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Abstract

Convex functions play a key role in different field of mathematics such as in the theory

of inequalities. m-convex function is the generalization of convex function. The calculus

and applications of dynamic derivatives defined on time scales give unification as well

as an extension of customary differential and difference equations. This dissertation

deals with the notion of m-convex function on time scale. Some basic and well-known

inequalities have been deduced such as Petrovic’s, Jensen’s, Hermite-Hadamard and

Fejer’s. Also Hermite-Hadamard and Petrovic’s inequalities have been discussed in the

two coordinated m-convex function on time scale.

v



List of Notations

oΥ TimeoScale
oR Setooforealonumbers

oR+ Setoofopositiveoreal numbers
oZ Setoofointegers
oN Setoofonaturalonumbers
oN0 N ∪ {0}
oQ Setooforationalonumbers
oQ

′
Setoofoirrationalonumbers

oC Setoofocomplexonumbers
oL1[a, b] Setoofoallointegrable functionsoono[a, b]
oKm(a) set ofoallom-convexofunctionsoono[0, a]

vi



Contents

1 Introduction and Preliminaries 1

1.1 Convex Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 m-Convex Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Coordinated m-Convex Function . . . . . . . . . . . . . . . . . . . . . 3

1.4 Time Scale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.5 Convex Function on Time Scale . . . . . . . . . . . . . . . . . . . . . . 9

2 Some Inequalities of m-Convex Function 10

2.1 Basic Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Petrovic’s Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Jensen’s Type Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Hermite-HadamardoTypeoInequalities . . . . . . . . . . . . . . . . . . 15

2.5 Inequalities Relatedoto m-ConvexoFunctions on TwooCoordinates . . . 19

3 Time Scale Version of Some Inequalities of m-Convex Functions 28

3.1 m-Convex Function on Time Scale . . . . . . . . . . . . . . . . . . . . 28

3.2 Basic Inequalitieso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3 Petrovic’s Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.4 Jensen’s Type Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.5 Hermite-Hadamard Type Inequalities . . . . . . . . . . . . . . . . . . . 40

4 Time Scale Version of some Inequalities of m-Convex Functions on

Two Coordinates 52

4.1 Coordinated Convex Function . . . . . . . . . . . . . . . . . . . . . . . 52

vii



4.2 Coordinated m-Convex Function . . . . . . . . . . . . . . . . . . . . . 53

4.3 Hermite-Hadamard Type Inequalities . . . . . . . . . . . . . . . . . . . 53

4.4 Petrovic’s Inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

Bibliography 69

viii



Chapter 1

Introduction and Preliminaries

Convexity is a basic idea whichocan be followed back tooArchimedes (around 250

B.C.), regarding his renowned gauge of the estimation of π. (utilizing engraved and

restricted standardopolygons). He observed the crucial actuality that the border of

aoconvex figure is littler than the edge of some other convex figure, encompassing it.

Convex functions play a key roleoin different field of mathematicsosuch as in the

theory of inequalities. Convex functions are illustrated by appropriate properties when

we are studying optimization problems. Such as, a local minimumoof convex functions

is a globalominimum. The theory established by the concept of convex functions ea-

gerly applied in real analysis as well as in economics.

In Chapter 1 we give some basic definitions and preliminaries such as convex func-

tion, m-convex function and time scale theory.

In Chapter 2 we give some basic results and well-known inequalities of m-convex

function such as Jensen’s inequality, Hermite-Hadamard inequality, Petrovic’s inequal-

ity and Fejer’s inequality.

In Chapter 3 we will apply the time scale theory on above mentioned inequalities.
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In Chapter 4 we will generalize the definition of m-convex function on two coordi-

nates. We then apply the time scale theory and derive Petrovic and Hermite-Hadamard

type inequalities.

1.1 Convex Function

For the convexity of any set C, it must contain the lineosegmentobetween two distinct

points, i.e. for τ1, τ2 ∈ C and α ∈ [0, 1], we have

ατ1 + (1− α)τ2 ∈ C.

Definition 1.1.1. [19] A function ϕ : I → R is saidoto be convex if ∀ τ1, τ2 ∈ I and

any arbitrary 0 ≤ α ≤ 1, the inequality

ϕ(ατ1 + (1− α)τ2) ≤ αϕ(τ1) + (1− α)ϕ(τ2), (1.1)

holds. For ϕ to be strictly convex on I

ϕ(ατ1 + (1− α)τ2) < αϕ(τ1) + (1− α)ϕ(τ2), (1.2)

holds.

The function ϕ isosaid to beoconcave (strictlyoconcave) on I, if −ϕ isoconvex (strictlyoconvex).

1.2 m-Convex Function

In [21] G.H. Toaderodefined theom-convexity.

Definition 1.2.1. If 0 ∈ I ⊆ R be an interval and any arbitrary number 0 ≤ m ≤ 1,

then aofunction ϕ : I → R is known asom-convex, if the inequality

ϕ(λτ1 +m(1− λ)τ2) ≤ λϕ(τ1) +m(1− λ)ϕ(τ2), (1.3)

is satisfied for arbitrary points τ1, τ2 ∈ I and every coefficient 0 ≤ λ ≤ 1.
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Geometric presentation ofotheoinequalityoof m-convexityoinoformulao(1.3) shows

that the line segmentoconnectingotheograph point (τ1, ϕ(τ1)) and theopoint (mτ2,mϕ(τ2))

is above the graphoofotheorestrictiono ϕ/conv{τ1,mτ2}. By the definition, a convex

function is usually represented by a 1 -convex function.

1.3 Coordinated m-Convex Function

In [10], Farid et al. gave the definition of coordinated m-convex functions.

Definition 1.3.1. Let ∆2 = [0, p2]× [0, q2] ⊂ [0,∞)2, then aofunction ϕ : ∆2 → R is

said to be coordinated m-convex if the partial mappings

ϕy : [0, p2]→ R odefined by ϕy(u) = ϕ(u, y),

and

ϕx : [0, q2]→ R odefined by ϕx(v) = ϕ(x, v),

areom-convexoon [0, p2] and [0, q2] respectively, ∀ y ∈ [0, q2] and x ∈ [0, p2].

1.4 Time Scale

In 1988, Stefan Hilger (German mathematician) was the first man who proposed the

theory of time scale in his PhD thesis [12]. The calculus andoapplications of dy-

namicoderivatives defined on time scales giveounification as well as an extension of

customaryodifferentialoandodifference equations.

Any subset ∅ 6= Υ ofoR with induced topologyoofoR is said to be time scale if it is

closed. For example R, Z, N, N0 and [0, 1] ∪ [2, 3] ∪N are time scales. Whereas Q,

Q′, C and (0, 1) are not time scales. The intervals in time scale are denoted by IΥ

defined by IΥ = I ∩Υ, where I is arbitrary interval of real numbers. For more details

about fundamental rules of calculus related with the dynamic derivatives and integral
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operators, see [1], [4], [6], [12], and [20].

Here the idea of jump operators are required because the timeoscale Υ may oromay

not beoconnected.

Definition 1.4.1. [3] For any s ∈ Υ, theoforwardojumpooperator σ : Υ → Υ is

defined as

σ(s) = inf{` ∈ Υ : ` > s}.

Definition 1.4.2. [3] For any s ∈ Υ, theobackwardojumpooperator ρ : Υ → Υ is

defined by

ρ(s) = sup{` ∈ Υ : ` < s}.

We use the convention

inf ∅ = sup Υ , sup ∅ = inf Υ.

Definition 1.4.3. [4] Any point s ∈ Υ is calledoright-scattered, if σ(s) > s and it is

calledoleft-scattered if ρ(s) < s.

Definition 1.4.4. [4] The points are said to be isolated if they simultaneously act

asoright-scattered andoleft-scattered.

Definition 1.4.5. [4] If σ(s) = s and s < sup Υ then s is saidoto beoright-dense and

ifoρ(s) = s and ifos > inf Υ, then s isosaidoto beoleft-dense.

Definition 1.4.6. [4] If the points are simultaneously act asoright-dense andoleft-

dense then the points areosaid to beodense.

Definition 1.4.7. [3] Theomappingsoµ, ν : Υ→ [0,∞)odefinedoby

µ(s) = σ(s)− s,

and

ν(s) = s− ρ(s),

are known as the forward and backward graininess functions respectively.
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We define Υk = Υ\M1, where M1 ∈ Υ is a left-scattered maximum, otherwise

Υk = Υ. In case of right-scattered minimum M2, we define Υk = Υ\M2 ; otherwise

Υk = Υ. Finally, we define Υ∗ = Υk ∩Υk .

Example 1.4.8. Let Υ = R and any s ∈ R, we have

σ(s) = inf{` ∈ R : ` > s} = inf{(s,∞)} = s,

ρ(s) = sup{` ∈ R : ` < s} = sup{(−∞, s)} = s.

Since, σ(s) = s and s < sup Υ = supR = ∞, so s isoright-dense. Also, ρ(s) = s and

s > inf Υ = inf R = −∞, so s isoleft-dense. Therefore, s isodense.

The Graininess function of Υ = R is

µ(s) = σ(s)− s

= s− s

= 0.

Example 1.4.9. Let Υ = Z and anyoarbitrary s ∈ Z

σ(s) = inf{` ∈ Z : ` > s} = inf{(s+ 1, s+ 2, s+ 3, ...)} = s+ 1,

ρ(s) = sup{` ∈ Z : ` < s} = sup{(..., s− 3, s− 2, s− 1)} = s− 1.

Since, σ(s) = s + 1 > s, so s isoright-scattered. Also, ρ(s) = s − 1 < s, so s is

left-scattered. Hence, s is an isolated point.

The Graininess function of Υ = Z is

µ(s) = σ(s)− s

= s+ 1− s

= 1.
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Definition 1.4.10. [4] For a function ϕ : Υ → R and for s ∈ Υk, we define ϕ∆(s)

in s (if exists) having a propertyothat foroany givenoε > 0, ∃ a UΥ(neighborhood) of s

suchothat∣∣ϕ(σ(s))− ϕ(`)− ϕ∆(s)[σ(s)− `]
∣∣ ≤ ε|σ(s)− `|, ∀ ` ∈ UΥ , ∀ s ∈ Υk.

