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Abstract

In this thesis, we discuss about partitioned Runge-Kutta methods (PRK
methods) and the algebraic properties of bi-color rooted trees associated with
PRK methods i.e, groups of PRK methods, Hopf algebra of bi-color rooted
trees and effective order of PRK methods. We will establish a connection
between Hopf algebra of bi-color rooted trees and the group of PRK methods.

In this era, focus has been shifted towards the development of numerical
methods which have low cost of implementation in finding the approximated
solution of a large system of ODE’s. In the sense of classical order, at least
s stages are required for order s, thus for order two we require two stages
and for order four we require four stages. The concept of effective order was
introduced to overcome this barrier and construct method e.g RK-4 with
three stages. Therefore, we will extend the concept of effective order to the
PRK methods. We will construct an effective order three with two stages of
PRK method and an effective order four with three stages of PRK method.
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Chapter 1

Introduction

Many physical problems of science and engineering can be modeled math-
ematically. These mathematical models can be represented by system of
ordinary differential equations (ODE’s). These ODE’s have time as indepen-
dent variable and other variables as dependent variable.

Definition 1.1 An initial value problem y' = f(x,y(x)) with initial condi-
tion y(xo) = yo is the first order ODE, where x is independent variable and
y 1s dependent variable.

Generally, we consider autonomous initial value problem which is indepen-
dent of time variable given as ¢y = f(y(z)) with initial condition y(z¢) = yo.
The uniqueness and existence of the solution is definite if the function f
justifies the Lipschitz condition [6].

Definition 1.2 A function f justifies a Lipschitz condition, if V Y, Z € R™,
d a Lipschitz constant L such that

I fY)=F(2) I<L|Y =21

Sometimes ODE’s cannot be solved analytically. So we need numerical meth-
ods to solve these ODE’s. We have one-step methods, multi-step methods
and general linear methods. One-step methods take our solution to ;i1
only using y; leaving all other previously calculated values. An example of a
one-step method is the Euler method,

Yie1 = Yi + R f(yi), i=0,1,..,n.

Euler method is order 1 method [1]. In this thesis, we will be focusing on
higher order methods as Runge-Kutta (RK) methods. The RK methods were
first developed by Runge (1895) and Kutta (1901).

1



1.1 Runge-Kutta methods

The problem y' = f(y(x)) with initial condition y(zg) = yo can be solved by
RK methods. The general s-stage RK method S = [A, b’ c] can be defined

as,

Yi=ya+h> ay;f(Y)) i=1,2,..s, (1.1)
j=1
i=1

The RK method can be expressed by a Butcher tableau as,

C1 | a1 a2 ... Aaig
Co | @21 a2 ... QAgg
Cs Ag1 ag2 oo Ags

by by ... Db,

where the method contains the coefficient matrix a;; and the weight b;’s of
the method. Moreover due to consistency,

s
C; = E A5 i:1,2,...,$.
i=1

where ¢; are the nodes, Y; are the stages and ¥, is the output value for
the RK methods. RK methods can be explicit or implicit if a;; = 0 for
© < j and a;; = 0 for ¢ < j respectively. Explicit RK methods have low cost
of implementation whereas implicit RK methods are used to solve stiff and
conservative systems.

1.1.1 Order conditions

To obtain a particular order RK method, we need order conditions for RK
method. For finding the order conditions of RK method, we compare the
series expansion given by Taylor for approximated solution of the RK method



with the series expansion given by Taylor for exact solution. The expanded
numerical solution of the RK method is

Yot =Y+ B Y by (@) + B2 Y biciy(x,) + .. (1.3)

i=1 i=1
Taylor series expansion of the exact solution is as follows,
2

y(xn, +h) = y(z,) + hy'(z,) + %y"(mn) + ... (1.4)

Comparing eq (1.3) and eq (1.4), we obtain the order conditions for RK
method which shows relationship between coefficients of RK method,

s

Z bl :1,

i=1
s

i=1

It becomes difficult to find order conditions for higher order RK methods be-
cause the number of order conditions increases in higher order RK methods.
Therefore, we use rooted trees for finding order conditions of RK method.

1.1.2 Some concepts from graph theory

For finding order conditions with the help of rooted trees, we need to know
some basic definitions from graph theory.

Rooted Tree: A non-cyclic connected graph having vertices (with a spe-
cial vertex named as root) and edges is called a rooted tree.

Order: The total number of vertices of a rooted tree represented by r(t)
1s known as the order of the rooted tree.

Density: Density of a rooted tree which is denoted by ~(t) can be computed
recursively by the product of order of tree and by the order of its subtrees
after the pruning of the root.

Symmetry: Symmetry of a rooted tree is the order of a automorphism group
of t which is defined as o(t) = (o(t1) o (t2)"...0(tm)™™ ) (n1!ngl...npy!)



We can associate some combinatorial properties related with above defined
concepts of rooted trees like a(t) and [(t),

a(t) r(t)!

~o((0)
r(t)!
8() = 2.
Elementary differential:
We have,
y'=fy) =1 (1.5)
y' =Wy =Wy =1rr (1.6)
y'=f"ff+ 11 (1.7)
y"'=f"fEH AP EEf (18)

where f, f' are elementary differentials. We can allot a specific rooted tree
with every type of an elementary differential explicitly. For example: if we
have a function f we can assign a vertex for it. Similarly, if we have an
elementary differential f’f we can first assign a vertex for the first f then
one edge for the derivative and again a vertex on the other end of the edge
for the second function f. Elementary differentials and their trees is shown
in Table 1.1.

Elementary weights: We can define an elementary weight of a rooted tree

by
Do bi®i(t) @i(ty).. @i(ty)  if = [tita..t)
where ®;(t) is the elementary stage weight associated with i*"-stage defined

" . (t Z::j ajj = Cj if t=1
it = { Do 2P (1) @ (). Pi(tn) if t = [tita...tn)]

Elementary weights are the functions related with the coefficients of the RK

method depending upon trees of RK method. Let T" denotes the set of trees
up to order 4,

T={e, 3 EV*} Y g



As an example,

ts =0

123

T(t5) = 4 .V

Y(ts) =4 x1x1x1=4 v
_oor) 4
o) = @ " xa ]
r(t)! 4!

F(ts) = f"f1f

Consider the above example to illustrate the construction of elementary
weights ®(t5) . For t; =%

i=1

Elementary weights up to order 4 are represented in Table 1.1.
Now we can find the order conditions of RK method with the help of trees.
Series expansion given by Taylor for the exact solution is [7],

(t) hr(®)

len+h) = ylea) + 32 = FO) (ylan)
By putting the value of a(t) we get,
r(t)
Y(on + 1) = yloa) + 3~ F()(y(z)) (1.9)

2 5(1)3(1)

Series expansion given by Taylor for the numerical solution is [7],

r(t)
et =+ 3 PO B0 F(0))



t | r(t) [ v() [o(t) | a) | B() | F?) D(t)
1| 1| 1| 1] 1|f b,

2 2 1 1 1 1 ff Ybic;

303 2| 1| 3 |fff |She

7

3 6 1 1 6 | f'f'f | Xhagc;
Al a6 | 1| 4 | frrrr b

4 12 2 1 12 f’f”ff Ebiaijc§

!
hv
:
v
?} 418 | 1 | 3 | 24 | fff | Sebsage
Y
:

4 24 1 1 24 f/ f/ f/f Zbiaijajkck

Table 1.1: Elementary weights of the rooted trees.

