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Abstract

In this thesis we review the paper [11], in which some different bounds related
to the Stanley depth of monomial ideal I C S are given. For example Stanley depth
of monomial ideal denoted by [ is less than or equal to the Stanley depth of any
prime ideal ) associated to S/I. Furthermore, if the associated prime ideals of S/I
are generated by disjoint sets of variables, then Stanley’s conjecture holds for / and
S/1.

We find some classes of monomial ideals whose Stanley depth is equal to its
lower bound. Furthermore, we also show that Stanley’s conjecture holds for these

classes of monomial ideals. For these ideals we have also shown that sdepth(/) >

1
sdepth(S/I) + 1. If I is the intersection of four prime ideals that is [ = [ €2; and

Jj=1
4
Q. C > Qjforall j # k, then we have good bound for Stanley depth of I and S/1.
1=5k
5 5
Also if [ is the intersection of five prime ideals that is I = (] Q; and Q; C >
i=1 1=j#i

for all ¢ # 7, then we have a good bound for Stanley depth of I.
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Introduction

In [20], Stanley introduced the idea of what is now called the Stanley depth of a
Z"-graded module over a commutative ring. This is combintorial invariant which has
some common properties with the homological invariant depth. Stanley conjectured
that depth M < sdepth M, but it still remains largely open. Herzog, Vladoiu and
Zheng considered the Stanley depth of monomial ideals in [8] and showed that the
Stanley depth of a monomial ideal can be computed by partitioning a finite poset
associated to the ideal into intervals. The difficulty of computing Stanley depths is
one of the main obstacles for verifying the Stanley’s conjecture. It is still practically
very difficult to find the Stanley depth for modules even for monomial ideals, if the
method of [8] is applied. In this thesis we try to find some good bounds for the
Stanley depth of some square free monomial ideals.

This thesis consists of four chapters. First chapter is devoted to basic definitions
and results that are fundamental to the development later in this project. We
review the background on abstract algebra that we need in the study of commutative
algebra.

Second chapter summarizes the essentials of the theory of Stanley depth and
Stanley decomposition. Here we recall the principle results related to the Stanley
depth of some multigraded S-modules. Let S = K[xq,--- ,x,] denotes the polyno-
mial ring in n unknowns over a field K and a finitely generated Z"-graded S-module
is denoted by M. It is well known that for a field K, the Stanley depth of the max-
imal ideal (21,--- ,2,) C K[z, - ,1,] is exactly [§] by [2]. In this chapter, some
important results about the depth and dimension of monomial ideals and module
are given. For general monomial ideals result sdepthg, . (1, ,41) < sdepthg I + 1
given by [10] is also mentioned in this chapter.

In third chapter, we review paper [11]. Let Q denotes an associated prime
ideal of S/I. We already know that depthg S/l < depthg S/Q = dim S/Q and
depthg I < depthg €. In [1], it was proved by Apel that sdepthg S/ < dim S/



and Theorem 3.1.1 shows that sdepthgl < sdepthg (2. We denote the minimal
monomial generators of I by G(I) and let s denotes the cardinality of G(I). Corol-
laries 3.1.3 and 3.1.4 says that if there exist an associated prime ideal 2 of S/I with
ht 2 = s then sdepthg I =n — | 5].

Let Ass /T ={{y,---,Q,},ifQ, ¢ i Q, where 1 < 7 <r and I is square free
ideal. Then by [18], we have sdepthg(]) é#cklepths(]). Suppose that G(2,)NG () =
() for all j # k. In particular, the result mentioned above holds in this situation as
it was proved in [15]. Corollary 3.1.7 says that previous result holds even if I is
not square free. Furthermore, Theorem 3.2.1 says that sdepthg S/I > depthg S/1.
Hence in this situation Stanley conjecture holds for I and S/I.

It is very difficult to compute the Stanley depth even we adopt the method
mentioned in [8]. So in this chapter, the detail of some results which gives tight
bounds are mentioned. If r = 3, a = ht{); < b = ht)y < ¢ = ht{3 then an
upper bound for sdepthg S/I is given by b+ [5] except possibly in the case when
a=b#c,b=a+1and ais odd when a < ¢ (see Proposition 3.2.4 and Corollary
3.2.3). Lemma 3.2.5 says that sdepthg S/I > min{a +b,a + [5],[5] + [5]}. Some
good upper bounds for the sdepthg I, when r = 3 but G((£2;)); are not necessarily
disjoint, are mentioned in section 3. Bounds given by Lemma 3.3.5, Theorem 3.3.7
and Proposition 3.3.8 are not good but very strong in certain cases as in example
3.3.1, 3.3.2 and 3.3.3. Some good results of Stanley depth are stated in Corollaries
3.1.3, 3.1.4 and 3.2.6.

In fourth chapter, we find some classes of monomial ideals whose Stanley depth is
equal to its lower bound. Further, we have shown that Stanley’s conjecture holds for
these classes. For these ideals Corollary 4.1.4 shows that sdepthg () > sdepthg(S/1)

+1. Let Q be a prime ideal, I = ﬂ Q; and ) C Z QQ; for all j # k, Lemma
1=j#k
4.2.1 says that [ is a square free monomlal ideal and all generators of I are of degree

two. Lemma 4.2.2 and 4.2.3 gives good bound for I and S/I respectively. Also if
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I'=(Q and Q; C >, Q for all i # j then Lemma 4.2.4 says that [ is a square
j=1 1=j#i

free monomial ideal and all generators of I are of degree three. Lemma 4.2.5 says

that 3 < sdepth(/) < L”T*?’J
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Chapter 1
Preliminaries

This chapter is devoted to a brief introduction of basic concepts of abstract algebra
and commutative algebra. These concepts will be helpful in the results of next

chapters.

1.1 Rings, fields and modules

Definition 1.1.1. Let R be a non empty set with two binary operations, called
addition and multiplication and denoted by “+ 7 and “.”, respectively. Then the
algebraic system (R, +,.) is called a ring, if

1. (R,+) is an abelian group.
Ry. Multiplication is associative, i.e (R,.) is a semigroup.

R3. For all x,y,z € R, left distributive law, x.(y + z) = (z.y) + (z.2) and the right
distributive law (z +y).z = (z.z) + (y.z) hold.

Example 1.1.1. (Z,+,.), (Q,+,.), (R,+,.), and (C,+,.), are rings.



Example 1.1.2. For any non-empty set X, the power set P(X) is a ring, where
addition and multiplication is defined as follows:
for all A, B € P(X),

(i) A+ B = (A\B)U(B\A),
(i) A-B=ANB.

Example 1.1.3. Let A = {g | ¢ : R — R}. We define pointwise addition and
multiplication on A as:
forall gh € A, and r € R

(i) (g+h)(r) = g(r) + h(r),

(i) (gh)(r) = g(r)h(r)

Definition 1.1.2. A ring R is called a commutative ring, if the multiplication in R
is commutative. A ring R is said to be ring with identity, if R has an identity for

multiplication.

Definition 1.1.3. Let R be a ring with identity. An element a € R is called a unit

if it has an inverse in R with respect to multiplication.

Definition 1.1.4. Let R be a ring with identity. R is called a division ring if every

non-zero element of R is a unit. A commutative division ring is called a field.

Example 1.1.4. In Z, 3 has no multiplicative inverse, so 3 is not a unit in Z hence

7 is not a field. 1 and —1 are only units in Z. However, Q and R are fields.
Proposition 1.1.1 ([6]). Let R be a ring. Then
(i) 0.r =r.0=0 for allr € R.

(ii) (=ry)re = r1(—=r2) = —(rir2), for all r1, r9 € R (recall —ry is the additive

wverse of ry.



(ili) (—r1)(—ra) =g for all r1,79 € R.
(iv) If R has an identity 1, then the identity is unique and —r = (—1)r.

Definition 1.1.5. If x and y are two non-zero elements of a ring R such that zy = 0,

then x and y are called zero divisors.

Theorem 1.1.2 ([6]). In the ring Z,, the zero divisors are precisely those non-zero

elements that are not relatively prime to n.
Corollary 1.1.3 ([6]). If p is a prime, then Z, has no zero divisors.

Definition 1.1.6. A commutative ring with identity 1 # 0 without zero divisors is

called an integral domain.
Theorem 1.1.4 ([6]). Any finite integral domain is a field.
Corollary 1.1.5 ([6]). If p is a prime, then Z, is a field.

Definition 1.1.7. The polynomial ring R[z] in the variable = with coefficients from
R is the set of all polynomials b,2™ + b,,_12" 1 4 - - - + byx + by with n > 0 and each
b; € R. If b, # 0 then the polynomial is of degree n, b,2" is the leading term, and
b, is the leading coefficient. The polynomial ring in the variables x1, zo, - - - , x,, with

coefficients in R, denoted by R[xy, s, -+ ,x,], is defined inductively by
R[ZE17.T2, T 7xn] = R[l’l,l‘g, e 7In—1][xn]'

This definition means that we can consider polynomials in n variables with coeffi-
cients in R simply as polynomials in one variable (say x,,) but now with coefficients

that are themselves polynomials in n — 1 variables.

Definition 1.1.8. A non-empty subset of a ring R is called a subring of R, if it is

a ring itself with respect to the same binary operations as R.

Example 1.1.5. Following are examples of subrings:

3



(1) Z is a subring of Q.
(3) A=1{0,3} is a subring of Z.
Remark 1.1.1. Let S be a subring of a ring R. Then it is possible that:
(1) R has an identity but S does not has an identity.
(2) R does not has identity but S has an identity.
(3) R and S have same identities i.e. 1p = 1g.
(4) R and S have different identities i.e. 1g # 1g.

Example 1.1.6. (1) 2Z is a subring of Z. The ring Z has the identity 1 but 27Z
has no identity.

(2) S of Example 1.1.5(2) has an identity which is 4, but 7" has no identity.
(3) Q and Z both have identities which are same.
(4) Zg and A of Example 1.1.5(3) both have identities 1 and 3 respectively and
1+#3.
Proposition 1.1.6 ([6]). A non-empty subset S of a ring R is a subring of R if
and only if v —y € S and vy € S whenever x,y € S.

Definition 1.1.9. A non-empty set [ of a ring R is called an ideal, if:
(1) (I,4) is a subgroup of (R, +).
(2) forallae I, r € R,

(i) raC I,



(ii) ar C 1.
Remark 1.1.2. (1) Every ideal of a ring R is a subring of R.

(2) A subring in general is not an ideal. For instance Z is a subring of Q but not
an ideal of Q. Because 3 € Z and 2 € Q but (3)(2) =2 ¢ Z.

Proposition 1.1.7 ([6]). A non-empty subset I of a ring R is an ideal in R if and
only if for alla,b € I andr € R,a—be I,ar € I,ra € I.

Theorem 1.1.8 ([6]). Let R be a ring with identity and I is an ideal in R. If I

contains a unit element of R, then I = R.
Corollary 1.1.9 ([6]). The only ideal of a field F' are {Op} and F.
From now onwards, R is a commutative ring with unity.

Definition 1.1.10. Let [ # R is an ideal in R, then [ is called prime ideal if xy € T
then either x € I or y € [ where z,y € R.