Then we can say that ϕ is delta differentiable on Υk.

Definition 1.4.11. [4] For a function ϕ : Υ → R and for s ∈ Υk, we define ϕ∇(s)

in s (if exists) having a propertyothat foroany givenoε > 0, ∃ a UΥ(neighborhood) of s

such that∣∣ϕ(ρ(s))− ϕ(`)− ϕ∇(s)[ρ(s)− `]
∣∣ ≤ ε|ρ(s)− `|, ∀ ` ∈ UΥ , ∀ s ∈ Υk.

Then we can say that ϕ is nabla differentiable on Υk.

Theorem 1.4.12. [4] Assume ϕ : Υ→ R and s ∈ Υk. Then

1. ϕ isocontinuous at s, if ϕ isodelta differentiable at s.

2. If ϕ is continuous at s where s is right-scattered, then ϕ is delta differentiable at

s with

ϕ∆(s) =
ϕ(σ(s))− ϕ(s)

µ(s)
.

3. If s isoright-dense(rd) then ϕ isodifferentiable at s ⇔ the limit

lim
τ→s

ϕ(s)− ϕ(τ)

s− τ
,

existsoas aofiniteonumber. In this case,

ϕ∆(s) = lim
τ→s

ϕ(s)− ϕ(τ)

s− τ
.
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4. If ϕ is delta differentiable at s, then

ϕ(σ(s)) = ϕ(s) + µ(s)ϕM(s),

holds.

Theorem 1.4.13. [3] Assume ϕ : Υ→ R and s ∈ Υk. Then

1. ϕ is continuous at s, if ϕ is nabla differentiable at s.

2. If ϕ is continuous at s where s is left-scattered, then ϕ is nabla differentiable at

s with

ϕ∇(s) =
ϕ(s)− ϕ(ρ(s))

ν(s)
.

3. If s is left-dense(ld), then ϕ is nabla differentiable at s ⇔ the limit

lim
τ→s

ϕ(s)− ϕ(τ)

s− τ
,

exists as a finite number. In this case,

ϕ∇(s) = lim
τ→s

ϕ(s)− ϕ(τ)

s− τ
.

4. If ϕ is nabla differentiable at s, then

ϕ(ρ(s)) = ϕ(s) + ν(s)ϕ∇(s),

holds.

Definition 1.4.14. [3] Any functionoφ : Υ → R isosaidoto be an rd-continuous, if

continuity of φ holds at all right-dense points in Υ and at all left-dense points in Υ,

its left-sided limitsoare finite. Crd is the set containing allord-continuousofunctions.
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Definition 1.4.15. [3] Anyofunction φ : Υ → R is saidoto be anold-continuous, if

continuity of φ holds at alloleft-dense points in Υ and at alloright-dense points in Υ,

itsoright-sidedolimitsoare finite. Cld is the set of containing allold-continuousofunctions.

Both Crd and Cld are contained in set of continuous functions on Υ.

Definition 1.4.16. [20] If ϕ∆(s) = φ(s), ∀ τ ∈ Υk, then ϕ : Υ → R is said to be a

∆-antiderivative of φ : Υ→ R. We define ∆-integral by

∫ s

α

φ(τ)∆τ = ϕ(s)− ϕ(α).

Theorem 1.4.17. [5] Eachord-continuous(ld-continuous)ofunction has a ∆(∇)oantiderivative.

Theorem 1.4.18. [20] If a, b, c ∈ Υ, α ∈ R and, ϕ, ψ ∈ Crd, then

1.
∫ b
a
(ϕ(s) + ψ(s))∆s =

∫ b
a
ϕ(s)∆s+

∫ b
a
ψ(s)∆s.

2.
∫ b
a
αϕ(s)∆s = α

∫ b
a
ϕ(s)∆s.

3.
∫ b
a
ϕ(s)∆s = −

∫ a
b
ϕ(s)∆s.

4.
∫ a
a
ϕ(s)∆s = 0.

5.
∫ b
a
ϕ(s)∆s =

∫ c
a
ϕ(s)∆s+

∫ b
c
ϕ(s)∆s.

6. If ∀ s, ϕ(s) ≥ 0 ⇒
∫ b
a
ϕ(s)∆s ≥ 0.

Note that Theorem 1.4.18 also holds for ϕ, ψ ∈ Cld.
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1.5 Convex Function on Time Scale

Definition 1.5.1. [5] Any function ϕ : IΥ → R is saidoto beoconvex, if

ϕ(ατ1 + (1− α)τ2) ≤ αϕ(τ1) + (1− α)ϕ(τ2), (1.4)

∀ τ1, τ2 ∈ IΥ and arbitrary 0 ≤ α ≤ 1, where IΥ = I ∩Υ, I be an interval in R.

For ϕ to be strictly convex on IΥ

ϕ(ατ1 + (1− α)τ2) < αϕ(τ1) + (1− α)ϕ(τ2), (1.5)

holds.

The function ϕ isosaidoto be concave (strictly concave) on IΥ, if −ϕ is convex (strictly

convex).
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Chapter 2

Some Inequalities of m-Convex
Function

In this chapter, some basic inequalities are considered related to m-convex functions.

Then there are given some Jensen type inequalities, Hadamard type inequalities, Petro-

vic inequality and Fejer inequality.

Remark 2.0.1. Using m = 1 in (1.3); we regain the definitionoofoconvex functions and

by taking m = 0, we attainotheostaroshapedofunctions. Remember that, ϕ : [0, a]→ R

is star shaped if

ϕ(λτ) ≤ λϕ(τ),

holds, ∀ λ ∈ [0, 1] and τ ∈ [0, a].

Lemma 2.0.2. [21] If ϕ ∈ Km(a), then it is star shaped.

Lemma 2.0.3. [22] If ϕ ∈ Km(a)oand 0 ≤ n < m ≤ 1, then ϕ ∈ Kn(a).

2.1 Basic Inequalities

Some algebraic and topologicalopropertiesoof m-convex functions are discussed in this

section.

Proposition 2.1.1. [15] Suppose ϕ : [0, a] → R, an m1-convex function and ψ :

[0, a]→ R, an m2-convex function where m1 ≤ m2, then ϕ+ ψ and αϕ for α ≥ 0, are

10



m1-convex.

Proposition 2.1.2. [15] Let ϕ : [0, a] → R , ψ : [0, b] → R with range(ϕ) ⊆
domain(ψ). If ψ is increasing and both ϕ and ψ are m-convex, then ψoϕ is also m-

convex on [0, a].

Proposition 2.1.3. [15] If the two non-negative functions ϕ, ψ : [0, b] → R are m-

convex as well as increasing, then ϕψ is m-convex.

Proposition 2.1.4. [15] Consider an m-convex function ϕ : [0,+∞] → R, which is

finite on
[
a, b

m

]
⊂ [0,+∞), where 0 < m ≤ 1. Then in any arbitrary closed interval

[a, b], ϕ is bounded.

Proposition 2.1.5. [14] If ϕ1, ϕ2 : [0, a]→ R are m-convex functions, then the func-

tion ϕ(u) defined by

ϕ(u) = max
u∈[0,a]

{ϕ1(u), ϕ2(u)},

is also m-convex.

Proposition 2.1.6. [14] If the sequence of m-convex functions, ϕn : [0, b] → R con-

verges pointwise to a function ϕ on [0, b], then ϕ must be m-convex.

Theorem 2.1.7. [17] Suppose 0 < m ≤ 1 be an arbitrary number and a function

ϕ : I → Rodefinedoonoanointerval 0 ∈ I. Then the statements given below are equiva-

lent:
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1. For each pair of points u,w ∈ I, where u 6= w and each coefficient 0 < α ≤ 1,

the function ϕ satisfies the inequality

ϕ((1− α)u+ αmw) ≤ (1− α)ϕ(u) + αmϕ(w). (2.1)

2. For every triple of points u, v, w ∈ I, where u 6= mw and v ∈ conv{u,mw}, the

function ϕ satisfies the inequality

ϕ(v) ≤ mw − v
mw − u

ϕ(u) +
v − u
mw − u

mϕ(w). (2.2)

3. For every triple of points u, v, w ∈ I, where u < mw and u ≤ v ≤ mw, the

function satisfies the inequality

det

 u ϕ(u) 1
v ϕ(v) 1
mw mϕ(w) 1

 ≥ 0. (2.3)

If we replaced the first and the third row in (2.3), the above inequality also holds for

u > mw and mw ≤ v ≤ u.

Corollary 2.1.8. [17] Suppose I be an interval which contains zero and 0 < m ≤ 1 be

an arbitrary number. Then for every triple of pointsou, v, w ∈ I,osuchothatou < v <

mw,oevery function ϕ : I → R which is m-convex must satisfies the inequality given

below:

ϕ(u)− ϕ(v)

u− v
≤ ϕ(v)−mϕ(w)

v −mw
.

If mw < v < u, then the reverse inequality holds.

Corollary 2.1.9. [17] If 0 < m ≤ 1 be an arbitrary number and I be an interval

which contains zero. Then every function ϕ : I → R which is m-convex:
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If p ≤ q < 0 or 0 < p ≤ q, then

ϕ(p)

p
≤ ϕ(q)

q
. (2.4)

If p < 0 < q ,then

ϕ(p)

p
− ϕ(q)

q
≤
(

1

p
− 1

q

)
(m+ 1)ϕ(0)

2m
. (2.5)

Lemma 2.1.10. [17] Let 0 < m ≤ 1 be an arbitrary number and [p, q] is an in-

terval of R, where p < 0 < q. Then every function ϕ : [p, q] → R which is m-

convex,oisoboundedobyotheoaffineofunctions asofollows:

If p ≤ τ ≤ 0, then
ϕ(q)− ϕ(0)

q
τ +

ϕ(0)

m
≤ ϕ(τ) ≤ ϕ(p)

p
τ. (2.6)

If 0 ≤ τ ≤ q, then

ϕ(p)− ϕ(0)

p
τ +

ϕ(0)

m
≤ ϕ(τ) ≤ ϕ(q)

q
τ. (2.7)

Corollary 2.1.11. [17] If m ∈ (0, 1] be an arbitrary number ando[a, b] is an interval

of R, where a < 0 < b. Then every m-convexofunctionoϕ : [a, b]→ R, where ϕ(0) = 0

must satisfiesotheoinequality

b3ϕ(a)− a3ϕ(b)

2ab
≤
∫ b

a

ϕ(τ)dτ ≤ bϕ(b)− aϕ(a)

2
.
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2.2 Petrovic’s Inequality

In [2], M. Bakula et al. gave the Petrovic’soinequality forom-convexofunctionsoasofollows.