By putting the value of 5(t) we get [7],
hr(t)
e o)

Yn+1 = Yn + (1) F(t)(yn) (1.10)

We can find order conditions by comparing exact and numerical solution of
Taylor series expansion eq (1.9) and eq (1.10) respectively as,

O(t) = —— (1.11)

Order conditions of an order 4 RK method is given as,

1

1 1

Ybci = 3 Ybjazic; = 6

1 1

ZbiC? = Z, Zcibiaijcj = ga

>b 2 = L >b = L
idijC; = 57 iijAkCl = ﬁ



1.1.3 Simplifying assumptions

To obtain higher order RK methods, the number of order conditions in-
creases. Therefore, there are some simplifying assumptions given by Butcher
to decrease the number of order conditions to obtain a particular order RK
method.

2 1
B(p): > bk = o k=1,2,...p
i=1
ok
Cn): Y aych™ = - i=1,2,....s, k=12 .n
bi(1 —c¥
D(&): ) bicftay; = % j=1,2,...s, k=12 .¢

e [t is required that B(p) satisfies, to obtain an order p method, because
this condition only gives the order conditions associated to the trees

.. 8NV VL

e (C(n) gives same order conditions for k& < n and for the pair of trees

like " E :

e The D(&) condition relates three types of trees in terms of their el-
ementary weights such that the elementary weight of first tree has a
factor bicf_laij and the elementary weight other two trees have factors
b; and bjc;? respectively.

1.2 Group of Runge-Kutta methods

It is of much importance to study the groups of RK methods. An important
application of the groups of RK methods is the introduction of “Effective
order” which we will study later. Firstly, we will see how RK methods form
a group.

Definition 1.3 A group (G, %) is a non-empty set having a binary operation
x satisfies the given properties,

1) IfVv,veG, thenvx*v e G,



2) VoeG,decGstvke=e*xv=u,
) Vuo,r,we G stux(vrw)=(vkr)*w,

) VoveGIv'teGstvrxv!i=v%v=c.

Definition 1.4 A group G is called an abelian group if Vv,v € G s.t vxv =
V.

The group of RK mvethodg under the composition is elaborated by considering
two RK methods M = [A, b1, ¢ and M = [A, bT, ] given as,

j=1

=t h S b)) (113)
j=1

ﬁ:y1+hiawf(}7j) 1= 1,2,...,5, (114)
j=1

S S ) (1.15)
j=1

The composed RK method is,

Yi=yo+h Y iy f(Y))

J=1

Yi=go+h ) bif(Y) +hY a,f(V))
j=1 i=1

y2:y0+h25jf(5/j)+h25jf(l7j)
j=1 i=1

The Butcher tableau of composed RK method is shown in Table 1.2.

We can define an algebraic group G from rooted trees to elementary weights.
Its elements are functions acting on rooted trees. We can define function
a € G corresponding to the RK method M = [A,bT, ] which map trees to



¢1 a1 Qi as 0 0 0
Co a1 (9 as 0 0 0
és dsl ds2 dss 0 0 0
- RV . . - .
Gi+y i qbi| bt by - by G @2 0 s
~ RV . S ~ ~
Cy + Zizl bi | by by --- bs Qo1 G -+ Qg
- R . . - -
Cs + Zizl b | b by - by a; Gz - Qs
by by bs by by - bs

Table 1.2: Butcher tableau for composition of 2 Runge-Kutta methods.

elementary weights of the RK method. Thus a(t;) = «; represents elemen-
tary weights corresponding to the tree t. As an example,

a(N) =a;s = Zbicf

The composition of two RK methods can be also defined in terms of their
functions from group G. Let a, 3 are the functions corresponding to the
methods M, S. We can define the multiplicative group operation given as,

(Ba)(t) = a(¢)B(t) + a(t) + Y Bt \ u)a(u) (1.16)

In the computation of Sa, the tree u is the subtree of a tree ¢t and t \ u is
the remaining tree when u is chopped off tree ¢t. Calculation for the term of
(Ba)(t4) is shown in Table 1.3.

e Closure: It is obvious that the RK method satisfies the closure prop-
erty which means that if we compose two RK methods then the result-
ing method is again an RK method.

e Associative: RK method also satisfies the associative proprty.

e Identity: The identity of the RK method is the method which maps
Yo to yo and it is the identity map.



. MIENE!
t\uEI.

term | By | Beay | Bran | oy

Table 1.3: Calculation of (Ba)(ts).

e Inverse: RK method maps the solution from gy, to y;. The inverse of
an RK method maps the solution from y; to yo. The inverse of RK
method S = [A, b7, ] is

Vi=yr—hY b f(V) +h Y a,f(Y)),
j=1 j=1

Yo =41 — hZij(Yj)-
j=1

The Butcher tableau for the inverse RK method is given in Table 1.4
[6].

G — X7 b;|a;;—by ag—by -+ a3z — Db

Co — 2;_;b; | @21 —by age—by -+ ag; —bs

Cs—X5_ibi | @1 —b1 &8s —by -+ &g —bs
“b, by .-~ —bs

Table 1.4: Butcher tableau for inverse of Runge-Kutta methods.

10



1.3 Hopf algebra of rooted trees

Before defining Hopf algebra of rooted trees, we need to look at some basic
definitions of algebra.

)

Definition 1.5 A ring R be a non-empty set having binary operations ‘+
and ‘X’ satisfies the given properties,

1) The set (R,+) is an abelian group,
2) IfVYvu,veR, thenvxveER,
3) vx (¥xXw)=(vXxXV)Xxw, where v,v,w € R,

4) Left and right distributive law holds, i.e
VX (VHw)=vXVv+vXw,
(V+rv)Xxw=vXw+rxw, Vo rweR.

Definition 1.6 If R and S are two rings, then the ring homomorphism is
the function n: R — S such that,

1) n(v+wv)=nv)+n),
2) n(vv) =n(v)n(v),
3) n(lg) = 1s.

Definition 1.7 A field is a non-empty set having binary operations ‘+’ and
‘X 7 satisfies the given properties,

1) The set (F,+) is an abelian group,
2) The set (F\ {0}, x) is an abelian group,

3) Left and right distributive law holds, i.e
VX (VHw)=vXVv+vXw,
(WHv)Xw=vxw4+rvXw,Vu,rvwekF.

Definition 1.8 A vector space over a field ¥ is the set V together with scalar
addition and scalar multiplication. Let v,v,w € V and Kk, € F.

1) The set (V,+) is an abelian group,

11



2) K(pv) = (kp)v,

3) lv=v, where1 € F,

4) k(v +v) = Kv+ Ky,

5) (k+ p)v = Kkv + po.

Definition 1.9 Let R is a ring. A left R-Module is a set M with properties,
1) The set (M, +) is an abelian group,

2) R x M — M denoted by ki, V k € R, and p € M,

a) (k+p)xv=rv+uv,VrucRandv eM
b) (ku)v = k(pv), ¥V k,p € R and v € M
c) klpu+v)=rpu+rr,VKe€R and p,v e M

3) IfR has a unit element 1, then
lk =k, V ke M.

Hopf algebra Hp of rooted trees is introduced in Connes and Kreimer [1998].
The set of rooted trees will be denoted by T(n).

T(1)={e} T(2) ={3}

) - (V1) T — (v Y, %}

Definition 1.10 Let R is a commutative ring with 1g. Ring A with 15 and
ring homomorphism n : R — A mapping 1g to 15 s.t subring n(R) of A is
contained in the center of A.

Definition 1.11 Hopf algebra Hg is the unital associative K-algebra having
a coproduct, a counit and an antipode generated by T.

