
Gravitational lensing for the Schwarzschild-
de Sitter Metric

by

Wajeeha Pervaiz

A dissertation submitted in partial fulfillment of the requirements

for the degree of Master of Philosophy in Mathematics

Supervised by

Prof. Asghar Qadir

School of Natural Sciences

National University of Sciences and Technology

Islamabad, Pakistan

c© Wajeeha Pervaiz, 2016





Abstract

Gravitational lensing is considered one of the most important applications of General

Relativity. The bending of the path of light by the Sun’s gravitational field was one

of the famous tests of General Relativity proposed by Einstein. While he calculated

it for the weak field, currently it is being computed for the strong field as well.

In this thesis we discuss the method given by V. Bozza to calculate gravitational

lensing in the strong field region. We study strong gravitational lensing due to

black holes and extend this work to the Schwarzschild-de Sitter space-time which

describes the gravitational field of a spherically symmetric mass in a universe with

a cosmological constant Λ. We calculate the effect of the cosmological constant on

the deflection of light, effectively comparing the Schwarzschild and Schwarzschild-de

Sitter space-times. We show that with the currently accepted value Λ = 10−52m−2

the change in deflection angle is negligible, however, larger values of Λ (for example

Λ = 10−10m−2) result in a significant change in the deflection angle.
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Chapter 1

Introduction

Gravitational lensing (GL) is a term used for the deflection of light (or gravitational

waves) by massive bodies. In astronomical situations, the light originates from a

distant source and it undergoes deflection by the gravitational field of intervening

matter distribution before arriving on the Earth. GL is widely used for finding

extrasolar planets, dark matter and dark energy. There are three GL regimes [1],

namely:

(a) Strong lensing (SL) is due to a sufficiently massive lens, which could be a

galaxy or cluster of galaxies that produces multiple images of a background

source or distorts the source into an arc or ring-like shape;

(b) Weak lensing (WL) is when the lens is not strong enough to require higher

order corrections beyond the first general relativistic light bending effect, but

it can weakly distort the images of extended sources;

(c) Microlensing (ML) is when the lens focuses to a point unresolvable by the

measuring instrument used.
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This division depends upon the location of the source from the lens, the observer

and the resolutions/accuracy of measurement.

It had been proposed by Newton that masses should deflect light, but he did

not estimate the deflection. The earliest calculations on the deflection of light from

a distant source is due to Cavendish around 1784 [2]. Unfortunately, he did the

calculations on an isolated scrap of paper. The next written account about the

deflection of light by gravity appeared in the article entitled “The Deflection Of

Light Ray From Its Straight Motion Due To The Attraction Of A World Body Which

It Passes Closely” by Soldner in 1801 [3]. He predicted that a light ray passing close

to the solar limb would be deflected by an angle of α̃ = 0.84
′′
.

The GL effect inspired theorists as the potential it would have for astrophysics

and cosmology. GL in the Strong Deflection (SD) regime is also a promising tool

for black hole investigation. The reason for such an interest in GL in strong fields

is that by the properties of the relativistic images it may be possible to investigate

the regions immediately outside of the event horizon. High resolution imaging of

black holes by VLBI (very large base line interferometry) could be able to detect

the relativistic images and retrieve information about strong fields [4].

In 1959 [5], Darwin calculated the deflection angle due to a strong gravitational

field using the Schwarzschild metric. Virbhadra and Ellis [6] obtained the lens equa-

tion and introduced a method to calculate the bending angle for strong gravitational

lensing. Subsequently, Bozza provided a general method for the strong field to a

static, spherically symmetric spacetime. He discovered that the parameters of the

strong field expansion are directly connected to the observables [7].

The plan of the thesis is as follows. In the remaining part of Chapter 1, I

will discuss some basic concepts of Special Relativity (SR) and General Relativity
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(GR). I will discuss gravitational lensing, the general equation of motions for the

propagation of light, the deflection angle and Bozza’s method in chapter 2. I have

reviewed the application of Bozza Method in chapter 3 and finally, I have applied

this method to the Schwarzschild-de Sitter metric in chapter 4.

1.1 Brief Review of Special Relativity (SR)

In 1905, Einstein presented a simple resolution of the problem besetting Electrody-

namics by only considering the kinematics of uniform linear motion, appealing to

Galileo’s principle of the relativity of such motion. On account of the restriction

to constant velocities it was called the special (or restricted) theory of relativity,

(henceforth called SR) [8]. SR deals with uniform motion. It connects space and

time. SR grants channels that are crucial to understanding of the physical universe.

Here I will define some basic concepts that will used in GR.

According to the principle of relativity, in all inertial frame of reference laws of

physics are invariant. This principle also rejects the concept that there is existence

of any universal frame of reference. Constancy of speed of light implies that (c =

2.99792458×108m/s) has absolute value in all inertial frame of reference in vaccum.

Speed of light plays important role in theory.

1.1.1 Lorentz Transformation

Consider two observers O and O′ with their rest frame R with coordinates (t, x, y, z)

and for R′ with coordinates (t′, x′, y′, z′) respectively. R′ is moving with velocity v

with respect to R along the X − axis. Consider that observer O fire a shot in the

direction of negative X − axis of velocity −u of his rest frame R. As we know that
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by the Galilean transformation of coordinates; x′ = x− x0, here x0 is distance of R′

from R. Velocity of bullet according to O′ (say u′) is

u′ = −u− v. (1.1.1)

Now consider that the observer O sends a signal in the direction of the negative

X−axis, then from equation (1.1.1) we can say that O′ should find speed of the light

signals greater then c. But this is inconsistent with the SR postulate that speed of

light is same for all observers. We derive a new transformation law of coordinates

to use in place of Galilean transformation that is Lorentz transformation. Thus the

transformation from R to R′ can be written as

x′µ = Mµ
ν x

ν , (1.1.2)

here M is a 4 × 4 matrix, which depends on v and c. since v has been taken in

X−direction, therefore

y′ = y, z′ = z. (1.1.3)

Let us consider that both the observers start their clocks (t′ = t = 0) and emit

a light signal when origins of R and R′ coincide. According to R the light signals

moves radially outward from the origin with speed c. The wavefront of light contains

a sphere that satisfies the following conditions comprising of this sphere

s2 = c2t2 − x2 − y2 − z2 = 0. (1.1.4)

8



Also for R′ must see the spherical wavefront as

s′2 = c2t′2 − x′2 − y′2 − z′2 = 0. (1.1.5)

So under a transformation that connects two frames

s = 0 ⇐⇒ s′ = 0, (1.1.6)

as the transformation is linear

s = ns′. (1.1.7)

Now let us consider that speed is isotropic which allow us to reverse the direction

of axis. The motion from O′’s point of view the principle of relativity becomes

s′ = ns. (1.1.8)

Now from equation (1.1.4) and (1.1.7) implies that n2 = 1. Thus it concludes that

n = 1 and s = s′. Equation (1.1.3) gives

c2t2 − x2 = c2t′2 − x′2. (1.1.9)

After introducing the imaginary coordinates and using these coordinates we have

x2 + T ′2 = x′2 + T ′2. (1.1.10)

In the 2-dimensional space, the term x2 +T 2 represents the distance of a point from

the origin and it will remain invariant. Consider the rotation is in anti-clockwise
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direction and by an angle θ. The transformed coordinates look like

x′ = x cos θ + T sin θ,

T ′ = −x sin θ + T cos θ.

(1.1.11)

Since the origin of R′ satisfies

x′ = 0, x = vt. (1.1.12)

After using the above equation and solving we get

x′ = cos θ(x+ T tan θ),

T ′ = cos θ(T − x tan θ).

(1.1.13)

Using equation (1.1.13), we finally get

x′ = γ(x− vt),

t′ = γ

(
t− vx

c2

)
.

(1.1.14)

Equations (1.1.3) and (1.1.14) with value of γ = 1/
√

1− v2

c2
is called Lorentz trans-

formation.

