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Abstract

The physical problems like the planetary motion, simple pendulum and many others are
governed by Hamiltonian equations. We provide approximate solution of Hamiltonian
equations by using structure preserving numerical methods.

The numerical methods which preserve the qualitative features of Hamiltonian system like
energy conservation and symplecticity are used for the long term integration of Hamil-
tonian system. In this thesis we construct symplectic numerical methods like symplectic
Runge-Kutta and symplectic partitioned Runge-Kutta methods. Particularly we deal with
the symplectic implicit Runge-Kutta and symplectic implicit partitioned Runge-Kutta
methods, like Gauss, Radau-I, Radau-II and Lobatto-III for Hamiltonian systems. We

have implemented all these methods and draw a comparison between the results.
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Chapter 1

Introduction

Differential Equations (DEs) play an important role in different fields of sciences. For
example, in Engineering, DEs describe the flow of electrical currents through the series
circuits, in Chemistry, DEs describe the rates of chemical reactions and in Physics, DEs
model Newton’s law. Usually these DEs are ordinary differential equations (ODEs), be-
cause they are most suitable mathematical form which can be used to understand above
mention phenomena. In this thesis, we are concerned with the solutions for the system of
ODEs.

Generally, the system of ODEs with initial conditions are known as the initial value prob-

lem (IVP) and is given as

y'(t) = fty),  ylto) = vo, (1.0.1)
where y/(t) = % denotes the derivative of function with respect to time ¢, y is the flow
of ODE which represents the solution of (1.0.1). In autonomous IVPs, ¢ is taken as the

argument of the vector y that is

y'(t) = f(y(®), wy(to) = vo.

The system of first order ODEs with initial conditions has the form,

v = f1(t, Y1, Y2, Y3, - Un) y1(to) = y1,
vy = f2(t, Y1, Y2, Y3, -Yn) y2(to) = y2,
Yo = fu(t,¥1,92, Y35 --Yn) Yn(to) = Yn.

Example 1.0.1. Let T'(¢t) denotes the temperature of body at any time ¢, and constant
temperature of the surrounding medium is 7;,. If the rate in which a body cools is

represented by Cfi—:tp, then by Newton’s law of cooling is

dr
EOCT_Tm’



or

dr
— = k(T — Ty
kil )

where k is a proportionality constant. The body is in a state of cooling, when k£ < 0 and
we have T' > T,,, [9].

If f(y) satisfies a Lipschitz condition [8], then the solution of (1.0.1) must exist and is

unique.

Definition 1.0.2. A function f(¢,y) satisfies a Lipschitz condition in the variable y on a
set £ C R? if a constant L > 0 exist with

|f(t,y1) — f(t,y2)] < Ly — vl

whenever (t,y1) and (t,y2) are in E. The constant L is called a Lipschitz constant for f.

Example 1.0.3. Let v/ = f(t,y) = t|y| and

consider a set

E={(ty)] 1<t<2and —3<y<4}.

Now
|f(ty1) = f(ty2)| = [tlyi] = tlyzll = [tlyi] = vl < 2ly1 — 2l

Thus f satisfies a Lipschitz condition on E in the variable y with Lipschitz constant L = 2.

It means that the solution of this DE must exist and unique.

1.1 Hamiltonian systems

Classical mechanics is a branch of physics in which we study the motion of bodies. Hamilto-
nian mechanics was first formulated by William Rowan Hamilton. Hamiltonian mechanics
is an improved form of classical mechanics. Hamiltonian theory works in three different
disciplines (equations of motion, partial differential equations and variational principles)
but here we shall use his theory about equations of motion. In Hamiltonian mechanics, the
equations of motion depend on the generalized co-ordinates ¢; and generalized momenta
p;- These equations are known as Hamiltonian system [7,10], with Hamiltonian H such

that

. OH
. om (1.1.1)
q’L - apz,

where / denotes the derivative of function with respect to time ¢

Di = (p17p27p3 """ pn)7
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¢ = (q1,92,43---qn);

having 2n degree of freedom. In other words, Hamiltonian systems are mathematical
function that can be used to develop the equations of motion of a dynamical system.
Normally H represents the total energy of the underlying mechanical system. Usually

Hamiltonian can be written as a linear combination of kinetic energy and potential energy,

H(p,q) = T(p) + V(q),

where T is kinetic energy and V is potential energy. Hamiltonian of this form is said to

be separable.

Example 1.1.1. Harmonic oscillator. The equations of motion of the Harmonic oscil-
lator define a Hamiltonian system with generalized momenta p and generalized coordinates

q and are given as
/ /

q9=p, P =-4q.

The total energy H is given as
P ¢
H="—+=—.
2 + 2

Some remarkable properties of Hamiltonian systems [10] are given below.

1.2 Energy conservation

Energy is one of the physical quantities that is conserved in our universe. If the Hamilto-

nian function H is autonomous then the energy is conserved such that

d _9H , 0H
EH(p’Q)_a—pp +a—qq,

OH OI 01 o
dp dqg  Jq Op’

Thus H conserves energy

H(p(t), q(t)) = H(p(0), 4(0)) = constant.

1.3 Symplecticity

Symplecticity is a qualitative feature of Hamiltonian systems. There are many ways to

explain the notion of symplecticity. One of them is discussed here.

e symplecticity in terms of jacobian.



Consider a linear transformation ¥ : (p, q) — (p*, ¢*). ¥ is symplectic if,

Ut = J.

0 1
J = ;
<_IO>

is a 2n x 2n matrix, I is n X n identity matrix.

Here

To prove this, suppose that the jacobian of transformation has a unit determinant.

op op

I op* oq*
vo(8 8)

op*  Oq*

op ¢  Op Oq
op* d¢*  Og* Op*

aapgq o aapgq 88p 88q o 881) é?q
/t / * * * * * * * *
Ut g = p*Op p*Op p* Iq ¢ op* |

Now

Thus

+ Op 9q Opdq __ _Opdq
op* Oq* 0q* Op* 0q* 0q* 0q* 0q*

Hence ¥ is symplectic.

1.4 Symplectic integrators

Energy conservation and symplecticity are the properties of Hamiltonian systems. We
want those numerical methods that preserve symplecticity. However, all Runge-Kutta
methods do not preserve this property when we solve Hamiltonian system numerically.
Therefore we need symplectic Runge-Kutta methods.

Solving the Hamiltonian system, we can verify that Runge-Kutta methods are symplectic

if the approximate solution will satisfy the following relation.

< Pn+1;9n+1 >=< DPn,;qn >,

where pn11, qnt1 and p,, g, are the approximate solutions of Hamiltonian systems at
tn+1 and t, respectively. In this thesis, we have considered Runge-Kutta methods and

partitioned Runge-Kutta methods to be symplectic.

1.5 Linear and quadratic invariants

Hamiltonian systems are those DEs whose solution possess invariants. There are two types

of invariants, we have studied, in this thesis: one is called linear invariant and other is

4



called quadratic invariant [4,5].

Linear invariant: Suppose that an initial value problem is
7= f(2(1),  z(to) = 2. (1.5.1)

A non constant function L(z) is known as linear invariant (first integral) of (1.5.1) if

This means the solution z(t) of (1.5.1) satisfies
L(z(t)) = L(zp) = constant.

For example, in a conservative system the Hamiltonian function H is a Linear invariant

of (1.1.1) by applying the definition of linear invariant on H then
_OH
— dq

f(p7 Q) - [ OH ] 9

! __ OH OH
H = | o o],

OH
Hf( )—[8_H B_H} T 9q
pb,q) = op dq oH ’
Op
=0.

Quadratic invariants: Consider a quadratic function
Q(z) = 2'Cz,

where C'is a square symmetric matrix. It is an invariant of (1.5.1)
if
ZOf(2) =< 2% f(2) >=0, V.
This condition holds for conservative systems. We consider an example of quadratic in-

variant

Harmonic oscillator: Consider the quadratic function

Q(z) = 2'C(2),

5



Q@ =(p o) (3 f) (Z) , (152)

where

(1.5.2) is an invariant of the equation of motion of of Harmonic oscillator (4.3) because

ACf(2) = (p q> <(1) (1)> (‘pq> —0.



Chapter 2

Runge-Kutta methods and
partitioned Runge-Kutta methods

2.1 Runge-Kutta methods

Two German scientists Carl Runge (1856 — 1927) and Martin Kutta (1867 — 1944) devel-
oped the Runge-Kutta methods [2,3] in 1901 for the numerical solution of ODEs. Carl
Runge developed numerical methods for solving the ODEs that appeared in his study of
atomic spectra. These numerical methods are still used today. He used so much mathe-
matics in his research that physicists thought he was a mathematician and he did so much

physics that mathematicians thought he was a physicist.

Runge-Kutta methods belong to the family of one step methods to calculate numerical

solutions of initial value problems

v = fy(t), wy(to) =vo. (2.1.1)

Rung-Kutta methods give an approximate solution of (2.1.1) at time ¢, = nh where
n=20,1,2... and h is the stepsize. The general form of Runge-Kutta methods in case of

autonomous is,

Y =yno1+ Y aghf(V), i=1,2...s,

o (2.1.2)
Yn = Yn—1 T Z bzhf(Yz)a

=1



and in case of non-autonomous,

Yi=yn1+ Y aghf(tn +c;h,Y)), i=1,2...5
j=1

Un =Yn-1+ D bihf(tn + c:ih, Y7),
=1

where Y; are s stage calculated during the integration from time ¢,_1 to t,, ¥, is an

approximate solution. A Runge-Kutta method can also be represented by Butcher tableau

as [2],
C1 ajlp aiz - als
ca | a1 az ... ag
Cs | Gs1 QAs2 -+ (QOgs
bl b2 . bs

where b; are called the quadrature weights of the method. The
S
¢ =Y ay, for i=12.., (2.1.3)
j=1

are the quadrature nodes of the method at which the stages Y; are calculated. Runge-Kutta
methods are explicit if a;; = 0 for ¢ < j which means that the stages can be calculated
sequentially. This requires less computation time for solving ODEs. Runge-Kutta methods
are implicit if a;; # 0 for some i < j. The stages then become implicit and we need either

fixed point iteration or Newton Raphson method to evaluate them.

Example 2.1.1. Fourth-stage explicit Runge-Kutta method of order 4:

010 O 0 O
1|1
LIl 0 0 0
1 1
1o 1 0 o,
110 0 1 O
12 2 1
6 6 © 6
Y1:y07
h
Yo =yo+ §f(Y1)7
h
Y3 =yo+ §f(Y2)7
h
Yi=yo+ Tf(Y3)7
h 2h 2h h
Y1 =yo + gf(Yl) + Ef(YZ) + Ef(Y?») + gf(Y4)-



Example 2.1.2. Two-stages implicit Runge-Kutta method of order 4:

1 _ V3 1 1 _ V3
276 1 1776
148
1 1
2 2
1 V3
Yi=yo+ f(Y1)+h(Z ?)f(lé),
V3 h
Y2:y0+h(z+?)f(Y1)+Zf(Y2),
h h
ylzy0+§f(yl)+§f(y2)'

2.2 Order conditions for Runge-Kutta methods

The order conditions [1] for a Runge-Kutta method (2.1.2) represent a relation between
the coefficients of a Runge-Kutta method such that if these conditions are satisfied, then
the method have a particular order. To find the order conditions of Runge-Kutta method
we have to compare the numerical solution with the Taylor expansion of exact solution.
We accessed the order conditions of Runge-Kutta method by using an explicit method as
well as an implicit method. To find the order of the Runge-Kutta method we first explain

the concept of elementary differentials which is as follows.

