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Abstract

This dissertation focuses on the objective of sandpile group of cartesian product
of some graphs. We aim to explore the algebraic structure, combinatorical structure
and algebraic geometry of abelian sandpile models.

To determine the structure of sandpile group, one can relate an abelian group
known as sandpile group to every connected graph. The structure of sandpile group
associated to any graph can be expressed as the direct sum of four of five cyclic
groups. It is concluded that order of sandpile group associated to any graph is the

number of spanning trees of the graph.



Contents

1 Group Theory 1
1.0.1 Groups . . . . . .. 1
1.0.2 Theorems of Isomorphisms . . . . . . . .. .. ... ... ... 7
1.0.3 Direct Products . . . . .. .. ... . oo 8
1.0.4 Finitely Generated Abelian Groups . . . . . . . .. ... ... 9

1.0.5 Fundamental Theorem of Finitely Generated Abelian Groups. 9

2 Graph Theory and Combinatorics 12
2.1 Graph Theory . . . . . . . . . . .. 12
211 Graphs. . . ... 12

2.1.2 Trees . . . . .o 16

2.2 Combinatorics . . . . . . . . .. 18
2.21 Recurrence Relation (R.R) . . . . .. .. .. .......... 18

2.2.2  Homogeneous Linear Recurrence Relation HLRR ...... 19

2.2.3 Non-Homogeneous Linear Recurrence Relation N.H.L.R.R 22

3 Abelian Sandpile Model 25
3.1 Abelian Sandpile Model . . . . . ... .. ... ... L. 25
3.1.1 Background . . . .. .. ... Lo 25

3.1.2  Abelian Sandpile . . . . ... 26

3.1.3 Configuration . . . . . . .. ... ... ... 26



3.1.4 Toppling . . . .. .. 27

3.1.5 Avalanche . . . . . ... .. 28

3.1.6  The Sandpile Group . . . . ... ... ... 29

4 On the sandpile group of the graph K3 x (), 31

4.1 On the Sandpile Group of the Graph Ky x C,, . . . . ... ... ... 31

4.1.1 The Relations Matrix for Generators of K3 x C,, . . . . . . .. 32
4.1.2 Two Sequences Related to the Number of Spanning Trees of

S(K3xCh) oo 47

4.1.3 The Smith Normal Form (SNF) A, . .. .. ... ... ... 63

4.1.4 Computation of the SNF of P, . . . . .. .. ... ... ... 63

4.1.5 Computation of the Smith Normal Form of @, . . . . . . . .. 66



Chapter 1

Group Theory

This chapter covers some fundamental definitions of abstract algebra. The aim of
this chapter is to recall the basic concepts that are essential to know in order to solve
complex problems in the further chapter coming ahead. For futher studies [2,5,6,12]

can be pursued.

1.0.1 Groups

Binary operation
For a non-empty set A, a mapping from A x A into A is called a binary operation

in A.

Group

Let A be a non-empty set. A group is a pair (A, x) that comprises a non-empty set

A accompanied by a binary operation x that satisfies the following axioms:

e Associativity: (A, x) is associative if for all ¥;, ¥, ¥3 € A we have

(191 *192) *193 = 191 * (192 *193).



e Identity Element: There exists an element € (neutral element) in A such

that for every ¢ € A we have

vxe=cx=19.

€ is known as the identity element of A.

e Inverse Element: If for every 1 € A there exists ¥ such that

Yx=0x9 =¢.

Both ¢ and 1 are inverses of each other. ¥’ is usually denoted by ¥~!. All the

three axioms ensure the existence of a group.

Some Important Results

e There exists only one identity element in a group.

There exists a unique inverse for every element in a group..

Forall 9 € A, (v 1)~! =9.

For all 191, ’192 S A, (191 *192>_1 = 1951 *19;1.

Concellation laws hold in groups, that is for all ¥, b, ¢ € A we have ¥ x ¥y =

193*192 — 191:193 andﬁg*ﬁlzﬁg*ﬁg — 191:193

Abelian group

A group (A, ) that satisfies the commutative property is abelian. For all ¢, 95 € A,

191*7.92:192*191.



Order of element

Let (A, %) be a group, for ¥ € A, the least positive integer n such that Y x 9 - - %9 =
—_—

n-times

€ (the identity element) is the order of an element ¥ in a group. It is denoted by

| ¥ |. If such specific n for ¥ cannot be found then | ¥ | is infinite.

Order of group

The cardinality (the number of elements) in a group (A, x) denoted as | A | is the
order of a group. The trivial group A = {€} is a group with | A |= 1.

Subgroup

Let A be a group under binary operation x. A non-empty subset [ is the subgroup
of group A if it itself satisfies the axioms of a group under the same binary operation
x as defined in A. {€} and A are obviously subgroups of A. The remaining existing
subgroups are the proper subgroups of A.

Theorem 1.0.1. Let (A, *) be a group and I C A. Then [ is a subgroup of A if

and only if for every i, j € I we have i ;= € I.

Product of subgroups

Let (A, %) be a group and I and J be any subgroups of A. We define the product
1J of A as follow,
I«J={ixj}|iel,jecJ}.

The product I.J is not necessarily a subgroup of A.

Theorem 1.0.2. The product of subgroups I and J is a subgroup if and only if
1J=JlI.



Lagrange Theorem

Let (I, %) be a subgroup of finite group (A, ). Then for a subgroup I of finite group
A, | 1] divides | A .

Corollary 1.0.1. Let (A, x) be a finite group. Then for all ¥ € A, | a | divides
| Al

Homomorphism

Let (A, x) and (A’, o) be two groups. A homomorphism from the group (A, x) to
(A’ o) is a mapping o : A — A’; satisfying

a(@*¥') = a(?) o a(?).

Isomorphism

A bijective (one-one and onto) homomorphism is termed as isomorphism denoted

by (A, x)= A’, o) or A= A’; where (A, x) and (A4’, o) are two groups.

Cyclic Group

A group (A, %) turns out to be a cyclic group if a single element in A is capable of
generating the entire group. If there exists ¥ € A such that A = {9" : n € Z}. In
this case we write A =< 19 >. A cyclic group with order n is denoted by C,,. Hence

we have

Cp =<9 >={e, 0,00, - [ 0xIx0T*---x1}.

(n—1)-times

with ¥ x¢---x19 = e. Cyclic groups are always abelian. A cyclic group of finite

n-times
order n is found out to be isomorphic to Z, (where Z, additive group of integers

modulo n).



Remark 1.0.1. If (A, x) and (A’, o) are cyclic groups of same order then they are

isomorphic.

Remark 1.0.2. Cyclic groups have cyclic subgroups.

Coset
Let (A, x) has subgroup (I, x). For subgroup I of group A and for ¥ € A, we have;
I« ={ix0;iel}.
Vx I ={0*i;iel}.
I x ¥ is called the right coset and ¢ x I is called the left coset of I in A.
Theorem 1.0.3. For a subgroup (I, x) of a group (A, x), the left respectively the
right cosets partition A.

Index

Consider the subgroup (1, x) of a group (A, x). Then the number of left respectively
the right cosets of I formed in A is called the index, denoted by [A:]].

Lemma 1.0.1.1. The order of the two left respectively the right cosets of subgroup
I in the group A is the same.

Normal Subgroup

Let (A, x) be a group. A subgroup N of a group A is a normal subgroup (also

known as invariant subgroup) if for all ¥ € A we have,

9%« N+t =N,

The normal subgroup N of A is denoted by N < A.

5



Proposition 1.0.1. A necessary and sufficient condition for a subgroup (N, ) of
group (A, x) to be normal is that the left coset also appears to be the right coset of
N in A, that is for all ¢ € A,

N x4 =19 N.

Remark 1.0.3. Every subgroup pertaining to index 2 is normal.
Remark 1.0.4. If (A, %) is an abelian group, then its every subgroup is normal.
Since (IV, %) is a subgroup of (A, ), then for 9 € A and n € N

9xnxd '=0x9 ' «xn=necN.

But the converse may not be true.

Proposition 1.0.2. The product of normal subgroups is normal in a group.

Kernel

The kernel of homomorphism o : A — A’ is

ker(or) = {0 € A: a(¥) =€}.

The kernel of homomorphisms is a normal subgroup of a group.

Quotient Group

Let (N, %) be any normal subgroup of a group (A, ), then the quotient group A/N
(A over N) is actually the set of distinct cosets (left or right) of normal subgroup
N in the group A.

A/N ={9xN :9 € A}

Example 1.0.1. Z/nZ is an example of quotient group. For n € Z, let (Z, +) be

a group and nZ be its subgroup. Since (Z,+) is abelian so its every subgroup is

6



normal. Thus nZ is normal. For all (z; + nZ), (22 + nZ) € Z/nZ we have

(21 + nZ) * (20 + nZ) = (21 + 2z2) + nZ.

So Z/nZ = 7y,
Proposition 1.0.3. e An infinite cyclic group is isomorphic to Z.

e A finite cyclic group of order n is isomorphic to Z/nZ.

Normalizer of a subgroup

Let (A, *) be a group and I be its any subgroup such that I # (). The normalizer
of I in A is defined as

NiaI)={9c AlIxIxV0 ' =1}

1.0.2 Theorems of Isomorphisms
First theorem of Isomorphism

Theorem 1.0.4. Let o : A — A’ be a group homomorphism and K be the kernel
of . Then

A/K = a(A).
Second Theorem of Isomorphism

Theorem 1.0.5. Consider (A, x) be a group. [ and J are subgroups of A and
assume [ < N4(J). Then I.J is a subgroup of A, J < IJ and I NJ <1. Then

[JINJ=1%J/J.



Third Theorem of Isomorphism

Theorem 1.0.6. Consider (A, x) be a group and let I and J are normal subgroups
of A with [ < J. Then (J/I) < (A/I) and (A/I)/(J/I) = A/J.

1.0.3 Direct Products
Let (I, 1) and (J, x2) be two groups, then (A, %) is a group formed by the Cartesian
product of I and J with binary operation defined component wise.

A=1IxJ=A(@ij)lielje},

For (i1, 71), (i2, j2) € I x J with binary operation x; and s then the direct product
is given as

(1, 71) * (12, J2) = (41 *1 @2, J1 *2 Ja) € I X J.

A =1 x J is a group since it satisfies all the axioms of a group.

Direct product is the collection of smaller groups, which results in the formation of
larger groups. If I, I, I3, - - -, I}, are the groups under binary operation i, xo, - -,
%1, respectively then the direct product Iy x Iy X I3 X - -+ X I}, of the groups I;’s is a

group endowed with the binary operations x can be given as

(ilai%'” 7ik)*(j17j27'” a]k) = (Zl *1j17i2 *2j27"' 7Zk*k:]k)

Example: Consider I = R and J = R then the direct product I x J = R x R

under the operation

(i1,42) + (J1,J2) = (11 + J1, 02 + Ja)-

The direct product is R?, which is also abelian.