Consider a time interval δt seen by the observer O. By this we mean there were

two times t1 and t2. When in frame of O looked at his clock i.e, δt = t2 − t1, The

position remains same for O so we can say that

x1 = x2. (1.1.15)
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The Lorentz transformation for the point (t1, x1), (t2, x2).

t′1 = γ

(
t1 −

v

c2
x1

)
.

t′2 = γ

(
t2 −

v

c2
x2

)
.

(1.1.16)

Then

δt′ = γ(t2 − t1)− v

c2
γ(x2 − x1). (1.1.17)

Hence we have, δ′ = γδt. This is known as Time dilation formula. It states that the

unit time measurement at O′ is longer than that of O.

Another possibility is to measure the spatial interval. Now let us consider the

spatial interval according to O is

δx = x2 − x1. (1.1.18)

Observer O′ see the two ends at the same time, for that t′1 = t′2. Now using Lorentz

transformation for (t1, x1) and (t2, x2). Also by doing algebra, we get

δx′ =

(
1− v2

c2

)(
1/

√
1− v2

c2

)
δx,

δx′ =
δx

γ
.

(1.1.19)

The above equation is called Lorentz-Fitzgerald length contraction.

Now consider two events simultaneous to O, i.e one event occur at x1 and another

occur at x2 at the same time (t1 = t2 = t).
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For O′ events occur at

t′2 = γ

(
t2 −

v

c2
x2

)
; t′1 = γ

(
t1 −

v

c2
x1

)
. (1.1.20)

Subtracting the above equations and solving we get

t′2 − t′1 =
v

c2
γ(x1 − x2). (1.1.21)

So the simultaneity is relative.

Transformation of Velocities in SR. Contrary to Newtonian mechanics, velocities

do not add up in SR, otherwise an observer moving towards a light source would

measure the speed of light, larger than c which contradicts the second postulate. In

order to obtain formula for the velocities. Consider a particle has velocity ux
′ ≡ dx′

dt

relative to an inertial frame of reference R′ = {t′, x′, y′, z′}. We want to find the

velocity ux with respect to another interial frame of reference R = {t, x, y, z′}.

Lorentz transformation can be written in differential form as

dt′ = γ(dt− v

c2
dx),

dx′ = γ(dx− vdt),

dy′ = dy,

dz′ = dz.

(1.1.22)

Velocity components in R frame are

ux =
dx

dt
, uy =

dy

dt
, uz =

dz

dt
. (1.1.23)
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In R′ frame the components are

ux′ ≡ dx′

dt′
=

ux − v
1− v

c2
ux
. (1.1.24)

Analogously, dy′ = dy, dz′ = dz. Similarly by following the above process we obtain

the remaining components of velocities.

uy′ = uy/γ

(
1− v

c2
ux
)
. (1.1.25)

uz′ = uz/γ

(
1− v

c2
ux
)
. (1.1.26)

Minkowski Spacetime is the pair (R4, ηµν) consists of all spacetime events fur-

nished with the Minkowski metric ηµν [9]. It is flat spacetime. A spacetime con-

sists of one spatial coordinate of time and three ordinary coordinates of space. In

Minkowski spacetime, the measurement result for time as well as space are co-

ordinate frame dependent means that time be treated on same footing as space

coordinates. Let us consider {xν} = {ct, x, y, z} be coordinates in the Minkowski

spacetime. The spacetime interval between points of coordinates xν = (ct, x, y, z)

and for xν + dxν = (ct+ cdt, x+ dx, y + dy, z + dz) is

ds2 = −c2dt2 + dx2 + dy2 + dz2. (1.1.27)

The line element of Minkowski spacetime ds2 can be obtained by taking the metric

tensor. The Lorentzian signature (−,+,+,+) shows that time is treated differently

13



from space. For c = 1, the line element looks like

ds2 = −dt2 + dx2 + dy2 + dz2. (1.1.28)

The above equation represents the line element for the Minkowski spacetime. The

interval separating any two events is timelike if ds2 < 0, spacelike if ds2 > 0, and

null if ds2 = 0.

1.2 Brief Review of General Relativity (GR)

The General theory of Relativity was proposed fully by Einstein in 1915. This theory,

irrespective of the special case deals with all kinds of motion and measurements

made by accelerated observers. The conclusions were far more reaching than those

of Special Relativity, it was sorted that the treatment of the effect of the gravitation

can be included in the measurement of the accelerated system. Also these effects

can be interpreted as if they comeforth from the situation of relative acceleration

between an inertial observer Friedmann, de-Sitter and others. However GR reduces

to the Newtonian theory under explicit circumstances when a particle is moving

with slow velocity in a weak and static gravitational field.

The two assumptions on which GR is actually based are:

• Principle of equivalence.

It states that there are no physical effects which can distinguish whether a

system is accelerated with a constant acceleration or whether it is under the

influence of a homogenous gravitational field.

• Principle of general covariance.
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It states that all frame of reference are physically equivalent.

GR shows that the geometry of the spacetime is just the gravitational phenomena

and determine by matter and energy.

Metric Tensor

GR describe the theory of curvature of spacetime. In order to discuss the Einstein

Field Equations (EFEs), firstly we will discuss the metric tensor (gµν). This tensor

defines the coordinates of a spacetime in term of mass and gravity [10].

The equation (1.1.32), we have discussed in section (1.1.3), remains invariant

under the Lorentz transformation. This equation can not be remain simplified when

we move from an inertial frame to a non-inertial frame of reference. It appears as

ds2 = gαβdx
αdxβ, (1.2.1)

here gij are the coefficients which defines the components of a tensor known as metric

tensor, gij is symmetric.

In curved spacetime, in order to understand how basis vectors change from one

point (x0, x1, x2, x3) to neighboring point (x0 +dx0, x1 +dx1, x2 +dx2, x3 +dx3). Let

eα are basis vectors. The transformation law is

deα = Γγ αβeγdx
β, (1.2.2)

here the coefficients Γγ αβ are called Christoffel symbols. Christoffel symbols can be

defined in term of metric tensor as

Γγ αβ =
1

2
gγσ
(
gσα,β + gσβ,α − gαβ,σ

)
(1.2.3)
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here, , represents partial derivative with respect to spatial coordinates.

Riemann curvature tensor

It describes the curvature of spacetime. It can be written as, [11].

Rσ
αβγ = Γσ αγ,β − Γσ αβ,γ + Γµ αγΓ

σ
µβ − Γµ αβΓσ µγ. (1.2.4)

Ricci curvature tensor

To contract the indices of curvature tensor, i.e, Rαβ = Rσ
ασβ. We have

Rαβ = Γσ βα,σ − Γσ σα,β + Γσ σρΓ
ρ
βα − Γσ βρΓ

ρ
σα,Γ

ρ
β]α, (1.2.5)

Ricci scalar

This is the resultant of the contraction of Ricci curvature tensor,

R = gαβRαβ. (1.2.6)

The Bianchi Identities

The Riemann curvature tensor satisfies some of the differential identities. This can

be proved easily at a given point xν by using the geodesic coordinate system. In that

coordinate system at a given point Christoffel symbols (but not there derivatives)

vanish. So after differentiating Rα
βγσ and substituting the Christoffel symbols equal

to zero, we get

Rα
βγσ;ρ = Γα βσ,γρ − Γα βγ,σρ. (1.2.7)

After permuting the indices γ, σ and ρ in equation (1.2.8) and adding the corre-
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sponding terms, we obtain

Rα
βγσ,ρ +Rα

βσρ;γ +Rα
βργ;σ = 0. (1.2.8)

As each term of equation above represents component of a tensor, this equation will

hold in any coordinate system. The above equation is known as the Bianchi Identity.

On contracting indices γ and α in above equation and using the symmetry property

of the Riemann curvature tensor, we get

Rβσ;ρ −R βρ;σ +Rα
βσρ;α = 0. (1.2.9)

After contracting indices β and σ, we have

Rσ
ρ;σ −

1

2
δσρR;σ = 0,

Eσρ;σ = 0.

(1.2.10)

where

Eσρ = Rσ
ρ −

1

2
δσρR, (1.2.11)

or

Eσρ = Rσρ −
1

2
Rgσρ, (1.2.12)

is called the Einstein tensor.

