0, then by using Theorem 3.3.2(a), we get

D, (T2 k) @) = Do (T8 (T k() ) )
= T k().
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In particular, for « = r € N, then by using Theorem 3.3.2(a), we get

Dy o Tiv k) (@) = Diy (Tt k) ()
= D:;-‘r,c( (:-‘r,(:( ﬁ:gkﬁ(l‘)))
= Jor k().

(b) Follows similar procedure.

]

Lemma 3.3.8. If « >0 and > 0 where f >a,0<a<b<ocand 1 <p< o
then for k € X?(a,b), following relations hold

a- oA DI I PR (@)
(a) aOi&-,c(Df-l-,ck) (.’L’) = ja_hcﬁk(x) —afx~° qz::o F(a——:;j ( In E) )

N o . ijl DI 73~ P k(a) a—g—1
(b) T2 (D ) = Ty k() = beat 3o P et (k)

q=0
Proof. (a) By using Example 3.3.1(a), Lemma 3.3.3(a) and Lemma 3.3.6(a), we
get

2y (DL (@) = T2 (T2 D k(@)

2 bty - $° P ) 3y

pr LB —q) a
=L e —emyj—k—1 77—
DJ k a—k—1
S AT gty LUV IRES
g (@ —q) a
(b) Follows similar procedure.
[l

Semi-group property of HTF-derivatives is given below.

Theorem 3.3.9. Let « >0, 8 > 0suchthat m—1<a<m,n—1<f <n. Then
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(a) D o(Diy k) (x) = Dyfok(x).
(b) D Dy k) (@) = Dy Tk ().

Proof. By Lemma 3.3.3(a), Lemma 3.3.8(a) and Example 3.3.1, we have

D, (DL ) (w) = DI (Tt DL (e >)
m-aB ) _ oo 1Dﬂ LT ¢y moamen
D2 [k R RGO
Jj—1 8 e
= DFPh(x) — ata D 1&]_;( )<ln§> ' 33.17)

Interchanging o and 3, we can write,

DL (D2, k) (w) = Di (T D5, k()

Jj—1 1 J a
o . —c Di—a- ]{Z( ) x\ —B—q—-1
= DY k(z) — o'z § S ( n E> .(3.3.18)

The comparison of the relationships Eq. (3.3.17) and Eq. (3.3.18) says that in
general case the HTF-derivatives do not commute, with only one exception (« = ),

for (o # B) we have
D3 oDy ok)(2) = Diiy oDy k) (2) = D Ch(a).

only if both sums in the right hand sides of Eq. (3.3.17) and Eq. (3.3.18) vanish.

(b) Follows similar procedure. O

For ¢ = 0, HTF-operators and their results given in this section, coincide with

Hadamard frac-operators and their results given in section 3.1.
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3.4 Caputo Hadamard-type frac-operators

In this section, motivated from CHF-derivative, a new differential operator known
as CHTF-derivative is presented by interchanging integral and differential operators
of HTF-derivatives. Some results such as semi-group property for derivatives and

composition of integrals and derivatives are discussed.

Definition 19. For = € [a,b], the left and right-sided CHTF-derivatives of order

a >0 and m = [«], are defined as

Do, k(z) = m / ’ (%)(m %)m“z—cammck(ﬂ%,
- (Jg;aD?k) (2), (3.4.1)
where D" = 27%6™2¢ and 6™ = (x-)™.
D) = 1 [ () ()" e,
- (;7(,"1;“1)2%) (@), (3.4.2)

where D" = z°(—0)™2~¢ and (—8)™ = (—z-£)™. For ¢ = 0, we get the definition

of CHF-derivative (Definition 7).
Now we discuss an example about CHTF- derivative.
Example 3.4.1. For « > 0 and § > —1

B
(a) Let k(x) = mfc<ln f) , to find CHTF-derivative of k(x), first prove for g =
reN

fel a e T\" F('r—|—1) e €T\ T
D oh(o) = D a () = oy ()
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Replace r with 3, we get

a+,c

D (x) = m—“))xc@nf)ﬁ_“.

'g—a+1

a

(b) Let h(x) = xc<ln 9)/3

T

el _ F(ﬁ + 1) c A«
*Db—,ch(l.) = m$ <ln ;) .

The following assertions show relation between operators as:

Theorem 3.4.2. Let « > 0,0 < a < b < oo and ¢ € R. Then

(a) Hadamard and HT-integrals have the following relations
wr k(@) = 27 T xk(x),
and
Tyt k(x) = 2° Tt ™k (x).
(b) Hadamard and HT-derivatives have the following relations
Dy ok(x) = 27Dy ak(x),

and

Dy k(z) = oDy v “k(x).
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(¢c) CH and CHT-derivatives have the following relations
’Dng ck( ) Da+x k( )7 (349>
and

Dy k() = 2 Dy a%k(x). (3.4.10)

Proof. (a) By Eq. (2.3.5) and Eq. (2.3.15), we have

2t = [ () (n2) b

P rye-l o dt
=X /a (hl ?> t ]{?(t)?
=2 ‘T ak(z).

Now by Eq. (2.3.6) and Eq. (2.3.17) , we have

T k() - /z ’ () () w2
:xc/:<ln£>a et )Cff

= 2T v %k(x).
(b) By Eq. (2.3.7), Eq. (2.3.16) and Eq. (3.4.5), we have
Dy, k(w) = 70" T Mk(x)

= x_cDa+x k( ).
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Now by Eq. (2.3.8), Eq. (2.3.1) and Eq. (3.4.6), we have

Dg‘f’ck(q:) = (—1)’”;1:66”11:’0.75@;‘1/6(1:)
= (—1)™maz0ma"¢ (m‘ﬂ%ﬁ“%‘%) (x)
= 2Dy xk(x).

(c) By Eq. (3.4.1), Eq. (2.3.13) and Eq. (3.4.5), we have

,Dg—‘r ck( ) = aw-il- ca *C(Sm Ck(m)
— I,—ij aam ck(x)
“ Dy x%k(x).