Proposition 1.0.4. For the groups [y, Iy, I3, - -+, I} their direct product appears
to be a group whose order is equal to | Iy |.| Ix |.| Is | -+ | I |. If any [; is infinite

so is the direct product group.

1.0.4 Finitely Generated Abelian Groups

Finitely Generated Abelian Groups

An abelian group A is finitely generated if there exists a finite subset B of A such
that B generates the entire group A. Mathematically A =< B >.

Free Abelian Groups

The direct product of n copies of Z given as Z" X Z S Z @ - - - ® Z is called the free

abelian group of rank n where n € Z with n > 0 and Z°=1.

1.0.5 Fundamental Theorem of Finitely Generated Abelian

Groups

Theorem 1.0.7. If A is a finitely generated abelian group, then the decomposition
is as follow

A=72"DZy, ®Zt,® - B ZLy,,
for some integer n, t; > .-+ > t; > 2 such that n > 0 and ¢;; | ¢;. Moreover this
expression is unique.
Free rank or Betti number

The integer n in the decomposition of finitely generated abelian groups is called the

free rank or Betti number.



Invariant factors

The integers tq, to, - - -, t; are called the invariant factors of A, where as the descrip-

tion is termed as invariant factor decomposition.

Remark 1.0.5. [5] Any two finitely generated abelian groups are isomorphic if and

only if they have same rank and same list of invariant factores.

Remark 1.0.6. [5] A finitely generated group is a finite group if and only if the

free rank is zero.

Remark 1.0.7. [5] The order of finite abelian group is just the product of its

invarient factors.

Corollary 1.0.2. Every subgroup of finitely generated abelian group is also finitely

generated.

Remark 1.0.8. By calculating all finite sequence of integers ¢y, ts, - - -, ¢, all finite

abelian groups of a given order ¢ are obtained where

3. t1-ty---t. =1t.
4. Every prime divisor of ¢t must divide ¢;.

Corollary 1.0.3. If A is an abelian group with order n equal to the product of

distinct primes then A is isomorphic to Z, the cyclic group of order n.

Theorem 1.0.8. Let A be a finite abelian group with order ¢t = pi' - p3* - - pi*,

where all p;’s are primes and all r;’s are natural numbers then

A = ZTL @ Zplrl @ ZpQTQ @ ttt @ Zpkrko

10



Elementary divisors

The integers p;"7 in the above theorem are called elementary divisors.

Lemma 1.0.5.1. Z,, = Zy,, ® Zy, iff ged(m,n) = 1.

11



Chapter 2

Graph Theory and Combinatorics

This chapter deals with graph theory and combinatorics that are relevant to the
research being carried out. Basic definitions that comprises graph, different kinds
of graph in graph theory and recurrence relation and different kinds of recurrence
relations in combinatorics are taken into account. Detail of the subject in hand is

available in [6,8,9].

2.1 Graph Theory

2.1.1 Graphs
Graph

A graph G is basically collection of two sets, the vertex set V(G) and the edge set
E(G), where

e The members of vertex set V() are the vertices or nodes of graph G.

e The edge set E(G) formed by pair of vertices defines an assocaition between

two vertices.

12



The graph G is symbolically represented as G(V, E). The most common represen-
tation of a graph is through diagram where the edges act as line segments joining
the vertices represented by points. If @ and b are any two vertices of graph GG and e

is an edge, then e joins a and b.

Order and size of the graph

The number of vertices is the order in a graph, whereas the size of the graph is
related to the number of its edges.

Degree of vertex

In a graph G, d(v) is the degree of vertex v which is the number of edges of graph

G incident to v.

Proposition 2.1.1. (Degree-sum formula) In a graph G > ;_, d(v;) = 2e that is
the summation of degrees of all the vertices of graph G count twice the number of

all the edges of graph G.

Basic Terminologies: We have the following terminologies:

The edge (a,b) has two end vertices a and b.

A loop is an edge (a,a).

A multigraph has parallel edges.

Parallel edges are those edges with same end vertices.

A tirvial graph has one vertex.

In a null graph, the graph has no verterx.

A graph with no edges is empty.

13



e Adjacent edges share a common end vertex.
e A loop counts twice.

e Two vertices say a and b are adjacent if there lies an edge between them. The

pair (a,b) represents an edge.
e For any pair of vertices, (a,b) = (b, a)
e A vertex with degree 1 is known as pendant vertex.

e d(a) represents the degree of a vertex a which is basically the number of edges
with a as an end point. A loop is always counted twice and parallel edges

once.

A vertex with degree is 0 is an isolated vertex.

Simple Graph

A loop-less graph which has no parallel edges is a simple graph.

Connected and Disconnected graphs
A graph is connected if its every vertex is reachable by any other vertex through an
edge, otherwise disconnected.

Proposition 2.1.2. Every connected graph G with n vertices has atleast n — 1

edges.

Corollary 2.1.1. Every graph has an even number of vertices of odd degree.

Subgraph

The graph H is a subgraph of a graph G if the vertex set and edge set of H are the
subsets of vertex set and edge set of G. One can obtain a subgraph of G by deleting

its vertices and edges.

14



e Every graph is the subgraph of itself.

e A single vertex can be the subgraph of any graph.

Path

A path is a simple graph in which no vertex appears more than once or there is no
repetition in vertices.

Walk

A walk starts with vertex consisting of finite alternating sequence of vertices and
edges.

Cyclic and acyclic graph

An undirected simple graph that contains a cycle is a cyclic graph. It is a closed
path that cannot be defined for a graph with vertices less than 3, where each vertex
must have degree atleast 2. A cycle graph is basically set of consecutive vertices,

having the same first and last vertex. A graph with no cycle is acyclic graph.

Lemma 2.1.1.1. A graph contains a cycle if each of its vertex has degree atleast 2.

Regular graph

If each vertex in a simple graph has same degree then it is a regular graph. Regular
graph is k — regular graph if the degree of each of its vertex is k.

Complete graph

A complete graph denoted by K, is a simple graph with n vertices where each vertex

is connected to every other vertex by an edge.

15



Bipartite graph

A simple graph is said to be bipartite graph if its vertices can be partitioned into
two vertex sets say V; and V5 such that every edge of the graph connects a vertex

in V; to one vertex in V5 and there is no edge between vertices of same set.

Complete bipartite graph

A bipartite graph, denoted by K, , if there is an edge from every m vertices of V;

to every n vertices of V5.

2.1.2 Trees
Tree

A connected and acyclic graph is known as tree.

Forest

A graph with no cycle is a forest. A forest is a disjoint collection of trees. Singleton
graph, empty graph and trees are all example of forest.
Since acyclic graph is forest thus its each component is considered as a tree and any

tree is considered to be a connected forest.

Theorem 2.1.1. A graph is a tree if and only if a single path exists between every

two vertices.

Remark 2.1.1. Path is a special case of tree.

Theorem 2.1.2. If T is a tree with n vertices, then E(T) =n —1 .

Theorem 2.1.3. A connected graph is a tree if it has n vertices and n — 1 edges.

Conclusion 2.1.1. From different definitions we concluded that a graph on n ver-

tices is a tree if

16



e [t is acyclic and connected.
e [t is acyclic and has n — 1 edges.
e [t is connected and has n — 1 edges

e There is exactly one path connecting each pair of vertices.

Theorem 2.1.4. In any non-trivial tree there exists at least two leaves (end ver-
tices).
Remark 2.1.2. e Only one cycle is formed if an edge is added to an acyclic

graph.

e Every tree is bipartite.

Spanning tree

In a connected graph G, a subtree T” is a spanning tree of G if

o T itself is a tree.

e 7" is a subgraph of G (it contains all vertices of G).

Theorem 2.1.5. A connected graph G with m edges and n vertices has atleast one

spanning tree.

Remark 2.1.3. The subgraph 7" of graph G with m edges and n vertices is a

spanning tree if it follows the following axioms:

e T’ has same vertices as GG that is n.
e 7" must be connected and acyclic.

e 7" has edges m =n — 1.
Theorem 2.1.6. 1" is a spanning tree of G if and only if GG is connected.

Remark 2.1.4. If a graph is connected and acyclic, then it is itself a spanning tree.

17



Direct product

Tensor product, also called direct product of any two simple graphs G and G’ denoted
by G x G’ is the graph such that

e Vertex set is the cartesian product (g,¢') € V(G) x V(G').

e Any pair of vertices say (g1, ¢'1).(92,9'5) € V(G) x V(G') are adjacent if g1 g €
E(G) and ¢',¢'y, € E(G").

Remark 2.1.5. Direct product is commutative as well as associative.

2.2 Combinatorics

2.2.1 Recurrence Relation (R.R)

For a sequence a,, the R.R is an equation expressed using earlier terms of the se-
quence together with certain initial condition.

ao, a1, -+, ap are the terms that define a R.R for a,. It means we can find each
subsequent term if previous term in a sequence along with some initial conditions
are known. If the earlier terms a,, a,11, -+, apig Of R.R of order k are linear then
it is termed as linear R.R otherwise non-linear. A linear R.R of order k is a sequence
satisfying

a(n) = Aja™ ' 4 Aya" " -+ Aga™ .

Solution of R.R

A function fully satisfying the R.R is said to be the solution of R.R.

Order of R.R

The order of R.R is the difference of its higher and lower superscripts of the members

in the equation.

18



Remark 2.2.1. The required number of initial conditions depends on the order of
R.R.

Examples:

e a" = a4+ 2is a R.R of order 1.

e 2(a")? + (a™)® = 2 is a R.R of order 1.

e a" = 24" + o™ is a R.R of order 4.

o (a2 + a2 =1isa R.R of order 2.

Homogeneous recurrence relation HR.R
A linear R.R of order k of the form
Agz™ + Ayt 4 At =0,

is called a H.L.R.R where Ag, A1, ---, Ay are constant.

A~

Non-homogeneous recurrence relation N.H.R.R

A linear R.R of order k of the form

A()[L'n + All’n—H R Akl'n+k = A(n),

~

is called a N.H.L.R.R where A(n) # 0 and Ay, Ay, -+, Ag serve as constants.

A~

2.2.2 Homogeneous Linear Recurrence Relation H L.R.R

A~

Solution to a H.L.R.R

Consider a H.L.R.R

Tp = A1Tp—1 + G2Tp_2,

19



where a; and a, can be any real numbers. The characteristic equation of the

H.L.R.Ris

v = ayy + ag,

7 —ary —ay =0.

On the basis of characteristic equation the following cases may occur:

e Case 1: From the characteristic equation Y2 —a;y—ay = 0, if (y—v1)(y—72) =
0 appears to be the factors and v; # 7, two distinct roots then solution of

H.L.R.R according to the distinct roots is

Tn = 1Y) + 273
e Case 2 : From the characteristic equation v> —a;y —ay = 0 if (y — )2 =0
appears to be the factors and ~; a single real root, then the solution of H.L.RR

according to the single real root is

n n
Ty = C17Y] + CaNYy .

e Case 3: From the characteristic equation 2 —a;y—as = 0if (y—7)(y—"2) =
0 appears to be the factors, and v, = a + b(f) and 2 = a — tb(—6) are two
distinct complex roots then solution of H.L.R.R according to the distinct
complex roots is

x, = a"(crcos(nf) + casin(nd)).

