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Abstract

In this dissertation, heat transfer and entropy of an unsteady non-Newtonian Maxwell
nanofluid flow is studied. The fluid is positioned over a flat stretching sheet being
stretched with non-uniform velocity. The study of nanofluid flow and heat transfer
is presented under the influence of partial slip and convective boundary conditions.
The effects of thermal radiation and viscous dissipation along with magnetohydro-
dynamics are considered. The governing partial differential equations for current
model are obtained by using boundary layer approximations, reduced into ordinary
differential equations using similarity transformation and then the numerical results
of ordinary differential equations are computed for Copper water and Titanium wa-
ter nanofluids by using Keller box method. The effects of various governing flow
parameters on fluid movement, temperature difference, entropy of system, skin fric-

tion and nusselt number near the boundary are discussed.
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Chapter 1

Introduction

The study of nanofluid flow and heat transfer has gained importance in current era
due to its significant importance in engineering applications. Nanofluids are used
in many processes, nanofluids act as coolant in many industrial cooling applications
and used in oil extraction process, computer processors, thermal solar collectors,
radiator etc. Nanofluids are obtained by the dispersion of nanoparticles in base fluid.
Nanofluids enhanced the heat transfer characteristics of ordinary fluids. Choi and
Eastman [1]- [3] at first introduce the idea of dispersion of nanoparticles in base fluid
to enhance the thermal conductivity. Different materials such as metals (Al; Cu),
carbides (S;C') or oxides (Al2Os) are used as nanoparticles and usually a conductive
fluid such as water and ethylene glycol is used as a base fluid. Experimental study
revealed that the thermal conductivity of nanofluids varies as concentration, size,
shape and material of the nanoparticles changes (Lomascolo et al. [4]). Enhancement
of thermal conductivity is in fact based on nanoparticles but the enhancement and
effectiveness of heat transfer depends upon the material type and shape of particles

dispersed.



The study of nanofluids over stretching surface is an interesting part of dis-
cussion. The idea of boundary layer flow over a stretching surface was initiated
by Sakiadis [5]. The study of natural convective flow has been receiving a great
attention in recent years based on various applications in many fields of engineer-
ing including cooling devices, thermoelastic damping, thermal flow in boiler tubes
etc. The connection of normal convection with thermal radiation is expanded in-
credibly in the most recent decade because of its significance in numerous handy
contributions. Thermal radiation perform a vital role in nuclear power plants, aero-
thermodynamics and furnace operations. The analysis of effects of heat absorption
and generation is very important in cooling processes. Navier-Stokes equations are
used to study Newtonian fluids but some of the fluids in the industry have different
rheological properties like toothpaste, paint, alloys etc. It is important to mention
here that some practical applications where the significant temperature distribution
between the surface of the body and the temperature at infinity exists. There may
be some buoyancy forces due to natural convection and the heat transfer distribu-
tion determined by two setups namely, the movement of stretching sheet and the
gravitational effects. The thermal buoyancy is produced due to the heating cooling
of a vertical movement of stretching sheet that has large influence on the flow and
heat transfer mechanism.

An unsteady MHD flow, heat and mass transfer over a horizontal stretching sheet
in the presence of heat generation/absorption was discussed by Mukhopadhyay [6].
By applying the uniform stress, the sheet bears an incompressible flow which was
first studied by Crane [7]. Ishak et al. [8] discussed the MHD flow through a stretched
sheet by using the Keller box method. The slip effect was firstly introduced by Dor-

repaal [9]. Noghrehabadi et al. [10] investigated the effect of partial slip condition



on heat transfer rate of nanofluids over a stretching sheet. Sharma et al. [11] investi-
gated the slip effect of a C'uO- water nanofluid on heat transfer rate over stretching
sheet. Although, the effects of viscous dissipation are negligible sometimes, but its
effects are more significant when the fluid viscosity is very high. Magnetohydrody-
namics (MHD) is the sequence of Navier-stokes equations and Maxwell equations
of electromagnetism are discussed by Chakraborty et al. [12|. Entropy is a thermo-
dynamic property, it can be viewed as a measure of disorder. A. Aziz et. al [13]
examined the impact of partial slip and convective conditions on Maxwell nanofluid
over a stretching sheet by using Keller box Method. The entropy generation is corre-
lated to a heat transfer, magnetic field, viscous dissipation, heat and mass transfer.
Researchers used the second law of thermodynamics in different problems [14]- [16].

The main purpose of present analysis is to study the unsteady two-dimensional
boundary layer low of Maxwell nanofluid due to non-uniform velocity of stretching
sheet. In this reference the findings of the work done by A. Aziz et al. [13] have
been reproduced. Main fundamental partial differential equations are attained and
transformed into non-linear and coupled ordinary differential equations by using
a similarity transformation and in the end Keller box method is used to find the
numerical solution of problem. Same model is then discussed under the effect of vis-
cous dissipation and constant thermal conductivity but excluding porosity factor.
The resulting equations are again transformed by means of similarity transformation
and then solved numerically by Keller box numerical scheme. The effects of applied
magnetic field are also included in this analysis. The main aim of this analysis is to
numerically study the entropy generation thermal models of non-Newtonian nanoflu-
ids by taking convective conditions into account. Results are presented graphically

and discussed qualitatively to illustrate the solution.



This thesis comprises of five chapters. Chapter 2 contains some important def-
initions and concepts which are used in subsequent chapters. Chapter 3 presents
detailed numerical observation for two-dimensional, incompressible, laminar and un-
steady flow of reviewed work. The numerical results are obtained, compared and
found an excellent agreement with the published results of [13]. In Chapter 4, the
nanofluid motion and temperature are analyzed for unsteady laminar flow under
the effects of viscous dissipation and thermal radiation but neglecting the porosity
effects. This chapter consists of partial differential equations governing the extended
model, development of numerical solution and discussion of results. Dimensionless
velocity and temperature gradient (Skin friction coefficient and Russell numbers) are
also calculated at the boundary. Chapter 5 concludes the entire work and suggests

the possible future work.



Chapter 2

Basic definitions

This Chapter covers, some basic laws, definitions, terminologies, and some classical
methods for solving nonlinear pdes and odes would be described, which will be useful
for the understanding of the subsequent chapters. The detailed discussion on basic

law and definitions is given in [17].

2.1 Flud

Fluid is a material which has no fixed shape and easily deforms when shear stress

is applied.

2.2 Fluid flow

The random motion of a fluid is known as flow. Different flow types are given as

follows.



2.2.1 Steady flow and Unsteady flow

In steady flow, fluid’s properties does not alter with time. For such flows, one can

write

dg

= =0, 2.1
7 (2.1)
But if fluid at a particular time changes its properties is known as unsteady flow.

Then

dg

= A0, (2.2)

where t is time and ( is used to represent any fluid property.

2.2.2 Laminar flow and turbulent flow

Ordered movement of fluid particles in form of laminas or parallel smooth layers is
knowm as laminar flow. This flow usually occurs while dealing with low Reynolds
number. While in turbulent flow, the fluid particles movement is irregular and
the path lines are the erratic curves. This type of flow occurs with high Reynolds

number.

2.2.3 Compressible flow and incompressible flow

If in a fluid flow the density (p) with respect to the substance does not remains

constant is said to be a compressible flow. Mathematically, it is expressed by

Dp
D £ 0. (2.3)



But if density remains constant, is said to be an incompressible flow i.e.

Dp

— =0. 2.4

Di (2.4)
Here, % represents material derivative.

2.2.4 Uniform flow and non-uniform flow

Uniform flow has constant magnitude and direction throughout the motion of a

fuid.
av.

) 2.5
=0 (25)

Whereas in non-uniform flow, magnitude and direction changes during the motion
of a fluid.
av
— £ 2.6

where V' and s represent velocity and displacement respectively.

2.3 Stress

Stress is defined as the force (F') acting on the surface of the unit area (A) with in

the distortable body. Mathematical expression of stress is
F
= —. 2.7
r=3 (27)

where, 7 is representation of stress.



2.4 Newtonian and non-Newtonian Fluids

The fluid is said to be Newtonian fluid if the stress arising from every point of flow
is linearly proportional to the strain rate. The fluids for which the shear stress of
the fluid varies directly and linearly as the deformation rate, are called Newtonian
fluids. In other words, all those fluids which obey the Newton’s law of viscosity are

known as Newtonian fluids. Mathematically,

du

Where @ presents viscosity, 7 is the stress tensor, Z—Z denotes the deformation rate.
Fluids are said to be non-Newtonian fluids for which the shear stress is not linearly
proportional to the deformation rate. All those fluids which do not obey the New-
ton’s law of viscosity are known as non-Newtonian fluids. For non-Newtonian fluids
the relation between the shear stress and deformation rate of fluid is not linear.

Mathematically,

du|™
Tey = H [d_y} ;m# 1. (2.9)

where 11 is the apparent viscosity, m is the index of flow performance. where 7, is
the shear stress, u denotes the velocity. Gasoline and water are particular examples
of Newtonian fluids whereas toothpaste, blood, ketchup, drilling muds, biological

fluids etc are non-Newtonian fluids.

2.5 Maxwell Fluid

Maxwell model proposed by James Clerk Maxwell in 1867. A Maxwell fluid is a

viscoelastic material having the properties of both elasticity and viscosity.



