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Preamble

There are many ingenious techniques for solving differential equations. Sur-
prisingly, many of these techniques emanate from a unified theory of continu-
ous symmetries of differential equations. These numerous techniques are ac-
tually specific cases of symmetry methods for solving differential equations.
Symmetry methods for differential equations were first studied by Marius
Sophus Lie (17 December 1842 - 18 February 1899). He was a Norwegian
mathematician. He largely created the theory of continuous symmetry, and
applied it to the study of geometry and differential equations. His primary
inspiration was Galois’s theory. In nineteenth century, Evariste Galois (25
October 1811 - 31 May 1832) had used group theory to solve algebraic (poly-
nomial) equations that were quadratic, cubic, and quartic. Lie initiated his
program on the basis of analogy. If finite groups were required to decide
on the solvability of finite-degree polynomial equations, then infinite groups,
groups depending continuously on one or more real or complex parameters,
would probably be involved in the treatment of ordinary and partial differ-
ential equations.

It turned out that the continuous groups which Lie sought were the groups
of symmetries of the differential equations, which depended continuously on
one or more real or complex parameters. Such groups of symmetries were
later called Lie groups. Lie developed conditions for finding such symme-
tries. Symmetries of differential equations which are outside such Lie groups
are called discrete symmetries. There are many applications of discrete sym-
metries of differential equations, some major applications are discussed in
[1-4].

Many techniques have been developed for finding discrete symmetries,
but often, either the symmetry condition is too difficult to solve, that is,
the resulting system of determining equations is very difficult to solve, or
the technique does not give all the discrete symmetries of the differential
equation. Peter H. Hydon has developed an indirect method, for construct-
ing discrete symmetries of differential equations, having a finite dimensional
Lie algebra of infinitesimal generators of its (one-parameter) Lie groups of
point symmetries [1-3, 5-8] His method is based on the observation that ev-
ery point symmetry yields an automorphism of the Lie algebra of the Lie
point symmetry generators. The method not only results in an easier system
of determining equations, uncoupled, but it is also exhaustive, that is, all
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discrete symmetries are obtained.

My work concerns reviewing Peter H. Hydon’s method, and calculating
all discrete point symmetries of two partial differential equations using his
method. As an immediate application of discrete symmetries, group invari-
ant solutions of the equations, corresponding to the basis vectors of the Lie
algebra, will be investigated for further solutions under transformations due
to the discrete symmetries.



Chapter 1

Lie Point Symmetries of
Differential Equations

The purpose of this chapter is to concisely review some fundamental concepts
related to Lie point symmetries of differential equations. Basic definitions
and notations are presented. All the theorems are stated without proofs.
Appropriate references are given for detail. Our goal is to be able to find
Lie groups of point symmetries of differential equations. Some prerequisite
definitions and concepts are discussed in the appendix.

1.1 Omne-Parameter Lie Groups of Point Trans-
formations and their Infinitesimal Gener-
ators

We start this section with the definition of an r-parameter Lie group [9)].
Definition 1.1.1

An r-parameter Lie group is a group G which also carries the structure
of an r-dimensional smooth manifold in such a way, that both, the group op-
eration

m:GxG+— G, m(g,h)=9gh, g heqG,



and the inversion

i:Gr— G, i(g)=9g"', g€q,

are smooth maps between manifolds.

For applications of Lie groups to differential equations we consider the trans-
formation of coordinates. Such transformations form a Lie transformation
group [10].

Definition 1.1.2

Let M be a sooth manifold and G be a Lie group. The group G 1is called a
Lie transformation group of M if there is a smooth map

¢:GxM— M, ¢g,z2) =gz,

such that the following conditions are satisfied

(1) (g1-92) 2 = g1(ge2) for all z € M and g1, 92 € G,
(2) ez =z forall z € M where e is the identity element of G.

Now we discuss a specific Lie transformation group called one-parameter
Lie transformation group [11]. Consider

z=p(z,€), (1.1)

where ¢ = (1,09, -+ ,n). 2= (24,22 --+ 2" and z = (21,22, --- ,2")
belong to an open domain D C R™. The group operation is ¢(e,d) where
€,6 € I C R are the group parameters. If 2 = ¢(z,¢€) and 2 = ¢(Z,J) then

b= gz, 0(c,0)) | (1.2)
where 2 and % lie in D.

In its standard form, such a group can be re-parameterized such that the
group operation is given by

(e, 0) =€+0, (1.3)



the identity of the transformation group is € = 0 and the inverse is —e.

Writing eq.(1.1) in its Taylor series at € = 0, we obtain

izt Pm0| o). (1.4)
86 e=0
From this we define
¢) = 22 (a0 (15)
N 86 ’ e=0 ' )

This definition is used in the following theorem, known as Lie’s first fun-
damental theorem [11]. This theorem provides us with an algorithmic
method to re-parameterize a one-parameter transformation group such that
it is of the standard form.

Theorem 1.1.3

There exists a parameterization 7(€) such that the Lie group of transforma-
tions eq.(1.1) is equivalent to the solution of the initial value problem for the
autonomous system of first order ordinary differential equations

dz .

with Z = z when 7 = 0. In particular

7(e) = /066(6’) de’ (1.7)

where 96
= —(a,b
ple) Ob (a,) (a,b)=(e,e-1)

In terms of € the one-parameter group is given by the solution of the initial
value problem

B0)=1. (1.8)

dz .
=00 €(2). (19)

We now introduce a representation of a one-parameter Lie group of transfor-
mations by way of a group generator [10, 11].



Definition 1.1.4

The infinitesimal generator of the one-parameter Lie group of transfor-
mations is defined by the linear differential operator

X = £2).V = &(z) (1.10)

where
£(z) = (&(2),&(2), - . 6(2)),

and V is the gradient operator.

The following theorem [10, 11] shows how can we write the one-parameter
Lie group of transformations in terms of this generator.

Theorem 1.1.5

The one-parameter Lie group of transformations eq.(1.1) can be written as

2
2 = p(z,€) :efxz:z—ireXz—l—%XQz—l—O(e?’) (1.11)
:ZEX z, (1.12)

=
Il

0

where the linear operator X is defined by eq.(1.10) and X* = XX*1.

This theorem can be generalized [10, 11] to any analytic function as fol-
lowing.

Theorem 1.1.6

Let [ be an analytic function. For a one-parameter Lie group of transforma-
tions eq.(1.1) with infinitesimal generator eq.(1.10) it follows that

1(2) = f(eX2) = X f(2). (1.13)



1.2 Multi-Parameter Lie Groups of Point Trans-
formations and their Infinitesimal Gener-
ators

We now generalize one-parameter Lie group of transformations to r-parameter
Lie group of transformations. Consider

Z=¢(z,¢€). (1.14)

As before, ¢ = (1,02, -+, on). 2= (24,22, -+, 2") and z = (2}, 2%, -+, 2")
belong to an open domain D C R", but € = (e1,€9, - ,€,) € I C R™. The
group operation is given by ¢(e, d).

Such groups also have an analogous version of Lie’s first fundamental theo-
rem [10, 11].

The vector £€(z) becomes a matrix €,;(x) in case of r-parameter group, where
a=1,2,---,randi=1,2, --- ,n.

Now we define the infinitesimal generators of an r-parameter Lie group of
transformations [10, 11].

Definition 1.2.1

The infinitesimal generator X, corresponding to the parameter €, of the
r-parameter Lie group of transformations eq.(1.14) is

Xazgm»(z)%, a=1,2, - ,r. (1.15)

The r-parameter Lie group of transformations can be written as

Z=p(z,€) = H exp(€,Xa) Z . (1.16)



1.3 How to Find Lie Point Symmetries of an
Ordinary Differential Equation

In this section we discuss how to find Lie point symmetries of an ordinary
differential equation (ODE). Similar theory exists for partial differential equa-
tions (PDE) also, its detail can be read from [12], for instance.

1.3.1 Lie Point Transformations and their Prolonga-
tions

Since there is one dependent and one independent variable in an ODE,
eq.(1.1) becomes

T=2z(x,y,€), y=9(x,y,e). (1.17)

Likewise eq.(1.5) becomes

01 0y
Eoy) = 5o (@y.0| o onlwy) =S o g

e=0 e=0

Henceforth, the entire group eq.(1.17) will be denoted by I'(¢) and a particular
member of this group will be denoted by I'.. That is

L (2,y) — (2(z,y,€),9(2,y, €)). (1.19)

If we want to apply eq.(1.17) to an ODE
H(z,y,y, ...,y™) =0, (1.20)

we must prolong the point transformation eq.(1.17) to the derivatives y*),
k=1,2,...,n. We calculate §¥) recursively as

(k) dk@ dg(k—l) Dx,g(k—l)
y = =

= )0 =4 1.21
dit ~  di Dz V=Y (1.21)
where D, is the total derivative with respect to x
0 0 0
D= —+y—+y'—+ ---. (1.22)

ox dy 8_y/



Corresponding to eq.(1.4) we also have

& =x+eé(z,y) +O(?),
J=y+en(z,y) +0(),
v =y +en(z,y,y)+0(), (1.23)

g™ =y 4 en™(z,y, 9/, .., y™) + O(?),

where 7/, 7", -+ ,n™ are defined by
ag/ ag// @gn
90 o = 98 1.24
T Be leeo” Je le=0’ i Oe le=0’ (1.24)
and can be computed [12], using
W = D —y¥D,e, 4O =y, (125
For example
n =+ (ny — &)Y — gyy/2 ) (1.26)
1" = New + 2Ny — &)y — (Nyy — 25:61/)9,2 (1.27)

— &t (my — 260 — 3,9y

Now we seek prolongation of X, the infinitesimal generator of eq.(1.17), such
that eq.(1.23) can be written as

=2+ eXz+ O(?),
J=y+eXy+O0(e),
v =y +eXy +0(e), (1.28)

This prolonged generator [12], is given by

0

0 0 0
X () = 4n—+4n—4+ - +77(n)
ox dy

1.2

When there is no ambiguity X is written as X.



1.3.2 Symmetry Condition

We are now equipped with all the mathematical machinery to state the sym-
metry condition [12] for an ODE and use it to find its Lie point symmetries.

Theorem 1.3.1

An ODE
H(x7 y7 y’? b ’y(n)) = O?

admits a group of symmetries with generator X if and only if
XH =0,

holds.

Example 1.3.2

As an example [12] we now calculate the symmetries of the second order
ODE y" = 0. Here H(x,y,y,y") = y". We first prolong X to X, That is

o o .o 0
X—fa—x—i-??a—y-i-na—y,-i-?? ay”.

(1.30)

Applying X to H we obtain XH = . Therefore, the symmetry condition

1S
" =0,

77” = Nzz + (2775031 - &w)y/ - (nyy - Qfxy)yﬂ (1'31>
- gyyy/3 + (ny — 28, — 3€yy/)y” =0.
This leads to the system of PDEs

Nea = 07
2 ry — Sxx — 07
ey — & (1.32)
Nyy — 2£xy = 07
Eyy = 0.
Solving the system we obtain
T,y) = ay + asx + asy + asxy + asr>,
£(z,y) 1 2 3Y 4TY 5 (1.33)

n(x,y) = ag + arx + asy + asxy + asy’.

8



Here a;, i =1, --- ,8 are arbitrary constants.

So the most general one-parameter Lie group of point symmetries of the
ODE, y” = 0 is obtained by the infinitesimal generator

0
X = (a1 + asx + azy + agxy + a5$2)%

0
+ (ag + a7x + agy + asry + a4y2)a—y. (1.34)

1.3.3 Lie Algebra of Infinitesimal Generators

We define the algebraic structure Lie algebra [10] before we say more about
eq.(1.34).

Definition 1.3.3

A Lie algebra L is a vector space over a field F' on which a product |, |
called the Lie bracket or commutator is defined with the properties

(1) [X,Y]e L foral XY € L.

(2) [X,aY +8Z] = [X,aY ]+ [X,BZ] forall X, Y,Z € L
and for all o, € F.

(3) [X,Y] = —[Y,X] foralX,Y €L
4) [X,[Y,Z]] + [Z,[X, Y]] + [Y,[Z,X]| =0 forall X,Y,Z € L.

From (3) it follows that [X,X] = 0. A Lie algebra is a called abelian if
(X, Y] =0forall X,Y € L.

Infinitesimal generators form a Lie algebra, with the commutator defined

as
X,Y] = XY - YX. (1.35)

For example the generators eq.(1.34) form a Lie algebra. The basis for this

9



Lie algebra are, X;, infinitesimal generators corresponding to a; = 1 and
a;jx; = 0. Namely

0 5 0 0
X1—%, Xs=1x %+xy8_y’
Xy 2372, Xs ﬁ’
ox oy
(1.36)
Xy = ﬁ X —a:g
3_ya$’ 7T — ay?

0 0 0
X4:xy%+yza—y, ngyﬁ_y’

Since [X;,X;] € £ we express these commutators as a linear combination
of the basis elements. That is x‘X;. We give all k' a special name, struc-
ture constants and also give them a special notation

X, X;] = ¢ X, (1.37)
For example in eq.(1.36) [X;, X;5] = 2X, + Xg, so ¢?; = 2 and 5 = 1.

Axiom (3) of Definition (1.3.3) gives ¢f; = —cf;.

We conclude this section with listing all the nonzero structure constants
for eq.(1.36). They completely determine the Lie algebra of eq.(1.36).