Example 1. Find the solution of the R.R aF — 4aF~2 = (0 with initial conditions

a’®=1and a! = 1.

20



Solution: The above R.R has characteristic equation,
r?—4=0.

By factoring the characteristic equation, we get two distinct roots r; = 2 and o =

—2. Thus general solution of the sequence is,
a® = c1(2)F + ea(—2)".
Using the given initial values of a* to find ¢; and ¢y we get,

c1+co = 1,
2(31 —202 = 1.

3

Upon solving we get ¢; = §

and ¢y = %1. Substituting values of ¢; and ¢y in general

solution resulting formula is,

Example 2: Solve the R.R aF = 4a*~! — 4a*2, for all integers k > 2, with initial
conditions a® = 1, a! = 3.

Solution: Constructing characteristic equation for the R.R & = 4a* — 4a*2,
which is,

r’—4r4+4=0.

So its only root is 2 with multiplicity 2. It follows that R.R has a general solution,

a® = c1(2)% + cak(2)F.
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Finding values arbitrary constants ¢; and c,. Using initial conditions, we get ¢; = 1

and ¢y = % Hence, solution to the R.R based on initial values appears to be,
1

Example 3: Consider a R.R 2% = 2251 — 225~2 with initial conditions, z° = 1
and x! = 1. Solve it using characteristic equation.

Solution: The characteristic polynomial 7% — 27 + 2 = 0 cannot be factored. We
get eigen values 1+ and 1 —¢. For complex roots the general solution of recurrence
is

a* = c1(1)*cos(k) + co(1) sin(—k).

We need to determine the arbitrary constants ¢; and ¢, from initial conditions. Thus

using initial conditions,

2% =1 = ¢ic05(0) + csin(0),

vt =1 = cjcos(1) + cpsin(1).
So we get ¢; = 1 and ¢ = 1. Thus solution the of R.R is,

2% = cos(k) — sin(k)

A

2.2.3 Non-Homogeneous Linear Recurrence Relation N.H.L.R.R
Solution to a N.H.L.R.R

Consider a N.H.L.R.R ,

" = a2+ agr" 2 -+ apz™ " 4+ F(n),
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where F(n) is the N.H part.
The general solution of N.H.L.R.R is the sum of general solution of the homo-

geneous H part agln) and particular solution of the non-homogeneous N.H part aén).

So general solution for N.H problem would be a" = aﬁf‘) + a,(,"). The initial condi-
tions are later on considered in order to find the arbitrary constants. The general
solution of H problem is in a manner as discussed earlier; however, for particular

solution of the N.H problem we consider the following cases.

If the N.H part F(n) is of the form
F(n) = (e:n" + oo™ 4+ en+ o) - 17,

where cg, - -+, ¢, and m are real numbers.

e Case 1: The particular solution for the N.H problem takes the form
(Brn” + Broan’ ™ 4o Ban+ Bo) - 1.

If t does not appear to be the characteristic root.

e Case 2: The particular solution for the N.H problem takes the form
(Ben” + Boan™ 4 4 Bin+ fo) - - 0™

If ¢ appears to be the characteristic root with multiplicity m.

Example: Solve the N.H.R.R a* = 2a*~ + 3* with initial condition a' = 5.

Solution: Consider the H.R.R problem a* = 2a*!. Characteristic equation for
the R.R is r — 2 = 0 and the characteristic root is 2. Hence, general solution is
&’(fh) = ¢,2F. Now proceeding towards N.H part which is F (k) = 3k. Thus particular
solution appears to be a’(C = ¢.3%, which implies ¢.3" = 2¢.3*71 4 3*. So ¢ = 3 which

D)
follows a,(fp) = 3.3k = 3k+1,
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The general solution is H solution sums the particular solution.
Gk _ Clzk 4 3/€+1.
Using initial condition a' = 5,

5=c2" + 31,
5=2c; +9,

C1 = —2.

The required solution of the N. H. L.R.
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Chapter 3

Abelian Sandpile Model

This chapter envisages background of abelian sandpile apart from the basic concepts
and definition of sandpile group. Detail of the subject in question can be search

in [1,3,4,10,13].

3.1 Abelian Sandpile Model

3.1.1 Background

The Abelian Sandpile Model abbreviated as ASM was classically proposed by Bak,
Tang and Wiesenfled [10], using theory displaying self-organized criticality (SOC).
The concept of SOC has been invoked to describe abelian sandpile model that is cer-
tainly the most simplest theoretical model of SOC. Later on, it was mathematically
described by Dhar [3]. By linking an abelian group S(G) to a finite connected graph
Lionel Levine and James Propp concluded that abelian group is an isomorphism
invariant of the finite connected graph, some sort of combinatorial properties can
also be known about the graph. The abelian group features a finite abelian group
generated by the operators corresponding to particle added up at several sites. Chip

firing game in computer science and dollar-game is identical to ASM.
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3.1.2 Abelian Sandpile

Abelian sandpile consists of a sandpile graph that is a finite connected multigraph
(or a finite directed multigraph) with vertices known as ordinary vertices such that
each vertex is assigned non-negative integer value and a distinguishable single vertex
termed as sink vertex accessible from all other ordinary vertices. The integer-value
assigned to each vertex is the degree of each vertex, which is actually the number
of particles (or sand grains or chips) present at each vertex and each vertex is a site
accommodating the particles. We say two vertices are adjacent if there is atleast
one edge that connects both of them.

All non-sink vertices are allowed to have required quantity of particles. The sink
collects the particles arriving at it and are lost. The track of ignored particles falling

off the sink is not kept.

3.1.3 Configuration

A configuration is assigning an integer value to each ordinary vertex, which is in
actual the number of particles being placed at the non sink vertices.

Stable Configuration

In a stable configuration each ordinary vertex holds a required amount of particles
and does not exceeds the limit.

Unstable Configuration

If any of non-sink vertex exceeds the required number of particles then it is charac-
terized to be unstable configuration. It suggests that any of the vertex that holds an
integer value exceeds the required limit. In order to make the unstable configuration,

a stable configuration the unstable vertices need to topple.
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3.1.4 Toppling

In order to make unstable vertices stable toppling occurs. Toppling is the basic
rule to stabilized an unstable configuration. In toppling unstable vertices lose some
particles, which either fall off the system or are either added to the neighboring
sites. The unstable vertex loses one particle each to every vertex adjacent to it. An
unstable vertex can be created due to toppling. If the previous toppling results in
the unstability of another site then toppling process continues until the time all the
unstable vertices become stable. Toppling rule is applied to all vertices except single
out sink vertex.

The toppling process does not depend on the sequence it is carried out since
the final configuration is the same, irrespective of the sequence carried out in order
to stabilize an unstable configuration. That is why the model is termed as abelian
sandpile model. Sending particles to neighbouring vertices may reduce the quantity
of particles, since there is an edge between every ordinary vertex and a sink vertex.
The toppling process stops after certain finite toppling. The choice of which vertex
to topple first does not effect the process of toppling. For further specification

consider a map for sandpile:

€:V—=1{0,1,2--}.

Let v be any vertex, £ can only be stable at v if £(v) <deg(v) otherwise £ is unstable
and v will topple by sending one particle to each incident vertex. On toppling vertex

v, the particles will redistributed as follows:

§(v) = &£(v) — deg(v)
E(u) = &(u) + ayy ,where uw € V and u # v

where a,,, is the number of edges between v and u [1].
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Toppling matrix

When a vertex v is topple and £ to be a row vector, one can write

§=8— A,

where

¢

deg(v), ifv=ueV;
Apu =19 —tpu, fv#u v,ueV;

0, otherwise.

\

A is the Reduced Laplacian, since row and column of sink vertex is eliminated. A

(Laplacian) can be given as,

L=D-A.

where D is the degree matrix and A is the adjacency matrix of vertices, which is

zero in case of no edges between vertices.

3.1.5 Avalanche

The addition of particles to the pile that leads to a collection of rapid topplings that
occur in order to stabilize the unstable system is called the avalanche. Different
factors can be taken into an account to measure the strength of an avalanche. These

factors involve
e time of an avalanche
e area cover by the avalnche

e the total count of topplings
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e The count of different size toppled

3.1.6 The Sandpile Group

One can relate an abelian group known as sandpile group to every finite connected
graph. A commutative monoid is formed as a result of set of stable states (config-
uration) under operation of an ordinary addition followed by stabilization. Let this

operation be denoted by @ and h;, h; be any two configuration such that

(&(h) is unique stabilization for any configuration h). This commutative monoid
is sandpile monoid. For any two configuration say a and b: if a & b = ¢ (also a
configuration) then it is called recurrent Configuration. A configuration that belongs
to a cycle is said to be recurrent. Thus, one can say recurrent configuration is the
one in which a stable configuration is accesssible from every configuration otherwise
transient. According to W.Chen T.Schedler [13] and Dhar [4] defined these recurrent
configuration to be stable configuration forming an abelian group under @ called
the sandpile group S(G).

Fixing order for all ordinary vertices say n =| V' | —1 (sink vertex is eliminated)
we take into account subgroup of Z". The elements of Z" may be considered as
configuration in which number of grains of sand (particles) in each cell (site) may
be positive or negative. The subgroup is generated by n elements expressing the
toppling rule [11]. The quotient of Z" by this subgroup is abelian group, which is
the sandpile group. The abstract group structure for this sandpile group S(G) can
be given as

S(G) ~ Z" | AZ"

where A is the Reduced Laplacian whose det gives order of sandpile group; which,
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according to Matrix-tree theorem, is the number of spanning trees of the graph.
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Chapter 4

On the sandpile group of the
graph K3 x C),

4.1 On the Sandpile Group of the Graph K3 x C,

The abelian group model was introduced by Bak et al. in [10], based on the concept
of self-organized criticality. A finite connected multi-graph G = (V| E) on n vertices
is considered and by determining its Laplacian matrix L = D — A where D is the
degree matrix and A is the adjacency matrix, one can define a finite abelian group
known as sandpile group.

Let v, be a vertex (call root) of the graph G with n vertices, then the sandpile
group S(G) on the graph G with n vertices is the quotient of Z" by the subgroup
spanned by n — 1 elements expressing the toppling rule (that is, if v; # v, is a vertex

of degree 0;, a generator of this subgroup is

Ai = dll'l — E al-jxj,

v; is adjacent v;

where a;; is the number of edges between vertices v; and v;, and z; = (0,---,0,1,0, - - -
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Z"™, whose unique non-zero is in the position ¢ and the element z,, that is, S(G)
2" [span(Aq, - Ap g, e Ay, -0 Ay) [14].

This paper focuses on the objective of determining the structure of the sandpile
group on the graph of C5 x (), the cartesian product of C3 and C,. The main
tool is the computation of Smith normal (SNF') form of an integer matrix say A,
which is the unique diagonal matrix S(A) = diag(Si1,Saz, - -+ , Sun) Whose entries
are nonnegative and S;; divides S;11 41, and for each 7, the product 81182, -+ , S
is the greatest common divisor (GCD) of all ¢ x ¢ minor determinants of A [15].