2.6 Basic Equations

2.6.1 Continuity Equation

The continuity equation is based on law of conservation of mass which states that

mass never changes inside the fixed control system. Mathematically, it is defined as

ap B
o, TV (V) = 0. (2.10)

For constant density, above equation reduces into
V-V =0 (2.11)

For two-dimensional incompressible flow continuity equation has form

V-V = (@Jr@) — 0. (2.12)

2.6.2 Momentum Equation

For fluid particles, the equation of generalized linear momentum is observed from
the Newton’s second law of motion. It is stated as "The net force F' is equal to
the rate of change of linear momentum with time" . Newton’s second law can be
written as

DV
— = F} 2.1
m = . (213)



The differential equation for this flow of the fluid is known as Navier-Strokes equation
and has the form
DV

T _v. b: 2.14
Di V -7+ pb; (2.14)

where pb denotes net body force, V-7, denotes surface forces and 7, denotes Cauchy
stress tensor.
For Navier-Stokes equation

Te = —pl + pA;

where,

Ay = (gradV) + (gradV)T

D

, ; denotes the total derivative, V' denotes velocity field, p

In the above equations
denotes density, b the body forces, p is the pressure and p the dynamic viscosity.

The stress tensor 7 is expressed in the matrix form as

Ozz Tyz Tzz
Tey Oyy Ty

Tez Tyz Ozz

where oxx, oyy and ozz are normal stresses. For two-dimensional flow, we have

V = [u(z,y,0);v(x,y,0);0] and thus

dz By 0

— | dv Owv
grad V.= | & 5 0
0 0 O



Similarly, we repeat the above process for Y component as follows:

ov u@v_H}@ 10p , v v
Ox oy  poy '

o - 92 o2

Derivation of momentum equation for unsteady, non-Newtonian Maxwell nanofluid

flow is given by

pa =V -T,, (2.15)
where 7, = —pl + S, where p is pressure and S is extra stress tensor of Maxwell
fluid which satisfies the relation

pa =V (—pl + pA), (2.16)
pa=—Vpl+V - uA, (2.17)

and S + /\%f = uA satisfies the relation,

Da
Da
p [a + AE} =uV - A, (2.19)

For the velocity flow of the form ¥ = [vy(z, ), va(z,y)] and A = (V.V) + (V.V)T |

99u1 v | Ovy
ox 0 0
A= v v ’ v ’ (220)
T 2%
0? 0? 0?
(V-A), =252 4 20 2 (2.21)

ox?  Oy? + Oxdy’

11



(921)2 821)2 827)1

(V-A), = 57 +28y2 + 000y’ (2.22)

[Da, ] , 0%, 9%v, , 0%y ov \?  Ov Ovy Ovy Oy

— Q1 Vg PR (et B Pt B et

| Dt | (o) 0x? * Ulway@x—i—(?}?) 0y? U\ or e dy e oy 2
(2.23)
[ Day, | B 5 0%y D?vy  ,DPvy vy Ovy Ovy Ovy Ovy OV OV
D | ) g g e e e e W an oy 2\ By
(2.24)

Boundary layer approximation yields,

o, o, o, o , 0%y v [0%]

T Ty P e ) g p g = TS (2.25)
%2 2, %JFA[(U LA S LA S 82?’2] _ 1 [20] o0
ot Yor T oy Y o2 2 oy oyoxl T p oy |

2.6.3 Energy Equation

According to the law of conservation of energy, total energy involved in a given
closed system remains unchanged except the change of form. The equation of energy
conservation can be composed as

DT
pC

v oy =V (WVT) 4 V. (2.27)

In the above expression, C, is specific heat capacity, x is thermal conductivity and

f is surface or body force.

12

o (202
dy
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).



2.7 Heat transfer

It is a process in which thermal energy transfers due to temperature differences

between the physical systems. Different ways of heat transfer are discussed under.

2.7.1 Conduction

The flow of heat through a solid or liquid by the intersection of free electrons and
molecules is said to be conduction. In other words, the heat transfer from one body
to another due to the molecular agitation with a material without any motion of

the material as whole is called conduction. Mathematical form of the law is

q= —kA%, (2.28)

where ¢ represents heat flow rate, A is cross-sectional area, k& and % denotes the

constant of thermal conductivity and gradient of temperature respectively.

2.7.2 Convection

It is defined as heat transfer in fluids from a part with high temperature to a part

where temperature is comparatively low.

2.7.3 Radiation

The emission of energy in the form of waves or particles is known as radiation. For
example, if we place a material object ( e.g, a piece of steel) under the sun rays, after

a few moments, we observe that the material object is heated. Such phenomenon

13



takes place due to radiation. Mathematically, it can be formulated as

Q=0T (2.29)

where o, T and Q are the constant of Stephan-Boltzmann (5.670 x 10~8—1) the

m2K4

temperature and the amount of heat transfered respectively.

2.8 Thermal diffusivity

Thermal diffusivity is a material property for unsteady heat conduction. Thermal
diffusivity can be defined as the ratio of thermal conductivity to the density and
specific heat capacity at constant pressure. It tells us that how much potential
the material has for conducting thermal energy as compared to store it. Thermal

diffusivity is usually denoted by « and expressed as
a=—, (2.30)

where C), is the specific heat capacity, « is thermal conductivity of material and p

is the density.

2.9 Viscous dissipation

The process in which the work done by fluid is converted into heat is called viscous

dissipation.

14



2.10 Boundary conditions

Boundary conditions are constraints which are necessary for boundary value problem
and these must be satisfied at all or in a region in which system of differential

equations has to be solved.

2.11 Boundary layer

The idea of boundary layer was first introduced by Ludwig Prandtl . Ludwig Prandtl
gave the basic idea of the boundary layer for moving fluid over a surface [18]. Tt is the
close layer of fluid flow near solid region where the viscosity effects are significant.
The flow in this layer is usually laminar. The boundary layer thickness is the measure

of the distance apart from the surface.

2.12 Nanofluids

A special class of liquids containing nanometer-size particles is the material which
alters contained particles is called nanofluid. Nanofluid, is a term used to describe

special class of fluids in which nanometer-sized particles are dispersed in water and

base fluids.

2.13 Physical properties of nanofluid

Some of the physical parameters used in the discussion of nanofluids are mentioned

below.

15



2.13.1 Viscosity

Nanofluids viscosity defined by Brinkman [19] is given as

_ Hr
fnf = A g)es (2.31)

In the above equation, ¢ gives nanoparticle volume fraction coefficient while py¢

denotes dynamic viscosity of base fluid.

2.13.2 Density

Khanafer et al. [20] expressed the density of nanofluid as
Py = (1= P)py + Pps, (2.32)

where p; and p, represents the density of base fluid and solid nanoparticles respec-

tively.

2.13.3 Specific heat

Specific heat of nanofluid has the relation given as

(0Cp)ny = (1= ) (pCy) s + 2(pCy)s, (2.33)

where (C,)s denotes specific heat of the solid nanoparticle and (C),) s denotes specific

heat capacity of base fluid.

16



2.13.4 Thermal conductivity

It is given by Maxwell as

ks + 2ky — 20 (ky — k)

kn =k ’
P ks + 2ky + O (ks — k)

(2.34)

where kg and kf denotes thermal conductivity of both nanoparticle and base fluid.

2.14 Entropy of a system

Entropy is a function of a quantity of heat which shows the possibility of conversion
of that heat into work. Entropy is a thermodynamic property; it can be viewed as

a measure of disorder.

2.15 Dimensionless numbers

2.15.1 Skin friction coefficient

Skin friction coefficient represents the value of friction which occurs when fluid moves

across the surface. The skin friction coefficient Abel et al. [21] can be defined as

(2.35)

17



2.15.2 Nusselt number Nu

It is defined as the ratio between transfer of heat by convection (h) and heat trans-

port by conduction (k) in the direction normal to the boundary.

Nu=— 2.36
=2, (236)

L stands for characteristics length. In this thesis, we are taking Nu as

Llw

Nu, = ——————,
U (T — Too)

(2.37)

with wall heat flux ¢, as ¢, = —kpy¢ (1 + 132*;3%) <%_§>y:0

2.15.3 Eckert number Fc

Eckert number relates the kinetic energy to the enthalpy (VT) of fluid and it is used
to characterized the effect of self heating of a fluid as an outcome of heat dissipation.
It is mathematically expressed as

U2

where C), is specific heat capacity U, denotes the free stream velocity, T, is wall

temperature and T, is temperature far away from wall.

18



2.15.4 Prandtl number Pr

It gives the quantitative relation between the momentum diffusion v rate and ther-

mal diffusion « rate.

p - momentum 'diffl‘lSi.Vity v (2.39)
thermal diffusivity ay

where ay = (pgi 7 is the thermal diffusivity parameter. The relative thickness of
thermal and momentum boundary layer is controlled by Prandtal number. For small

P., heat distributed rapidly corresponds to the momentum.

2.16 Similarity transformation

Similarity transformation is a tool used in mathematics, which helps in transfor-
mation of partial differential equations, which occurs in a problem, into ordinary
differential equations. Similarity transformation reduces the number of independent
variables of partial differential equation. It can be stated in a way that it is a rule

which combines the two independent variable to get a new one.

2.17 Keller Box Method

Keller-box method was first reported by Keller in 1970. Which has become popular
for obtaining approximate solutions for boundary layer problems. This method
has second order convergence. Keller box method has been extensively applied
on laminar boundary layer flows. This method results more efficiently then other

methods. We first write the governing differential equations into a first order system.

19



After reduction of odes to first order system, domain is discretized which allows to
calculate the approximate solution over each sub domain rather then over entire
domain. To get finite difference equations with a second order truncation error,
simple backward-difference derivatives and average of the midpoints of net rectangles
are used. The resulting algebraic equations are then linearized by using Newton’s
method as Keller [22] elaborated. And, write them in matrix-vector form. A block
tridiagonal matrix is basically a tridiagonal matrix but has sub matrices in places of
scalars. It has super diagonal, diagonal and sub diagonal square matrices (blocks)
in place of upper, main and lower diagonal entries respectively. And all other blocks

are zero matrices. Finally LU decomposition is used to obtain the final result.