Now by Eq. (3.4.2), Eq. (2.3.14) and Eq. (3.4.6), we have

D k{z) = (~1)" T S a ()
= (- (xcjb”_“_o‘x_cxcémx_ck) (x)
= 2° . D)z k(x).

Composition of HT-integrals and CHT-derivatives is discussed below.
Lemma 3.4.3. Let a > 0 then for k € XA?(a,b), 1 < p < o0,
(a) Dy . (T oK) () = k().
(b) Dy (T k) () = k(z).

Lemma 3.44. If n —1 <a <nandk € &A(a,b), 1 < p < oo, then the following

relation holds.

(a) a-‘rc ( D3+ ck)( ) = k( ) —a%re Z ﬁq’i?( )q'
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n—1 q q
(b) T2 (Dp k) (x) = k(x) — b=ea* by f(cq’jf;g(ln g) .

In particular, If 0 < o < 1, then
e (WDgy k) () = k(z) — a2 %k(a). (3.4.11)
Proof. (a) By Eq. (3.4.1) and Theorem 3.3.2, we have

Dg-i-ck)( ) a+c(jm aDmk)( )

jaer oszk,( )

a+,c

— I D). (3.4.12)

a+c(

Using Lemma 3.3.4(a), we have

“ Dik(a T\4
e (D8 R)) = ke — 0o Y L (2

In particular, if n = 1 in Eq. (3.4.12)

a+c( D3+ck)( ) a+cD k( )
= k(z) — az"k(a).

(b) Follows similar procedure.

[]

When HT-integrals and CHT-derivatives are of different order then the follow-

ing results hold.

Lemma 3.4.5. If « >0 and > 0 where f >a,0<a<b<ocand 1< p< o

then for k € X?(a,b), following relations hold

(a) Dy o(Tas o) (2) = T 2h().
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(b) D5 (T ) (@) = Ty ().

Proof. (a) If 8 > a > 0, then by using Theorem 3.3.2 , we get

a+c(ja+c )( ): Dg+c< a-i-c(jﬁ_ak( )))
= Jirc k(o).

(b) Follows similar procedure.

O

Theorem 3.4.6. If « > 0and § > 0 where § >a,0<a<b<oocand 1 < p < o0,

then for k € X?(a,b), following relations hold

«a Cp—C T gta—p
(a> a+C( Df—‘rck)( ):ja-‘rfk( )_a/x Z Fq+a IB+1)(1DE> .

gta—p
(b) T (D)) = T P h(x) — beas ZW O(me)

Proof.  (a) By using Example 3.3.1, Theorems 3.3.2(a) and Lemma 3.4.4(a), we
get
2o DL K@) = T2l (T DL k(@)
n—1 . _c
A TP Dé’k‘(a)<1 g)q]
a+,c |: (ZL’) Z F(q-l— 1) n a

q=0
- a‘r=Dik(a)
(1
“I(g+a—-pB+1)

= Toye k(@) =

q=

(b) Follows similar procedure.

Semi-group property for CHT-derivatives is as follows.

Theorem 3.4.7. Let « > 0and > 0Osuchthat m—1<a<mandn—-1<<n

and also let k € Cf/"[a,b],0 < a < b < co. Then
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() Dy o( «Diy k) (2) = Dyflk(z).
(b) D5 Dy k) (@) = Dy Ck(x).

Proof. (a) Without the loss of generality, let n > m. Thus n = m +¢q, q €
{0,1,2...}. Since a + 3 = m + n, then by definition of .Dg, . and Theorem
3.3.2, we have

Dity oDy k) (2) = T DI (D ck(2))
= Joh DT Dek(a))
= Jave caDm(ja"iiq DItk (x))
= T DTN T DIk ()
»7!10“@5“ a+cDm+qk( )
T D o Ty DY ().

Using Lemma 3.3.6(a), we get
Dg—&- c( Dg+ ck)< ) jawjr ca ﬂ|: a+, cDm+qk( )

m—1 . — .
pDm 7j—1 Dm+qk B—j—1
—ar¢ c ja-i—,c a+c ( ) (ln E) J }
j=0 F(ﬁ - j)

Let [] = n = m+q, since Tyt 28, Drtik(a) = F17° DI k(a) = D2, k(a).
So

D2 DL k) (@) = TP T D k()

m—1 ym—i— B .

Dm=i—1 D + k(a) x\ B—i—1

—a‘x ¢ E £ e <ln —> ]
= I'(8 —J) a
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For 8 > 0 we have *Df+7ck(a) =0, so

D8, (D R)(w) = T (g DI ()
m+q_(a+ﬁ)Dm+qk’({L‘)

- a+,c

~ DY),
(b) Follows similar procedure.

]

For ¢ = 0, CHTF-derivatives and their results given in this section, coincide

with CHF-derivatives and their results given in section 3.2.

3.5 Taylor’s formula

In this section, Taylor’s formula of CHTF-derivatives is presented. Taylor series for
frac-derivatives was introduced in 1971 by Osler in [28]. It had been developed also
for RLF-derivative by Trujillo et al. in his book [29]. Further more, Usero worked
on it in case of Caputo frac-derivative in 2007 [30]. Recently, Gambo et al. had

found Taylor’s formula for CHF-derivative in [12], reviewed below.

3.5.1 Taylor’s formula for Caputo Hadamard frac-derivatives

We first give an analogous theorem to the MV'T.

Theorem 3.5.1. Let 0 < o < 1. Then for all x € [a, ] there exists £ € [a, x] such

that

)a D% k(€). (3.5.1)
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and

k(z) = k(b) + m (1n g)o‘ DE(E). (3.5.2)

Proof. Since 0 < a < 1 we have by Lemma 3.2.3(a) that

(D2 (@) = k() — k)

Using definition of J, and by integral MV'T, we obtain

2 (DR = s (D) ok ®

- Dk ()
_ ﬁ(ln g)a D% k(€). (3.5.3)
Hence, we get
k(z) = k(a) + r(a1+ 3 (m g) D k()
with € = [a, 2]. 0

Eq. (3.5.2) can be proved in similar way.