1 _ 1 _ VO T 8 __ 8 __

3 3 4 4 5 5
Cl4 — 1, 041 — _17 035 — 1, 653 — _17 C47 — _1, C74 — 1,
2 2 1 1 4 4

5 =2, 5 ==2 c=-1 c=1 cp=-1 cy=1
8 __ 8 _ 8 __ 8 _ T 7T
cls = 1, s, = —1, c3;=1, Crs = —1, c55=—1, c45 =1,
6 __ 6 2 2 6 __ 6 __
ar=1 c=-1 cr=-1 c3=1 =1 c=-1
3 3 3 3 7T v

5 __ 1 5 -1 2 -1 2 1

Cos = 1, G = =1, G = —1, Gy =1

10



Chapter 2

Discrete Symmetries Analysis
of Differential Equations

Many techniques have been developed for finding discrete symmetries of dif-
ferential equations, but often, either the symmetry condition is too difficult
to solve, that is, the resulting system of determining equations is very dif-
ficult to solve or the technique does not give all the discrete symmetries of
the differential equation. Peter H. Hydon has developed an indirect method
for constructing discrete symmetries of differential equations, [1-3, 5-8] hav-
ing a finite dimensional Lie algebra of infinitesimal generators of its (one-
parameter) Lie groups of point symmetries. This chapter describes Peter H.
Hydon’s method. The method not only results in an easier system of deter-
mining equations; uncoupled, but it is also exhaustive, that is, all discrete
symmetries are obtained.

Only the method for ODEs will be explained. The method for PDEs
is almost the same. Explaining the two methods simultaneously requires
the use of generalized variables which would make understanding difficult.
Appropriate additional detail will be given for PDEs where required.

2.1 Core Theory

This section presents the core theory, that is, definitions, main theorems,
their proofs and some exmaples for the elaboration of the theory.

We start the section with the definition of a discrete symmetry [1-3].

11



Definition 2.1.1

A point symmetry of a differential equation which does not belong to any
(one-parameter) Lie group of point symmetries of the differential equation is
called a discrete symmetry.

In other words, discrete point symmetries are outside the r-parameter Lie
group of point symmetries. They may still be related by continuous param-
eters, but they can never form a Lie group. One simple reason is that, these
point symmetries do not have the identity symmetry among them, which
is obviously inside the Lie group. Corresponding to discrete symmetry, the
point symmetries inside the r -parameter Lie group are also called continuous
point symmetries.

Example 2.1.2

As an example [1] consider the Chazy equation
y" = 2yy" = 3(y)" + M6y —y)*. (2.1)

Three of its discrete symmetries are

(2,9) € {(—x, ~), (—é, 2y + 61), (i, —a%y — 6x)}. (2.2)

Now we recall some notation and definitions from chapter 1. Consider an
ODE
y ™ =w(z,y,y, . y™ ), n>2 (2.3)

A point symmetry of eq.(2.3), continuous or discrete, will be denoted as
U (2, y) — (B, ), 92, 9), (2.4)

If such a point symmetry belongs to a (one-parameter) Lie group of point
symmetries I'(¢), then the infinitesimal generator of the group is

0

X = (e, y) 2 1 o)y (2.6)

ox

12



As stated in the beginning of this chapter, eq.(2.3) is required to have a finite
dimensional Lie algebra, £, of infinitesimal generators of its (one-parameter)
Lie groups of point symmetries. If the dimension of £ is R then the basis
elements of £ are denoted by X;,i =1, --- | R.

For emphasis Theorem (1.1.6) is being re-stated here specialized to two vari-
ables, (z,y).

Theorem 2.1.3

If F(x,y) is an infinitely differentiable function, then for a (one-parameter)
Lie group of point symmetries I'(€) with infinitesimal generator eq.(2.6), we
have

F(&,7) = F(eXx,eXy) = eXF(x,y) = TF(x,y).

The following definition [1] is motivated by the above theorem.
Definition 2.1.4

Action of a point symmetry, I', continuous or discrete, on an infinitely
differentiable function F', is defined as

PE(z,y) = F(2,9).

Before proceeding further we list some properties of the action of a point
symmetry on an infinitely differentiable function.

F(CF(I, y)) = c['F(z,y),
D(F(z,y) +G(2,y)) =TF(z,y) + TG(x,y),
I 'F(3,9) = F(z,y),

[T~ F(z,9) = F(&,9),
I 'TF(x,y) = F(z,y), (2.7)
I'e =z,
I'y =1y,
%=z,
I'g=y.



Now we state the two main theorems [1-3] on which the entire theory of the
method is based.

Theorem 2.1.5

Let L be the Lie algebra of infinitesimal generators of (one-parameter) Lie
groups of point symmetries of a differential equation. Let X € L and
I (z,y) — (Z(z,y),9(x,y)) be any symmetry, continuous or discrete, of
the differential equation. Also, let T'(J) be the Lie group of point symmetries
generated by X. Then, TT(8)I' ! is also a Lie group of point symmetries of
the differential equation and its generator is IXI'™1 € L.

Theorem 2.1.6

For an arbitrary T, continuous or discrete, if {X;}2 | is a basis of L then
{TX,I1}E, is a basis of L as well.

The following example [1] will help us understand the preceding two the-
orems.

Example 2.1.7
Consider the Chazy equation again,
y" = 2yy" = 3(y')* + M6y — y*)*. (2.8)

It has a three dimensional Lie algebra of infinitesimal generators of its (one-
parameter) Lie groups of point symmetries. Following are the basis elements

0
X1 - %, (29)
0 0
0 0
— 2 _
X;=ux 5 (2zy + G)ay. (2.11)

14



Following are the corresponding Lie groups

F1(€> (‘%7 Z)) = (l’ + €, y): (212)
La(e) (2,9) = (ex, e “y), (2.13)
Ta(e) (3,4) = (1 _xex, [y(1 — ex) — 6e](1 —ex)). (2.14)

We use the discrete symmetry

['(2,9) = (==, -y), (2.15)

of eq.(2.8) to construct another basis for Lie algebra of infinitesimal gener-
ators of (one-parameter) Lie groups of point symmetries of eq.(2.8). In this
case

r=r-" (2.16)
LTy ()T (2,9) = (=((=2) + ), =((=9)) ), (2.17)
=(z—€19). (2.18)

By Theorem (2.1.5) this is a (one-parameter) Lie group of point symmetries
of eq.(2.8) and its generator is ['X 1.

Now we calculate the generator

dz
Tl = (—=1)|e=0 = —1. (2.19)
dy
o — _on=0. 2.2
U = (0)=0 (220)
Therefore 5
X, I t=—-——. 2.21
! ox ( )
Similarly
ITy ()0~ (&,9) = (—(e“(—x)), —(e~(=¥))), 2.22)
= (e‘z, e “y). 2.23)



In this case I'Ty(e)['™! = I'y(¢). Therefore

X, It = x(% - ya%. (2.24)

Also
I[T3(e)I' & =— (%) (2.25)
@z-—(H—yxl—e(ﬂw)—GeKl—e(—xD), (2.26)
T= 1+ex’ (2:27)
7= [y(l+ex)+6¢e](l+ ex). (2.28)

By Theorem (2.1.5) this is a (one-parameter) Lie group of point symmetries
of eq.(2.8) and its generator is [ X3!

Now we calculate the generator

- - = = —1°. 2.2
dele=0 (1 + ex)?le=0 g (229)
dy
= =2 6. 2.30
de le=0 Y+ ( )
Therefore 9 P
Xt =—22— + (2 —. 2.31
T =t oy ) 2:31)

Next we will show that I'X T, I'X,I'™! and I'X3I'~! are linearly indepen-
dent and therefore forms a basis.

Consider
X D 4 oI Xol ™ + eI Xs =0, (2.32)

0 0 0 5 0 0
Cl<_8_x> +C2(l‘%—ya—y) —|—03(—x %+(2xy+6)0_y> =0, (2.33)
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0 0
( — ¢+ cr — 63132) g + ( — oy + c3(2zy + 6)> oy 0. (2.34)

This implies

—c + o1 — 37 = 0, (2.35)
—coy + c3(2xy + 6) = 0. (2.36)

So
Cl = Cy = C3 = 0. (237)

Therefore, I'X T, I'X,I'! and I'X3I'! are linearly independent.

In terms of the original basis

(FXlFfl, FX2F71, FX3F*1) = (=X, Xq, —X3). (2.38)
In matrix form
X4 -1 0 O rx,r-t
Xyl =0 1 O I'X,I1 . (2.39)
X3 0 0 —1| |IXsI !

It should be noted that the symmetry I' (z,9) = (—z, —y) has induced an
automorphism of the Lie algebra of infinitesimal generators represented by
the matrix

~10 0
B=|0 1 0 (2.40)
0 0 —1

How these automorphisms are related to the point symmetries and what role
do they play in finding point symmetries is the subject of the next section.
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2.2 Basic Method

Our aim is not to construct an alternative basis (Example 2.1.7) for the Lie
algebra using a continuous or discrete point symmetry but it is almost the
opposite. We will use the basis correponding to a point symmetry to find
the point symmetry itself, which is what we discuss in this section.

Theorems (2.1.5) and (2.1.6) say that for a fixed basis {X;}2, of £ and
an arbitrary but fixed symmetry I', continuous or discrete, we obtain the
corresponding basis {I'X,I'"*}2, of £. Since both are bases of the same
Lie algebra, we can write each X, as a linear combination of I'X,;I'"1’s. The
following Lemma [1-3] summarizes this argument.

Lemma 2.2.1

Every point symmetry U, continuous or discrete, of eq.(2.3) induces an au-
tomorphism of the Lie algebra of infinitesimal generators of (one-parameter)
Lie groups of point symmetries of eq.(2.3). For each such I, there ezists a
constant nonsingular N x N matriz B = (b.) such that

X; =0 X, (2.41)

This lemma gives us a method for calculating the discrete point symmetries
of a given differential equation, with a known finite dimensional Lie algebra.
The most basic and direct approach is discussed in this section. Improve-
ments in the method will be introduced in the next section.

The method has two stages. First, we apply the lemma to obtain the follow-
ing first-order PDEs which every point symmetry, continuous or discrete, of
the eq.(2.3) must satisfy.

X, = b TX, I "2, (2.42)
X;# = b I'X;, (2.43)
Xz = b T &(x,y), (2.44)
X,& = b &(2,9), (2.45)
X,i = b &. (2.46)



Likewise

X, = b TX; T g, (2.47)
X, = b TXyy, (2.48)
Xij = bl Tz, y), (2.49)
Xy = 0 m(2,9), (2.50)
X, = b . (2.51)

Eq.(2.46) and eq.(2.51) together constitute a system of first order PDEs.
This system can be solved by the method of characteristics to obtain (Z, 9)
in terms of x,y, bl and some unknown constants or functions. The solutions
of this system always include the trivial symmetry (z,9) = (x,y), corre-
sponding to b} = 4.

In the second stage, we apply the symmetry condition on the general so-
lution of eq.(2.46) and eq.(2.51). By construction every point symmetry I,
continuous or discrete, of eq.(2.3) satisfies this system of PDEs but it may
have solutions which are not point symmetries of eq.(2.3). This second stage
separates such non-symmetry solutions from the general solution of this sys-
tem of PDEs.

This two-stage process gives a complete list of the point symmetries of
eq.(2.3). Since we already know about the Lie point symmetries, any sym-

metries other than them are the discrete symmetries of eq.(2.3).

Before we solve an example of the method we learn to write eq.(2.46) and
eq.(2.51) in matrix form and discuss some of its salient features.

Eq.(2.46) can be written in matrix form as

X, i AR il I 3
X, 3 iop2 ... | | &
I R B (2.52)
X, i b2 e b (€,
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Likewise, eq.(2.51) can be written as

X1y by b .- Y| |
Xai| |0 8 8 |0 s
X by by ce bn] [
Combining the two, we obtain
Xyi Xig] o [op 8o b [4
Xod Xof| by b3 -0 V| (& (2.54)
Xot Xog] {bp i oo bn] [

This system of equations will henceforth be called system of determining
equations.

Following are some salient features of the system (2.54) which makes it solv-
ing easier.

(1) All the partial derivatives in the system are of first order.
(2) All the PDEs in the system are linear.
(3) All the PDEs in the system are un-coupled.

(4) If the parameters in the symmetry condition are allowed to take com-
plex values then this method also gives the complex discrete symmetries.

If we are to find the discrete symmetries of a PDE instead of the ODE
(2.3) there will be additional columns for other independent variables. For
example, a PDE with one dependent variable u, and two independent vari-
ables (z,t), system (2.54) will take the form

Xz Xit Xid b2 - 0 & o
Xoi Xof Xyl brov2 | | A P
Sl I L B N ) B
X,z X,i X,i A A I T
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where

X; = &(x,t, u)%7 + 7(x, ¢, u)% + n;(z,t, u)aﬁu (2.56)
The rest of the method will remain exactly the same.
Now we give a detailed but simple example [1, 2] of the method.
Example 2.2.2
Consider the ODE
y" = tany’. (2.57)

It has a two dimensional Lie algebra of infinitesimal generators of (one-
parameter) Lie groups of its point symmetries

0
XQ:(%. (2.59)
For this ODE the system of determining equations (2.54) becomes
Xud Xag] _ [op 03] [& i
ol =B R o
Xz Xyl [bf W21 0
{Xﬂe xgg] - {b% il o 1] (2.61)
Xoi Xoj| — |bh B3] '

In addition to some other solutions, which are not point symmetries, the gen-
eral solution of this system eq.(2.62) has all the point symmetries of eq.(2.57).
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Solving the system, we have

X 7 = by, (2.63)
oz
— = b 2.64
or IR ( )
& =bz+ f(y). (2.65)
We also have
Xod = by, (2.66)
oz
= pl =y 2.67
f(y) = byy +c1. (2.68)
This implies
&= bz +by+cr. (2.69)
Likewise
§ = bjz + b3y + co. (2.70)
Therefore, the general solution of eq.(2.62) is
(2,9) = (byz + byy + 1, bz + byy + c2). (2.71)

Now we separate the non-symmetry solutions from the general solution
eq.(2.71). By definition eq.(2.71) is a symmetry of eq.(2.57), if and only if

y" = tany’

We calculate 3" and 3.