K-basis of Hopf algebra is given by rooted forests. Each component of rooted
forest F is a rooted tree. The rooted forest for the trees upto order 4 is given
below,

APPSO LV S SR I S IV 3 i:v,x;,‘f',f

Now, we can define the coproduct, counit and antipode of Hopf algebra for
rooted trees.

12



Definition 1.12 The linear map A : Hg — Hr ® Hr such that ¥ rooted
trees t € T is known as coproduct of Hg.

Afty= > PHRR(t)=tel+lat+ » P()@R(1)

c€Adm(t) ce Adm(t)
and A is an algebra morphism [9],

A(tity) = At A(ts).

Definition 1.13 The choice of edges of tree t is a non total cut ¢ for a tree
t.

Definition 1.14 If a tree t have at most one cut in an edge for any oriented
path, then such a cut is called an admissible cut c.

Definition 1.15 W¢(t) is the forest after deleting a chosen edge in any cut
c for the tree t.

Definition 1.16 The R°(t) is a subtree of W¢(t) which consists of the root
of t.

Definition 1.17 P¢(t) is the product of other subtrees of W¢(t) except R°(t),
for any admissible cut c.

Definition 1.18 A total cut is also an admissible cut i.e, W°(t) = P°(t) =t
and R°(t) =1

Now, we can find the coproduct of rooted trees as follows,

Ale)= e ®1+1® o

From the Table 1.5

A(E):E®1+.®I+I®.+1®$

13



o 33T 3 |wa
Admissible | v | v y n y
we(t) E le el |eee E
Re(t) E o | ¢ X 1
Pty | 1] 8| X E

Table 1.5: Calculations of terms for A of ¢,.

Definition 1.19 The linear map € : H — K such that for allt € T

is known as counit and it is an algebra morphism [2]
£ (tltg) = €(t1)€ (tg)

Definition 1.20 An antipode is a linear map S : Hr — Hg such that

St)y=—t— Y S(P(t)R(t)

c€Adm(t)

and antipode is an algebra antimorphism [2]

We can calculate S(t) for rooted trees as follows,



1.4 Isomorphism

There is a one-one correspondence between the coproduct of the Hopf algebra
of rooted trees and the composition rule of the RK method. As an example,

let t—e.

The coproduct for t= e is,
Ale)= e @1+1® o
and the composition rule for t= e is

o + o

which shows one-one correspondence between them.
There is one-one correspondence between the antipode of the Hopf algebra
of rooted trees and the inverse of composed RK method. As an example, let

t=e.

The antipode for o is

and the inverse of composed RK method for e is

—Zblz—.
=1

which shows one-one correspondence between them [8].

1.5 Effective order of Runge-Kutta methods

The idea of effective order was introduced by J.C. Butcher in (1969) [3].
Later, it was rediscovered by Loépez-Marcos, Sanz-Serna and Skeel in 1996
and now a days more results on the idea of effective order is introduced in
[6, 4, 5]. This idea was used to construct order five RK method with five
stages. The method « has an “effective order” p if there exist another method
3 such that the composition B3~ ! has an order p. The method 3 used once

15



at the beginning and the $~! at the last. According to another definition
of “effective order” by J. C. Butcher, we can obtain the order conditions of
an effective order by equating the composition fa to the composition E(,

where E represents the exact solution i.e, E = [4].

7(t)
1.5.1 Two stage effective order three Runge-Kutta meth-
ods

For the trees of order up to 3, the composition of fa and E( is shown in
Table 1.6. By equating composition (fa) and (Ef) given in Table 1.6 and

ti | (Ba)(ti) (EB)(t:)

o | Sitan 1+

| Bt Bran + o SO

| 85+ B2a1 + 28100 + as %+61+2ﬁ2+ﬁ3
b | 51t oo 4 rom s bt Bt

Table 1.6: Ba and E( for the trees up to order 3.

taking 5; = 0, we got the following equations,

ar =1, (1.17)
1

a2 =3, (1.18)
1

g = g + 262, (119)
1

= (1.20)

16



Eq (1.17) to eq (1.20) can be converted in terms of elementary weights as,

by + by =1, (1.21)
1
blcl + bgCg 25, (122)
1
b10% + bgcg :g + 2/62, (123)
1
blCLHCl + bga2101 + b2a2202 :6 (124)
Solving equations eq (1.21), eq (1.22), eq (1.24) together with consistency
conditions ZZ i =G and choosing ¢; = 3 and ¢y = 3 we get the following
Butcher tableau,
Lo B
313
2 | 2
e
313
11
2 2
For perturbation method, we have
=0 (1.25)
For finding condition on 35 we need to find asg,
1.1 4 5
= b2 =12+ byct = (= + =)= —
ag Z C; 161 + 0265 2(9"‘9) 18
Putting the value of a3 in eq (1.23), we get,
b= - (1.26)
2736 '

Eq (1.25) and eq (1.26) can be converted in the form of elementary weights
and expanding them for explicit 2-stage RK method in coefficient form taking

1
Cy = 50 We get the following ( perturbation method.

ol o o
1] 1
o
2 | 2
1 1
18 18




We can finally find suitable ending 37! method using the method explained
by Butcher in [6] for finding inverse of the RK method.

1 1
0| -— =
18 18
1 4 1
2 9 18
1 1
18 18

18



Chapter 2

Partitioned Runge Kutta
methods and associated Hopf
algebra

The differential system

( p )' _ ( f(a) ) p(@o) =po,  a(z0) = . (2.1)

can be solved using partitioned Runge-Kutta (PRK) methods, where the
solution for above differential system is (p,+1,¢n+1). The PRK method can
be defined as following [12],

Pi :pn+hzs:awf(Q]) 1= 1,2,...,5, (22)
j=1
j=1
j=1

b = 1+ 1Y Ta(P), (25
j=1

The first component of the system eq (2.1) is solved by one RK method
defind in eq (2.2) and eq (2.3) and the other component of the system (2.1)
is solved by another RK method defined in eq (2.4) and eq (2.5). The PRK
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method can be shown by Butcher tableaux as,

¢l | amn a2 ... Qs ¢l |an a2 ... Qg
Co | Q21 Q22 ... Qg Co | Q21 Q22 ... Agg
Cs ags1 Ag2 e Agg Cs ags1 Ag2 e Agg

by by ... b, by by ... b,

P, and @); are the stages, a;; and a;; are the coefficient matrices, b; and gj
are the weights. p,.; and ¢,, are the output values of the system eq (2.1)
taking p, and g, as initial values respectively. Moreover,

are the consistency conditions of the PRK method. Order conditions related
to PRK method can be found using the concept of rooted trees. Therefore,
we will first evaluate the elementary differentials of eq (2.1). Take

p = f(a) (2.6)

Differentiating eq (2.6) again and again, we obtain higher order elementary
differentials.

o9,

P =549 (2.7)
W= 2L+ LY 25)
@ = af;;caq(g,g,gw aa ?(f g)+£§§ ggf+ (2.9)
: 2
e RS < AL R
Take
0 = 4(p) (2.10)



Differentiating eq (2.10) again and again, we obtain higher order elementary
differentials.

dg
(2 —
= (2.11)
g dg Of
B —
»g g Of g 0f
(4) — Z e

2g Of  Of O°f

opop” aq? - dp 9qdq (9.9) + dp 0q Op

With the help of elementary differentials defined in eq (2.7) to eq (2.9) and
eq (2.11) to eq (2.12), we can find bi-color rooted trees. Order conditions
can be determined using the bi-color rooted trees with their densities and
elementary weights shown in Table 2.1 and Table 2.2.