Theorem 3.5.2. Let 0 < a <1 and 5 € Ny, then

1 T\ Jjo .
o piog (e pG+Day :—(1 —> D% k(a). (3.5.4
a+ a+ ( ) j a+ (':C) F(]Oé+1) na a+ (CL) ( )
and
1 b\ i

jo GtDa p@+Dag., \ _ by e
o DI k(g) — ZU DY k(a:)_r(ja+l)<lnx) DIk(b). (3.5.5)
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Proof. Consider Eq. (3.5.4) and using Lemma 3.2.3, we have

&2 Ditk(a) = JE DI K Ditk = Iz DEE)
D% — ( @ Do k:) mﬁ%)
Ditk(a))

@ +1)a 1 ARA jau
a+ *DiJrk’(.fE) — ja(iJr ) *D((z];r Jor kj(,T) = F(]a——|—1)<ln a) *DiJrk:(a).

ja

— Ja

AAA

Eq. (3.5.5) can be proved similarly. ]
Now we discuss the Taylor’s formula for CHF-derivative.

Theorem 3.5.3. Let 0 < a < b < oo and 0 < a < 1. Let m be an arbitrary

non-negative integer. Then the Taylor’s formula involving CHF-derivatives is given

as:
m T Jjo .
- *DJO‘
; Ija+1 ( a) at+k(a)
(e Cr ) I S (356)
F((m+1)a+1) " Tt ' o
and

.

i—0 X
T((m+ a+1) (IHE

i I'( ]a+ 1) ( i)ja Di2k(0)
b>(m+1)a

Dy (9), (3.5.7)

+

where & = [a, b].

Proof. Consider Eq. (3.5.6) and using Theorem 3.5.2, we have

m

jo g, (J+Da J+1 - ( ) Jor
Z ot +Datk(x) — Jot ZF]&—I—l hla Diik(a).

j=0 7=0
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It follows

Ty DY k(x) — I DI () =
J

T\ Jjo .
—(In— D2k (a).
— F(ja+1)( na> k()

As we know that J, D) k(z) = k(x),
; JOé (m+1)a (m+1)a
; a1 (m )" Ditk(a) + I DI k(). (3.5.8)

Replacing a by (m + 1)a in Eq. (3.5.3), we get

ja—l— * a4 (x) F((m+1)a+l) HCL *~a+ (f) (3 9)

So

m T\ Jo .

D)k
;WH( ©) Ditk@
1 x\ (m+1l)a
In = *D(m-l—l)ock

+F((m+1)a+1)( n>) SR(),

with & = [a, x]. O

3.5.2 Taylor’s formula for Caputo Hadamard-type f-derivatives

Firstly, we need to discuss analogous result to MVT.

Theorem 3.5.4. Let 0 < a < 1 and k € ACla, b] such that .Dg, .k € Cla,b]. Then

for all z € [a,b] there exists £ € [a, b] such that

(a) For ¢ € [a, 7]

k(x) = a“z™k(a) + ﬁ(ln £>a<§)c Dgy k(6).  (3.5.10)
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(b) For £ € [x, ]

k(x) = b2 k(b) + ﬁ(m 9)(1(%) D5 k(). (35.11)

Proof.  (a) Since 0 < o < 1 we have by Eq. (3.3.14) that

2e( D2 k) (2) = k() = 0% k(a).

Using definition of and by integral MVT, we obtain

a+c

R
§

_ ﬁ (3) (m2)" e ke (3512)

Hence, we get

k(x) = az™k(a) + ﬁ(g)c@ng) Dy K(E).
with £ = [a, x].

(b) Follows similar procedure.

Theorem 3.5.5. Let 0 < a <1 and j € Ny. Let k € AC}]a, b], then
o . PP c - Jjo o
(a) Tt e DI k() = T DU H() = w25 (£) (m2) " DI k().

a [e% —Cxc T ¢ jOé jQu
(b) T, DI k(@) = T DI k() = iz (2) (m2) " DY k),
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Proof.

Jo (J+1)e
a+c *Da+ ck<x> ja—l—c

By using Lemma 3.4.4

j(j+1)

a+c *Dtjl(-):- ck<x> - Jat,c

(b) Follows similar procedure.

(a) Using the Theorem 3.3.2, Lemma 3.4.3 and Theorem 3.4.7, we have

DI k(@) = T D k(@) = Ty o DI K@)
- a+c< D(Jz(jrck(x)
~(Tere D (@) DI (@)

DU k() = T (DI k()
—I—(ICJZ_C x(’Z)Z;iﬁk(d)) .
85D @)

_ %@C(mg)“ DI k(a).

*,Di(j—ck(@

= a‘z

Following are the Taylor’s formulas for CHTF-derivatives.

Theorem 3.5.6. Let 0 < a < b < oo and 0 < a < 1. Let m be an arbitrary

non-negative integer. Let k € ACZ[a,b] and suppose ,DYa 'k € C[a,b]. Then the

Taylor’s formula involving CHTF-derivatives is given as:

(a) For & = [a, z].

=0

.

1

S ) ()" b

+

¢/ (miDa
T((m+ Do+ 1) 6) <ln 5>

DUR(6). (3.5.13)
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§=0
1 T\ ¢ b\ (m+1) (m+1)
x b ) K 14
+F((m+1)a+1)(§> () boe K(E) (35.14)
Proof.  (a) Using Theorem 3.5.5, we have

- ja (+Da  Hi+)e _ N afrTt rENe

Z tte DI k(x) = Tl WD k(w) = Z m(;)

j=0 7=0

r\Jjo o
X <ln E> D5 k(a).
It follows
_ zlmiDa p(mtl)a 0T ENel TV o
ja-‘rc * a+ ck(x) jaJr,c DaJrc ]2:; F jOz + 1) <ZE> (hl a) *Da+,ck<a)'
As T2, . «Do, k(x) = k(z), we have
m a]cxfc 5 C T jOé o m 1 (m+1)a
k(z) = —(—) (1 —) D’ e plmtlag gy,

(l’) jZO P(]Oé + 1) T n a a+,c ( ) + ja +.,c a+,c (‘I)

Replacing a by (m + 1)a in Eq. (3.5.12), we get
1 5 c x\ (m+1)a
(m+1)a D(m-‘,—l)ak _ S InZ D(m—i—l)ak 1

ja+,c * = a4,c (l’) F((m—l—l)a—{—l) <$> ( na> * = a+,c (g) (35 5)

So

—C

)= > s (3) ()" i k)

=0
e ) ()" o)

_|_

44



(b) Follows similar procedure.