Theorem 2.2.1. Let ϕ : [0,∞)→ R be an m-convex function and 0 < m ≤ 1 be any

arbitrary number. Let (x1, ..., xn) be non-negative n-tuples and (p1, ..., pn) be positive

n-tuples such that

Pn :=
n∑
k=1

pk, 0 6= x̃n =
n∑
k=1

pkxk ≥ xi (i = 1, 2, ...),

then

n∑
k=1

pkϕ(xk) ≤ min

{
mϕ

(
x̃n
m

)
+ (Pn − 1)ϕ(0), ϕ(x̃n) +m(Pn − 1)ϕ(0)

}
.

2.3 Jensen’s Type Inequalities

Now we will discuss different forms of Jensen’soinequality.

Theorem 2.3.1. [17](Jensen’s Inequality in Discrete form) Suppose 0 ∈ I be

an interval and 0 < m ≤ 1 be an arbitrary number. If
∑n

i=1 λiτi be the convex combi-

nation of points τi ∈ I having coefficients λi ∈ [0, 1]. Then, every function ϕ : I → R,

which is m-convex must satisfy the following inequality:

ϕ

(
m

n∑
i=1

λiτi

)
≤ m

n∑
i=1

λiϕ(τi). (2.8)

Corollary 2.3.2. Consider an interval, 0 ∈ I and an arbitrary number 0 < m ≤ 1.

If
∑n

i=1 λiτi be the convex combination of points τi ∈ I having coefficients λi ∈ [0, 1].

Then every function ϕ : I → R, which is m− convex satisfy the following inequality:

ϕ

(
λ1τ1 +m

n∑
i=2

λiτi

)
≤ λ1ϕ(τ1) +m

n∑
i=2

λiϕ(τi).
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Corollary 2.3.3. [17] Suppose m ∈ (0, 1], an arbitrary number and [c, d] ⊂ R be

an interval which contains zero. If an integrable function ψ : [c, d] → R such that

image(ψ) ⊆ [c, d] then each continuous function ϕ : [c, d]→ R which is also m-convex,

satisfies the following inequality:

ϕ

(
m

d− c

∫ d

c

ψ(τ)dτ

)
≤ m

d− c

∫ d

c

ϕ(ψ(τ))dτ.

Corollary 2.3.4. [17] Suppose 0 < m ≤ 1 and 0 ∈ [c, d] be an interval. Consider an

integrable functions ψ : [c, d]→ R such that image(ψ) ⊆ [c, d] and f : [c, d]→ R which

satisfieso
∫ d
c
| f(τ) | dτ ≥ 0. Then every continuousom-convexofunction ϕ : [c, d] →

Rosatisfies theoinequality:

ϕ

(
m

∫ d
c
ψ(τ)f(τ)dτ∫ d
c
f(τ)dτ

)
≤ m

∫ d
c
ϕ(ψ(τ))f(τ)dτ∫ d
c
f(τ)dτ

. (2.9)

2.4 Hermite-HadamardoTypeoInequalities

By [17], we have found an upperobound of Riemannointegral for m-convexofunction

by taking mc ∈ [a, b].

Theorem 2.4.1. Suppose 0 < m ≤ 1 an arbitrary number and 0 ∈ I ⊆ R be an

interval. If u, v, w ∈ I be any triplet of points with u ≤ mw ≤ v, then every m-

convexofunction ϕ : I → Rosatisfies the following inequality:

∫ v

u

ϕ(τ)dτ ≤ mw − u
2

ϕ(u) +
v −mw

2
ϕ(v) +

v − u
2

mϕ(w). (2.10)

Proof. Let u ≤ τ ≤ mw, with u < mw. Consider the convex combination

τ =
mw − τ
mw − u

u+
τ − u
mw − u

mw. (2.11)

15



By using the m-convexity of the function ϕ to (2.11), we attain

ϕ(τ) ≤ mw − τ
mw − u

ϕ(u) +
τ − u
mw − u

mϕ(w). (2.12)

Now, integrate the inequality (2.12) over the interval [u,mw], we have

∫ mw

u

ϕ(τ)dτ ≤ mw − u
2

(ϕ(u) +mϕ(w)). (2.13)

Again integrating the inequality (2.12) over the interval [mw, v], we obtain

∫ v

mw

ϕ(τ)dτ ≤ v −mw
2

(ϕ(v) +mϕ(w)), (2.14)

we can write
∫ v
u
ϕ(τ)dτ as

∫ v

u

ϕ(τ)dτ =

∫ mw

u

ϕ(τ)dτ +

∫ v

mw

ϕ(τ)dτ. (2.15)

By using the inequalities (2.13) and (2.14) in (2.15), we get the required result.

If we use w = u or w = v, in Theorem 2.4.1, we get the following appropriate

inequality.

Corollary 2.4.2. If 0 < m ≤ 1 and 0 ∈ [c, d] ⊂ Robe anointerval. Then every m-

convex function ϕ : [c, d]→ R satisfies the inequality

∫ d

c

ϕ(τ)dτ ≤ md− c
2

ϕ(c) +
d−mc

2
ϕ(d).
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Theorem 2.4.3. Suppose m ∈ (0, 1] be anoarbitraryonumber and ϕ : [0,∞)→ R, an

m-convex function. If 0 ≤ c < d <∞ and ϕ ∈ L1[c, d], then inequality

1

d− c

∫ d

c

ϕ(τ)dτ ≤ min

{
ϕ(c) +mϕ( d

m
)

2
,
ϕ(d) +mϕ( c

m
)

2

}
,

holds.

Theorem 2.4.4. [8] Suppose m ∈ (0, 1] be an arbitrary number and ϕ : [0,∞) →
R,oan m-convexofunction. If 0 ≤ c < d <∞ and ϕ ∈ L1[c, d], thenoweohaveotheofollowing

inequality:

ϕ

(
c+ d

2

)
≤ 1

d− c

∫ d

c

ϕ(τ) +mϕ
(
τ
m

)
2

dτ

≤ m+ 1

4

[
ϕ(c) + ϕ(d)

2
+m.

ϕ
(
c
m

)
+ ϕ

(
d
m

)
2

]
.

(2.16)

Lemma 2.4.5. [17] If ~ : [c, d] → R is anointegrableofunction, which isosymmetric

with respect to theomidpoint of [c, d], then every affineofunctionou : R → Rosatisfies

the followingoinequality:

∫ d

c

u(τ)~(τ)dτ ≤ u

(
c+ d

2

)∫ d

c

~(τ)dτ.

Lemma 2.4.6. [17] Suppose [u,w] ⊂ R be an interval which contains zero and

0 < m ≤ 1, an arbitrary number. Consider any arbitrary point v ∈ [a, b] and any

integrable function ~ : [u,w]→ R which is positive and also symmetric with respect to

the mid-points of [u,mv] and [mv,w]. Then every m-convex function ϕ : [u,w] → R

17



must satisfies the following inequality:

∫ w

u

ϕ(τ)~(τ)dτ ≤ ϕ(u) +mϕ(v)

2

∫ mv

u

~(τ)dτ +
mϕ(v) + ϕ(w)

2

∫ w

mv

~(τ)dτ.

Theorem 2.4.7. [8] Let 0 < m ≤ 1 be an arbitrary number and an m-convex function

ϕ : [0,∞)→ R. If ϕ ∈ L1[cm, d], where 0 ≤ c < d, then the inequality

1

m+ 1

[∫ md

c

ϕ(τ)dτ +
md− c
d−mc

∫ d

mc

ϕ(τ)dτ

]
≤ (md− c)ϕ(c) + ϕ(d)

2
,

holds.

Theorem 2.4.8. Suppose ϕ, ψ : [0,∞) → [0,∞) be two mappings such that ϕψ ∈
L1([c, d]) where 0 ≤ c < d <∞. If ϕ is m1-convex for some fixed m1 ∈ (0, 1] and ψ is

m2-convex on [c, d] for any fixed m2 ∈ (0, 1] then

1

d− c

∫ d

c

ϕ(τ)ψ(τ)dτ ≤ min{M1,M2},

where

M1 =
1

3

[
ϕ(c)ψ(c) +m1m2ϕ

(
d

m1

)
ψ

(
d

m2

)]
+

1

6

[
m2ϕ(c)ψ

(
d

m2

)
+m1ϕ

(
d

m1

)
ψ(c)

]
,

M2 =
1

3

[
φ(d)ψ(d) +m1m2ϕ

(
c

m1

)
ψ

(
c

m2

)]
+

1

6

[
m2ϕ(d)ψ

(
c

m2

)
+m1ϕ

(
c

m1

)
ψ(d)

]
.

Theorem 2.4.9. [17](Fejer’s Inequality) Let [u,w] ⊂ R be an interval which con-

tains zero and 0 < m ≤ 1 be an arbitrary number. Consider any arbitrary point
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v ∈ [u,w] and an integrable function ~ : [u,w] → R, which is positive and also sym-

metric with respect to the mid-points of [u,mv] and [mv,w]. Then every m-convex

function ϕ : [u,w]→ R must satisfies the following inequality:

1

m
ϕ

(
m

(u+mv)
∫ mv
u

~(τ)dτ + (mv + w)
∫ w
mv

~(τ)dτ

2
∫ w
u
~(τ)dτ

)

≤
∫ w
u
ϕ(τ)~(τ)dτ∫ w
u
~(τ)dτ

≤
(ϕ(u) +mϕ(v))

∫ mv
u

~(τ)dτ + (mϕ(v) + ϕ(w))
∫ w
mv

~(τ)dτ

2
∫ w
u
~(τ)dτ

.