A~/

dj  d(biz+ b3y +co) DI+ 3

— ¢’ =tany’. (2.72)

dy b2 b2/
a _ U102 (2.73)

Tdi o dbfr +bly ) b+ b b+ by

d( b%—l—b%y' )

~f
g// _ dy . bi+bly

di — d(bjx + by + 1)

(byb5 — biby)y"

| Gy,

(b1 + byy')3
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Therefore, the symmetry condition is

O~y (Rt

2.75
R o+ iy =)

Now we find out what values of b satisfy eq.(2.75).

Differentiating both sides with respect to yy’and comapiring cefficients of tan ¢/
and tan?y’ we find that b} = 0,b; =1 and b3 = o = +1.

Therefore, eq.(2.75) becomes

atany’ = tan(b? 4+ ay/). (2.76)

This further implies b? = km, k € Z. So symmetry condition is satisfied if

and only if

b vl 1 kr

[b; 2| = o +1]° (2.77)
Therefore, all the point symmetries of eq.(2.57) are

(Z,9) =(x+c,kmx+ay+c), a==x1 kel (2.78)

Since we already know the Lie point symmetries of eq.(2.57), we can separate
them from eq.(2.78) to obtain the discrete symmetries of eq.(2.57).

Following are the discrete symmetries

(,9) = (v +cr,brr —y + ), k€L, (2.79)
(Z,9) = (x +c1,kmz +y + ), ke Z—{0}. (2.80)

The only case left, that is, « = 1 and k£ = 0, are precisely the continuous
point symmetries
(2,9) = (z + 1,y + ). (2.81)
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2.3 Improvements in the Method

This section discusses improvements in the basic method which was intro-
duced in the last section. Little improvement can be made if the Lie algebra
of infinitesimal generators of the (one-parameter) Lie groups of point sym-
metries is abelian. On the contrary, when the Lie algebra is non-abelian the
system of determining equations can be considerably simplified in two stages
[1-3].

2.3.1 Canonical Coordinates

The only improvement which can be made in the basic method, when the
Lie algebra is abelian, is the use of canonical coordinates. This way atleast
one generator in the basis is simplified. This is especially useful when the
dimension of the Lie algebra is one [2].

Canonical coordinates s(z,y), r(x,y), satisfy

XlS = 1, X17” = 0, (282)
so that 5
Xy =—. 2.83
' s (2:83)
In this case, the system of determining equations eq.(2.54) becomes
(X458 Xyf] =[by] [T 0], (2.84)
05 or
— =0l —=0. 2.
0s 170 s 0 (2:85)

General solution of eq.(2.85) is
S=bls+g(r), 7= fr), (2.86)

for some functions f and g. The application of the symmetry condition on
this transformation determines which functions f, g and constants b] are
allowable.
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Example 2.3.1

For example [2], consider the ODE

+ = (2.87)

This ODE has a one dimensional Lie algebra of point symmetry generators,
with a basis

0 0
X =z— —. 2.88
=T + y@y (2.88)
In canonical coordinates
Yy
=1 == 2.89
s=mlal, r=1, (28)
eq.(2.87) becomes
Py (2.90)
— =4r*+r. )
ds?
The symmetry condition says
d*r 9 d*7 o .
i drs+r = i 47 + 7. (2.91)

Calculating d?7/ds?, we already know 7 = f(r), and after applying the sym-
metry condition (its calculation is too long, refer to [2], page 5) then convert-
ing back to (x,y) coordinates, we obtain the following inequivalent discrete
symmetries of eq.(2.87)

(¢.9) € {u,y), (=) (o 2), (-, —%}. (2.92)

Note that the identity symmetry has been included here for the sake of com-
pletion, because the above set of discrete symmetries is incidently isomorphic
to the group Zs X Zs.
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2.3.2 Nonlinear Constraints

The improvements discussed henceforth apply only when the Lie algebra, L,
of infinitesimal generators of the (one-parameter) Lie groups of point sym-
metries is non-abelian.

In this section we discuss certain constraints, nonlinear algebraic equations
involving ¢}; and b, on the system of determining equations (2.54) which will
simplify the system considerably.

Theorem 2.3.2
If X, Xj] = cfj X, then [FXiF_l, I‘XjF_l} = cf’j rx,r—1.

If £ is non-abelian, then at least some of the equations [X;, X;] = cfj X
are nontrivial. Also, the above theorem [1-3] says I'X;I'""! satisfy the same
commutator relations as X;. This leads us to the following theorem [1-3].

Theorem 2.3.3

The structure constants c,’fj and the elements of B = (b}) satisfy the following
equations

b = by, all indices are from 1 to dim(L).

If dim(L) = R then these are R? equations, but

ch=—cf and =0 (2.93)

i Jt i

so we have

R(R?* - R)
2
distinct equations and it is sufficient to restrict attention to i < j.

(2.94)

These constraints on the elements of the matrix B = (b!) simplify the sys-
tem of determining equations (2.54) considerably before we solve it. Thereby
making the system easier to solve.
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The following table lists the number of equations against dim(L) = R, for
2 < R<10.

Number of
equations

2

9
24
50
90
147
224
324
450

=

O 00| | O O =] W N

—
)

The number of equations increase very rapidly as R increases so a very sys-
tematic approach needs to be followed to avoid any complexities. Following
are some guidelines in this regard.

(1) Note that all these equations are nonlinear algebraic equations.

(2) If there is one or more nonzero structure constant with every value of
superscript then the system of equations may become difficult to solve.

(3) If possible start solving the system with a superscript value such that
the structure constant with this superscript value is zero. The left hand side
of the corresponding equations for such a superscript value becomes zero and
all such equations reduce to linear equations. Thereby becoming easier to
solve.

(4) Some equations remain unsolved almost always but such equations may
be used in later calculations.

(5) When the number of equations is too large use of some computer al-
gebra system is recomended.
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Now we give a detailed example [2].

Example 2.3.4

Consider the ODE,
y/// — y”(l _ y//).
It has a three dimensional Lie algebra, with the basis

0
Xl %7
0
Xy — 7 —
2 Iay?
0
X3 =—.

Now we solve the equations

n ilym _ kin . :
b = ¢3by,  all indices are from 1 to 3.

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

(2.100)

As discussed above we have distinct equations only when we keep i < j. In
this case, (4,7) = (1,2), (1, 3), (2, 3). Following guideline (3) above, we should

start from n =1 or n = 2.

Forn=1
ct =0, I,m=1,2,3.

im —

The constraints reduce to linear equations
0= cfjb,lg,
0 = ci;by + by + ;b3
When (i, ) = (1,2)
0= C%zb% + C%zbé + Ci’zbzla,
0 = (0)by + (0)b + (1)b3,
0 = bs.
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When (i,7) = (1, 3)

0= Cigb% + C%zab% + C?zabév
0 = (0)by + (0)by + (0)(0),
0=0.

When (i,7) = (2,3)

0= Cégb% + ngbé + c§3bé,
0 = (0)by + (0)by + (0)(0),
0=0.

For n =2
2 =0, I,m=1,2,3.

im —

The constraints reduce to linear equations

0= cfjbz,

0 = ¢;;07 + cb5 + b3,
When (i, j) = (1,2)

0= C%2b% + C%zbg + C?ngy
0 = (0)b7 + (0)b5 + (1)b3,
0 =103

When (i, j) = (1, 3)

0 = ci3b% + 345 + b3,
0 = (0)b7 + (0)b3 + (0)(0),
0=0.

0 = chyb? + cogb3 + Ccasb3,
0 = (0)b7 + (0)b3 + (0)(0),
0=0.
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(2.109)

(2.110)
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(2.112)

(2.113)

(2.114)
(2.115)
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(2.117)
(2.118)

(2.119)
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Forn =3
¢, =0, (I,m) # (1,2), (2, 1).

The constraints reduce to nonlinear equations

33132 | 31231 _ k3

(1)bL62 + (—1)b2bt = cLb? + 23 + b3,

D2 — 20} — cLb + 20 + bl

When (i,§) = (1,2)
bybs — by = c19b] + ciob + b,
bybs — biby = (0)b; + (0)b; + (1)b3,
bLb3 — B30} = b},
When (i, j) = (1,3)
bibs — biby = cigb + cibs + b,
b1(0) — 07(0) = (0)b} + (0)b3 + (0)b3,
0=0.
When (i, j) = (2,3)

bobis — b3by = cogb? + b + b,
b(0) — b3(0) = ()b} + (0)b3 + (0)b3,
0=0.

We have been able to simplyfy B = (bl) as

by bt b
B=|by b3 b3,
0 0 b

with further condition
BIE2 — 1B — 1.

and because B = (bl) is nonsingular, b3 # 0.
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(2.126)
(2.127)
(2.128)
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(2.130)
(2.131)

(2.132)
(2.133)
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(2.135)
(2.136)
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2.3.3 Inequivalent Discrete Symmetries

In this section we improve the method further and learn how to find inequiv-
alent discrete symmetries [1, 7).

Definition 2.3.5

Two point symmetries T and T of the eq.(2.3) are called equivalent if there
exists an X € L such that T = eXI'. Likewise the corresponding induced
automorphisms of the Lie algebra represented with the matrices, say, B and
B respectively are called equivalent as well.

Since we are reducing the number of discrete symmetries to be found, and
hence the number of corresponding matrices which represent the automor-
phisms, this naturally simplifies the system of determining equations (2.54).

Theoretically this improvement is not restricted to non-abelian Lie algebra,
of infinitesimal generators of the (one-parameter) Lie groups of point symme-
tries, but no substantial simplification of the system (2.54) is obtained when
the Lie algebra is abelian. For the non-abelian case improvements discussed
in this section and the nonlinear constraints discussed in the preceding sec-
tion are used simultaneously. We almost always use the nonlinear constraints
first to simplify B = (b).

Now we define some notation [1, 7]. The matrices C(j) and A(j,€) are
defined as

(CHNF = ¢l - (2.139)
AGe) = 32 S(CG) = eV (2.140)

The following theorem [1, 7] forms the basis for finding inequivalent discrete
symietries.

Theorem 2.3.6

(1) The automorphism of the Lie algebra L induced by the point symmetry
[' = e is represented with the matriz B = A(j,€), here X; is the basis
element of L.
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(2) If the automorphisms induced by the point symmetries I'y and Ty are
represented with the matrices By and By respectively then the automorphism
induced by the point symmetry 'y o I'y is represented with the matriz BsBy.

(3) If Ty and Ty = eXT'y induce automorphisms represented with matrices
By and By respectively then

BQ = A(l, 61)14(2, 62) cre A(R, ER)Bl'

here R is the dimension of L and €; are some parameters.

Inequivalent discrete symmetries are found by solving the system (2.54)
for only the inequivalent matrices. By = A(l,€1)A(2,¢e)--- A(R,eg)By is
a generic member of the equivalence class of an arbitrary B;. Inequivalent
symmetries are calculated by solving system (2.54) for only one such By, that
is, by fixing the values of ¢; s. Following a similar argument B; can also be

replaced by By = B1A(1,€1)A(2,€2) -+ - A(R, €R).

We illustrate the procedure with an example [1].
Example 2.3.7

Consider the ODE )
"
y'=—. (2.141)
Y3
It has a two dimensional Lie algebra of point symmetry generators, spanned

by

0
Xi=o-, (2.142)
0 3o

Following are the only nonzero structure constants, they will be used in
solving the system of nonlinear constraints.

cly=1, ¢y =—1. (2.144)

Now we substitute the respective values of ¢f; and b} in the system of nonlinear
constraints and solve it.

c?mbﬁbgn = cfjb’,g, all indices are from 1 to 2. (2.145)
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For n =2
G =0, Im=12. (2.146)

The constraints reduce to

0 = cf;by, (2.147)
0 = cj;bf + cb3. (2.148)
When (i, j) = (1,2)
0 = cyb° + ci,b3, (2.149)
0 = (1)b7 + (0)b3, (2.150)
0=02. (2.151)
Forn=1
Gm =0, (L,m) #(1,2),(2,1). (2.152)
The constraints reduce to
C1ob} 7 + c3,b7b% = by, (2.153)
(1)bjb3 + (=1)b7b} = by + ;b3 (2.154)
When (i, j) = (1,2)
(1)b1b2 4 (—1)b2b = clobt + 2,02, (2.155)
(1)b1b3 + (—=1)b3by = (1)by + (0)by, (2.156)
bibs — biby = bj. (2.157)

Since b = 0, so bib3 = bl. Also B is nonsingualr, therefore b} # 0 and b3 = 1.

Using the nonlinear constraints we have been able to simplyfy B = (b})
as,
_|n 0
B = {b; 1} , (2.158)
by # 0.
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Now we find the inequivalent matrices using Theorem (2.3.6). We first cal-

culate the matrices A(j,¢€).

cw=|% o

SO )
1 0
A(lye) = - J :
Likewise )
10
C<2) - _O O:| )
SO

We multiply B with A(1,¢)

anan= L]

[ un o0
| —eby+0by 1|°

. bl
Choosing € = €; = %,
1

1

b
—eb} + bé = —elb} + b; = —(—2)bi + b; =0,

bi
SO .
by O
A(l,Gl)B = -01 1
Now
[ e ] 1
A2, AL, e)B = | Y {bl 0
_O 1_
_Jevt 0
“lo 1
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(2.160)

(2.161)

(2.162)

(2.163)

(2.164)
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1

Choosing € = ¢ = In oI

In - bl
eby = e2b; = e b = —},
1]
SO
oo
A(2,6)A(l,€6)B = |lg| 1] ) (2.168)

Let B = A(2,e)A(1,6)B. These are the required inequivalent matrices.
So the inequivalent symmetries satisfy system of determining equations (2.54)
which becomes in this case

X X [ ol oo

U = |l AR 2.169
{Xﬁ Xzy} 0 1|& 39 (2.169)
X2 X [4 o

4 I 2.170
|:X2£C ng:| _i. %Z) ( )

Its general solution is
bl
(#,9) = (o @ + 2y, c1y), (2.171)

1
|01
where ¢; are constants.