]

Remark 3.5.7. Consider same assumptions of Theorem 3.5.6, the Taylor’s expan-
sion of k(z) can also be written by using the definition of HHTF-integrals of order
(m+ 1)a in Eq. (3.5.15).

3.6 Integration by parts formula

In this section, Integration by parts formula for HT-derivatives is discussed. It was
introduced in 2009 for RLF-integrals and derivatives by Almeida in [31] also see
Corollary 2 in [8] . Furthermore, it has been found for Caputo frac-derivatives in
2017 by Yufeng et al. in [32]. At first, integration by parts formula for Hadamard
frac-derivatives is reviewed.

To find it for Hadamard frac-derivatives, the following result is required.

Lemma 3.6.1. For 0 < a<1land 0 <a < b < oo. Then

DO k(z) = ﬁ[(mg)“k(aw/ (m%)*aa k:(t)%]. (3.6.1)

a

and

i T

N 1 by~ bty dt
DLk = 5o [(m —) k(D) + / (m —) 5 k(t)7] . (362)
Proof. For 0 < a < 1 and by definition of D¢, , we have

a4+’

Dk = 8Tk
) v AN dt
= F(l—a)/a (m3) +OF
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Let h= [ <ln %) 4 and g = k(t) and following Appendix (A3) , we get

el (m5) s r0f]

mz) " ka) e
:<r(1> ) +r(11—oé)/ (m%) M()it

Dk = o[ (w ) M@+ [ () "5k F]

Hence the proof follows Eq. (3.6.1). Similarly Eq. (3.6.2) can be proved. O

Dy k= _0 [(111 f) lak(a)]

Theorem 3.6.2. For 0 < a < 1 and let the functions k and g have frac-derivatives,

then the following integration by parts formula holds

b b
dx o dx
/ k(2)Darg(z)— = / 9(x)Df_k(z)—. (3.6.3)
Proof. By using definition of D, from Eq. (2.3.7), we have

[ ke = [ r@igiegn)t .64

x
Integrating by parts, we get

/ k(x)DS, g(x )df = i g(@)k() Z— / "9(w)d k(x )df

_ ﬁ/ (in %>_ag(t)%k(:c)
_ ﬁ [/b (m Zg)_“‘g(t)%k(b)

_/ab(s k(m)/ax<ln%>_ag(t)%d—;].
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By using Dirichlet formula on fab o k(z) [7 (111 %)ﬂlg(t)ﬂd_x then we get

t x?

[ e = rre [/ () ")~ [ () "5 kta >d] &

Using Eq. (3.6.2), we get the required result, that is

/abk( 202, g(2) " = /abg(x)pg_k(x)df

T

3.6.1 Integration by parts formula for Hadamard-type frac-

derivatives

Firstly, we discuss the following results.

Lemma 3.6.3. For0<a<1l,ceRand 0 <a <b < oo. Then
(a) D2, k(z) = i [ac(ln g) Cka) + [° (1n f)_apck(t)%]
(b) Dy, k(x) = s [be () ko) + f7 (L) “Dek(t)L].

Proof. (a) From Eq. (2.3.16), and following Appendix (A4), we have

DS—O— ck( ) a1+cclk
dt

G

i [0
- 1—;/ tﬁ
2—&[ Cc<ln ) }
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—C,C

r™a( In 1_ak(a) c z I —a
= §(1—>a) +F(1—a)/ (% Dck"(t)%

D2, k(z) = F(f—_ca)[ac(lng>_ak(a)+/: <ln§>_aDck:(t)%]

(b) Follows similar procedure.

Now, we discuss the integration by parts formula for HTF-derivatives.

Theorem 3.6.4. For 0 < a < 1 and let the functions £ and ¢ have f-derivatives,

then the following integration by parts formula holds

[ ko 9@ S = [ gwmp k)T (36.5)

Proof. By using Eq. (3.4.7), Eq. (3.4.8) and Eq. (3.6.3), we have

[+ = [ Do
= [ wpraton
_ / " seq(a)De x%(x)i—m
_ / ' g(@)aDe x%@;)%
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Chapter 4

Mellin transform of frac-operators

In this chapter, Mellin transform and its various properties are applied to differ-
ent types of frac-integrals and derivatives e.g., R-L, Caputo and Hilfer derivative.
Also Mellin transform of Hadamard, HT-integrals and derivatives and CH, CHT-
derivatives is given.

Complex Fourier transform and its inverse provides the basics for Mellin trans-
form and its inverse and was introduced by Mellin [18]. Some properties and appli-
cations of Mellin transform are discussed in [25]. Podlubny, Katugampola, Butzer

and Kilbas are few of the mathematicians who worked on Mellin transform.

4.1 Mellin transform of frac-integrals and deriva-
tives

Following [13], the Mellin transforms of left and right sided R-L integrals and deriva-

tives that are given as under:
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Lemma 4.1.1. Let o € C, Re(a) > 0. Then

MITS E](s) = % k(s+a), Re(s+a)<l1, z>a, (4.1.1)
MY K|(s) = F(l;(j)a) k(s+a), Re(s)>0, z<b. (4.1.2)

for k € XL, (R+), if k(s + ) exists for s € C.

Theorem 4.1.2. Let a € C, Re(a) >0, s € C and k € X! (R+). Then

M[ DY E)(s) = % k(s—a), Re(s)<1, z>a>0, (4.1.3)
M| EEDY k) (s) = % k(s—a), Re(s—a)>0, z<b<oco. (4.1.4)

To find the Mellin transform of Caputo frac-derivative we need to use Mellin

transform of mth derivative <Dmk(t) = <%>mk(t)>, given by following lemma.