Order conditions for PRK method can be found using following condition,
1
D(t) = —
V=50

Order conditions for the PRK method is shown in Table 2.1 and Table 2.2.
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t t) | F(t d(t d(t) =
V() | F(t) (t) (t) D)
° 1 / Zf:lb Zf 1 0i=1
of | - .1
: 21 547 i1 biCi 2 i1 bici = 5
*f s 52 s .o 1
3 9q9q (9,9) >im1 b€ Dz bic; = 3
8f Bg 1
6 8q 8p Ezg 1 biaijc Ezg 1 biage; = 6
| STy g.0) | S b i b =
aqaqaq g7g7g =1 Zcz' i=1 Zci - 4

9004 ap(f )| D0 = Gibiaigeg > e Cibidije; = <

:

e
SNy
¥
:

of 0%g )
. %apap(f’f) 2= bitis D= 1bawgzﬁ

af 0g Of . L . oy
24 a_q 8_p a_qg Z’Lj,kzl bia'ijajk(fk Z’Lj,k:l bia,ija,jkck = ﬂ

Table 2.1: Order conditions for the bi-color rooted trees with black vertex as
root.
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Eto ] e O(t) $(7)= =
(¢)
° 1 g Ef:l bZ Zle fi);:l
ag s s 7 . 1
g 2 8_p > iz bici S bici = 5
ks azg N s 7 9 1
¢ ’ Opdp (f:1) 2 i1 bic; Yoi bicr = 3
dg of - X
E ’ ap 9q 2 j=1DiaiiC; > o1 biaiiC; =
‘\E/’ g _ N .
! im1 Ui} S = =
apapap (f7 f7 f) 22:1 C; 2221 c 1
029 af . - . o .
3; 8 apap a_q (gu f) Zi,]:l Cibiaijcj Zi,j:l Cibiaz’jcj _ g
ag a2f s i’ S 7 1
? 12 8_]9 aqaq (97 g) Zi,jZl b,’CLUE? Zi,j:l bia'ijE? _ E
dg Of Og ) - ) o '
i - Ip 9q 9p i jik=1 Vi @ikCr | 325 g Dt Qjcr = 24

Table 2.2: Order conditions for the bi-color rooted trees with white vertex
as root.
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2.1 Group of partitioned Runge-Kutta meth-
ods

The group of PRK methods under the composition is elaborated by consid-
ering two PRK methods M = [A4, bl c], M = [A, b7, ¢] and S = [A,BT,C],
S = [A,B",(], given as

j=1

D1 =p0+h§:bjf(Qj)a (2.15)
j=1
j=1

o=t h> B, (217)
j=1
j=1

p2:p1+h§:3jf(Qj), (2.19)
j=1

o} :q1+hiﬂijg(73j) i=1,2,..,5, (2.20)
j=1

Q@2 =q + higjg(Pj)- (2.21)
j=1
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The composed PRK method is

P?,:p(]_'_hzaljf(Qj) Z:1727' » S,
j=1
Pi:po_'_hzbjf(Qj)_'_hZAijf(Qj) Z:1727”757
j=1 j=1
pr=po+h> bif(Q)+hY> Bif(Q)
o = (2.22)
QZZQO_I'hZaZ]g(P]) 221727 ) Sy
j=1
QiIQO+thjg(F)j>+hZ“Zijg<Pj> =125,
j=1 j=1
g2 = qo + hZEjQ(Pj) + hz Big(P;).
j=1 j=1
The Butcher tableaux for composed PRK methods are,
C1 a;; a2 A1g 0 0 s 0
Co Q21 Q2o - Qs 0 0 ce 0
Cs As1 Qgy -+ Qge 0 o --- 0
Ci4+>i b | bt by -+ by An A 1 Ay
Cot+ D0 b | b1 by o by An Ax - Ay
Cs + Zle bz bl 62 e bs -’481 'A82 T Ass
by by - by, B By - B,

Table 2.3: Butcher tableau for compositi

25
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a1 aj;; Gy -+ a0 0o .- 0

52 521 522 s 525 0 0 . 0

Cs sy Ggy -+ Ggs 0 0o --- 0
51 + 25:151' gl 52 T Zs «2(11 «2(12 : .Z(1s
A b | b b e by A Am e
Cor S bl b B o B Ay Ay - A
51 52 e gs El [3'2 . gs

Table 2.4: Butcher tableau for composition of PRK methods SM.

Let G be the group as mappings from trees to real numbers of corresponding
elementary weights of the PRK method. We can define the multiplication
operation for the group G. If a, 3, &, € G, then the terms of (Ba)(ts) is

shown in Table 2.5. Similarly, we can calculate the terms of Ba only by
replacing # with # and o with a.

AEETIIEY BT AT Y S B R
. ARSIV I I S EY:
NPT I I T N

term | Bs | iy | focva | Bras | Bifac | Bifias | ag

o e

Table 2.5: Calculation for the term Sa(tg).
Hence,
Ba(ts) = B + Bras + Bocvs + Bras + Bi oy + Bifrovs + ag

e Closure: It is obvious that the PRK method satisfies the closure prop-
erty which means that if we compose two PRK methods then the re-
sulting method is again an PRK method.
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e Associative: PRK methods also satisfy associative property.

e Identity: The identity of the PRK method is the method which maps

Po to pp and gy to ¢p and it is the identity map.

e Inverse: PRK method maps the solution from py to p; and qg to ¢;.
The inverse of PRK method maps the solution from p; to py and ¢; to
qo- The inverse of PRK method S = [A, BT, C], S = [A, BT, (] is given

as,

Pi = ppt1 + hZAijf(Qj) - hZij(Qj) i=1,2,..,s,
j=1

J=1

Pn = Pn4+1 — hZBJf(Q])7

j=1
Qi = (n+1 + hzjz’jg(Pj) - hzgjg(Pj) 1=1,2,...,s,
j=1 j=1

4n = Gn+1 — hz gjg(Pj)-

J=1

Butcher tableaux for inverse of PRK method are,

Ch —XBi | Au—B1 Aw—By - A — B
Co—X_ B | Ayy —B1 Ay — By -+ Ags — By
Cs - Zf:lBi Asl - Bl 'A82 - 82 e Ass - Bs
_B, ~B, . _B,
C, — Zlegi An—B Ap—B, - A, -B,
Co— 33 Bi | Ay — By Agy— By -+ Ap — B,
55 - Zf:llg;i “151 - gl -’2(82 - g2 T AVSS - gs
_B, _B, . _B,

27

(2.23)



2.2 Hopf algebra of bi-color rooted trees

The set of bi-color rooted trees for the elementary differentials of eq (2.1) of
weight n < 4 will be denoted by T(n).

T(1)={e,0}
T(2) =1{3,8}

T(3)={°¥3°\o’:§,i}

T(4):{°\3/°,°\§/,¥,of,‘<},\o;,§,i}
The rooted forest for the bi-color rooted trees upto order 4 is given below,
Leoeo8tienoelial® e eo008.0l%t vuuo
SR SV IE RX 2% SN S SICVIE SN 3

ceooeoleol 200080 0t %,%5,«3,%,5

Now, we can move towards to see that how bi-color rooted trees can form the
Hopf algebra. We can similarly define the coproduct, counit and antipode for
the Hopf algebra of bi-color rooted trees as we have defined the Hopf algebra
of rooted trees.

Definition 2.1 The linear map A : Hr — Hr ® Hpr such that for all bi-
color rooted trees t € T is known as the coproduct of Hg.