Applying the symmetry condition on the general solution we conclude that
by
o1l

symmetry of eq.(2.141)

(c1)* =1 and ¢y = 0. Therefore, up to equivalence there is one discrete
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2.4 Some Well Known Differential Equations
and their Inequivalent Discrete Symme-
tries

This section lists inequivalent discrete symmetries of some differential equa-
tions obtained by the method described in the previous three sections.

Harry-Dym equation.
ou 0%
— =u—.
ot ot3
Inequivalent discrete symmetries [1].

(2.173)
(#.4.9) € { (aw, Bt aBu), (=%, pt, P90 0 peq -1y (21m
T xr?

Burger’s equation.

ou  Ou  Ou
— — = —. 2.175
ot * Yor = o2 ( )
Inequivalent discrete symmetries [1].
N Do ox 1
(z,t,u) € {(am, t, au), (Q_t’ 0 2a(ut —w))} ae{l,—1}. (2.176)

e (2.177)

(2,t,0) = (—x, t, —u). (2.178)
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Euler Poisson Darboux equation.

Pu 0*u  plp+1)
— = . 2.1
a2 Ou? 2 (2.179)

Inequivalent discrete symmetries [8].

8 Fon x t
(il?,t,U) € {(—ZL’,'[J, U), (:B7 —t,U), ($at7 —U), (tZ a2 2 $2,U) } (2180)

Heat equation.
0 0?
gm_gu (2.181)
ot 0x?
The group of inequivalent discrete symmetries [8], of heat equation is iso-
morphic to Z4, and is generated by

) 1 g
(,%,0) = (x —u 2z'te4t>. (2.182)
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2.5 Review of Group Invariant Solutions

The most immediate application of discrete symmetries of a differential equa-
tion is mapping known exact solutions to possibly new exact solutions. Since
the method for obtaining discrete symmetries discussed in this chapter gives
all the discrete symmetries of a differential equation, it is specially useful
when a differential equation has some hidden discrete symmetries, which are
otherwise difficult to find. In this case the chances of obtaining new exact
solutions from known exact solutions are even higher. The safest bet are the
group invaraint solutions. Since the symmetry groups, under which these
solutions are invaraint, are known, therefore the chances of mapping these
solutions to themselves, under a discrete symmetry, or to other group in-
varaint solutions are less. In later chapters when we find discrete symmetries
of some PDEs, their group invaraint solutions will be analysed under the
discrete symmetries for possible new solutions.

The purpose of this section is a brief review of the group invaraint solu-
tions of ODEs and PDEs [1]. The underlying theory is not discussed only
the direct method of obtaining group invaraint solutions is reviewed.

Definition 2.5.1

A solution or a family of solutions of a differential equation, ODE or PDE,
which remain functionally unchanged when transformed under a (one-parameter)
Lie group of point symmetries of the differential equation, are called group
invaraint solutions of the differential equation.

Example 2.5.2
As an example [1] consider the ODE
y/// — _yyl/. (2183)
It has the group invariant solution
3
== 2.184
y= (2.184)

corresponding to the Lie group

(2,9) = (we,ye™ ), (2.185)
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generated by
0 0
X=r——y—. 2.1
T yay (2.186)

Now we verify that, transfroming eq.(2.184) using eq.(2.185)

et = —— (2.187)
§=2. (2.188)

Since the solution eq.(2.184) remains funtionally invariant after the transfor-
mation, it is a group invariant solution.

The following two sections illustrate the method for obtaining group invaraint
solutions of ODEs and PDEs respectively.

2.5.1 Method for Obtaining Group Invariant Solutions

of ODEs
For ODEs, solutions invariant under the Lie group I'(¢), generated by
0
X=¢— — 2.189
satisfy the ODE
dy

—&—==0. 2.190
n=& (2.190)

Usually eq.(2.190) is easier to solve than the original ODE. Also note that,
eq.(2.190) is only a necessary condition.

Example 2.5.3
As an example [1] consider the ODE
y" = —yy”. (2.191)

We will obtain group invariant solutions of eq.(2.191) with respect to the Lie

group
(2,9) = ((z — 1)e* + 1, ye™), (2.192)
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generated by

X=(x—-1)— —y—. 2.193
(=175 ~y 39 (2.193)
eq.(2.190) becomes in this case
dy
) — -1 2.194
()~ e -1 =0, (2194)
dy dx
— = . 2.195
Y —r+1 ( )
Solving eq.(2.195), we obtain
c
— _ 2.196
y=—— (2.196)
Substituting eq.(2.196) back in eq.(2.191)
—6c¢ c 2c
—_— == . 2.197
(x —1)4 ((:L’—l))((q:—l)?’) ( )
This implies ¢ = 0 or ¢ = 3.
Therefore, the group invariant solutions due to eq.(2.192) are
0 5 (2.198)
=0 or = . .
) Y T —1

2.5.2 Method for Obtaining Group Invariant Solutions
of PDEs

For PDEs, with one dependent variable u, and two independent variables
(x,t), solutions invariant under the Lie group I'(e), generated by

0 0 0
X—f@‘FT@‘Fﬁ%, (2.199)
satisfy the PDE
ou ou

Usually eq.(2.200) is easier to solve than the original PDE. Also note that,
eq.(2.200) is only a necessary condition.
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Example 2.5.4
As an example [1] consider the PDE
0*u
=u
Oxot

(2.201)

We will obtain group invariant solutions of eq.(2.201) with respect to the Lie
group

(2,1, 0) = (we, te™, ue), (2.202)
generated by
0 0 0
X=r——t— —. 2.203
Yor "ot T ou (2.203)
eq.(2.200) becomes in this case
Ju  Ou
—rx— +t— =0. 2.204
YT i ot ( )
Solving eq.(2.204)
d dt d
a_ st (2.205)
x —t u
We obtain the first integrals
r=uxt, v=ut. (2.206)
Therefore, the general solution of eq.(2.204) is
v = F(r), (2.207)
or )
U= ;F(me), (2.208)
This solution will now be substituted in eq.(2.201) to determine F'.
ou 0*u
—=F =xF"(r). 2.2
oz = g =) (2.209)
/" ]'
xF"(r) = ZF(T), (2.210)
1
F"(r)—=F(r)=0. (2.211)
r

Solution of eq.(2.211) substituted in eq.(2.208) gives us the required group
invariant solutions.
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Chapter 3

Discrete Symmetries Analysis
of Korteweg de Vries Equation
and Related Exact Solutions

Korteweg de Vries (KdV) equation

is a mathematical model of waves on shallow water surfaces. Many different
variations of the KdV equation have been studied. The mathematical theory
behind the KdV equation is a topic of active research. KdV equation was
first introduced by Boussinesq (1877) and rediscovered by Diederik Korteweg
and Gustav de Vries (1895).

The purpose of this chapter is to find all discrete symmetries of the KdV
equation. As an immediate application of discrete symmetries, group invari-
ant solutions of KdV equation corresponding to the basis vectors of the Lie
algebra will be investigated for further solutions under transformations due
to the discrete symmetries.

3.1 Discrete Symmetries Analysis

In this section we find all the discrete symmetries of the KdV equation.
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3.1.1 Infinitesimal Generators of (One-Parameter) Lie
Groups of Point Symmetries of the KdV Equa-
tion

Following are the infinitesimal generators of (one-parameter) Lie groups of

point symmetries of the KdV equation [12]

Xy = $% + 325% — Qu%,
X3 = 675(% + %,
X,= 2.

3.1.2 Corresponding Lie Groups of Point Symmetries

Following are the (one-parameter) Lie groups of point symmetries of the KdV
equation

Gy (2,1,0) = (z+ € t, u),
Gy (@,t,10) = (e“x, €3t, e *u),
Gy (@,t,0) = (z + 6te, t, u+e),
Gy (&,t,0) = (z, t+e€ u)

3.1.3 Nonzero Structure Constants

Following are the nonzero structure constants obtained after calculating the
commutators of the basis vectors of the Lie algebra

1 1 3 3 _
¢ = 1, cy = —1, Cyg =2, Cyp = —2,

1 _ 1 _ 4 4

3.1.4 Nonlinear Constraints

We simplify now the matrix B = (bl). We substitute the above nonzero
structure constants in the respective nonlinear constraints

n plim __ kin S _
b = b, gk lmon =1, -+ 4.
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For n =2
Cl2m =0, l,m=1,2,34.

The constraints reduce to
0= cfjbi,
0 = c;;07 + cb5 + ;b3 + ;03
When (i, ) = (1,2)
0 = ciobi + c1yb3 + ciyb3 + clybi,
0 = (1)b + (0)b3 + (0)b5 + (0)b3,
0= bf.
When (i, ) = (1, 3)
0= C%ab% + C%3b§ + 0:1)’31)% + Cilsbia

0= (0)(0) + (0)b3 + (0)b3 + (0)b3,
0=0.

When (i,j) = (1,4)

0= chb% + 0%41)3 + cilb% + Cﬁbi,
0= (0)(0) + (0)b3 + (0)b3 + (0)b3,
0=0.

0= C%3b% + 0331)3 + C§3b§ + ngbi,
0= (0)(0) + (0)b3 + (2)b5 + (0)b3,
0= b3.
When (4, j) = (2,4)
0= C§4b% + C§4b§ + 034[’52’, + 03417421,

0 = (0)(0) + (0)b3 + (0)(0) + (—3)3,
0 = bj.
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When (7, 5) = (3,4)

0= C:§4b% + C§4bg + C§4b§ + c§4bi,
0 = (6)(0) 4 (0)b3 + (0)(0) + (0)(0),
0=0.

Forn=3
¢, =0, (I,m) # (2,3),(3,2).

The constraints reduce to

31273 31312 _ k13
Co3b; bj + 390; bj = Cijblm

(26767 + (=2)bib? = ;b3 + ;b3 + ¢ ;b3 + ¢ b3
When (i, j) = (1,2)

(20005 + (—2)biby = c1bi + cipbs + c1ab3 + 1obi,
(2)(0)b3 + (=2)bib; = (1)by + (0)b; + (0)b3 + (0)b3,
0 = b} + 20705,
When (4, j) = (1, 3)
(2)b1bs + (=2)bibs = 130} + cisby + cisbs + cisby,
(2)(0)05 + (=2)07(0) = (0)b3 + (0)b3 + (0)b3 + (0)b3,
0= 0.
When (4,7) = (1,4)

(2)1b3 + (=2)b7bT = c14bT + 1405 + ¢1,b5 + ¢y,
(2)(0)8} + (~2)8(0) = ()65 + (0)53 + (0)b5 + (0)5,
0=0.
When (i, ) = (2,3)

(2)b3b5 + (=2)b3b5 = cobi + b, + cgbs + Cogbi,
(2)b305 + (=2)b5(0) = (0)b; + (0)b3 + (2)b5 + (0)b3,
0= b} — 1263
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When (7, 7) = (2,4)

(2)bb; + (—2)b3b} = b} + c3b5 + c34b5 + c3b],
(2)b303 + (=2)b3(0) = (0)b + (0)b; + (0)b5 + (=3)bi,
20305 + 3b3 = 0.
When (i, j) = (3,4)

(2)b3b] + (—2)b3b; = cabi + c3,b5 + 5,03 + c3,b3,
(2)(0)B5 + (—2)b3(0) = (6)b7 + (0)b5 + (0)b5 + (0)b3,
0=

For n =4
e, =0, (I,m) # (4,2),(2,4).

The constraints reduce to

4 7472 47214 k4
Cy2b; bj + cyb; bj = cijblm

(3)b§b§ + (—3)b§b§ = c}jb‘f + cfjbg + cfjbg + c;*jbj.
When (i, j) = (1,2)
(3)béllb§ + (_?’ﬂﬁbéz1 = Chbéll + 0%2(7‘21 + C?ng + ‘7‘1121)37
(3)bb3 + (—3)(0)by = (1)bi 4 (0)b3 + (0)b3 + (0)b3,
3b1b5 — by = 0.
When (i, j) = (1,3)
(3)b1b3 + (—3)bibs = c15by + ci3by + cisbs + Cisby,
(3)b1(0) + (—3)(0)b3 = (0)b7 + (0)b3 + (0)bs + (0)by,
0=0.
When (i, 7) = (1,4)

(3)b1b3 + (=3)b7by = craby + c1yb + ciyb; + by,
(3)b1(0) + (=3)(0)by = (0)by + (0)b + (0)b5 + (0)03,
0=0.
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When (i,7) = (2,3)

(3)b2b5 + (—3)b3bs = ca3by + caba + casbs + Casbi,
(3)b5(0) + (=3)b3b5 = (0)by + (0)by + (2)b5 + (0)b3,
0 = 2b3 + 3b3b3.

When (7,7) = (2,4)

(3)b2bi + (=3)babs = chybi + by + b + caabl
(3)2(0) + (=3)b3bs = (0)b1 + (0)b + (0)b + (=3)bi,
byby — by = 0.

When (7, 75) = (3,4)

(3)bsbi + (—3)b3by = cabi + c34b3 + 5,b5 + c3,b3,
(3)b5(0) + (=3)(0)b3 = (6)b7 + (0)by + (0)b3 + (0)bj,
0= 0.

Forn=1
c

L =0, (I,m) # (1,2),(2,1),(3,4), (4,3).