Example 1.1.7. We know that Z x {0} is an ideal in a commutative ring Z x Z.
Let (w,z)(y,2) € Z x {0} then 2z = 0 € Z. It implies that either z = 0 or z = 0.
So (w,x) € Z x {0} or (y,z) € Z x {0}. Hence Z x {0} is a prime ideal of Z x Z.

Definition 1.1.11. An ideal m of a ring R is called maximal ideal, if m # R and

m is not properly contained in any other ideal I of R.

Definition 1.1.12. Let I be an ideal in R. [ is called principal ideal if it is generated

by a single element and it is written as
I = (z), where z € R.

Definition 1.1.13. An ideal [ in a ring R is called primary ideal if it satisfies the

following conditions

(i) I £R



(ii) For all z,y € R if xy € I, then either = € I or there exist r > 1 such that
yrel.

Remark 1.1.3. (1) prime ideals are primary.
(2) Let P is an ideal whose radical is a maximal ideal, then P is a primary ideal.

Definition 1.1.14. Let A be any subset of R. (A) is said to be the ideal generated
by A if it is the smallest ideal of R containing A. If A is a finite set then (A) is
called a finitely generated ideal.

Definition 1.1.15. If every ideal of R is finitely generated, then R is called Noethe-

Tian Ting.

Theorem 1.1.10 ([6]). Every ideal in the polynomial ring S = Klxy,--- ,x,] over
a field K is finitely generated.

Definition 1.1.16. A ring that has a unique maximal ideal is called a local ring.

Definition 1.1.17. Let R and S be rings. A map ¢ : R — S is called ring

homomorphism if it satisfying:
(1) w(ry +1re) =(ry) +1(ry) for all r,75 € R
(2) ¥(rira) = ¥(r)Y(re) for all ri,ry € R.
The kernel of the ring homomorphism v, denoted as ker v, is the set
ker v = {r e R:¢(r) =0gs}.
A bijective ring homomorphism is called an isomorphism.

Theorem 1.1.11 ([6]). (First Isomorphism Theorem for Rings). If¢: R — S is
a homomorphism of rings, then the kernel of ¥ is an ideal of R, the image of 1 is
a subring of S and R/kery = (R).



Theorem 1.1.12 ([6]). (Second Isomorphism Theorem for Rings). Let Ry be a
subring and let I be an ideal of R. Ry + 1 ={r+x:r € Ry, v € I} is a subring of
R, RyN 1 is an ideal of Ry and (Ry +1)/1 = R,/(RiN1).

Theorem 1.1.13 ([6]). (Third Isomorphism Theorem for Rings). Let I and J be
ideals of R with I C J. Then J/I is an ideal of R/I and (R/I)/(J/I) = R/J.

Definition 1.1.18. Let R be aring. Then a non-empty set M is called an R-module

or a module over R if it satisfies the following conditions:
(1) (M,+) is an abelian group,

(2) RxM — R (the image of (r,m) is denoted by rm) such that for all 1,75 € R
and m,n € M,

(i) (11 +7r9)m = rym + rom,

(i) (ryre)m = ri(ram),

(iii) r1(m+n) =rm+rn,
)

(iv) 1m =m for all m € M.

If R is a field F', then the axioms of an R-module coincide with the axioms of
a vector space over F', it depicts that modules over F' and vector spaces over F' are

the same.

Example 1.1.8. Let R be any ring. Then M = R is an R-module, where action of
a ring element on a module element is just the usual multiplication in the ring R.
In particular, every field can be considered as a (1-dimensional) vector space over

itself.

Example 1.1.9. Let R = 7Z, let A be any additive abelian group (finite or infinite).
Make A into a Z-module as follows: for any n € Z and a € A, define



a+a+---+a (ntimes) ifn>0

na=< 0 ifn=20

—a—a—---—a (—ntimes) ifn<0
(here 0 is the additive identity of the group A). Above definition of an action of the
integers on A makes A into a Z-module, and the module axioms show that this is the
only possible action of Z on A making it a (unital) Z-module. Thus every abelian
group is a Z-module. Conversely, if M is any Z-module, a fortiori M is an abelian
group, so Z-modules are the same as abelian groups. Moreover it is consequently

from the definition that Z-submodules are the same as subgroups.

Definition 1.1.19. Let R be a ring and M be an R-module. A subgroup N of M
for which rn € N, for all r € R and n € N is called an R-submodule of M.

Remark 1.1.4. Submodules of M are subsets of M which are themselves modules

under the restricted operations.

Proposition 1.1.14 ([6]). Let M, be a non-empty subset of the R-module M. Then
M is a submodule of M if and only if for all x,y € My,r € R,x —y € M; and
xr € M.

Definition 1.1.20. Let R be a ring and let M and N be R-modules. A map

¥ : M — N is an R-module homomorphism if it satisfies the following conditions:
(1) ¢(m1 + mz) = 1/1(m1) + 1/1(7712), for all my, Mo € M and
(ii) ¥(rm) = rip(m), forallr € R,m € M.

Definition 1.1.21. An R-module homomorphism is an isomorphism (of R-module)
if it is bijective. If ¥ : M — N is an R-module isomorphism, then the modules M

and N are said to be isomorphic and it is denoted as M = N.

Example 1.1.10. If R is a ring and M = R is a module over itself, then R-module

homomorphism (from R to itself) need not be a ring homomorphisms and ring
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homomorphisms need not be R-module homomorphisms. For example, when R = Z,
the Z-module homomorphism n + 2n is not a ring homomorphism because m
2m, n+— 2n and mn — 2nm # 4nm. When R = Fz|, the ring homomorphism ) :

g(z) — g(z?) is not an F[x]-module homomorphism because ¥ (z.1) = ¢ (z) = z*

but z1(1) = z so P(x.1) # xp(1).

Definition 1.1.22. If ¢y : M — N is an R-module homomorphism, then kernel of
1 is the set
ker ¢p = {m € M : ¢(m) = 0}.

Image of ¢ is the set
Y(M)={ne N :n=1y(m)}.

Theorem 1.1.15 ([6]). (First Isomorphism Theorem for Modules). Let M, N be
R-modules and let v : M — N be an R-module homomorphism. Then ker is a
submodule of M and M/ ker ¢ = ¢(M).

Theorem 1.1.16 ([9]). (Second Isomorphism Theorem for Modules). Let M, Mo
be submodules of the R-module M, and let My + My = {m +n:m € My, n € My}.
Then My + My and My N My are submodules of M and (My + Ms) /My = M, /(M N
Msy).

Theorem 1.1.17 ([6]). (Third Isomorphism Theorem for Modules). Let M be
an R-module, and let My and My be submodules of M with M; C Ms. Then
(M/My)/(Mz/My) = M/M,.

Definition 1.1.23. An R-module M is said to be finitely generated if and only if
there exist by, bo, - -+ , b, in M such that for all w € M, there exist s1, 52, - ,8, € R
with w = s1by + s9bg + - - - + s,b,. The set {by,- -+ ,b,} is referred as generating set

for M in this case.

Definition 1.1.24. An R-module M is said to be Noetherian R-module or to satisfy

the ascending chain condition on submodules if every increasing chain of submodules

9



stops, that is,
M, € My C Mz C---

is an increasing chain of submodules of M, then there is a positive integer r such
that My = M, for all k > r.

Definition 1.1.25. Let M be an R-module. A non-zero element r € R is said to
be M -regular if for any m € M, rm = 0 implies that m = 0. In other words r is not

a zero divisor on M.

Definition 1.1.26. A sequence r = (rq,--- ,7,) of elements of R is called an M-

regular sequence, if it satisfy the following conditions:
(1) rjis M/(ry,--- ,7j—1)M-regular for any j;
(2) M # (r)M.

Such a sequence is also called an M-sequence.

Example 1.1.11. (1) If S = K|xy,- -, 2, be a module over itself, then (z1,--- ,

xy) is a regular sequence on S.

(2) If I = (w23, 2323, 2322) C S = K[x1, 29,73, 74], then (z; — 23,79 — x4) is a

regular sequence on S/I.

1.2 Monomial ideals

Definition 1.2.1. Let S = K|[xy,- - ,x,] be the polynomial ring in the n indetermi-
nates x; over a field K. Let Z denotes the set of vectors a = (a4, - - , a,) with each
a; > 0. Any product z{* - -- 20" with a; € Z, U {0} is called a monomial. A mono-

n

mial w = 7" - - - 2" can be written in the form w = z* with a = (aq,--- ,a,) € Z.

Let W be the set of all monomials of S, then W is a K-basis of S. In other words,

10



g € S can be written as linear combination of monomials with coefficients from field
K. Write

g= Z a,w with a, € K.
wew

Then the set
supp(g) = {w € W: a,, # 0}

is called support of g. And the set
supp(w) = {xz; : x; | w}
is called the support of monomial w.

Definition 1.2.2. If an ideal I C S is generated by set of monomials, then it is

called a monomial ideal.

Proposition 1.2.1 ([9]). Every monomial ideal I C S has a unique minimal set of

monomual generators.

Usually G(I) denotes the unique minimal set of monomial generators of the

monomial ideal 1.

Example 1.2.1. Let S = K[z, -+ ,x5] and G(I) = {z3xy, 2323, v3}, then ideal
generated by G(I) is called monomial ideal in S.

Definition 1.2.3. A monomial w is called square free, if w = z;,x;, - - - z;, for some

L<pn<ja<-jr<m

Definition 1.2.4. If a monomial ideal I C S is generated by square free monomials

then I is called square free monomial ideal.

Example 1.2.2. Let S = K[xq,- - , x4, then w = 212924 is square free monomial

in S and [ = (212913, Tok3Ty, T1X3T4, T1T9T324) 1S square free monomial ideal in S.

11



Definition 1.2.5. If J C S is an ideal, then v/.J = {z € S : 2! € J for some [ > 0}
is called the radical of ideal J.

Example 1.2.3. In Example 1.2.1, radical of I is (z129, 2314, x5).

Proposition 1.2.2 ([9]). Let I and J be monomial ideals. Then INJ is a monomial

ideal, and its set of generators is defined as
{lem(u,w) : u € G(I),w € G(J)}.
Definition 1.2.6. Let I, J are two ideals in S. The set

I:J={feS:fhelforalhelJ}

is an ideal, called the colon ideal of I with respect to J.

Proposition 1.2.3 ([9]). Let I and J be monomial ideals. Then I : J is a monomial

1deal, and

I:J= ﬂ I:(w).

weG(J)

Moreover, set of generators of I : (w) is defined as {u/ged(u,w) : u € G(I)}.

Corollary 1.2.4 ([9]). A square free monomial ideal is an intersection of monomial

prime ideals.

Definition 1.2.7. Let M be an R-module, then a prime ideal €2 is called an asso-

ciated prime ideal of M if there is an injective morphism of R-modules:
E:R/Q— M
The set of associated primes of M is denoted by Assg(M).