Aty= Y PH@R(t)=t@l+1l@t+ Y  P(t)R(t)

c€Admi(t) ce Adm(t)

and A is an algebra morphism,

A(tita) = A(t1)A(t2)
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The notation of admissible cuts, W¢(t), P°(t) and R°(t) is defined in 1.3.
A(e), A(o) is given below,

Ale)= e ®@1+1® o

Alo)= 0o ®1+1® o

Calculating A for t = !

Cut 2| & | total
Admissible | v | v | v
we) |[$leol| 8
Rty |83 o | 1
Pty | 1] o | 8

AY=001+108 + e ® o
Similarly, we can calculate A for t = 3
AD)=3014+18 8 +0® e

Calculating A for t = *’

Cut [N %N % | total
Admissible | y y y y y
We@) (% e8| e 0eo| ™
Rty |N° 8 | o 1
Pty | 1] o | o | o | N

A(Y):V®1+1®Y+2. 2+ e0e®o0
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Similarly, we can calculate A for other trees of order 3 and 4,

o _0

AN =N 21+10¥+20 08 + 00 ®
A(§)2§®1+1®§+.®3+3®.

A(E):§®1+1®§+o®g+i®o
A(o\i/o)zo\i/o@)l—l-l@o\i/a—?)o@c\op-i-?)oo@ 2+ooo®o
A(\V):‘\g/'®1+1®°\3/°+3.®°\o’+3..® g—l-ooo@o

A(‘*}):%}®1+1®°\;+o®§+3®f+.®°¥°+03®.

+oo®i

A(\o;)z\o;®1+1®*o;+.®§+f®3+o®°x°+.f®o

+ e o ®g
A(?)=¥®1+1®¥+2. ® § foeoe®o+¥®o0
A(of)zof®1+1®?+2o ® E too®o+¥® e

A(g):§®1+1®§+o®§+f®f+§®.
A(i)=i®1+1®i+.®§+3®3+§®o

Definition 2.2 The counit is a linear map ¢ : H — K such that for all
teT

and it is an algebra morphism

E(tltg) = E(tl)E(tQ).
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Definition 2.3 An antipode is a linear map S : Hr — Hpg such that
S(1) =1
St)y=—t— Y S(P(t)R(1)

ceAdm(t)

and antipode is an algebra antimorphism

S(tita) = S(ta) S (t1).

S =-3 —5(e)o
——3—(—e)o

:—g—l—oo

S(N)=-N"-259(0)8 —S(00)e
= % —2(-0)3 —S5(0)S(0) e
:_o¥o+2o 2 —(—o0)(—0)e

:—o¥0+20 2 — oo e
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S(%*) = -N"-25(e)8 —S(ee)o
= "-2(—e)f —5(e)S(e)o
= 4+ 2e 8 —(—e)(—0)o
= t2ed — 000

5(%):—% —S5(e)d —5(3)e
:—§ —(—o)i —(—;—i—oo)o

:—§+02—|—go—ooo

S(i):—i ~S5(e)d =5(3)a
:—i —(—o)g —(—i—i-oo)o

:—i—i-og—Fio—ooo

S(N) = N2 359(6)%=35(00)8 —S(000)e
= N 3= 0) N =35(6)S(0)8 —S(6)S(0)S(0)e
= ANF30N = 3(—0)(—0)8 —(—0)(—0)(—0)e
= NA3.%-3008+0000e

SN = N 39(0) %" -35(0 0)8 —S(e e )0
= N 53— e )N - 35(e)S(e)d —S(e)S(e)S(e)o
= N3 - 3(—e)(—e) 8 —(—e)(—e)(—e)o0
= N3¢ 300l teeno
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—S(6)S(e)d

EEEY S S X SR SRV IV S
—(—o)(—e)d

EECY S SN X SR SRV SR
C0ed

:—o\;-l—o%—l-oc\op-'—gi—Qooi—goo-i-oooo

\O; *o; S( E )Y —5(0)% - 5(ed)o —5(e0)d
:_‘i(g_(—.)i—(—3+o.)3—(—0)Y—S(3)S(-)o
~5(e)S(0)?d
ST SUF S SENE SRV VAL S
—(—e)(=0)?¥
NECT IS SHF S SUDE SOV SR
ol

:—§+o§+ov+ig—2oog—ioo—|—oooo

:—?—2(—.)% —S(.)S(.)f —(—v-i-Qo g —ee0o0)e



:_¥+2.§—(—.)(—.)f+°¥°.—2.$.+..o.
:—¥+2.§—002+v0—2030+0000
:—¥+2.§+.X.._..i—2.g.+..0.

s&3:-?-mﬂﬂ§—soo P -5(%)o
:?2( E— g— C\op-l—Qoi—ooo)o

:—of-i-Qo

£
:—of—l-Qoi—oog-'—c\opo—Qoio-l-oooo
i

o 34—\(0—20204—0000

:—of-i-Qo +\(o—oog—202o+oooo

s&):—%-g@)%-gd)i—sﬁ).

= — —(—o)§—(—2+oo)2—(—§+og+io—ooo)o
+ o %-ﬁ-ii—o i-}-io—ogo—ioo—i-oooo

:

R
:—§+o§+io+22—20.2—030—0—0000

:

:
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:—i—i-oi—i-g;—oog—i-%o—oio—goo—i-oooo

:—§+o§+§o+gg—2.03—0204-.000

2.3 Isomorphism

There is a one-one correspondence between the coproduct of the Hopf algebra
of bi-color rooted trees and the composition rule of the PRK methods. As

an example, let t= {.

The coproduct for t= : is,
A)=301+108 8 +0® e
and the composition rule for t= $is

i—l—oo—i-i

which shows one-one correspondence between them.
There is one-one correspondence between the antipode of the Hopf algebra
of bi-color rooted trees and the inverse of composed PRK method. As an

example, let t= {.

The antipode for $is
S( 2) = — 2 + o e
and the inverse of composed PRK method for $is

—i—l—oo

which shows one-one correspondence between them.
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Chapter 3

Effective order of partitioned
Runge-Kutta methods

A brief review of effective order for RK method is given in Chapter 1. In this
chapter, we will try to extend the idea of effective order to PRK methods.
The main aim of this thesis is to obtain higher effective order PRK meth-
ods using less number of stages as requires by classical order. Consider the
problem

( ]q) )l B < g((g)) ) plwo) =po,  a(ao) = qo. (3.1)

We can find its solution using the PRK method a = [A4, b' c] and & =
[A, b7, ¢] defined below:

P =pn+ hzaijf(Qj) 1=1,2,..,s,
j=1
Qi =gqn + hzaijg(Pj) 1=1,2,..,s,
j:sl (3.2)
Pnt1 =DPn+h Z bjf(Qj),
j=1

n+1 = qn + hzfgjg<13])
j=1

P; and @, are the stages, a;; and a;; are the coefficient matrices, b; and Ej
are the weights. p,.; and ¢,,1 are the output values of the system eq (3.2)

36



taking p, and g, as initial values respectively. Moreover, ¢; = " a;; and
¢; = Y a;; are the consistency conditions of the PRK method.

Now, the PRK method o and a has an “effective order” p if there exist
two starting methods 8 = [A,BT,C] and 8 = [A, BT,C] with two ending
methods B! and 3! such that the composition Saf~! and Baf~! has an
order p. The method 8 and 3 used once at the beginning and the B~ and
37! at the end. We can obtain the order conditions of an effective order for
PRK method by equating the composition Sa to the composition £ and
the composition fa to the composition F3, where E represents the exact

solution i.e, F = —.
(t)

The Butcher tableaux

c| A
o =
bT
Cl A - Cl| A
B = B = —
BT BT

We can write their product as af and 623:

c A 0 c A 0
af: C+Y b b A B C+Yb| b A
b BT T BT

Trees of order 4 are given in in Table 3.1 and Table 3.2. We have black and
white vertices as the root of the rooted trees. We will denote the tree with
]Black vertex as a root with ¢; and the tree with white vertex as a root with
£

Name tl tg t3 t4 t5 t6 t7 tg
trees | o | & | ¥ § N o\‘; Y g

Table 3.1: Bi-color rooted trees with black vertex as root.
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Name tl tg t3 t4 t5 t6 t7 tg

trees | o ;.X.§W§?