2.5 Inequalities Relatedoto m-ConvexoFunctions on

TwooCoordinates

In [7] Dragomir gave the coordinatedoHadamardoinequality for convexofunctions.

Theorem 2.5.1. Let ϕ : [p1, p2]× [q1, q2]→ R be such that the partial mappings

ϕy : [p1, p2]→ R, ϕy(u) := ϕ(u, y),

and

ϕx : [q1, q2]→ R, ϕx(v) := ϕ(x, v),

defined for all v ∈ [q1, q2] and u ∈ [p1, p2], are convex. Then we have

19



ϕ

(
p1 + p2

2
,
q1 + q2

2

)

≤ 1

2

[
1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
dx+

1

q2 − q1

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
dy

]

≤ 1

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)dydx

≤ 1

4(p2 − p1)

∫ p2

p1

[ϕ(x, q1) + ϕ(x, q2)] dx+
1

4(q2 − q1)

∫ q2

q1

[ϕ(p1, y) + ϕ(p2, y)] dy

≤ ϕ(p1, q1) + ϕ(p1, q2) + ϕ(p2, q1) + ϕ(p2, q2)

4
.

Theorem 2.5.2. Let ∆2 = [0, p2]× [0, q2] ⊂ [0,∞)2 where p2, q2 > 0 and ϕ : ∆2 → R

be a coordinated m-convex function in ∆2 where 0 < m ≤ 1 be an arbitrary number. If

ϕx ∈ L1[0, q2] and ϕy ∈ L1[0, p2], then

2ϕ

(
p1 + p2

2
,
q1 + q2

2

)
≤ 1

p2 − p1

∫ p2

p1

(
ϕ
(
x, q1+q2

2

)
+mϕ

(
x
m
, q1+q2

2

)
2

)
dx

+
1

q2 − q1

∫ q2

q1

(
ϕ
(
p1+p2

2
, y
)

+mϕ
(
p1+p2

2
, y
m

)
2

)
dy.

Theorem 2.5.3. Let ϕ, ϕx, and ϕy be defined (in Theorem 2.5.2). Then the following

inequality
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2

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)dydx

≤ min

{
1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) +mϕ(x, q2

m
)

2

)
dx,

1

p2 − p1

∫ p2

p1

(
ϕ(x, q2) +mϕ(x, q1

m
)

2

)
dx

}

+ min

{
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) +mϕ(p2

m
, y)

2

)
dy,

1

q2 − q1

∫ q2

q1

(
ϕ(p2, y) +mϕ(p1

m
, y)

2

)
dy

}
,

holds.

Theorem 2.5.4. [10] (Hadamard Type Inequalities for Coordinated m-Convex

Functions) Let ∆2 = [0, p2] × [0, q2] ⊂ [0,∞)2 where p2, q2 > 0. Let ϕ : ∆2 → R be

a coordinated m-convex function in ∆2 where 0 < m ≤ 1 be an arbitrary number. If

ϕx ∈ L1[0, q2] and ϕy ∈ L1[0, p2], such that 0 ≤ p1 < p2, 0 ≤ q1 < q2. Then we have

1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
dx+

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
dy

≤ 1

2(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

(
2ϕ(x, y) +m

(
ϕ
(
x,
y

m

)
+ ϕ

( x
m
, y
)))

dydx

≤ (m+ 1)2

16

[
ϕ(p1, q1) + ϕ(p2, q1) + ϕ(p1, q2) + ϕ(p2, q2) +m

(
ϕ
(p1

m
, q1

)
+ ϕ

(p2

m
, q1

)
(2.17)
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+ ϕ
(p1

m
, q2

)
+ ϕ

(p2

m
, q2

)
+ ϕ

(
p1,

q1

m

)
+ ϕ

(
p1,

q2

m

)
+ ϕ

(
p2,

q1

m

)
+ ϕ

(
p2,

q2

m

))

+m2
(
ϕ
(p1

m
,
q1

m

)
+ ϕ

(p2

m
,
q1

m

)
+ ϕ

(p1

m
,
q2

m

)
+ ϕ

(p2

m
,
q2

m

))]
.

Proof. As mapping ϕ : ∆2 → R is coordinated m-convex so, the functions ϕx and

ϕy are m-convex on [0, q2] and [0, p2], respectively. For the function ϕy, we use the

inequality (2.16)

ϕy

(
p1 + p2

2

)
≤ 1

p2 − p1

∫ p2

p1

(
ϕy(x) +mϕy

(
x
m

)
2

)
dx

≤ m+ 1

4

[
ϕy(p1) + ϕy(p2)

2
+m

ϕy
(
p1

m

)
+ ϕy

(
p2

m

)
2

]
.

We have

ϕ

(
p1 + p2

2
, y

)
≤ 1

p2 − p1

∫ p2

p1

(
ϕ(x, y) +mϕ

(
x
m
, y
)

2

)
dx

≤ m+ 1

4

[
ϕ(p1, y) + ϕ(p2, y)

2
+m

ϕ
(
p1

m
, y
)

+ ϕ
(
p2

m
, y
)

2

]
.

From this one has
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1

q2 − q1

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
dy

≤ 1

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

(
ϕ(x, y) +mϕ

(
x
m
, y
)

2

)
dydx

≤ m+ 1

4(q2 − q1)

∫ q2

q1

[
ϕ(p1, y) + ϕ(p2, y)

2

+m
ϕ
(
p1

m
, y
)

+ ϕ
(
p2

m
, y
)

2

]
dy.

(2.18)

Now for the function ϕx, we get

1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
dx

≤ 1

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

(
ϕ(x, y) +mϕ

(
x, y

m

)
2

)
dydx

≤ m+ 1

4(p2 − p1)

∫ p2

p1

[
ϕ(x, q1) + ϕ(x, q2)

2

+m
ϕ
(
x, q1

m

)
+ ϕ

(
x, q2

m

)
2

]
dx.

(2.19)

Addition of (2.18) and (2.19) gives
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1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
dx+

1

q2 − q1

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
dy

≤ 1

2(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

(
2ϕ(x, y) +m

(
ϕ
(
x,
y

m

)
+ ϕ

( x
m
, y
)))

dydx

≤ m+ 1

4

[
1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) + ϕ(x, q2)

2
+m

ϕ
(
x, q1

m

)
+ ϕ

(
x, q2

m

)
2

)
dx

+
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) + ϕ(p2, y)

2
+m

ϕ
(
p1

m
, y
)

+ ϕ
(
p2

m
, y
)

2

)
dy

]
.

(2.20)

For a fixed y, and by using the m-convexity of ϕy, we get

ϕ(x, y) ≤
ϕ(x, y) +mϕ

(
x
m
, y
)

2
.

Taking the averageointegraloover the interval [p1, p2] and use the inequality (2.16), we

have

1

p2 − p1

∫ p2

p1

ϕ(x, y)dx ≤ 1

p2 − p1

∫ p2

p1

(
ϕ(x, y) +mϕ

(
x
m
, y
)

2

)
dx

≤ m+ 1

4

[
ϕ(p1, y) + ϕ(p2, y)

2
+m

ϕ
(
p1

m
, y
)

+ ϕ
(
p2

m
, y
)

2

]
.

(2.21)

In similar way, for a fixed x and by using the m-convexity of ϕx, we deduce
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1

q2 − q1

∫ q2

q1

ϕ(x, y)dy ≤ 1

q2 − q1

∫ q2

q1

(
ϕ(x, y) +mϕ

(
x, y

m

)
2

)
dy

≤ m+ 1

4

[
ϕ(x, q1) + ϕ(x, q2)

2
+m

ϕ
(
x, q1

m

)
+ ϕ

(
x, q2

m

)
2

]
.

(2.22)

First consider the inequality (2.21) for y = q1, q2, (2.22) for x = p1, p2, then (2.21) for

y = q1
m
, q2
m

(2.22) for x = p1

m
, p2

m
toomultiplyolater withm. By summingoallotheseoinequalities,

we acquire the following inequality

1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) + ϕ(x, q2)

2
+m

ϕ
(
x, q1

m

)
+ ϕ

(
x, q2

m

)
2

)
dx

+
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) + ϕ(p2, y)

2
+m

ϕ
(
p1

m
, y
)

+ ϕ
(
p2

m
, y
)

2

)
dy

≤ 1

2

[
1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) +mϕ

(
x
m
, q1

)
+ ϕ(x, q2) +mϕ( x

m
, q2)

2

+m
ϕ(x, q1

m
) +mϕ( x

m
, q1
m

) + ϕ(x, q2
m

) +mϕ( x
m
, q2
m

)

2

)
dx

+
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) +mϕ

(
p1,

y
m

)
+ ϕ(p2, y) +mϕ(p2,

y
m

)

2

+m
ϕ(p1

m
, y) +mϕ(p1

m
, y
m

) + ϕ(p2

m
, y) +mϕ(p2

m
, y
m

)

2

)
dy

]

(2.23)
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≤ 1

4

[
ϕ(p1, q1) + ϕ(p2, q1) + ϕ(p1, q2) + ϕ(p2, q2) +m

(
ϕ
(p1

m
, q1

)
+ ϕ

(p2

m
, q1

)

+ ϕ
(p1

m
, q2

)
+ ϕ

(p2

m
, q2

)
+ ϕ

(
p1,

q1

m

)
+ ϕ

(
p1,

q2

m

)
+ ϕ

(
p2,

q1

m

)
+ ϕ

(
p2,

q2

m

))

+m2
(
ϕ
(p1

m
,
q1

m

)
+ ϕ

(p2

m
,
q1

m

)
+ ϕ

(p1

m
,
q2

m

)
+ ϕ

(p2

m
,
q2

m

))]
.

By combining the inequalities (2.20) and (2.23), we get the inequality (2.17).