Definition 1.2.8. If P is a primary ideal, then the prime ideal {2 = rad P is called
the associated prime of R/ P (in short we say that € is associated prime of P) and P

12



S
is said to be Q-primary. A representation of an ideal I as an intersection I = [ P},
j=1
where each P; is a primary ideal is known as Primary decomposition of I. Suppose

that {;} = Ass(F;). If none of the P; can be omitted in this intersection and if
Q; # Qy, for all j # k, then this type of primary decomposition is called irredundant
primary decomposition. If I = () P; is an irredundant primary decomposition of

j=1
I, then the P; is called the ;-primary components of I, and we have Ass(I) =

{Qb e aQs}-

Definition 1.2.9. Let R be a Noetherian ring and M a finitely generated R-
module. If for a prime ideal 2 C R, there exists an element y € M such that
Q) = Ann(y), then € is said to be an associated prime ideal of M.

Example 1.2.4. Let [ = (z123, 1273, 1375, T37973), then

I= (5131,.733) N (5132,.732) N (231,.73%,.%2) N (.73%,.1173) N (.?3%,37%, xga xi),

is irredundant primary decomposition of I and Ass(1) = {(x1, z3), (22, x4), (1, T3, 24)

) ('T27 I’g), (xb T2, T3, 33'4)}

Corollary 1.2.5 ([9]). Let I C S be a monomial ideal, and let Q € Ass(I). Then

there exists a monomial w such that Q) =1 : w.

Definition 1.2.10. A ring R is called graded ring or H-graded if (H,4+) is an

abelian semi-group and R is the direct sum of additive subgroups:
R= @ R,, (as a group)
meH

such that RiR,, C Ry, for all ;m € H. The elements of Ry are said to be
homogeneous of degree k, and Ry is called the homogeneous component of R of

degree k.
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Definition 1.2.11. If R is an H-graded ring and M is an R-module with a decom-

position M = @ M,, (as a group) such that R;M,, C M., for all [,m € H, then
meH

M is called an H-graded module.

Example 1.2.5. The polynomial ring S = Z[xy,--- ,2,] in n unknowns over the

ring Z is a Z-graded ring. Here Sy = Z and the homogeneous component of degree

k is the subgroup of all Z-linear combinations of monomial of degree k. Polynomial

ring is also Z"-graded. Monomial ideals in a polynomial ring are Z"-graded modules.

Definition 1.2.12. Let R be a ring. The chain of prime ideals of length k is
QCch Q- CQ=A0 (1.2.1)

The supremum of lengths of chains of prime ideals as mentioned in (1.2.1) is referred

as krull dimension of R. dim R = oo, if there is no upper bound for such chains in

R. Height of a prime ideal €2 is define as

ht(Q2) = max{k : there exist a chain of prime ideals Qy C Q; C --- C Q = Q}.

and

dim(R/Q) = max{k : there exist a chain of prime ideals 2 = Qy C Q) C --- C

O }. Height of any ideal I is defined as ht(I) = min{ht(£2) :  is prime ideal and I C
}. Generally, dim(R/I) + ht(/) < dim(R).

Definition 1.2.13. Let R be a ring and M be an R-module, then annihilator of
module M is defined as:

Amng(M)={re R:rM = 0}.

And Krull dimension of M is defined as dim(M) = dim(R/Ann(M)). We put
dimM = —1if M = 0. Let M be a finitely generated module over the Noethe-
rian ring R. Then Ass(M) is finite and

dim(M) = sup{dim(R/Q) : Q@ € Ass(M)}.
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Chapter 2

Stanley decomposition and the

Stanley depth

This chapter includes the discussion about Stanley decomposition, Stanley depth
and depth of Z"-graded S-modules, where S is the polynomial ring in n variables
over a field. We also discuss about a conjecture of R. P. Stanley given in [20]. Some
results related to Stanley depth and Stanley’s conjecture that obtained in recent

years are also discussed.

2.1 Stanley decomposition and the Stanley depth

Definition 2.1.1. Let S = K[zq,--- ,x,] is a polynomial ring in n unknowns with
coefficients in the field K and M be a finitely generated Z"-graded S-module. Let
v € M be a homogeneous element in M and Z a subset of the set of variables.
The K-subspace of M, generated by all elements vw, where w is a monomial in
K|[Z], is denoted as vK[Z]. If vK[Z] is a free K[Z]-module then Z"-graded K-space
vK|[Z] C M is called the Stanley space of dimension |Z|. A Stanley decomposition

of M is a representation of the Z"-graded K-vector space M as a finite direct sum

15



of Stanley spaces

The number
sdepthD = min{|Z;|: j=1,--- ,r}
is called the Stanley depth of decomposition D and the number
sdepth M := max{sdepthD : D is a Stanley decomposition of M }

is called the Stanley depth of M.

Now we discuss the Herzog method as described in [8]. By using this method,
we can compute the Stanley depth of a square free monomial ideal I using posets.
Suppose that set of minimal monomial generators of [ is denoted by G(I) =
{wy,- -+ ,wy}. The characteristics poset of I with respect to ¢ = (1,---,1) see [8],

represented by P7, where
P} ={Z C [n] | Z contains supp(w;) for some j},

where supp(w;) = {l : & | w;} C [n] := {1,---,n}. For each X,Y € P} with
X CY and the interval [X, Y] is defined as {IW € P{: X C W C Y'}. Suppose that
partition of P{ is defined as P : P} = Us_,[W}, Z;], and for all j, let w(j) € {0,1}"
be the n-tuple such that supp(z®¥) = W,. Then there is a Stanley decomposition
D(P) of I

D(P): I =@ ="VK[{x |1 € Z;}).
j=1
By [8], we have

sdepth(I) = max{sdepth D(P) | Pis a partition of Pj}.
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The following conjecture is due to Stanley [20]
depth M < sdepth M,

for all finitely generated Z"-graded S-modules M.

Example 2.1.1. Let S = K1, ,x5] and [ = (z129, 2314, x12375) iS a square

free monomial ideal in S.
Dy = xxaK[xy, x0) ® w3y K3, 4] ® v120305 K [21, T2, T3, T4, T5] B 12003 K 21,

Lo, T3] B 12224 K X1, T2, Ta] B T10005 K (21, T2, 5] B 212304 K [, 3, 24)B
Tow3Ta K [Ta, x5, x4) ® v3x4x5 K [x3, 24, T5] © w1090304 K 21, T2, 3, 4] B 21
oy s K[112024w5] © xoxswyrs K|Te, 23, 4, T5).

DQ = IL‘ll‘QK[l‘l, T, ZL‘3] @ ZL‘3I4K[I‘1, T3, ZL‘4] @ ZE1I2$5K[1’1, T9, T3, 1'5] @ $2$31‘4K
(T2, 73, 14] © 212375 K[21, T3, 4, 5] D 232475 K [0, T3, 14, T5] © 212024 K [21,
T2, T3, T4, LE5].

D3 = mxoK[xy, 19, 23, 14] B w304 K[11, T3, T4, T5]| D T120005 K |1, T, T4, T5] B 71
Toxs K21, T, T3, T5] © Tox304 K [22, 13, 14, ¥5] © 1109037475 K [21, To, T3,

Ty, x5]'
sdepth(/) > max{sdepth(D;),sdepth(Ds), sdepth(D;)} = max{2, 3,4} = 4. Since [

is not principal ideal, so sdepth([) = 4.

2.2 Some known values and bounds for Stanley

depth

Proposition 2.2.1. [16, Proposition 1.3]. Let I ba a monomial ideal in S. Then
sdepthg(7) < sdepthg(! : w) for each monomial w & I.

Theorem 2.2.2. [5, Theorem 1.1]. Let I C S be a monomial ideal which is not

principal. Assume I =wl , where w € S is a monomial and I = (I : w). Then:
(1) sdepth(S/I') = sdepth(S/I)

17



(2) sdepth(I') = sdepth([)
Theorem 2.2.3. [2, Theorem 2.2]. Let S = K[xy, -+ ,x,], where K is a field. If
m = (z1,- -+ ,x,) be the mazimal ideal in S, then

sdepth m = {gw .

Theorem 2.2.4. [14, Theorem 2.3|. Let I be a monomial ideal of S satisfying
|G(I)| = m. Then
max{l,n — L%J} < sdepth I.

Proposition 2.2.5. [5, Proposition 1.2]. For a monomial ideal I C S, we have
sdepth(S/I) > n — G(I).

Lemma 2.2.6. [14, Lemma 2.4]. Let M be a Z"-graded S-module and suppose that
My and My be its two submodules. Let 0 — M, — M — My — 0 be an exact

sequence, then
sdepth M > min{sdepth M, sdepth M, }.

Theorem 2.2.7. [17, Corollary 2.4]. Let P and P’ be two irreducible monomial
ideals of S such that P and P’ have different associated prime ideals. Then

sdepthg S/(P N P,) = max { min { dim(S’/P/), {dim(S/P) + d;m(S/(P * P/)W }7

dim(S/P") +d21m(5/(P+ P )W }}

min { dim(S/P), [

Definition 2.2.1. Let (R, m, K) be a local Noetherian ring and M a finitely gen-
erated R-module. The common length of all maximal M-sequences in m is referred
as the depth of M and denoted by depth(M).

Lemma 2.2.8. [17, Lemma 1.2|. For a monomial primary ideal P in S = Klxy, -+, z,)

we have, sdepth S/P = dim S/P = depth S/P.
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Lemma 2.2.9. [17, Lemma 1.3]. Let I and J be two monomial ideals in a polynomial
ring S = Klxy, -+ ,x,]. Then
sdepth(S/(I N J)) > max{min{sdepth(S/I),sdepth(I/(I N J))},
min{sdepth(S/.J),sdepth(J/(I N J))}}.

Theorem 2.2.10. [17, Theorem 1.5]. Let P and P are the distinct irreducible

monomial ideals in a polynomial ring S. Then

sdepthg S/(PﬂP/) > max { min { dim(S/Pl), [dim(S/P) + di2m(S/(P + P/))W }7

dim(S/P") + dim(S/(P + P'))“ }}
5 )
Theorem 2.2.11. [10, Theorem 2.1]. Let I and J be two monomials ideals of S
satisfying I C J and /I and \/J be the radical ideals of I and J, respectively. Then

min { dim(S/P), [

sdepth(J/I) < sdepth(v/J/VI).

Corollary 2.2.12. [10, Corollary 2.2]. Let /I be a radical of monomial ideal I in
S. Then sdepth(S/I) < sdepth(S/v/T) and sdepth(I) < sdepth(v/T).

Corollary 2.2.13. [10, Corollary 2.3]. Suppose that I and J be two monomial ideals
in S satisfying I C J, and let radical ideals of I and J are /I and \/J, respectively.
If sdepth(J/I) = dim(J/I), then sdepth(v/J/v/T) = dim(v/J /).

Lemma 2.2.14. [10, Lemma 2.5]. Suppose that P and P be two primary ideals
having VP = (x1,+++ ,x,) and VP = (21, -+ ,x,). Then

sdepth(PN P') < n — EJ
Lemma 2.2.15. [10, Lemma 2.6]. Let P and P be two primary ideals such that

VP = (z1) and VP = (22, -- ,x,). Then

, 1
s@MMPﬂP)§1+[n2W.
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Theorem 2.2.16. [10, Theorem 2.8|. Let P and P’ be two primary ideals such that
VP = (z1,--,2,) and VP = (2,41, -+ , ), where r > 2 and n > 4. Then
/ 2
sdepth(P N P') < ”; |
Corollary 2.2.17. [10, Corollary 2.9]. Let P and P’ be the distinct irreducible
monomial ideals with VP = (z1,- - ,2,) and VP = (Ty41,- -+ ,x,), where n is odd.