Geodesics

A straight line is the shortest distance between two points. In 3-dimensional space,

when we want to draw a triangle on curved sheet, the sum of all the interior angles

will not equal to 1800. The reason is that on a curved space it is not viable to draw
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actual straight lines. So for that we can only draw straight lines for shortest path

between two points on the surface. By this we mean that a geodesic is basically a

generalization of the straight line in Euclidean space to curved space.

To find the shortest path between two points P and R in arbitrary space, Euler-

Lagrange Equation (ELE) is used. The distance between P and Q along γ is given

by, [12].

L =
√
±gµν ẋµẋν (1.2.13)

l =

∫ R

P

√
| gµν ẋµẋν |dλ, (1.2.14)

l =

∫ R

P

Ldλ. (1.2.15)

Here ẋµ = dxµ

ds
. The curve for which l is an extremium is determined by substituting

L into the ELE.

d

ds

(
∂L
∂ẋγ

)
− ∂L
∂xγ

= 0. (1.2.16)

Using (1.2.14) and (1.2.15) in (1.2.16) and simplifying we get

ẍσ + Γσ µν ẋ
µẋν = 0. (1.2.17)

The term Γσµν is defined in equation (1.2.4).

1.3 The Einstein Field Equations

Einstein’s gravitational theory lies in geometrizing the gravitational force, by which

we mean that to map the impact of the gravitational force on physical processes

and also properties of the gravitational force onto that of a Riemannian space. In
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view of GR, the thing that can produce a gravitational field entitled as matter.

Einstein suggested that in a given spacetime a particle will travel on the straight

path available to it and is called as geodesic. The idea to derive the EFEs is bascially

that to extend the straightness of path in context of the spacetime curvature, so the

gravitation might also be indicated in terms of spacetime curvature. SR states

no essential difference between energy and matter. So we can conclude that in

relativistic terms, curvature of spacetime must be related to the presence of matter-

energy. Let the relationship be expressed by

Eµν [gαβ, Rα
βρσ] = κTµν . (1.3.1)

Here Eµν is symmetric and must be a divergence-free tensor. κ = 8πG/c4 is constant.

Here Tµν is the for non-trivial case be linear function of curvature. As we know that

(1.2.9) and (1.2.13) we get the Einstein tensor, by substituting this in above equation

we obtain the Einstein field equations

Rσρ −
1

2
Rgσρ = κTσρ. (1.3.2)

After GR applied to Cosmology, Einstein added a constant of integration Λ, called

the cosmological constant to E so that the above equation becomes

Rσρ −
1

2
Rgσρ − Λgσρ = κTσρ. (1.3.3)
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1.3.1 The Schwarzschild Solution

The EFEs are second order non-linear and a set of 10 partial differential equations.

The Schwarzschild solution is one of the most important and simplest of all exact so-

lutions to EFEs. The solution is time independent and spherically symmetric. The

German physicist, Schwarzschild calculated the space around a spherically symmet-

ric body static at the origin. The line element for the static, spherically symmetric

metric can be written as

ds2 = −eα(r)dt2 + eβ(r)dr2 + r2dΩ2, (1.3.4)

here α and β are functions of r only and dΩ2 = dθ2 + sin2 θdφ2 is the solid angle

substended at the origin. In order to find out the value for unknown functions α(r)

and β(r), firstly we will find the Christoffel symbols using Equation (1.2.4). The

non vanishing components are

Γttr = −α
′

2
, Γrtt =

α′

2
eα−β, Γrrr = −1

2
β′,

Γrθθ = −re−β, Γrφφ = −r sin2 θe−β, Γθrθ =
1

r
= Γφ1φ, (1.3.5)

Γrφφ = − sin θ cos θ, Γφθφ = cot θ,

Here the symbol ′ denotes the derivative with respect to r. By using christoffel

symbols we can write the above equation as follows

R00 = α′′ +
1

2
α′(α′ − β′) + 2

α′

r
= 0. (1.3.6)
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R11 = −α′′ − 1

2
α′(α′ − β′) + 2

β′

r
= 0. (1.3.7)

R22 = 1− e−β +
1

2
r(β′ − α′)e−β = 0. (1.3.8)

R33 = R22 sin2 θ = 0. (1.3.9)

Now adding equations (1.3.4) and (1.3.5) we have

(α + β)′ = 0, (1.3.10)

which implies

α + β = constant, (1.3.11)

we can consider the constant to be zero and say that we have merged the constant

into the units of time. So

α(r) = −β(r). (1.3.12)

After using equation (1.3.10) in equations (1.3.5) and (1.3.6), we obtain

eα(r) = 1 +
σ

r
. (1.3.13)

Also

eα(r) = e−β. (1.3.14)

Now putting equations (1.3.11) and (1.3.12) in equation (1.3.2) we have

ds2 = −
(

1− γ

r

)
c2dt2 +

dr2(
1− γ

r

) + r2dΩ2. (1.3.15)

21



This is called Schwarzschild solution. To get the value γ one must look for weak

field limit. By using correspondence principle γ may be easily determined. We get

after comparing this

γ = −2Gm/c2. (1.3.16)

The above value can be obtained by using the relativistic equations of motion.

The Relativistic Equation of Motion

The relativistic equations are obtained by geodesic equation for the Schwarzschild

metric. Following are the geodesic equations obtained from equation (1.2.16)

c
d2t

ds2
+ cα′

(
dt

ds

)(
dr

ds

)
= 0. (1.3.17)

d2r

ds2
+

1

2
c2α′eα−β

(
dt

ds

)2

+
1

2
β′
(
dr

ds

)2

−re−β
(
dθ

ds

)2

−r sin2 θe−β
(
dφ

ds

)2

= 0. (1.3.18)

d2θ

ds2
+

2

r

(
dr

ds

)(
dθ

ds

)
− sin θ cos θ

(
dφ

ds

)2

= 0. (1.3.19)

d2φ

ds2
+

2

r

(
dr

ds

)(
dφ

ds

)
+ 2 cot θ

(
dφ

ds

)(
dθ

ds

)
= 0. (1.3.20)

Taking θ = π
2

and hence θ̇ = 0 equations (1.3.15), (1.3.16) and (1.3.18) becomes

d2t

ds2
+ α′

(
dt

ds

)(
dr

ds

)
= 0. (1.3.21)

d2r

ds2
+

1

2
c2α′eα−β

(
dt

ds

)2

+
1

2
β′
(
dr

ds

)2

− re−β
(
dφ

ds

)2

= 0. (1.3.22)

d2φ

ds2
+

2

r

(
dr

ds

)(
dφ

ds

)
= 0. (1.3.23)
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Let us consider

dα

ds
=
dα

dr

dr

ds
= α′

dr

ds
. (1.3.24)

From equation (1.3.19) we can write

d

ds

(
eα
dt

ds

)
= 0. (1.3.25)

dt

ds
=
k1

eα
=

k1(
1 + γ

r

) . (1.3.26)

For asymptotically flat, the spacetime must be the Minkowskian space. Mathemat-

ically we can say that as (r −→∞ , t −→ 1
c
). From above equation we have

c
dt

ds
= e−α. (1.3.27)

After multiplying with r2 and solving the equation (1.3.21) becomes

r2dφ

ds
= k2. (1.3.28)

Classically we have

r2dφ

ds
=
h

c
. (1.3.29)

Here c be speed of light. Now after comparing (1.3.26) and (1.3.27), we get

k2 =
h

c
. (1.3.30)
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To simplify this we have

1 = eα
(
c
dt

ds

)2

− e−α
(
dr

ds

)2

− r2

(
dφ

ds

)2

. (1.3.31)

Using (1.3.25) and (1.3.26) into equation (1.3.29) we have

eα
(
dr

ds

)2

= e−α − h2/c2

r2
− 1. (1.3.32)

Using equations (1.3.25) and (1.3.29) and (eα)′ = −γ
r2

in equation (1.3.20), we have

d2r

ds2
− h2/c2

r3
=
γ/2

r2
+

3

2

γh2/c2

r4
. (1.3.33)

From equation (1.3.27)

dφ =
h/c

r2
ds. (1.3.34)

Also

d

ds
=
h/c

r2

d

dφ
. (1.3.35)