Theorem 2.5.5. [18](Petrovic’s Inequality for Coordinated m-Convex Func-

tions) Let (x1, ..., xn), (y1, ..., yn) be non-negative n-tuples and (p1, ..., pn), (q1, ..., qn)

be positive n-tuples such that
∑n

k=1 pk ≥ 1, where xi, yi, pi, qi ∈ [0,∞).

Pn :=
n∑
k=1

pk, 0 6= x̃n =
n∑
k=1

pkxk ≥ xi for each i = 1, ..., n,

and

Qn :=
n∑
j=1

qj, 0 6= ỹn =
n∑
j=1

qjyj ≥ yj for each j = 1, ..., n.

If ϕ : [0,∞)2 → R beoaocoordinated om-convexofunction withom ∈ (0, 1], then

n∑
k=1

n∑
j=1

pkqjϕ(xk, yj) ≤ min{mmin{Gm,1(x̃n/m), G1,m(x̃n/m)}+ (Pn − 1)

×min{Gm,1(0), G1,m(0)},min{Gm,1(x̃n), G1,m(x̃n)}

+m(Pn − 1) min{Gm,1(0), G1,m(0)}},

(2.24)

where

Gm,m̃(t) = mϕ

(
t,
ỹn
m

)
+ m̃(Qn − 1)ϕ(t, 0). (2.25)
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Corollary 2.5.6. [18] If ϕ : [0,∞)2 → R be a coordinatedom-convex functionowhere

m ∈ (0, 1]obe an arbitraryonumber. Let (x1, ..., xn), (y1, ..., yn) be non-negative n-tuples

and (p1, ..., pn),(q1, ..., qn) be positive n-tuples such that
∑n

j=1 pj ≥ 1, where

Pn :=
n∑
j=1

pj, 0 6= x̃n =
n∑
j=1

pjxj ≥ xi for each i = 1, ..., n,

then the following inequality holds.

n∑
j=1

npjϕ(xj) ≤min

{
mmin{(m+ n− 1)ϕ(x̃n/m), (mn−m+ 1)ϕ(x̃n/m)}

+ (Pn − 1) min{(m+ n− 1)ϕ(0), (mn−m+ 1)ϕ(0)} ,

min{(m+ n− 1)ϕ(x̃n), (mn−m+ 1)ϕ(x̃n)}

+m(Pn − 1) min{(m+ n− 1), (mn−m+ 1)ϕ(0)}

}
.
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Chapter 3

Time Scale Version of Some
Inequalities of m-Convex Functions

Inothisochapter, we will extend the definition of m-convex function on time scale. Also,

weowill presentotimeoscaleoversion of some basic and well-known inequalities namely,

Hermite-Hadamard, Jensen’s and Fejer’s for m-convex functions.

3.1 m-Convex Function on Time Scale

Definition 3.1.1. Aofunction ϕ : [a, b]Υ → R isocalledom-convex on [a, b]Υ if

ϕ(λτ1 +m(1− λτ2)) ≤ λϕ(τ1) +m(1− λ)ϕ(τ2),

∀ τ1, τ2 ∈ [a, b]Υ, and λ,m ∈ [0, 1]osuchothat λτ1 +m(1− λ)τ2 ∈ [a, b]Υ where [a, b]Υ is

any interval containing zero.

3.2 Basic Inequalitieso

Inothisosection, we present some basic inequalities of m-convexofunction on timeoscale.

Theorem 3.2.1. Let 0 < m ≤ 1 beoanoarbitrary number and ϕ : IΥ → R be

aofunction, where IΥ be an interval which contains zero. Then the statements given
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below are equivalent:

1. For every pair of points u,w ∈ IΥ, where u 6= w and each coefficient λ ∈ (0, 1],

the function ϕ satisfies the inequality

ϕ((1− λ)u+ λmw) ≤ (1− λ)ϕ(u) + λmϕ(w). (3.1)

2. For every triple of points u, v, w ∈ IΥ, where u 6= mw and v ∈ conv{u,mw}, the

function ϕ satisfies the inequality

ϕ(v) ≤ mw − v
mw − u

ϕ(u) +
v − u
mw − u

mϕ(w). (3.2)

3. For every triple of points u, v, w ∈ IΥ, where u < mw and u ≤ v ≤ mw, the

function satisfies the inequality

det

 u ϕ(u) 1
v ϕ(v) 1
mw mϕ(w) 1

 ≥ 0. (3.3)

By replacing the first and the third row in (3.3), the above inequality also holds for

u > mw and mw ≤ v ≤ u.

Each of the above statements (in Theorem 3.2.1) canoalso beoused asoaodefinition

ofom-convexofunction.

Corollary 3.2.2. Suppose 0 < m ≤ 1 be an arbitrary number and 0 ∈ IΥ be an inter-

val. Then for every triple of points p, q, r ∈ IΥ, such that p < q < mr, every m-convex

function ϕ : IΥ → R must satisfies the inequality

ϕ(p)− ϕ(q)

p− q
≤ ϕ(q)−mϕ(r)

q −mr
.

If mr < q < p, then the reverse inequality holds.
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Corollary 3.2.3. Let 0 < m ≤ 1 be an arbitrary number and IΥ be an interval which

contains zero. Then every function ϕ : IΥ → R which is m-convex must satisfies the

inequalities given below.

If p ≤ q < 0 or 0 < p ≤ q, then

ϕ(p)

p
≤ ϕ(q)

q
. (3.4)

If p < 0 < q, then

ϕ(p)

p
− ϕ(q)

q
≤
(

1

p
− 1

q

)
(m+ 1)ϕ(0)

2m
. (3.5)

Proof. We obtained inequality (3.4) by arranging (3.2) in the orders of p ≤ q < mq

and mp < p ≤ q. We obtained inequality (3.5) by adding the inequalities arising from

(3.2) in the orders of p < 0 < mq and mp < 0 < q.

Lemma 3.2.4. If 0 < m ≤ 1, an arbitrary number and [c, d]Υ be an interval where

c < 0 < d, then every function ϕ : [c, d]Υ → R which is m-convex,oisobounded

byotheoaffineofunctionsoasofollows:

If c ≤ τ ≤ 0,othen

ϕ(d)− ϕ(0)

d
τ +

ϕ(0)

m
≤ ϕ(τ) ≤ ϕ(c)

c
τ. (3.6)
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If 0 ≤ τ ≤ d, then

ϕ(c)− ϕ(0)

c
τ +

ϕ(0)

m
≤ ϕ(τ) ≤ ϕ(d)

d
τ. (3.7)

Proof. We obtained inequality (3.6) by using theom-convexityoof ϕ to the orderedotriplets

mτ ≤ 0 < d and c ≤ τ ≤ 0. Similarly, we obtained inequality (3.7) by using theom-

convexityoof ϕ to theoordered triplets c < 0 ≤ mτ and 0 ≤ τ ≤ d.

Now we estimate theo∆ − integraloof an m-convexofunction ϕ : [c, d]Υ → R for

which ϕ(0) = 0. By adding (3.6) and (3.7) after integrating, we get the bound as in

the following corollary.

Corollary 3.2.5. If 0 < m ≤ 1 be an arbitrary number and [c, d]Υ be any interval,

where c < 0 < d. Then every m-convex function ϕ : [c, d]Υ → R, where ϕ(0) = 0

satisfies the inequality

d2ϕ(c)τd − c2ϕ(d)τc
cd

≤
∫ d

c

ϕ(τ)∆τ ≤ ϕ(d)τd − ϕ(c)τc,

where

τc =
1

0− c

∫ 0

c

τ∆τ.

τd =
1

d− 0

∫ d

0

τ∆τ.

Proposition 3.2.6. Suppose ϕ : [0, b]Υ → R, an m1-convex and ψ : [0, b]Υ → R,

an m2-convex where m1 ≤ m2, then ϕ + ψ and αϕ, α ≥ 0 an arbitrary constant, are

m1-convex.
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Proof. As ψ is m2-convex with m1 ≤ m2, so ψ is m1-convex. So for any arbitrary

τ1, τ2 ∈ [0, b]T and 0 ≤ λ ≤ 1, we have

(φ+ ψ)(λτ1 +m1(1− λ)τ2) = ϕ(λτ1 +m1(1− λ)τ2) + ψ(λτ1 +m1(1− λ)τ2)

≤ λϕ(τ1) +m1(1− λ)ϕ(τ2) + λψ(τ1) +m1(1− λ)ψ(τ2)

= λ(ϕ+ ψ)(τ1) +m1(1− λ)(ϕ+ ψ)(τ2).

Also,

(αϕ)(λτ1 +m1(1− λ)τ2) ≤ α(λϕ(τ1) +m1(1− λ)ϕ(τ2))

= λ(αϕ)(τ1) +m1(1− λ)(αϕ)(τ2).

Proposition 3.2.7. Let φ : [0, a]Υ → R , ψ : [0, b]Υ → R with range(φ) ⊆ domain(ψ),

if ψ is increasing and both φ and ψ areom-convex and then ψoφ isoalso m-convex on

[0, a]Υ.

Proof. For any τ1, τ2 ∈ [0, a]Υ and 0 ≤ λ ≤ 1, we have

(ψoφ)(λτ1 +m(1− λ)τ2) = ψ(φ(λτ1 +m(1− λ)τ2))

≤ λψ(φ(τ1)) +m(1− λ)ψ(φ(τ2))

= λ(ψoφ)(τ1) +m(1− λ)(ψoφ)(τ2).
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Proposition 3.2.8. If ϕ1, ϕ2 : [0, b]Υ → R are m-convex functions thenothe func-

tionodefinedoby

ϕ(τ) = max
τ∈[0,b]Υ

{ϕ1(τ), ϕ2(τ)},

is also m-convex.

Proof. If τ1, τ2 ∈ [0, b]Υ and 0 < α ≤ 1, we have

ϕ1(ατ1 +m(1− α)τ2) ≤ αϕ1(τ1) +m(1− α)ϕ1(τ2)

≤ αϕ(τ1) +m(1− α)ϕ(τ2),

and

ϕ2(ατ1 +m(1− α)τ2) ≤ αϕ2(τ1) +m(1− α)ϕ2(τ2)

≤ αϕ(τ1) +m(1− α)ϕ(τ2),

where

ϕ(ατ1 +m(1− α)τ2) = max{ϕ1(ατ1 +m(1− α)τ2), ϕ2(ατ1 +m(1− α)τ2}

≤ αϕ(τ1) +m(1− α)ϕ(τ2).