Then sdepth(P N P') = [2].

Corollary 2.2.18. [10, Corollary 2.10]. Let P and P be two irreducible monomial
ideals with /P = (x1,--- ,x,) and VP = (2,41, ,x,), where n is even. Then

, Tors+1, if ris even;
sdepth(PN P )=¢ 2 2 /
5+ 1, otherwise.

Lemma 2.2.19. [10, Lemma 2.11]. Let I be a monomial ideal in polynomial ring
S, andlet I = (I,2p4,) C S = Slxni1]. Then

sdepthg(I) < sdepthg (I') < sdepthg(1) + 1.

Proposition 2.2.20. [10, Proposition 2.13]. Let P and P’ be two primary monomial
ideals such that P = (21,--- ,x,) and VP = (Tyy1,--- ,x,). Suppose that 1 <
u<v<n,n>4. Then

n+v—u+2
5 )

Lemma 2.2.21. [10, Lemma 2.15]. Let P and P’ be two primary monomial ideals
satisfying VP = (z1,- -+ ,@p_1) and VP = (x4,--- ,x,). Then

sdepth(P N P') <

sdepth(PNP') <n — VL ; 1J.

Proposition 2.2.22. [10, Proposition 2.16]. Let P and P’ be two primary monomial
ideals satisfying VP = (x1,--- , ) and VP = (Tys1, - ,Tn), with 1 <u < v < n.

Then
sdepth(P N P') < min {n - EJ M — {n ; UJ }
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Theorem 2.2.23. [10, Theorem 2.19]. Let P and P’ be two primary monomial
ideals satisfying VP = (z1,--- ,x;) and VP = (Tepq,--- Tq), withl < s <t<q<
n,n > 4. Then

/ 2 t—q— 2 t —t
sdepth(PﬂP)Smin{ nt 2(] st ,n_bJ,n_LqTJ}'

Theorem 2.2.24. [4, Theorem 2.1]. Let I be a complete intersection monomial
ideal in S and /T be its radical. Then

sdepth(I) = sdepth(v/1).

Theorem 2.2.25. [13, Theorem 2.2]. Let v/I be a radical of a monomial ideal
I = P;in S satisfying each P; is irreducible and G(\/P;) N G(v/Py,) = 0 for all

1

j=
j #k, then
sdepth(I) = sdepth(V/]).
Theorem 2.2.26. [13, Theorem 2.14]. Let I be a monomial ideal and let Min(S/1) =
{0, Q. } with Y Q; =m. Let hy == |G(Q;) \ G(>_ Q)|, and s := |{h; : h; #
=1 ik

J:
0}|. Suppose that s > 1. Then

sdepth(/) < <2n +5— i Qj>/2.
j=1

Theorem 2.2.27. [18, Theorem 2.3]. Let I = ()€, be a reduced intersection
j=1
of monomial prime ideals in S. Suppose that Q; ¢ > Qy for all j € [r]. Then
1=k#j
Stanley’s Conjecture holds for I, that s

sdepthg I > r = depthg I.

Theorem 2.2.28. [12, Theorem 2.3]. Let I = (| P; be the irredundant represen-
j=1
tation of I as an intersection of primary monomial ideals. Let ); = /P;. If
r—1
Q& > Q forall j € [r] then sdepth(S/I) > depth(S/I), that is the Stanley’s

1=j4k
conjecture holds for S/I.
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Chapter 3

Values and bounds for the Stanley
depth

In this chapter, we give review of paper [11]. The different bounds for the Stanley
depth of a monomial ideal I of a polynomial ring S over a field K are discussed. If
the associated prime ideals of S/I are generated by disjoint sets of variables, then

it is shown that Stanley’s conjecture holds for I and S/I.

3.1 Upper bounds of the Stanley depth of mono-

mial ideals

Theorem 3.1.1. [11, Theorem 2.1]. Let I C S be a monomial ideal such that
Ass(S/I) ={Qy, - ,Q.}. Then

sdepth(I) < min{sdepth(2;),1 <j <r}.

Proof. Suppose that Q; € Ass(S/I), then Q; is a monomial prime ideal and there
exists a monomial v; ¢ I such that I : v; = Q;. By [16, Proposition 1.3] sdepth(/) <
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sdepth(] : v;) = sdepth(€2;). Hence we get
sdepth(/) < min{sdepth(2,),1 < j <r}.
[

Corollary 3.1.2. [11, Corollary 2.1]. Let I C S be a monomial ideal such that
m € Ass(S/1), then sdepth(I) < [3].

Proof. Theorem 2.2.3 says that sdepth m = [§] and by Theorem 3.1.1 sdepth(/) <

sdepth m, hence we obtain sdepth(/) < [5].

O

Corollary 3.1.3. [11, Corollary 2.2]. Let I C S be a monomial ideal with |G(I)|
m, where m is even. Let there exists a prime ideal Q) € Ass(S/I) with ht(Q) = m.
Then

sdepthg (I) =n — 3.

Proof. By [14, Theorem 2.3] we have sdepth(/) > n — %. By hypothesis, there exist
a prime ideal Q € Ass(S/I) with ht(Q2) = m. Since sdepth(Q2) =n — L@J =n-—
then Theorem 3.1.1 implies that sdepth(/) < n — %. Thus we get sdepthg([)

I wl3

U

Corollary 3.1.4. [11, Corollary 2.3]. Let I C S be a monomial ideal with |G(I)| =
m (m is odd). Let there exists a prime ideal ) € Ass(S/I) with ht(Q) > m — 1.
Then

sdepthg(l) =n — [ % ].

Proof. By [14, Theorem 2.3] we have sdepth(I) > n — [%].

Case 1:

Suppose that there exist a prime ideal 2 € Ass(S/I) with ht(©2) = m — 1, then
sdepth(Q2) = n — L@J =n—["2] =n—|2]. So Theorem 3.1.1 implies that

2
sdepth(l) <n — 3]
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Case 2 :

Suppose that there exist a prime ideal Q € Ass(S/I) with ht(£2) = m then sdepth(Q2) =
n— L@j =n — |%]. So by Theorem 3.1.1, we have sdepth(I) < n — [%|. Hence
we get sdepthg(l) =n — [F]. O

Lemma 3.1.5. [11, Lemma2.1]. Let S = K|z, 2, and I C S = Klzy, -+ , 2],

Jc S8 = Kz -,z be monomials ideals, where 1 < m < n. Then
sdepthg (1S N JS) > sdepthy (I) + sdepthgr (J).

Proposition 3.1.6. [11, Proposition 2.1]. Suppose that I C S be a monomial ideal

and Min(S/I) = {Q,--- , Q. }. If Qi & > Q; for alli € [r]. Then depth(I) <r and
J#

depth(S/I) <r —1.

T

Proof. By [8, Lemma 3.6], it is sufficient to consider that 3> Q; = m. Since VI =

j=1
N €. By [18, Theorem 2.3] and [7, Theorem 2.6] we obtained depth(I) < depth(v/T)

j=1

= r and accordingly depth(S/I) <r — 1. [

Corollary 3.1.7. [11, Corollary 2.4]. Let I C S be a monomial ideal such that I =
N P; is a reduced primary decomposition of I and 2, = \/P; with G(€;)NG(Q;) = 0

j=1
for i # j. Then sdepth(I) > r. In particular, we can say that Stanley’s conjecture

holds for I.

Proof. By [8, Lemma 3.6] it is sufficient to consider the case > Q; = m. If ht(Q);) =
i=1
1 for all j then I is principal monomial ideal and it follows that sdepth(/) =n > r.

Now suppose that I is not principal monomial ideal. Since for all j sdepth(£2;) >
1 then by using Lemma 3.1.5 by recurrence we obtained sdepth(/) > r and by
Proposition 3.1.6 depth(/) < r. Hence we get sdepth(I) > depth([I). O
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3.2 Stanley depth of multigraded cyclic modules

Theorem 3.2.1. [11, Theorem 3.2]. Let I C S be a monomial ideal such that I =
(N Pj is a reduced primary decomposition of I and 2; = /P; with G(£;)NG(Q;) = 0

j=1
for i # j. Then sdepth(S/I) > r — 1. In particular, we can say that Stanley’s

conjecture holds for S/I.

Proof. Using [8, Lemma 3.6] it is sufficient to consider that ) Q; = (z1,---,x,).
j=1
r—1
Let > Q; = (v1, - ,2;) and S = K[xy,--- , 2. Firstly apply induction on r. If
j=1
r =1 then [ is maximal monomial ideal in S thus sdepth(S//) =0=1—-1=7r—1.

Hence result hold for » = 1. Fix » > 1 and apply induction on n — t. Suppose

l
n

I;CS" =Kz, -+ ,x,_1], we define I; by I NxJS" = 27 1;. Then

that [ be the minimum positive integer such that z! € P,. Now for some ideal

SIT=5"[ly®a,(S" /L)@ @ ay (8" /lia) ® @y, (S /1) ).

Let J=PNPN---NP_1.lfn—t=1then I =P NPN---P_1N(x,). It
implies that P, is an (z,)-primary and hence it is given by a power of x,, that is
P, = (zF). By [5, Theorem 1.1], [8, Lemma 3.6] and by using induction on r, we have
sdepth S/(JNzk) = sdepth S/(xF.J) = sdepth S/J = sdepth(S'/J)+1 > (r—1—1)+
1 =r—1.Ifn—t > 1, then by induction we have sdepthg,(S"/I;) > r—1forall j <
and by using [8, Lemma 3.6] we have sdepthg (S”/I;) = sdepthg (S'/[}) +n—1—t >
r—2+n—t—1>r—2 because t < n. Then

sdepthg(S/T) > min{{sdepthg~(S"/I;)}j=0.1... 1-1, 1 + sdepthgr(S" /I})}.

If minimum is 1 4 sdepthgs (S”/I;), then we get sdepthg(S/I) >r —2+1 =71 — 1.
If the minimum is sdepthgr(S”/I;) for some 0 < j < [, then again sdepthg(S/I) >
r — 1. Now using Proposition 3.1.6, we obtained depth(S/I) < r — 1 this yield
sdepth(S/I) > depth(S/I). O
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The lower and upper bounds for the Stanley depth of S/I with unique irre-
dundant presentation of I = € Ny N )3 is given as the intersection of its min-

imal monomial prime ideals. By [8, Lemma 3.6] it is sufficient to consider that
N+ Q+Q3=m. Let D : S/I = P v;K[Z;] be a Stanley decomposition. Then
j=1

Z; cannot have in the same time variables from all G(;), otherwise v; K[Z;] will
not be a free K[Z;]-module.

Lemma 3.2.2. [11, Lemma 3.2]. Let D : S/I = @ v; K[Z;] be a Stanley decompo-
j=1

sition of S/I. Suppose that vy =1 and Z; C (G(£21) UG(Q)) \ G(Q3). Then

ht(Q3) — tw

sdepth(D) < max{dim(S/ (% + ), dim(S/ (21 + %))} + [

where t = |G(£21) N G(£22) N G(23)].