Table 3.2: Bi-color rooted trees with white vertex as root.

3.1 Two stage effective order of partitioned
Runge-Kutta methods
In this section, we want to construct effective order 3 method with two stages.

For the trees of order up to 3, the composition of fa and E( is shown in
Table 3.3 and the composition of fa and E 3 is shown in Table 3.4.

ti | (Ba)(t:) (EB)(t:)

o | it 1+ 3

: Ba + Brea + ag %-i-ﬂl-i-ﬂz
e B3+ Braq + 2Bras + %-1-51-1-252-#53
% B+ Bocy + Brag + ay %+%ﬁ1+ﬁ2+54

Table 3.3: Sa and E( for the trees up to order 3.
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t | (Ba)() (EB)(%:)

o | B +a 1+ 6

! Bo + 1y + G %-1-514—52
** B3 + B2a1 + 2612 + a3 %-1-514—252-#53
i Bu + Body + Prda + A %4—%61—1-62—1-64

Table 3.4: 562 and Eg for the trees up to order 3.

By equating (8a) = (E@), (5a)
have following equations,

R
I

2

8%

N
no

a3 =
&3:
oy + By =

ay + By =

(EE) and taking () = 51

= 0, we got

—_
w w
= W
—

L,

- (3.5)
o (3.6)
% + 2, (3.7)
% +20,, (3.8)
é + 6o, (3.9)
é + fo. (3.10)

We can find values of 3, and 3, from eq (3.7) and eq (3.8),

3as — 1
62: 36 5
~ 3as — 1
B = 36 -

After substituting the values of 5y and B, in eq (3.9) and eq (3.10), we have
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the following eq’s independent of § values.

ap =1,
ay =1,
1
g =——,
2
T (3.11)
Qi :§>

60(4 + 3623 - 30(3 :1,
6&4 + 30&3 - 3&3 =1.

Writing the set of equations (3.11) in terms of elementary weights with usual

indices,
Sh=t

bi = 1,
1
bici = -,
ZNC 2 (3.12)
Z bic; = b%
60) " bidijc;) + 30> _bic) = 30> bie?) =1,

60D biay;cy) +3(>_bic;) —3(D_bic}) = 1.

Expanding the set of equations (3.12) in terms of coefficients of the following
Butcher tableaux,

0 0 0 C1 511 0
cp|axn 0 Co | Q21 Qo
bl b2 g1 g2

we get the following equations.

b1 + by =1,
gl —}—52 _]->
- - 1
bici + bacy 257
_ 1 (3.13)
baco :§>
6byaoncy + 36203 — 3b15% — 36253 =1,

6baca?) + 3b172 + 3byc2 — 3byc? =1.
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Solving the 6 equations (3.13) for 6 unknowns by, bg,gl,gg, U9, Co taking ¢y, ¢y
as parameters, we get

—1+ 2¢
b1 _ = =<
2(—c1 + o)
, _ 1128
2726 — Gy
G _ 7188 — 6% + 12010
T 4188, — 60y + 126155
~ 3
b2 = - —~ ~ ~ ~\)
2(2 — 901 — 302 + 60102>
o (—2 4+ 38)(@ — &)
22 =

(—1+251)(2 — 961 — 332 + 6ora)

1 ~ ~ -
Co = g(—2 + 901 + 302 — 60102).

Using consistency conditions, we can find the values of a;1, as; and as;.

ay = c,
621 = 52 - 6227

(=2 +38)) (31 — &)
(—1+261)(2 — 362 + C1(—9 + 62))

=0y —
a21 = C2,
1 - - ~

= g(—2 +9¢; + 3¢ — 6¢162).

_ 1 2 .
Choosing ¢; = 3 and ¢y = 30 Ve get the following two Butcher tableaux o

and @ method respectively.

olo o L
3| 3

502 2L 3

919 3|15 5

11 19

2 2 0 10

For perturbation method ( and 5, we have

b1 =0, (3.14)
B=0 (3.15)



For finding 35 and 52 condition, we need to find the values of a3 and as.

3 = Zb,Ef = bl’C? + ngg

1.1 4
—5(—+§)
o

18
&3 = Z bch = bQCg

9 /5\°
- 10\9

_ 2
18
Putting the values of a3 and asz in eq (3.7) and eq (3.8), we will have:
1
= —— 3.16
62 36’ ( )
~ 1
=——. 3.17
Br= o .17
We can write eq (3.14) to eq (3.17) in elementary form,
> B =0,
> B =0,
(3.18)

Writing equations (3.18) in coefficient form for the Butcher tableaux.

010 0 0| 0 0
Cy | Ay, 0 Cy| Ay 0
B, B B, B
as follows,
By + By =0,
El -+ Eg - 0,
=~ 1 (3.19)
B -
202 367
BaCy = ——
22 36



Solving the equations (3.1~9), we get i;he following Perturbation method ﬁ:/g
because 02 = Cg, A21 = Agl, Bl = Bl and BQ = BQ.

olo o
1)1
1= o0
6|6

11
6 6

Now, we will finally find suitable ending beta inverse (37!) method. By
combining (BafB™1), we get the following Butcher table.

0 0 0 0 0 0 0
1 1
— — 0 0 0 0 0
6 6
0 l —l 0 0 0 0
6 6
1 1
5 L5y o o
9 6 6 9
1 1 1 1
1 S 2 2 2 0 o0
6 6 2 2
1 1 1 1
I+A0 | = = = - A 0
+.A21 5 5 2 2 21
1 1 1 1
S - 2 - B B
6 6 2 2 ! 2

We can obtain the order conditions for 3~! method of 2-stage effective order
3 from the above Butcher table to construct 5~! method. Order conditions
for 37! method in the form of elementary weights are,

&
|
\.H

Egm

=
A
TN
|
D =W =N =

(3.20)

Z BZAVZ]CJ =
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Order conditions for 37! method are

By + By =0, (3.21)

By + By + BoAy = 316 (3.22)

By + By + By( A3, +2A2) = 21136 (3.23)
%(Bl + Bs) + B2 Ay = 1/36. (3.24)

After solving eq (3.21) to eq (3.24), we get the following suitable finishing
method 571.

0] 0o o0
1|1
12 o
6| 6

11
6 6

Since, [ = E Therefore, 37! = 5_1

3.2 Three stage effective order of partitioned
Runge-Kutta methods

In this section, we want to construct effective order 4 method with three
stages. For the trees of order up to 4, the composition of fa and Ef is
shown in Table 3.5 and the composition of ﬁa and E(3 is shown in Table 3.6.