Proposition 3.2.9. If the sequence of m-convex functions ϕn : [0, b]Υ → R, converges

pointwise to a function ϕ on [0, b]Υ then ϕ must be m-convex.

Proof. For any τ1, τ2 ∈ [0, b]Υ and 0 < λ ≤ 1, we have
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ϕ(λτ1 +m(1− λ)τ2) = lim
n→∞

ϕn(λτ1 +m(1− λ)τ2)

≤ lim
n→∞

(λϕn(τ1) +m(1− λ)ϕn(τ2))

= λϕ(τ1) +m(1− λ)ϕ(τ2).

Proposition 3.2.10. If ϕ, ψ : [0, b]Υ → R are both non-negative, m-convex functions

as well as increasing, then ϕψ is m-convex.

Proof. If (τ1 ≤ τ2) (for (τ2 ≤ τ1) runs in the same manner) then ϕ(τ1)−ϕ(τ2) ≤ 0 and

ψ(τ2)− ψ(τ1) ≥ 0 which implies

ϕ(τ1)ψ(τ2) + ϕ(τ2)ψ(τ1) ≤ ϕ(τ1)ψ(τ1) + ϕ(τ2)ψ(τ2). (3.8)

For any arbitrary τ1, τ2 ∈ [0, b]Υ and 0 ≤ λ ≤ 1, we have

(ϕψ)(λτ1 +m(1− λ)τ2) = ϕ(λτ1 +m(1− λ)τ2)ψ(λτ1 +m(1− λ)τ2)

≤ (λϕ(τ1) +m(1− λ)ϕ(τ2))(λψ(τ1) +m(1− λ)ψ(τ2))

= λ2ϕ(τ1)ψ(τ1) +m2(1− λ)2ϕ(τ2)ψ(τ2) +mλ(1− λ)[ϕ(τ1)ψ(τ2)

+ ϕ(τ2)ψ(τ1)].

Using (3.8), we get

34



(ϕψ)(λτ1 +m(1− λ)τ2) ≤ λ2ϕ(τ1)ψ(τ1) +m2(1− λ)2ϕ(τ2)ψ(τ2) +mλ(1− λ)[ϕ(τ1)ψ(τ2)

+ ϕ(τ2)ψ(τ1)]

= λ(λ+m(1− λ))ϕ(τ1)ψ(τ1) +m(1− λ)(λ+m(1− λ))ϕ(τ2)ψ(τ2).

But λ+m(1− λ) ≤ 1, Therefore

(ϕψ)(λτ1 +m(1− λ)τ2) ≤ λϕ(τ1)ψ(τ1) +m(1− λ)ϕ(τ2)ψ(τ2)

= λ(ϕψ)(τ1) +m(1− λ)(ϕψ)(τ2).

Proposition 3.2.11. If ϕ : [0, b1]Υ → R be any finite function on
[
a, b

m

)
Υ
⊂ [0, b1]Υ

with b < mb1, m-convexowhereom ∈ (0, 1] be any number. Then ϕ must be boundedoon

anyoarbitrary closedointervalo[a, b]Υ.

Proof. SupposeM = max{ϕ(a), ϕ
(
b
m

)
} so by taking any arbitrary z = λa+m(1−λ)b ∈

[a, b]Υ, we have

ϕ(z) = ϕ(λa+ (1− λ)b) = ϕ

(
λa+m(1− λ)

b

m

)

≤ λϕ(a) +m(1− λ)ϕ

(
b

m

)

≤M.

Then ϕ is bounded above in [a, b]Υ.
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Note that for z ∈ [a, b]Υ can be written as a+b
2

+ λ for | λ |≤ b−a
2

. Hence,

ϕ

(
a+ b

2

)
= ϕ

(
1

2

(
a+ b

2
+ λ

)
+

1

2

(
a+ b

2
− λ
))
≤ 1

2
ϕ

(
a+ b

2
+ λ

)
+
m

2
ϕ

(
a+b

2
− λ
m

)
.

Inootherowords,

ϕ

(
a+ b

2
+ λ

)
≥ 2ϕ

(
a+ b

2

)
−mϕ

(
a+b

2
− λ
m

)

≥ 2ϕ

(
a+ b

2

)
−M,

and since a+b
2

+λ ∈ [a, b]Υ is an arbitrary element. So, ϕ is bounded below in [a, b]Υ.

3.3 Petrovic’s Inequality

Time scale version of Petrovic’s inequality is derive in this section.

Corollary 3.3.1. Suppose ϕ : [0,∞)Υ → R be an m-convexofunction, where 0 < m ≤
1 be anoarbitrary number. Let xi and pi (i = 1, 2, ...) be any non-negative numbers in

[0,∞)Υ. If

0 6= x̃ =
n∑
k=1

pkxk ≥ xi (i = 1, 2, ...),

then

n∑
k=1

pkϕ(xk) ≤ min

{
mϕ

(
x̃

m

)
+ (Pn − 1)ϕ(0), ϕ(x̃) +m(Pn − 1)ϕ(0)

}
,

where

Pn =
n∑
i=1

pi 6= 0.
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3.4 Jensen’s Type Inequalities

Time scale version of Jensen’sotypeoinequalities ofom-convex functions are discussed

in this section.

Theorem 3.4.1. Let m ∈ (0, 1] be an arbitrary number and IΥ be an interval which

contains zero. Let
∑n

i=1 λiτi be the convex combination of points τi ∈ IΥ having coeffi-

cients λi ∈ [0, 1]. Then every m-convex function ϕ : IΥ → R satisfies

ϕ

(
m

n∑
i=1

λiτi

)
≤ m

n∑
i=1

λiϕ(τi). (3.9)

Proof. Mathematical induction is being used on the number of points τi to prove this

result. The basic step for n = 1 holds by the definition of m-convexity

ϕ(mτ1) ≤ mϕ(τ1).

For proving the induction step for n ≥ 2, we take an assumption that the inequality

in (3.9) holds for all those convex combinations, which contains ≤ n − 1 members.

Assume that λ1 < 1, and using induction hypothesis to the point

s1 = m

n∑
i=2

λi
1− λ1

τi,

where the sum
∑n

i=2
λi

1−λ1
τi is a convex combination in IΥ,we get

ϕ(s1) ≤ m
n∑
i=2

λi
1− λ1

ϕ(τi).
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ϕ

(
m

n∑
i=1

λiτi

)
= ϕ((1− λ1)s1 +mλ1τ1)

≤ (1− λ1)ϕ(s1) +mλ1ϕ(τ1)

≤ (1− λ1)m
n∑
i=2

λi
1− λ1

ϕ(τi) +mλ1ϕ(τ1)

= m

n∑
i=1

λiϕ(τi).

Corollary 3.4.2. Let 0 < m ≤ 1 and 0 ∈ IΥ be an interval. Let
∑n

i=1 λiτi be the

convex combination of points τi ∈ IΥ having coefficients λi ∈ [0, 1]. Then for every

m-convex function ϕ : IΥ → R, we have

ϕ

(
λ1τ1 +m

n∑
i=2

λiτi

)
≤ λ1ϕ(τ1) +m

n∑
i=2

λiϕ(τi).

Corollary 3.4.3. Suppose 0 < m ≤ 1 be an arbitrary number and [u, v]Υ be an inter-

val which contains zero. If ψ : [u, v]Υ → R be any Delta integrable function, such that

image(ψ) ⊆ [u, v]Υ, then every continuous m-convex function ϕ : [u, v]Υ → R satisfies

the inequality

ϕ

(
m

v − u

∫ v

u

ψ(τ)∆τ

)
≤ m

v − u

∫ v

u

ϕ(ψ(τ))∆τ.

Proof. Leton beoanoarbitrary positiveointeger and I = [u, v]Υ. Suppose Inj
be the.disjoint.

subintervalosuchothat I =
⋃n
j=1 Înj

i.e Inj
be the partitioning of I, soothatoeach

ofothemocontractsotootheopoint as n→∞. By choosing a point τnj
ofrom every subin-

terval Inj
oandoform theoconvexocombination

n∑
j=1

|Înj
|

|I|
ψ(τnj

),
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of points snj
= ψ(τnj

) with coefficients λnj
=
|Înj |
|I| where, || denotes the length. Using

(3.9) to the above mentioned convex combination, we get

ϕ

(
m

|I|

n∑
j=1

|Înj
|ψ(τnj

)

)
≤ m

|I|

n∑
j=1

|Înj
|ϕ(ψ(τnj

)),

and sending n → ∞, we get the desired result. To providing the left side limit, we

assumed that ϕ is continuous. Since the composition ϕ(ψ) is bounded and almost

everywhere continuous, so integrable.

Theorem 3.4.4. Suppose 0 < m ≤ 1 be an arbitrary number and [u, v]Υ be an interval

which contains zero. Let ψ : [u, v]Υ → R be a ∆ − integrable function, such that

image(ψ) ⊆ [u, v]Υ and let f : [u, v]Υ → R be a positive ∆ − integrable function i.e

f ∈ Crd([u, v]Υ,R) which satisfies
∫ v
u
| f(τ) | ∆τ ≥ 0. Then every m-convex function

ϕ : [u, v]Υ → R,which is also continuous must satisfies the inequality

ϕ

(
m

∫ v
u
ψ(τ)f(τ)∆τ∫ v
u
f(τ)∆τ

)
≤ m

∫ v
u
ϕ(ψ(τ))f(τ)∆τ∫ v
u
f(τ)∆τ

. (3.10)

Proof. Leton beoan arbitraryopositiveointeger and I = [u, v]Υ. Suppose Inj
be the.disjoint.

subintervalosuchothat I =
⋃n
j=1 Înj

i.e Inj
be the partitioning of I, soothatoeach

ofothemocontractsoto the point as n→∞. By choosing a point τnj
from every subin-

terval Inj
andoformothe convexocombination

n∑
j=1

(|Inj
|f(τnj

))∑n
j=1 |Inj

|f(τnj
)
ψ(τnj

) =
n∑
j=1

(|Inj
|ψ(τnj

))∑n
j=1 |Inj

|f(τnj
)
f(τnj

),

of points snj
= ψ(τnj

) with coefficients λnj
=
|Înj |
|I| where || denotes the length. Apply-

ing the inequality (3.9) to the above mentioned convex combination, we get

ϕ

(
m

n∑
j=1

(|Inj
|f(τnj

))∑n
j=1 |Inj

|f(τnj
)
ψ(τnj

)

)
≤ m

n∑
j=1

(|Inj
|f(τnj

))∑n
j=1 |Inj

|f(τnj
)
ϕ(ψ(τnj

)).
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As n→∞, we get (3.10).