Lemma 4.1.3. [17] Let £ € C™(R+), k(s — m) and M[D"k(t)](s) exist, and
lim [t~ k=2~ (¢)] and lim [t*~9" k™9~ (¢)] are finite for ¢ = 0,1,...,(m —

t—0 t—o0

1),m € N, then
MID™k(D)(s) = %M —m)
" ; % [t @) (@)
- (—1)m%i€(s —m)
+ - (—1)‘1F<i(i)q) [xs—q—lk(m—q—l)(x)]zo. (4.1.6)

Reader can see [17, 21] for the following lemma, which gives the Mellin transform

for Caputo frac-derivative.
Theorem 4.1.4. Let « >0, m —1<a<m, s € Cand k € X! _(R+). Then,
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(a) For Re(s) <1, z>a >0,
M[*Déﬂrk(x)](s) _ Id—sta)F. (s CY)+Z 1+q s—m+a) [;p”m*a*q*lk(m*q*l)(x)ro

“T(-s) r(1—-s—m+a) 0

(b) For Re(s —a) >0, x < b < oo,
M[.D§ k(@))(s) = k(s —a)+ z (1) sy [ @)

T'(s—a) I'(s+m—a—q) o

Proof.  (a) By definition of , D, from Eq. (2.3.9) and Eq. (2.6.1), we have

M| D k(2)](s) = M [m / (@ — pymea1pom) (t)dt]
M@z D" R)®)].

By using Egs. (4.1.1) and (4.1.5) in the above expression, we get

Nl—s—m+a)

M[..DgE](s) = T M[D™k(t)](s + m — «)
I'l—-s+a)-
~TTa—s k(s — )

o0

LSS S EHETI ORI

Frl—s—m+a) 0
q=0

which is the required result (a).

(b) Follows similar procedure.

4.2 Mellin transform of generalized R-L frac-operators

In this section, Mellin transform of generalized RL-integrals and derivatives defined
by Katugampola [13] are reviewed. Afterwards, Mellin transforms of generalized

Caputo and Hilfer derivatives are evaluated.
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Lemma 4.2.1. Let o € C, Re(a) >0,s € C, v >0 and k € X!,  (R+). Then

s+av

M[ 32 k(2)](s) = %E(s +aw), Re(S + a) <1, z>a, (421)
M[ Y3 K(z)](s) = %%(s +av), Re(S) >0, z <b. (4.2.2)

The next result is the Mellin transform of generalized RLF-derivatives. For

simplicity we consider the case 0 < o < 1.

Theorem 4.2.2. Let a € C, Re(a) >0,s€ C, v >0and k € X!, (R+). Then,

st+av

M[ "D k(x)(s) = yo‘l}(\;—_fﬁ; O[)l%(s —av), Re(S) <l,z>a> 0, (4.2.3)
MDDy k(z)](s) = Flzir—_(;;)lz:(s — av), Re(% — a) >0, x<b< oo, (4.24)

4.3 Mellin transform analysis of Hadamard frac-
integrals and derivatives

Mellin transform of Hadamard operators was evaluated by Kilbas et al. in [17].
The Mellin transforms of Hadamard frac-integrals defined in Egs. (2.3.5) and (2.3.6)

are given in the following result.

Lemma 4.3.1. If Re(«) > 0 and let a function k(z) be such that its Mellin transform
M(k](s) exists for s € C.

(a) If Re(s) < 0, then
M|T5 K] (s) = (=s)"“MIE](s).

(b) If Re(s) > 0, then
MITGEk](s) = (s)"* MIK](s).
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The Mellin transforms of Hadamard frac-derivatives defined in Eqgs. (2.3.7) and
(2.3.8) are given by the following Theorem.

Theorem 4.3.2. If Re(ar) > 0 and let a function k(z) be such that its Mellin

transform M{|k](s) exists for s € C.
(a) If Re(s) < 0, then
M[Dg,k](s) = (=s)* M[K](s).
(b) If Re(s) > 0, then
M[DG_K](s) = (s)*MIE](s).

Mellin transforms of HTF-integrals by Egs. (2.3.15) and (2.3.17) are presented

in the following lemma.

Lemma 4.3.3. If Re(a) > 0 and ¢ € C. Also let a function k(x) be such that its
Mellin transform M|k|(s) exists for s € C.

(a) If Re(c — s) > 0, then
MITgy K](s) = (¢ = s)"*M[K](s).
(b) If Re(c+s) > 0, then
M[T§ Kkl(s) = (c+ s)"* M[K](s).

Mellin transforms of HTF-derivatives by Eqs. (2.3.16) and (2.3.1) is presented

in the following Theorem.

Theorem 4.3.4. If Re(a) > 0 and ¢ € C. Also let a function k(z) be such that its
Mellin transform M[k|(s) exists for s € C.

(a) If Re(c —s) > 0 and M[Dg, k](s) exists, then
M[Dgy Kl(s) = (¢ = 5)* M[E](s).

(b) If Re(c+ s) > Oand M[Dg_ k|(s) exists, then
MIDG_ Kl(s) = (¢ + 5)* MIK](s).
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Following Theorem gives the Mellin transform of CH-derivative.

Theorem 4.3.5. [16] If Re(a) > 0 and let a function k(z) be such that its Mellin

transform M[k]|(s) exists for s € C.

(a) If Re(s) < 0, then
M[.Dg k](s) = (=s)* MIE](s).

(b) If Re(s) > 0, then
M[D5_k|(s) = (s)* M[k](s).

Following definitions and results are about HT-integrals in the Mellin transform
setting taken from [11] and [20]. These are required to find few results of CHT-

derivatives, which come later in this section.

Definition 20. The domain of J, ., for @ > 0 and ¢ € R, is the class of all functions

k : R+ — C such that

b tye-t dv
/0 v (108 D) k)| < oo (4.3.1)

for ¢ € R+. The domain of Jg . is denoted by DomJ, ...
Xeloc 18 the space of all functions such that k(t)t“"* € L(0,a) for every a > 0.

For a = 1, we have DomJj, , = Xcjoe. For 0 < a <1, X 0 € DomJg, .