By equating (Ba) = (Ef), (E&) = (EE) and taking [, = 51 =0, we got the
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(Be)(ti)

(EB)(t:)

o—o—o—oo—o<:0<g_.€0—0—00<20—00 -

B1+ a1

B2 + Brai + oz

Bs + 5%@1 + 251012 + ag

Ba + Brag + Bao + oy

Bs + 351@3 + 35%(12 + 5?@1 + as

Be + Braa + Baas + Braz + B1B2a1 + B1B1o2 + g

B7 + Bza1 +2B1a4 + Biag + ar

Bs + Bacy + Baaa + Broy + as

1+ 61
Lipts
2 1 2
1
+ 81+ 282 + B3

3

1
+5ﬁ1 + B2 + Ba

BlR ole

+ 81+ 382 + 383 + Bs
1+1B +3B + B3+ Ba+ B
g T3t 3 4 6

11
— 4= 2
3 T3P B2+ 28a+ By

1+1ﬁ +1ﬁ +B4+8
o Tl t 3P 4 8

Table 3.5: Ba and E( for the trees

up to order 4.

o—o—o—oo—o<80<:_oaéo—o—oo<:o—oo -

(B&) (%) (BB)(E:)

B1 + a1 1+ 51

~ 1 ~ ~
B2 + B181 + a2 5+51+52

Bs + Bia1 + 268182 + as

B4 + B2y + B182 + G4

Bs + 368183 + 367aa + B3E1 + &5

Be + B1&4 + B2dz + B1as + B1P281 + B1B182 + dg

Br + Bady + 26184 + B8z + &7

Bs + Bad1 + Badz + B1d4 + G

| =

+ 51 + 2082 + B3

w

1 ~ ~
+5ﬁ1 + B2 + Ba

(e N

+ B1 + 382 + 383 + fBs

1 1~ 3~ ~ ~ ~
§+5ﬁ1+5ﬁ2+ﬁ3+54+56

1 1 ~ ~ ~
—+§ﬁ1+ﬁ2+2ﬁ4+ﬁ7

1 1 1~ ~ ~
e Py "y e
" 6ﬁ1 2ﬁ2 Ba + Bs

Table 3.6: 5&' and EB for the trees
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following equations,

Oé1:1,
&1:1,
1
a2:§a
- 1
a2:§a
1
043=§+2527
_ 1 ~
Oé3:§+262,
~ 1
Oé4+52=6+527
~ 1 -~
a4+52=6+/52,
1
045IZ+352+3537
_ 1 ~ ~
a5=1+3ﬁz+3/@3,
1~ 1 3
a6+§ﬁ2:§+§ﬁ2+ﬁ3+/@4a
Qg 22_8 22 3 4,

~ 1
a7+ﬁ3=E+ﬁz+2/@4,

~ 1 -~ ~
ar + s = — + o + 204,

12

~ 1
a8+ﬁ4:ﬂ+ﬁ4>
~ 1 -~
048—1‘54:%‘1‘54-

From eq (3.29) and eq (3.30),we can find the values of 3, and [,

3as — 1
62: 36 5
~ 3as — 1
B = 36 -
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(3.25)
(3.26)

(3.27)
(3.28)
(3.29)
(3.30)
(3.31)
(3.32)
(3.33)
(3.34)
(3.35)
(3.36)
(3.37)
(3.38)
(3.39)

(3.40)



Putting values of 85 and 3 in eq (3.31) and eq (3.32), we get the reduced
equation’s independent of beta,

60(4 + 3&3 — 30&3 :1,
6&4 + 30(3 - 3623 =1.

Now, we can find the values of 33 and Bs by putting (3, and By in eq (3.33)
and eq (3.34),

B3 = EﬂLgOés— 53
~ 1 1._ 1.
ﬁS—E 5045—5043

We can find the values of 34 and 54 from eq (3.35) and eq (3.36) by putting
values of 35, (32, 3 and (3 in them,

1 1. 1 1
54=—ﬁ+046+1043—1043—§0457
L AR SRS PO g
1T Ty T e Tyt TR0

Finally, putting (s, 52, 03, 53, (4 and 54 in eq (3.37) as well as in eq (3.38).
Also put 4 and (4 in eq (3.39) and eq (3.40), we get the following equations,

120 + 240 — 485 — 8as + 1284 =3,
—12a7 + 240 — 4as — 8as + 12a3 =3,
1440 + 1440 — 1440 — 4805 + 485 — 7203 + 7203 =6,
14405 + 14406 — 1440 — 48 + 485 — 7T2a3 + 7203 =6.
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So equations from eq (3.25) to eq (3.40) has been reduced to 10 equations
independent of 3 values written below.

a =1, (3.41)

a =1, (3.42)
1

(6%} 25, (343)

~ 1

(6%} 25, 3.44

(3.44)
6y + 33 — 3az =1, ( )
6ay + 3as — 3as =1, (3.46)

—1207 + 2dag — 485 — Sai + 12a5 =3, (3.47)
—1230; + 2485 — das — 835 + 1205 =3, (3.48)
144ag + 14405 — 14406 — 48a5 + 48ais — T2a3 + 7203 =6, ( )
14485 + 14406 — 14435 — 48as + 4835 — 7203 + 7283 =6. (3.50)

Further, we have simplifying assumptions D(1) and D(1). We can write D(1)
and D(1) in the form of o/s as following,

Zdj = ZZZ’CLU +Zb]’5] — Zb]
j=1 j=1 j=1

i,j=1
= &2 + g —

=0.

Similarly, other D and D conditions are,

Qs +as —a; =0, (3.51)
Qo+ 8s — & =0, (3.52)
ay + g — ay =0, (3.53)
u+ Gy — dp =0, (3.54)
a7+ oy — a3 =0, (3.55)
p + &5 — Gz = 0, (3.56)
ag + ag — ay = 0, (3.57)
Qg + g — Ga = 0. (3.58)

We can get reduced form of equations eq (3.45) to eq (3.50) by using D(¢)
and D(§) conditions in them. First we can simplify eq (3.49), eq (3.50) by
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calculating eq (3.49)- 24 x eq (3.46) and eq (3.50)-24 x eq (3.45) respectively
as follows,

240&6 + 8&5 — 80&5 = 3, (359)
24a 4 8as — 8a; = 3. (3.60)
We can again find some more suitable form of equation’s eq (3.59) and eq

(3.60) by calculating eq (3.59)-4czeq (3.45) and eq (3.60)-4cseq (3.46). Hence,
the equations eq (3.49) and eq (3.50) has been reduced in the following form,

24ap + 8as — 8as — 24y — 12a3 + 12a3 = —1,
24&6 + 80&5 — 8625 — 2403&4 — 12030&3 + 1203&3 =3 - 403.

Secondly, we can simplify eq (3.47) and eq (3.48) by calculating eq (3.47)-eq
(3.59) and eq (3.48)-eq (3.60) respectively as follows which we can ignore,

627 + a5 — a3 = 0,

a7 + &5 - 623 = 0.
Lastly, using equation eq (3.54) in eq (3.45) and using equation eq (3.53) in
eq (3.46) we can get the following equation,

Oég—i—&g:g.

Hence, there are 7 equations for finding 7 unknowns.

o =1, (3.61)
ay =1, (3.62)
1
a2 =3, (3.63)
- 1
Qg = 5, (364)
- 2
g+ oz = g, (365)
24056 + 8&5 — 80(5 — 240&4 — 12&3 + 120&3 = —1, (366)
24&6 + 80(5 — 8&5 — 2403&4 — 12030&3 + 1203&3 =3 - 403. (367)
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Writing eq (3.61) to eq (3.67) in the form of elementary weights,

Z bl :1,

> b =1,
Sobe =,
Zgici :%,

24 Z cigiaijgj + 8b26? — 8/520? — 2403 ZIEZCLUEJ —12 Z bZEZQ + 1203 Z%}C? =3 — 403.

We can expand equations for these Butcher tableaux.