The constraints reduce to

C1abi b7 + cy b7bs + e, bib 4 cigbibl = by,
(1)b§b§ + (—1)b§b} + (6)b§b§ + (—6)b§*b§? = c}jb} + c%bé + c%bé + cfjbi.
When (i, j) = (1,2)
(1)byb3 + (—1)biby + (6)b3b; + (—6)bibs = cioby + ¢iyby + ¢iybs + clyby,
(1)byb3 + (—1)(0)b5 4 (6)(0)b3 + (—6)(0)b3 = (1)by + (0)b + (0)bs + (0)by,
DL — bt = 0.
When (i,7) = (1,3)

(1)b1b3 + (=1)bibs + (6)bb5 + (=6)bibs = cigbi + cishy + cisbs + cisby,
(1)01(0) + (=1)(0)b5 + (6)(0)b3 + (—6)(0)b3 = (0)by + (0)by + (0)b + (0)03,
0=0.
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When (7, 7) = (1,4)

(1)biby + (—1)biby + (6)b3b; + (—6)b1bi = ci,by + c14bh + ci4bs + c1,bl,
(1)b1(0) + (—1)(0)by + (6)(0)b; + (—6)(0)b5 = (0)by + (0)by + (0)bs + (0)b},
0=0.
When (i, j) = (2,3)

(1)b3b3 + (—=1)bibs + (6)b5bs + (—6)bybs = coaby + 33y + c33b5 + cozby,
(1)b5(0) + (—=1)b3bg + (6)b3bs + (—6)b3b3 = (0)by + (0)by + (2)bz + (0)by,
—b3by + 6bybs — 6byb3 = 2b3.

When (i, j) = (2,4)

(1)byb; + (—1)b3by + (6)b3by + (—6)bybi = cyuby + 34b5 + c3,b5 + c3,b,
(1)b3(0) + (—1)b3by + (6)b3bs 4 (—6)b3bi = (0)by + (0)by + (0)bs + (—3)by,
—bab + 6b3b; — 6b5b3 = —3bj.

When (7, 5) = (3,4)

(1)bgb; + (—1)b3by + (6)b3b; + (—6)b3bi = ciuby 4 c3,b + c3,b5 + c34by,
(1)b3(0) + (—=1)(0)by + (6)b3b; + (—6)bsbi = (6)by + (0)by + (0)bs + (0)by,
b3b — babs = bl.

So far we have been able to simplyfy the system of nonlinear constraints as

0 = b,

0= b3,

0 = b,

0 = b3 + 2653,
= b3 — 303,

0 = 2b3b] + 3b3,

0 = b,
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0 = 3b1b% — b7,
0 = 2b3 + 3b3b3,
0 = b3bj — b,
0= bi,
0 = bib3 — by,
2by = —baby + 6b3bs — 6byb3,
—3b; = —b3b} + 6b3b; — 6byb3,

by = biby — babi.

Since B = (b}) is nonsingular and all other elements of the first row of B
are zero, therefore b} # 0. Now from 0 = b1b3 — b it follows that b3 = 1.
Substituting the value of b3 in respective equations we conclude that

Bl 0 0 0
BB R
B=1y 0w o

Lo 0 b

with further conditions
0 = by + 2b503,
0 = by + 3b3by,
0 = by — b3by,
b}, i3, b # 0.
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3.1.5 Inequivalent Symmetries

We recall from Theorem (2.3.6) that
(CU)) = cijs

and

A(]? 6) = €€C(j)7
o0 En .
A(j,€) :ZE(C(J)) :
n=0
2 3
, € € NN 3
A(j,€) —I+ﬂ(C(J))+5(C(J)) +§(C(J)) +
Calculating matrices C'(j)
[0 0 0 0]
100 0
CO=149 00 ol
|0 0 0 0
1 0 0 0]
00 0 0
C@=1y 0 —2 0|
00 0 3
[0 0 0 O]
0 0 2 0
CG)=109 00 ol
|6 0 0 0]
0 0 0 0]
000 —3
CW=1600 o
000 0]
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Calculating matrices A(j, €)

1 000
100
ALd=14 o 1 0
0 001
0 0 0
01 0 0
AZD= 10 0 e 0
00 0 e

because C'(2) is a digonal matrix.

A4, €) =T + e C(4) +0,

1 00 0
0 1 0 —3e
A=l 0 1 0
000 1

o1



Now we calculate the inequivalent matrices

BA(3,¢)

Choosing € = €3 = —3b3,

0 1 0 0 0
b5 | 0 1 2 0
0 0 0 1 0
bi| |[-6e 0 0 1
0 0 0
1 2e+0b3 b3
0 b 0
0O 0 b

1
by — b36e = bl — b36es = b — b§6(—§b§’) = bl + 3b3b3,

1
2¢ + b3 = 2e3 + by = 2(—553) +by =0,

1
bl — 6eb? = bl — Gesbt = bl — 6(—§b§)bi = b} + 3b3b; = 0,

SO
! 00 0
bl +3pi3 1 0 bl
0 0 0 b
Now
b! 00 0]t 00 0
bbb 10 i |0 10 —3¢
BAB )AL =17 "% o g ol l6e 0 1 0
0 00 |0 00 1
T 00 0
_[ph3bibE 1 0 bi—3e
| b+ 6eb 0 b 0
0 00 o

52



. 114
Choosing € = €4 = 305,

1
by — 3€ = by — 3es = by — 3(5b3) =0,

3

1
b + 6eb} = b} + 6egbd = b + 6(<b2)b3 = bl + 2b3b3 = 0,

3
SO
bi
by + 30403
0
0

BA(3,e3)A(4,e4) =

Now

[ b 0
by + 3byb5 1
0 0
0 0
by
by + 3b3b3 — €
0
0

BA(3,€3)A(4, €4) AL, €) =

Choosing € = €; = b} + 30303,

OO = O

cCoR~ o OO O

b3

o O O

=
NN

o O O

=N

NN

OO~ O

O = OO

_ o O O

by + 3b3b3 — € = b} + 3b3b3 — e = by + 3b3b3 — (b + 3b3b3) = 0,

SO

by
0
0
0

BA(3,e3)A(4,e4) AL, €1) =

53
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Now

bl 0 0 0] fe 0 0
01 0 O 01 0
BA(3, e3)A(4 e) AL e) A2 ) = | | Boo||o 0 e
00 0 b |00 0
blec 0 0 0
o 1 0o o0
10 0 be2 0
[0 0 0 bl
Choosing € = €3 = — In |bi],
1
b% € _ b%e@ — bi€*1n|b%| — b_}’
|01
b§€72€ _ b§€7262 — bgefz(*ln‘b“) — bg(b%>27
4 3 43 4_3(—1In|bi|) bi
b E:b €2 :b —njbyl) — "%
467 =008 = 08 (bE)?*
SO ol T
@ 0 0 0
0 1 0 0
BA(3,€e3)A(4,e4)A(1, 1) A(2, €9) =
B alAbaaza) = |
00 0 b
| (|b1)3

Let B = BA(?), 63)14(4, 64)14(1,61)14(2,62).

These are the required inequivalent matrices.
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3.1.6 Solution of the System of Determining Equations

Following is the system of determining equations with the inequivalent ma-
trices calculated in the previous section.

X4z
Xy
Xs32
X4z

Xz
Xo@
Xs32
Xy

Xt
Xt
Xt
X,t

X, t
X,t
Xt

X,t

Xy
Xotl

lﬁj—| 0 0 0
! 1 0 0
0 1 0 0 & 3t —2a
0 0BG o | |6 0 1
N 0 1 0
4
|00 0 moE
= ; .
]
i 3t —24
bi(b1)%6t 0 b3(b})?
b
| 0 w0

Now we solve the above system of determining equations and seek a solution

of the form

We have

We also have

X4’& - O y
ot

0

ot ’

ot

ot ot




So

Now

But we also have

uA'(u) = A(u),
ub3(by)? = 03(by)*u + ey,
0= Cy.
So

i = b3(b1)?u.

Next we have

Xt =0,
5
o =
t = B(t,u)
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We also have

X3t =0,
ot ot
6t— 4+ — =20
ox + ou ’
0B
— =0.
ou
So
B(t,u) = B(t),
t=B(t)
Now
. bt
Xyt = —2
T (l])®
o b
ot (|bi])?*’
B'(t) = bi
(161])3’
(t) = b t+c
(D
t bi t+
= c
(Jofps "
But we also have
Xt = 3t,
ot ot ot .
— 4 3t— —2u— =3
Top TG T 2, =
tB'(t) = B(t),
by o
t = t 4+ co,
(ot — (i) "
0= Co.
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So

P
(1bi])?
Next we have
X4I’: 5
or
ot
v ::(j(xvld
We also have
bi
Xz = —,
bl
0i _
oxr  [bil’
0C (z,u) _ b_%
ox b1’
bl
C(z,u) = —}I—FD( ).
b1
So
= et D(w
= — u
|67
Now

X3i = bi(b})?6t,

or 0z -
6t— + — = b3 (b1)?6t
Ox * ou 3(61)761,
bl bi
6t_1 D/ — bS bl 26 4 t
i 2 = 80D ()
b3b4 bl
D'(u) = Gt[ﬁ - @}
by b} :
D'(u) = 625[@ — \bﬁ]’ using (b1 = b3b7),
D'(u) =0,
D(u) = c3
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So

LT
T =—r—x+cC3
|01 ]
But we also have
Xgi’ =,
0z 0z 01
— 4+ 3= —2u— =1
Yor "ot T Mou T "
oo
T—— = —I + 3,
b1l b1l
0= C3.
So
oyl
T = —1.
|01

Therefore, the general solution of the system of determining equations is

; by bi 3102
(z,t,0) = ( @% W@ by (by)"u ).

3.1.7 Symmetry Condition

To apply the symmetry condition we find

on  O(b3(bH)?u ou
on = B0 _ e wgyiel .
o Agrt) !

ou
= B(ehIbt"

ou  O(b3(b})?u)
0T a(

a0 00\ D (a1, 0U)  s100%U
02 a&:(az) a 8(%3:) (b?’(bl)‘bl'%) =00 5
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Pa 0

NN, 320U oy (0P
o3 _%<af2> o (b (b1)° o 2) b3(b1) by ’(ax3>'
M)
50 il ou o
U ou u
ot %9z t o =
is

BODI (T + 603 PRI S + ()01

= 0.
It simplifies to

0 3 /112 u 37112 0U
(525) + @REH6uz" + (015 = 0.

Which implies b3(b})? = 1, if the symmetry condition is to be satisfied
Using

0 = by — bibj,

we can also deduce that

bi _ b
(1) 1oil
So

Therefore, the only discrete symmetry of the KdV equation up to equiva-
lence is

This result is exhaustive. If I'p is the discrete symmetry as above, then any
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other discrete symmetry, I'p, of the KdV equation can be obtained as fol-
lowing

fD = GEXFD.

For example if we choose X = X3, then, e“X*I'p gives us

Ip (,t,4) = ((—z)+6(—t)e, (—t), (u+e))
(—x —6te, —t, u+¢€).

X could be any infinitesimal generator from the Lie algebra, £, of infinites-
imal generators of (one-parameter) Lie groups of point symmetries of the
equation.

Some other examples

e*p  (2,6,40) = ((—2) + ¢ (=), (u))
t

eX Ty (2,,40) = ((—2), (=t) +e (u)
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3.2 Related Exact Solutions

Any exact solution of a differential equation can be examined for new ex-
act solutions using discrete symmetries of the differential equation. In this
section it has been attempted to find the group invariant solutions of the
KdV equation due to the groups generated by X, the basis generators. The
group invariant solutions will then be transformed using the discrete symme-
tries obtained in the last section.

Solutions invariant under the group G, generated by

0 0 0
X:§%+T§+7}%,
satisfy the PDE
TR TR
R T

For X; we have

0) -t~ % =0
ou
or
u(z,t) = F(t).

This solution will now be substituted in KdV equation to determine F'. Since

Pu ou ou ,
we have
F'(t) =0,
F(t) =c,
u(z,t) =c

It is trivial to transform u = c.
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For X5 we have

ou ou

—2u) — — —(3t)=— =0
(—2u) — (2) 52 = (30) 57 =0,
ou ou
U = 1— =
U x8x+3t6’t’
de _di _ du
r 3t =2’
do _de do _ du
r 3t x =2’
x3 9
— =7 vV =Uux.
t

General solution

v = F(r),
1 23
— (=
Y 2 (t>

We now substitute this solution in KdV equation to determine F'.

ou x Pu 24 24 274
Fri —;F’(T), a3 = —EF(T) + EF,(T‘) t 5 F"(r),

du 12 2 18
6ull = —x—<F(7’)> + P ()F().
Substituting in KdV equation, we obtain

24 (241% — 8

2R+ () P+ I ) - 2 (F)) o 0 E(r) =0

£3 25 T2t

This is a third order nonlinear ODE for F', which appears to be very difficult
to solve, if at all possible.
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For X, we have

(0) = (0)5" ~ ()5 =0,
ou
o
u(z,t) = F(x)

This solution will now be substituted in KdV equation to determine F'. Since

3
Ou _ py), 6ul" = 6F(2)F'(w), 24—

Pyl Oz o =0

we have )
F"(z) +3(F(z))” +c=0.

This is a second order nonlinear ODE for F', which is again very difficult to
solve. The form of this equation tells us that its solutions are elliptic func-
tions.

For X3 we have

(1) - (675)% - (O)E =0

ou 1

or 6t
u(w,t) = — + F(t).

6t

We now substitute this solution in KdV equation to determine F'.

, ou 1  du
= = =5 T F (1), =5 98

— = =0.
or 6t
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Substituting in KdV equation, we obtain

T 1 x , B
6(5+F0) () + -z +F®) =0,
tF'(t)+ F(t) = 0,
c
F(t) =-.
(0=

So
u(:c,t)—%—i-%, or
u(a:’,t):x+k, where k= 6c.

This solution can now be transformed using discrete symmetries to obtain
more solutions of the KdV equation.

For instance using

eX Ty (2,6,0) = (—x, —t +¢€, u),

we obtain a two parameter family of solutions

Removing carets and rearranging, we have

x—k
6(t—e)

u =
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Chapter 4

Discrete Symmetries Analysis
of a Particular Nonlinear
Filtration Equation

The class of equations
ou ou\ 0*u
o)
ot Ox/ 0x?
is known as nonlinear filtration (NLF) equations, D is a function of %. These
equations describe the motion of a non-Newtonian, weakly compressible fluid
in a porous medium with a nonlinear filtration law

ou Ou
v [o(32)4(32)
/ ox ox
where V' is the speed of filtration and u is the pressure [14, 15]. The function
D(0u/0z) is known as filtration coefficient. In general the filtration coef-

ficient is not fixed. NLF equations have been solved for various filtration
coefficients [14, 15].