'f
"D+
=D 2 )+ 20 D+ F TS
= UL D) AL S LS D) 20" L F D) AP L D)+ 20 7 F )
21 L F) 20 F L D) AL L )+ 3£ £ 11 (L 6,

H
w

y'
y"
y"
Z/
y"

(2.2.1)

where f, f'f etc are called elementary differentials. The general form of explicit Runge-

Kutta method is

Y;‘:yn—l-i-zaijhf(yj), i=1,2,...s,

jfl (2.2.2)
Yn = Yn—1 T Z bzhf(Y

i=1



and

s
=Y a;=0i=12,.s, (2.2.3)
j=1
is the consistency condition.
For s =3,
Y1 = yn-1. (2.2.4)
Y2 = yp—1 + haz1 f(V1), (2.2.5)

by using equation (2.2.4) in equation (2.2.5)
Yo = yn—1 + hea f(Yn—1), (2:2.6)
Y3 = yn—1+ hasi f(yn—1) + haza f(Y2), (2.2.7)

by using equation (2.2.6) in equation (2.2.7),
Y3 = yn—1 + haz1 f(yn-1) + hasa f(yn—1 + heaf (Yn-1)). (2.2.8)

Using Taylor series,

2
Fnet + he2f (1)) = F(one2) + heaf' fun1) + 535" TS (1) + OR),  (2:29)

by using equation (2.2.9) in equation (2.2.8)

Y3 = yn—1 + hlags + az2) f(yn—1) + h2ageca f' f (yn—1) + O(K?)
F(Y3) = f(yn—1 + hesf (yn—1) + h*asaca f' f(yn—1) + O(h%)),

and
F¥8) = Flyn 1) + hes ' Flon 1)) + W (AT P un 1) + ascaf T Flyn 1)) + O(1°).
(2.2.10)

Yn = Y1 + Kby f (Y1) + hba f(Ya) + hbs f(Y3) + O(RY), (2.2.11)

by using equations (2.2.4), (2.2.9) and (2.2.10) in equation (2.2.11)

2
Yn = Yn—1 + hb1 f(yn—1) + hba(f (Yn—1) + heaf' f(yn—1) + %c%f”f(yn—l))

b ns) + hes ' Flyn1) + B (GES (1) + aeaf'f'lyn 1)) + O,

Yn = Yn—1 + h(b1 + b2 + b3) f (yn—1) + h*(baca + bscs) f' f (yn—1)

1 ) ) A (2.2.12)
+ h3(§(b202 +b3¢3) [ f f (Yn—1) + bzasaca f' f' f(yn—1)) + O(h?)).
Now the Taylor series of exact solution is
! h2 " h3 " 4
Y(tn) = y(tn—1) + hy (tn-1) + gy (tn—1) + ?y (tn—1) + O(R"). (2.2.13)

10



By using equation (2.2.1) in equation (2.2.13), comparing it with equation (2.2.12) we

have
3

> bi=1, (2.2.14)

i=1
which is the condition of Runge-Kutta methods of order 1.

1
> bici = 5 (2.2.15)

which is the condition of Runge-Kutta methods of order 2.

3
Z bic? =

1=2

)

(2.2.16)

S = W

bsazaco =

)

which are the conditions of Runge-Kutta methods of order 3.

2.3 Symplectic Runge-Kutta methods

As discussed in chapter 1, we need the Runge-Kutta methods which when applied to
Hamiltonian system or conservative system can preserve their inherent qualitative fea-
tures, such Runge-Kutta methods are called symplectic Runge-Kutta methods [4,11]. The
Runge-Kutta methods (2.1.2) are symplectic if the numerical solution y,, of (2.1.1) satisfies

<Yn,Yn >=<Yn-1,Yn-1 > - (2.3.1)
This is only possible if the coefficient of Runge-Kutta methods (2.1.2) satisfies
biaij; + bja;; —bib; =0 V i,j=1,2,---5. (2.3.2)
Equation (2.3.2) is called the symplectic condition for Runge-Kutta methods.
Proof:
Since for a conservative system, as given in quadratic invariant in section (1.5)
ZOf(2) =< 2%, f(2) >=0,V 2, (2.3.3)

where C' is identity matrix. For the Runge-Kutta method (2.1.2), we apply (2.3.3) on the
stages of the Runge-Kutta method. Therefore

<Y, f(Y) >=0,

using (2.1.2) in above equation we have

< Yn-1-+ Zaz]hf(}/})7 f(le) >=0,
=1

11



<yn-1, F(Y5) >= =k ai; < f(¥)), f(YVi) > . (2.3.4)
j=1

To prove equation (2.3.1), take the left hand side of it and using (2.1.2) we get

<Yntn > =< Y1+ h Y bif (Vi) yn-1+h Y bif(Yi) >, (2.3.5)
=1 =1

=< Yn-1,Yn-1 > 0> b <yno1, (V) > +h > b < F(Vi),yn1 >
i=1 =1

+17Y " biby < f(V2), F(Y) >
ij=1

Using equation (2.3.4) in above equation, we have

<YnYn > =<Yn 1,Un1 > =02 baiy < fF(V5), f(Yi) > =h* > bjag < f(V5), f(Vi) >
ij=1 =1

+h* Y by < f(Y5), F(Y7) >,
ij=1

< Yns¥n > =< Yn-1,Un-1 > +h* Y (=biay; — bjaji + bib;) < f(V5), f(V7) >,
=1

Now
< YnyYn >=<Yn—1,Yn—-1 >,

If and only if

s

W* Y (=bias; — bjaji + bib) < f(Y), f(Yi) >=0.

ij=1
Since
< f(Y)), f(Y:) >#0,
therefore )
h? Z(—biaij — bjaji + b,‘bj) =0,
ij=1
hence
bia;j + bja;; — bib; =0, Vi, j=1,2..s.

2.4 Trees and its use in Runge-Kutta methods

Trees [2] play an important role in the development of Runge-Kutta methods. We have
the following definitions.

Trees and rooted trees.

Tree is simply a connected graph with no cycles. It is the combination of vertices and
edges. Tree becomes a rooted tree if we fixed one vertex of it as root. We indicate the

root by placing it at the bottom of a tree diagram. [1,7]

12



As an example we can take a tree £

S

and its rooted trees are

VAR

fx ty
Let T denotes the set of all rooted trees including the empty tree which has zero vertices

and edges. A single tree with only one vertex is represented by 7 and is denoted by e.

A tree with two vertices is represented by [7] and is denoted by I The following table

represents some rooted trees and their notations.

v e s ¥ 3

Notations | [2] (7]l 7] [rl7l) (2] [[I7]]

Rooted trees

Order: The number of vertices of a tree is called the order of the tree and is denoted by

r(t).

For example

- r(f) = 4

Density: It is a product of the order of the trees and the order of subtrees when the tree

is chopped off. Tt is denoted by ~(£).

For example

t= Y y(t) =12
Elementary Differentials: To find out the order of a Runge-Kutta method, the numer-
ical solution is compared with the Taylor series expansion of the exact solution. For the

comparison, f(y(t)) needs to be differentiated several times as follows

y =f

y'=f'f,

y" ="+ 1S

g =) 2 LD 2 D+ T

y= LD A L D) A2 L P F) 4L L )+ 2 7 )
21 ) 28 U F ) AL L F )+ 3 F U (F 6)-

13



A set of elementary differentials is denoted by F'(t).

Rooted trees

FElementary differentials

. f
: f'f
hVe } " FS

TS0y SIS )

P, PP

Table 2.1: Elementary differentials and their rooted trees.

Elementary Weight: For each tree f, a corresponding polynomial can be obtained in
the coefficients of the Runge-Kutta methods known as elementary weight. It is repre-
sented by ®(#). In other words, it is a linear combination of b, a;; and c;. Thus single
vertex is represented by quadrature weights that is, by, bo,...bs. The end vertex of each
edge is represented by quadrature nodes of the method at which the stages Y; calcu-
lated that is, ci, c2,...cs. The edge which has edges on both sides is represented by

Qij, v i,j:l,Q,...S.

Rooted trees Elementary weight

: XS: bic;
=1

Z biC?, Z biaij

2,7=1

Vv 2
v
vi o

%,J

S
2. biciaiic

ij=1

. 3
Z bicz’ ’
i=1

s
2
biaijcj, Z biaijajkck
1 i.j,k=1

Table 2.2: Elementary weights and their rooted trees.

14



Taylor series of exact solution in terms of trees [4] is given as

Y(tasr) = y(ta) + S W OL (@ D)F () (y(ta) + OR). (24.1)

The numerical solution of Runge-Kutta method written in terms of trees [7] is given as

hOo(i
Comparing equations (2.4.1) and (2.4.2), we have
o(f) = — (2.4.3)
v(E)’ -

where ¢, r(f) and ®(#) are rooted tree, order and elementary weight of that rooted tree

respectively. So the equation (2.4.3) is the order condition for the Runge-Kutta method.

Example 2.4.1. Consider a tree { = Y

The elementary weight is

q)(f) = Z biaijcg.

ij=1
And the density is
y(t) = 12.
The order condition for this tree is
R 1
O(t) = —
v(t)
S
<I>(t) = ~Zl biazj j E
27.]:

2.5 Superfluous trees and non-superfluous trees

A tree is called superfluous [7], if it generates identical rooted trees when any two adjacent
nodes of the tree are taken as a root. Consider a tree ¢ which have vertices = and y. Let

x is taken as root and plfx is rooted tree. If we take y as root and pgfy is rooted tree.

XYy

>

pity paty

15



As we can see that pif, and pgfy represents two identical rooted trees so underlying tree
is superfluous tree. The important thing is we can choose any two adjacent vertices as
roots. A superfluous tree has even number of vertices.

We consider another tree #; which have vertices = and y. Let x is taken as root and pgflx

is a rooted tree. If we take y as root and p3'E1y is rooted tree.

(VAR

p3tiz patiy
We can see that pgflm and p4f1y are two different rooted trees. So we did not get two
identical rooted trees for any of the two adjacent vertices being taken as root. Thus tree

t1 is a non-superfluous tree. A non-superfluous tree has odd number of vertices.

2.6 Order conditions for symplectic Runge-Kutta methods

in terms of rooted trees

The symplectic Runge-Kutta methods have a particular order if the order conditions are
satisfied which is a relation between the coefficients of these methods. The order conditions
for symplectic Runge-Kutta methods [2,12] are less then the order conditions for general
Runge-Kutta methods. This is due to the fact the superfluous trees do not contribute in
the order conditions while non-superfluous trees contribute half number of order condi-
tions. The following table shows the possible rooted trees of order 1 to 4 for Runge-Kutta
methods.

Order | rooted trees order conditions

b =1
1

1

2 I ;bici:%

S

S S
3 ha } Yobici =3, X biayej =3
i=1 ij=1
*, 3_1 v 1
4 4 '} 2o bici =7, X biciaijej = g
i=1 ij=1

S S
2 1 1
4 Y § 2. biaijc; =13, 2 biaijapcy = o

i,j=1 i,5,k=1

Table 2.3: Order conditions and their rooted trees.
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Now lets discuss the symplectic condition (2.3.2) of Runge-Kutta methods which is not
effected by the following procedure:

1. First multiply symplectic condition by ¢; then take summation.
2. First apply summation over symplectic condition then multiply it by ¢;

In both cases we have same expression.
Proof:
Consider the symplectic condition (2.3.2) of Runge-Kutta methods.

biaij + bjajl- — bzb] =0. Vi,j=1,2,...5s. (2.6.1)
Multiply equation (2.6.1) with ¢;
biaijcj + bjcjaji — bibjcj =0. Vi,j=1,2,...5s. (2.6.2)

Apply summation over equation (2.6.2) when s = 2, and after simplification, equation
(2.6.2) becomes,

2biaricy + braraca + baagicy + 2baasaca + bicrars + bacgagy — bibicy — bibacy — babicy — babaca = 0.
(2.6.3)

Now first apply summation over equation (2.6.2) when s = 2,

biair + brair — bibr  braiz + baag — biby

G = ,
boasy + braia — babr  baags + baasy — babo
multiply by c;,
biair + brair — bibr  biaia — baagy + bib c1
G = ,
boasi + braia — baby  baags — baaga + babo o
or
2b1ajicy — bicy biaiace + baagicy — bibacy
G —
baagicy + brajac; — babicy 2baagg — b3ca

Taking sum of rows and columns, we get

2biayicy — bicy + biajaco + baasica — bibacy + boasicy + brajacy — babicy + 2byagacy — bico = 0.
(2.6.4)
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We can see that equations (2.6.3) and (2.6.4) are same which shows that symplectic con-

dition of Runge-Kutta methods is not being effected by the procedure.

Lets discuss that how number of order conditions reduces in symplectic Runge-Kutta
methods.

For order 1.

We have only one possible tree o, which gives us only one order condition that is

S

Zb,:l.

i=1
[ ]
There is only one order condition for one order symplectic Runge-Kutta methods.

For order 2.

We have one superfluous tree

which does not contribute in order conditions. For example consider the symplectic condi-
tion of Runge-Kutta methods from equation (2.3.2) then apply the summation over i and

j from 1 to s, then we have

Z biaij + Z bjaji — Z bibj =0, (2.6.5)
i, i,j (2]

:>22biaij—1:0,

,J

1
= Z biaij = 5
2%

!