Here sandpile group on the graph K3 x (), is determined which is the direct
product of four or five cyclic groups. Same method can be applied to figure out

sandpile groups of K, x C,, and K5 x C,,.

4.1.1 The Relations Matrix for (enerators of K3 x C),

In order to obtain a relation matrix for K3 x C,,, consider vertex set of K3 that is
Vi, = {0,1,2} and C,, which is V. = {0,1,2,--- ,n — 1}. Then the vertex set of
K3 x C,, is the Cartesian product Vj, x V., where Vi, x V. = {(k,¢) | k = {0,1,2},¢c =
{0,1,2,..,n — 1}}. The pair (k,c) can be adjacent only to (k,(c + 1) mod n),
(k,(¢c—=1) modn), ((k+1) mod 3,¢) and ((k —1) mod 3,¢). Obtaining system
of equations by applying toppling rule

Ai = dZZL‘Z — E GijZEj

0<j<n—1
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Lo L L9y Ly—2 Ty—1

Yn—1

i~
~rp—1

Figure 4.1: The graph of K3 x C,.

Axg =429 — 21 — Tp_1 — Yo — 20,
Ayo = 4yo — o — Y1 — Yn—1 — 20
Azg =420 — To — Yo — 2n-1 — 21,
Axy =4ry — 10 — T2 — Y1 — 21,
Ayr = 4y1 — 21 — Yo — Y2 — 21,

A21:421—1'1—y1—20—22.

Amn—? = 41'71—2 —ZTp—-1 — Tp-3 — Yn—2 — Zn—2,
Ayn—Q - 4yn—2 —Yn—-1 — Yn-3 — Tp—2 — 2n-3,
AZ;7172 =42p_9 — Zp_1 — Zn—3 — Tp—2 — Yn—2,
Ap_y =4Tp1 — To — Tn-2 = Yn—1 — Zn—1,
AYn1=4Yn-1 — Yo — Yn-2 — Tn-1 — Zn-1,

Azp 1 =421 — 20 — Zn—2 — Tp_1 — Yn—1-
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By equating all the equations, we get

drg — 21 — Tpo1 — Yo — 20 = 0,
dyo—x0—y1 —20—yn—1=0,
420 — 29 — Yo — 21 — 2n—1 = 0,
dry — 29 — 29 — Y1 — 21 = 0,
dypp—21—yo—y2— 21 =10,

4z1 —x1 — Yy — 29 — 29 = O.

4.73”_2 — Tp—-1 — Tp-3 — Yn—2 — Zn—2=0,
4yn72 —Yn—1 — Yn—3 — Tn—2 — Zn—3=0,
429 — Zp—1 — Zn—3 — Tp—2 — Yn—2 = 0,
ATn—1 — To — Tp—2 — Yn—1 — Zp—1 = 0,
4yn71 — Y0 — Yn—2 — Tp—1 — Zn—-1 — 07

d2p 1 —Xg— Zp—2 — Tp_1 — Yn—1 = 0.

let x, = (0,7), y, = (1,7) and 2z, = (2,r), r = 0,1,2,--- ,n — 1 and the image of
T,, yr and 2, in the cokernal Z*"/ImL(K3 x C,) be x,, y, and z,, respectively. We

have:

T, =4, 1 — Tp o — Yr—1 — Zr—1,
Yr = 4@7‘—1 —Yr—2 — Zr—1 — Tp_1,

Zr=4Z, 1 — Zp_o — Tp_1 — Yr-1-
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For r > 2, we get a system of at most six generators for the cokernel Z3"/ImL (K3 x

Cy). All z,., y, and z, can be expressed in terms of xq, vo, 20, 1, y1 and 2.

o = 4:fn—1 —Tp-2 — Yn-1 — Zn-1,
Yo = 4gn71 — Yn-2 — Zn—1 — Tp-1,
20 = 4271—1 — Zn-2 — Tp—1 — Yn-1,
Ty =4To — Tn-1 — Yo — Zo,
Y1 = 4Yo — Yn—1 — Zo — To,

zZ1 =420 — Zp1 — To — Yo
For2<r<n-1,a,,b,,¢,0, ¢ and §. are defined as

Tr = 0,21 — brfO — ¢+ arﬂo — 21 + fT‘Z()?
Ur = a:y1 — b,ho — €21 + 0,20 — €:T1, +fTo,

Zp = 0,21 — bpZg — €Ty + 0,Z0 — ¢ Y1 + frio.
Equating equations
T, =4%, 1 — Tp o — Yr1 — Zr—1
and
T, =4%, 1 — Tp o — Yr1 — Zr—1

we get

4T,y — Tpo — Yr—1 — Zp—1 = pT1 — b,zo — ¢Y1 + 0:Yo — €21 + fr21~
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putting values of Z,_1,Z,_o,%,_1 and Z._; by using equation 4.1, 4.2 and 4.3,

A(a,_ 121 —b,_1To— ¢, 1 G101 G0 —Cr—1Z1+fr—120) — (Ar_2T1— 0, _2To— € oY1 +0,_2lo—¢r—2Z1 +fr—220)
— (@11 b1 Po—Cr 1210, 1 Zo— €1 Ty Hfp 1 To) —(Ap 1 21— b1 20— 1 1 +0, 1 To— €11 +Hr—1%0)

=a,71 — brjo - crgl + DrgO —e¢.21 + frgr

Comparing the coefficients we get

a =4a, 1 — a2+ ¢ 1+ 1,

br = 4br71 - bT72 + frfl + 01,

¢ =4¢ 1 — G o2+ 0a 1 — Cr—1, (46)

0, = 4DT—1 — 02+ br—l - fr—h

e, =4e, 1 — ¢ 0 — ¢+ a1,

fr = 4fr71 - fer — 01+ by
Since, we have

Ty = 0,21 — [17«1_30 - Cr?31 + arg(] — ¢z + frZO-

Putting » = 0 and comparing the coefficients, we get ag = 0,bg = —1,¢9 = 0,09 =
0,80 = O,fg = 0, and for r = 1 we get a; = 1,[]1 = 0,C1 = 0,01 = 0,21 = 0,91 = 0.
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For r = 2, substituting all the above values in equation 4.6:

a, =4a; —ag + e + ¢q,
by =4by — by + 1 + 04,
¢ =4c¢; —¢g+ a; — ey,
09 =40, — 09 + by — f1,
¢o = 4de; —eg — ¢ + ay,

fo = 4f1 — fo — 01 + by.

we get ay = 4,02 = 1,c0 = 1,09 = 0,¢5 = 1,fo = 0. Similarly, for r = 3 we have

a3 =17,b3 =4,¢3 =7,03 =1,¢3 =7,f3 = 1 and so on. The final result shows

(

a = 4a,_ 1 — a2+ 1+ ¢y,
b= 4b, 1 — b, o+ 1+ 0,1,
¢ = 41— ¢ ot 01— ¢,
b, = a1,

0, = C1,

e = G,

fr = 0.

with the initial values a; = 4,a3 = 17,by = 1,¢, = 1 and ¢3 = 7 and concluded that

b, 0,,¢., can be written in terms of a,, ¢, and f, can be written in terms of 0,.

Lemma 4.1.1.1. For all » > 2, we have a, — 2¢, =r and ¢, = 5¢, — ¢, + 7 — 1.
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Proof. Since

a, =4a,_1 — a2 +e_1+ ¢y,

¢ =461 —C o+ a1 — ey

Then we have

a, — QCT :4a7‘—1 — 02+ €1+ € — 2(4cr—1 — G2+ — er—l);
:4ar—1 — 0ot 1+ C 1 — 8C7~_1 + 2cr—2 - 2ar—1 + 297"—17

=20,_1 — a2+ 3¢, — T,y + 26, 2.

Since ¢,_1 = ¢,_1,

a, —2¢, =20,_1 — ap_o +3¢,_1 — 7¢,_1 + 2¢,_9.
=2a,_1 — o —4c,_1 + 2¢, 9,

:2((17'—1 - 2cr—1) - (ar—2 - 2cr—2>‘

Using initial values of as and ¢ so we have ag —2¢0 =4 —2=2 = a, — 2¢, =1,
hence, we get

a, —2¢, =2(r—1)—(r—2)=r.

Hence proved.
Now consider,

¢ =41 — G o+ a1 — e,
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as ¢.—1 = ¢

¢ =41 — G o+ a1 — ¢y,

Since a, — 2¢, = r then a,_; — 2¢,_1 = r — 1. Thus we get

& =4c 1 —CG o+ a1 — 201+ ¢,

= ¢ =5C¢_1 —C_o+1r—1.

Using ¢_1 = ¢y = 0 and ¢; = 0 for n > 2, the sequence ¢,, can be extended.
For all » > 0, define J, = ¢, — ¢,_1. Then for r > 2, we have J, = 5J,_1 — Jr—2 + 1,
such that Jo=J1 =0. Also 3¢, +n = Jni1 — In

¢ =5¢_1— ¢ ot+r—1,
=C_1—C_o+t4¢_1+r—1
=J1F+ 61+ B 17 —1),
=1+ 6o +Jr — Jro1s

- 37” :57"'
O

Theorem 4.1.1. Let n > 3. The relation matrix between the generators zy, Z1, 9o,

U1, Zo, Z1 of the cokernel Z3" /ImL(K3 x C,,) is equivalent to
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n 0 0 0 0 0
Cn Jn En—s—l 0 0 0
cn+1 3n+1 3n+2 - 1 0 O O . An O
0 O 0 3n+1 - 3n 3n - 3n—1 + 1 O O 0
0 0 0 3Jn+1 3Jn 0
0 0 0 0 0
. Alternatively, for n > 3, we have S(K3 x C,,) 2 Z° /A, Z°.
Proof. Since,
T, =4T, | — Tp_9 — Yr—1 — Zr—1,
Ty =001 — bri'() - crgl + arg[) —er21 + frz(b
Replacing r by n in above equations, we get
Tp=4%, 1 — Tpo — Yn—1 — Zn—1, (47)
T, = A,T1 — bn.fo — cngl + DngO — ¢z + fnZ(), (48)
Also To = 4‘f'n,1 — Tp_9 — gn,1 — Zn—1- (49)

Using equation 4.7 and substituting all the values in the above equation

a,T1 — 0,Z0 — €1 + 000 — €n21 + 2o = 4Tn—1 — Tpn—2o — Yn—-1 — Zn-1
= 4(a, 171 — by 1T0 — a1 + 0010 — 121 + fuo120)
— (ap—2%1 — by 2T0 — ¢u2¥1 + Vn2lo — €n221 + fn220)
— (@p1%1 — by1¥0 — o121 + 0,120 — €171, Hno170)

— (121 — bp120 — €1Z1 + 0p—1T0 — €191 + fr—1%0)
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Comparing the coeffients,

a, =4a,_1 — ap_o+ 1+ Cp_1,
b, =4b,_1 — b2+ Fr1 — 0p_1,
Ch =4Ch 1 —Chot 0y 1 — 1,
0, =40,-1 — 02+ bp1 — Fp1,
¢p =4, 1 —Cy_0— Cp_1+ Op_1,

fn = 4fn71 - fnf2 - anfl + bnfl-

Consider equation 4.8

To=4Tp 1 — Tpn-2 — Yn-1 — Zn—1,

By using equation 4.7 substituting values of Z,,_1,Zn_2, Yn—1, Zn_1

To =4(an 171 — b 1Z0 — 11 + 0p1¥o — en—121 + fu-120)
— (ap_2®1 — by 2T0 — ¢u 281 + Vp2¥o — €n221 + fn2Z0)
— (@11 — by1¥0 — €121 + 05120 — €y 1T, Hno170)
—(@n121 — by 120 — €1 Z1 + 01 T0 — €11 + Fro170)
= (4a,1 —apo+e, 1+ 1)T1 — (4by_1 — b0 + fus
—0-1)T0 — (4¢h1 — G + Ap1 — eu_1)Y1 + (4051 —
Op—2+ byt —fuo1)Po — (den—1 — en2 — ¢y + A1)

Z1 + (4fn—1 — fn—2 — 01 + b,-1) 2
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Thus,

To = a,T1 — byTo — 1 + 00 — €,21 + fno.