20



Chapter 3

Thermal and Entropy Analysis of
Maxwell Nanofluid with Slip
Conditions, Thermal Radiations and

Variable Thermal Conductivity

This chapter provides a detailed review of work presented by A. Aziz et al. [13].
The mathematical model study the flow and heat transfer characteristics of Maxwell
nanofluid over a non-uniform porous stretching surface in a uniform porous medium.
The problem is considered with partial slip and convective conditions at the sur-
face. Thermal radiation, MHD and variable thermal conductivity are also taken
into account. The governing pdes are first modeled and then reduced into a set
of odes by using suitable similarity transformations. The resulting odes are then
solved numerically by Keller box method. The features and characteristics of fluid

flow are discussed for different values of governing flow parameters. The numerical

21



computations are also performed to calculate the skin friction coefficient and the
local Nusselt number. The results are computed for Copper water and Titanium
water nanofluids.

The governing partial differential equations are presented in Section 3.1. Simi-
larity transformations and reduction of governing pdes to system of non-linear odes
are given in Section 3.2. Section 3.3 provided details of Keller box method and the
numerical computations, finally Section 3.4 comprises the discussion of numerical

results.

3.1 Mathematical model

Let us assume an incompressible non-Newtonian Maxwell nanofluid with heat trans-

fer characteristics. The two-dimensional unsteady and laminar flow is considered

ax

s where a is

over the porous stretching sheet of non-uniform velocity U, (x,t) =
an initial stretching rate with dimension [77'] and £ < 1. Insulated sheet temper-
ature is T\ (2, 1) = Tos + 1% and for convenience it is assumed to be fixed at x=0,
where T, and T, represent the temperature of wall and surroundings respectively.

Partial slip and convective conditions are also considered at the boundary. Uniform

magnetic field is applied in normal direction to the flow and strength of magnetic

field is given by B(t) = % .
The continuity, momentum, energy and entropy equations described in [17] mod-
ified for the unsteady two-dimensional Maxwell nanofluid flow under usual boundary
layer approximations along with thermal radiation and variable thermal conductiv-

ity are
% + %—1;2 =0, (3.1)
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81)1 87)1 81}1 Mn 821)1 2821]1 2321)1 821]1 O'nfBz<t>’U1 Hn U1
I TPt IOt o _ 2 _ _
ot R ox o2 Ay  pny OY? [ L ox2 T2 Oy? vt Ox0y Pnf pnfk’
(3.2)
oT oT oT 1 0 oT 1 q,
S [y PP o el Y (o .
ot "~ Vor v Ay (pC))ns [ay (Fns (1)) 8y] (PCp)ng ( Jy >’ (3:3)

5, It {(8T>2 | 160773 <8T)2} Ly (@)2 Lo B gt

72 ) \ oy 3k \ oy Ty \ 9y T Took
(3.4)
The following boundary conditions are assumed
81}1 orT
'Ul(x70>t) - Uw‘{'Wl,unf(a_y)a UQ(-T’Oat) - Vwa _H(a_y) - h’f(Tw _T)> (35)
v —0, T—T, as y— 00 . (3.6)

Here the velocity of the flow is of the form ¥ = [vy(x,y,t), va(z, y,t),0]. Time is
represented by ¢, T is a temperature of the fluid and k& denotes porosity factor. Elas-
ticity stress parameter is given by A = Ag(1 — &t) with Ay a constant. The porosity
of the stretching surface is represented by V,, and the velocity slip factor is given by

Wi = Woy/1 — &t with an initial slip value (Wo). r (T) = ks [1 +e

T-Tw |
Tw—Too] is the

variable thermal conductivity.
In non-Newtonian Maxwell nanofluid radiation only travel a short distance due to
thickness of fluid. Due to this phenomenon, Rosseland approximation for radiation

[23] is used in equation (3.3) and it is given 2= = _167%0" 92T The dimensionless

oy 3k*  Oy?

entropy generation (Ng) is given by Ng = % (See Das et al. [24]).
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3.2 Similarity Transformation

To solve the boundary value problem (BVP) (3.1) - (3.6) similarity technique is
used to transform governing partial differential equations into ordinary differential

equations. Introducing stream functions v of the form

oY o
n=g v=—gn (3.7)
and similarity variables as
B a B vra B T—T,
(3.8)

Calculating derivatives in order to determine the equations for the similarity solution

of the problem.

Letting,
0
v = a—j, (3.9)
_ O Ox
= 5By (3.10)

Differentiating w. r. t. y’,

X(:anaﬂ = \/ﬁyv (311)
ox a
oy ~\wi—ay 12
v t) =\ [ el 00 (3.13)
o _ [ va o (2%
3 = \aa o (5) 34
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oY ax

oy (1—¢t
which gives,
ax
v =
-
Now, we aim to find,
dvr a
or (1 —¢&t
Calculating vs,
oY
/l) — ——
2 8:1; )
Differentiating w. r. t. 'x’,
3_1/1 B via
or \[ (1-¢)

we get expression for vy,

_ vra
V2 = =4/ 1 —ft)f(X)'

% _ Vf& ’ <
9 i’ (x)
Ovs . a ,
Oov,  Ovg a

PSR il ) gt)g’(x) ) §t)g/(x) =0.

dvy 0 azr ,

ot ot (—(1 —§t)g (X)> )
vy ax ,
=

25

)g’(x),
9'(x).

)g’(x)-

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



dvr a ,

ovy ar a ,
Uar T d—en? (x) <<1 —&)? (x)) :

ovy a’x

oy T mglg(x),

do _arg'(x) [ a
oy~ -0\ v —&n)

ovr vra "
g =\ I gt)g(x) <aw9 (x)

a

2 ou _ a?rg(09"(x)
* 0y (1 &)

oy ovy ovy a’xg X

FU o U = Alg' + 59" +9"% gg”)} :

ot Oox dy  (1—&t)? 2

where A = g Now, solving the following term from equation (3.2).

_ 2 2
=\ |:<’Z}1) 2 + (UQ) ay2 + 21)1?)2 axay

Calculating derivatives in sequence,

vy 0 (axg”(x) a )

oy oy \(1—¢€n)\ v(1-¢&p)
vy (axg”’(x) a ) Ix
oy*  \(1—¢&t) V(1 —¢t)) oy’

0y?

82U1 B azxg///(x)
((1 - §t)2Vf> ’
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821)1 821)1 :|

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



821)1

=0, (3.37)
P [ ag”"(x) a
=l (i) (335
B ar B vra
2010y = 2 <(1 —a? (X)) ( = £Iﬁ)g(x)) : (3.39)
827}1 _ —261399,9”33
22111}2 (83:6y> = (1 _ ft)3 s (340)
2.2 12
2 _ @’z g"(x)
(Ul) - (1 _é—t)g s (341)
62’01
(v1)” (8:152) =0, (3.42)
2
2 vrag*(x)
(v2)” = 1—c) (3.43)
621] $a3 2( ) ///( )
20701 2a®g?(x)g" (x
(UQ) 8y2 - (1 — é—t)g ) (344)
0*(v1) 0*vy 0%y va’g*(x)g" (x)  2a°gg'g"x
207(U1) 2 ot | _
[ oG ] < [os R - TG
(3.45)
0% 0% 0% Aoa3x
2Y 71 2Y Y1 it S I 2 m I,
A [(U1> ooz T (v2) e +2v1v28wy} 10 (9°9" —299'9") . (3.46)
Now solving remaining terms of equation (3.2)
2 2
= /ﬁ (%U;) _ UnfB (t)vl . /’I’TLJ;€1)17 (347)
Pnf Yy Pnf Pnf
20 AN 2
_ Hnf a~rg (X) )) . UnfB (t) ( ax / ) My ( ar ’ )
() -2 (W) - o ()
(3.48)
_ e [ wig” _os®aBag g1 gt)] (3.49)
(1 —&t)? [pr®1Povy PP ps®1Paak ’
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2 2 2 " !
finf (‘9 7”2‘) _o B0 e, a9 Daye KO g
Pnf \OY Pnf Pnfk (1—=E)2 [P0, D DD,
Inserting (3.32), (3.46) and (3.50) in (3.2), yields the ODE
X n / 2 " g”/ 2 m i P, / 1 /
Al — — -2 —M Kg =0.
(29 +g>+g 99 @1@2+6(99 ggg)JrcI)2 9+ g5, K9 =0
(3.51)
Using the next transformation,
T—T,
= .52
7(x) T T, (3.52)
ax
Ty, —Tyw = 3.53
= (3:33)
ax
Y(x)——= = (T — Ty 3.54
Wy = (- T (354)
ax
T=Tw+ —7(x 3.55
T (3.55)
Differentiating above expression w. r. t. 'x’, 'y’ and 't’,
oT a
g 3.56
o (1_&)7007 (3.56)
or ar a
) = 3.57
w () = (290 g0 (357
oT ar ox
— = = 3.58
5w (5 (355
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orT

E—i_

or

’/(X),/Vf(1 —&)

dy  (1-¢)
ory\ _ ([ vsa ar a
= (5) = (VaZaw) it onte
oT Eax ar 195%
o~ —er - W (E)
oT Eax ar 1 &1
o T e Y (\/ i —aé))
8_T _ Saw Eax ')
ot (1—¢ct2 20 —en WV
oT Sax X ,
o= T (10057 00)
oT £a’x X ,
o all — ey (v(x) +57 (X))
oT a’x X
oo ét)QA (7()() +57 (X)) ,
oT oT a’r X ar
gy t g, = mfl (v(x) +357 (x)) + ((1 —)? (x))
—( (1_f§t)g(x)) a _ft)v’(x)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)




Left hand side of equation (3.3) is given by,

R

ar oT or  a’x [
ot Ox dy (1 —&t)?