The order condition for 2nd order symplectic Runge-Kutta methods will automatically
satisfy. The total number of order conditions for order two are one.

For order 3.

For order three, we have only one tree that is non-superfluous,

18



that generates two rooted trees. This non-superfluous tree gives only one order condition.
For example, consider the symplectic condition of Runge-Kutta methods from equation

(2.3.2) multiply by ¢; then apply the summation over i and j from 1 to s, then we have
Z biaijCj + Z bjCjaji — Z bibjCj = 0,
2 i, i,
b b L_
Z i@ Cj + Z iciti = 5 =0,
Z?] 27.]
Zbiai-c- +Zb~c~a~i — (1 + l) =0
W LRy e
1, i,
Z bia;jc; — Z b c — =

From this we shall also take only one condition because second one will be automatically
satisfied. The total number of order conditions for order three are two.

For order 4.

For order four, we have two trees: one is superfluous tree and second one is non-superfluous

tree.

Superfluous tree does not give any order condition. A non-superfluous tree generates two
rooted trees. This tree will give only one order condition. Now we want to see that how
this tree is contributing in order conditions. Multiply symplectic condition of Runge-Kutta
methods from equation (2.3.2) by c? then take the summation over ¢ and j from 1 to s,

then we have
Zbawc] +Zb Aaj; — be
Zb aijc? +Zb Aaj; — é =0,
Zb ajc? +Zb]c aji — ( 112) 0,
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1 1
(Z biaijc? — E) + (Z bjC?CLjZ' — Z) =0.
i?j i7j

Y v

From this we shall pick only one condition and second one will be automatically satisfied.
The total number of order conditions for order four are three.
Number of order conditions of Runge-Kutta methods and symplectic Runge-Kutta meth-

ods are given below in the following table.

Order | Number of order conditions Number of order conditions
for Runge-Kutta methods | for symplectic Runge-Kutta methods
1 1 1
2 2 1
3 4 2
4 8 3
5 17 6

Table 2.4: Number of order conditions.
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2.7 Partitioned Runge-Kutta methods

Sometime we deal with partitioned system of ODEs as follows
v = a(u,v),
(2.7.1)
v = b(u,v).
To numerically solve equation (2.7.1) we can apply Partitioned Euler method which is

given below

Upt1 = Up + ha(ty, Vpt1), (272)

Ung1 = Up + hb(tp, Vpi1).
where u,, is treated by implicit Euler method and v,, by explicit Euler method. Vogelaere
introduced an important property of this method in 1956, which is symplecticity, that’s
why we call it symplectic Euler method.

Consider a system of ODEs as follows,

P =1f(a), plto) = po, (2.7.3)

d =g, alto) = q,
because we are working on separable Hamiltonian systems. It is sometimes possible to
solve the above mentioned ODEs using one Runge-Kutta method (a;;,b;) for one ODE
and second one with different Runge-Kutta method (ajj, I;Z)
Suppose that b;, a;; and l;i, a;; be the coefficients of two Runge-Kutta methods. A parti-

tioned Runge-Kutta method [1] for the solution of (2.7.3) is given by

Pi:pn—1+hzaijf(Qj), 1<t <s,
j=1
Qi =dqu-1+h)_ ayg(P), 1<i<s,
7 (2.7.4)
Pn=Dn1+h Y bif(Q),
=1
Gn = qn—1+ hz l;lg(ﬂ),
=1

where P; and (); are the stages, p,, and g, are the approximated solutions and s is the num-

ber of stages. A partitioned Runge-Kutta method [5,11] is represented by Butcher tableau

c1 |ann a2 -0 a1s 1 | a1 a2 - Qis
co a1 az ... ags Cy |G21 a2 ... a2
Cs g1 Ag2 -+ Ags és CAlsl C352 e &55

by by --- by by by - by
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where b; and l;, are called the quadrature weights of the method. And
S S
= Zaij’ for i =1,2...s, G = Zdij’ for i =1,2...s,
j=1 j=1

are the quadrature nodes of the method at which the stages P; and @Q); are calculated.

Example 2.7.1. The symplectic Euler method (2.7.2) is an example of partitioned Runge-
Kutta method where the implicit Euler method b, = 1, a;; = 1 is combined with the
explicit Euler method by =1, a1 = 0.

Py =po+hf(Q1),
Q1 = qo,

p1=po+hf(Q1),
q1 = qo + hg(P1).

Example 2.7.2. An other example of partitioned Runge-Kutta method is,

ol1 _1 1|5 1
8 8 3 24 8
2|5 1 1] 3 35
3 8 24 8 8
3001 103
4 4 4 4

Pi=po+ 5 (@)~ £/(@2)

h h
Py=po+ 5 f(Q) + 57 f(Qa),

5h h

Ql =qo + ﬂg(ﬂ) + gg(PQ),
3h 5h

Q2 =qo + gg(Pl) + gg(Pz),
3h h

p1=Dpo+ Zf(Ql) + Zf(@z),
h 3h

Q1 =qo + ZQ(PI) + ZQ(P2)-

2.8 Bicolour trees and its use in partitioned Runge-Kutta

methods

Trees play an important role in the development of partitioned Runge-Kutta methods. We

have the following definitions.
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Bicolour trees and bicolour rooted trees: Bicolour tree [1,7] is simply a connected
graph with no cycles. It is the combination of vertices and edges, its vertices have two
colors one is black and other is white. It becomes a bicolour rooted tree if we fixed one
vertex of it as root. We indicate the root by placing it at the bottom of a tree diagram.

As an example we can take a bicolour tree

o—e
X ~ Yy
t
and its bicolour rooted trees are
X y

The terms order, elementary weight and elementary differential are same as described in
section 2.4.
Use of bicolour rooted trees in partitioned Runge-Kutta methods: Consider a

system of ODEs as follows,

p = f(q), p(to) = po,

(2.8.1)
¢ =9(), qlto) = q.
The elementary differentials are
p' = f(a),
,_Of
P =34 (2.8.2)
O f dfdg
m _ 9T
or
=
p" = fq9, (2.8.3)

" = feq(9,9) + fq9q9-

where f, f,g etc. are elementary differentials. Similarly we can find the elementary

differentials for ¢’ = g(p).
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Bicolour rooted trees

Order

Elementary differentials

Elementary weights

o 1 f > b
i=1
I 2 Ja9 > biaj
ij=1
V 3 qu(g,g) Zlbzéf
}) 3 fquf E bidz’jcj
ijk=1

Table 2.5: Some bicolour rooted trees and their various functions.

Note: Here two same colour vertices do not connect with same edge.

2.9 Order conditions for partitioned Runge-Kutta methods

The order conditions [1] for a partitioned Runge-Kutta methods can be found by the same

pattern as followed in Runge-Kutta methods. To find the order conditions of partitioned

Runge-Kutta methods we have to compare the numerical solution with the Taylor series

of exact solution. We calculate the order conditions of partitioned Runge-Kutta method

by using explicit method as well as implicit method. To find the order of partitioned

Runge-Kutta method we first explain the concept of elementary differentials that is

/

p:

"

f(q),
of

24
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The general form of explicit partitioned Runge-Kutta method is

i—1
Pi:pn—1+hzaijf(Qj), 1< <s,
j=1

i—1
Qi=aqna+h> ayg(P)), 1<i<s,
j=1

Pn = Pn—1+ hz bzf(Qz)7

i=1

Gn = qn—1 + hz l;i.g(Pi)a
=1

The following two relations are called the consistency conditions of methods.

s
ci:Zaij :O, 1= 1,2,...8,
7=1
s
éZ:Z&” :O, 1= 1,2,...8.
j=1

For s = 2,

Pl = Pn—1,
Ql = Pn—1-

Py = pp—1 + hag1 f(gn-1),
Q2 = pn—1 + ha219(pr—1).

By using equation (2.9.4) the approximate solution becomes

Pn = Pn—1 + hb1 f(qn-1) + hba f(gn—1 + ha219(pn-1)),
Gn = -1+ hb1g(pn—1) + hb1g(pn—1 + has1 f(gn-1)),

. 0
Pn = Pn—1 + hblf(anl) + hb2f(Qn71) + h2b2a21 3qf 1g(pn71)) + O(hg)’

R R . 15)
@n = Pn—1 + hb1g(pn—1) + hb1g(pn—1) + h2b2a21Tglf(Qn—1)) + O(R®).

Now the Taylor series of the exact solution is

2

pltn) = pltn 1) + /(b0 1) + o (1 2) + O,
2

dltn) = altn1) + 1/ (1 1) + o (00 1) + O,
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Now using (2.9.1) in equation (2.9.7) then comparing it with equation (2.9.6), we have the
following order conditions.

For first order partitioned Runge-Kutta methods,

=1 (2.9.8)

For second order partitioned Runge-Kutta methods,

baas =

(2.9.9)
bado =

N = DN =

In general,

For first order partitioned Runge-Kutta methods,

= (2.9.10)
» bhi=1.
=1

For second order partitioned Runge-Kutta methods,

“- . 1
Zbiaij =3

ij=1

° 1

ij=1

(2.9.11)

For third order partitioned Runge-Kutta methods,

S
~ 1
Z biciaij = 3

ij=1

S
. 1
Z bi¢ia;; = 3’

1,j=1

s
R 1
Z biaijcj = 6,

1,j=1

o 1
Z biaijéj = 6

ij=1

(2.9.12)
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2.10 Symplectic partitioned Runge-Kutta methods

Symplecticity of Runge-Kutta methods were discussed in chapter 1. In the same way
symplecticity of partitioned Runge-Kutta methods [4,11] also discussed here. Consider
an IVP which is given in equation (2.7.3) and partitioned Runge-Kutta method (2.7.4).
Partitioned Runge-Kutta method is symplectic, if numerical solution vectors p,, and ¢, of

partitioned Runge-Kutta methods (2.7.4) satisfy

< Pn+154n+1 >=< Pn,sAqn > . (2101)

This is only possible if the coefficients of partitioned Runge-Kutta 2.7.4 methods satisfy

bidij + bjaji — bib; = 0, i,j=1,2,...5. (2.10.2)

Equation (2.10.2) is said to be symplectic condition.
Proof:

For a conservative system, as given in quadratic invariant in section (1.5)
ZOf(2) =< 2%, f(2) >=0,V z, (2.10.3)

where C' is identity matrix, now for partitioned Runge-Kutta methods (2.7.4), we apply
(2.10.3) on the stages of partitioned Runge-Kutta methods. Therefore,

< Pi,g(Pi, Ql) >=0,

using (2.7.4)
<pn+hY aif(P;,Q)), 9(P, Qi) >=0,
j=1
7j=1
Again consider

< Qi f(P,Qi) >= 0,

using (2.7.4)

=1

<, f(P, Qi) >= =Y aij < g(P},Q;), f(P;, Qi) > . (2.10.5)

J=1
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Take the left hand side of equation (2.10.1) using equation (2.7.4) we have

< Pntts ot > =<pn+h Y _bif(Pi Qi) an + 1Y big(Pi, Qi) >,

i=1 i=1
< Pn+1,9n+1 > =< Dn,qn > +h282 < pnag(Pqu) > +hzbl < f(PZ7QZ)7QTL7>
i=1 =1
+h? Z bibs < f(PQi), 9(Pi, Qi) > .

ij=1

Now using equations (2.10.4) and (2.10.5) in above equation

s
< Pn+1:qn+1 > =< DPn,qn > _h2 Z b]ajz < f(B)QZ)ag(PjaQ]) >
ij=1

=1 ij=1

< Prtts Gnit > =< Py G > +h2 > (=bidiij — bjazi + biby) < f(P},Q;), 9(Pi, Qi) > .
=1

Now we have our required equation

< Pn+1,9n+1 >=<DPn,qn > .

If and only if

s

W2 (=bidi; — bjagi + bibs) < f(P;,Q5), g(Pi, Qi) >=0.

ij=1

Since

< [(P},Qj),9(Pi, Qi) >#0,
therefore

h? i(—biaij — bjaj; +bibj) =0,

ij=1

hence
bidiij + bjaji — bib; = 0. i,j=1,2...s.