Similarly, for 3o, Zo, Z1, Y1, Z1. Thus we deduced a new system of relations.

anjl - bnj'() - cngl + Dnﬂo - enzl + fng[)a

Ty —

Yo = ApY1 — bngo — 21 +0p20 — €71 + fnfo,

20 = Clnfl — bnz() — Cnff‘l + Dni'O — engjl -+ fngg,

Tng1 = Ap1T1 — bpp1To — 1yt + 0ng1o — €ng121 + fr12o0,
Unt1 = Gpp1¥1 — bpy1%o — Cug121 + 0ng120 — Cny1T1 + fry1o,
Zny1 = Opg121 — bpg120 — €11 + 0ng1To — 11 + fut1lo-

For zg, 4o, 20, Z1, Y1, 21, the relation matrix can be given as:

a, —(b,+1)  —c, 0, —e, fr
—e, f a, —(bp11) —Cy 0,
B — —Cp 0, —ep fr a, —(b, +1)
any1 — 1 by —Cpt1 Ont1 —€pt1 i1
—Cni1 fnt1 A1 — 1 —=bppr —Ca Ont1
—Cn Ont1 —en fore G — 1 —bap
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Using identities of Lemma 4.1.1.1 we get

2¢, +n
—c,
—c,
2¢,41 +1n

—Cn+1

—Cpt1

Adding all columns to the last column,

2¢, +n
—c,
—c,
2Cn+1 +n

—Cn41

—Cnt1

(2¢,-1+n) —c,
Cn—1 2¢, +n  —
Cn—1 —Cp
—(2¢, +n) —Cpt1
Cn 2cn+1 + ¢
Cn —Cnt1
—(2¢,-1 +n) —Cp
Cn—1 2¢, +n
Cn—1 —Cp
—(2¢,, + 1) —Cpt1
Cn 2041 + ¢y
Cn —Cnt1

Cro1 —cp Cro1
(2¢,-1 +n) —Cp Cn1
Cro1 2¢, +n  —(2¢,.1+n)
Cn —Cnt1 Cn
—(2¢, +n) —Cpi1 n
Cn 21 +n  —(2¢, +n)
Cn—1 —Cp 0
—(2¢,-1 +1n) —Cp 0
Cn—1 2¢,+n 0
Cn —Cpy1 O
—(2¢, +n) —Cpy1 O
Cn 2¢p1+n 0

Add row 2 times 2 to row 1, subtract row 2 from row 3, add 2 times row 5 to row 4

and subtract row 6 fr

n - 3¢, +2n —Cp_1 — 2N —3¢, 0

—C¢, €1 2¢,+n —(2¢,.1 +n) —c, 0

B, ~ 0 0 -3¢, —n 3Cn_1 3¢, +n 0
n —n 31 +2n =3¢, —2n =3¢, +1 0

0 0 31+ 1 -3¢, —n -3¢, —n 0

—Cni1 Cn —Cni1 Ch 2¢,1+n 0

om row .

Subtract column 1 from column 3, add column 1 to column 4 and add 2 times
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column 1 to column 5.

n —-n 3¢, +n —3¢,_1—n -3¢, +2n 0

—¢ Ch1 3¢ +n —(3¢,1+n) —3¢,, 0

B ~ 0 0 —-3¢,—n 3C_1+n 3¢, +n 0
n —n 31+ N -3¢, —n -3¢ +2n 0

0 3cp1+n -3¢, —n —3¢,—n 0

—Cpt1 G 0 0 n 0

Multiply 0 to row 1, interchang row 3 and row 6, then interchange row 6 and row 4.

0 0 0 0 0 0

—€¢ €1 3¢, +n —(3¢,_1 +n) —3¢, 0

B ~ —Cpt1l G 0 0 n 0
0 0 —-3¢,—n 3C,—1+n 3¢, +n 0

0 0 3cpp1+n -3¢, —n -3¢, —n 0

n —n 31+ n -3¢, —n —3c1+2n 0

Add row 4 to row 2 and subtract row 5 from row 6.

0 0 0 0 0 0

—Cn  Cpq 0 0 n 0

B ~ L T vy 0 0 n 0
0 0 —3c¢,—n 3¢,1+n 3¢, +n 0

0 0 31 +n —3¢,—n =3¢,y —n 0

n —n 0 0 3n 0

Interchange column 4 and column 5, then interchange row 4 and row 6, and finally
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interchange row 5 and row 6.

0 0
—Cp  Cpl

B, ~ —Cnt1 Cp
n -n

0

0 0

Add row 4 to row 2 and take - times row 6.

0
—c,
——
n
0
0

0 0 0
0 n 0
0 n 0
0 3n 0
-3¢, —n 3¢, +n 31+ n
31 +n —3¢1—n —3¢, —n
0 0 0 0 0
Che1 T n 0 0
¢ n n 0 0
—n  3n 3n 0 0
0 0 3¢, +n 3c,_1+n O
0 0 3cpu1+n 3¢,+n O

Interchange Ry <= R4, R3 <= R, and take - times column 1.

0 0 0
-n  —n 3n
B, ~ ¢h Cpo1 M
oyl Cp M
0 0 0
0 0 0

an

n

n
3¢, +n

3Cn+1 +n
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Subtract column 3 from column 4:

0 0 0 0 0 0
—-n —n 3n 0 0 0
B, ~ ¢, Ch1 1N 0 0 0
Chtl € M 0 0 0
0 0 0 3ep+n 31 +n O
0 0 0 3cpp1+n 3c,+n 0
Add 3 times column 1 to column 3 and take - times column 2:
0 0 0 0 0
—n n 0 0 0
B ~ ¢, —Cho1 3¢, +n 0 0
Cht1  —Cn  3Cpu1+n 0 0
0 0 0 3¢, +n  3cp1+n
0 0 0 31 +n 3¢, +n
Add column 1 to column 2 and take -times row 2:
0 0 0 0 0
n 0 0 0 0
B, ~ ¢ Cp—Choq1 3C,+7Nn 0 0
Chtl Cnt1 — Cp a1+ 7N 0 0
0 0 0 3¢, +n 3¢, +n
0 0 0 31 +n 3¢, +n
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Using identities of Lemma 4.1.1.1:

n 0 0 0 0 0
Cn \/Kn 3n+1 0 0 0
Bn -~ Cn+1 Sn—l—l 3n+2 -1 0 0 0
0 O O Jn—&-l - 371 371 - Jn—l + 1 O
0 0 0 3Jnt1 3Jn 0
0 0 0 0 0 0
A, O
0 0

4.1.2 Two Sequences Related to the Number of Spanning

Trees of S(K3 x C),)

In this section, the SN F of matrix A, is computed in the pursuance to adjudge the

group structure S(K3 x C,). Consider

n 0 0 0 0
Cn In Jnt1 0 0
An=|cur1 Jng1 Jnsa—1 0 0
0 0 0 Jnt1 —JIn In—Jn1+1
0 0 0 3In+1 3JIn
N o N n 0 0
Let P, = Sntr = dn dn = dnor 4 , Qn = Cn In In+1
3Jnt1 33n
Cit1 Jnt1 JIni2 — 1

47



n 0
Then A, = @ = @, @ P,. It is thus, clear that for each n we have J,J,+2+

0 P,
Jnt1 = J2.,. Hence, detP, can be deduced as

detpn - 3371(371—}-1 - 377,) - 3371—}-1(371 - Sn—l + 1)
— 33n3n+1 - 33721 - 33n+13n - 33n+13n71 - 33n+1

= =332 + 3Jnt1Jn-1 — 3Jn11-

As
3n1~jn+2 + 3n+1 = 3%4_1
371—1371—1—1 + 371 - 3%
3% + 371—1371—}-1 - _371
= detP, = —=3(Jn + Jnt1)-
Similarly,

Thus, the number of spanning trees of K3 x C,, is detA,=detQ,,-detP, = 3n(J, +
3n+1)2-
To quantify the SN F' of the matrices P, and @),; hence A,,, some divisibility prop-

erties about J, are required. For proving Lemmas, let w,, = J, + Jni1-

48



Lemma 4.1.2.1. For n = 2i+ 1 odd, @,, = Joir1 + Joire = fi7, where fi; is given as;

i = Bfli_1 — fli—2,
1,

=«
o
I

6.

E(
I

\

For n = 2i even, W, = Jai + Joir1 = 707, where 9, is given as

Proof. The above results can be proved by induction. Since we know

;

éi = 5791'71 - 192‘727

¢
S
I

0,

¢

=1

\

Jni1 = 12, so dealing with he odd case first.

Forn=2i+1,w, = J;+Jit1 =

different values for i, we have

Fori=0, w1 =31+ J2 =
Fori=1, wW3=3J3+3J1 —
Fori=2, Ws=35+3J¢s —
Fori=3, w; =J;+Js —
Clearly,

Wy =(1)?=ji5 = fio=1
Wy = (6’ =/ = ju=6

Wy = (29)2 :ﬂ% — fip =29

[L? becomes Wo; 11 = Joir1 +Joite = [L?. Considering

C1—C0—|—C—C2:1:ﬁ}1
C3—C2+C4—C3:36:1/U\3
C5—C4+C6—C5:841:@5

¢ — ¢ + ¢ — ¢z = 1932 = wy

W7 = (139)2 = 2 = ji3 = 139

As a result, generalized form is deduced as w,, = fi?. Also, fio = 511 — fio,

i3 = Oflo — flu == fl; = Dfti—1 — fli—2.
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Thus,

/

fli = Dfti—1 — fli—2,

=

o
I
—_

=«
iy
I

(@)

Now consider the even case:

For n = 2i, W, = J; + Jis1 = 797 becomes Wy; = Jo; + Joiy1 = 702

Fori=0, Wo=J0+3J1 = ¢g—c_1+¢c—co=0=1w
Fori=1 Wy =J0+J3 = ¢ —¢1+c3—cp=7=1o
Fori=2, W4=3,+3J5s = c¢4—¢3+¢5—¢cy =175 =y
For i =3, Weg=Js+J7 = ¢ — ¢5 + ¢z — ¢g = 4032 = ws
Clearly,

Wy = 0= 7(0)% = 92 = 7(dy)?