The semi group property of HT-integrals in the domain of frac-integrals is given

in Theorem 2 of [20] stated as,
Theorem 4.3.6. Let «, 5 be positive, ¢ € R be fixed. If k(x) € Dom%ﬁff. Then
i. k(z) € DomJg, . N Domjoﬁ_hc.
ii. Jg k(x) € DomJy, . and Jy, k(x) € DomJg, ..
i, (TER)(@) = (T (T k) € R
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iv. If a < 3 then Domj(fhc C DomJg, ..

Definition 21. Let £ € X, ¢ € R then the Mellin integral J™ of order m € N,
t € R+ is defined as

T k(z _a:/ /tldt2 / t k (4.3.2)

where we set, J. = J! and J™ = J".

Definition 22. The Mellin translation operator 75 for k(z) : R+ — C where c € R
and h € R+ is defined by

(T4k)(t) = h°k(ht), t € R+ (4.3.3)

The concept of a derivative of a function say k is defined by the limit of the

difference quotient involving the Mellin translation , if &' (¢) exists, is

TRk — k() {hetk(ht) k() | b~ 1k(t)}

h—1 h—1 h—1 ht —t h—1
=tk (t) + ck(t).

This motivates the following:

Definition 23. The Mellin derivative 6. of a function k£ : R+ — C and ¢ € R is
defined as

0.k (t) = th (t) + ¢ k(t), (4.3.4)

where t € R+ and k' (t) exists on R+-. 6, of order m € N can be defined as 6! = 6, and
0™ = 0.(0m1). For m =0, 6° = I, where I is the identity and for ¢ = 0,6™ = 67"

The following lemma is about the relation between Mellin and Stirling numbers.
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Lemma 4.3.7. The Mellin derivative 6, of a function k(t) of order m € N for ¢ € R

can be written as

0 k(t) = f: Se(m, gtk D (t), (4.3.5)

q=0
where S.(m, q), 0 < ¢ < m are the generalized Stirling numbers of second kind [27].
An important result is given below.

Proposition 4.3.8. Let m € N and t is positive, then

SR (t) = 0™k (t). (4.3.6)

4.4 Some new results on generalized frac-derivatives

In this section, Mellin transform of the generalized Caputo and Hilfer frac-derivatives

is evaluated.

4.4.1 Mellin transform of generalized Caputo frac-derivative

To evaluate the Mellin transform of right and left sided generalized Caputo frac-

derivative, we need to use Mellin transform of (ZBI_V%> k(t), given by following

lemma.
Lemma 4.4.1. Let k € C™(R+), k(s — mv) and M[(xl_”%>mk(t)](s) exist, and

{:inol[xs_m”(q_l)k(q_l)(t)] and lim [z~ E@= ()] are finite for ¢ = 0,1, ..., (m—
— —00
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1),m € N; then

M [(azl”i)mk’(:c)} = wl}(s — muv)

dx F(l -2)
+Z[ R ()| (4.4.1)
~ (1) skl = )

i D1 [arm e (@) T (44.2)

0

Proof. From Section 2.7 property (ii) and (vi), we have

Form =1

[e.e]

M [(xl—v—)k(x)} (s) = —(s — k(s — v) + ‘ts"’k:(t)‘ . (4.4.3)

0

M [(ml_”i>2k(as)] — (—1)%(s — v)(s — 20)k(s — 20) + ‘tS‘Q”k:(t)‘ZO

d o9
+)t5‘2”+1ak(t) . (4.4.4)

M [(ml_”—>3k($)] — (—1)%(s — v)(s — 20)(5 — 3v)k(s — 3v) + ’ts‘?’”k(t)‘oo

0
0o 0o

t° 3”(;@)21:(15) :

0

d
t —3v+1 k.

+ (4.4.5)

+
0
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Following similar procedure, in general we get

M |:($1Vi>mk'(x)i| - Ij(la(_l—f_—’%;?l)/;(s —mv)

+3 [xs_my+(q_1) KD ()]
q=1

.
Similarly Eq. (4.4.2) can be proved. O

The following result is about the Mellin transform of generalized Caputo frac-

derivatives.

Theorem 4.4.2. Let « >0, m—1<a < m,v>0,s€ Cand ke X, (R+).
Then,
(a) ForRe(f) <landz>a> 0,

v ver 1 ra mta s+(m—a)v—q—11.(m—q— >
M[UDg k() = = (s —aw)+ z i [93 +m=a)y=q-1}(m—q 1)(:1:)]0 .
(b) For Re(%—a) >0and x <b< oo,
“T(2) 7 m=1 Stm—a 0
M[ I;’Dg:k;](s) — L(;)/{}(S—OU/)—I— Z (_1)qrr(u+—) [xs+(mfa)ufq*1]€(m*qfl)(x)}
q=0

I(Z—a) (Z4+m—a—q) 0

Proof.  (a) By definition of YDy, from Eq. (2.5.5) and Eq. (2.6.1), we have

o e G R
(TR ()]

M[ DG k(x)] =

By using Eq. (4.2.1) and Eq. (4.4.1), we get

'l—2-—m+«)

MEDES) = = e MO + on — )
ver(1— 2+ OZ) -
= Mi=2) k(s — av)

[e.e]

m—1 s
Z I'(1+ C] —s-m+o) [$s+(m—a)u—q—1k(m—q—1)(3;) .
—~ T(l-:-m+a) 0
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we get the required result (a).

(b) By definition of YDy from Eq. (2.5.6) and Eq. (2.6.1) we have
M| UDik(@)| = M=) To0rk) (1)

By using Eq. (4.2.2) and Eq. (4.4.2), we get

MIEDE () = (1" 2 MR + (= )
— (—1)2m—ry(zr_<2>l;:(s —av)

we get the required result (b).