Now taking r = 1
u

in above equation

d2r

ds2
= −h

2

c2
u2 d

2u

dφ2
. (1.3.36)

Putting the above equation in (1.3.31), we have

d2u

dφ2
+ u =

(
−c2γ/2

h2

)
−
(

3γ

2

)
u2. (1.3.37)
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From the above equation after considering γ = −2Gm
c2

. We have

d2u

dφ2
+ u =

Gm

h2
+

3Gm

c2
u2. (1.3.38)

As we know that classical equation of motion for a particle in an external gravita-

tional field is

d2u

dφ2
+ u =

Gm

h2
, (1.3.39)

As we know that for r −→∞ the term u2 is so small we can neglect it. The (1.3.13)

takes the form

ds2 = −
(

1− 2Gm

c2r

)
dt2 +

dr2(
1− 2Gm

c2r

) + r2dΩ2. (1.3.40)

which is called the Schwarzschild metric. For gravitational units i.e c = G = 1,

equation (1.3.13) can be written as

ds2 = −
(

1− 2m

r

)
dt2 +

dr2(
1− 2m

r

) + r2dΩ2. (1.3.41)

1.4 The Three tests of GR

Einstein suggested three tests of general relativity, called the classical tests of GR.

The perihelion precession of Mercury’s orbit, the deflection of light by the Sun and

the gravitational redshift of light.
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1.4.1 The Perihelion Shift of Mercury

Mercury’s orbit is shifting it’s position slowly over time, due to the curvature of

spacetime around the sun. There is an extra 43 seconds of arc per century in this

precession are observed to occur. Mercury’s orbit orientation is found to precess in

space over time, this is commonly called the precession of the perihelion, because

of it position of the perihelion is moving. In Newton’s theory, only this part can

be accounted for perturbations. Although this effect is extremely small, but the

measurements are precise and can detect such effects very well.

1.4.2 The Gravitational Red-Shift

Einstein predicted the gravitational red-shift of light, but it is very difficult to mea-

sure astrophysically. Although it was measured by Walter in 1925, it was only

conclusively tested when the Pound-Rebka experiment in 1959 measured the rela-

tive red-shift of two sources situated at the top and bottom of Harvard University’s

Jefferson tower using an extremely sensitive phenomenon called the Mossbauer ef-

fect. The result was in excellent agreement with general relativity. This was one of

the first precision experiments testing general relativity. Light coming from a strong

gravitational field have its wavelength shifted to larger values, and it’s magnitude is

correctly given by Einstein’s theory, known as red-shift. Now let us consider a light

signal of n waves sent from point a, which is at a distance ra from the gravitational

source to a point b and which is at distance rb. Now we have to consider frequency

of emission be va and reception be vb. The proper time can be taken by considering

dr, dθ, dφ = 0. From equation (1.3.14) we have

dτa =
√

1− 2Gm/c2radt, (1.4.1)
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also for dτb we have

dτb =
√

1− 2Gm/c2rbdt. (1.4.2)

As the change in frequency is given by

vb
va

=

√
1− 2Gm/c2ra
1− 2Gm/c2rb

. (1.4.3)

Now if consider the surface of star with radius R so the frequency for very far away

is given by v + δv. So for ra = R also rb =∞.

δv

v
=

√
1− 2Gm

c2R
− 1 ≈ −Gm

c2R
. (1.4.4)

The above equation gives the red-shift of light. For case of the Earth light entering

into the gravitational potential would suffer blue-shift and is given by

δv

v
≈ −GmE

c2RE

. (1.4.5)

1.4.3 The Gravitational Deflection of Light

For light dτ = 0. Thus from equation (1.3.34) as h → ∞ for light and hence the

first term from equation (1.3.38) vanishes. Thus for light the equation of motion

becomes

d2u

dφ2
+ u =

3Gm

c2
u2. (1.4.6)

As we know that the above equation is non-linear differential equation and we can

not solve it exactly. We will first assume that the first term on right is negligible as

compared to u.
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We consider that the right hand side of above equation equal to zero, we will

denote the solution of this equation by u0. Then the equation looks like

u0 =
1

r0

=
cos(φ− φ0)

R
. (1.4.7)

In the above equation φ0 and R and constants of integration of second order linear

differential equation. In order to obtain a better approximation, we have to solve

the right hand side of above equation by replacing u0 with u

d2u1

dφ2
+ u1 =

3Gm

c2R2
cos2(φ− φ0). (1.4.8)

To solve the above equation and by first order approximation to the solution of

equation (1.4.6)

u1(φ) =
1

r1

=
1

R
cos(φ− φ0) +

Gm

c2R2
[cos2(φ− φ0) + 2 sin2(φ− φ0)]. (1.4.9)

We can obtain the second, third and so on nth order approximation for un.

In order to evaluate u0 so that we get the classical path of light, R, being the

“impact parameter”and also the φ0 be the choice of that phase. To observe this,

consider a light coming from a distant stargrazing by Sun and observed at the

Earth. The first order approximation given by u1 gives the “corrected” path of the

light from here we get the gravitational deflection of the light. Now substituting

x = r1 cos(φ − φ0) and y = r1 sin(φ − φ0) in equation (1.4.9). Thus we get r1 =√
x2 + y2. Multiplying the equation (1.4.9) by Rr1 we get

x = R− 2Gm

c2R

x2 + 2y2√
x2 + y2

. (1.4.10)
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The deflection of the light is given by

θ ≈ tan θ =
x−R
r1

≈ −2Gm

c2R
. (1.4.11)
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Chapter 2

Black Holes and Cosmology

2.1 Black Hole

A black hole is a region in spacetime where the gravitational field is strong enough

that even light cannot escape from it. The thermonuclear reactions in a star generate

pressure due to which a star supports itself against gravity. Since these are not

forever continuing reactions, so when the nuclear fuel is exhausted the pressure

reduces which break down it’s balance with gravity. As a consequence the star

starts contracting. In case the mass of the star is enough such that all outward

acting forces get overcome by the inward acting force of gravity then the collapse

continues. As a result density increases when the volume of star decreases and

escape velocity tends to exceed the speed of light at some place. The star is then

said to be a black hole (a name given by J.A. Wheeler) [13].

Their most interesting physical property is that they are described by only three

parameters: mass M , electric charge Q and angular momentum J . Due to its

structural simplicity, John Wheeler coined a famous phrase: A black hole has no
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hair, which was called the ‘no hair theorem’. As a consequence, there are now four

solutions of Einstein’s field equations that represent black holes: The most general

spherically symmetric, static solution of the EFE’s was obtained by K. Schwarzschild

[14] and is known as the Schwarzschild metric. The most general static, spherically

symmetric solution of the Einstein-Maxwell equations is the Reissner-Nordström

(RN) metric [15, 16]. The most general axi-symmetric and stationary solution of

the vacuum Einstein equation is Kerr metric, was discovered by Roy Kerr. Kerr also

found another solution to the Einstein-Maxwell equations that describes a charged,

rotating black hole, the generalization of the (RN) metric. It is called the charged-

Kerr or Kerr-Newmann, solution [17, 18].

A spacetime is said to be stationary if and only if there exists a timelike coordi-

nate t such that the metric is independent of t. The Schwarzschild spacetime pos-

sesses time translation symmetry as the metric remains unchanged under t −→ t+t0.

Where t0 is an arbitrary constant. Clearly the equation (1.3.15) is independent of

the timelike coordinate t and is, therefore, stationary. A stationary spacetime is also

static if the metric does not change under a time reversal t −→ −t.

In GR the presence of a singularity must be explored very carefully. If the

curvature becomes infinite then singularity is said to be essential. The Riemann

tensor is helpful for determining whether a singularity is essential or coordinate. The

problem is that Rσ
αβγ given by equation (1.2.4), is expressed in coordinate form.

Thus the trouble of the coordinate system will effect the components of Riemann

tensor. However, scalar quantities are invariant under coordinate transformations.