Ay + gv’) +79' — 7’9] : (3.68)

Now, solving the other side of equation (3.3)

=G Lo (o [ =] (@S o me)) ] 00

~ 5o o (ol (T ams))) e

i 0] = ra ( e\ i = ) a0

(3.71)

o [ D] = s P an]), G
i Lo )] = gt g [+ Lk e], (373)
(pCi)nf {%(ﬁzf (T)g_z } B %Zi_;(l szt)? " + (L +enn] (3.74)
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*

s L9y 5y

1 0 or.] @5 1 d’x
Dy Pr(l1—¢t

E [ + (1+ev)y"],

1 [ﬁqr} B 1 —160*T3 (82T)

(pcp)nf a_y

(0Cy)uy 3K dy?

o*T
0y?

. a2l‘
) (1 =€)

(pcp>nf 3_y

1 {8%} B a’x [ 160*T3 7”]
v )

(1= E02 |3k vspCy)s @5

1 {%1 B a’x {er”}

(PCyplns LOy ] (1 =E8)* [ Ps
X roaa %L 2 mn o Nry”
Ay +57) + 79 79} . Pr (v + (1 + ev)7"] { 5|

Inserting (3.68), (3.75) and (3.79) in (3.3), yields the following ODE

1 ®
oa (1 +ey+ EPTNT) +ey? + Pr—> [gv’ —gv—Alv+ —7’)] =0.

X

O 2

The transformed ODE of entropy is given as under

with

Ne = Re [CI>5(1 + N2+

9(0) =5, ¢'(0)=1+

g,(X) — 07

Br

@59 <g/12 ‘I’ ®1®4M912 + Kg/2>:| )

%g"«», 7(0) = —By(1 - 4(0)),

v(x) — 0 as x — oo,
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(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)



where ®fs, 1 < i < 5 in above equations represents the following thermo physical

properties for the Maxwell nanoluid

Cp)
&) = (1 — )2 @:(1—c1>+q>&>, @:(1—<1>+c1>(p’”>, 3.85
' ( ) 2 Prf ’ (pcp)f ( )

_ 33— 1)@ 2k 200k — k)
0y = <1+ (52+2)— (- 1)<1>> , P5 = ( CES I > . (3.86)

Unsteadiness, Maxwell, magnetic and porous medium parameters are defined here

2 —
by A = % . B = aX, M = % and K = Lkgt) respectively. Pr = ;—; is

a

the Prandtl number. Thermal diffusivity parameter, mass transfer parameter and

thermal radiation parameter are given by a; = (pg—f)f, S = -V, 11/;—55 and Nr =
P

16 o*T3 . . a . . . -
ERTTCT respectively. A = Wy, /Z/Lf is the velocity slip parameter and B; =

h_f I/f(lfft)
ky a

is the Biot number. Re and Br in equation (3.82) represents Reynolds
and Brinkmann number respectively. Dimensionless temperature gradient is given
by Q = % .

After applying the non-dimensional transformations (3.7) on reduced skin friction
(Cy) and Nusselt numbers (Nu,) explained in Chapter [2], the following equations

are obtained

C:Rel/? = g9"(0) Nu,Rel/? = 5251 4 Ny (0 3.87
FAEy ——m, Ug L€, —Tf( + N7)7/'(0), (3.87)

Re, = Unyx is the local Reynolds number which depends on initial stretching velocity

Uy.
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3.3 Finding Solution

Numerical solution of equations (3.51), (3.81) and (3.82) with subject to conditions
(3.83) - (3.84) is found by implementation of Keller-box numerical scheme. In order
to apply the Keller-box numerical scheme, it is necessary to write equations (3.51),

(3.81) and (3.82) into a first-order system with some new introduced variables.

v =¢, (3.88)
Vg = VY, (3.89)
t=+ (3.90)
A(Kvg —|—Ul> +v? — guy — Uy + B(g*v2 — 2gv1v5) + %le + L kv =0, (3.91)
2 ! P, P, P, P, D, ’
(0]
t'(1+ ey + 1®5PrN7r) + et® + Pra?’[gt —vy — Ay + %t)] =0, (3.92)
5
2 Br 2 2 2
Ng = Re [q>5(1 NP+ ﬁ(vl + BBy Mu? + Kvlﬂ (3.93)
5
and conditions are
A
g(0) =S, v(0)=1+ 302(0), t(0) = —B;(1 — ~(0)), (3.94)
1
vi(00) — 0, (o) — 0. (3.95)

After obtaining first-order system, discritize the domain which allows to calculate

the approximate solution over each sub domain rather then over entire domain.

X():O, Xn:Xn—l‘l'hy n:172,3,...,N—1; XN = Xoo-
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Then difference equations are obtained using backward differences. Functions are

replaced with their mean averages. The system of ODEs (3.88)-(3.93) is then con-

verted into the following algebraic equations.

(v1)n +2(U1)n1 _9n —hgnq7 (3.96)

(v2)n, +2(U2)n1 _ (v1)n —h(?)l)nl7 (3.97)
tn tn— n - In—

+2 1_ 7 hW 1’ (3.98)

A { (m)n +2<m>n_1> . %} ., (@gn +2<v1>n_1>2 )
<gn +29n_1) ((% +2(02)”‘1) - @11% (<v2>n —h<v2>n_l) .

B
((&) ((vm —h<v2>n1) ., (gn +2gn1) (m)n +2<vl>n1)

((02)11 + (’112)n12) n Pa, ((Ul)n + (v1)n1) L L ((’Ul)n +2(Ul)n1) _9,

2 D, P,

tn - tn—l Tn + Tn—1 1 tn + tn—l 2
= N InT =) " ppN In T Inot
( 7 )(—l—e( 5 )+c1>5 T T)+€( 5 )—l—
P _ t th— 0]
P’T’—B |:<gn+gn 1)(n+ n 1):|+PT—3
o, 2 ) % (3100

() (522 ()
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tn - tnf ? B n n— ?
Ng = Re | ®5(1+ Nr) (Tl) + q); (wl) +2<”1) L &M
5
LK (v1)n + (Ul)n—1/2
2
(3.101)

Above non-linear equations are then linearized by using Newton’s method. The

(7 + 1)th iterate for above equations can be written as

08 = 0% +605, (3.102)

by substituting of (3.102) in equations (3.96)-(3.100) and ignoring O(d%) > 2, a

linear system is obtained as

1
0Gy — Ohp_1 — §h((5(vl)n +0(v1)p1) = (7’1)”_%, (3.103)
1
6(v1)n — 0(v1)n—1 — Eh(5(v2)n +0(v2)n-1) = (7”2)”_%, (3.104)
1
(S’Yn — (57,1,1 — §h<5tn + (Stn,1) = (7’3)”7%, (3105)
(7’4>n_% = (Cl)n59j+(02)n5gn,1+(03)j5(v1)n+(04)n6(v1)n,l+(c4)n5(vl)n71+(c5)n5(v2)n (3.106)

+(06>n5<v2)n—1 + (67)n57n + (CS)néfYn—l + (69>n5tn + (Clo)nétn—la

(T5)n—% = (dl)négn + <d2)n(59n—1 + <d3)n5<vl)n + (d4)n5(v1)n_1 + (d5)n5(1)203.107)

+(d6)nd(ve)n—1 + (d7) 07 + (ds)n0Yn—1 + (do)ndts + (d10)ndtn_1,
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where

(r1)n-1 = =9n + gu-1+ 5 ((V1)n + (V1)-1) (3.108)
(ra),—1 = =(v1)n +( )n1+g((vz) + (v2)n-1) (3.109)
( )_;Z—%Jr%_ﬁg(tnﬂn_l), (3.110)
(v1)n + (v1) (v2)n — (v2)n—1 (v1)n + (v1)
(T4)p_r = —h —A( +x ; )+( 5 )

(3.112)
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and boundary conditions are

590 = O, (51)1)0 = 0, (St() = O, 5(U1)N = 0, (S’VN = 0. (3114)

Finally, the coefficient matrix which is known as block tridiagonal matrix is obtained
from linearized finite-difference equations. Equations (3.103)-(3.107) can be written

as,

Ad =0, (3.115)
A Gy 01 (rl)n,%
Bg AQ 02 52 (Tg)n_%
A= 5= b=
By_1 Ay_1 Cnoy On—1 (TNfl)n,%
L BN AN ] L 5n ] L (TN>R_% ]
(3.116)

Where A is block tridiagonal matrix of order N x N with each block size of 5 x
5. Whereas 6 and b are column matrices with N rows. 0§ is determined by LU

factorization [9].

3.4 Results and discussion

Numerical results with discussion are presented in this section in form of graphs and
tables. The significant effects of flow governing parameters on fluid motion, temper-
ature and entropy generation profiles are discussed for Cu —water and T©1Oy —water

nanofluids. Thermo physical properties of C'u and T7Oy water based nanofluids are
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also listed in Table (3.1). Table (3.2) consist of some values of skin friction coefficient
and Nusselt number calculated for flow governing parameters at the boundary. All
of these results are produced for § = 0.3,¢ = 0.1, A =0.6,M = 0.6, K = 0.6, =
02,A = 01,Nr = 02,Pr = 62,Br =5 Re =5 Q =1,5 = 0.2. In graphs,
the behavior of Cu—water nanofluid is presented by blue color and the behavior of
T10Oy — water is shown by red color.