We choose
0 1
P(5:) = (m)

to find the discrete symmetries for the corresponding NLF equation. As
an immediate application of discrete symmetries, group invariant solutions
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of this NLF equation corresponding to the basis vectors of the Lie algebra
will be investigated for further solutions under transformations due to the
discrete symmetries.

4.1 Discrete Symmetries Analysis

In this section we find all the discrete symmetries of the following NLF equa-

tion.
ou ( 1 > 0%u
ar N2 2
ot 14 (g_z> ox

4.1.1 Infinitesimal Generators of (One-Parameter) Lie
Groups of Point Symmetries of the NLF Equa-
tion

Following are the infinitesimal generators of (one-parameter) Lie groups of
point symmetries of the NLF equation [1]

0 0 0 0
Xlz%, X4:I6—+2t§+ua—7
0 0 0
X2 =5 X5 =g " ou
0
X = 0

4.1.2 Corresponding Lie Groups of Point Symmetries

Following are the (one-parameter) Lie groups of point symmetries of the NLF
equation

G (&,t40)=(z+e t, u),

Gy (@,t,10) = (z, t +e u),

Gy (@,t,10) = (z, t, u+e),

Gy (@,t,10) = (e“w, *t, eu),

Gs (@,t,1) = (xcose+usine, t, —xsine 4+ ucose).
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4.1.3 Nonzero Structure Constants

Following are the nonzero structure constants obtained after calculating the
commutators of the basis vectors of the Lie algebra

1 1 _ 3 _ 3
cy =1, cyp =—1, ey =1, Ci3 = —1,
1 1 _ 3 _ 3
35 = L, 53 = —1, s = —1, ¢ =1,

2 2

4.1.4 Nonlinear Constraints

We substitute the above nonzero structure constants in the respective non-
linear constraints to simplify the matrix B = (b!)

n plpm _ kn s _
ambiby" = ¢5be, 4,k Lmon =1, -+ 5.

Forn =14
et =0, I,m=1,234,5.

The constraints reduce to
0= cfjb%,
0 = c;;b1 + ciby + ¢;b5 + cj;by + ;b
When (7,5) = (1,2)
0 = b1 + ol + clybs + ciobi + ¢labs,
0= (0)b7 + (0)b3 + (0)b5 + (0)b3 + (0)05,
0=0.
When (7,5) = (1,3)
0 = cy3bi + cf3by + clsbs + cisby + Jsbs,
0 = (0)bi + (0)b; + (0)b3 + (0)by + (0)bs,
0=0.
When (7, 5) = (1,4)
0= 014[’411 + 0%453 + 0?4173 + 01114173 + 0?4631’
0 = (1)bi + (0)b; + (0)b5 + (0)bg + (0)bs,
0= b1
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When (4, 7) = (1,5)
= C%sbzlL + C?sybzzl + 0:1))5b§ + cz1151)?1 + 051’51)?,

0= (0)(0) + (0)b; + (=1)b5 + (0)by + (0)b3,
0 = bs.

When (i,7) = (2,3)
0= Césbil + C§3b§ + C§3b§ + Cg3b3 + ngbéa
0 = (0)(0) + (0)b3 + (0)(0) + (0)b; + (0)b5,
0=0.

When (i, j) = (2,4)
0= 0545411 + 05453 + c§4b§ + c§4b3 + Cg4b§>
0= (0)(0) + (2)b3 + (0)(0) + (0)b3 + (0)b3,
0 = bj.

When (i,) = (2,5)
0= C%E)bi1 + C§5b§ + 035[’3 + 035b3 + Cgsbéa
0 = (0)(0) + (0)(0) 4 (0)(0) + (0)b; + (0)b3,
0=0.

When (i, ) = (3,4)
0 = eybi + c34b3 + ciybs + b3 + 3,05,
0 = (0)(0) + (0)(0) + (1)(0) + (0)bs + (0)bs,
0=0.

When (i,7) = (3,5)
0= Cila5bé11 + 03553 + C§5b§ + C§5bj + Cgsb§>
0 = (1)(0) + (0)(0) 4 (0)(0) + (0)bs + (0)bs,
0=0.

When (i,7) = (4,5)
0= Ci5bz11 + Ci5b§ + 0?15[73 + Citsbi + Cisbév
0 = (0)(0) + (0)(0) 4 (0)(0) + (0)b3 + (0)b3,
0=0.
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For n =25

e =0, I,m=1,234,5.

The constraints reduce to

When (i, j) =

When (i, j) =

When (i, j) =

When (i, j) =

When (i,7) =

0= cfjbz,
0 = ¢j;bY + ;b5 + ;b5 + ¢i;b] + ¢ b2,
(1,2)

0 = cpob} + bl + b5 + b + cfob2,
0 = (0)b + (0)b5 + (0)b3 + (0)b; + (0)b2,
0=0.

(1,3)

0= 0%3[7? + Cisbg + 0?3172 + Czllgbi + Ci)gbg?
0 = (0)b7 + (0)b5 + (0)b3 + (0)b; + (0)b2,
0=0.

(1,4)

0= cyyb} + c4b3 + b5 + b} + ci4b2,
0= (1)b7 + (0)b3 + (0)b3 + (0)b3 + (0)b2,
0=10.
(1,5)
0 = c1sb5 + b5 + b5 + c)5bh + ci5b2,
0 = (0)(0) + (0)b3 + (—=1)b3 4 (0)bj 4 (0)b2,
= b3.
(2,3)
0= Césb? + C%sbg + Cgsbg + Cézabi + Cg3bg7

0 = (0)(0) + (0)b3 + (0)(0) + (0)65 + (0)82,
0=0.
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When (7, 7) = (2,4)

0= 0545? + 034[73 + 034[93 + C%4b451 + 024527
0 = (0)(0) + (2)b3 + (0)(0) + (0)b3 + (0)B2,
0 = b5.

When (i,7) = (2,5)

0= C§5b51) + 035[73 + 035[’:55 + Césbi + c§5b§,
0 = (0)(0) + (0)(0) + (0)(0) + (0)b3 + (0)b2,
0=0.

When (i,7) = (3,4)

0= C:%Ab? + 052’,4[?3 + C§4b:55 + C§4bi + 034527
0 = (0)(0) + (0)(0) + (1)(0) + (0)b3 + (0)b2,
0=0.

When (i,7) = (3,5)

0= C§5b? + C§5bg + C§5b:5a + Césbi + c§5bg,
0 = (1)(0) + (0)(0) + (0)(0) + (0)b3 + (0)b2,
0=0.

When (i, /) = (4,5)

0= Ci&sb? + Ci5bg + 04315[’:5’, + Citsbi + Cisbgv
0 = (0)(0) + (0)(0) + (0)(0) + (0)b3 + (0)b2,
0=0.

Forn =2
iy = 0, (I,m) # (2,4), (4,2).

The constraints reduce to

2 1274 2 7412 _ k12
C34b; bj + ciab; bj = Cijbk’

(2)b7b; + (—2)b;b5 = cbi + c3b3 + ¢33 + cib; + b3
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When (7, 5) = (1,2)

(20533 + (~2)bIB] = clab? + b + bl + clab? + b,
(2)B3(0) + (~2)(0)83 = (0)8 + (0)83 + (0)83 + (083 + (0)2,
0=0.
When (i,7) = (1,3)

(2)b7b5 + (—2)b1b5 = c15b] + c13b3 + ci3b3 + cisby + c15b3,
(2)67(0) + (—=2)(0)b3 = (0)b7 + (0)b3 + (0)b3 + (0)b3 + (0)bz,
0=0.
When (4,7) = (1,4)

(2)b7by + (—2)bib3 = 1] + b + 405 + cp,bt + €43,
(2)b7b1 + (—2)(0)b7 = (1)bT + (0)b5 + (0)b3 + (0)b7 + (0)b3,
W20 — b2,

When (7, 75) = (1,5)

(2)b3b5 + (=2)b1b2 = ci5bT + ci5b3 + cisbs + ci5b] + 3503,
(2)b7bs + (—2)(0)b2 = (0)b] + (0)b5 + (—1)b5 4 (0)b7 + (0)b3,
22— 2.
When (4,7) = (2,3)
(2)b3bs + (—2)bybs = ca3bT + c33b) + C33b3 + Ca3b] + 3302,
(2)b3(0) 4+ (=2)(0)b3 = (0)b7 + (0)b3 + (0)b5 + (0)b3 + (0)3,
0=0.
When (i,7) = (2,4)

(2)b3by + (—2)b3b] = cbT + 3,03 + 3405 + c3,b7 + 3,02,
(2)b3by + (—2)(0)b = (0)b7 + (2)b3 + (0)b3 + (0)b3 + (0)b2,
b2bt = b2
2Y4 2°
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When (i, j) = (2.5)
(2)b3bs + (—2)bybs = 357 + c35b3 + 35b3 + asby + 3503,
(2)b3bs + (—2)(0)b2 = (0)b7 + (0)b5 4 (0)b3 + (0)b3 + (0)b2,
b3bs = 0.
When (i, j) = (3,4)
(2)b3b; + (—2)b3bi = c3,b7 + c3yby + 3,05 + caub7 + 3,02,
(2)b3b3 + (=2)(0)b3 = (0)b7 + (0)b5 + (1)b3 + (0)b5 + (0)b2,
2b3b; = b3.
When (i,7) = (3,5)
(2)b3bs + (—2)bgb3 = c35b7 + 3503 + 3505 + cs5b] + 3503,
(2)b3bs + (—2)(0)bz = (1)b3 + (0)b3 + (0)b3 + (0)b3 + (0)bZ,
203bs = b3
When (i,7) = (4,5)
(2)b3bs + (—=2)b3b3 = ci5b] + isbh + cisbs + cisbt + b3,
(2)b3bs + (—2)b3bz = (0)b7 + (0)b3 + (0)b5 + (0)bF + (0)b3,
b2b4 — b4b2
405 405

Forn=1
., =0, (I,m) # (1,4),(4,1),(3,5), (5, 3).

The constraints reduce to

1174 o 1 g4z1 | 1 33;5 13573 _ kol
C14b; b; + €41 b;05 + 350707 + 530707 = by,

(1)b}b] + (—=1)bi} + (1)bL] + (—1)bJb? = cfb} + by + by + cib) + ¢f;bs.

When (i, j) = (1,2)

(1)biby + (—1)biby + (1)b765 + (—1)bTb5 = ciyby + obh + ciybs + ciyby + cTybs,
(1)b1(0) + (—=1)(0)bg + (1)b7(0) + (—1)(0)b3 = (0)by + (0)by + (0)by + (0)b) + (0)bs,
0=0.
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When (i, j) = (1,3)
(1)bibs + (—1)biby + (1)b705 + (—1)bTb3 = ci5by + ci3bh + ci3bs + cisby + cl3bs,
(1)b1(0) 4 (=1)(0)b3 + (1)b3(0) 4+ (—1)(0)b5 = (0)b + (0)by + (0)bg + (0)b] + (0)bs,
0=0.
When (i, j) = (1,4)
(1)byb} + (—1)byby + (1)b3b] + (—1)bTb3 = ciyby + 3405 + €403 + ciuby + 34b3,
(1)brby + (—=1)(0)by + (1)b365 + (—1)(0)b5 = (1)by + (0)bs + (0)bs + (0)by + (0)bs,
byby + bib3 = by.
When (i, j) = (1,5)
(1)bibs + (—1)bibs + (1)b562 + (—1)bTbE = ci5by + cisbh + ci5bs + cisby + cIsbs,
(1)bybs + (—=1)(0)bs + (1)b3b2 + (—1)(0)b2 = (0)by + (0)by 4 (—1)bg + (0)b} + (0)bs,
bibs + 362 = —bs.
When (i, j) = (2,3)
(1)bgb3 + (—1)byby + (1)b3b5 + (—1)b3bs = casby + c3bh + C35bh + Ca3by + Ch3bs,
(1)b3(0) + (—1)(0)b3 + (1)b3(0) + (—1)(0)b3 = (0)by + (0)by + (0)by + (0)b) + (0)bs,
0=0.
When (i,5) = (2,4)
(1)byby + (—1)byby + (1)b3b3 + (—1)b3b3 = cyuby + 34bh + c3,b3 + cauby + 3405,
(1)byby + (—=1)(0)by + (1)b3b3 + (—1)(0)b3 = (0)by + (2)by + (0)bs + (0)by + (0)bs,
bybi + b3bi = 2bs.
When (i, 5) = (2,5)
(1)bgbs + (—1)bybs + (1)b3b2 + (—1)b3b3 = casby + c5bh + Chsby + a5y + 35bs,
(1)b3bs + (—1)(0)bs + (1)b3b2 + (—1)(0)b3 = (0)b] + (0)b5 + (0)bs + (0)by + (0)bs,
bybs + b3b3 = 0.
When (i, 5) = (3,4)
(1)byby + (—1)bgby + (1)b3b3 + (—1)b3b3 = ci,by + 34b5 + c3,bs + c34by + 3405,
(1)biby + (—1)(0)by + (1)305 + (—1)(0)b = (0)by + (0)bs + (1)b3 + (0)by + (0)bs,
114 315 _ 11
bibt + b5 = bl
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When (7, j) = (3,5)
(1)bsbz + (—1)bsbs + (1)b3b2 + (—1)b3b3 = ci5by + c35b5 + C35bs + Ca5by + 3503,
(1)bbs + (—1)(0)b5 + (1)b362 + (—1)(0)b2 = (1)by + (0)bg + (0)bs + (0)by + (0)bs,
bybs + b3b2 = by.
When (i,j) = (4, 5)
(1)bybs + (—=1)bybs + (1)b3b3 + (—1)b3b3 = cisby + cisby + cisbs + cisby + cisbs,

(1)bids + (=1)bibs + (1)bi3b3 + (=1)b3b3 = (0)by + (0)bz + (0)bs + (0)b; + (0)0s,
bybs — bibs + bibE — b3b3 = 0.