Proof. Suppose that Z := G(Q3) \ (G(21) N G(22)) and ¥ : Q3N K[Z] — S/I be

the inclusion map given by K[Z] < S/I. Then Q3 N K[Z] = @ ¥ '(v;K[Z,]). If
J

U~Hv;K[Z;]) # 0, then there exist v;f € v;K[Z;] with v;f € Q3 N K[Z]. Since

all variables of Z; are in Q; 4+ Q5 and 3 is the maximal ideal of K[Z], therefore

v, K[Z;)NQsN K[Z] # 0 implies that v; # 1 and so v; € Q3N K[Z]. Let Z; =Z,NZ
and Qy = Q3 N K[Z]. Then ¥~ (v;K[Z;]) = v;K[Z;] and we obtained Stanley

J
decomposition of Qy that is Q5 = @ UjK[ZJ,'}. Since |Z]'| < sdepth(Q3) = |Z] —

v EQ
(M@ |7 12 = [1Z] Bug either Z; C (G(@) UG \ GE) or
Z, <G(Qg) U G(Qg)> \ G(Q)) because otherwise v; K[Z,] will not be a free K[Z;]
module. In the first case, we have Z; C (G(Q3) \ G(QQ)) U (G(Ql) \ (G(Qg) U
G(Q;;))) and we get Z; C Z, U (G(Ql)\ (G(Qg) U G(Qg))>. It follows |Z;| <
Z) + \ (G(Ql) \ (G(Qg) U G(Q;;))) ] < 127 4+dim(S/ (9 + Q3)). Now for the case
Z; C <G(Qg) UG(QQ)> \G(Q1), we have Z; C (G(Qg)\e(gl)) U <G(Qg)\ (G(Ql) U
G(Q;;))) and we get Z; C 7, U (0(92)\ (G(Ql) U G(Qg)>>. It follows |Z;| <
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2|+ ‘ (G(Qg)\ (G(QQUG(%))) ( < 127 4+dim(S/(Q1 +05)). As | Z] = ht () —t.
Hence we get

ht(€3) — tw.

sdepth(D) < masc{dim(S/ (2 + 0y), dim(S/( + Q))} + [

]

Corollary 3.2.3. [11, Corollary 3.5]. Let a < b < ¢ be some positive integers with
a + b + c=n, Ql - ('rla Tt 71'(1), QQ - (l'a—&—l; T al‘a-‘rb)u Q3 - (xa+b+1a T 7xa+b+c>
prime ideals of S = K|z, ,x,] and I = Q1 N QN Q3. Then

sdepth(S/I) < b+ [;

Proof. Suppose that D : S/I = @ v;K[Z;] be a Stanley decomposition of S/I and
j=1
v; = 1 then there arise three cases:

Case 1. If Z; C (G(£21) UG(£2)) \ G(€23), then by Lemma 3.2.4
sdepth(D) < max{dim(S/(2s + Q3)), dim(S/(2; + Q3))} + {w—‘
= max{a, b} + [5] =b+ [5].
Case 2. If Z; C (G(Q1) UG(£23)) \ G(€22), then by Lemma 3.2.4
sdepth(D) < mac{dim(S/ (1 + ), dim(S/(2, + 0))} + [ 222)]
= max{c,a}+ [%] =c+[L].
Case 3. If Z; C (G(Q2) UG(£23)) \ G(€21), then again by Lemma 3.2.4 we get
sdepth(D) < max{dim(S/(2 + 0)), dim(S/( + )} + [ 22|
= max{c,b} +[5] =c+ [5].
Above three cases imply that
sdepth(D) < max{b+ [£], c+ (%L c+ (51}
= c+[L].
Hence we have ;
sdepth(S/I) < sdepth(D) < ¢+ fﬂ
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From following proposition, the above bound can be improved.

Proposition 3.2.4. [11, Proposition 3.2]. Let a < b < ¢ be some positive integers
with a+b+c=mn,Qy = (1, ,24), Qo = (Tas1, s Tasd), 23 = (Taspi1, " s Tatbre)
prime ideals of S = Klxy,-+- 2z, and I = Q1 N Qy N Q3. Then

sdepth(S/I) < a + min {b, E-‘ },
except in the case when a =b # ¢,b =a+ 1 and a is odd when a < c.

Proof. Suppose that a = b = ¢ it follows from Corollary 3.2.3 sdepthg(S/I) <
c+ [g-‘ = a + min{b, E-‘} Hence result holds in this case. Now suppose that
a #b # c Let R = Klzg, - ,2,] and R' = K[xy, 2q41, - ,2,). If a = 1,
then by using [5, Theorem 1.1(1)] and [17, Corollary 2.4], we have sdepth(S/I) =
sdepth(S/(I : 1)) = 1 +sdepthp R /(22N Q3) N R =1+ max{min{a+c—1,a —
1+ 2]} min{a+b—1,a— 1+ [£]} =a— 141+ max{min{c, [2]}, min{b, [£]} =
a + max{[2], min{b, [£]} = a + min{b, [£]}, so inequality holds in this case. Now
assume that Q; = (Q), 29, -+ ,2,), where Q) = (1) and J = Q) N Qy N Qy, that is

JS =1nN(Q,S). Now assume the following exact sequence
0—1/JS— S/JS — S/I — 0.
Using [19, Lemma 2.2] we get
sdepth(S/JS) > min{sdepth(1/JS),sdepth(S/I)}.

Since I/JS ~ I/(INQ))S ~ (I4+9,)/Q; ~ INK[xg, - ,2,] = (29, , 24)NQN3,
using [17, Lemma 4.1] by recurrence we have sdepth(Z/.JS) > [%21]+[2]+[£]. Now
sdepth(S/JS) = (a—1)4sdepth(R"/(21)NQNQs) = (a—1)+sdepth(R"/(Q2N€Qs) :
1) = a—1+sdepth(R"/(2NQ)NR") = a—1+1+min{b, [£]} = a+min{b, [£]}.
It can be observed that [%1] + [2] + [£] > a + min{b, [£]} for all cases except

b=a # ¢,b =a+1 and a is odd. Therefore, with these exceptions we have
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sdepth(1/JS) > sdepth(S/JS). It implies that sdepth(S/I) < sdepth(S/JS) =
a +min{b, [§]} except in the cases when b = a # ¢,b = a + 1 and a is odd when
a < c. [l

Remark 3.2.1. Suppose that I C S be a monomial ideal and Min(I) = {Q, Q, 23}
satisfying G(£2;) N G(§2) = 0 for all j # k. From [10, Corollary 2.2] sdepth(S/I) <
sdepth(S/€; N 2y N Q3) and the upper bounds in Proposition 3.2.4 (including ex-
ceptions mentioned in the proposition) and Corollary 3.2.3 are also upper bounds
for the Stanley depth of S/I.

Lemma 3.2.5. [11, Lemma 3.3]. Let 1 < a < b < ¢ be some positive integers with
a + b + cC=n, Ql = (zla e ,l’a), QZ = (xa+1> e ;xa-‘y—b)a Q3 = (xa+b+la e 7xa+b+c>
prime ideals of S = K|z, ,x,] and I = Q1 N Qy N Q3. Then

sdepth(S/I) > min{a +0b,a+ E-‘, {g-‘ + E-‘ }
Proof. We can write a K-linear space S/I in the direct sum of multi-graded modules:
S/T=5/03®Qs/(Q2NQ3) & (23N ) /1
and we get
sdepth(S/1) > min{sdepth(S/€3), sdepth(€23/(Q2 N Qs)), sdepth((22 N Q3)/1)}.

sdepth S/Q3 = sdepth K[z, -+ ,z41p] = a + b. By second isomorphism theorem
Q3/(QaNQ3) >~ (Q+Q3)/Qo ~ Q3NK 21, -+, Tay Tatbi1, - Tn). Since sdepth(23N
K[t1, -+ Ty Tarpit, - an)) =n—b— 25| — gy bpe—b—[g —ate—|S) =
a+[5]. It implies that sdepth(€23/(Q2M€23)) = a+[5]. Again by second isomorphism
theorem (22N Q3) /T >~ ((QNQ3)+Q1)/Q = (QNQ)NK[xeiq,- -+ ,x,], by using
[17, Lemma 4.1], sdepth((Q2 N Q3) N K[2ar1, -+, ) > [2] + [£]. It implies that
sdepth((Q2 N Q3)/I) > [5] + [£]. Hence we get

sdepth(S/I) > min{a+b, a+ E—‘, {gw + EW }
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Corollary 3.2.6. [11, Corollary 3.6]. With the hypothesis from the Lemma 3.2.5,
suppose that a < [%1 Then sdepth(S/I) = a + min {b, {9-‘ }

2

Proof. By Lemma 3.2.5, we have sdepth(S/I) > min {a+b, a+ [g—‘, {g—‘ + {ﬂ} >

min {a +b,a+ E-‘} = a+ min{b, E-‘ } Also by Proposition 3.2.4 we have
sdepth(S/I) < a-+min {b, H } it follows that sdepth(S/I) = a-+min {b, H } O

3.3 Upper bounds for intersection of three prime

ideals

Theorem 3.1.1 gives an upper bound for the Stanley depth of any monomial ideal,
but in general it is not a good bound. This section contains results related to upper
bounds for the Stanley depth of ideals such that their minimal associated primes set
having three prime ideals. These bounds are stronger than the bound that mentioned
in Theorem 3.1.1. [10, Corollary 2.2] which says that it is fair enough to give an
upper bound for the Stanley depth of intersection of three minimal prime ideal. Let
I = Q1N QN A3, where Q4,5 and 3 are monomial prime ideals of S. Assume
that Q; C Qy, for all j # k and z, ¢ G(I) for all 1 < r < n (for upper bound, if
G/(I) contains some variables then by applying [10, Lemma 2.11] by recurrence G(I)
can be reduce to the case when it contains no variable). Using [8, Lemma 3.6] it is
enough to consider that € + Q5 4+ Q23 =m. After renumbering the variables assume
that Q1 = (z1, - ,2), Qo = (Tag1, - ,2Tq) and Qg = (Tey1, 0, Tp, T1, 000, Te),

with a < b, ¢ <d, b > e > 0. Consider the following cases:

(1) e>0,b<cg,
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The purpose of considering the above cases is to find best possible upper bounds

that depend on the behavior of these prime ideals.

Lemma 3.3.1. [11, Lemma 4.4]. Let J C S = S[z,11] be a monomial ideal, 4
being a new variable. If J NS # (0), then sdepthg(J N S) > sdepthgy,, 1 J — 1.

Proof. Suppose that D : J = @ v; K[Z;] be a Stanley decomposition of J such that
=1

]_
sdepth(J) = sdepthD. Let w be a monomial and supp(w) := {l : z;jJw}. We claim

that
InS= @  vuKZ\zwal,
n+1¢Supp(v;)
which is enough. Suppose that u € JNS be a monomial. Then there exist j such that
uw € v;K[Z;] and so x,,41 t v; then v € v; K[Z;\{x,+1}]. Hence “ C” holds and other
inclusion is obvious. As v;K|[Z;\{zn11} NuK[Z\{zn+1}] Cv;K[Z;] NuK[Z] =0
for j # [, hence proved. 0

Corollary 3.3.2. [11, Corallary 4.7]. Let I C S be a monomial ideal of S and
I'=(I,2,41) C S = S[xps1]. Then sdepthy (I') < sdepthg(I) + 1.