Table 3.1: Thermophysical properties

Thermo physical P Cp k
properties

Pure water (H20) 997.1 4179 0.6130
Copper (Cu) 8933 385.0 401.00

Titanium oxide (7;0,) 4250 686.2 8.9538

3.4.1 Influence of Maxwell parameter

Figures (3.1) and (3.2) demonstrated the effects of parameter 5 on velocity and
temperature distribution profiles respectively. Computations are performed for
B = 0.01,0.3,0.5 for water based non-Newtonian Maxwell nanofluids. The decay
in velocity profile can be seen with increment in § and this reduces the momentum
boundary layer thickness. The resistance in fluid is responsible for the decreased
fluid motion. Whereas with an increment in Maxwell parameter thermal bound-
ary layer expands, temperature rises due to increase in elasticity stress parameter.
Moreover, Figure (3.1) clarifies that the thickness of momentum boundary layer of
T1Oy-water is comparatively more than the C'u—water nanofluid. Nusselt number

for Cu — water and TiOy — water decreases in this case. Entropy of system rises
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(see Figure 3.3) with increasing values of f.

Cu-water, =0.01

"""" Cu-water, =0.3
Cu-water, p=0.5

Ti02—water| p=0.01

1o TiO,~water, B=0.3

Ti02—water| p=0.5

Cu-water, =0.01

"""" Cu-water, f=0.3
Cu-water, B=0.5

TiOz—Water, =0.01 4

, TiOZ—water, p=0.3

— TiOZ—water, p=0.5

Figure 3.2: Temperature distribution against Maxwell parameter 3
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Figure 3.3: Entropy distribution against Maxwell parameter 3

3.4.2 Influence of unsteadiness parameter A

Figures (3.4)-(3.5) displayed the nature of velocity and temperature distribution for
Maxwell nanofluid. It is noticed that the fluid flows slowly and the temperature
decreases with ascending values of A. Reduction in the thermal and momentum
boundary layer thickness is noticed for variation in A. Figure (3.4) demonstrated
that the momentum boundary layer thickness of TiOs-water is comparatively more
than C'u—water nanofluid but the thermal boundary layer of Cu—water is wider
than T7Os-water nanofluid. Entropy profile showed cross over point at y = 0.3 ,
entropy increases before x = 0.3 and after x = 0.3 entropy starts decreasing (see
Figure (3.6)). It can be claimed that the boundary layer energy is absorbed due to
unsteadiness (where the fluid properties are changed with change in time). Finally,
the increase in values of the skin friction and the Nusselt numbers is observed for

A =10.2,0.6,1.6 at the boundary.
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0.8 T
Cu-water, A=0.2

Cu-water, A=0.6 |

= = = Cu-water, A=1.6 |
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Tioz—water, A=0.6
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Figure 3.4: Velocity distribution for unsteady parameter A
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Figure 3.5: Temperature distribution against unsteady parameter A
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Figure 3.6: Entropy distribution against unsteady parameter A

3.4.3 Influence of magnetic parameter M

The impact of magnetic strength on the nanofluid velocity, temperature and entropy
generation profiles are displayed in Figures (3.7)-(3.9) respectively. The decreasing
trend in the velocity profile for nanofluid is observed with increasing strength of M,
hence the thickness of the momentum boundary layer decreases. The physical reason
behind reduction in momentum boundary layer thickness is that; the Lorentz force
appears when normally applied magnetic field interacts with electrically conducting
nanofluids. As strength of applied magnetic field increases the strength of Lorentz
force also increases and acts opposite to fluid motion within the boundary layer
and thus the resulting resistance in fluid reduces the thickness of the momentum
boundary layer. M is inversely proportional to the density of the nanofluid, so
increasing M results in a rise of temperature within boundary layer. Table (3.2)

showed that the Nusselt number decreases but the skin friction coeflficient increases
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by variation of M. Entropy of system increases by increasing magnetic parameter

strength.

0.8 T T
Cu-water, M=0.6

0.7
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Figure 3.7: Velocity distribution for M
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Figure 3.8: Temperature profile for M
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Figure 3.9: Entropy distribution against magnetic parameter M

3.4.4 Influence of porous parameter K

The change in the behaviors of nanofluid velocity and temperature profile are ex-
hibited in Figures (3.10) and (3.11) respectively. These figures are quite similar to
the impact of parameter M. Increasing permeability decreases the magnitude of
the resistive Darcian body force, therefore a continuous less drag is faced by fluid
and the flow reduces so the velocity tends to zero within the boundary layer. The
parameter K effects the density of nanofluid directly hence as the permeability of
medium is decreased the temperature of fluid within the boundary layer increases,
this results in thickness of momentum boundary layer. The temperature also rises
within the boundary layer. Entropy of system also rises in this case. Increment in

parameter K decreases the heat transfer rate.
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Figure 3.10: Velocity profile for parameter K
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Figure 3.11: Tetmperature distribution against porous parameter K
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Figure 3.12: Entropy distribution against porous parameter K

3.4.5 Influence of volume concentration parameter ¢

Figures (3.13) and (3.14) displayed the plots of the fluid motion and temperature
distribution corresponding to variation in the parameter ®. Velocity is observed to
be decreasing by increasing parameter ® which results in reduction of momentum
boundary layer thickness. The thinning of momentum boundary layer is due to
heavy nanoparticle volume fraction. In fact, the thermal conductivity of nanofluids
is enhanced due to an increase in the volume of nanoparticles. Thus the momentum
boundary layer is shrinked due to an increase in the thermal conductivity. Whereas
opposite behavior is observed for temperature profile, thermal boundary layer ex-
pands as temperature and thermal conductivity of nanofluid increases. The velocity
and temperature gradient at the boundary corresponding to parameter ® are shown
in Table (3.2). Figure (3.15) depicted that the entropy of the system increases by

increasing parameter ®.
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Figure 3.15: Entropy distribution against parameter ®

3.4.6 Influence of slip parameter A

Figures (3.16)-(3.18) demonstrated the influence of variation of slip parameter on
fluid motion, temperature distribution and entropy generation profiles for Maxwell
nanofluids. Decreasing behavior in velocity profile is observed for slip parameter
A, it is clear because increase in slip effect retards the fluid flow which slows down
the fluid movement. It effects the temperature of fluid oppositely as temperature of
nanofluid rises with increase in parameter A. The skin friction coefficient decreases
due to the fact that slip effects reduces the friction at solid interface of fluid. Here
it is significant to distinguish that by increasing the slip velocity the entropy of the

system decreases as shown in Figure (3.18).
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Figure 3.18: Entropy distribution against parameter A

3.4.7 Influence of the Brinkmann number Br and Reynolds

number Re on the entropy of system

The influence of the Brinkman number (Br) and Reynolds number (Re) on the
entropy of the system are presented in Figures (3.19) and (3.20) respectively. It is
noticed that the entropy of the system increases rapidly when Reynolds numbers are
increased. The physical reason behind this is; at higher Reynolds number the viscous
forces are dominated by inertial forces thus system’s entropy rises. It is found that

the overall entropy of system increases with increment in Brinkman number.
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3.4.8 Effect of low parameters on Skin friction and Nusselt

number

For fixed values of e = 0.1, Nr = 0.2, B: = 0.1, S = 0.2 and Pr = 6.2 some values

of the Skin friction and the Nusselt numbers are listed in the following table.
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1 -1
Table 3.2: Calculation of C'yRei and N, Re,”

8 A M K & A CjRei CyRe} N,Re? N,Re?
Cu — TOy — Cu T;09 —
water water water water

0.010.6 0.6 0.6 0.2 0.1 24702 22194 0.0650  0.0718

0.3 2.5859 23025  0.0649 0.0716

0.5 2.6656  2.3592  0.0648  0.0715

0.3 0.2 24713 22125  0.0644  0.0711

0.6 2.5859 23025  0.0649  0.0716
1.6 2.8408  2.5061  0.0657  0.0723
0.6 2.5859 23025  0.0649  0.0716
1.6 2.8225 25862  0.0648  0.0714
2.6 3.0215 28159  0.0647  0.0713
0.6 2.5859 23025 0.0649 0.0716

1.6 2.8221 25858  0.0648  0.0714

2.6 3.0290 28152  0.0647  0.0713

0.1 2.0461  1.8795  0.0857  0.0901

0.2 2.5859 23025  0.0649  0.0716

0.4 2.8253  3.4338  0.0373  0.0455

0.0 3.7682  3.1669  0.0652  0.0718

0.1 25859 23025 0.0649  0.0716

0.2 1.9998 1.8309 0.0647  0.0713
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Chapter 4

Heat Transfer and Entropy Analysis
of Maxwell Nanofluid Flow over a

Stretching Flat Surface

In this chapter, the work presented in the previous Chapter has been extended by
including the viscous dissipation effects in the model. The current work deals with
the non-Newtonian Maxwell nanofluid flow on stretching sheet. Suitable similarity
transformation are employed to transform nonlinear partial differential equations
of conservation of mass, momentum, energy and entropy into ordinary differential
equations. The solution of transformed ordinary differential equations is acquired
by using the Keller-box method. The numerical computations are performed to
calculate the skin-friction coefficient and the local Nusselt number for Copper and
Titanium water based nanofluids. Finally, the numerical results are presented along
with discussion for the significant effect of different governing flow parameters on

velocity, temperature and entropy generation profiles of considered nanofluid.
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The physical model and governing partial differential equations are presented in
Section 4.1. Similarity transformations and reduction of governing partial differen-
tial equations to a system of non-linear ordinary differential equations are given in
Section 4.2. Section 4.3 is about the details of numerical method that we have used
for the numerical computations. Finally, the numerically computed results and their

discussion in the form of graphs and tables are presented in Section 4.4 .