Wy =7="7(1)2 =92 = 7(,)?

Wy =175 = 7(5)? = ¥} = 7(,)?

W = 4032 = 7(24)? = 92 = 7(Vs)?

As a result, generalized form is deduced as @, = 70?. It can be further noted that,
9y = 55‘3 — 192,193 = 5y — h = ¥; = 501 — ;5. It can be generalized as
fii = Ui + Vigs.

Thus in general,

791' = 519171 - 191‘72,
’190 — 0,
9 =1
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Now,

/112—1/112 = ﬁ)\2(1'—1)+1’L/52i+1
= (J2i—1)+1 + J2gi-1)+2) (J2i+1 + J2it2)
= (J2i—1 + J2i) (J2it1 + J2it2)

= J2i—1J2i+1 T J2id2i41 T J2i—1J2i+2 T J2iI2i42-
Since,

Indn+2 + Int1 = Inia
Jai-1J2i41 = Jo; — Jai
JoiJoive = Joie1 — Joit1
Im = 5Fm-1 — Jm—2+1
J2it1 = OJ2i — J2im1 + 1

J2it2 = 9J2i41 — J2i + 1.
Using the above values, we get:

L2 .9 ~ A ~ ~ ~9 ~ ~9 ~
i1y = J2id2i+1 T J2i-1J2i+2 T J2; — J2i T I501 — J2i+1

0i32i+1 + Joic1J2ive + Ja; + Joipr — (Jzipr + Joi)

I
(R

Il
e

2i32i+1 + Joio1(5J2ip1 — Joi + 1) + J5; + 3%¢+1 — (J2i+1 + J2i)

9it1 + DJ2i-132i+1 — J2i-192 + Jaio1 + Jo; + 331-“ — (J2it1 + J2)

I
e
[

24

I
e

0iJ2i+1 + 5Jai—1J2ir1 — Jai—1J2i + Jo; + 3§¢+1 — (J2ip1 + J2i — J2i-1)

9id2i+1 — (J2it1 + J2i — J2i—1) + J2it1J2i + 3% + 3%i+1 + 5(5; — J2i)

I
(R

~

0i32i+1 — (J2ip1 + Joi — Jnie1) + Joir1Joi + 635 + 3%i+1 — 9J2i

I
e

~

= JoiJ2it1 — (J2ir1 — Joic1) + Joi1J2s + 6335, + 3§i+1 — 632
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AsJp, =53n-1 —Jn—2+1 = Joit1 = 0J2i —J2ic1+1 = Joim1 = 5J2i —J2im1 + 1.

Putting the value in above equation, we get:

i 1 = J2iJoie1 — Joi1J2 — Joivr + 5J2i — Joipr + 1 + 635, + 3§i+1 — 632

0iJ2i+1 — J2i(5J2i — J2it1 + 1) — Joip1 + 5Tz — Joira + 1+ 635, + 3;-“ — 62

I
e

~

0i32it1 — D5 — JoiJ2it1 — Joi + B5Joi — Jzip1r + 1 + 635, + Jois1 — 62

239iJ2i+1 + J5; + 3%141 — 2J2i — 292441 + 1

= (Jo2i + 32i+1)2 — 2(J2i — J2i41) + 1
= (ai)? — 2Mg; + 1
fii i} = (W — 1)°

fli—1ft; = Wa; — 1.

Similarly, it can be easily shown that 709 10; = Woiy1 — 1. ]

Proposition 4.1.1. For each i,n > 1 we have

Disn = Dig10n — V01 and pipp = Vi1 fin — Vifln_1.
Proof. From above proposition, the following identities are deduced that will be

used in Lemma 4.1.2.4

Vs = D (302, — 150,00,y + 2492),
iggn_l - 19271 - 31972175%_1 + 5’[92,

Vapir = 1150, — 92| 4+ 150,92, — 920%9,,_;.

Moreover, if we extend the sequence 9, by @Q_,, = —1J,, then we have n

Lemma 4.1.2.2. For all integers ¢, n and j, we have



proof 4.1.1. Let 7 be the root of y? — 5y + 1. Then " = 44, — 0,,_; is verified by

induction on n.

Forn=1,
7:7191—190
7=
For n = 2,
7227192—191
¥ =5y-1
¥ — 5y + 1.
For n = 3,
’73:7793—192
v =24y -5
yA2 =24y -5

Y5y —1) =24y =5
572 —y =24y -5

7* —5y+1=0.
Suppose the equality is true for n = k:

’yk = ’}/ng — ng_l. (410)
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Forn=Fk+1,

’YkH = ’Yﬁkﬂ - 1%
Ty =Yk — Oa
V(V&k - 19k—1) = 71§k+1 - 1§k

727§k - ’Yﬁk—l = 7?§k+1 — Uy
Multiplying 4.10 by v, we get

V‘WR = 727§k - 7?%—1

’YkH = 721§k - ’Y@kq

= 7 = ’71§k+1 — Uy

Hence " = vﬁn — 4,1 holds by induction. Now consider:

= (v, — V)’ Binomial expansion

At = 71§m+j — ngﬂ-_l and the irrationality ofy, Lemma 4.1.2.2 holds.

Lemma 4.1.2.3. For a | b, ¥, divides 0. Moreover, if a | b implies det(A,) divides
det(Ab)..
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Proof. Let b = ac, then from Lemma 4.1.2.2

i.e. if a | b then 9, | ;. First consider if we put n = i + 1, then Proposition 4.1.1
becomes U1 = V7, — V2.

Now suppose if 2a + 1 divides 2b + 1, then one can show that fi, divides [i,. By
definition of divisibility, if 2a 4+ 1 divides 2b + 1 then (2b + 1) = (2a + 1)(2¢ + 1).
Thus b = 2ac+a +c.

The statement fi, | fip = f2acrare can be proved by using induction on c. It is true
if c =0, since then b =a = [i, = fip and fig | fiq-
Forc=c+1,b=2a(c+1)+a+ (c+1), then fisg(c+1)rat(cr) = fi2at1)+Ractate)-

Using property pip = Uit1fin — Vifln_1, We get;

/2(2a+1)+(2ac+a+c) = 792a+2/12ac+a+c - 792a+1/22ac+a+c—1'

The first term Usq4a/isacrare is multiple of fi,; since by inductive hypothesis i, |
fi9actate, SO it is divisible by fi,. Also by Proposition 4.1.1, Jo,4y = 92, — 02 =
(ﬁgaﬂ —5‘&)(192@“ —H?a) which gives Upq1 = /la(vﬁaﬂ —f@a), (since as fi, = Va1 —H%)
that is also a multiple of fi,. Hence second term is also divisible by fi,.

Now if 2a + 1 divides 2b, then fi, divides 9,. Let 2b = (2a + 1)2¢ by definition of
divisibility, then b = (2a + 1)c. We need to show that i, | 9y = @(gaﬂ)c. Previously,
[ie divides 5‘2&“ and 192,1“ divides 19(2@“)0 then by transitivity of divisibilty i,
divides 19(2a+1)c. O

Lemma 4.1.2.4. For Q > 1, we have 30 = 2.32 mod 39!, 40 ;| = 232 — 1

mod 39t!, 50,1 = 2.32 4+ 1 mod 32", Jy30 = 39 mod 32

Proof. The identities J30 = 2.32 mod 397!, ¥50_; = 2.32 — 1 mod 3*2*! can be

proved by induction on Q. Thus for @ = 1 we have, 193 = 5192 —191 =24=6 mod9
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that can be written as ¥5 = 2.3 mod 3"t and ¥y = 59, —Jy =5 =5 mod 9, that
can be written as J5 = 2.3 —1 mod 3'*!, which is true. Let the result also holds
for Q > 1 that is U350 = 2.32 4 239, J30_; = 2.32 — 1 + y332*! for some integers

x and y.

Vo = (232 4+ 2.3971)°
= (2.39)% + 3(2.39)%(2.39T) 4+ 3(2.39)(2.397)2 + (£.3971)3
= (2%.3797%)3912 4 (2.22.329)3912 4 (22.2.37911)3912 4 (23.32911)30+2

=0 mod 392

3030020, = 3(2.3°% + 2.3971)(2.32 — 1 4 ¢.3971)2
=3(2-32 +2.39)[(2-39)° + (=1)* + (y- 39)? +2(2- 3%(=1) +y - 39" (=1) + (y - 39™)
-2 39
=3[(2-3u)® + 23972392 +2.3%2 4 -39 1 2.3%y - 3972 4 2 - 42(39T1)? + 22 39
(_2_3Q_y,3Q+1+(y_3Q+1),2.39)+x.2,3Q+1(_2_3Q_y_3Q+1_{_(y,3Q+1)_2.3Q)]
= (2329713942 1 1. (2.39)239+2 1 2. 321 4 5. 3942 4 (yy 32QH1)3Q42 (52 g2ut2)30+2
+2%(=2-3971 — .32 4 42,3939 1. (=232 — . 3971 4y . 2. 32QH) 32

=92.39t1 mod 39t2.
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VioUze_1 =3(2-3% 4232713239 — 1 +y - 39T
=((2-392 +2(2-39(z - 3% + (2 - 397)?)(2- 39 — 1 4y - 39

(2-39)% — (2-39% 4+ (2-39%(y - 397 +2(2-392(2 - 397 — 2(2-39) (2 -39 + 2 -y - 2(2

2-39)(z- 39712 — (z-39F1)2 4 22 . (39113

+

= (2%.3%972)3912 _(22.3972)3912 1 (3. 2%. 32971392 ¢ (. 2% . 329713972 (¢ 22.3971)3

+ (:1: R 92 . 32Q)3Q+2 + ( 9. 329)3Q+2 _ (xQ . 39)3Q+2 + (:1:2 Ly 32Q+1>3Q+2

The identities from proposition,

1§3Q+1 == ’L§3‘3Q - ?§3Q (3/I§§Q_1 - 15193Q7§3Q_1 + 24T§§Q),

'1939+1_1 = ’1939.3Q_1 - '93@,1 - 36§Q§3Q_1 + 579%@
can be used to prove the remaining identities. Thus we have,

Ugoi1 = U330 = V303020 | — 150200501 + 24030
= 303030, mod 3°%? — 15020030 ; mod 3% + 2493, mod 397
= 1939319?,)9_1 mod 3272 -0 mod 322 +0 mod 392
= 1939319?,)9_1 mod 39F2

=2.39"1 mod 39t2
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Also,

793@-&-1,1 - 7929_1 - 36§Q§3Q,1 + 5@29
=3935, mod 397 — 39250501 mod 3972 + 503, mod 397