2.11 Order conditions for symplectic partitioned Runge-Kutta

methods using rooted trees

To define order conditions for symplectic partitioned Runge-Kutta methods we use the
bicolour trees which have been already discussed. Superfluous bicolour trees and non-

superfluous bicolour trees are playing main role in construction of order conditions for
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symplectic partitioned Runge-Kutta methods. The difference between these trees is that a
non-superfluous bicolour tree gives two order conditions while a superfluous bicolour tree
generates only one order condition.

The vertices of trees for that Runge-Kutta methods by which one can solve p’ = f(q) are
represented by filled circle. The vertices of trees for that Runge-Kutta methods which can
be use to solve ¢’ = g(p) are represented by empty circle. The following table shows the

possible trees of order 1 to 4.

Order | rooted trees order conditions
s s
1 ° o Shi=1 Y b=1
i=1 =1
S

> |1

~ S ~
3 Y Y i} =3 b =3
i=1 i=1
2 ~ 1 5 p S 1
3 }’ } 2 bidigej =5 22 biaié =g
i,j=1 i,j=1

|—=

S S
1] Yy Shid =1 Yhid =1
Y Y SR N | SUPCRN |
2 by =13 2 by = 1
j:
A N 1 . A~ 1
'§ 3} 2 bicaéy =g )0 biGidijej = g

S
A ~ 1
§ § > biagajrck = 55

¢ 1
i7j7k:1 Z,],kzl

biaijajkCy = 57

Table 2.6: Bicolour rooted trees and their order conditions up to order 4.

Here the location of root of bicolour rooted tree does not effect the order conditions at all.
For order 1
We have two possible superfluous bicolour trees o and o which give us two order conditions

such that,

s

> bi=1, 28:6,:1.

i=1 i=1

[¢]

The total number of order conditions for order one are two.
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For order 2

We have one superfluous bicolour tree

which generates only one order condition. For example consider the symplectic condition
(2.10.2) of partitioned Runge-Kutta methods then apply the summation over ¢ and j from

1 to s, then we have

Z l;iaij + Z bjdji — Z bli)] =0,

ij=1 ji=1 ij=1
=
. 1 ® 1
(Z biaij — 5) + (Z bjaji — 5) = 0.
ij=1 Ji=1

I

From this we shall take only one condition because second is automatically be satisfied.
Thus the total number of order conditions for order two are three.
For order 3

For order three, these two non-superfluous bicolour trees

o0—e—o *—o—0
generate four bicolour rooted trees such that two pairs are identical. Thus these non-
superfluous bicolour trees give only two order conditions. For example, consider the sym-
plectic condition (2.10.2) of partitioned Runge-Kutta methods, multiply it by ¢;, and apply

the summation over ¢ and j from 1 to s, then we have

Zs: bi&ijcj + Zs: l;jcjaji — Zs: bii)jCj =0, (2111)

ij=1 ji=1 ij=1
=
s s 1
Z biaijcj + Z bjcjaji — 5 = 0,
ij=1 Ji=1
=
s s 1 1
Z biaijcj + Z bjcjaji - (g + 6) =0.
ij=1 Ji=1
=
° 1 °. 1
(> bidiije; — g T (> bjcjazi— 3)=0
ij=1 ji=1

? 2
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From this we shall also take only one condition because second one will be automatically
satisfied. Now for second order condition again multiply symplectic condition (2.10.2) of

partitioned Runge-Kutta method by ¢; then take the summation over ¢ and j from 1 to s,

s s s
Z biéi&ij + Z l;jajiéi — Z biéji)j = O,

then we have

ij=1 jim1 ij=1
=
s 5 1
Z bﬁ? + Z bjajl-éi — 5 =0,
ij=1 Ji=1
=
s 5 1 1
) o
Z biCj + Z bjajici — (6 + 5) =0,
ij=1 Ji=1
=
- 1 N 1
2 R .
(”Z_l biCj — g) + (ﬂz_l bjajicl- — 6) =0.

3P ?

From this we shall also pick only one condition because second one will be automatically
satisfied. Thus total number of order conditions for order three are five.

For order 4

For order four, we have one superfluous bicolour tree and two non-superfluous bicolour

trees.

o —< —<

Superfluous bicolour tree gives one order condition. Two non-superfluous bicolour trees
generate four bicolour rooted trees such that two pairs are identical. These trees give only
two order conditions. Now we want to see that how these trees are contributing in order
conditions. Multiply symplectic condition (2.10.2) of partitioned Runge-Kutta methods

by c? then take the summation over ¢ and j from 1 to s, then we have

s s s
Z bZCALZJC? + Z bjcgaji — Z bjcgbz = 0,

ij=1 ji=1 ij=1

s s
. S 1

Z biaijc? + Z bjcgaji — g =0,

ij—1 jim1
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(ZS: bi&ijC? - Zb]c a],—— ) =0.

ij=1 Ji=1
Y v

From this we shall take only one condition because second one is automatically be satisfied.
Again multiply symplectic condition (2.10.2) of partitioned Runge-Kutta methods by élz

then take the summation over ¢ and j from 1 to s, then we have

Zs:bé%,j—kZbaﬂc Zbé% =0,

ij=1 ji=1 ij=1
=
s
Zbé%,j—i—Zbaﬂc __70,
ij=1 Ji=1
=
s s 1 1
24 ~2
Zbc a,j—i—ijajici _(§+Z):O’
ij=1 Ji=1
=

P | N |
(> bidfay — T (> bjajiéi — 5) =0

ij=1 ji=1
% ¥

Now for third order condition, again multiply symplectic condition (2.10.2) of partitioned

Runge-Kutta method by a;i¢, we have

s s s
E bi&ija]’kék-ﬁ-g bjajiajkék— E bibjajkék:O,

ij=1 ji=1 ij=1
=
s s 1
Z bi&ija]’kék + Z bjajiajkék — 6 = O,
ij=1 ji=1
=
s 5. 1 1
Z biaijajkck + Z bjajiajkck — (ﬁ + g) = O,
ij=1 Ji=1
=
1
Z biija ity — Z bjaj;a;,Cr — ) 0.
ij=1 Ji=1
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Therefore total number of order conditions for symplectic partitioned Runge-Kutta meth-
ods of order four are eight. Number of order conditions for partitioned Runge-Kutta

method and symplectic partitioned Runge-Kutta method are given below in Table

Order | Number of order conditions for Number of order conditions for
partioned Runge-Kutta methods | symplectic partitioned Runge-Kutta methods
1 1 2
2 4 3
3 8 5
4 16 8
5 34 14

Table 2.7: Number of order conditions.
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Chapter 3

Construction of symplectic
Runge-Kutta methods and
partitioned Runge-Kutta methods

with V-transformation

3.1 Construction of symplectic Runge-Kutta methods

In this chapter we are going to construct symplectic Runge-Kutta methods and symplectic
partitioned Runge-Kutta methods with the help of Vandermonde transformation. For a
Runge-Kutta method (2.1.2) we need to find the values of a’s, b’s and ¢’s. Our strategy
is to write the values of a’s and b’s in terms of ¢’s. We then choose the values of ¢’s [2,6]
from shifted Legendre polynomial on the interval [0,1]. The shifted Legendre polynomial

of degree s on the interval [0,1] is,

s
P = %(ts(t — 1)) (3.1.1)

Gauss:

The values of ¢;’s are the zeros of shifted Legendre polynomial.

Radau-I:

¢1 = 0, the remaining ¢; are chosen as the zeros of P} (z)+P (z).

Radau-11I:

¢s = 1, the remaining ¢; are chosen as the zeros of P} (z)-P;_(x).

Lobatto-III:

cg=0and c; =1,

the remaining ¢; are chosen as the zeros of P} (z)-PY 4(x).
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Note: If we have s-stage Gauss, Radau-I, Radau-II and Lobatto-III Runge-Kutta meth-
ods then the order of these methods is 2s, 25 — 1, 25 — 1 and 2s — 2 respectively.

Using Vandermonde transformation [6,7], we can construct the symplectic Runge-Kutta
methods. For this we use the pre and post multiplication of Vandermonde matrix with
symplectic condition of Runge-Kutta method (2.1.2).

Consider a Runge-Kutta method [A, b7, ] and consider the Vandermonde matrix V' given

as,
- ) o1
1 g ef ...
-1
. 1 ¢y ¢ c
71 2 DY 2
V = CZ = .
1 cs 2 st

Multiply symplectic condition (2.3.2) of Runge-Kutta methods with matrix V as follows
o (biaij + bjaji — bibj)d Tt =0, Vi, k1 =1,2..s. (3.1.2)

For order two, put I,k = 1,2, and then take summation over ¢ and j from 1 to s.

Forl=1 k=1,
Z bl-aij + Z bjaji — Z bzbj = 0. (313)
i, i,j 1,
Forl=1,k=2,
Z biCiCLij + Z bjajl-cl- — Z biCibj = 0. (314)
i,j 1,3 0,J
Forl=2 k=1,
Z biaijcj + Z bjcjaji - Z bibjcj =0. (3.1.5)
i3 i,j (2]
For =2, k=2,

Z biciaijcj + Z bjcjajici - Z bicibjcj =0. (3.1.6)
(2] (2] 2

We are constructing method of order two, then following order conditions (2.2.14) and

(2.2.15) must satisfy

s

> bi=1, Zs:bici = % (3.1.7)
=1

i

Using equations (3.1.7) in equations (3.1.3)-(3.1.6) we have

Zbiaij = %, or Zblcz = % (318)
%) 7

1
Z biCiCLij + Z bjajici = 5 (319)
Z?] 27.]
1
Z biaijcj + Z bjcjaji = 5 (3110)
Z?] 27.]
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1
Zbiciaijcj == g (3111)
,J
Now for the values of by we consider the relation
bi(ci - 01) = bici — bicl. (3.1.12)

Take summation over ¢ from 1 to s and use the equations (3.1.7) we have

Z bi(c; —c1) = Zbici - Zbicla

1
b — == —
2(c2 —c1) 5~ L
1
5—C
by = 2,
Cy — C1
Similarly we can get
(3 —c2)
by = =——-.
Cl1 —C2

Now to calculate a1; we consider the following relation,
bi(Ci — Cg)aij (Cj — 62) = biCiCLijCj — biCiCLijCQ — biaijchQ + bi&ijCQCQ,

take the summation over ¢ and j, and use equations (3.1.7)-(3.1.11) we have

1 _co _c2 caca
6+ 2

all = .
51(01 — 02)(61 — 02)
Similarly we have
1 _a c, «a
Ao = 8 3 6 2
12 — )
b1(01 — 62)(62 — Cl)
l1_c_a cice
_ 8 3 6 + 2
a21

~ ba(ca — 1) —e2)’

1
oy BTG
b2(02 —Cl)(CQ —Cl)

A class of two stages symplectic Runge-Kutta methods can be found by choosing ¢; and

ca. We can choose ¢; and ¢y as the zeros of shifted Legendre polynomial.

Gauss: s=2
1_ V38 1 1_ V38
2 6 1 1 6
1, V3|1, V3 1
3t % |11 1
1 1
2 2
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Radau-I: s =2

1 —1
0l s =
2|7 3
3 24 8
103
4 4
Radau-1I1: s=2
113 =1
3 8 24
7 1
Lig s
31
4 4

For order three

Put [,k = 1,2,3, in equation (3.1.4) and then take summation over ¢ and j from 1 to s.

Fori=1 k=1,
Z biaij + Z bjaji — Z blbj =0. (3113)
i, i,j (2]

Forl=1, k=2,

Z biCiCLij + Z bjajici — Z bicibj =0. (3114)
2% 2% 2
Forl =1, k=3,
Z bicgaij + Z bjajic? — Z biczzbj =0. (3.1.15)
(2] i,J 2
Forl=2 k=1,
Z biaijcj + Z bjcjaji — Z bibjCj = 0. (3116)
2% 2% 2%
Forl=3 k=1,
Z biaijc? + Z bjc?aji — Z bibjC? =0. (3.1.17)
2% 2% 2%
Forl=2 k=2,
Z biciaijcj + Z bjcjajici - Z bicibjcj =0. (3.1.18)
i,j (2] 2
For | =3, k =3,
Z bz-c?aijc? + Z bjc?ajic? — Z biczzbjc? =0. (3119)
i, 2% i,
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In order to construct method of order three, the following order conditions (2.2.14), (2.2.15)
and (2.2.16) must satisfy.

s s 1 s ) < X
2
;bz = 1, ;szz = 5, ;bzcz = g, Z biaijcj = 6 (3120)

i,j=1

Using equations (3.1.20) in equations (3.1.13)-(3.1.19) we have

1 1
Zbiaij = 5 or szcz = 5 (3121)
1,J %

1
Z biCiCLi]‘ + Z bjajicl- = 5 (3122)
7/7] 27.]
1
Z bicgaij + Z bjajic? = g (3.1.23)
1,J 1,J
1
Z biaijcj + Z bjcjaji = 5 (3.1.24)
0, 1,J
1
Z biaijc? + Z bjc?aji = g (3125)
,J ,J
1
Zbiciaijcj == g (3126)
,J
1
2 2
Zblcz aij j = 1_8 (3127)
27.]