Corollary 3.3.3. [11, Corollary 4.8]. Let 0 < e < b < n be some positive integers
and suppose that I'=0,NnNQc S = S|%nt1], where Q; are prime monomial
ideals with Qy = (x1,- -+ ,xp), Qo = (Tes1, -+, &n) and Q3 = (Tps1, -+, Ty Tot1, T1,
,xe). Then
sdepthg (I') < sdepth(I) + 1,

where [=1 NS = (1, @) N Tty Tn) N (Tpa1, o 5 Ty T1, 00 5 Tg).

Next assume the special kind of ideals that belong to the case (1) by taking
e <0,e=aand b=c Then Q = (z1,- - ,7p), Q2 = (Teq1, - ,x,) and Q3 =
(Tpt1,+* , Tn, T1,- -+, Te) are prime ideals of S, where 0 < e < band I = Q;NQNNQ;.
Then the following results hold.
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Proposition 3.3.4. Let 0 < e < b and I = Q1 N Qe NQ3, where Qy = (a1, -+, xp),

Do = (Tey1, -+ ,xn) and Q3 = (Tpy1,*+ ,Tp, X1, ,Ze). Then
I:(xl"'7$e)m(xb+17"';xn)+($e+l7"'axb)m(xb—i-la"'7377173717"'73:@)-
PTOOf. QIOQQZ('II"' yLey Leg1, """ 7‘rb)ﬂ(x8+17'” y Ly Log1,° ,xn>
:(xl...7me)ﬂ(xb+1’...7ajn)+(we+1’...’l‘b>
D NQNQ; = [(T1- @) N (Tpgrs -+ 5 Tn) + (@egrs -+ 5 To) | N (Tpgr, -+ 5 T,
xl,... 71‘6) —_ (Il... 7$e)ﬂ(xb+17... 7xn)+(l‘e+17... ’xb>ﬂ
(I’b-l—l)”' sy Ly L1y " ,$e>.
Hence proved. O

w

3 3 3
Lemma 3.3.5. [11, Lemma 4.5]. sdepth(I) <2+

where (j) = 0 when s < t.

Proof. 1t is clear from Proposition 3.3.4 that [ is generated by square free monomials
of degree 2. Suppose that ¢ := sdepth(I). P : P§ = O [W;, Z;] is the partition of the
poset P} and this partition satisfy sdepth(D(P)) ]:_115, where D(P) is the Stanley
decomposition of I with respect to the partition P. Each interval [W;, Z;] in partition
P satisfying |W;| = 2 has |Z;| > t. Each such interval has |Z;| — |W;| subsets of
cardinality 3. As these intervals are disjoint, therefore by counting the number of

(0-6-C3)-(l-a=0)-6-(3)-(5)
()-(5)-(59-('5")
()-()-(%9)-(2")
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Example 3.3.1. Let I = (xla Lo, T3, L4, x5)ﬂ(:c4, Ts5, L6, L7, xg)m(l'(;, L7, 28, L1, T2, x3)
then e = 3,b =5 and n = 8 by the above lemma, we get sdepth(I) < 4.

Proposition 3.3.6. [11, Proposition 4.3]. If 0 < e < a < b < ¢ < d <n
and I = Q3 N Qe N Q3, where O = (z1,-++ ,2), Qo = (Tay1,-++ ,xq) and Q3 =
(Teg1y 3 Tny Ty ,Te). Letg=a—e+c—b+n—d, n—g>3, then

() -6)- (5 - (59
() -6)- (%) (%)

Proof. Suppose that J = (x1, -+ ,Ze, Tar1,  * »Zp) N (Tas1, Ty Tet1, 5 Tg) N

sdepth(l) <24 g+

(xc—f—l;"' yLdy L1 " " 7x€) CR= K['rlv"' yLey Latly, "y Tby Lel, " " ,I’d]- Then by

() -6)- (31 -(5%9)
(") - () - () (%)

Now applying Corollary 3.3.3 by recurrence, we get

using Lemma 3.3.5 we have

sdepthyz(J) =2+

sdepthg () < sdepth(J) + g.
Hence proved. O

Theorem 3.3.7. [11, Theorem 4.3]. Let I = Q3 NQyNQ3, where Qq,Qy and Q3 are
prime monomial ideals of S satisfying G(Q;)NG(Q) = 0 for all j # k, Q1 +Qe+Qs =
m and ht($;) = h;. Then

hlizlzhg [(Z) - Z (Zj) N Z (]g) (=) =3 (}g) (h2k>]

sdepth(l) < 3+
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Proof. We can observe that I is generated by square free monomials of degree 3.
Suppose that ¢ := sdepth(/). P : P{ = |J[W;, Z;] is the partition of the poset P}

J=1

and this partition satisfies sdepth(D(P)) = ¢, where D(P) is the Stanley decompo-
sition of I with respect to the partition P. Since every interval [W;, Z;] in partition
P satistying |W,| = 3 has |Z;| > t. Since |G(I)| = hihohg, so there are hyhshs such
intervals. Each such interval has |Z;| — |W;| subsets of cardinality 4. Since these

intervals are disjoint, so by counting the number of subsets of cardinality 4, we have
n\ o~ (h; °\ /b, h;\ (h
_ < _ J _ ] o h - ¥ k :|
w92 [(3) =32 (0) -2 (5 ) - 2 (3) ()

Hence proved. O

Example 3.3.2. Let T = (2}, --- 2ty n (2%, 2% 0 (2by, -, 2% for some
positive integer b;. Then by Corollary 3.1.5, we have sdepth(l) > [2]+ [1]+4[1] =
12. Now by Theorem 3.3.7, we get sdepth(I) < 12 it follows that sdepth(/) = 12.

Proposition 3.3.8. [11, Proposition 4.4]. Suppose that Q; = (x1,--- ,123), Qo =

(Tag1, s xq) and Q3 = (Teyr, -+, xy). with a < b, ¢ < d, and I = Qy N Qy N Q.
Let
. (2n+b—d—a+2 n+d+a—c+2 b d—a n—c
k:::mln{ , ,n—L—J,n—{ J,n—{ J,}
2 2 2 2 2

Then sdepth(I) < k, if b > ¢, and

n+c—b+2}

sdepth(7) < min {k, 5

if b<ec.

Proof. Suppose that w = z,. Since I = 1 N Qs N 3, so we can observe that
w ¢ Tand J =1 :w = (z1,-,2) N (Tag1, -+ ,xq) C R = Klzy, -+, 24
that is J = Q; N Qy. Then by [16, Proposition 1.3] sdepthg(/) < sdepthg(J)
and applying [8, Lemma 3.6] by recurrence sdepthg(J) = sdepthp(J) +n — d.
Using [10, Proposition 2.13] sdepthp(J) = 29-0%2 Since sdepthy(€) = d —
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L%J = d — | %] and sdepthp() = d — L%J = d — |%2]. Now by Theo-

rem 3.1.1, sdepthy(J) < min{**%5%2 d — [2] d — |452]}. This yield sdepthg(/) <

sdepthg(J) < min{™* %2 4+ n —d d— 2] +n—d,d— 52| +n —d} = min{n +

bodat2 iy — 18] n — |%42]}. Now if we consider w = 1, then again w ¢ I and

J =T:w=(Tas1,  ,0q) N (Tey1, - ,0,) C R = K[xay1,  ,Tey1, - ,1,], that
is J = QN Q3. By [16, Proposition 1.3] sdepthg(/) < sdepthg(J') and applying
8, Lemma 3.6] by recurrence sdepthg(.J') = sdepth (J') + a. Since sdepthy () =

n—a— L%J =n—a—|%*] and sdepthy (Q3) = n—a— L%J = n—a—|"5°] using

[10, Proposition 2.13] sdepthyy (J') < 2t4=a=¢t2 By Theorem 3.1.1 sdepthy (J') <

nbdoa—et? iy g — [40| n—a— |25} It follows sdepthg () < sdepthg(J') <

{n+d—;—c+2 +an—a-— Ld%aj +an—a-— Ln;cj 4 a} — min{n+d+g—c+27n .

|52, n— | %5<]}. Hence sdepthg(]) < k. If b < ¢, then take w = x4 and we have

min

min

J' =T:w=(x1, - ,25) N (Tegr, -+ ,Ty) C R = K[x1,--+ , Ty, Teq1, -+ , T and
by [10, Theorem 2.8] it follows sdepthp»(J") < % Applying [8, Lemma 3.6]
by recurrence, we get

—(c—b)+2+c_b_n+c—b+2

sdepthg(1) = sdepthpr J* +¢—b < o 5 5

]

Example 3.3.3. Let I = (z1, -+ ,z7) N (w6, -+, T12) N (T10, -+ ,X15), that is n =
15,a = 5,b = 7,¢c = 9,d = 12. Then k := min{11,12,12,12,12} = 11 and by
Proposition 3.3.8 sdepth(/) < 9.
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Chapter 4

Bounds for the Stanley depth of

some square free monomial ideals

In this chapter, we show that Stanley conjecture holds for some classes of monomial
ideal whose Stanley depth is equal to its lower bound. For these ideals, we show
that sdepth(I) > sdepth(S/I) + 1. We also give some good bounds for monomial

ideal I, where I is an intersection of four and five prime ideals.

4.1 Some classes of monomial ideals whose Stan-

ley depth is equal to its lower bound

Let I € S = Klxy,--+ ,2,] be a monomial ideal such that for all x; there exist a

monomial v € G(I) such that z;|v and define I; = sup{j : 7 | v, for some v € G(I)}.

Theorem 4.1.1. Let I C S = K|xy, - , 2, be a monomial ideal with |G(I)| = m.
If there exist A = {xg,, Thy, -, Tk,, } C {1, -+ ,xp} and for each v € G(I) there

v then sdepthg(I) =n — [ ].

. : Ik,
exist unique xy, € A such that x,f

Proof. Suppose that I € S = Klzy,--+,x,] be a monomial ideal with |G(I)| =

m. After renumbering the variables, let A := {xy, - ,z,,} C {x1, -+ ,2,} and
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v. Then there exist
Q= (z1,- ,xy) € Ass(S/I) with ht(©2) = m. Because there exist a monomial
w=zh gkt x,l,;;lflxi:ﬁ -~z such that 1 : v = Q. Also u ¢ I because there
u. Then by [11, Corollary 2.2] and [11, Corollary

2.3] sdepthg(f) = n — | F]. O

for each v € G(I) there exist unique z; € A such that z%

does not exist z; € A such that 2

Example 4.1.1. Let [ = (212223, 212324, T123%5, T123%¢) is a monomial ideal in
S = Klz1,--- ,x6]. Then using Theorem 4.1.1, we have sdepth(/) = 4 and corre-
sponding Stanley decomposition is
D:1 = xixexsK[xy,x9, 23, 14] ® x120304K[11, 3, T4, T5] ® 210305 K[, T9, X3, T5]
D316 K21, T2, T3, 6] B 12030506 K [11, 3, Ty, T35, T6) D X103 476 K [21,
To, T3, Ty, Tg] D T1T003T506 K (X1, Ta, T3, Ty, T, T).
Remark 4.1.1. Converse of Theorem 4.1.1 is not true. As shown in the following

example.