4.1 Mathematical model

In present work, an unsteady, two-dimensional laminar flow of a Maxwell nanofluid
with heat transfer characteristics is considered over the porous stretching sheet.
The incompressible electrically conducting flow is taken under the effects of viscous
dissipation and constant thermal conductivity. Stretching velocity, wall temperature

and magnetic field are considered same as in previous Chapter.
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Figure 4.1: Schematic diagram of fluid flow

The continuity, momentum, energy and entropy equations described in [17] are
modified for the unsteady two-dimensional laminar flow with thermal constant ther-

mal conductivity, viscous dissipation and MHD effects are given as

81)1 81)2
— 4+ —=0 4.1
o, o, ol piny 0*0n ,0%v; 0% 0%, onp B2 (t)v1
on u I S e o2 U 9 _
ot "M T8y T oy 02 G o2 g T (%cay} o
(4.2)

T IR R O

knf ar\’® 160*T3 (0T’ tnf ( Ovy ? onB2(t)v}
Eg =l J (2 o (22 Hug (G0}, nsZolU0 oy y
T2 {(3@) G (3y) T <3y> T 44)
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The following boundary conditions are assumed for the investigated problem

ov oT
vi(2,0,t) = Uy + anf(a—yl), 0, 0,6) = Vi sy 0) = hy(T = T), (15)
v —0, T—Ty as y—> 0. (4.6)

Variables appearing in above equations are already defined in Chapter 3.

4.2 Similarity Transformation

In order to find the solution of boundary value problem (BVP) (4.1) - (4.6) , initially
similarity technique is employed to transform governing governing partial differen-
tial equations into ordinary differential equations. Using similarity transformation
defined in equations (3.7) - (3.8) into equations (4.1) - (4.6). The similarity trans-
formation eliminates the continuity equation and reduce the other equations into
odes. Calculating derivatives in order to determine the equations for the similarity

solution of the problem.

Letting,
0
o = a_j’ (4.7)
oY dx
_ 9% 9x 4.
= G ay (4.8)
\/ l/f(l — ft)
Differentiating w. r. t. y’,
Ix _ a (4.10)

oy \v(1—¢t)
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yfa

Y(x,y,t) =

(1-¢&)
o vea ,
ay (1jaﬁ@“ﬁ(
oy  avr
8_y T - §t)g (X,

which gives,
ar

U1 = 1- 5t)gl(X>'

Now, we aim to find,
o0vy a

o (1— 5t)g/(X)-

Calculating vs,

o
7S
Differentiating w. r. t. 'x’,
oy via
or \[ (1-¢t)
we get expression for vy,
_ vra
TV O-e
0vy via

Ty u—mﬂ”<

0vy a

oy (1-&)

ov;  Ovs a

o8

(),

% Ty —(1_&)9’0()——( )g’(x) = 0.

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)



ot ot

T ().

ov,  ax , &9
ERNEE {59 *7] ’

dvr a ,

ovy ar a ,
e T d—en? (x) <(1 —)? (x)) ,

ovy a’x

gy T WQQ(X),

o _arg'(y) [ @
oy~ U-e\mi-c

= = [ 5900 (a0, )

2 ou _a?eg(09"(x)
oy (1—¢t)?

ovy ovy % a2l’g X n

= Al +29"+¢” — gg”)} :

ot "ar Ty T —e 2

where A = g Now, solving the following term from equation (4.2).

2
02 + (Ug) ay2 + 20109 85L’8y

29

821)1 821)1 :|

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



Calculating derivatives in sequence,

2= (e m) o
o - (528 o) <4-33>

oo ().

%Z’; =0, (4.35)

70y~ (5 —a) 30

2010y = 2 (%g’(x)) (— (1V_fa§t)g(x)) , (4.37)

2019 ( g;g;) - _(21“3_923;/35, (4.38)

(0)? = aff Q_QI;(;) (4.39)

(v1)° (8;;1 ) =0, (4.40)

(02)? = V(gafg;, (4.41)

@g?fyﬂl = mgg(_xg’;;(’(), (4.42)

A [(01)28;(;21) + (v1)2a;v21 + 21}11)2882%] =2 {0 + mg(gf(_xéi;m — 2(6;339;?;/3«73 :
(4.43)

A {(01)2%%21 (v2)2(9;v; T g 221 } - <1A°_a2":)2 (%" — 2999") . (4.44)
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Now solving remaining terms of equation (4.2)

9

 lag (8201) B o B2(t)vy

Pus \ Oy Pnf
fing (( a’rg" (x) >) ony B(t) < — ))
= - gXx )
Pnf (1 - gt)QVf Pnf (1 - ft)
2 " (I) B2 /
- T [ P9 ZI24208 ) (4.47)
(1 - gt) pf(I)l(I)QVf pfq)Q
Linf (82u) onr B2t u iy a’x [ q" QJ4M ,}
— —_ — u = [ ,
pus \ O b Pk A€ [0y By Y

Inserting (4.30), (4.44) and (4.48) in (4.2), yields the ODE

"

D, P,

X V] / 12 "
29 +9 g g9 o,

Using the next transformation,

61

o
+5(92g”’—299’g”)+—4Mg'=0.

(4.45)

(4.46)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)



Differentiating above expression w. r. t. 'x’, 'y’ and 't’,

oT a
o 1- ft)V(X)’

u (52) = (g7 ) wgto

% =T’ (%)

% T Cfﬁft)”m\/ W
() - (‘\/ ) i

or  Cax ar 195%
o -ap e W (§>

or  fax axr 1 § 1
o T e Y (\/ i —aé))

or  ax Eax ,
o " —ar T aa—apr W
or  Sax

FR L (v(x) + §VI(X)>
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(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)



or T O
ot ' oz -

Left hand side of equation (4.3) is given by,

oT oT oT a’x

— +v Vg =
ot 1 2

or "oy T U=y

2

Now, solving the other side of equation (4.3)

Hnf <%>2 _ g g//2
(PCp)ns \ Oy 5

1 (82T> - 1 a’x
(pcp)nf y? (pOp)nf Vf(l - 61&)2?

L rialres ft)QA (7(%) + §7/(X)> + ((1 Cixgt)
-(VaZaw) ote

[A(v + 29 4y - 7’9] :

(PCp)ns L Oy (pCp)ng 3K

T\ a’x
oy* ) vi(1— &)
1 [8%} _ ad’ [ 160*T3  ~
(PCp)ny L Oy | vp(1 = &)
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1 [dg 1 —160*T% [0°T
0y?

BkrvppCy)y @5 ]

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)



1 (‘3(],,1 a’x {er”}
= . 4.72
rambdnodk> )
X Y %i " g nl Nry"
[A(Wr 57) 9 vg} 3. Pr [1 +9"+ ®5Ec92} [ 5 | (“)

Inserting (4.66), (??) and (4.72) in (4.3), yields the following ODE

1 P o
v (14 —PrNr | + Pr—=> [gv’ —gv—A(y+ K’y/) + LB =0. (4.74)
D5 D5 2 Dy

Ng = Re [q>5(1 NP2 4 @B—; (g“2 + <1>1<1>4Mg’2>} . (4.75)
with
9(0) =5, g(0)=1+ %9"(0), 7'(0) = =Bi(1 = ~(0)), (4.76)
Jd(x) —0, v(x)—0 as y — 0. (4.77)
Where E. = (cp)f(UT% is the Eckert number and all other governing parameters

are given in Chapter 3.

4.3 Finding Numerical Solution

Non-similar solution of equations (4.49),(4.74) and (4.75) with subject to condi-
tions, (4.76)-(4.77) is found by Keller-box method. In order to apply the Keller-box
method first write the equations (4.49), (4.74) and (4.77) as a system of six first-
order ordinary differential equations with some newly introduced variables, reduced
equations are

vn=4g, (4.78)
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vy = v}, (4.79)

t=+, (4.80)
A<Xv2 + Ul) + 02 — guy — Uy + B(g*vy — 2gv1v9) + %le =0 (4.81)
2 ! D, P, d, ’
1 0] 0]
'(1+—PrNr) + Pr— [gt —uny—A(y+ Kt) + —1Ecv§} =0, (4.82)
D5 023 2 O
2 Br ”2 2
Ng = Re [q>5(1 + Nt + = (m + <I>1<I>4Mv1>} (4.83)
5
and conditions are
A
g(0) =5, v (0)=1+ ¢—’02(0), t(0) = —=B;(1 — ~(0)), (4.84)
1
v1(00) — 0,  7y(c0) — 0. (4.85)

After obtaining first-order system, discretize the domain which allows to calculate

the approximate solution over each sub domain rather then over entire domain.
XOZO, Xn:Xn—l+h7 n:172737"'aN_1; XN = Xoo-

Then difference equations are obtained using backward differences. Functions are
replaced with their mean averages. The system of ordinary differential (?7)-(4.75)

is then converted into the following non-linear algebraic equations.

(vl)n + (Ul)n—l 9n — Gn—1

p— 4-
(v2)n + (V2)n—1  (V1)n — (V1)1
= 4.87
2 h ) ( )
tn + tn—l Yn — Tn—1
p— 4-
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A { ((Ul)n +2(Ul)n1> " % ((02)71 +2(U2)n1> } n ((Ul)n +2(U1)n1)2 _

(Qn +29n—1> <(U2)n +2(U2 N q)ll% ((Uz) h( U2)n— )+
2)n-1
2

(4.89)

Jn—1
L
((02% +2(Uz) ) N %M < )
(%) + %SPTNHPT% Kg" +29” 1) (t T+ tn- 1)}
+Pr%§ {_ ((Ul)n +2(vl)nl) (% +2%1) - {(% e 1) (4.90)
0.