= 1§§Q71 mod 3272 -0 mod 3972+ 0 mod 39+

(2-3°—1+y-3°"")% mod 39
[(2-39)°% 4+3(2-392(=1) +3(2-39)(=1)2 +6(2-39)(=1)(y - 39 +3(2-39)2(y - 32™) + (—1

3(=1)*(y - 3%%) +3(=1)(y - 3%7)% + (y - 3%71)°]  mod 39

+

=3(2-3%9) -1 mod 39"

=2.39%1 _ 1 mod 39F2.
Similarly,

Ugoiiyy = Usg041 = 115050 — 30| + 15030020 | — 920200504
= 11503 mod 39M — 35 | mod 397 + 15050025 |, mod 3°1% — 92025050 _,
mod 3972
=0 mod 39t — 1§§Q_1 mod 392 + 5. 31939qgg_1 mod 3972 — (0 mod 392
=-2-3°""—1 mod 3°"?+5-2-3%"" mod 3°"*
=8-32"" mod 392 +1 mod 39"
= (6+2)3°" mod 39 +1 mod 39"
=2-3972 mod 3972 + 239" mod 3972 +1 mod 39F2

=92.3%" 4+ 1 mod 392
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also,

19239 = @3Q+3Q = 1939(193@+1 - 7§3Q—1)
=(2-3°+2-39) (239 41+ 2-3°7 —2.32 4 1 —y .39
=22.3242.3% 2 — )39 41239 fa(z —y) - (39712
=22.324(2-3%2 —9))3%™ + (2-2)3%" + (2(z — y) - 3973
=22.39 mod 39!
= (341)39 mod 39!
=391 mod 39t 439 mod 39!

=32 mod 39t

Let pk(h) be the period of the sequence ¥, modulo h. Then we have some quick
results:
'gn = @nJrs-pk(h) mod h>

Uprny = 0 mod h. O
Lemma 4.1.2.5. If hy|hs, then pk(hy)|pk(hs).

Proof. Let m = pk(hs) be the period of sequence 9; modulo hy. Since hy|hs, to prove
pk(h1)|pk(hs), it is required to show that ,,(mod hy) repeats in blocks of length 7.
It is possible by showing 9, = Gnix mod hy for each n. Clearly, 9, = Gnir mod ho.
Then for some 0 < s < hsy, it follows, 19n = s+ hox and 1§n = s+ hoy.

Now, since hy|ha, by definition of divisibility he = hyt. By substitution, 0, =
s + hitr and 9, = s + hity. As ho > hy, for some 0 < ¢ < h;, we can have
s = s’ 4+ hi. Finally by substituting value of s we get ¥, = s’ 4+ hi(a + tx) and
U, = 8" 4 hy(a + ty). This implies 9, = ¢nyr( mod hy)(ie. 9, repeats in blocks of
length 7); hence, the required result. O
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Lemma 4.1.2.6. Let Q > 1. If 39|n.then32|?,,, and if 79|n then 79|J,,. If 32|2i+1,
then 3Q|/VLZ

Proof. In order to have explicit formula for 9, and fi,, the recurrence relations are
needed to be solved, respectively:

The solution to recurrence relation 9,, = 50,_1 — U,,_s with Jg = 0 and J; = 1 can
be find as under.

The characteristic equation for this recurrence is r?> — 5r + 1 = 0, which has roots
T = %ﬁ and ry = %.Thus J, = a(%ﬁ)”qLﬂ(%ﬁ)” The constants can be

solved by using initial conditions. Thus, we have:
1 5—\/21)n 1 (5+\/21)n
2 V21 2
1 n
_ 5n72k7121k
» X (')

1<2k+1<n

Hence ,if 32|n, then 321, and if 79|n then 72[J,. For example, for Q@ = 1 and
n =3, 3|3 and 3|05 that is 24. Similarly, for n = 7, 7|7 and 7|q¢; = 12649.
Now the solution to recurrence relation ji; = 51,1 — fi;_o with jip = 1 and i1 = 6

can be given as:

5—v21
2

ry = 22 Thus ji; = a(3=Y2) + B(35Y2L)i. We can find the constants from the

and

The characteristic equation is 72 — 5r + 1 = 0, which has roots r; =
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initial values we know. Thus,

YA LIRS LIRS G o

— () () ()
23 2 2V/3 2
1 \/g_\/72i+1 1

VA R VL

\/§+\/7)21.+1
1 & (2i+1> ek
= — TR
21
2 — 2k +1

So, if 39|2i + 1 then 39|, O
Corollary 4.1.1. Let i > 1. Then (2i,79;) = (2i,7;).
Lemma 4.1.2.7. pk(39) = 3¢

Proof. From Lemma 4.1.2.4 we have 3¢ = 0 (mod 32) and Y304 = 1(mod3?) for
all u. Using Lemma 4.1.2.4, we have pk(32) = 39|32 for all u.

Using induction on u to show 32|pk(32). This is true for u = 1 since Jpy(s) = 0
mod 3). By induction hypothesis suppose it is true for u i.e. 3<|pk(3<€). Now
for u = u + 1, as we know that pk(39)|pk(39F1); also, 39|pk(39) (by induction
hypothesis) this implies 32|pk(3<+1). From Lemma 4.1.2.6, it follows pk(32+1)|3<+1.
This shows that pk(32t!) is either 32 or 3271, But the facts from Lemma4.1.2.4,
proved that 5 = 2.32 mod 39+" # 0 mod 39! hence clearly, 39+1[32+! which

implies pk(39+1) = 32*%; hence the required proof. O
Lemma 4.1.2.8. If 32|n and 39! { n. Then 39_1|7§”T’” and 32 ¢ 19“—3’”.
Proof. By definition of divisibility if 32 divides n then n = 3i also 3 must not divide

i, then we can have i = 3b + a, where a can either be 1 or 2. S ubstituting value of
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1, we get;
n=3%3b+a) = n=a-32+b-3°" =q-32 mod 39

32 mod 39+, a=1,
a-39 mod 3¢t =

2.32 mod 39, a=2.
Also, 9, = ’léa.gg_,_b_ggvtl =10,30 mod 32t

P o 30 2-39 mod 39, a=1,
a-39 mo 3 ==
32 mod 391, a=2.

(Since when a = 2, then we get 2-2 -39 mod 39! = (3 + 1)39 mod 32!, upon

solving we finally have 3¢ mod 39%1). From the above properties, we get:

32 mod 39+, a=1,
Uy —n =
2-32 mod 3%, a=2.

(When a = 2 we get —3¢ mod 39! = (=3 +2)39 mod 3°*!, by property of mod
finally we are left with 2 -39 mod 39*!).

Hence proved that 39_1|—1§n3*" and 394 ﬁn?:n. -

Lemma 4.1.2.9. For all n > 2, we have (fin, fi,—1) = (U, Up_1) = 1 and (fn, —
[t gt — fin) = (On = Upo1, Vg1 — 0) = 1

We list some other relationships linking ji,, 9, and J,

® Jni1 = In = U

o Joiv1 = ;Ui

® Joiro = [1;0i41.
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o (Joi, J2i1) = U4, (J2it1, Jo2iv2) = fi-

4.1.3 The Smith Normal Form (SNF) A,

With the help of SNF of P, and @,,, the SNF of A, can be computed.

4.1.4 Computation of the SNF of P,

311 - 3n 3n - 3nf + 1 >
Since P, = H ! CASFi1 — I =9, If n=2i+1, then we
3371—}—1 3371
have:

Joive — Joipr = Vaipr = fi(Vigy — 05)

371 _371—1 +1

321'4—1 - (322 - 1)

J2i41 — DJ2i41 + J2it2

2i+2 — 4J2i41

I
(3R]

Vi1 — 41,0

Il
=«

ﬂz‘(&iﬂ + 4191')
fii(Di11 — 50; + ;)
i(lgi — 191'—1)-

I
=

Thus, the GCD of all entries of P, for n = 2i + 1 is

(Jnt1 — Jns In — In—1 + 1, 33041, 330) = (J2ive — J2i+1, J2i41 — J2i + 1, 3T2i+2, 3J2i41)

= (i(Dir1 — 05), i (0; — Ui1), 3305, 3130,11)
= ﬂi(éz’—i-l — 03, 0; — Vi1, 30;, 31§z‘+1)

Il
=«
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Since (@n — Uy, Vpgr — z?n) =1 and (9,,?,_1) = 1, now consider

371—&-1 - 371 371 - 371—1 + ]-

~

33714—1 3\571

:33n(3n+1 - Sn) - 33n+1 (371 - Jnfl + 1)

:3\~Jn\~5n+1 - 3331 - 3377,—1—1371—1 - 3371-{—1
- - 33721 + 3371—&—1371—1 - 33714—1

When n = 2i 4+ 1;

—=3(Jn + Jnt1) = — 3(J2it1 — J2it2)

= —3(i7)-
Int1 = JIn In —JIn—1 +1 J2it2 — J2it1 J2i+1 —J2i + 1
Thus we can have =
3Jn+1 3Jn 3J2i42 3J2i+1
i 0
0 3y

Now if n = 24, then Jpi1 — Jn = G2 = Jois1 — Joi = Vil — fti—1) (since Jo(1)12 =
fii—19;),

~

In —In-1+1=7J2 —Joiz1 +1

I
)

2i — 02 + J2it1

J2it1 — 432
ﬂgi - 4/1z'—11§z'

I
=«

Ui + 4fii—1)

Il
S

(i — Bfti—1 + fti—1)

=i (ftie1 — fli2)-
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Thus, the GCD of all items of P, for n = 2¢ is

(3n+1 - 3n;3n - 3n71 =+ 17 33n+17 3371) = (32i+1 - 32@'7321’ - 32@‘71 =+ 17 332i+17 3321)
= (

Oiti — Vi1), Dilfii — fii—a), 3104, 3j1i—10;)

Oi(ft; — Vi1, flicr — fli-2, 3ftiy 3fti-1)
;.

Now,

3n+1 - Sn 3n - 37171 + 1

~

33n+1 315n

:33n(1~5n+1 - 371) - 3371—&—1(371 - En—l + 1)

:33n3n+1 - 33% - 33n+13n71 - 33n+1
= — 33 + 331 Jn1 — 3Ins1

When n = 2i, then

—3(Jn + Jnt1) = — 3(J2i — Ja2it1)

= — 3(707)
= — 2192,
Thus, we can have Jnt1 —JIn In—JIn1+1 _ Joit1 — J2i J2i — J2ic1 +1
3Jnt1 3Jn 3J2i+1 3J2i
J; 0
"o 2,
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4.1.5 Computation of the Smith Normal Form of (),

n 0 0
The SNF of the matrix Q, = | ¢, 3. Jns1 with determinant n(J, (Jni2—

Cn+1 3n+1 3n+2 —1
1) = 32.1) = n(=Jn — Jn+1) = —n(Jn — Jn41) can be computed by calculating the

GCD of all ¢ x ¢ minor determinants of (),,.