Forn=3
¢ =0, (I,m) # (3,4),(4,3),(1,5), (5,1).

The constraints reduce to

3 1314 3 1413 3 3 1 k 1.3
340705 + ¢i3bib? + ¢l5bib) + 2, b)b = by,

(B3] + (=1)b;b5 + (=1)bjb; + (1)b)b; = ci;bi + ;b3 + ;b5 + ¢i;bi + ¢5;be.
When (z,5) = (1,2)

(1)bEb3 + (—1)b1b3 + (—1)byb3 + (1)bTby = c1obf + c1ob3 + ¢3,b5 + c15b5 + 3,03,

(1)B3(0) + (—1)(0)b3 4+ (—1)b1(0) + (1)(0)by = (0)bi + (0)b3 + (0)b5 + (0)b3 + (0)b2,
0=0.

When (i,7) = (1, 3)

(1)bibs + (—1)b1b5 + (—1)b1b3 + (1)b7bs = c5b} + cT3b3 + ci3bs + cisb] + cJ3b,

(1)b3(0) + (—1)(0)b5 4+ (—1)by(0) + (1)(0)b = (0)bF + (0)b3 + (0)b5 + (0)b3 + (0)b2,
0=0.

When (7,7) = (1,4)

(1)biby + (—1)b1b5 + (—1)byb + (1)bTby = c1,b} + 3405 + ¢3,b3 + c1,b5 + T30,
(1)bb3 + (—1)(0)b3 + (—1)b1b] + (1)(0)by = (1)b5 + (0)b3 + (0)b3 + (0)b3 + (0)b2,
b3b4 o b1b5 — bS
1Y4 14 1
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When (4,7) = (1,5)
(16302 + (—1)b
_ b b3—|— . 1
3 s+ (—=1)b B 5
(1)()1[);1 + (_1)<O)b3 i (_1 ;)1155 + (1)b1bé = 6%51):% + C% b3 4 3 13 4
’ )bib3 + (1)(0)by = (0)b} + <05>§3 Cisbs + cisbi + cish
3 1 +(=1)b3 ’
When (i, ) = (2,3) bibs — bibs = —bi. 2 (210 (O)bi -+ (O,
(1)bgb§ —{—( 1) 4
—1)b3% + (—1)bLb3
E(0) + (— 273 )bb3 4+ (1)b3bL = ¢}
)B3(0) + (—1)(0)b3 + (~1)b3(0 (1)b305 = casbi + b + bl + b
L(0) + (1)(0)bE = (0)b3 2303 + Cozbid + 5303
)b; = (0)b + (0)b3 + (0)03 e i
When (4,7) = (2,4) 0=0. 3+ ()b + (0)85,
(1)[)3()3 + (_1) 4
bAD3 + (—1)b
3 2Y4 ( 1)b b5 511
(1)b2b3 + <_1)<O)bi I (_1 b1254 + (1)b2b4 = Cé4b:{’ + C% b3 + C3 b3 4
SR I M W
374 0 7
When (i, j) = (2.5) b3bi — b3} = 205, 2+ (0)bs + (08 + (0)bs,
16 4 (1!
—1)b33 + (—=1)b}
3 2Y5 ( 1)b b5 511
(1)b3b2 4 (—1)(0)b2 + (—1 51255 + (1)b5bs = cy5b? + cosbs + casb3 + 5
e (B + (DO — O+ (O + (0 s sl + sl
3 + (0 7
When (i, ) = (3,4) bybs — bybs = 0. 2 (0)bs + (0)0; + ()b,
D + (1)
—1)b3b3 + (—=1)bk
314 3Y4 ( 1)b b5 511
T ARSI (B M B
) 3b4 + (1)(0)[)}1 — (O)bi’ . (0)[)23 N 34 33"— 63462 + Cg4b§
3 1 ’
When (i,) = (3,5) b3t — b3, = b, 2+ (D)8 + (0)b4 + (0)85,
(1)b3bs + ( 1)’4,
—1)b3b3 + (—1)bib2
Dbdht 375 YOAbE + (1)B3bE =
(1)b5b5 + (—1)(O)bg + (_1)61255 (1)b5b5 = C§5b:f + C§5b3 T+l 4 13
305 + (1)(0)bs = (1)b7 + (0)623+ o ' C35bi + €350,
3
When (4,7) = (4,5) bsbs — bsb3 = by >+ (005 + ()0 + (0)0,
(1)62[)%1 —|—( 1) 47
—1)bib + (—1)bL02
b
(I (O I (Ul ek
Wy )bibs + (1)bib; = (0)by + (31;23 Ci5b3 + €isb3 + cisbs
— 3 1 3 !
103 — bibd — bib3 + biby = 0. 3+ (0)85 + (085 + (0)B5,
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The system of nonlinear constraints simplifies as

0= b‘f, (4a) b%bi + bi’bi = b%, (la)
0= b3, (4b)  blb: + 0362 = —bi, (1b)

0 = bj, (4c)  bib + b3S = 2b3, (1c)
bybs + bab = 0, (1d)

0=10, (5a)  bsby + b3bS = b, (1e)

0 =03, (5b)  bzbs + b3b2 = b, (1f)

0 = b3, (5¢)  bybs + bib2 = biby + b3b, (19)
20%b1 = b, (2a)  b3b} — bib3 = b3, (3a)
202bF = —12, (2b)  bbs — biby = —bi, (30)
bab: = b3, (2c)  b3b; — bib; = 203, (3¢)
bsbs = 0, (2d) b3bs — bybs = 0, (3d)
20203 = b2, (2¢)  b3b; — bib} = b3, (3e)
203b5 = b}, (2f)  b3b5 — byb3 = by, (3/)
bib; = bib3, (29) Dby — byb3 = b3by — bsb3. (39)

So far we have been able to simplyfy B = (b!) as

BB 00
Blob2 b3 0 0
B=|bl 2 b 0 0

by bi bi by b
bs b3 by b5 b

Now we separate the matrices B according to b2 = 0 or b2 # 0 and simplify
the above system further for both cases.

When b2 =0

When b2 = 0 both b} and b3 cannot be simultaneously zero because B is a
nonsingular matrix. That is (b3)% + (b3)% # 0.
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Multiplying (1c) with b} and (3¢) with b3 and adding the two equations we
conclude that bj = 2. Likewise from (1d) and (3d) we conclude that b3 = 0.
By substituting the values of b} and b3 in the respective equations we further

conclude that

b2 =0,
b3 =0,
b2 =0,

o =,
0 = b,
b3b5 = 0,
b3b: = 0,
b3by = —bs,
b3b3 = by,

bibe = 2b: + b3bY,

Simplifying further we obtain

b =0,
by =0,
bi =0,
b3 =0,

b3b; = 0,
b3b: =0,
bib2 = 2bs + b3b],

So B = (b}) simplyfies as

0O 0 O
o0 b
B=10 0 0
B2 b
o0 b

SN O OO

o O O

bib; = b1,
b1b3 = b3,
bib = 0,
bybs = 0,
b3b; = b3,
040 = b,

Bl = 288 — bK.

byb] = 0,
byb: = 0,
—bib2 = 203 — blb3.

These are clearly singular matrices. We discard all such matrices because
they do not correspond to any automorphism of the Lie algebra.
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When b2 # 0

When 03 # 0 (2¢) implies b} = 1 and (2d) implies b; = 0. By substituting
the values of b} and b3 in the respective equations we further conclude that

b =0, bib; =0,

b; = 0, b1bE = b3,

b; =0, —byb = b3,
byb3 = 0,

bib; = 0, bsb; = 0,

i3 = ~bi, 04t = b}

b3b; = by, —b3 — byb3 + b} = 0.

b3bs = 0,

b3b; = 0,

b3 = b,

—bs + b3b2 — bib) = 0,

Simplifying further we obtain

by =0, bib; = 0,

by =0, bibs = b3,
bib; = 0,

v3bE =0, —b3b2 = b3,

V302 = —bs, —b3 — byb2 + bib = 0.

bib = 0,

bsbs = by,

—bs + b3b2 — bib] = 0,

It should be noted that any nonzero value of b will make b} = b3 = 0 and
bi = b3 = 0 thereby causing B to be singular. Therefore b = 0. Now b2
must be nonzero. Following a similar line of argument we further conclude
that b2 + 1.

79



So B = (b}) simplyfies as

0 b 0

by b b

oy
I
)
W
=)
<
ww
o= O OO

with further conditions

j=y

U1 Ut

b — —b,

bbs = by,

—bt + b3bE = 0,

bibs = b,

b+ b = 0.

b #£0, b=+l

4.1.5 Inequivalent Symmetries

We recall from Theorem (2.3.6) that

and
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}

Calculating matrices C(j)

_ _ coocoo - _|_
cocoocoo coocooo ————————1 e
cocoocoo co oo o
cocoocoo cocoocooo ce<
i
cocoocoo
cococo - oo ocoo R Too
OO —+H O O _
cooc oo o cCoooe
coo o oN o oo o o o
— —
coof o cococoo =299 — 0 o oo oo
| I I I Il
—~ - ~ = i
— N Qb = 2
= o &0 ~ N—
S O © C C
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Calculating matrices A(j, €)

A(Le) =T +eC(1) +0,

} .

1
A2,6) =T +eC(2) +0,

1 0000
0 1000
A(l,e=1]0 01 0 0
— 0010
0 0 €0

A(3,e) =T+¢€C(3)+0,

0 0 00

1
0
0

0 00

1
0

0 O

10

—€
— 0 0 01

0 00

626

A(3,€) =

because C'(4) is a digonal matrix.
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Ccos €

o= O OO
_ o O O O

0

1
A(5,€) = |sine 0 cose

0

0

because C'(5) is a skew symmetric matrix. The details are following.

We show that

A(5,€) = e“®) = I 4 (sine)C(5) + (1 — cose)(C(5))%

It can be proved by induction that
(CE)™ = (=1)"C(5), (C(B)™ = (-1)"C(H)"
Now

A(5,€) =€)

oo
62m—i—1

S m(()@)W+1 +> é:)! (C(5))*™"

m=0

2m—+1 © 62m

=13 G O + Y )
= I + (sine) C(5) + (1 — cose) (C(5))>.

We substitute C'(5) and (C(5))? in the final equation and get A(5,€).
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Now we calculate the inequivalent matrices

bl 0 2 0 0] [1 O
0 B 0 0 0|0 1
BA(2,e)= b} 0 b 0 0[]0 O
by b2 b7 1 0] |0 —2¢
_bé 0 o 0 2|0 0
B0 0 0
0 ¥ 00 0
— [t 0 o0 o0
bl bi—2¢ b3 1 0
b 0 b2 0 b3
Choosing € = €, = b3,
2 2 2 Lo
SO ‘
bl 0 0 0 0
0 00 0
BA@Z,&)= b} 0 5 0 0
Lo B 10
bi 0 b2 0 b2
Now
b0 B0 0] 1
0 00 0|0
BA(2,e2)A(1,e) = |b} 0 b3 0 0 0
bl 0 b3 1 0 |—¢
b5 0 b3 0 B2 |0
[ 0 b? 0
0 b 0 0
= b 0 bs 0
bij—¢ 0 b3 1
b 0 b3 +Dbie O
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Choosing € = €; = b},
bl —e=0b—e =b; — b} =0,

b3 + ble = b3 + bley = b} + blb; =0,

SO
bl 0 2 0 0
0 b 0 0 0
BA(2,63)A(1,e;) = |b 0 b3 0 0
0 0 b 1 0
B0 0 0 b
Now
B0 b0 0] 1
0 00 0|0
BA(2,62)A(1,€1)A(3,e) = [bi 0 b3 0 0 0
0 06 1 0]o0
b5 0 0 0 B2 |—e
[ bl 0o B 0
0 by 0 0
= b 0 b 0
0 0 bi—e€ 1
Bl—e 0 0 0

Choosing € = €3 = b3,
b —e=0b]—e3 =03 — b3 =0,

b bBe = bl — e = b — b33 = 0,

SO
B0 B0
0 62 0 0
BA(Z,EQ)A(]_,Gl)A(3,€3): bé 0 bg 0
0 0 0 1
0 0 0 0
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Now

(bl 0 b 0 0] [cose 0 —sine 0
0@ o0o0o0/lo 1 0 o0
BA(2,6)A(1,€1)A(3,€3)A(5,€) = [b1 0 b3 0 0| |sine 0 cose 0
0 0 0 1 O 0 O 0 1
(00 0 0 b2 0 O 0 0

(b cose+bisine 0 —bisine+ b3 cose
0 b3 0

= |bicose+bisine 0 —blsine+ b3cose

0 0 0
i 0 0 0
Choosing € = €5 = 7,
SO
Mbl+b3 —bi+b3 7]
% 0 o 0.0
0 0 0 0
BA(2,e3)A(1,€1)A(3,€3)A(5, €5) = bé\g’g 0 —b\%,/;bg 0 0
0 0 0 10
| 0 0 0 0 2]
We know

bi+0f _ (—b§+b§)b5
V2 V2 )
—bi+07 _ _(b§+b§)b5

V2 V2 )7
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So we have

[ [ —bit03 bl+b
()t 0 (%
0 b2 0
BA(2,€)A(L,€1)A(3,€3)A(5, 65) = bi-+b 0 bt
V2 V2
0 0 0
| 0 0 0
Now
BA(2762)A(17€1)A(3763)A<5765>A(476)
(—b\%};bg’,)bg 0 _(bé\—/gbg)bg 0 0 e 0 0
2e
0 b2 0 0o of |0 ¢ 0
= bL+b3 0 —bl+b3 0 ol |0 O €
V2 V2 0 0 O
0 0 0 1 0 0 0 0
L0 0 0 0 b
[ bl 453 . bl b3 ‘ i
(% et 0 — %)bge 0 0
0 ble2 0 0 0
= 1 1
bs\;;’g et 0 *b\s/g b3 € 0 0
0 0 0 1 0
I 0 0 0 0 b2
Choosinge:q:lnﬁ,
SO
VA
(\/2Ib§|)b5 0
0 b
2
BA(2,e2)A(1, 1) A3, e5) A5, e5) A4, e4) = |y "’5'
V2163
0 0
0 0
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Let B = BA(2,e)A(1,€1)A(3,€3)A(5, €5)A(4, €4).