Example 4.1.2. Let [ = (21, 2ox3, 2324, Tox425) C S = Klxy, -+ ,x5), I does
not satisfy the hypothesis of Theorem 4.1.1 and primary decomposition of I is [ =
(21, X2, x3) N (X1, T2, 4) N (21, T3, £4) N (21, T3, 25). But by using cocoa, sdepth(/) = 3
and corresponding Stanley decomposition is

D:1 = x1K|xy,z9, 13,24, 75| ® w304 K13, 14, 5] © Tox3K X9, T3, 24, T5) O Toxy

K[x27 Ly, 1'5].

Theorem 4.1.2. Let [ C S = K[xy,- - ,x,] be a monomial ideal with |G(I)] = m
(m is odd). If there exist A = {xk,,Tpy, "+ s Tk,, ,+ C {®1,-+, 25} and B :=
{v,, V19, ,op,,_ } C G(I) and for each vy, € B, there exist unique xy, € A such
that :1:'22 vy;, moreover there exist x; € {x1,--- ,x,}\A such that :cé?]w where

w e G(I)\B and xzj divide only one vy, € B then sdepthg (1) =n — |F].

Proof. Let I C S be a monomial ideal with |G(I)| = m (m is odd). After renumber-
ing the variables let A := {z1, -+ 2y} C{z1, - ,2,} and B :={vy, -+ ,up_1}
C G(I). Suppose that for each v; € B there exist unique z; € A such that
2% | v; and for w € G(I)\B there exist x; € {x,--- ,x,}\A such that xé.j]w and
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xé?]vk where vy, € B. Then Q = (21, , Tp—1, Tp+1, -+ s Tm1, %) € Ass(S/I) with
ht(Q2) = m — 1. Because there exist a monomial

w= o tal gl Nl gl gttt

such that I : u = Q. Also u ¢ I, because there does not exist z; € A such that
ghilu for i € {1,---,m — 1}\{k}, 2¥|u but x? f u. By [11, Corollary 2.3|, we have

sdepthg(I) =n — [F]. O

Example 4.1.3. Let I = (x1x9w3, x123274, ¥123T5, T1T3T6, ToT3T7) 1S a monomial

ideal in S = Klxy,---,x7]. Then by Theorem 4.1.2 we have sdepth(/) = 5 and

corresponding Stanley decomposition is

D:1 = xjxexsK[xy, 29,23, 14,25 B v12304 K21, T3, T4, T5, T6| B 123705 K |21,

I3, Ts5,Tg, 177] @ JfllL‘gl’GK[l'l, To,Ts3,Tg, 177] EB $2$3I7K[ZE1, Lo, T3,T4, 177]@
1170320427 K 11, T3, T4, T5, T7] © 02737507 K (21, T, T3, T5, 7] B ToT3T677
K(wy, 13,4, T6, 7] © 01090030506 K |21, T2, T3, T35, T6, T7] ® 2123247627
[ZL’l, X3,T4,T5,Tg, l’7] EB I1$2$31’4ZL’6K[IE1, T9,T3,Ty,T5,Ta, $7] @ ToX3T4Tx
I61E7K[ZE2, T3,Ty,T5,Tg, 1'7].

Remark 4.1.2. Converse of Theorem 4.1.2 is not true. As shown in the following

example.

Example 4.1.4. Let [ = (129, Xox3, 324, TaZ5, T12526) C S = Kz, -+ ,x6], [
does not satisfy the hypothesis of Theorem 4.1.2 and primary decomposition of [
is I = (21,23, 24) N (21, 3, 25) N (T2, T3, 25) N (21, T2, T4) N (X2, T4, 25) N (T2, T4, T6).
But by using Cocoa sdepth(/) = 4 and the corresponding Stanley decomposition is
D:I = zixoK[xy,x0, 3, 14] ® wox3K X9, T3, x4, x5) D w304 K[21, T3, T4, T5] D T45
K[xq, 29, x4, x5] ® x12005 K [21, T2, T3, 5] ® 1120906 K [T1, X9, T3, T6| D 1125
K11, X9, T5, 16] ® xowswe K[Ta, T3, T4, 6| ® x3w4x6 K[T1, T3, T4, 26| B 4
rsreK[r1, 4, T5, Tg] B T102030 40506 K 11, Ta, T3, T4, T35, Tg).
Let I ¢ S = Kz, ,z,) be a monomial ideal with |G(I)| = m. Let A =
{Tg,,+ ,xk,, } C {z1, - ,2,} and for each v € G(I) there exist unique zy, € A

I,
such that a:kk

v. Then, we have the following results.

38



Corollary 4.1.3. sdepthg(S/I) =n —m.

Proof. By proof of Theorem 4.1.1, there exists a prime ideal Q € Ass(S/I) with
ht(Q2) = m. By Proposition 2.2.5, we have sdepth(S/I) > n — m and by [1]
sdepth(S/I) < min{dim(S/Q) : Q € Ass(S/I)} =n — m. It follows that

sdepthg(S/I) =n —m.

Corollary 4.1.4. sdepthg(I) > sdepthg(S/I) + 1.

Proof. Using Theorem 4.1.1, we have sdepthg(I) = n — |F] and by Corollary 4.1.3
sdepthg(S/I) =n —m. Since n — |F] > n —m + 1 hence

sdepthg () > sdepthg(S/T) + 1.
[

Corollary 4.1.5. depthg(S/I) < sdepthg(S/I), that is Stanley’s conjecture holds
for S/I.

Proof. Since depthg(S/I) < n—m, hence by Corollary 4.1.3 we have depthg(S/I) <
sdepthg(S/I). O
1

Corollary 4.1.6. depthg(I) < sdepthg([l), that is Stanley’s conjecture holds for

Proof. By Corollary 4.1.4 sdepth(I) > sdepthg(S/I) +1 > 1+ depth(S/I) =
depth(7). Therefore sdepthg(l) > depthg(7). O

Proposition 4.1.7. Let I' = (I, Zy,41, Tny2) is a monomial ideal in S = S|Znt1, Tnyol
then sdepth(I') = sdepth(I) + 1.

Proof. By proof of Theorem 4.1.1, we have a prime ideal © € Ass(S/I) with ht(Q2) =
m then Q = (Q, Zp41, Tnye) is a prime ideal in Ass(S'/I') and ht(Q") = m + 2 so
using Theorem 4.1.1 we have sdepthy (I') = n+2— "2 | = n— | 2] + 1. It follows
sdepthy (I') = sdepthg(I) + 1. O

For the general monomial ideals result given by Lemma 4.1.7 is not proved.
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4.2 Bounds of some square free monomial ideals

In this section, we have good bounds for the Stanley depth of I, where I = [

j=1
and ) C > Q; for s =4,5 but [13, Theorem 2.6] does not give any information
1=j£k

about sdepth(7) for this type of ideals.
Lemma 4.2.1. Let0<g<r<s<nandl =0 N2 N3Ny
where Oy = (x1---,2,), Qo = (Tgq1,---,25), Q3 = (Tys1,--- ,%n) and Qy =
(xSJrla Ty L1yt 7$q)' Then

[ = (1‘1’... ’xq)ﬂ (xr+1’... 7:65) + (xq+1’... ’xr) ﬂ(xs+1’... ’xn)_

Proof. Suppose that I’ is the intersection of prime ideals €y and s

!/

I =0 NQy = (21,0, Tgr1, 5 T) N (Tgy1, 00 Ty Tpga, o005 T)
= (21, 2) N (Tt o)+ (Tgts s 20).

Now I” intersection of prime ideals Q5 and Q4

I' =3nQ = (Trits e Tsy D1, 5 ) N Ty o0, Ty T1yo o0, Tg)
= (21, ,2g) N (Tpy1, -+, Ts) + (Tag1, -, Tn).

Now taking the intersection of I' and I, we get
I NQNNQy = {(331 s Tq) N (Tryr, oo, Ts) + (Tgpa, - ,xr)}ﬂ{(%a"'

s Tq) O (Tpyr, oo, 0s) + (Tagq, - al’n)}
= (@1 @) N (@, @) + (@1 ) N (Trgn, -+ 5 Ts)
ﬂ(ms+17... ,5En)+(1‘1"' 7$q)ﬂ($q+1,"' 7xr)m(xr+h...
s @s) + (Tgpa, o0 ) N (Tsgr, o, Tn).
So
I= (21, %) O (Trgr, o Ts) + (Tgpn, 5 20) N (@1, Tn).

]

Proposition 4.2.2. Let 0 < g < r < s < nand I = QN Qs N Q3N QY

where Oy = (x1---,2,), Qo = (Tgq1,-+,25), Q3 = (Tpy1,--- ,%n) and Qy =
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(mSJrla"' yLny L1yt 0 wxq)- Then

d
2 < sdepth(I) < 2 + LT?)J
2

where dy = q(s — 1) + (r — q)(n — ) and
d3:d2(n-2)—{q<8;7") +<s—7~)(g) +(r—q)(n;S) +(n—s)(r;q)}.

Proof. Let I =€y N Qs N Q23N then by Lemma 4.2.1
]: (*rlJ“' 7xq)m(x7’+17"' 7IS)+(xq+17”' 7xT)ﬂ(xs+17"' 7In)'

Number of monomials of degree 2 in [ is dy = q(s —r) + (r — ¢)(n — s). And the

number of monomials of degree 3 is

dgzdg(n—Z)—{q(S;T)—i—(S—T)(g)—l—(r—q)(ngs)—i—(n—s)(rgq)}.

' d
By using [13, Lemma 2.4], we have 2 < sdepth(I) < 2+ LEJ O

Example 4.2.1. Let I = (21, ,x6)N (5, ,x8)N (27, -+ , x10) N (T9, T10, 1, "+ 4
xy), that is ¢ = 4,7 = 6,s = 8, n = 10. Then by Proposition 4.2.2, we get

2 < sdepth(I) < 8, while [13, Theorem 2.14] gives sdepth(/) < 10. It is noted that
Proposition 4.2.2 gives better bound as compare to [13, Theorem 2.14].

Theorem 4.2.3. Let 0 < g <r < s <n and I = Q1 N QN Q3N QY where Uy =
(xl tt 7xT>; QQ = (‘Tq+17' o st)7 Q3 == (I’r+1,‘ o 7xn> andQ4 - (strl; Ty L1yt
,xq). Then

S—T

sdepth(5/1) > mas {min {a. [T}, min {5~ []}}
e min =, [ i {r =g [ 557 )

Proof. Let I = Q1 Ny NQ3NEQ, then by Lemma 4.2.1

]: (.Tl,"' 7xq)m(x7’+17"' 7IS)+(xq+17”' 7‘7:7")ﬂ(xs+17“' 7In)'
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Let I' = (ay,--- L) N (Tpgr, -+ ) C R = Klxy,-- Ty Tpy1, -, Ts) and
IN - ('I(H‘l? e 7‘r7“) N (‘xS-"l? e 71:”) - RU - {xq—l—h PR PR FEE PR 7‘rn}‘
Then by [19, Theorem 3.1 |, we have

sdepth(S/I) > sdepth(R'/I') + sdepth(R" /I").