4.4.2 Mellin transform of Hilfer and generalized Hilfer frac-

derivative

In following Theorem, Mellin transform of right and left sided Hilfer derivative is

defined as
Theorem 4.4.3. Let a« € C, Re(a) >0, s € C and k € X! _(R+). Then

(a) For Re(s) <1, z>a>0

MIDLR(E)] = HaGili(s — a) + [+80-a a0 k()|

[e.9]

.
(b) For Re(s —a) >0, z <b< o0
M[Dg‘;ﬁk(t)] _ _I(s) l;:(s —a)+ [tﬁﬂ(l*o‘)*ljl()l:a)(l_ﬁ)k:(t)]

I'(s—a)

o0

0 .
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Proof. (a) By definition of D¢} from Eq. (2.3.11) and Eq. (2.6.1), we have

MDEER(s) = M L3000 Dk() (s

= M L g0) 9),

where g(t) = 300D k@).
Using Eq. (4.1.1) and Eq. (4.1.5), we get

MIDk(D))(s) =

F(l—s—ﬁ(l—a))M[d

T — ) 055+ 60— a)
r'2—s—p(1

_ P(1_8>_a>>/\/l[g(t);s+ﬁ(1—a)—1}
_i_[tsw(l =L g(¢)

P(1-s—fl-a)+1—(1—a)l-§)
(

[e.9]

x/\/l[k( );s+ Bl —a) — 1+(1—a)(1_5)}
o]

Therefore,

[e.o]

I'l—s+a)

MDD k())(s) = I(1—s)

B(s — ) + [pA0m 150Dy )| -
0

Hence, we get the required result. As special cases, for § = 0, we get Eq.

(4.1.3) and for 8 = 1, we get assertion (a) of Theorem 4.1.4.

(b) By definition of D"’ from Eq. (2.3.12) and Eq. (2.6.1), we have

fe% ~ adfvfaf
MD k()] = M3 23, k) (1)

= M3 g(6)) ),

where g(t) = (1 (1= mk‘(t).
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Using Eq. (4.1.2) and Eq. (4.1.6), we get

MIPEKE)] =~ g M [Gottss + 60 - o)
_ I(s) .
= [T o QM[g(t),erﬁ(l —a)— 1}
[ ()
Therefore,
M[D; k(1)) = —F(E(f)a>%<s — a) + [pHAO g D)

Hence, we get the required result.
As special cases, for § = 0, we get Eq. (4.1.4) and for 8 = 1, we get assertion (b) of
Theorem 4.1.4. O

Mellin transform of generalized Hilfer derivative is presented below.

Theorem 4.4.4. Let a« € C, Re(a) >0, v >0, s € Cand k € X!,  (R+). Then

s+av

(a) For Re(%) <landz>a> 0.

vy vel(l=p+e) 7 - s+B(m—a)v—mr+(q— ! (m—a 1-5
DI k() = “ T Hs—av)+y, [ e € M 0]

[y

(b) ForRe<§—a> >0and x <b< oo.

sy o~ m g—1
M[ VIDZVLﬂk(t)] _ () ]C(S—OéV)—I— Zl(_l)q |:ts+,3(m—a)u—mu+(q—1) (i) jl(;i%—a)(l—ﬂ)k
q:

I'(£—a) dt

S
v

Proof. (a) By definition of D% from Eq. (2.5.7) and Eq. (2.6.1), we have

MU DECK)(s) = M( 3 aral k) (s)
= M 3L rg(0)) (s),
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where

Using Eqgs. (4.2.1) and (4.4.1), we get

M DCk(s) = F(Iljgmﬁ_a—)é(lm_—;))M [55”9@); s+ B(m — a)y}
F(l_f—ﬁ(m—ya)—i-m)
= yﬂ(m*a)*mru Y M [g(t); s+ pB(m—a)y — my:|

d\a1
s+B(m—a)v—mv+(g—1) [ 2
+y o () o),

_T(L= $ — Bm —a) + m — (m — a)(1 - B))
ra=7)
xM [k(t); s+ B(m—a)y —mrv+ (m—a)(l — 6)1/]

i AN o1
+Z |:ts+,3(m a)v—my+(q— 1)<dt> jEH_ e 5)k<t>i|

[e.9]

0

q=1
vI(l1—-24a)-
_ v T s -
o= 2) (s —av)
m d a1
ts+ﬂ(m a)v—mv+(qg— 1)( ) J(m a)(1- 5)k i| )
+Z;[ Z) o 1),

Hence we get the required result.

As special case for 5 = 0, we get the Eq. (4.2.3) and for 8 = 1, we get assertion
(a) of Theorem 4.4.2.

b) By definition of vD*F from Eq. (2.5.8) and Eq. (2.6.1), we have
b

(3 gm0 1)

M[ DO k(1)) = M(ILC
M3 079 (5)

where g(t) = jlgl:a)(l*ﬁ)k(t).
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Using Eq. (4.2.2) and Eq. (4.4.2), we get

MIDEER)] =~z :;(2 —M (37 9(0); 5+ 80m — )y
)
= T A ey Mo+ Bl — =
S ()

d\a- o0
s+B(m—a)v—mv v 2 ,~(m a)(1-p)
* Z e (&) 2 k()]

0

Hence we get the required result.

O

As special cases, for § = 0, we get the Eq. (4.2.4) and for § = 1, we get
assertion (b) of Theorem 4.4.2.

4.4.3 Mellin transform of Caputo Hadamard-type frac-derivatives

Mellin transform of CHTF-derivative is obtained in following Theorem.

Theorem 4.4.5. If Re(a) > 0 and ¢ € C. Also let a function k(z) be such that its
Mellin transform M|k|(s) exists for s € C.

(a) If Re(c —s) > 0 and M[.Dg, k|(s) exists, then
M[.Dg, Kl(s) = (¢ — 5)* MIK](s).

(b) If Re(c + s) > Oand M| . Dy k|(s) exists, then
M DG K](s) = (¢ + 5)* MIK](s).
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Proof.  (a) By using Property (ii) and (vii) of Section 2.7, that is

M[0™K](s) = (=s)" M[K](s)
M[DI'E](s) = (¢ — s)" M[k](s). (4.4.6)

Now we can find Mellin transform of CHTF-derivatives as

M[.DG, Kl(s) = MIDITL 2 R](s)
= (c—= )" %(c—s)"M[k](s)
= (c— )" M[K](s).