Computation of Hy;
Hyq is the GCD of all 1 x 1 minor determinants of ),,. The non negative integer
entries of Hy; are

Hy = (07 T, Cn, cn+173na3n+1a3n+2 - 1)-

Since we have 3¢, +n= Jns1 — In, by some computation and J, = ¢, — ¢, for
all n > 0. Thus ¢, = ‘w and ¢,11 = Jni1 + ¢,. This follows,

o~ A dmpi—da—nm
Hll - (nv\jn7dn+17%)'

If n = 2i 4+ 1 by relationship of J, and i, we have §32i+1,32i+2) = fli-_ This

implies Hll = (2’& -+ 1, /11'7 32i+2_32§+1_2i_1). Also 321’—1—2 = ,[Lﬂ%_,_l and 321’—5—1 = [12191 By
substituting, we get:

Hiy = (20 + 1, iy, B2y

Now for n = 2i + 1 if 3 { n, then by Lemma 4.1.2.8, 3|22 then Hy, = (2i +
1 fig, PR = (2041, ).

For n = 2i + 1 if 3|n then by Lemma 4.1.2.8, 3 ¢ I%T_” then Hy; = (2i +

o (941 —0;—2i—1 . dp—n 2i+1,ji;
17#iau( +13 )):(77‘7#17 3 )):( +3M)'

Consider the case when n = 2¢, then H;; becomes
_ s~ A J2i41—J2:—21
Hyy = (20, Joi, J2ig1, =H52).

By relationship (32i71~52i+1> = 191 and{}zi“ = ,lvj,ﬂgl, 32i = 791'/1%',1. This 1mphes Hll =
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(227 191'7 gi(ﬂi_%i_l)_%)‘

Similarly, for n = 2¢ if 3 { n then 3|1§"3_"; hence, Hy, = (2i,7;, W) =
1, Vi,"—_” = (21, vi . n the same lines, if 3|n then n—": hence Hy; =
20,0y, 2 2i,79;). On th 1 f 3n then 3 4 2% hence H
C 5 Di(fi—fi1)—2 C G Op—my _ (269
(23, 9, SR )220y — (9 ), Puzny — (%)

Computation of Hs,

In order to compute Hy, the entities involved in computation of Hy; must be kept

under consideration. Hy;Hoyo is the GCD of all 2 x 2 minor determinants. Thus, for
n 0 0
Q. = Cn In Jnt1 . All 2 x 2 minor determinants are:

Cnt1 \jnJrl \jn+2_1

Qu In+1 JInt+2 — 1’ - 3"(dn+2 N 1) 33’“
= JnJns2 — Jog1 — In
- _(3n+1 + 3n)
T S EHCHER  EE NI
= ¢ (Jni2 — 1) — Jns1(cn + Jnt1)
= (Jnt2 = Jng1 — 1) — 3i+1
= ¢ (5Fn1 = In = Jn1 +1-1) =3,
= (4301 — In) — Tiir-
Qi3 = o ~ = a1 — Jnlart
Cntl  JIn+l
= Cpdntl — :jn(cn + 3n+1)
= cn(3n+1 - 3n> - 3n1~5n+1~
0 0
Qo = Cotl JIn+2 — 1‘ =0

67



n 0
Q22 Crit Fnio — 1‘ (Jnt2 )
n 0 ~
= ~ = N .
Q23 Cn+1 JnJrl JTH_I
0 0
pu— ~ pu— 0_
Q31 dn \Jn—i—l
n 0 ~
Q32 ¢ Jnin In+1
n 0 ~
Q33 = A N p.-
Thus
Jn 377,—{-1 Cn 3n+1 Cn 377, O 0 n 0 n 0
H11H22 = ~ ~ ) ~ 9 ~ 9 ~ P ~ P ~
L‘n—i—l dn+2 - ]— Cn—i—l dn+2 - ]- cn—‘,—l dn—i—l cn—i—l dn+2 - 1 cn—i—l Jn+2 - 1 cn—i—l \jn—&-l
n 0 n 0 n 0
Cn Sn-l—l ’ Cn 371—}—1 ’ Cn 3n '

H11H22 = ( 07 77,3”, n3n+17 n(3n+2 - 1)7371, + 3n+17 cn(43n+1 - 3n) - 3n+17 c71(371—!—1 - Jn) - 3n3n+1)7
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For n = 21+ 1, then
(Jns Int1) = (T2it1, J2it2)

cn(41~5n+1 - Sn) - 3n+1
n(3n+1 Jn) - 3n3n+1

—n -

HyyHyy = ( njts, i3, Tﬂz‘(ﬁuz
= jui( n i, 22D (V2
= (. fis, " (i
= el e, )
e ”).

ThUS H22 = ,al since, HQQ =
Now for n = 21:

Hy1Hyy = ( 0, Ny NI nt15 n(3n+2_1)a3n+3n+1v7 cn(43n+1_3n)_331+17 Cn(Jnr1—Tn)—
- 191 and 3n + 3n+1

3n3n+1), becomes, (Jn, Jnt1) =

= ,az and 3n + 3n+1

- ﬁiJrla 792'+1

/11‘( nfii,”
Hyy

(Jai, J2i+1)

= J2i+1 + J2i42

_ gi))

n*”)
3
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= i also ¢, =

—n - ~ ~
-3 (432110 — J2it1) — J%z‘+2
9, —n Lo - <2 3
— (41,9541 — 1) — fi; i+
9, —n _ - .
= 3 (4041 — U; i) — /%2%2+1
I — 0 5.3 723
= 3 ,11,2(5791+1 - 792‘191'4-1) — K9
Op—n_ - .
= 3 ,U,i(i%urg 191’+1) :U/ “91+1
Op—mn N ~ o~
=3 (J2it2 — J2it1) — J2i41J2i42
Oy —n, - R A
=3 (ftifigr — i) — [t
Op—n_ - 5 97
=3 fii(Via — 0;) — 1705041,
§ I A
—Vip1) — 17074, fti (Vi1
. 9, —n, « -
—Viy1), 3 (Vi1 — )

= J2i + J2it1

Un

—n

3

= 792,



Also ¢,, = Yo=n

3
cn(t’n—l—2 Jn—l—l 1) Jn+1 - 3 (41j2z+1 621) \52i+1
Op—n, _ « s
= 3 (4:“1197, - ,U/i—lﬁz) - 121912
Op—n - s
=3 Oi(4ft; — frir) — 307
Op—n o
) f1i (51 — fiim1 — fi;) — j1; 07
Gn—ns
= 3 Vi(fligr — i) — p2“9?-
~ ~ ~ A~ an - n, . ~ ~ A~
¢ (Jnt1 — In) — InJIns1 = T<J2i+1 — J2i) — J2id2it1
I
= 3 (Mﬂ?i - Mz’—ﬂ?i) — fli—1 19
Op—1n~ B
= 3 ﬁi(ui - Mzel) - ,Ui,uiflﬁ?-
glén—nv - . 252 On—ns - - G2
Hy Hyy = ( nd;, 797, Tﬁi(ﬂiﬂ — fui) — p;v;, 3 V(i — frio1) — Niﬂi—lﬁi)
; S, —n ) ~ Dp—n, . .
= 191'( n, 7d;, T(Hz’ﬂ — fi;) — p?ﬂi, 3 (f1; = fiim1) — Mz‘/iiﬂﬁi)
y S 3 s Up—n, .. %
= 191'( n, Ui, T(Miﬂ — f1;) — /%2791'7 3 (f1i — f1i-1) — ,Ui,uiflﬁi)
3 3 'lén -n, . - - -
= 191’( n, Vs, 3 (ftisr — fi, fti — Mi—l))
I
= (i, = 1))
I
= Ji(n, s, = 0.

3i( nd;, tnzr)

Here, for n = 21 Hyy = 1;, since Hayy = e
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Computation of Hj;

Since Hs3 = [det@n)l - Tep

Hi1H22
n 0 0
detQ, =|c¢n JIn Int1
cn-‘,—l 3n+1 371—&-2 -1
= n(JIn(Fnyz — 1) 32—1—1)
= n(3n3n+2 - 3n 3721+1)
= n(_\?n - 3n+l)
- _n(Jn - Jn—l—l)
This implies Hyy = "o dne1) For n = 2 4 1, Hyy = "Q2azduws) - onie
for n = 2i, Hsg = "(ﬁjﬁgﬁl) = HZ??;H.
Now, the SN F' of matrix @, is
e Forn=2i+1and 31n
Hy 0 0 (n,f1;) 0 0
0 Hyp 0 |= 0 a0
T
0 0 Hy 0 0
e Forn=2i+1and3|n
Hy, 0 0 i) g0
0 Hyp 0 |= 0 4 0
3nfi;
0 0 Hig 0 0
e Forn=2iand 31n
Hy 0 0 (n, ) 0 0
0 Hy 0 |= 0 ¥ 0
0 0 Hs 0 0 o5
e Forn=2iand 3| n )
Hy 0 0 ) 9 0
0 H22 0 = 0 192 0
0 0 H 21y
33 0 0 n00)

Note that we can calculate the Smith normal of A, = (%" 1(3) ) with the help of
SNF calculated for ), and P,.
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Theorem 4.1.2. For n = 2i+1(odd) and 31 n S(K3xCy,) = Zn ) (L, )* BL iy
(n,17)
and when 3 | n then, S(K3 X Cp,) = Zmay D (Zp,)* ® (Zaj,) B Z sna;
3

(D)

For n = 2i(even) and 3 { n then S(K3 x C,) = Z, 5, © (Z3,)* © Ly, ® L 1, -
,91)
Similarly, when 3 | n S(K3 x Cy) = Z(n9,) ® (Zgi)2 © (Zyy5,) © Lizins,
(3 210y

(n,9;)

Proof. e Forn =2+ 1(odd) and 31n

() 0 0 0 0

0 [ 0 0 O
Qn 0 o 0 /6 ik

0O 0 0 j O

0O 0 0 0 3
S(Kg X Cn) - Z(n,ﬂz) @ (Z ) @ Z nf;

[CN )

e For n =2i+ 1(odd) and 3 | n.
(nvﬂl)

M9 0 0 0
0 ;0 0 0
@ 031 g /é eV
0O 0 0 @ 0
0 0 0 0 3
S(Kg X Cn) = La(n,i;) ) (Zﬂz)2 ) (Z?’Mz) D Z dnul) .
3 (n,i;
e For n=2i(even) and 3t n
nd;) 0 0 0 0
0. 0 0 ¥ 0 0 O
0 0 O ¥ 0
0 0 0 0 219,
S(K3 x Cn) = L gy © (Z,)? © Loy, © L 10i, -
(n,ﬁi)
e For n = 2i(even) and 3 | n
®d) 9 0 0 0
0 J; 0 0 0
@u 0N 1 g o awk g
0 P’VL (nﬂgl) o
0 0 0 v, O
0 0 0 0 219
S(Ks3 x Cn) = Ly ® (Zg,)* © (Zy15,) ® Lonus, -
3 (n,9;)
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