Now for the values of by, by and b3 we consider the following relations respectively.
bi(Ci — CQ)(CZ' — 63) = bZCZ2 — biCi63 — biCiCQ + biC203, (3128)

bi(ci — c1)(c;i — c3) = bic? — bicics — bicicr + bicics,
bi(ci — c1)(c; — ¢2) = bic? — bicica — bicicr + bicica,

In equation (3.1.28) take summation over ¢ from 1 to s, using equations (3.1.20) and

(3.1.21), we have

bi(Ci — CQ)(CZ' — 63) = bZCZ2 — biCi03 — biCiCQ + biC203,

1 c c
bi(c1 —e2)(c1 —c3) = 3~ 53 — 52 + cacs,

(2 — 3(03 +co — 26263))

" (e — ea)ler —es)
Similarly we have
by — (2 — 3(03 +c1— 20163))
(6(c2 — c1)(c2 — c3))
L= (2 —=3(c1 + c2 — 2¢2¢1))

(6(c3 — ca)(cz — 1))
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Now for the value of a1; consider the following relation
2 2 2 2 2
bi(c; — c2)(ci — 3)aij(cj — c2)(cj — c3) = bic; aijcj — bicjajjcjes — bicjajjciea + bicjajjeacs
2 2
— biciaicjes + biciaicjeses + biciaijejeser — biciaijeacses — biciaijcjes + biciaijejeacs
2
+ bicia;jcicaca — biciaijcaczcer + biaz‘jCngCQ — bja;jcjczczcacy — bja;jcicgcac + biajjcacacses.

Take summation over i and j from 1 to s, then using equations (3.1.20) and (3.1.21)-
(3.1.27) we have

1 (c2tc3) 3 2tz | (c2tc)(c2tc3)

bi(er —c2)(c1 —ez)ari(cr —e2)(c1 —c3) =

18 10 4 15 8
B cocs(ca +c3)  cacs B cocs(ca +c3)  cacacses
6 12 3 2 ’
1 (c2+c3) + (c2+c3)(ca+c3) cacz(catces) cacs(ca+tes) -
= 210 3) 4 024C3 _ 621563 4+ le2 38 2+c3)  cac3 62 3) 4 % _cacs 32 3) 620226303

b1(01 — 62)(61 — 63)(62 — Cl)(Cg — 63)

1 (Cl+03) + ci1c3 co+c3 + (CI+CS)(02+CS) CQCS(CI+CS) + cocs 0103(02+CS) + c2C3C1C3

a1y = 18 10 4 15 8 6 12 3 2
b1(01 — 62)(61 — 03)(63 — 62)(03 — Cl)
1 (cate2) 4 ac _ cote 4 (c1te2)(cetes)  cacs(citcer) 4 c2cs _ caci(catcs) 4 cacscact
a3 = 18 10 4 15 8 6 12 3 2
b1(01 — 62)(61 — 63)(61 — 62)(01 — 63)
1 _ (e3+c2) 4+ e _ ata 4 (c1tes)(eates) _ cies(estcen) 4 oac cac3(c1+c3) 4 cicseaes
as = 18 10 4 15 8 6 12 3 2
52(02 - Cl)(CQ — 03)(c1 — c2)(01 - 63)
1 _ (estc1) 4+ ool _ cites 4 (c1tes)(cites)  cies(es+er) 4 ccs cicg(c1+cs) 4 ciesczer
Aoy = 18 10 4 15 8 6 12 3 2
52(02 - Cl)(CQ — Cg)(CQ — Cl)(CQ - 63)
1 _ (cata1) 4 ocal _ atea 4 (cites)(eites)  cies(eater) 4 oae cica(c1+cs) 4 cecicy
ag3 = 18 10 4 15 8 6 12 3 2
b2(02 — Cl)(CQ — 03)(63 — Cl)(Cg — C2)
1 (c2+c3) + caoc3 _ c1+co + (c2+e3)(c14c2) _ cica(ea+c3) + cica caca(c1+ce2) + cacicocs
as) = 18 10 4 15 8 6 12 3 2
53(03 - Cl)(63 — 02)(61 — c2)(01 - 63)
1 _ (a+ces) 4 acs _adter (c1tes)(citer) — caca(eites) + acz _ caci(e1te2) 4+ acac
ase = 18 10 4 15 8 6 12 3 2
53(03 - Cl)(63 — 02)(62 — Cl)(CQ - 63)
1 (cate2) 4 ac _ ate 4 (citco)(citee)  cica(citco) 4+ cc cac1(e1+ca) 4 cacac
ass = 18 10 4 15 8 6 12 3 2

b3(03 — Cl)(Cg — 02)(63 — Cl)(Cg — C2)
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In this way we get a class of three stages symplectic Runge-Kutta methods by choosing

c1, co and c¢3. We can choose c¢1, co and c3 as the zeros of shifted Legender polynomial.

Gauss: s=3
1 _ V15 5 2_ V15 5 V15
2 10 36 9 15 36 30
1 5 4 V5 2 5 _ V15
2 36 T 24 9 36 24
1, V15 | 5 Vvis 2, /15 5
20 |t o§t°15 36
5 4 5
18 9 18
Radau-I: s=3
0 1 5 V6 5 6
18 35 —6+6 35 6+/6
6—v6 | 1/—14+3v6 —5/—24+36 =5 —254126
10 9(—2+3\/€) 7 —6+/6 V6 36 ((—2+3x/6)(6+\/€))\/6
64+v6 | 1/1+3V6 =5 25+12v6 5 (2+3V6
10 9(2+3\/6) 36 ((2+:’)\/€)(76+\/€))\/6 7 ( 6+v6 VG
1 —5 —243V6 5 2+3v6
5 3= V(=51 %5) 36 V051 05)
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Radau-II: s=3

4—/6 5 (2+3V6 5 —254+12/6 1
10 7a( 6+v6 )\/6 36((2+3\/€)(—6+x/€))\/6 9(2+3v/6)
446 | 5 25412v/6 =5/ —=24+36 -1
10 36((72+3\/6)(6+\/€))\/6 72 ( —6-+v6 )\/6 9(—2+3v6)
5 (1436 —5/—14+3V6 1
1 55 (o1 v ) VO 3% (Zoive ) V6 s
5 2436 =5 —24+3v6 1
Lobatto-II1: s=3
1 —1 —1
0 12 15 60
S I
2|80 3 B0
11 11 1
L% B 1@
1 2 1
6 3 6
Lobatto-II1: s=4
0 - =5(4v5 4+ 15)v/5 =5(4v5 —15)v/5 e
1 Y5 | e (74v5 +15)V5 5 s (TV/5 — 18)V/5 205 (4v/5 — 15)V/5
i- {—05 156 (745 —15)V5 = (7V5 + 18)V5 = 1375 (1054v/5 — 3135)V/5
1 =2 15 (74V5 — 15)VB  15(1124V/5 — 3135)/5 =
1 5 5 1
12 12 12 12
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3.2 Construction of symplectic partitioned Runge-Kutta meth-

ods

Symplectic partitioned Runge-Kutta methods [7,11] can be constructed in the same way
as we have constructed symplectic Runge-Kutta methods. By using Vandermonde trans-
formation, we can construct the symplectic partitioned Runge-Kutta methods. For this we
use the pre and post multiplication of Vandermonde matrix with the symplectic condition
for partitioned Runge-Kutta method (2.7.4).

Consider the symplectic condition (2.10.2) of partitioned Runge-Kutta method which is

given as,
bZCALZJ + i)jaji — bzi)] =0, Vij=12...s. (3.2.1)
Consider the Vandermonde matrix V,
1 cl c% ... cf_l_
. 1 ¢ 2 ... &7t
V=dl= 2 2
1 e 2 ... !t

Multiply the symplectic conditions of prtitioned Runge-Kutta method (2.7.4) from (3.2.1)

with matrix V as follows,

F T biy + bjagi — bib; = 0)i ™t =0, Vi, j k1 =1,2..s. (3.2.2)

C’l
where ¢’s are used for that Runge-Kutta methods by which one can solve p’ = f(q) as
well. &s are used for that Runge-Kutta methods which can be used to solve ¢’ = g(p).
For order two, put [,k = 1,2 and take summation over ¢ and j from 1 to s.
For [,k =1
> bidig + bjaz — bib; = 0. (3.2.3)

1,J

Z biéiaij + Z l;jajiéi - Z blézi)j =0. (3.2.4)
i3 i,j 2

Forl=1k=2

Forl=2k=1
Z bi&ijcj + Z lA)jCjaji — Z bii)jCj = 0. (325)
i, i,j 1,J
For [,k =2
Z biéi&ijcj + Z lA)jCjCALjiéi - Z l;jCjbiéi =0. (326)
1,3 i, 4,3

In order to construct method of order two, then following order conditions, (2.9.10) and

(2.9.11) must satisfy
S S s 1 s 1
D bi=1, dobi=1, S b= 5, > biti =5
=1 =1 i=1 =1
(3.2.7)

42



Using equations (3.2.7) in equations (3.2.3)-(3.2.6) we have
R 1 ~ 1
Zbiaij = 5 or ijaji = 5
1,7 i
Zbiéiai- + Zl;alé, = l
— I L 2
27.] Z7-7
> ViijC T 2 Pici%ii = g
27.] Z7-7

o 1
Z biciaijcj = g
27.]
Now for the values of by we consider the relation
bi(¢; — ¢1) = bi¢; — bicy,

take summation over i from 1 to s and use the equations (3.2.7) we get

N N C1 o
ba(cz —c1) = 5 ~ &
1 ~
5—C
by = (? Al)
Cy — C1
Similarly we have
1 ~
5—C
€1 — C2

Now for by we consider the following relation

bi(c; — 1) = bic; — bicy,

take summation over i from 1 to s and use the equations (3.2.7) we get

ZBZ(CZ —c) = ZBZCZ — Zgicla

N 1
ba(ca — 1) = 3~
1
b — (§ —c1)

Co —C1

Similarly we can get

Cl1 — C2 '

Now to calculate a1; we consider the following relation,

bi(Ci — Cg)aij (é] — 62) = biciaijéj — biciaijég — biaijéjCQ + bi&ijCQéQ,
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take the summation over ¢ and j from 1 to s, and use equations (3.2.7), (3.2.8) and (3.2.11)

we have
1 _ & o ot
_ 8 3 6 2
allr = = ~ ~
1(c1 —c2)(é1 — é2)
Similarly we have
1_ & _ c ca
_ 8 3 6 + 2
a12 = = N NG
1(c1 —e2)(é1 — é2)
1_ & _a ad
_ 8 3 6 + 2
a1 = = R R
ba(ca —c1)(¢1 — é2)
l1_da _ca aé
_ 83" 613
agg = %
2

Now consider the relation for the value of a1
bl(éz — ég)&ij (Cj — 02) = biéi&ijcj — biéi&ijCZ - bi&ijcj‘ég + bz‘dz‘jCQéz,

take the summation over ¢ and j, and use equations (3.2.7)and (3.2.21) we have

1 _c2_ & c262
~ _ 8 3 6 + 2
a11 ~

b1(61 — 62)(61 — 62)