(b) Follows similar procedure.

O

Now we discuss some results related to Mellin derivative and CHTF-derivative.
The following Proposition shows connection between Mellin derivative and or-

dinary derivative.

Proposition 4.4.6. If & € X, then Mellin derivative 67"(m € N) and CHTF-

derivative exists, and both are equivalent, that is
(D k) (1) = 67k (t). (4.4.7)

Proof. By induction, we have

d

Form=1,n=m+1=2and 0 =wg,

(Db )(O) = 1)/( >( sk ()

/0 w6 (w—>)wk(w)dw
{ we L (aw dw+(20+1)/0t k'(w)dw+/otwc+l’f”(w>dw]
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( <Dy k) (1) = ' (t) + ck(?)
= 0.k(t). (4.4.8)

Now we suppose that the relation holds for m and prove that it holds for m + 1 by
Proposition 4.3.8 and Definitions 23 and 21, we have

(WD k)(t) = Tos (6™ Vk(t) = Toy (0 21) k(1)
= Jop. ot 0" (0 k) (1)
= Jop ot 0"t Ock(L))
= Tov.ec 072k (t) = 07 k().

and so the assertion follows. O

By Lemma 4.3.7, we can also write it as
(DR, )0 = B7K (D) = 3 Sulm, kO ). (4.49
4=0
Fractional derivative of k() can also be written as,
(.Dg, K)(t) = Tgv (07 k) (1), o> 0. (4.4.10)

where m = [«].
The following result shows the relation that how CHTF-derivative can be writ-

ten in form of Stirling numbers.

Proposition 4.4.7. Let o be positive and ¢ be a real number. If £ € X, such
that k™ (t) € X, e, then

(D5, k)(t) = Tg . (ZS m, q)t'k ‘”)( ). (4.4.11)
q=0
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Proof. 1t can be directly proved by using Eqs. (4.4.9) and (4.4.10). O

Now we discuss an interesting result.

Proposition 4.4.8. Let k € X, such that 07°k(t) € X, o, where m = [«]. Then
(DG F)(1) = Tot 07 F) (1) = 02 (T R)(E)- (4.4.12)
Proof. Proposition 18 of [20] shows that
07 (Tt k)(E) = Tg't (07 k) (1)
Hence we have,

(D5 k) (t) = Tk S (07K) (t) = 6 (oK) (2)-

O
4.5 An application
Here is an applications of Mellin transform of frac-differential equations.
Example 4.5.1. Consider the equation
tlot v vpatly () 4o vDoy (1) = k(t), for 2 <a < 3. (4.5.1)
we suppose that
y(0) =y (0) = 0, y(o0) =y (c0) = 0. (4.5.2)

Now by applying Mellin transform on both sides of Eq. (4.5.1) and using Mellin

transform of generalized Caputo frac-derivative given in Theorem 4.4.2 and from
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Section 2.6 (property ii), we get

) i I(l1-2—a)
i) = K0 s e D=8

§(s) = k(s)h(s).

To find solution of Eq. (4.5.1), we need to know the inverse Mellin transform h(¢)

of the function h(s) that is the Mellin convolution of the function k(t) and h(t),

where

The inverse Mellin transform of hi(s) and hs(s) can be found by using formulas

7.1(4) and 7.3(22) from tables [35]:

0 for 0<t<1,

ha(t) =
tv=t for t>1.
0 for O0<t<l,
h2(t> = —(t—l)a71
for 1<t<o0.

vol'(a)
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By convolution property the inverse transform of g(s) is,

h(t) = /Ooo hy (f) ho(s) . (4.5.3)

S S

From Eq. (4.5.3), we know that g(t) =0 for 0 <t < s <1, so

h(t) = /100 hl@@(s)%.

Therefore,

where
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Chapter 5

Conclusions

In this thesis, a study is presented for Caputo Hadamard-type frac-derivative(fractional
derivative) (by changing the order of integral and differential operator of Hadamard-
type frac-derivative), motivated from Caputo Hadamard frac-derivative.

In [12, 16] semi group property and composition of operators for Caputo Hadamard
frac-derivatives were discussed and in [30] Taylor’s formula for Caputo Hadamard
frac-derivative was presented. This work is extended in this thesis on the same
lines for Caputo Hadamard-type frac-derivatives. Integration by parts formula for
Hadamard-type frac-derivatives is also discussed.

In the rest of the thesis, Mellin transform is discussed and evaluated for general-
ized Caputo, Hilfer and generalized Hilfer frac-derivatives. In [20], Mellin transform
analysis of Hadamard-type frac-derivatives was discussed. Here, a similar analysis is
presented for Caputo Hadamard-type frac-derivative. An example following [21] is
presented to study the Mellin transform of generalized Caputo frac-derivative used

to solve a boundary value problem with a frac differential equation.
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Appendix

Al
Let
T dt
ja+k(x):/ k:(tl)t—l.
a 1
Then

ml S
aik@:):/ —/ k(t1>dt1ds.
a SJa tl

By Dirichlet formula,

In general,

Replace n with «

A2

Leibniz rule:

g(t1)
[t s)ds = bt gfe)g () ~ e k) £ (6) + [

dt1 Juw) !

70

9(t) 9 h(ty, s)

(t1) 3 tl

ds.



A3

Integration by parts for Hadamard frac-operator

§(kh) = koh + okh

T5(kh) = Tkéh + Jkh
kh|” = / k(sh@ +/ 5kh%
a a 1 a 1

/5/{:h@—kh —/ kéh%.
a a a 1

1

A4
Integration by parts formula for HTF- operator

De[ty “k(t)h(t1)] = [Dety “k(t2)]h(tr) + k(t)[Dety h(t1)]
JeDelty“k(t)h(t1)] = Je[De tlck(tl)]h(t1)+$ (tl)[D ty°h(t1)]

/atl (%)cs_césck(s)h(s)% = / 1 ( ) D.(s~ )
L yon o)

/;1 (i)ch<S‘ck(s)>h(s)iS = t,°k(s)h(s) :1 B /:1 <%>Ck(S)D ( his )> dss

t
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