By constructing the scalars quantities from the Riemann tensor we could easily

check if they become infinite. There are only finitely many independent scalars. We

can express all the others in term of these. We only need to construct the simplest
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scalars. These are

I1 = R = gabRab,

I2 = Rab
cdR

cd
ab,

I3 = Rab
cdR

cd
efR

ef
ab.

(2.1.1)

If the independent curvature invariants, discussed above are all finite the singularity

will be coordinate. If any of them is infinite the singularity will be essential. From

equation (1.3.15), it is clear that the Schwarzschild black hole metric coefficients

become infinite at r = 0 and r = 2m. The question arises which type of singularity

is essential or coordinate in the Schwarzschild metric. The curvature invariants at

any point are given by

I1 = 0, (2.1.2)

I2 =
48m2

r6
, (2.1.3)

I3 =
64m3

r6
. (2.1.4)

It is clear from the above expression that the curvature invariants are regular at

r = 2m, while I2 and I3 are infinite at r = 0. As we know that they are scalars,

so their value will remain same in any coordinate system. So we can say that the

spacetime curvature is well behaved at r = 2m and is singular at r = 0. Thus we

conclude that the singularity at r = 0 is an essential singularity, whereas at r = 2m

is a coordinate singularity and can be removed by a good choice of coordinates.
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2.2 Cosmology

The word Cosmology is the combination of two Greek words “cosmos”(κωσµωσ)

and “logos”(λωγωσ). The former means “the Universe” and the latter means “the

study of”. Hence it is the study of the Universe [19].

The Cosmological Principle states that on a sufficiently large scale, the properties

of the Universe are the same for all observers. The first cosmological model was

proposed by Einstein in 1917. He assumed not only homogeniety and isotropy in

space but also in time. This assumption is called the Strong Cosmological Principle.

It was later dropped due to the discovery of the expansion of the Universe by Edwin

Hubble [12].

The stress-energy tensor for a perfect fluid is

T µν = (ρ+ p)ẋµẋν − pgµν . (2.2.1)

For the rest frame xµ = (x0, x1, x2, x3) so

ẋµ =

(
dx0/dτ, 0, 0, 0

)
, (2.2.2)

since the fluid is at rest. For the time-like geodesics

ẋµẋνgµν = c2, (2.2.3)

where c is the speed of light. Hence we can write it as

ẋ0 = (g00)−1/2, ẋ0 = (g00)1/2. (2.2.4)
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Thus we can write equation (2.2.1) in the form

T µν = (ρ+ p)(g00)−1δµ0 δ
ν
0 − pgµν . (2.2.5)

Using the law of conservation of energy-momentum (T µν;ν = 0). The equation be-

comes

0 = ((ρ+ p)g00δµ0 δ
ν
0 );ν − (pgµν);ν . (2.2.6)

Since the covariant derivative of the metric tensor vanishes and p is constant, hence

the second term of the above equation also disappears. The spherically symmetric

metric is given by [12]

ds2 = eν(r,t)dt2 − eλ(r,t)dr2 − r2(dθ2 + sin2 θdφ2). (2.2.7)

Now using equations (2.2.6) and (2.2.7) we have

(ρ+ p)[(e−ν(r)δµ0 δ
ν
0 ),ν + e−ν(r)Γµ ν0δ

ν
0 + Γν ν0δ

µ
0 ] = 0. (2.2.8)

There is no time dependence so the first term and the last term of the above equation

vanishes. The above equation then becomes

ρ̇ = −(ρ+ p)

2
λ̇, (2.2.9)

using the Strong Cosmological Principle, we obtain

(ρ+ p)

2
λ̇ = 0. (2.2.10)
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From the above equation we have two cases:

ρ+ p = 0, (2.2.11)

ρ+ p 6= 0, λ̇ = 0. (2.2.12)

Equation (2.2.11) gives the de Sitter Universe, whereas the second one give the

Einstein Universe. We will discuss here only the Einstein Static Universe model

(as we will discuss the Schwarzschild de-Sitter lensing in the next chapter). Taking

µ = 1 in

T1ν
;ν = 0. (2.2.13)

Solving the above equation and incorporating equation (2.2.7) and using the as-

sumption of homogeneity and isotropy we have

ν̇ = 0. (2.2.14)

Now to solve the equation (1.3.3) the mixed tensor form as follows;

Rα
ρ −

1

2
Rδαρ = κTαρ + Λδαρ . (2.2.15)

Here α, ρ = 0, 1, 2, 3. From equation (2.2.7) after getting the Christoffel symbols,
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the Ricci tensors Rα
ρ are

R0
0 =

e−λ

2

[
ν ′′ +

ν ′

2
(ν ′ − λ′) +

2ν ′

r

]
,

R1
1 =

e−λ

2

[
ν ′′ +

ν ′

2
(ν ′ − λ′)− 2λ′

r

]
,

R2
2 = − 1

r2

[
1− (re−λ)−

(
ν ′ + λ′

2

)
re−λ

]
= R3

3.

(2.2.16)

The Ricci scalar, R is

R = R0
0 +R1

1 +R2
2 +R3

3,

= e−λ
[
ν ′′ +

ν ′

2
(ν ′ − λ′) +

2ν ′

r

]
− 2

r2

[
1− (re−λ)

]
.

(2.2.17)

The stress-energy tensor is calculated as

Tα
β =



ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p


(2.2.18)

Now the zeroth component of equations (2.2.15), (2.2.16) and (2.3.17) yields

1− (8πρ+ Λ)r2 = (re−λ)′. (2.2.19)

Integrating the above equation we have

re−λ = r −
(

8πρ+ Λ

3

)
r3 + α1. (2.2.20)

As r −→ 0, α1 = 0.
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Let (
8πρ+ Λ

3

)
=

1

R2
. (2.2.21)

The equation (2.2.20), looks like

e−λ = 1− r2

R2
. (2.2.22)

Also the equations (2.2.16) and (2.2.17) and (2.2.19) yields

1

r2
[1− e−λ(rν ′ + 1)] = −8πp+ Λ. (2.2.23)

After subtracting the above equation from (2.2.20) we have

e−λ
(
ν ′ + λ′

r

)
= 8π(p+ ρ). (2.2.24)

After that we use ν̇ = 0 and equation (2.2.22), the above equation looks like

ν ′eν/2

2
+

2r/R2

2(1− r2/R2)
eν/2 =

4πκr

2(1− r2/R2)
. (2.2.25)

Solving the above equation we have

[
eν/2

(1− r2/R2)1/2

]′

=
4πκr

[1− r2/R2]3/2
. (2.2.26)

After integrating above equation we have

eν/2

(1− r2/R2)1/2
=

4πκR

(1− r2/R2)1/2
+ C, (2.2.27)

37



here C is the constant of integration, so we have

eν =

(
A+ C

√
1− r2

R2

)2

. (2.2.28)

Finally using equations (2.2.22) and (2.2.28) in equation (2.2.7) we have

ds2 = −
(
A+ C

√
1− r2

R2

)2

dt2 +
dr2(

1− r2

R2

) + r2(dθ2 + sin2 θdφ2). (2.2.29)

From equation (2.2.15) it follows that C = 0. Taking A = 1 equation (2.2.29) will

become

ds2 = −dt2 +
dr2(

1− r2

R2

) + r2(dθ2 + sin2 θdφ2). (2.2.30)

The de Sitter Universe model was suggested in 1917. The static Universe model was

proposed in the same year by Einstein. Equation (2.2.11) is taken for the de Sitter

Universe, when both the pressure and density taken to be zero.