Similarly we have

1_a_ &, aé
~ _ 8 3 6 + 2
a2 =

1_a_d ada
5 T3

by — ) —a)
In this we get a class of two stages symplectic partitioned Runge-Kutta methods by choos-
ing ¢, ¢, ¢1 and é;. We can choose ¢, co, ¢1 and ¢y as the zeros of shifted Legendre

polynomial.
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Gauss and Radau-I : s =2

oS
4>|"‘

(14233 L(-3+2V3)V3

D=

2

D=
_|_
15
|~

sr(1+2vV3)V3 (=3 +2V3)V3

=~

W=
IN[o¢

1 1
0 V3 —15V3

wino

(3T 4V3)V3 (=3 +4V3)V3

DN~
NI~

Gauss and Radua-II : s =2

D=
|
IS
N
n
w
_|_
W
=
SN—
=
8
w

N[
+
IS
i
—~
w
+
W
=
SN—
=
09
w

Sy
e L

w3+ 4V3V3 g (=3+4V3)V3

Wl

1| 51+2v3)v3 —L(-1+2V3)V3

N
DN
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Radau-I and Radau-I1: s =2

ol1 _1 1|5 1
8 8 3 24 8
2|5 1 113 35
3 8 24 8 8
301 103

4 4 4 4

For order three

Put I,k = 1,2,3. in equation (3.2.2) and take summation over ¢ and j from 1 to s

For k=1
D bidi + Y bjazi— ) bibs = 0.
Z,_] ZJ Z,‘]
Forl=1,k=2
Z biéi&ij + Z l;jajiéi — Z blé’li)j = 0.
2,] %] i,J
Forl=1,k=3
X bt + b~ Sy =0
i,
Forl=2k=1
S higes + X s~ Y s =0
Z,_] ZJ Z,]
Forl=3,k=1
Zbam% +Zb Aaj; — be & =0.
For [,k =2
Z bi¢;a;jc; + Z Bjcjajiéi - Z bi‘fz‘gjcj = 0.
i 0. i
For [,k =3

bcazc—|— bcazc— bcbc—O
3Cj jC g e7h,

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

We are constructing method of order three, the followmg order conditions (2.9.10), (2.9.11)

and (2.9.12) must satisfy,

s s s R 1 s 1 S 5
zi:bi =1, Zi:bi =1, ;bici =9 ;bici = ;bici =

i.j=1 ij=1

Using equations (3.2.20) in equations (3.2.13)- (3.2.19) we have

A 1 . 1
Z bjaji = 5 or Zbiaij = 5
2,J 7
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S 1 S R =
Z biaijc; = 5’ Z bja;jc; = —

(3.2.20)

(3.2.21)



A A . 1
Z bicl-aij + Z bjajicl- = 5 (3222)
i’j i7j

9 ~ . 1
Z bicgaij + Z bjajic? = g (3.2.23)
1,J 1,J
. - 1
Z biaijcj + Z bjcjaji = 5 (3.2.24)
27.] /[/7.7
N “ 1
Z biaijc? + Z bjc?aji = g (3225)
,J ,J
. o1
Z bjcjajici = g (3.2.26)
/[:7.7
9 1
Z biclaict = 5 (3.2.27)
/[/7.7

Now for the values of by, by and b3, we consider the following relations respectively.
bi(¢é; — &9)(6i — G3) = bie? — biéicz — biciCa + biéac, (3.2.28)
bi(é; — 1) (¢ — E2) = bi¢} — biciéa — biGicy + bici6a,
for the value of b; apply summation on equation (3.2.28) over ¢ from 1 to s and using
equations (3.2.20), we have
bz(éz - 62)(62 - CA3) = bicz2 - biéiég — bifiéz + biégég,

NP 1 & & .
bi(¢1 — é&)(G —é3) = 373 3 + caca,

(2 — 3(63 + G — 2¢5¢63)

b - @) &)
Similarly we have
by — (2 — 3(63 +é — 26163))
(6(c2 — c1)(c2 — G3))
by = (2 — 3(CA1 + éy — 26261))

(6(c3 — é2)(cs — 1))
To find out the values of bAl, by and b we consider the following relations respectively.

bi(Ci — CQ)(C/L' — 63) = b;C% - 6i6i63 - Z;/L'CZ‘CQ + b}CQCg, (3229)
Bi(ci — Cl)(Ci — 63) = bAZCZ2 — 5i0i03 — bAZ‘CiCl + 62‘0103,
Bi(ci - Cl)(ci - C2) = Z;’LCZZ - 62‘01'02 - l;icicl + 6@'01027

for the value of by apply the summation on equation (3.2.29) over i from 1 to s and using

equations (3.2.20) and we have,

bi(ci — ca)(ci — c3) = bic? — bicics — bicica + bicacs,
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~ 1 C3 C9

bi(er —e2)(e1 —e3) = 373 "5 Tas
b — (2 — 3(cg + co — 2¢9c3))
(6(c1 — c2)(c1 — ¢3))
Similarly we have
by — (2—=3(cs+c1 —2c103))
(6(c2 — c1)(c2 — c3))
63 _ (2 — 3(01 + co — 20261))

(6(c3 — c2)(c3 — 1))

Now to calculate the value of a1 we consider the following relation,

3 AN/ o AN 2 D 9 02 2 A A
bi(Ci — Cg)(Ci — 03)aij(cj — CQ)(C]' — 63) = bici aijcj — bici aijcjc;), — bici aijchQ + bici aij0263
: A2 : A A : A A : A A » A2 " A A~

— biciaijcjc:), + bic;aijCic3cs + bicja;jEjcaca — bicia;caczes — biCiaijCjCQ + bicia;j¢icacs

+ bicia;iCicaby — bicias;éaése +I;~a~~(;2.c Co — b;a;iCic3C3ce — bia;iCicaCaca + biagicacacsE
1 Gl C5C2C2 1 Cilg C2C3C2 1ty C; 362 1 Ui C5C3C3C2 i Uiy C5C3C2C2 1 Ui C2€2€3C3.

Take summation over i and j from 1 to s, then using equations (3.2.20) and (3.2.21)-

(3.2.27) we have

~ 1 (@+6) & ata  (eta)(a+d)

bi(c1 — c2)(c1 — e3)ari(éi — &) (61 —é3) =

18 10 4 15 8
_ 6263(02 + Cg) C203 CQCg(CAQ + CA3) CoCoC3C3
3 12 6 2 ’

1 (G2+cs) 4 GG 021+503 + (cz+03)8(62+033) . 6253(0324—03) + C%;g . 0203(06%-‘:-63) + 026220363

aj; = : —
bi(c1 — e2)(c1 — e3) (61 — é) (61 — é3)

Similarly we have,

1 (ci+cs) 4 G _ cates | (c1+c3)(cate3)  Aicés(cates) 4 a3 _ cac3(c1+c3) 4 c2d3c3c
ajp = 18 10 4 15 8 3 12 6 2

bi(c1 —c2)(c1 — ¢3) (1 — &) (é1 — é3)

1 (d+ér) 4 GG _ cotes | (c1+c)(cates)  cacs(Ci+ca) 4 c2c3 ciéa(catces) 4+ 2613
ap3 = 18 10 4 15 8 6 12 3 2
b1(61 — Cg)(Cl — 63)(61 — CAQ)(CAl — 63)
1 (CAS‘FCAZ) + 365 _ cites + (Cl‘i’CS)(CAZ‘i’CAS) _ 0103(€3+€2) + cic3 CA2€3(01+03) + c3¢1¢9C3
a9 = 18 10 4 15 8 6 12 3 2
ba(ca — c1)(ca — ¢3)(é1 — G2)(c1 — €3)
1 (+a) + 3¢ cites + (c1tces)(ci+c3)  cics(G+c) 4+ ac Gics(cites) + c1¢3¢3Cy
Q99 = 18 10 4 15 8 6 12 3 2
b2(62 — Cl)(CQ — 63)(62 — CAl)(CAQ — 63)
i _ (CA2+CAl) + &y _ cites + (Cl+03)(CA1+CA2) _ 0103(€2+€1) + cics CAICAZ(Cl‘l’CS) + c16ac3cy
ags = 18 10 4 15 8 6 12 3 2

ba(ca — c1)(c2 — ¢3)(é3 — é1)(c3 — ¢2)
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1 (CA2+CAS) + éac3 _ ci1tce + (CA2+CA3)(01+02) _ 0102(€2+€3) + cicy 0352(014’02) + Cc1CCaCs
as = 10 4 15 8 6 2 3 2
b3(cz — c1)(c3 — c2) (1 — &2)(c1 — €3)

—_
[ee]

c1+¢ % ¢ c1+c3)(c1+c c1c2(C1+¢: ¢3¢y (c1+c STaTe
1 (c1+¢3) + cic3 011—202 + (&1 3)8( 1+c2) _a 2(61 3) + cicz _ €3 1(31 2) + 026120163

__ 18 10 4 12
az2 = ~ = ~ = =
b3(cz — c1)(c3 — e2) (2 — c1)(c2 — ¢3)
1 (G1+¢2) + cica _ citecr + (c1+e2)(c1+¢2) _ ci1e2(é1+62) + cice ¢ (c1+c2) + c1C2c9C
ass = 18 10 4 15 8 6 12 3 2

bAg(C3 — Cl)(Cg — Cg)(ég — CAl)(CAg — 62)

Now for the value of a1; we consider the following relation

bi(é; — &) — &)azi(c; — e2)(cj — c3) = bic? a” ] —b; 2 i;CjC3 — bic;?a}jcjcz + biCAZZ(I;‘jCQCg
—b; clamc é3 + bi¢;dijciczes + biciazjciczca — biciazjcaczes — b; clamc G + bi¢;aicicacs

+ biéia;;jCjCzCAQ — biCAZ'CLAZ‘jCQCgcAQ + biCLAijCjCAgCAQ — biaszj63C3(§2C3 — bia;;jCjCAgCAQCQ + biCLAZ'jCQCAQCA:gCg.
Take summation over ¢ and j from 1 to s, then using (3.2.20) and (3.2.21)-(3.2.27) we

have,

1 (Cg + 63) CoC3 ¢y + ¢3 n (Cz + 03)( + ¢ )

bi(c1 — é2)(c1 — G3)air(cr —c2)(e1 —e3) = — —

18 10 4 15 8
GG tcs) | Bl (Gt ) + CaCaC3C3
6 12 3 2 ’

1 (c2+e3) | caes 02+03 (02+03)(02+03) _ Gads(cates) | éads  caca(a+E3) | éacsdacn
18 0 T + 6 13 3 =

b1(61 - 02)( ¢ —é3)(c1 —c2)(c1 — ¢3)

a1 =

Similarly we have

1 (c1tcs) 4 ac cQ+cS + (C1+03)(62+03) 6263(061—1—63) + cigg . 01C3(c?:2+63) + c§c32c},c1

gy = 18 10 4
b1( ¢l — 02)( ¢ —é3)(c1 —c2)(c1 — ¢3)
1 (Cl+02) cicy 02+cg (Cl+02)(02+03) _ cAZCAS(Cl‘FCZ) C2C3 CICS(CA2+CA3) cac1C3C9
d13 — 18 10 + 4 + 6 + 12 3 + 2
b1(C1 - 02)( ¢ —é3)(c1 —c2)(c1 — ¢3)
1 (czte2) 4 cac2 _ 143 + (c1+c3)(cetec3)  cics(cstca) + dids _ cacz(ci+cs) + c1e3c3ca
d21 _ 18 10 4 15 8 6 12 3 2
ba(éa — ¢1)(céa — €3)(c1 — ¢c2)(c1 — c3)
1 _ (este) 4+ @ 01+03 + (01+03)(01+03) _ Adz(ester) L ad cies(hater +¢3) 4 Giesdicr
d22 — 18 10 4 6 12 3 2
b2(62 — Cl)(Cg — C3)(02 — Cl)(CQ — 63)
1 _ (c2te1) 4oezal At (Aatcs)(citer)  cicz(eater) 4+ Gé _ cica(ci+¢3) + Gedse
d23 _ 18 10 4 15 8 6 12 3 2

ba(ca — ¢1) (2 — €é3)(c3 — c1)(c3 — ¢2)
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1 (c2+tes) 4oce _ Gté (cotces)(ci+ca)  ciéa(catces) 4 aé _ czca(ci+ca) 4+ Gcachcy
8 6 12 2

G31 = 18 10 4 15 3
bg(CA3 — CAl)(CAg — CAQ)(Cl — Cg)(Cl — 63)
1 (ates) | ae  até 4 (ate)dtrd)  ddlate) | aéb  aalltd) | Geada
~ 18 10 4 15 8 6 12 3 2
agz2 = balc N~ =
3(G3 — 1)(é — &) (c2 — c1)(c2 — ¢3)
1 _ (a+ted) 4 ac _ di+c + (citca)(ci+ca)  ciéa(citea) + A caci(ci+ca) + C1eadacy
Gag = 18 10 4 15 8 6 12 3 2

bg(CA3 — CAl)(CAg — CAQ)(Cg — Cl)(Cg — 62)
In this way we get a class of three stages symplectic partitioned Runge-Kutta methods by
choosing c1, co and c3, ¢1, ¢ and ¢3. We can choose c1, co and c3, ¢1, ¢ and ¢z as the

zeros of shifted Legendre polynomial.