0] O 0 O clayg 0 0

Ca | Q21 0 0 Co | Q21 a2 0

¢z | as azp 0 1| az aszx ass
b by by b by b

Writing these seven equations in their expanding forms as follows,

by + by + b3 =1, (3.68)
by +by+ by =1, (3.69)
~ ~ 1
blcl + bgCQ + bg = 5, (370)
~ ~ 1
bgCg + bgCg = 5, (371)
~ ~ 2
blfC\? + bg&% + b3 + bgcg + bgcg = g, (372)
24[)2(5252202 — 52202) +EQC§(8CQ — 12) +530§(803 — 12) (373)
+b,2(12 — 8¢1) + byca (12 — 8¢y) + 4by = —1,
24by (22, — c309¢1) + b2 (881 — 12¢3) + byc? (8¢ — 12¢3) (3.74)

b3 (8 — 12¢3) + bac(12¢5 — 8¢a) + 4bscd = 3 — 4es.

Take ¢y, c3, ¢1, o as parameters. Solving 7 equations numbelied from eq (3.68)
to eq (3.74), we can find 7 unknowns which includes b’s, &'s and ag. Also
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using consistency condition, we can have the value of asq,
Cy = Gg1 + Aga. (3.75)

Writing equation eq (3.57) in the form of elementary weights and its expanded
form in terms of coefficients, we can find as»,

Zgiaijajka —+ Zabﬁwc] — Z bifiijcj = 0,
bg(a3262202) + b2(5262202 — 62202> = 0. (376)
Using consistency conditions, as; and as; can be calculated,

Cy =021, (3.77)
C3 =a31 + G32. (378)

Finally, writing eq (3.54) and eq (3.58) in the form of elementary weights
and their expanded form of coefficients, we can find azs and ass by solving

their expanded form.
Z ba;jc; + ZEC? - ZECZ =0,
Z bia;ja;iCr, + Z Cigiaijﬁ} — Zgiaij’cvj =0,
bytinaCs + bs(dsaca + sscs) 4 ba(c3 — o) + bs(c2 — ¢3) =0, (3.79)
bo(@a209¢1) + by (Azacaly + zaaa & + Azgazala) + ba(c381 — &) (3.80)

+03’53(CL3151 + a3252) —l-’gg(aglgl + a3252) =0.

ai1,az; can be found using consistency conditions,

¢ = a, (3.81)

1= 531 + 532 + 533. (382)

Lastly, choosing the values of parameters ¢y = 1= %,51 = %,52 = % and
finding unknown values of Butcher tableaux by solving eq (3.68) to eq (3.82),

we get the following o and & method.

ol o 0 0 L - 0 0
3| 3

1] 1 2 | 44 2

o - 0 0 e e 0

4] 4 3] 63 63

L3 o2 1 5 236 116

2 | 116 116 3 45 45
17 5 20 40 29
8 4 8 9 9 9

o1



Further moving towards finding the starting methods 3 and /E, we need to
find the values of as, as, as, as, ar, az. Firstly,

a3:ZbiE?:b15%+bQEg+bg

1
8
_ 5
- 36
~ 19
Similarly, we have az = 36’
we have
Since,
Therefore,

Similarly, we have

a7 =

1 3+7
3 4

52

€

Wl

2 5
8

7T
, Qo = —, Qp = 1 Moreover,

36

(3.85)

(3.86)
(3.87)
(3.88)
(3.89)

(3.90)



Writing eq (3.83) to eq (3.90) in the form of elementary weights,

ZbZ - 0,
ZZZ = 0,

(3.91)

~ 5
Zbiaijci = 2—16

Writing the set of equations (3.91) in expanded form for the Butcher tableaux

0 0 0 0 0 0 0 0
Cy | Ay 0 0 Co| Ay 0 0
Cs | Az1 Az 0 Cy | Ay Ay 0
Bl B2 B3 El Eg Eg
as follows,
By + By + By =0, (3.92)
By + By + By =0, (3.93)
~ ~ 7
BQCQ + Bgcg - —5, (394)
~ ~ 7
BQCQ + Bgcg - ﬁ, (395)
~ ~ 5
ByC2 + B3C2 = —— :
202 + 303 216’ (3 96)
- - 5
ByCi + BsCs = —=5 (3.97)
~ 5)
B3 A = — )
343203 w5 (3.98)
-~ 5
BA3,C3 = 316" (3.99)
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Solving eq (3.92) to eq (3.99), we will have the following 4 and 3 method.

0] o0 0 0 0] o 0 0

1|1 1|1

e ) 0 e =

1] 4 3] 3

1| 16 5 2 2

Sl = -=Z 0 2l 2o

2 | 27 54 3 3
13 1 41 173
3 8 24 36 9 4

Now moving towards finding 3! of 3 method and 5_1 of 5 method, we will
use the procedure defined in Chapter 3 to find the inverse of PRK method.
Hence the final 37! and 37! methods are given below,

ol -1 3 L o | & T 3
33 24 36 1
1| 1 3 1| 53 17 3
14| 12 8 24 3| 36 9 4
1|7 el 1 2| 115 43 3
2 | 27 216 24 3| 3 9 4
13 1 4 17 3
3 8 24 36 9 4
3.3 Order verification
The Harmonic Oscillator problem is,
y =z, y(0) =1, (3.100)
2= —y, 2(0) = 0. (3.101)

The exact solution for Harmonic Oscillator is y = cos(z) and z = sin(x).
For verifying the effective order 4 behaviour, we follow the given steps:

1. Use the first starting method 3 to perturb yo to get 7. Use the second
starting method [ to perturb z, to get Zj.

2. Determine the numerical solutions at x,, = zg + h for n number of
iteration using the method « on 7y to get ¢, and using the method a
on zp to get z,.

o4



3. Determine exact solutions to obtain y(x,) and z(z,) at z,. Use the
method 3 to perturb y(z,) to obtain y(x,) and use the method 3 to
perturb z(z,) to obtain zZ(z,).

4. Take the difference between numerical and exact solution to get global
error, i.e || ¥n — () |-

Calculations for effective order 4 behaviour is given in Table 3.7.

¢ h global error ratio
5 | 0.628318530717959 |  -0.033218943708652
0.0548
10 | 0.314159265358979 |  -0.001819699406986
0.0552
20 | 0.157079632679490 | -1.004698861695186e-04
0.0577
40 | 0.078539816339745 | -5.799977310427806e-06
0.0598
80 | 0.039269908169872 | -3.466542881636059e-07
0.0610
160 | 0.019634954084936 | -2.115858066531473e-08
0.0617
320 | 0.009817477042468 | -1.306377228615929¢-09

Table 3.7: Global errors

True global error can be calculated for the numerical solution with step-sizes
h = 0.009817477042468 and h = 0.019634954084936 as

YETTOT320

= 0.0617.

ratio =
YETTOT160

Solving (1/2)P = 0.0619 for p (order of the method), we get p = 4 ( assuming
p must be integer).
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Chapter 4

Conclusion

In Chapter 1, we gave a brief review of RK methods and discussed about the
algebraic properties of rooted trees associated with RK methods i.e, groups of
RK methods, Hopf algebra of rooted trees and effective order of RK methods.

In Chapter 2, we discussed about PRK methods to solve the system of ODE’s
. We extended the idea of Hopf algebra of rooted trees to the bi-color rooted
trees and pointed out a connection between Hopf algebra of bi-color rooted
trees and the group of PRK methods.

In Chapter 3, we have constructed an effective order three of PRK method
by taking 2-stage PRK method and an effective order four of PRK method
by taking 3-stage PRK.

The advantage of constructing effective order PRK methods with fewer stages
is the low computational cost which is the major concern in finding the
approximated solution of a large system of ODE’s.
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