Xt+tn1
5 (5= -

2 12
Ty — e B n n—
Ng = Re |®5(1 + Nv) (Tl) + @7;2 <(Ul> +2<Ul) L 3B Mo?
5
LK <(U1)n + (Ul)n—1/2>
2

(4.91)
The resulting non-linear algebraic equations are then linearized by using Newton’s

method. For above equations, the (i + 1)th iterate can be written as
On =08 +605, (4.92)

by substitution of (4.92) into (4.86)-(4.91) and ignoring O(d) > 2), a linear tri-

diagonal system is obtained as
1
5971 - §hn,1 - Eh(é(vl)n + 5(1)1)”,1) = (Tl)n7%7 (493)

d(v1)n — 0(v1) 1 — %h((S(’Ug)n +0(v2)p—1) = (r2),,_1, (4.94)

¥
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1
(S’Yn — 6771—1 — éh(étn + 6tn—l) = (Tg)n_%, (495)

<T4)n—% = (Cl)n69j+(02)n59n71+(03)j5('01)n+(C4)n6(U1)n71+(c4)n6(vl)n71+(c5)n6(7}2)n (496>

+(¢6)n0(V2)n—1 + (€7)n0Vn + (8)n07n-1 + (Co)ndtn + (€10)n0tn—1,

(r5)n—% = (d1)n0gn + (d2)n0gn—1 + (d3)n0(v1)n + (da)nd(V1)n—1 + (ds)n6(v2)£4.97)

+(d)n0(v2)n—1 + (d7);0vn + (ds)ndVn—1 + (do)nbtn + (dio)nbtn_1,

where
h
(M-t = =G0 + gn1 + 5 ((01)n + (01)n-1); (4.98)
2oy = (@0 (0ot + 5((02)a + (12)), (1.99)
(rs)p—1 = =0 + Y1 + g(tn Ftn1), (4.100)
(rg), 1 = —h|—A ((Ul)n + (V1)n—1 +X(U2)n —4(Uz)n—1> n ((m)n +2(U1)n_1>

2
_ <9n +29n—1) ((Uz)n +2(Uz)n—1) ] o [ - 1(1) <(Uz)n —h(vz)n—l)
5 ((g +29n_1)2 (e lithr) (3t (0t (o)

<(v2)n +2(Ug)n—1)] _ h [%M <(v1)n +2(vl)n—1)} ;
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(4.102)

_h[ @5 —|——3P7’A (7n+7n—1 +X n+ n—l)

r 1 =
( 5)n 5 h ¢5 92
3% p [ (Gnt gn-1)(ta 1)\ (0 + Y1) (1)n + (V1)n-1)
5 4 4 ’
and boundary conditions are
590 = O, (51)1)0 = 0, 5t0 = O, 5(7)1)]\/‘ = 07 (5’}/]\/ = 0. (4103)

and the resulting matrix form is given in (3.116).

4.4 Verification of numerical results

To ensure the accuracy of our calculations we compare our results to those already
available in the literature [26] as the especial case for our study. The test case is
MHD flow and heat transfer over permeable stretching sheet with slip conditions.
Results are verified for 5 =0, K =0® =0, A =0, and Fc = 0. The comparison
shown in Table (4.1) are found to be in excellent agreement. Thus, we are sure

about the accuracy of our results.
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Table 4.1: Comparison of Skin friction coefficient

A A M S Pr Nr Bi Andersson T.Hayat Present
Results [25] Results [26] Results

0 0 0 0 07 02 1.0 1.0000 1.0000 1.0000
0.1 0.8721 0.872082 0.8271
0.2 0.7764 0.776377 0.7764
0.5 0.5912 0.591195 0.5912
0 0.3 - 1.372527 1.3711
1.5 - 2.0724 2.0748

1.5 1.0 - 1.756433 1.7560

4.5 Results with Discussion

The numerical results of investigated problem are presented with discussion. The
significant effects of physical parameters of Maxwell nanofluid on the velocity, tem-
perature and entropy generation profiles are major part of this discussion. The
calculations are performed for Cu and TiOy water based nanofluids. In Table (4.2)
some values of the skin friction coefficient and the Nusselt number corresponding to
flow governing parameters computed at the boundary are tabulated. All of these re-
sults are produced for § =0.3,A=06,M =0.6, =02,A=0.1,Nr =0.2, Pr =
6.2, Br =5, Re=5,Q=1,5=0.2, Ec = 0.2. In graphs, the behavior of Cu—water
nanofluid is presented in blue color and the behavior of Ti0Oy — water is shown by

red color.
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4.5.1 Influence of Maxwell parameter [

Figures (4.2) and (4.3) demonstrated the effects of 5 on nanofluid velocity and tem-
perature profile respectively. Computations are performed for g = 0.01,0.2,0.3 for
water based non-Newtonian Maxwell nanofluids. The velocity profile tends to decay
with increment in § and this caused the reduction in momentum boundary layer.
The resistance in fluid is responsible for decay in velocity profile. Whereas with an
increment in Maxwell parameter thermal boundary layer expands. Moreover, Fig-
ure (4.2) clarifies that thickness of TiOy-water momentum boundary layer is more
than C'u—water nanofluid. Whereas with an increment in Maxwell parameter ther-
mal boundary layer expands, and this happens due to increase in elasticity stress
parameter. Entropy profile shows cross over point near y = 0.4 , entropy increases
before y = 0.4 and after y = 0.4 entropy starts decreasing (see Figure (4.4)). It is
also observed from Table (4.2) the velocity and temperature gradient for Cu-water

and T10,-water nanofluids decreases.

0.9

Cu-water, 3=0.01

= = = Cu-water, =0.2

....... Cu-water, p=0.3

TiOz—Water, $=0.01

- - TiOz—water, B=0.2 |

gx)

o ‘Tioz—water, B=0.3 |

Figure 4.2: Velocity distribution against Maxwell parameter (3
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....... Cu-water, B=0.3
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1o TiO,~water, 0.3

0.5 1 15 2 25 3

Figure 4.3: Temperature distribution against Maxwell parameter 3
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Cu-water, f=0.01
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....... Cu-water, p=0.3
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4.4: Entropy generation against Maxwell parameter £
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4.5.2 Influence of unsteadiness parameter A

Figures (4.5) and (4.6) displayed the nature of fluid motion and temperature distri-
bution for Maxwell nanofluid. It is noticed that fluid flows slowly and temperature
decreases with increasing values of A. Momentum and thermal boundary layer de-
creases with increment in A. Temperature profile depicts that the boundary layer
thickness of TiOs-water nanofluid is comparatively more than C'u—water nanofluid.
Entropy generation profile shows cross over point at y = 0.3, entropy increases be-
fore x = 0.3 and after x = 0.3 entropy starts decreasing (see Fig (4.7)). Because
boundary layer energy is absorbed due to unsteadiness. Finally, the increase in val-
ues of the skin friction and Nusselt numbers is observed for A = 0.2,0.6, 1.6 at the

boundary.

0.9 T
Cu-water, A=0.2
0.8 B
....... Cu-water, A=0.6
0.7 M\ = = = Cu-water, A=1.6
W) 0. — =
06k T|O2 water, A=0.2
v\
L v\ s TiO ~water, A=0.4
<%0 W\\ A=0206,16 2
© - - = . TIO_— =
0ak T|O2 water, A=1.4
0.3
0.2
0.1

Figure 4.5: Velocity profile for unsteady parameter A

Figure 4.6: Temperature distribution against unsteady parameter A

72



1 T

Cu-water, A=0.2

091 7
L Cu-water, A=0.6

- = = Cu-water, A=16 |

TiOz—Water, A=0.2

o TiOz—water, A=06
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Figure 4.7: Entropy generation against unsteady parameter A.

4.5.3 Influence of magnetic parameter M

The impact of parameter M on the nanofluid motion, temperature and entropy gen-
eration profiles are displayed in Figures (4.8)-(4.10) respectively. Computations per-
formed for M = 0.2,0.6, 1.6 showed that the velocity of nanofluids tends to decrease
and hence the thickness of momentum boundary layer decreases. The physical rea-
son behind reduction in thickness of momentum boundary layer is that; the Lorentz
force which is a resistive force appears when transverse magnetic field is applied and
it interacts with the electrically conducting nanofluids. As the strength of applied
magnetic field is increased the strength of Lorentz force is also increased and acts
opposite to fluid movement within the boundary layer. M is inversely proportional
to the density of nanofluid, so increasing M results in a rise of temperature within
the boundary layer. Table (4.2) showed that the Nusselt number decreases but the

skin friction coefficient increases by variation of M. Entropy of a system rises in
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this case.
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Figure 4.8: Velocity distribution against magnetic parameter M
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Figure 4.9: Temperature distribution against magnetic parameter M.
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Figure 4.10: Entropy generation against magnetic parameter M.

4.5.4 Influence of nanoparticle volume concentration param-

eter ¢

Figures (4.11) and (4.12) displayed the plots of the fluid motion and temperature
distribution corresponding to variation in the parameter ¢. Velocity is observed to
decrease with the increasing parameter ¢ which results in the reduction of the mo-
mentum boundary layer thickness. The thinning of the momentum boundary layer
is due to heavy nanoparticle volume fraction. In reality the thermal conductivity of
nanofluids is enhanced due to increase in volume of nanoparticles. Whereas opposite
behavior is observed for temperature profile, the thermal boundary layer expands
as the temperature and the thermal conductivity of the nanofluid increases. The
increasing trends in both velocity and heat transfer at the boundary corresponding

to @ are shown in Table (4.2). Figure (4.13) depicted the influence of parameter
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® on entropy of system. Increasing the temperature of the nanofluid compels the

entropy of system to rise.
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0.8

Cu-water, ¢=0.2

orTEN Cu-water, ¢=0.3
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=
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Figure 4.11: Velocity distribution against parameter ®.
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Figure 4.12: Temperature distribution against parameter ®.
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Figure 4.13: Entropy generation against parameter ®.