ρ = p = 0. (2.2.31)

Using the above equation, equation (2.2.24) becomes

ν = −λ. (2.2.32)

Now the equation (2.2.22) can be written as

e−λ = 1− r2

R2
= eν . (2.2.33)
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We obtained the de Sitter metric by incorporating above equation

ds2 = −
(

1− r2

R2

)
dt2 +

dr2(
1− r2

R2

) + r2(dθ2 + sin2 θdφ2). (2.2.34)

As ρ = 0 therefore the equation (2.2.21) gives R2 = 3
Λ

. So

ds2 = −
(

1− r2Λ

3

)
dt2 +

dr2(
1− r2Λ

3

) + r2(dθ2 + sin2 θdφ2). (2.2.35)
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Chapter 3

Review of Gravitational Lensing

3.1 General Equations of Motion

We now consider the motion of a freely falling material particle or photon in a static

isotropic gravitational field. First we consider the most general such metric in the

standard form [20]

dτ 2 = −B(r)dt2 + A(r)dr2 +D(r)dΩ2, (3.1.1)

where dΩ2=dθ2 + sin2 θdφ2, dτ 2 is the time interval and A, B, D are arbitrary

functions of r. The equations of free fall are

ẍγ + Γγαβẋ
αẋβ = 0. (3.1.2)
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The nonzero Christoffel’s symbols for the above metric are

Γrφφ = −r sin2 θ

A(r)
, Γrrr =

A′(r)

2A(r)
, Γrθθ = − r

A(r)
,

Γrtt =
B′(r)

2A(r)
, Γθrθ =

1

r
, Γθφφ = − sin θ cos θ, (3.1.3)

Γφφr =
1

r
, Γφθφ = cot θ, Γttr =

B′(r)

2B(r)
.

From (3.1.2), the equations for t, r, θ, φ are:

0 =
d2xt

dp2
+ Γtαβ

dxα

dp

dxβ

dp

=
d2t

dp2
+
B′(r)

B(r)

dt

dp

dr

dp
; (3.1.4)

0 =
d2xr

dp2
+ Γrαβ

dxα

dp

dxβ

dp

=
d2r

dp2
+
A′(r)

2A(r)

(
dr

dp

)2

− r

A(r)

(
dθ

dp

)2

− r sin2 θ

A(r)

(
dφ

dp

)2

+
B′(r)

2A(r)

(
dt

dp

)2

;

(3.1.5)

0 =
d2xθ

dp2
+ Γθαβ

dxα

dp

dxβ

dp

=
d2θ

dp2
+

2

r

dθ

dp

dr

dp
− sin θ cos θ

(
dφ

dp

)2

; (3.1.6)

0 =
d2xφ

dp2
+ Γφαβ

dxα

dp

dxβ

dp

=
d2φ

dp2
+

2

r

dφ

dp

dr

dp
+ 2 cot θ

dφ

dp

dθ

dp
. (3.1.7)

Since the field is isotropic, we may consider the orbit of our particle to be confined

to the equatorial plane (θ = π
2
). In this case, (3.1.6) is satisfied. Finally (3.1.4),
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(3.1.5) and (3.1.7) take the form

d2r

dp2
+
A′(r)

2A(r)

(
dr

dp

)2

+
B′(r)

2A(r)

(
dt

dp

)2

− r

A(r)

(
dφ

dp

)2

= 0, (3.1.8)

d2φ

dp2
+

2

r

dφ

dp

dr

dp
= 0, (3.1.9)

d2t

dp2
+
B′(r)

B(r)

dt

dp

dr

dp
= 0. (3.1.10)

Calling dφ/dp, v in (3.1.9) and dt/dp, u in (3.1.10), we obtain

0 =
d

dp
[ln(vr2)], (3.1.11)

0 =
d

dp
[lnuB(r)], (3.1.12)

J = r2dφ

dp
, (3.1.13)

where J is constant. From (3.1.12) we see that

dt

dp
=

1

B(r)
. (3.1.14)

Inserting (3.1.13) and (3.1.14) in (3.1.8) we get

0 = 2A(r)
d2r

dp2
+
B′(r)

B2(r)
+ A′(r)

(
dr

dp

)2

− 2r
J2

r4
. (3.1.15)

Equation (3.1.15) can be written as

0 =
d

dr

[
A(r)

(
dr

dp

)2

− 1

B(r)
+
J2

r2

]
, (3.1.16)
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which, on integration yields

A(r)

(
dr

dp

)2

− 1

B(r)
+
J2

r2
= −E. (3.1.17)

From the metric (3.1.1), the above equations yield

E =

(
1

B(r)

)
−
[

1

B(r)
− J2

r2
− E

]
− J2

r2
. (3.1.18)

We see that E > 0 for matter and E = 0 for light.

Deflection Angle

In GR one of the applications in which we are interested is the shape of the

orbits, i.e r as a function of φ. From (3.1.13), (3.1.14) and (3.1.17) and simplifying

we have

−E =
A(r)

B2(r)

(
dr

dt

)2

− 1

B(r)
+
J2

r2
. (3.1.19)

Clearly

J = r2 1

B(r)

dφ

dt
. (3.1.20)

From (3.1.19), we have

dφ

dr
= ± 1

r2
A1/2(r)

[ 1

J2B(r)
− 1

r2
− E

J2

]−1/2

. (3.1.21)

Integrating the above equation we get

φ = ±
∫

1

r2
A1/2(r)

[ 1

J2B(r)
− 1

r2
− E

J2

]−1/2

dr +K. (3.1.22)

here K is a constant of integration. Now, to find the deflection angle consider a
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particle or photon approaching from very great distances. As the metric is asymp-

totically flat we get constant velocity, V . Leading to [20]

b w r sin(φ− φ∞) w r(φ− φ∞)), − V w
dr

dt
(r cos(φ− φ∞)) w

dr

dt
, (3.1.23)

where b is the impact parameter and φ∞ is the incident direction. Substituting in

(3.1.19), the constant of motion is E = 1− V 2 and since V = 1 for light, E = 0.

To express J in term of r0 of the closest approach to the distribution of mass,

rather than the impact parameter b. At r0, dr/dφ vanishes and from (3.1.21), we

have

J = r0

[ 1

B(r0)
− 1 + V 2

]1/2

. (3.1.24)

Using the above equation in (3.1.22) we have

φ(r) = φ∞ +

∫ ∞
r

1

r2
A1/2

[ 1

J2B(r0)
− 1

r2

]−1/2

dr. (3.1.25)

The total change in φ as r decreases gradually from infinity to its minimum value

r0 and then increases again to infinity is just twice its change from ∞ to r0, that is,

2|φ(r0)−φ∞|. Since the particles move in straight lines, so this would just be π, i.e.

∆φ = α̂(r0) = 2|φ(r0)− φ∞| − π. (3.1.26)

For the positive direction, the angle φ changes by more than 180◦ that is, the

trajectory is bent towards the mass distribution and for negative, the trajectory is

bent away from the mass distribution.
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We get the following expression by simplifying and inserting (3.1.26) in (3.1.27)

α̂(r0) = 2

∫ ∞
r0

1

r

√
A(r)

{(
r

r0

)2
B(r0)

B(r)
− 1

}−1/2

dr − π. (3.1.27)

Photon Sphere

The photon sphere (which was earlier known as photo sphere in literature) is the

region of a spacetime where gravity is strong enough that light is forced to travel

in closed orbits. This mean that the Einstein bending angle of light ray with the

closest approach r0 becomes large as r0 tends to rsp. In order to obtain the equation

for the photon sphere, set r = constant in (3.1.8)

B′(r)

A(r)

(
dt

dp

)2

− 2r

A(r)

(
dφ

dp

)2

= 0. (3.1.28)

Since it is photon sphere, so from equation (3.1.1) taking (θ = π
2
), dτ 2 = 0 and

simplifying we get

B(r)D′(r) = B′(r)D(r). (3.1.29)

The above equation has at least one positive solution. The largest root will be the

radius of the photon sphere (rm).

Bozza’s Method

Bozza’s method is widely used to calculate the deflection angle in the strong

field limit taking the photon sphere as the starting point. This is universal method

and can be applied to any spacetime provided that the photons satisfy the standard

geodesic equation. We are going to show that as we approach near the photon sphere

the deflection angle diverges logarithmically. Bozza divided the deflection angle into

the divergent and regular terms.
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3.2 Divergent Term of the Deflection Angle

Define two new variables

y = A(r),

z =
y − y0

1− y0

,
(3.2.1)

z is the function of r only. The above new variables will help in calculating the

divergent and regular term of the deflection. Here y0 = A(r0), the equation (3.1.27)

become

α̂(r0) = 2

∫ ∞
x0

[
B(r)

D(r)

]1/2 [
D(r)

D0

y0

y
− 1

]−1/2

dr − π

= 2

∫ ∞
r0

B(r)y

D(r)

√
D0

dz[
y0 − [(1− y0)z + y0] D0

D(r)

]1/2
− π.