3.5 Hermite-Hadamard Type Inequalities

In this section, we define Hermite-Hadamard type inequalities of m-convex function on

time scale.

Theorem 3.5.1. If m ∈ (0, 1] be anoarbitraryonumber and [c, d]Υ be an interval, which

contains zero, then everyocontinuous m-convexofunction ϕ : [c, d]Υ → R satisfies the

double inequality

1

m
ϕ (mτ∆) ≤ 1

d− c

∫ d

c

ϕ(τ)∆τ ≤
(
md− τc
d− c

)
ϕ(c) +

(
mτc −mc+ τd −mτd

d− c

)
ϕ(d),

where

τ∆ =
1

d− c

∫ d

c

τ∆τ.

τc =
1

md− c

∫ md

c

τ∆τ.

τd =
1

d−md

∫ d

md

τ∆τ.

Proof. For every triple of points c, τ, d ∈ [c, d]Υ, where c 6= md and τ ∈ conv{c,md}.
The function ϕ satisfies the inequality

ϕ(τ) ≤ md− τ
md− c

ϕ(c) +
τ − c
md− c

mϕ(d).

By taking the ∆-integral over [c,md]Υ, we have
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∫ md

c

ϕ(τ)∆τ ≤ mdϕ(c)− τcϕ(c) +mτcϕ(d)− dmϕ(d). (3.11)

Similarly the inequality for tripletsmd, τ, d ∈ [c, d]Υ, wheremd 6= d and τ ∈ conv{md, d}

ϕ(τ) ≤ d− τ
d−md

mϕ(d) +
τ −md
d−md

ϕ(d).

By taking the ∆-integral over [md, d]Υ, we get

∫ d

md

ϕ(τ)∆τ ≤ τdϕ(d)−mτdϕ(d). (3.12)

By adding (3.11) and (3.12) we get the required second inequality of Theorem (3.5.1).

For proving the first inequality of Theorem 3.5.1, we use Corollary 3.4.3 , by taking

g : Υ→ Υ, ψ(s) = s, ∀s ∈ T. We get

ϕ

(
m
∫ d
c
s∆s

d− c

)
≤
m
∫ d
c
ϕ(s)∆s

d− c
.

Hence

ϕ(mτ∆) ≤ m

d− c

∫ d

c

ϕ(τ)∆τ.

Theorem 3.5.2. Supposeom ∈ (0, 1] be anoarbitrary number and ϕ : [0,∞)Υ → R be

m-convex function as well as the ∆-integrable on [c, d]Υ. If 0 ≤ c < d < ∞, where

c, d ∈ Υ then weohave the followingoinequality.

1

d− c

∫ d

c

ϕ(x)∆x ≤ min

{
ϕ(c) +mϕ( d

m
)

2
,
ϕ(d) +mϕ( c

m
)

2

}
.
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Proof. As ϕ is m-convex, so

ϕ(tu+m(1− t)v) ≤ tϕ(u) +m(1− t)ϕ(v) ∀ u, v ≥ 0 and ∀ 0 ≤ t ≤ 1,

we get

ϕ(tc+m(1− t)d) ≤ tϕ(c) +m(1− t)ϕ
(
d

m

)
,

and

ϕ(td+m(1− t)c) ≤ tϕ(d) +m(1− t)ϕ
( c
m

)
.

Integrating on [0,1] we get

∫ 1

0

ϕ(tc+ (1− t)d)∆t ≤

[
ϕ(c) +mϕ

(
d
m

)
2

]
,

and

∫ 1

0

ϕ(td+ (1− t)c)∆t ≤

[
ϕ(d) +mϕ

(
c
m

)
2

]
.

However,

∫ 1

0

ϕ(tc+ (1− t)d)∆t =

∫ 1

0

ϕ(td+ (1− t)c)∆t =
1

d− c

∫ d

c

ϕ(x)∆x.

Hence

1

d− c

∫ d

c

ϕ(x)∆x ≤ min

{
ϕ(c) +mϕ( d

m
)

2
,
ϕ(d) +mϕ( c

m
)

2

}
.
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Theorem 3.5.3. Suppose m ∈ [0, 1] ba an arbitrary number and ϕ : [0,∞)Υ → R

beom-convexofunction. Let c, d ∈ Υ with 0 ≤ c < d < ∞, ϕ is integrable function on

[c, d]Υ satisfies the inequality

ϕ(τ∆) ≤ 1

d− c

∫ d

c

(
ϕ(τ) +mϕ

( τ
m

))
∆τ

≤ m+ 1

4

[(
d− τ∆

d− c

)
ϕ(c) +

(
τ∆ − c
d− c

)
ϕ(d)

+m

((
d
m
− τ∆

d
m
− c

m

)
ϕ
( c
m

)
+

(
τ∆ − c

m
d
m
− c

m

)
ϕ

(
d

m

))]
.

(3.13)

Theorem 3.5.4. Let m ∈ (0, 1] be an arbitrary number and IΥ be an interval which

contains zero. If u, v, w ∈ IΥ be any triple of points, where u ≤ mw ≤ v, then every

m-convex function ϕ : IΥ → R satisfy the following inequality

∫ v

u

ϕ(τ)∆τ ≤ (mw − τu)ϕ(u) + (τv −mw)ϕ(v) + (τu − τv + v − u)mϕ(w), (3.14)

where

τ∆ =
1

v − u

∫ v

u

τ∆τ.

τu =
1

mw − u

∫ mw

u

τ∆τ.

τv =
1

v −mw

∫ v

mw

τ∆τ.

43



Proof. Consider the convex combination

τ =
mw − τ
mw − u

u+
τ − u
mw − u

mw,

where τ ∈ conv{u,mw}, where u < mw. Now,oapply theom-convexityoof theofunction

ϕ to the above mentioned convexocombination, we get

ϕ(τ) ≤ mw − τ
mw − u

ϕ(u) +
τ − u
mw − u

mϕ(w).

Taking the ∆-Integral over [u,mw]Υ, we deduce the following integral estimation,

∫ mw

u

ϕ(τ)∆τ ≤ (mw − τu)ϕ(u) + (τu − u)mϕ(w). (3.15)

In the same way, using the interval [mw, v]Υ, we deduce the following estimation

∫ v

mw

ϕ(τ)∆τ ≤ (v − τv)mϕ(w) + (τv −mw)ϕ(v), (3.16)

we can write
∫ v
u
ϕ(τ)∆τ as∫ v

u

ϕ(τ)∆τ =

∫ mw

u

ϕ(τ)∆τ +

∫ v

mw

ϕ(τ)∆τ. (3.17)

By using the inequalities (3.15) and (3.16) in (3.17), we get the required result.

Since I = [u, v]Υ is an arbitrary interval which contains zero, so we can take any

point w ∈ [u, v]Υ in (3.14) as mw ∈ [u, v]Υ. Taking w = u or w = v, we deduce the

following inequality.

Corollary 3.5.5. If 0 < m ≤ 1 be an arbitrary number and [u, v]Υ be an interval which

contains zero, then every m-convex function ϕ : [u, v]Υ → R satisfies the inequality
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∫ v

u

ϕ(τ)∆τ ≤ (mv − τu)ϕ(u) + (mτu −mu+ τv −mτv)ϕ(v).

Theorem 3.5.6. Suppose m ∈ (0, 1]obeoan arbitraryonumber and let ϕ : [0,∞)Υ → R

be a m-convex function. If ϕ ∈ L1[cm, d]Υ where 0 ≤ c ≤ d, then the following inequal-

ity holds.

[∫ md

c

ϕ(τ)∆τ +
md− c
d−mc

∫ d

mc

ϕ(τ)∆τ

]

≤ 1

d−mc

[
(md− τa)(d−mc) + (m(d− τb′))(md− c)ϕ(c)

+ (m(τc − c))(d−mc) + (τb′ −mc)(md− c)ϕ(d)

]
,

(3.18)

where

τc =
1

md− c

∫ md

c

τ∆τ.

τd′ =
1

d−mc

∫ d

mc

τ∆τ.

Proof. The function ϕ satisfies the inequality

ϕ(τ) ≤ md− τ
md− c

ϕ(c) +
τ − c
md− c

mϕ(d),

for every triple of points a, τ,mb ∈ [c, d]Υ, where c 6= md and τ ∈ conv{c,md}. By
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taking the ∆-integral over [c,md]Υ, we get

1

md− c

∫ md

c

ϕ(τ)∆τ ≤ (md− τc)
md− c

ϕ(c) +
(τc − c)
md− c

mϕ(d). (3.19)

Similarly by taking ∆-integral over [md, d]Υ, we get

1

d−mc

∫ d

mc

ϕ(τ)∆τ ≤ (d− τd′)
d−mc

mϕ(c) +
(τd′ −mc)
d−mc

ϕ(d). (3.20)

Addition of (3.19) and (3.20), gives (3.18).