Let Qll = ('7717 T 7xq) and Ql2 = (xT‘-i-la e 7335)' Then dlm(R//Qll) = (S _T—i_Q) —q
=s—r, dim(R/Qy) = (s—7r+q) — (s —7) = g and dim(R /(Q] + Q5)) = 0. So

win { dim(F /Q)), {dim<R'/Q'1) + di;n(R’/@i + Qé))w b= min {q, [2=1]}

i { (1, [T /90) ¢ AU (@34 QY _ £ 1)

By [17, Corollary 2.4], we get sdepth(R'/I') = max{min {q, [%W },min{s —
r, {%W }} Now suppose that Q] = (z441,-++,2,) and Q5 = (T41,--- ,2n), then
dim(R"/Qy) = (n—5) +(r—q) = (r—q) = n—s,dim(R"/Q3) = (n—s) + (r —q) —
(n—s)=7r—gqand dim(R"/(Q; + Q2)) = 0. So

min { dim(Rﬂ/Qll/)a {dim(R”/Qg) i di;n(R”/(Q'l' + Qg))—‘ } = min {n—s, V _ qw },

. { dm(R QD) {dim(R” /Q7) + di;n(R" /(@ + Q;))W } ~ in {T_q’ [

Now again by using [17, Corollary 2.4], we have

sdepth(R"/I”) = max { min {n — s, V ; qw },min {r —q, VL ; SW }}

Hence we get

sdepth(S/I) > max { min {% {%—‘ }’ min {S Ik %W }}

s i[5 [75 ).

N
Ny

VA
JR—
——

42



Remark 4.2.1. [f 0 < ¢g=3<r=5<s=7<n=10and I = QNN
Q3N Qy where Oy = (21, ,25), Qo = (x4, ,27), Q3 = (26, ,210) and Qy =
(xg, -+ ,x10,21, -+ ,x3) then I = (2176, T2xg, T3T6, T1X7, Tol7, T3T7, 4T, T5Ts,
T4y, T5Tg, TaT10, T5x10). And max{min{3, 1}, min{2, 2} }+max{min{3, 1}, min{2, 2} }
= 2+ 2 = 4. So by applying Theorem 4.2.3 sdepth(S/I) > 4, but by using Proposi-
tion 2.2.5, we have sdepth(S/I) > n—m = 10 — 12 = —2. It is noted that Theorem

4.2.3 gives better bound as compare to Proposition 2.2.5.

Lemma 4.2.4. Let 0 <g<r<s<t<nandl = N2 N2 NQ NQs5 where

Ql - (l'l 7377’)7 Q2 - (xq-i-la"' 71:8)7 Q3 = (xr—‘,—l;"' al‘t)7 Q4 - (l'5+17"' axn)
and Q5 = (T4, -+ T, T1, -+, X,), then
I= (1, ,2) N (@pg1, @) N (Tsrs o, m) + (X1, 2g) N (@, 5 T)
ﬂ(xt+17...’xn)+(xl7...’xq)ﬂ(xq+1’...,xr)ﬂ($s+17...’xt)+(ajq+1’...’xr)
N(Zpi1, -, 2) N (Tgga, -+, Tn).

Proof. Firstly we take intersection of prime ideals €2; and €2,
MNQy = (21, ,Tg, Tgr1, -, T) N (Tgar, -+, Ty, Tpa, -+, Ts)
= (21, ,2g) N (Tpy1, 0, Ts) + (Tgr1, 0, T).
Suppose that I’ is the intersection of Oy, Qs and Q4
I'=0nnQs = {(z1,,2) 0 (Trp1, 5 26) + (Tger, -, 20) F N (21,

Ly Lgg1, """ 7$t)
- (x17..‘ 7'7;(1) N (xr+17”' 7338) + (qurlu"‘ 7xT‘) N ('rT+17
3Ly Lgg1y - ,.Tt).
Let
IH - Q4mQ5 = (‘r8+17”' 7xt7'rt+17"‘x’n) m($t+17”' 7'%.7”'1.17”' 7xq)
= (xla"' 7:Eq)m ($5+1,"' axt) + (xt-i-la"' 71:77,)-

Now by taking intersection of I' and I" we have
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UNWLNUWNUNQ = {(z1, 20 N (1, 2s) + (Tgr1, - 20) N (Trs1s
ST Tty ) O {(@1, @) N (@, T)
(@1, T0)}
= ($1’...,xq)ﬁ(agr+1’...’xs)ﬂ(l‘s+1’...71»15)_{_(1'1’...
s Tg) N (Tpgay oo @) N (Tega, o0, T0) + (21,000, 2g)N
(Tgr1, -5 20) N (Toqr, 5 T) + (Tgpn, 5 20) N (Trpa
’...’It)ﬁ(xt+17...7$n)'
]
Theorem 4.2.5. Let0<qg<r<s<t<nandl=Q N NA3NNNQs5 where
o= (r1- 1), Qo = (Tgg1, %), Q3 = (g1, ,20), QU = (Tog1, -, T)

and Q5 - (xt—O—l?"' y Ly L1y 0" qu>7 then

3 < sdepth(]) < VL—F?)J.

Proof. Let I = Q1N QN Q23N NQs then by Lemma 4.2.4

I:(:C17". 7xq> N (xT+17H' ,.’L’S)ﬂ (QZS+1,"' 7'1.1‘/) + (.Tl,"' 7xq)ﬂ (fL’r+1,"‘ 7‘r8)ﬂ
(xt—‘rb'“ 7xn)+(xl7'” axq) m(xq-i-la"' 73:7”) N (xs—‘rl?"' 7xt) + (-Tq-i-la"' 7xr)
N (mT+17"' >xt) N (xt+17"' ,ZEn)-

Number of monomials of degree 3 in [ is d3 = q(s —r)(t —s) +q(s —r)(n — t) +
(r—q)(t —7r)(n—1t)+q(r —q)(t — s), after simplifying we get

ds3=q(s —r)(n—s)+(r—q)t—r)(n—1t)+q(r—q)(t—s). (4.2.1)
For our convenience, we denote different components of ideal I as I = (1, ,xq)N
(*TT+17 te ,xs)ﬂ(l’erl, te 7xt)7 ]” = ('Th o 7xQ)ﬂ($T+1> U 7x3>m<xt+17 U 7xn)7 J/ =
(xq+l) e 7xT)m('rr+l7 e ,xt)m($t+1, e 7xn) and JN = ('rla e 7xq)ﬂ(xq+17 e 7*rr)ﬂ
(fﬂs+1a Tt 7$t)~
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Since the number of monomials of degree 4 in I' are

q<3—7’2)<t—5){q+3—7”‘|‘t—5—3}+Q($—T)(t—s){n—(q+3_r+t_s)}
ZQ(S—T)(t—s){q_r+t_k+22"—2q+2r—2t}
:Q(S_TQ)(t_S){Qn—I—T—q—t_g}‘

Hence we get the number of monomials of degree 4 in I is

Cqs=r)t=s)(n—t) qls—r)t—s)r—q)  qls—r)t—s)(n—3)
n 2 + 2 + 2

. (4.2.2)
And the number of monomials of degree 4 in I is

q(s_rg(n_t>{n+q+s—r—t—3}+Q(8—7“)(”—t){”_(qJFS_TJF"_t)}
= (s —r)(n - p{ THAT DI D TS B S A A A

2
n—i—r—i—t—s—q—?)}.

B q(s —r;(n—t){

Thus we have the number of monomials of degree 4 in I” is

_ oD 0i=s) | r =N =0 g =t =00 =3 4y

Also the number of monomials of degree 4 in J' is
—)t—=r)(n—t
(r—q)( Qr)(n ){r—q+t—r+n—t—3}+(r—q)(t—r)(n—t){n—(r—q

+t—r+n—t)}: (T_q)(t;T)(n_t)(n+q—3)

_qr=gt=nin-t) (=gt=rh-t)n-3)
2 2 '

So the number of monomials of degree 4 in J' is

_qr=q)t=s)n—1t)  qr—q)(s—7r)n—t) (r—q)(t—r)(n—1t)(n-3)
N 2 + 2 + 2

(4.2.4)
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Number of monomials of degree 4 in J" is

q—l—r—q—{—t—s—(%}—{—q(T—Q)(t—s){n—(q+r—q+t—s)}
:q(r_q)(t_s>{2n+s—t—r—3}
2

_alr— 61)(752— s)(s—r) N q(r — Q)(tz— s)(n —1) . q(r —q)(t 2— s)(n—3) (4.2.5)
Now combining (4.2.2), (4.2.3), (4.2.4) and (4.2.5) we get

q(r — q2)(t - 8){

qs =)t =s)n—1t)+q(r—q)t—s)(s—71)+q(r—q)(s—7r)(n—1t) +q(r —q)

YA s TG TR B el ) U I

(n=3) , alr—q)(t—s)(n ~3)
2 N 2

=q(s—r)t=s)n—t)+qlr—q)t —=s)(s—7r)+q(r —q)(s —=7)(n—1t) +q(r —q)

(¢ = )00 = 1)+ "2 {als = )0 =)+ (= @)t = 1) — ) + 4l — @)t — )},

Number of common monomials of degree 4 in components I’ and I, I' and J',
I" and J', J and J" are given as q(s — r)(n — t)(t — 5), q(t — s)(r — q)(s — 1),
q(r —q)(s —r)(n —t) and q(r — q)(t — s)(n — t), respectively. So total number of
monomials of degree 4 in [ is

dy = q(s=r)(t=s)(n=1)+q(r—q)(t=s)(s—r) +q(r—q)(s =r)(n =) +q(r —q)(t -
$)n =1+ 252 {gls = 1)n =)+ (r =)t =)~ 1) + alr — q)(t — )}~ {als ~
P(n=1)(t=s)+alt—s)r—a)(s=1)+alr—a)(s=r)(n—1)+qlr—q)(t—s)(n—1) }

=22 {qls = r)(n—s) + (r = q)(t = )(n — ) + g(r — q)(t — 5) }.
Then from above and by (4.2.1), we get
n—3

dy = 5

ds. (4.2.6)

By using [13, Lemma 2.4] we have 3 < sdepth(/) < 3+ u—gJ. Hence by (4.2.6), we
have 3 < sdepth(l) <3+ | %52 | = |3+ 252 | = | 22|, 0
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Example 4.2.2. Let [ = (21, ,x5) N (T4, ,26) N (zg, -+ ,29) N (X7, ,T12) N
(210, , 12, %1, -+ ,x3) that is ¢ = 3,r = 5,s = 6,t = 9 and n = 12. Then
by Theorem 4.2.5, we have 3 < sdepth(I) < 7, while [13, Theorem 2.14] gives
sdepth(/) < 12. It is noted that Theorem 4.2.5 gives better bound as compare to
[13, Theorem 2.14].

Example 4.2.3. Let [ = (x1, -+ ,23)N(xg, -+, T12)N(Tg, - -+, 215) N (213, -+, T90) N
(216, , 20,1, -+ ,x5) that is ¢ = 5,7 = 8,5 = 12, = 15 and n = 20. Then
by Theorem 4.2.5, we have 3 < sdepth(/) < 11, while [13, Theorem 2.14] gives
sdepth(/) < 20. It is observed that Theorem 4.2.5 gives better bound as compare
to [13, Theorem 2.14].
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