(3.2.2)

Using (3.2.1), the above equation takes the form

α̂(r0) = 2

∫ 1

0

√
B(r)y

D(r)A′(r)
(1− y0)

√
D0

dz[
y0 − [(1− y0)z + y0] D0

D(r)

]1/2
− π. (3.2.3)

Calling

2

√
B(r)y

D(r)A′(r)
(1− y0)

√
D0 = R(z, r0),

1[
y0 − [(1− y0)z + y0] D0

D(r)

]1/2
= h(z, r0),

(3.2.4)

46



(3.2.3) can be expressed as

α̂(r0) =

∫ 1

0

R(z, r0)h(z, r0)dz − π. (3.2.5)

The function R(z, r0) is regular for all the values of z and r0, whereas h(z, r0) diverges

for z → 0. In order to find the order of divergence of the integrand, the square root

in h(z, r0) is be expanded upto the second order in z. For z0 = 0 the expansion of

l(z, r0) = y0 − [(1− y0)z + y0]D0/D(r) is

l(z, r0) =
∞∑
n=0

l(n)z0

n!
(z − z0)n (3.2.6)

= l(0) + l′(0)z +
l′′(0)

2
z2 + ... (3.2.7)

= l(0) + pz + qz2 + ... (3.2.8)

In order to find p and q, also from (3.2.1) we know that z is the function of x only

for this reason we have

l′(z) = d
dr

{
y0 − [(1− y0)z + y0] D0

D(r)

} [
dz
dr

]−1
(3.2.9)

= D0[(1−y0)z+y0]D(r)′

D(r)

[
dz
dr

]−1 − (1−y0)D0

D(r)
. (3.2.10)

For z = 0, r = r0, the above equation becomes

p = l′(z = 0) =
D0D

′
0(1− y0)y0

D2
0A
′
0

− (1− y0)D0

D0

=
(1− y0)

D0A′0
[D′0y0 −D0A

′
0].

(3.2.11)
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Now to find the standard value for σ, we have

l′′(z, r0) =
d

dz

(
dl

dz

)
=

d

dr

(
dl

dz

)
dr

dz
(3.2.12)

d

dr

(
dl

dz

)
=

d

dr

[
(1− y0)D0

D2A′
[D′[(1− y0)z + y0]−DA′]

]

=
1− y0D0

D3A′2
−(2D′A′ +A′′D)D′[(1− y0)z + y0]

+DA′((1− y0(D
′′z +D′z′) + y0D

′′) +DD′A′2.

(3.2.13)

Since for z = 0, that is r = r0 (3.2.13) becomes

l′′(0, r0) =
(1− y0)

2

D2
0A
′3
0

[
2D0D

′
0A
′2
0 + (D0D

′′
0 − 2D′20 )y0A

′
0 −D0y0D

′
0A
′′
0

]
. (3.2.14)

Finally q looks like

q =
1

2
l′′(0, r0) =

(1− y0)2

2D2
0A
′3
0

[
2D0D

′
0A
′2
0 +(D0D

′′
0 −2D′20 )y0A

′
0−D0y0D

′
0A
′′
0

]
. (3.2.15)

We can write h(z, r0) as

h(z, r0) ∼ h0(z, r0) =
1√

pz + qz2
. (3.2.16)

The integral diverges, when p vanishes. By examining the form p, we see that it

vanishes at r0 = rm. To solve the integral we will split the integral into two pieces

I(r0) = IR(r0) + ID(r0), (3.2.17)
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where

ID(r0) =

∫ 1

0

R(z, rm)h0(z, r0)dz, (3.2.18)

which contains the divergence and

IR(r0) =

∫ 1

0

[R(z, r0)h(z, r0)−R(0, rm)h0(z, r0)]dz. (3.2.19)

The divergent term is being substracted from the original term. To derive the

expression ID(r0) using the Taylor expansion for h(z, r0) we have

ID(r0) = R(0, rm)

∫ 1

0

1√
pz + qz2

dz. (3.2.20)

After solving, the integral becomes

ID(r0) = R(0, rm)
2
√
q

ln(

√
q +
√
q + p

√
q

). (3.2.21)

3.3 Regular Term Of The Deflection Angle

We have to expand IR(r0) in powers of (r0 − rm)

IR(r0) =
∞∑
n=0

1

n!
(r0 − rm)n

∫ 1

0

∂ng

∂rn0
| r0 = rm dz, (3.3.1)

and evaluate the single coefficients. If we had not subtracted the singular part

from R(z, r0)h(z, r0), we would have an infinite coefficient for n = 0, while all other

coefficients would be finite. However the function g(z, r0) is regular in z = 0. Since
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we are interested in terms upto O(r0 − rm), we will just retain the n = 0 term

IR(r0) =

∫ 1

0

g(z, rm)dz +O(r0 − rm), (3.3.2)

and then

aR = IR(rm), (3.3.3)

is the term we need to add to bD in order to get the regular coefficient.
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Chapter 4

Applications of Bozza’s Method

4.1 Schwarzschild BH Lensing

The simplest black hole solution is the Schwarzschild exterior metric

ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2), (4.1.1)

where f(r)=1− 2m/r.

4.1.1 Schwarzschild BH deflection angle

It is useful to write (4.1.1) in terms of Schwarzschild radius in terms of the dimen-

sionles variable x =r/rs, where rs = 2GM/c2. For the deflection angle, we must

determine values for R(z, x0) and h(z, x0). Substituting values in (3.2.4) we obtain

R(z, x0) = 2, (4.1.2)
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and

h(z, x0) = 1/
√

(1− 1/x0)− [(1− (1− 1/x0))z + (1− 1/x0)]x2
0/x

2

= 1/
√

(2− 3/x0)z + (3/x0 − 1)z2 − z3/x0.

(4.1.3)

The next step is to determine the photon sphere for the Schwarzschild metric using

(4.1.2) in (3.2.11) and (3.2.15) to get

p(x0) = 2− 3/x0, q(x0) = 3/x0 − 1. (4.1.4)

Using (4.1.4) in (3.2.16) we have

h0(z, x0) = 1/
√

(2− 3/x0)z + (3/x0 − 1)z2. (4.1.5)

The regular term of the deflection angle can be calculated after substituting in

(3.2.19)

IR(x0) =

∫ 1

0

[R(z, xm)h(z, xm)−R(0, xm)h0(z, xm)]dz

=

∫ 1

0

[2/
√
z2 − 2/3z3 − 2/z2]dz.

(4.1.6)

The Schwarzschild deflection angle in the strong field becomes [7]

α(θ) = −a/2 ln[(θDol/um − 1)] + b̄− π

= − ln

(
2θDol

3
√

3− 1

)
+ ln[216(7− 4

√
3)]− π,

(4.1.7)

where Dol is the distance between the observer and the lens.
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4.2 Reissner-Nordström Lensing

The Reissner-Nordström metric describes the gravitational field of a spherically

symmetric massive object endowed with an electric charge q. The metric functions

in standard coordinates are

ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2), (4.2.1)

where f(r) = 1 − 2m/r2 + q2/r2. For the deflection angle, we determine R(z, x0)

and h(z, x0) respectively using values in (3.2.4)

R(z, x0) = 2
√

(1− 1/x+ q2/x2)(1− 1/x+ q2/x2)−1/(1/x2 − 2q2/x3),

h(z, x0) = 1/
√

(2− 3/x0 + 3q2/x0)z + (3/x0 − 1− q2/x2
0)z2 + (−1/x0 + q2/x0)z3.

(4.2.2)

From (3.2.11) and (3.2.15) we have

p(x0) = [2− 3/x0 + 4q2/x2
0](x0 − q2)/(x0 − 2q2),

q(x0) = [3/x0 − 1− 9q2/x2
0 + 8q4/x3

0]x0(x0 − q2)2/(x0 − 2q2)3.