4.5.5 Effect of velocity slip A

The nature of the fluid motion and temperature are shown for the particular values
of slip parameter A in Figures (4.14) and (4.15) respectively. Results are calculated
for A = 0.0,0.1,0.2. Decrease in behavior of velocity profile is observed for the slip
parameter A, it is obvious because increase in the slipperiness retards the fluid flow
which slows down the fluid motion. Temperature of the nanofluid decreases with
increase in parameter A. Moreover, the thickness of the thermal boundary layer
of C'u-water nanofluid is relatively more than the T@Os-water nanofluid. Here it
is important to distinguish that the entropy of the system decreases by increasing
the slip parameter as shown in Figure (4.16). The increase in the slip parameter

decreases the skin friction coefficient whereas the heat transfer rate increases.
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Figure 4.14: Velocity profile for slip effect A
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Figure 4.15: Temperature distribution for velocity slip A

78



15 T
— Cu-water, A=0.0

....... Cu-water, A=0.1
= = = Cu-water, \=0.2
— TiOz—water, N=0.0

. TiOZ—Water, N=0.1

NG

A=0.0,0.1,0.2 . TiOZ—Water, N=0.2

05F- "

0 0.5 1 15 2 25 3

Figure 4.16: Entropy generation against velocity slip parameter A

4.5.6 Effect of Biot Number B:

Figures (4.17) and (4.18) displayed the plots of the nanofluid temperature and en-
tropy generation respectively. Figure (4.17) demonstrated that the temperature of
the nanofluids rises due to increase in Biot number. The thermal boundary layer
expands due to rise in temperature of the nanofluids. The increase in Biot number
causes the larger amount of heat transfer from sheet to the fluid which tends to
increase the thermal boundary layer. Whereas, there are no effects of convection
parameter (Biot number) on velocity profile of the nanofluid. Entropy in this case

increases because of heat transfer.
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Figure 4.17: Temperature distribution

against parameter Bi
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Figure 4.18: Entropy generation against parameter Bi
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4.5.7 Influence of thermal radiation parameter Nr

Figure (4.19) presents the effects of thermal radiation parameter Nr on temperature
distribution profile of Maxwell nanofluids, which shows that the temperature of
nanofluid decreases for ascending values of Nr = 0.0,0.2,0.4. The thickness of the
thermal boundary layer decreases with fall in temperature. Figure (4.20) displayes
the effect of the parameter Nr on entropy profile for water based nanofluids. There
is no change in velocity profile but entropy of nanofluids slows down by variating
Nr. Furthermore, it is observed from Table (4.2) that the Nusselt number at the
boundary increases for both C'u-water and TiOs-water whereas the velocity gradient

remains constant.

0.35 | |
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Figure 4.19: Temperature distribution against parameter Nr
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Figure 4.20: Entropy profile for Nr

4.5.8 Influence of suction parameter S

Figures (4.21)-(4.23) presented the effect of parameter S on fluid motion, temper-
ature distribution and entropy generation profiles respectively. By increasing the
suction parameter the decreasing trend in velocity and temperature profile can be
seen and this leads in contraction of momentum and thermal boundary layer thick-
ness. Since applying suction leads to draw the amount of fluid particles into the
wall that’s why increase in S caused decrease in velocity of the nanofluid. Imposi-
tion of the suction on the surface caused reduction in the thermal boundary layer
thickness. The velocity and temperature gradient both are observed to be increased
for increasing values of S and presented in Table (4.2). By increasing the suction

effect the entropy of system is increased.
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Figure 4.21: Velocity profile for suction parameter S.
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Figure 4.22: Temperature distribution against the parameter
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Figure 4.23: Entropy generation distribution against the parameter .S.

4.5.9 Effect of Eckert number Ec¢

Figure (4.24) demonstrates the influence of Eckert Number on temperature distri-
bution. There is increas in temperature profile with rise in values of Eckert number
and thermal boundary layer is also enhanced. The physical reason behind this;
an increment in dissipation enhances the thermal conductivity of the fluid which
also enhances thermal boundary layer. It can be claimed that the presence of vis-
cous dissipation in considered Maxwell nanofluid model increases the temperature

distribution and hence the entropy generation, but velocity remains unaltered.

84



0.7

Y(X)

Cu-water,Ec=0.2

,,,,,,, Cu-water, Ec=0.4

= = = Cu-water, Ec=0.6

TiO,~water, Ec=0.2 |
Ti02—water, Ec=0.4]

- Ti02—water, Ec=0.6

Figure 4.24:

1.4

Temperature distribution against the parameter Ec.

1.2F

Cu-water,Ec=0.2

Cu-water, Ec=0.4 7

— = = Cu-water, Ec=0.6

TiOz—water, EC:O.ZA
,,,,,, TiOz—waten Ec=0.4]

- - TiOz—water, Ec=0.6

N

25 3

Figure 4.25: Entropy generation against the parameter Ec.
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4.5.10 Influence of Brinkmann number Br and Reynolds num-

ber Re the entropy generation profiles

Figure (4.26) illustrates the impact of Br on entropy of the system. Entropy of
system is found to be increased by increasing the values of Br. Figure (4.27) demon-
strated the same behavior of Reynolds number on the entropy of the system. The
viscous forces are dominated by the inertial forces at higher Reynolds number, thus

the entropy of system increases.
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Figure 4.26: Entropy profile for Br.
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Figure 4.27: Entropy view for Re.

4.5.11 Effect of flow governing parameters on skin friction

coefficient and Nusselt Number

The effect of flow governing parameters on the Skin friction (Cf) and the local

Nusselt number (Nu,) is given in the following table.
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1 =1
Table 4.2: Calculation of Skin friction = CyRe; and Nusselt number = N, Re,” for
Pr=6.2

1 =1
2

B A M ® A Bi NrS Ec CjRel CjRe? N,Res NyRes

—1
2

Cu — T%Og— Cu — T’iOg—

water water water water

0.010.2 0.6 0.2 0.1 0.1 0.2 0.2 0.2 2.1473 1.8825 0.1625 0.1534
0.2 2.2395 1.9493 0.1595 0.1515
0.3 2.2866 1.9843 0.1580 0.1504

0.3 0.2 2.2866 1.9843 0.1580 0.1504
0.6 24187 2.0923 0.1640 0.1548
1.6 27077 23336 0.1727 0.1615

0.6 2.2866 1.9843 0.1580 0.1504
1.6 2.5818 2.3433 0.1495 0.1413
2.6 28177 2.6181 0.1426 0.1340

0.1 1.7950 1.6203 0.1275 0.1246
0.2 2.2866 1.9843 0.1580 0.1504
0.3 3.3695 29171 0.2456 0.2155

0.0 3.2574  2.6597 0.1294 0.1339
0.1 2.2866 1.9843 0.1580 0.1504
0.2 1.7932 1.6041 0.1704 0.1586

0.1 2.2866 1.9843 0.1580 0.1504
0.2 2.2866 1.9843 0.3030 0.2885
0.6 2.2866 1.9843 0.7808 0.7431

0.0 2.2866 1.9843 0.1297 0.1241
0.2 882.2866 1.9843 0.1580 0.1504
0.4 2.2866 1.9843 0.1854 0.1760

0.0 2.0355 1.8145 0.1572 0.1490
0.1 2.1551 1.8957 0.1575 0.1497
0.2 2.2866 1.9843 0.1580 0.1504




4.6 Conclusion

e Decrease in the velocity profile is observed for an increment in Maxwell and

volume fraction parameter.

e Nanoparticles are mainly used in fluids to boost up thermal behavior of fluids.
Therefore increase in nanoparticles concentration enhances the temperature of

nanofluid and also the thickness of thermal boundary layer.

e The temperature increases with increase in the Eckert number whereas Nusselt

numbers decreases.

e Increase in magnetic parameter decreases the momentum boundary layer thick-

ness whereas increases temperature and entropy profile.
e Increase in convection parameter increases temperature profile.

e Increase in thermal radiation increases the temperature and concentration pro-

file.

e As slipperiness retards the fluid flow and causes to decreases the velocity and
temperature profile but it is significant to observe that entropy of system

decreases by increasing slip parameter.
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Chapter 5

Conclusion and Future Work

In this thesis, we have presented the numerical analysis of the non-Newtonian
Maxwell nanofluid in presense of slip and convective conditions. Heat transfer is
analyzed for unsteady, incompressible two dimensional laminar flow with viscous
dissipation and constant thermal conductivity past a porous medium. The gov-
erning nonlinear partial differential equations of momentum, energy and entropy
generation are changed into ODEs by utilizing a proper similarity transformation.
By using the Keller box method, numerical solution of ordinary differential equa-
tions is obtained. Distinctive physical parameters are examined, w.r.t dimensionless
velocity, temperature and entropy generation profile.

Increase in some parameters such as, 3, M and ¢ increases the temperature
distribution and also the thickness of thermal boundary layer. This increases the
overall entropy of the system. The unsteadiness and velocity slip parameter at the
boundary reduces the thickness of the thermal boundary layer and increases the rate
of heat transfer at the surface. An increment in viscous dissipation also enhances the

thermal conductivity of the nanofluid which also enhances thermal boundary layer
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and entropy of system. By increasing values of unsteadiness parameter A, Reynolds
number Re, Brinkmann number Br the entropy of system enhances. The entropy
of system reduces by variating velocity slip parameter A.

This model has bring out valuable outcomes which leads to emphasize on slip
effects to reduce the entropy of a system. In future, the present analysis can be
extended to include the effects of porosity, variable viscosity and variable ther-
mal conductivity. Furthermore, above mentioned effects can be included in Casson
nanofluid model to investigate their effects. There is always an option to conduct

experimental studies of such theoretical studies.
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