Gauss and Lobatto-I1I : s=3
1_vis |2 VU9 19 gF 1 VIS
2~ 10 | 15 0 3 25 30 — 100
1 5 1 1
2 24 3 24
1,V | 2, VUY) 1, 2 g 1 VI
5t % | 5+ 10 3t3VI® 3%~ 0o
1 2 1
6 3 6
0| L Vs _1 1 _ 5
18 T 760 9 18 60
1| 5 Y 15 2 5 _ V15
2 | 36 T 730 9 36 730
1l 24v5 5 2 VIS
9 T 760 9 9 60
5 4 5
18 9 18
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Chapter 4

Experiments

4.1 Numerical experiments

This chapter includes the results of those numerical methods which preserve the qualitative
behaviour of the conservative problems for long time. The methods include symplectic im-
plicit Runge-Kutta and symplectic implicit partitioned Runge-Kutta methods constructed
in section 3.1 and 3.2 respectively. Among the symplectic implicit Runge-Kutta methods
we have taken Gauss, Radau-I, Radau-II and Lobatto-III. Among the symplectic implicit
partitioned Runge-Kutta methods we have taken the pairs Gauss and Lobatto-I1I, Gauss
and Radau-I, Gauss and Radau-II, and Radau-I and Radau-II.

The main purpose of these numerical experiments is to observe the ability of these meth-
ods to provide qualitatively correct numerical results over long time. It should be noted
that we have used a fixed stepsize in all numerical methods. The numerical methods used

here have implicit stages to evaluate. We have used modified Newton iterations.

The absolute value of the difference between total energy of Hamiltonian system at initial
point and at each point of approximated solution is calculated afterwards, that is called
absolute error in the energy conservation of Hamiltonian system and the results are shown
in Figures. In each graph, time is taken along x-axis and absolute error is taken along

y-axis.

4.2 Simple pendulum

Consider a Simple pendulum which has unit mass of bob attached with a rod. The length
of rod is one unit. The equations of motion of the Simple pendulum define a Hamiltonian

system with generalized momenta p and generalized coordinates g and are given as
p = —sin(q), q =p. (4.2.1)

51



The total energy H is given as

2
H= % — cos(q).

We have applied symplectic implicit Runge-Kutta methods on Simple pendulum by using
the initial values p = 0, ¢ = 1. We have taken 100,000 steps and stepsize h = 0.01. The
absolute error in energy is plotted in Figures 4.1, 4.2, 4.3, 4.4, 4.5, 4.6, 4.7 and 4.8.

For s = 2.

Figures 4.1, 4.2 and 4.3 show the energy conservation using two stages Gauss, Radau-
I and Radau-II symplectic implicit Runge-Kutta methods. Gauss symplectic implicit
Runge-Kutta method produces most accurate result as compared to Radau-I and Radau-
IT symplectic implicite Runge-Kutta Methods. Now Figures, 4.9, 4.10 and 4.11 represent
the energy conservation using Gauss and Radau-I, Gauss and Radau-IT and Radau-I and
Radau-II symplectic implicit partitioned Runge-Kutta methods. These methods produce
approximately same results.

For s = 3.

Figures 4.4, 4.5, 4.6 and 4.7 show the energy conservation using three stages Gauss, Radau-
I, Radau-1II and Lobatto-III symplectic Implicite Runge-Kutta methods. Gauss, Radau-I
and Radau-II symplectic implicit Runge-Kutta methods give the approximately same and
much better results as compared to results obtained by the Lobatto-II1. Figure, 4.12 repre-
sents the energy conservation using Gauss and Lobatto-III symplectic implicit partitioned

Runge-Kutta methods.

For s = 4.
Figure 4.8 shows the energy conservation using four stages Labatto-III symplectic implicit

Runge-Kutta method.
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Figure 4.3: Absolute error in energy conservation of Simple pendulum with Radau-IT when
§=2.
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Figure 4.4: Absolute error in energy conservation of Simple pendulum with Gauss when
s =3.
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Figure 4.5: Absolute error in energy conservation of Simple pendulum with Radau-I when
§=3.
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Figure 4.6: Absolute error in energy conservation of Simple pendulum with Radau-II when

s =3.
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Figure 4.8: Absolute error in energy conservation of Simple pendulum with Lobatto-IIT



Now we have applied symplectic implicit partitioned Runge-Kutta methods on Simple
pendulum by using p = 0, ¢ = 1. We have taken 100, 000 steps and stepsize h = 0.01. The
absolute error in energy is plotted in Figures 4.9, 4.10, 4.11 and 4.12.
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Figure 4.9: Absolute error in energy conservation of Simple pendulum with Gauss and

Radau-I when s = 2.
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Figure 4.12: Absolute error in energy conservation of Simple pendulum with Gauss and
Lobatto-I1I when s = 3.

4.3 Harmonic oscillator

The equations of motion of the Harmonic oscillator defines a Hamiltonian system with

generalized momenta p and generalized coordinates g and are given as

The total energy H is given as

2 2
p q
=247
2 T3

We have applied symplectic implicit Runge-Kutta methods on Harmonic oscillator by us-
ing p =0, ¢ = 1. We have taken 100,000 steps and stepsize h = 0.01 . The absolute error
in energy is plotted in Figures 4.13, 4.14, 4.15, 4.16, 4.17, 4.18, 4.19 and 4.20.

For s = 2.

Figures 4.13, 4.14 and 4.15 show the energy conservation using two stages Gauss, Radau-I
and Radau-IT symplectic implicit Runge-Kutta methods. These methods produce an ap-
proximately same and much better results as compared to symplectic implicit partitioned
Runge-Kutta methods.

For s = 3.

Figures 4.16, 4.17, 4.18 and 4.19 represent the energy conservation using three stages
Gauss, Radau-I, Radau-II and Lobatto-III symplectic implicit Runge-Kutta methods.
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These methods produce an approximately same and much better results as compared
to symplectic implicit partitioned Runge-Kutta methods.

For s = 4.

Figure 4.20 also represent the energy conservation using four stages Lobatto-I1I symplectic

implicit Runge-Kutta method. This method produce much better result.
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Figure 4.13: Absolute error in energy conservation of Harmonic oscillator with Gauss when

s =2.
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Figure 4.14: Absolute error in energy conservation of Harmonic oscillator with Radau-I

when s = 2.
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Figure 4.15: Absolute error in energy conservation of Harmonic oscillator with Radau-I1

when s = 2.
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Figure 4.16: Absolute error in energy conservation of Harmonic oscillator with Gauss when

s =3.
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Figure 4.17: Absolute error in energy conservation of Harmonic oscillator with Radau-I

when s = 3.
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Figure 4.18: Absolute error in energy conservation of Harmonic oscillator with Radau-I1

when s = 3.
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Figure 4.19: Absolute error in energy conservation of Harmonic oscillator with Lobatto-IIT

when s = 3.
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Figure 4.20: Absolute error in energy conservation of Harmonic oscillator with Lobatto-IIT

when s = 4.

Now we have applied symplectic implicit partitioned Runge-Kutta methods on Harmonic
oscillator by using p = 0, ¢ = 1, for 100,000 steps using stepsize h = 0.01. The absolute
error in energy is plotted in Figures 4.21, 4.22, 4.23 and 4.24. Absolute error is very small

that means the energy is conserved.
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Figure 4.21: Absolute error in energy conservation of Harmonic oscillator with Gauss and
Radau-I when s = 2.
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Figure 4.22: Absolute error in energy conservation of Harmonic oscillator with Gauss and
Radau-II when s = 2.
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Figure 4.23: Absolute error in energy conservation of Harmonic oscillator with Radau-I
and Radau-IT when s = 2.
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Figure 4.24: Absolute error in energy conservation of Harmonic oscillator with Gauss and
Lobatto-III when s = 3.
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4.4 Kepler problem

The problem in which the motion of a planet revolving around the sun which is considered

to be fixed at origin is called the Kepler problem. The equations of motion are,

qi = P1,
qé = P2,
p/ _ —q1
1= Q03
(ai +a3)?
;) —q2
p2 - 3

(af +3)>
where (q1,¢2) are the generalized coordinates and (pi,p2) are the generalized momenta.

The total energy of the system is
1

1
H=-(p}+p3)— —.
2 (& +¢3)?

The initial conditions are

1+e
l1—ce

(C]17C.72,P17p2):(1—670,07\/ )7

where 0 < e < 1 is the eccentricity of the elliptic orbits which are formed by the motion

of one body around the other.

We have applied symplectic implicit Runge-Kutta methods on Kepler problem with e =0
and e = 0.5. We have taken 100,000 steps and stepsize h = 1(2)%. The absolute error in
energy is plotted in Figures 4.25, 4.26, 4.27, 4.33, 4.34, 4.35, 4.28, 4.29, 4.30, 4.31 4.32,
4.36, 4.37, 4.38 and 4.39.

When eccentricity e = 0.

For s = 2.

Figures 4.25, 4.26 and 4.27 show the energy conservation using two stages Gauss, Radau-I
and Radau-IT symplectic implicit Runge-Kutta methods. These methods give the good
results. Now the Figures, 4.41, 4.42 and 4.43 also represent the energy conservation using
two stages Gauss and Radau-I, Gauss and Radau-II and Radau-I and Radau-II symplectic
implicit partitioned Runge-Kutta methods.

For s = 3.

Figures 4.28, 4.29, 4.30, 4.31 also show the energy conservation using three stages Gauss,
Radau-I, Radau-II and Lobatto-III symplectic implicit Runge-Kutta methods. All of these
methods produce an approximately same and much better results. Now Figure 4.44 repre-
sents the energy conservation using two stages Gauss and Lobatto-I11 symplectic implicit

partitioned Runge-Kutta method.
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For s = 4.

Figure 4.32 shows the energy conservation using four stages Lobatto-III symplectic im-
plicit Runge-Kutta method.

When eccentricity e = 0.5.

For s = 2.

Figures 4.33, 4.34 and 4.35 represent the energy conservation using two stages Gauss,
Radau-I, Radau-IT and Lobatto-I1I symplectic implicit Runge-Kutta methods. Gauss sym-
plectic implicit Runge-Kutta method produce the most better result as compared to results
obtained by Radau-I and Radau-II symplectic implicit Runge-Kutta methods. Now the
Figures 4.45, 4.46 and 4.47 also show the energy conservation using two stages Gauss and
Radau-I, Gauss and Radau-II and Radau-I and Radau-II symplectic implicit partitioned
Runge-Kutta methods.

For s = 3.

Figures 4.36, 4.37, 4.38 and 4.39 show the energy conservation using three stages Gauss,
Radau-I, Radau-II and Lobatto-IIT symplectic implicit Runge-Kutta methods. Here Gauss
symplectic implicit Runge-Kutta method give the good result as compared to results ob-
tained by Radau-I and Radau-II symplectic implicit Runge-Kutta methods. Figure 4.48
represents the energy conservation using three stages Gauss and Lobatto-III symplectic
implicit partitioned Runge-Kutta method.

For s = 4.

Figure 4.40 represents the energy conservation using four stages Lobatto-III symplectic

implicit Runge-Kutta method.
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Figure 4.25: Absolute error in energy conservation of Kepler problem (e = 0) with Gauss

when s = 2.

-14

x 10

1.2

0.8 b

0.4 E

L | L L |
0 ! !
0 50 100 150 200 250 300 350

Figure 4.26: Absolute error in energy conservation of Kepler problem (e = 0) with Radau-I

when s = 2.
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Figure 4.27: Absolute error in energy conservation of Kepler problem (e = 0) with Radau-
IT when s = 2.
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Figure 4.28: Absolute error in energy conservation of Kepler problem (e = 0) with Gauss

when s = 3.
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Figure 4.29: Absolute error in energy conservation of Kepler problem (e = 0) with Radau-I

when s = 3.
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Figure 4.30: Absolute error in energy conservation of Kepler problem (e = 0) with Radau-
IT when s = 3.
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Figure 4.31: Absolute error in energy conservation of Kepler problem (e = 0) with Lobatto-
IIT when s = 3.

x 10

0 | Il I
0 50 100 150 200 250 300 350

Figure 4.32: Absolute error in energy conservation of Kepler problem (e = 0) with Lobatto-
IIT when s = 4.
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Figure 4.33: Absolute error in energy conservation of Kepler problem (e = 0.5) with Gauss

when s = 2.
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Figure 4.34: Absolute error in energy conservation of Kepler problem (e

Radau-I when s

= 2.
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Figure 4.35: Absolute error in energy conservation of Kepler problem (e

Radau-II when s = 2.
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Figure 4.36: Absolute error in energy conservation of Kepler problem (e = 0.5) with Gauss

when s = 3.
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Figure 4.37: Absolute error in energy conservation of Kepler problem (e

Radau-I when s = 3.
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Figure 4.38: Absolute error in energy conservation of Kepler problem (e

Radau-II when s = 3.
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Figure 4.39: Absolute error in energy conservation of Kepler problem (e = 0.5) with
Lobatto-I1I when s = 3.