These are the required inequivalent matrices.

4.1.6 Solution of the System of Determining Equations

Following is the system of determining equations with the inequivalent ma-
trices calculated in the previous section.

) [ —b3+b3 \ 15 [ b34b3 5 i
Xi¢ Xif Xy ( 2|bg>b5 0 ( 2|bg|)b5 %m0 o
A~ A bg

XQQE thA quf - 0 e 0 0 0 0 1 (1)

X3z Xgl Xgi| = bl +b3 0 bl 103 0 0 0 0

Xy X4§ Xyt 2 b2 2 b2 T 2t u

X5z X5t Xs5i 0 0 0 1 0 u 0 -2
i 0 0 0 0 b2

A TE A A AT

Xy XltA X1t 23] ) ° 2003 ) °

Xod Xot Xy 0 % 0

X3 thA X3 | = bl+b3 0 —bL4b3

X4i’ X4t X47jb 2 |b3] R 2 |b2]

X:i Xst Xsa & 2t i
R 0 -0z |

Now we solve the above system of determining equations and seek a solution
of the form
(2,6, 0) = (&(x,t,u), H(x,t,u), a(z,t,u)).

We have
Xt =0,
ot
G
t= A(t,u)
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We also have

So

Now

But we also have

So

X4t =0,
ou
(9_7? _ 0A(t,u) 0
ou  ou
A(t,u) = A(t),
t=A(t)
R b2
Xot = =,
s
ot _ by
ot |b§|’
b2
Alt) = =,
|63
b2
Alt) = 2t +a,
03]
;b3
t=—t+c.
B3
Xyt = 2t,
ot ot .
b2 b2
2t<—2> _ 21&(—2) 42,
03] 163 '
0= Cy.
R
t = —t.
03]



Also, t just obtained satisfies

9 /12
uz (3

X5t =0,

ot ot 0
U — T =

ox ou ’

2
)2 (B =

0=
Next we have
XQU: R
o _
ot
U= B(z,u)
We also have
o b+ b3
3U = ——F———,
V2|3
ot —by+ b3
Ou /263
OB(z,u)  —by+bj
du V2103
—bL+ 03
Bl = (T Jut ca)
2 |03
71 3
o ( b3+63>u—|—0($)
2 (03]
But we also have
1 3
Xla:—(b3+b3)bg,
V2 |3]
ot b4+ b3\ -
v € b2,
01 21|



Now

a:(— (b§+b3
V2 03]
So

Next we have

We also have

3)@>+u(

2 b3
bl+b3
C —( =2 3)b5x—|—c
(x) (2%5 :
_pl 3 1 3
a:( %+%)u—(%+%>gx+@
2103 2 (03]
X4'LAL:1?L,

@ -+ Qt@ + @
Yor Tt T ou

u,
H+§) ( H+ﬁ) <@+@)5
— u — b5$+02,
V2103 V2103 V2 |02

X <—@—k@> (b1+b3)
U=|—|u— b2 x
V2 |3 V2 |3

ETNCTE )

ou QWV




But we also have

—bl + b3
X,i = —3+23)b§,

V2 [b3]
or —b§+b§)b5
or — \ 20 )

b§+b§) (—b§+b§) 5
T = U+ b2 x + c3
( 2 |63 V2 |b3]
Now
X4£i'—£l§',
T oz or .
T+ 2%— +u— =1,

_pl 3 bl b3 bl b3 _bl b3
x(—b3 +2bg)b§+u( 3 7 23) — (B ;)u—ir (—3 +23)b§x+03,
V2 |63 2 |b3] 2 |3 V2 163

So

X3 = b,
0T 0z
e X0

Yor  Tou "
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u(—b§+b§>b5_x<b§+b§
V2R )
u(—b§+b§>b5_x<b§+b§

NACIAS

X5 = — b3,
o o1
N e Y
u&v x@u >
1

b§+b§) 5 (—b§+b§) 5
ul — by) —z| —— | = —b;
( (\/2|b§| > V2163 (
N RN e Tl AT ol R Gl Tl AN
u = |bs — = — | =—b; = Ju = | (b3)" x,
V23] V23] 2 [bg] 2 b3
0=0.

Since (b2)* = (£1)* = 1.

Both equations are satisfied.

Therefore, the general solution of the system of determining equations is

b§+b§) (—b§,+b§) 5
T = u+ [ ——= b2 x
( 2163 V2l )
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4.1.7 Symmetry Condition

To apply the symmetry condition we find

—b3+b3 o bi+bE N5
oi a<<\/2|b§>“ (\/2b§|>b5 2)
o (i t)
[b3]  (=bs +b5) Ou

A

o () ())
© o) ()

C(=by+ b3) %% — (bl + b3)b
(DL B2+ (—bL + B3)D

\/\_/

9 ( (—b3+b3) 2% — (b} +b3)b3 )
(b3+b3) Z% +(—bL+b3)b3

ou_ 0
02 0k

%> N bi+b3 —bi+b3 \ 15
0((@)“* (m )
(V2103 (5 + b2 — (b} + b3)? ) 03 %
(64 4+ 832 + (~b3 +52)0%)

So
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is
B8 (b4 +8) du _
V2R B o
| <<\/2 8) ( (=5 + )2 — (b} + b3)?
)2

2u
bgg?)
(—b1+b3 %—(bl—i—b?’)bf’ w 3 .
L ((béjbé)gg—;a+(—bz+b§)b§ <<b:’1> +b3) 5% + (=03 + b§)b§>

N—

If the symmetry condition is to be satisfied, (b3+03) = 0 and b3 # 0 otherwise
the transformed equation will have g—;‘ and % terms in it.

After simplification we have

ou 1

o (m)Q (2(b§)2

oz

b3 ) 0*u
Ox?

Therefore, must be equal to 1. So

b3
2057
b5
|b5]

b3
bw, t, —u).

(z,t,7) = (
|03

Since b2 +1, these are essentially four symmetries one of which is the identity.

Therefore, the only discrete symmetries of the Nonlinear Filtration Equation
up to equivalence are

I'po (i’,f,ﬁ) =(z,t, —u),

This result is exhaustive. If I'p; is any discrete symmetry from the above
three, then any other discrete symmetry, I'p, of the Nonlinear Filtration
Equation can be obtained as

FD = GEXFDi.
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For example, if we choose X = X, and ¢ = 1, then, e*'I'p; gives us

X could be any infinitesimal generator from the Lie Algebra, £, of infinites-
imal generators of (one-parameter) Lie groups of point symmetries of the
equation.

Some other examples

e®Tpy  (#,1,0) = ((—x) cose + (—u)sine, (), —(—x)sine + (—u) cose)

= (—xcose —usine, t, rsine — ucose).
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4.2 Related Exact Solutions

Any exact solution of a differential equation can be examined for new ex-
act solutions using discrete symmetries of the differential equation. In this
section it has been attempted to find the group invariant solutions of the
NLF equation due to the groups generated by X;, the basis generators. The
group invariant solutions will then be transformed using the discrete symme-
tries obtained in the last section.

Solutions invariant under the group G, generated by

0 0 0
X:§%+T§+7}%,
satisfy the PDE
TR TR
R T

For X,

0) -t~ % =0
ou
or
u(z,t) = F(t).

This solution will now be substituted in NLF equation to determine F'. Since

ou , ou 0?u
a0 =0 =0
we have
F'(t) =0,
F(t) =c,
u(z,t) =c

It is trivial to transform u = c.
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For X,

(0) = (0)5" ~ ()5 =0,
ou
o =V
u(z,t) = F(x).

We now substitute this solution in NLF equation to determine F.

ou ou , 0%u
E—Oy %—F(m)a 92

Substituting in NLF equation, we obtain

= F"(x).

0=F"(zx),
F"(z) = c1x + 9,

u(z,t) = 1z + co.

Trying all discrete symmetries of the form e“XiI'p; shows, that atleast such
symmetries do not transform the above two parameter family of solutions to
any new family of solutions.

For instance, using

e*I'py  (2,,0) = (—wcose —usine, t, xsine — ucose),

we obtain

(—%sine — tcose) = ¢y (—T cose+ usine) + cy.

Removing carets and rearranging

€1 COS€ —sine Co

U = - T — - .
COS€ + C1sine COS€ + cypsine
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For X5

1) -0~ % =0

1=0.

Therefore, no group invariant solutions due to Xj.

For X4
E=x, T=2t, n=u
ou ou
()~ (2) 5 — (20) 50 =0,
ou 2758“—
xf)x ot .
do_dt _du
x 2 u’
dr _dt
r 2t
Ly
Vi
Likewise
U
V= —

General solution

v=F(r),

u= \/tF(\/t)

This solution will now be substituted in NLF equation to determine F'.
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Since

02 1 0 1
%:F r, 24 ), 2 —LF/(T),

o U0 e = A0 = s a0 5y

we have

2F"(r) = F(r) —rF'(r) + (F’(T))ZF(T) - r(F'(r))S.

This is a second order nonlinear ODE for F', which appears to be very diffi-
cult to solve, if at all possible.

For X5

and

General solution

v = F(r),
u? +2° = F(t),
u=++/F(t) — 22

We now substitute this solution in NLF equation to determine F'.
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ou 1
ot 2\/F(t) — a2

@ B —x
r  \JF(t)— 22’
0*u —F(t)

ox  (F(t) — 22)\/F(t) — 2%

Substituting in NLF equation, we obtain

F(t)=—-2t+c
So
u(z,t) = — 2t — 22,
and

u(x,t) = —/cg — 2t — 2.

These solutions can now be transformed using discrete symmetries to obtain
more solutions of the NLF equation.

For instance, using

eEX1FD1 (i‘ﬂ?a ﬁ) = (—QZ’ + € t? —U),

u(z,t) =g — 2t — 22,

to transform

we obtain a two parameter family of solutions

(=) = \Jer — 2 — (=i + )2

Removing carets and rearranging, we have

u=—\/c, =2t —(x—¢€)?.
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Summary

Peter H. Hydon’s method calculates discrete symmetries of differential equa-
tions, having a finite dimensional Lie algebra of infinitesimal generators of
its (one-parameter) Lie groups of point symmetries. His method is based
on the observation that every point symmetry yields an automorphism of
the Lie algebra of the Lie point symmetry generators. The method not only
results in an easier system of determining equations, uncoupled, but it is also
exhaustive, that is, all discrete symmetries are obtained.

The method in its basic form has two stages, solving the system of deter-
mining equations and application of symmetry condition on the solution of
this system.

Little improvements in the method can be made when the Lie algebra of
Lie point symmetry generators is abelian. In this case we can use canonical
coordinates. This way at least one generator in the basis is simplified.

Two further improvements can be made when the Lie algebra of Lie point
symmetry generators is non-abelian, the use of the nonlinear constraints and
solving the system of determining equations for only the inequivalent matrices
B. Although these two improvements are theoretically independent of each
other but they are almost always employed simultaneously.

All the discrete symmetries of KAV and NLF equations are calculated. As
an immediate application of discrete symmetries, group invariant solutions
of the equations, corresponding to the basis vectors of the Lie algebra, are
investigated for further solutions under transformations due to the discrete
symmetries.
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Appendix

This appendix discusses some prerequisite definitions and concepts.

Group

A group G is a set of elements with a binary operation ¢ on G such that
the following conditions are satisfied

(1) ¢(a,b) € G, for all a,b € G.
(2) ¢(a, p(b,c)) = ¢(p(a,b),c), for all a,b,c € G.

(3) There exists a unique element e € G such that,
o(e,a) = ¢(a,e) = a, for all a € G.

(4) For every a € G there exist a unique a~! € G such that,

é(ata) = ¢(a,a™) =e.

A group is abelian if ¢(a,b) = ¢(b, a), for all a,b € G.

Topological Space

A topological space is a pair (S,T) where S is a set and T is a class of
subsets of S such that

(1) S and 0 belong to T

(2) The union of any number of sets in 7" belongs to 7.
(3) The intersection of any two sets in 7" belongs to T'.

103



T is called a topology on S and elements of T are called open sets. A
collection B of open sets of S is a basis for the topology of S if every open
set is the union of sets of B. If S has a countable basis it is said to be second
countable.

A topological space is a Hausdorff space if any two distinct points have
disjoint open neighbourhoods.

Let A and B be topological spaces. A map f : A — B is continuous
if the inverse image of any open set in B is an open set in A. The map f is
a homeomorphism if it is bijective and both f and f~! are continuous, in
which case U C A is open if and only if f(U) C B is open.

Manifold

An n-dimensional topological manifold is a Hausdorff space M with a
countible basis such that every point p € M has a open neighbourhood U
which is homeomorphic with an open subset of R".

A chart for a topological manifold is the pair (U, h), where U is an open
subset of M and h : U — V is a homeomorphism, with V' open in R".

An atlas on an n-dimensional topological manifold is a collection of charts
{(Ua, hqa) : a € I}, where I is a countable index set, such that M = J,; Ua.

An n-dimensional smooth manifold M is an n-dimensional topological
manifold which satisfy the following conditions

(1) There exists an atlas on M.

(2) On the overlap of any pair of charts U, N Up the following composite
map is smooth,

h/g o h;l : ha(Ua N Ug) — hﬁ(Ua N Uﬁ)
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