(4.2.3)

To determine the photon sphere for the Reissner-Nordström metric, from (3.2.4) we

have

0 = (2− 3/x0 + 4q2/x2
0)(x0 − q2)/(x0 − 2q2). (4.2.4)

From the above equation we get

xm1 = 3 +
√

9− 32q2/4, xm2 = 3−
√

9− 32q2/4. (4.2.5)
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We chose xm1 as the photon sphere radius. To obtain R(0, xm), we set z = 0 and

x0=xm

R(0, xm) = 2
(xm − q2)(xm +

√
x2
m − 4q2xm + 4q2)

xm(xm +
√
x2
m − 4q2xm + 4q2))− 4q2(xm − q2)

. (4.2.6)

For the Reissner-Nordström metric, the regular term IR(x0) cannot be calculated

analytically. We can expand the integrand in (3.3.2) in powers of q

IR(x0) = R(z, xm)h(z, xm)−R(0, xm)h0(z, xm)

= [R(z, xm)h(z, xm)−R(0, xm)h0(z, xm)]|q=0 + q[Ṙ(z, xm)h(z, xm)

+R(z, xm)ḣ(z, xm)− Ṙ(0, xm)h0(z, xm)−R(z, xm)ḣ0(z, xm)]|q=0

+
q2

2
[R̈(z, xm)h(z, xm) + 2Ṙ(z, xm)ḣ(z, xm) +R(z, xm)ḧ(z, xm)

− R̈(0, xm)h0(z, xm) + 2Ṙ(0, xm)ḣ0(z, xm)−R(0, xm)ḧ0(z, xm)]|q=0

+O(q4).

(4.2.7)

Substituting (4.2.7) in (3.2.19) and simplifying we get

IR(x0) = 1/2

∫ 1

0

(
8/9z − 16/9− 80/27z3 + 24/27z2

(z
√

1− 2/3z)3

)
dz. (4.2.8)
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Chapter 5

Deflection angle for the

Schwarzschild-de Sitter Metric

The bending of the path of light by a gravitational field was one of the classical

tests of general relativity proposed by Einstein [12]. While he calculated it for a

very weak field, nowadays it is being computed for strong fields as well. This is

relevant when light comes from a distant source and passes through a very massive

galaxy, or galactic cluster or when light goes by a supermassive black hole and gets

bent practically right round [20]. Many papers ignore cosmological effects (see for

example [6, 21, 22]) but others incorporate them (see for example [23, 24]). Here

the procedure and notation of Bozza [7] will be used to calculate the lensing in the

Schwarzschild-de Sitter metric.

The Schwarzschild-de Sitter line element, which represents a black hole in an
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accelerating Universe, is [25]

ds2 = −f(r)dt2 + dr2/f(r)− r2(dθ2 + sin2 θdφ2) ,

f(r) = (1− 2m/r + Λr2/3) , (5.0.1)

where m is the black hole mass and Λ is the cosmological constant. For light in the

equatorial plane the geodesic equation yields the first integral

ṙ = L
√

1/b2 − 1/f(r)r2 , (5.0.2)

where L is a spin-like parameter and b is the impact parameter for the light. This

leads to the equation

ṙ2 + Lf(r)/r2 = E , (5.0.3)

where E is a constant corresponding to the total energy. It is useful to write the

above metric in dimensionless variables: τ = s/2m; T = t/2m; X = r/2m and

Λ1 = Λ 4m2; as

dτ 2 = −f(x)dT 2 + f−1(x)dX2 + x2(dθ2 + sin2 θdφ2) . (5.0.4)

The radius of the sphere of photons, xp, is the largest root of the equation [9],

f ′(x)/f(x) = 2/x, which gives xp = 3/2. The deflection angle for a photon coming

from infinity with a distance of closest approach x0 is

α(x0) =

∫ ∞
x0

2x0dx/[x
√
f(x0)x2 − f(x)]− π . (5.0.5)

The deflection angle depends on the relation between x0 and xp which increases as
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x0 approaches to xp.

The impact parameter b obtained by the conservation of angular momentum is

b = x0/
√
f(x0). The deflection angle for photons near the photon sphere

α(x0) = −a ln(x/x0 − 1) + a1 +O(x− xp) , (5.0.6)

which has a logarithmic divergence. Here

a =
(1 + Λ1x

3
p/3)/(1− 2Λ1xp/3)√

(1 + x3Λ1/3)2/(1− 2Λ1x3
p/3)3[3/xp − 1− 5Λ1x2

p + 8Λ1x3
p/3]

, (5.0.7)

and

a1 = −π + aR + a ln 2η , (5.0.8)

where

η =
(1 + x3

pΛ1/3)2

(1− 2Λ1x3
p/3)3(3/xp − 1− 5Λ1x2

p + 8Λ1x3
p)(1− 1/xp − Λ1x2

p/3)
. (5.0.9)

The value of the impact parameter is bp = xp/
√

3(xp − 1) + Λ1x3
p at x0 = xp. The

term aR is evaluated up to second order in Λ1, i.e.

aR = aR,0 + aR,2Λ2
1 +O(Λ4

1) , (5.0.10)

where aR,0 is the value for the unchanged black hole (Schwarzschild). The lens

equation shown in Figure 1 (as modified from [26]) relates the positions and the

magnification of the relativistic images and the deflection angle for the strong field

β = θ −DLS/DS∆αn. (5.0.11)
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Figure 5.1: Basic lens formalism: Position of image, lens, source and observer are
represented by I, L, S and O. The distances between the lens-observer, lens-source
and source-observer are denoted by DLO, DLS and DS. The line connecting O and
L is called the optical axis of the lens geometry, The angle between the line joining
the source and observer to the optical axis is β and of the image and observer is θ.
The impact parameter is given by b.

Now according to the lens geometry, (5.0.6) can be written as

α(θ) = −a ln

(
θDLO

bp
− 1

)
+ a1 , (5.0.12)

where we have b = DLO sin θ ≈ DLOθ. DLO is the distance between the lens and the

observer. The nth image position can be obtained by using the Taylor series.

θn = θ0
n +

bpe
(a1−2nπ/a)(β − θ0

n)DS

a1DLSDOL

. (5.0.13)
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Here θ0
n = bp/DOL[1 + e(a1−2nπ/a)] and ξn = bpe

(a1−2nπ/a)/a1DOL. The above formula

is valid both for the images on the same side of the source and images on the opposite

side. An infinite sequence of Einstein rings is obtained when β = 0 in (5.0.13)

θEn =

(
1− ξnDOL

DLS

)
θ0
n . (5.0.14)

Another important quantity is the magnification of images. The magnification of

the nth relativistic image is given by

µn =
sin θ

sin β

∂β

∂θ
. (5.0.15)

Letting the angle be small and using equation (5.0.13) and equation (5.0.15), the

nth relativistic image is

µn =
1

β

(
θ0
n +

ξnDS

DLS

(β − θ0
n)

)
ξnDS

DLS

. (5.0.16)

Finally the magnification is

µn = e(a1−2nπ)/a
b2
p(1 + e(a1−2nπ)/a)DS

aβD2
LODLS

, (5.0.17)

which decreases very quickly as n increases.

The minimum impact parameter is now, bp = DLOθ∞ (shown in Figure 5.2).

Here θ∞ represents the asymptotic position of the set of the relativistic images

obtained in the limit n → ∞. For a single image we get the angular separation

between the first and the limiting value, s = θ1− θ∞. The ratio between the flux of
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Figure 5.2: The asymptotic position of the set of images plotted against the dimen-
sionless cosmological constant Λ.

the first image and the total flux from all images is

r = µ1/
+∞∑
n=2

µn. (5.0.18)
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Chapter 6

Conclusion

In this dissertation, we have reviewed a general method to compute the coefficient of

leading order divergent term and the regular term. We have studied the gravitational

lensing in the strong field and extended this work to the Schwarzschild-de Sitter black

hole.

We first reviewed the simplest case for the Schwarzschild black hole and calcu-

lated its bending angle. Here we used the procedure and notation of Bozza.

Furthermore we have calculated the bending angle for the Reissner-Nordström

black hole. Finally we studied the bending angle for the Schwarzschild-de Sitter

black hole. We plotted graphs to show the deflection angle.
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