Qe

Figure 4.40: Absolute error in energy conservation of Kepler problem (e = 0.5) with
Lobatto-III when s = 4.
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Now we have applied symplectic implicit partitioned Runge-Kutta methods on Kepler
Problem using e = 0 and e = 0.5. We have taken 100,000 steps and stepsize h = 13%.
The absolute error in energy is plotted in Figures 4.41, 4.42, 4.43, 4.44, 4.45, 4.46, 4.47

and 4.48. The absolute error is very small that means the energy is conserved.
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Figure 4.41: Absolute error in energy conservation of Kepler problem (e = 0) with Gauss

and Radau-I when s = 2.
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Figure 4.42: Absolute error in energy conservation of Kepler problem (e = 0) with Gauss
and Radau-IT when s = 2.
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Figure 4.43: Absolute error in energy conservation of Kepler problem (e = 0) with Radau-I
and Radau-IT when s = 2.
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Figure 4.44: Absolute error in energy conservation of Kepler problem (e = 0) with Gauss

and Lobatto-III when s = 3.
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Figure 4.45: Absolute error in energy conservation of Kepler problem (e = 0.5) with Gauss

and Radau-I when s = 2.
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Figure 4.46: Absolute error in energy conservation of Kepler problem (e = 0.5) with Gauss
and Radau-IT when s = 2.
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Figure 4.47: Absolute error in energy conservation of Kepler problem (e = 0.5) with
Radau-I and Radau-II when s = 2.
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Figure 4.48: Absolute error in energy conservation of Kepler problem (e = 0.5) with Gauss

and Lobatto-III when s = 3.

4.5 Rigid body problem

Rigid bodies are solid objects such that the distance between any two points remain
constant. The mathematical equations governing the motion of a rigid body were derived
by Fuler, named as Euler equations. The equations representing the motion of a rigid

body, whose center of mass is at the origin are

/ Wyy — Wzz

U= Y2Y3,
We
;_ Wzz — Wry
Yo = Ysy2,
Wyy
w. — W
Wz Yy
Ys = ————— hN1y2,

wzz

where y = (y1,y2, yg)T are the components of angular velocity around the principal axis

and Wyg, Wyy, W, are principal moment of inertia. The initial conditions [4] are

yo = (cos(1.1),0,sin(1.1)).

H(y1,y2,y3) = % <Z—%1 + i—i + Z—i) : (4.5.1)
which represents the total energy. We have applied symplectic implicit Runge-Kutta meth-
ods on Rigid body problem with 100, 000 steps using stepsize h = 0.01. The absolute error
in energy is plotted in Figures 4.49, 4.50, 4.51, 4.52, 4.53, 4.54, 4.55, and 4.56.
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For s = 2.

Figures, 4.49, 4.50 and 4.51 show the energy conservation using two stages Gauss, Radau-I
and Radau-II symplectic implicit Runge-Kutta methods. All of these methods produce an
approximately same and much better results.

For s = 3.

Figures 4.52, 4.53, 4.54 and 4.55 also represent energy conservation using three stages
Gauss, Radau-I, Radau-II and Lobatto-III symplectic implicit Runge-Kutta Methods.
Here Gauss, Radau-I, Radau-II and Lobatto-III symplectic implicit Runge-Kutta methods
produce an approximately same and much better results.

For s =4.

Figure 4.56 shows the energy conservation using four stages Lobatto-III symplectic implicit

Runge-Kutta method.
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Figure 4.49: Absolute error in energy conservation of Rigid body motion with Gauss when
§=2.
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Figure 4.50: Absolute error in energy conservation of Rigid body motion with Radau-I

when s = 2.
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Figure 4.51: Absolute error in energy conservation of Rigid body motion with Radau-II

when s = 2.

83



x107"

1.2

0.8

0.2x

ol i

0 200

400 600 800 1000

Figure 4.52: Absolute error in energy conservation of Rigid body motion with Gauss when

s =3.

x 10"

3.5

25

1.5

0.5)

0 200

Figure 4.53: Absolute error in

when s = 3.

400 600 800 1000

energy conservation of Rigid body motion with Radau-I
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Figure 4.54: Absolute error in energy conservation of Rigid body motion with Radau-II

when s = 3.
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Figure 4.55: Absolute error in energy conservation of Rigid body motion with Lobatto-IIT

when s = 3.
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Figure 4.56: Absolute error in energy conservation of Rigid body motion with Lobatto-IIT

when s = 4.

86



Chapter 5

Conclusions and future work

In this thesis we deal with the numerical integration of system of ODEs having quadratic
invariants with an emphasis on symplectic implicit Runge-Kutta methods and symplec-
tic implicit partitioned Runge-Kutta methods. We have constructed symplectic implicit
Runge-Kutta methods and symplectic implicit partitioned Runge-Kutta methods using
Vandermonde transformation. Among the symplectic implicit Runge-Kutta methods we
have taken Gauss, Radau-I, Radau-1I and Lobatto-III. Among the symplectic implicit par-
titioned Runge-Kutta methods we have taken the pairs Gauss and Lobatto-1I1, Gauss and
Radau-I, Gauss and Radau-1I, and Radau-I and Radau-II.

We have applied these methods on the Hamiltonian systems such as Harmonic oscillator,
Simple pendulum, Kepler problem and Rigid body problem. In all experiments we have
used fixed stepsize because we have worked on symplectic methods which must satisfy the

following condition

< Pn+159n+1 >=<DPn,qn >,

where P11, gn+1 and py, ¢, are the approximate solutions of Hamiltonian system at 11

and t,, respectively. These methods give good energy conservation results.

In future we can construct symplectic Nystrom Runge-Kutta methods. For this we can

use V-transformation and W-transformation.
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Chapter 6

Appendix

6.1 Symplectic implicit Runge-Kutta methods

Gauss: s =2
1_ V3 1 1_ V3
2 6 1 1 6
1 V3|1 V3 1
3t %6 |17 1
1 1
2 2
Radau-I: s =2
1 -1
015 %
2| T 3
3124 8
1 3
Z Z
Radau-11: s=2
1713 -1
318 2
71
Llg 3
3 1
i 1

88



Gauss: s=3
1_ V15 5 2 _ V15 5 _ 15
2 10 36 9 5 36 30
1 54¥ 2 5V
2 36 24 9 36 24
1 15 5 2 15
5 4 5
8 9 8
Radau-I: s=3
0 1 56 5 /6
18 35 _6+6 356+v6
6—v6 | 1/—14+3v6 —5/—24+36 =5 —254126
10 9(72+3\/6) 7 —6+v6 V6 36 ((—2+3\/6)(6+\/6))\/6
6+v6 1/143V6 -5 254126 5 (2+3v6
e | 56w w amdoceve)Ve  mEREIVE
1 -5 —243V6 5 24+3v6
5 3 V() wVO(ERE)
Radau-11: s=3
4—/6 5 (2436 5 —254+12v6 1
i 2Gve)V0  wl@aecey) Ve smave
4+v6 | 5 254126 —5(—24+3V6 -1
10 36((—2+3\/6)(6+\/5))\/6 72 ( —6+v6 V6 9(—2+3V/6)
5 /1436 —5/-14+36 1
1 %(6-:-\/\%)\/6 36 ( —6—:-\/\€)\/€ 18
5 2436 =5 —243V6 1
36V 6( 6—:—\/5 ) 3 V6! —61\/5 ) 9
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Lobatto-III: s=3

1 —1 —1
Ol T
1l 1 -
2 60 3 60
11 11 1
L% 5
12 1
6 3 6
Lobatto-III: s=4
0 - =5(4v5 4+ 15)v/5 =5(4v5 —15)v/5 e
1 V5 1 5 1 -1
35— Y2 | mo5(74V5+15)V5 = 55 (7V5 — 18)Vh 1205 (4V5 — 15)/5
18| (745 —15)VE 1 (7v/5 + 18)V5 5 505(1054y/5 — 3135)/5
1 =2 15 (74V5 — 15)V5  15(1124V/5 — 3135)/5 =
1 5 5 1
12 12 12 12
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6.2 Symplectic implicit partitioned Runge-Kutta methods

Gauss and Radau-I : s =2,
1o H(-14+2V3)VE L (-3+2V3)V3
L+ L+2v3)V3  L(-3+2V3)V3
1 3
4 4
0 V3 —5V3
3| %B+4V3)V3 5H(-3+4V3)V3
1 1
2 2
Gauss and Radua-II : s =2,
P | H(-3+4V3)VE —5iv3
18| LE+4v3)V3  4V3
27776 24 24
3 1
1 4
3| 5B+HA3VE (-3 +4V3)V3
1| (1 +2v3)V3  —5(-1+2v3)V3
1 1
2 2
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Radau-I and Radau-II: s =2,
ol1 _1 1|5 1
8 8 3|24 38
2|5 1 113 5
318 24 g8 8
3 1 1 3
1 1 |
Gauss and Lobatto-III : s =3,
1V |2 VU 1 2 gr 1 JI5
2 0 |15 100 3725 30 ~ 100
1 5 1 1
2 24 3 24
1, V5|2, /5 1 o 1 Vi5
2t 0 |5t 0 3t HVIY 35— T
1 2 1
6 3 6
0| Ly vE 1 1 VI5
18 T 760 9 18 60
1|5 V15 2 5 VI5
2 | 3 T 730 9 36 30
1l2ev8 5 2 VIS
9 T 760 9 9~ 60
5 4 5
18 9 18

6.3 Implementation of implicit Runge-Kutta methods

The general form of an implicit Runge-Kutta method is

Yi=yn-1+ Zaijhf(yj)a
7j=1

Un =Yn-1+ D _ bihf(Y3),

=1

92

7=

1,2...5,

(6.3.1)



We shall use implicit Runge-Kutta method (6.3.1) to solve the system of ODEs. We shall

use modified Newton iterations as follows,

Y, =ypn_1+ ailhf(Yl) + aizhf(Yz) + aighf(Yg) + ...+ aishf(Ys), 1=1,2...5,
Yn = Yn—1 + b1hf(Y1) + bohf(Y2) + bshf(Y3) + ... + bshf(Y5).

When s = 2,

Y = Yn—1 + auhf(Yl) + alghf(Yg), (6.3.2)
Y2 = yn1 + axnhf(Y1) + anhf(Y2), (6.3.3)
Yn = Yn—1 + 01hf(Y1) + bohf(Y2). (6.3.4)

Let, Y1 = Y7 4 §Y7 using in equation (6.3.2) we have
Y1 +0Y1 = yn-1 + anhf(Y1 + 6Y1) + anahf(Y2). (6.3.5)

Using taylor series in equation (6.3.5) becomes,

Y: +6Y] = Yn—1 + anhf(Yl + hanéf'Yl) + alghf(YQ), (6.3.6)
=
Yn—1 + a11hf(Y1) + apphf(Ya)
oY1 = . 6.3.7
! I- hauf’(Yl) ( 3 )
updated Y, = Y,
Ylup =Y; +4Y;. (6.3.8)
Similarly we have
Yn—1+ aathf (Y1) + axnhf(Y2)
Y, = . .3.
o I — haxnf'Ys (6.3.9)
updated Yy = Y,
Y,? =Y + 6Yo. (6.3.10)
Stoping criteria
u u 1
(MY =Y)& (7 - Yo)| < o5 (6.3.11)
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Here ?% is machine accuracy.

Then

Y, =Y (6.3.12)

Yy =Y (6.3.13)

After this we use Y7 and Y3 from equations (6.3.12) and (6.3.13) in equation (6.3.4) for

the approximate numerical solution.
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