Theorem 3.5.7. If ϕ : [0,∞)Υ → [0,∞) be an m1-convex function and ψ : [0,∞)Υ →
[0,∞) be an m2-convex on [c, d]Υ, for fixed m1,m2 ∈ (0, 1] , where 0 ≤ c < d <∞ and

ϕψ is in L1([c, d]Υ), then

1

d− c

∫ d

c

ϕ(x)ψ(x)∆x ≤ min{M1,M2},

where

M1 =
1

3

[
ϕ(c)ψ(c) +m1m2ϕ

(
d

m1

)
ψ

(
d

m2

)]
+

1

6

[
m2ϕ(c)ψ

(
d

m2

)
+m1ϕ

(
d

m1

)
ψ(c)

]
,

M2 =
1

3

[
ϕ(d)ψ(d) +m1m2ϕ

(
c

m1

)
ψ

(
c

m2

)]
+

1

6

[
m2ϕ(d)ψ

(
c

m2

)
+m1ϕ

(
c

m1

)
ψ(d)

]
.

Proof. We have

ϕ

(
tc+m1(1− t) d

m1

)
≤ tϕ(c) +m1(1− t)ϕ

(
d

m1

)
.

ψ

(
tc+m2(1− t) d

m2

)
≤ tψ(c) +m2(1− t)ψ

(
d

m2

)
,
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∀ t ∈ [0, 1]. Since ϕ and ψ are non-negative, so

ϕ

(
tc+m1(1− t) d

m1

)
ψ

(
tc+m2(1− t) d

m2

)

≤ t2ϕ(c)ψ(c) +m2t(1− t)ϕ(c)ψ

(
d

m2

)
+m1t(1− t)ϕ

(
d

m1

)
ψ(c)

+m1m2(1− t)2ϕ

(
d

m1

)
ψ

(
d

m2

)
.

By taking the ∆-integral over t ∈ [0, 1], we get

∫ 1

0

ϕ(tc+ (1− t)d)ψ(tc+ (1− t)d)∆t =
1

d− c

∫ d

c

ϕ(x)ψ(x)∆x

≤ 1

3

[
ϕ(c)ψ(c) +m1m2ϕ

(
d

m1

)
ψ

(
d

m2

)]
+

1

6

[
m2ϕ(c)ψ

(
d

m2

)
+m1ϕ

(
d

m1

)
ψ(c)

]
.

Similarly, we have

1

d− c

∫ d

c

ϕ(x)ψ(x)∆x ≤ 1

3

[
ϕ(d)ψ(d) +m1m2ϕ

(
c

m1

)
ψ

(
d

m2

)]

+
1

6

[
m2ϕ(d)ψ

(
c

m2

)
+m1ϕ

(
c

m1

)
ψ(d)

]
.

Hence,

1

d− c

∫ d

c

ϕ(x)ψ(x)∆x ≤ min{M1,M2}.

Lemma 3.5.8. let ~ : [c, d]Υ → Robe a ∆-integrableofunction, which isosymmetric

with respect to theomidpointoof [c, d]Υ. Thenoeveryoaffineofunction u : R→ R, satis-

fiesotheoinequality
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∫ d

c

u(τ)~(τ)∆τ = u(τ∆)

∫ d

c

~(τ)∆τ, (3.21)

where

τ∆ =
1

d− c

∫ d

c

τ∆τ. (3.22)

Proof. Since the equation ~(2τ∆ − τ) = ~(τ) is satisfied by the function ~. Take the

function ~ : [c, d]Υ → R, which is defined by

~(τ) = (τ − τ∆)~(τ),

satisfies h(2τ∆− τ) = −~(τ). In fact, this implies that ~ is antisymmetric with respect

to the midpoint t∆, so we deduce

∫ d

c

~(τ)∆τ =

∫ d

c

x~(τ)∆τ − τ∆

∫ d

c

~(τ)∆τ = 0,

subsequently,

∫ d

c

τ~(τ)∆τ = τ∆

∫ d

c

~(τ)∆τ. (3.23)

The equality (3.22) can be obtained by using (3.23) and taking affine equation of u as

u(τ) = mτ + n, where m and n are some real constants.

Lemma 3.5.9. Suppose 0 ∈ [a, b]Υ be an interval and 0 < m ≤ 1 an arbitrary number.

Consider any arbitrary point c ∈ [a, b]Υ and aopositiveo∆-integrable function which

isosymmetric withorespect to the mid-points of [a,mc]Υ and [mc, b]Υ. Then for ev-

eryom-convexofunction ϕ : [a, b]Υ → R we have the following inequality
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∫ b

a

ϕ(τ)~(τ)∆τ ≤
(

(mc− τa)ϕ(a) + (τa − a)mϕ(c)

mc− a

)∫ mc

a

~(τ)∆τ

+

(
(b− τb)mϕ(c) + (τb −mc)ϕ(b)

b−mc

)∫ b

mc

~(τ)∆τ,

(3.24)

where

τa =
1

mc− a

∫ mc

a

τ∆τ.

τb =
1

b−mc

∫ b

mc

τ∆τ.

(3.25)

Proof. The function ϕ satisfies the inequality

ϕ(τ) ≤ mc− τ
mc− a

ϕ(a) +
τ − a
mc− a

mϕ(c) for τ ∈ [a,mc]Υ,

and

ϕ(τ) ≤ mϕ(c)− ϕ(a)

mc− a
τ +m

cϕ(a)− aϕ(c)

mc− a
for τ ∈ [a,mc]Υ. (3.26)

Consequently, for the interval [mc, b]Υ we have

ϕ(τ) ≤ ϕ(b)−mϕ(c)

b−mc
τ +m

bϕ(c)− cϕ(b)

b−mc
for τ ∈ [mc, b]Υ. (3.27)

Multiplying the inequalities (3.26),(3.27) with ~(τ) we get

ϕ(τ)~(τ) ≤ mϕ(c)− ϕ(a)

mc− a
τ~(τ) +m

cϕ(a)− aϕ(c)

mc− a
~(τ) for τ ∈ [a,mc]Υ. (3.28)

49



ϕ(τ)~(τ) ≤ ϕ(b)−mϕ(c)

b−mc
τ~(τ) +m

bϕ(c)− cϕ(b)

b−mc
~(τ) for τ ∈ [mc, b]Υ, (3.29)

∆-integrating of (3.28) over [a,mc]Υ and (3.29) over the interval [mc, b]Υ by using

(3.23) gives

∫ mc

a

ϕ(τ)~(τ)∆τ ≤ τa

(
mϕ(c)− ϕ(a)

mc− a

)∫ mc

a

~(τ)∆τ+

(
mcϕ(a)− amϕ(c)

mc− a

)∫ mc

a

~(τ)∆τ.

(3.30)

∫ b

mc

ϕ(τ)~(τ)∆τ ≤ τb

(
ϕ(b)−mϕ(c)

b−mc

)∫ b

mc

~(τ)∆τ+

(
mbϕ(c)−mcϕ(b)

b−mc

)∫ b

mc

~(τ)∆τ.

(3.31)

Addition of (3.30) and (3.31), gives (3.24).

Theorem 3.5.10. (Fejer’s Inequality) Suppose [u,w]Υ be an interval which con-

tains zero and 0 < m ≤ 1 be an arbitrary number. Consider any arbitrary point

v ∈ [u,w]Υ and a positiveo∆-integrable function,owhich isosymmetricowith respect to

theomid-points of [u,mv]Υ and [mv,w]Υ. Then every m-convex function ϕ : [u,w]Υ →
R must satisfies the following inequality

1

m
ϕ

(
m
τu
∫ mv
u

~(τ)∆τ + τw
∫ w
mv

~(τ)∆τ∫ w
u
~(τ)∆τ

)

≤
∫ w
u
ϕ(τ)~(τ)∆τ∫ w
u
~(τ)∆τ

≤ 1∫ w
u
~(τ)∆τ

(
(mv − τu)ϕ(u) + (τu − u)mϕ(v)

mv − u

)∫ mv

u

~(τ)∆τ

(3.32)
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+

(
(w − τw)mϕ(v) + (τw −mv)ϕ(w)

w −mv

)∫ w

mv

~(τ)∆τ,

where

τu =
1

mv − u

∫ mv

u

τ∆τ.

τw =
1

w −mv

∫ w

mv

τ∆τ.

Proof. For proving the above inequality we use (3.10) with identity function ψ(τ) = τ .

ϕ

(
m

∫ w
u
τ~(τ)∆τ∫ w

u
~(τ)∆τ

)
≤ m

∫ w
u
ϕ(τ)~(τ)∆τ∫ w
u
~(τ)∆τ

. (3.33)

By using Lemma (3.5.9) and (3.33), we get

∫ w
u
ϕ(τ)~(τ)∆τ∫ w
u
~(τ)∆τ

≤ 1∫ w
u
~(τ)∆τ

(
(mv − τu)ϕ(u) + (τu − u)mϕ(v)

mv − u

)∫ mv

u

~(τ)∆τ

+

(
(w − τw)mϕ(v) + (τw −mv)ϕ(w)

w −mv

)∫ w

mv

~(τ)∆τ.

(3.34)

By using Lemma (3.5.8) and (3.33), we get

1

m
ϕ

(
m
τu
∫ mv
u

~(τ)∆τ + τw
∫ w
mv

~(τ)∆τ∫ w
u
~(τ)∆τ

)
≤
∫ w
u
ϕ(τ)~(τ)∆τ∫ w
u
~(τ)∆τ

. (3.35)

By combining (3.34) and (3.35) we get the desired inequality.

If we choose ~(x) = 1, v = u or v = w in (3.32), we attain the Hermite-Hadamard

inequality, which is defined in (Theorem 3.5.1).
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Chapter 4

Time Scale Version of some
Inequalities of m-Convex Functions
on Two Coordinates

In this chapter, we willopresentothe timeoscaleoversion of m-convex functions on two

coordinates. Also, we extend a timeoscaleoversion of the well known inequality namely,

Hermite-Hadamard, for coordinated m-convex functions.

4.1 Coordinated Convex Function

Definition 4.1.1. Suppose p1, p2, q1, q2 ∈ Υ where p1 < p2 and q1 < q2. Define

∆2
Υ := [p1, p2]Υ × [q1, q2]Υ. Any function ϕ : ∆2

Υ → R isosaid toobe convex on the

coordinates if the following partialomappings

ϕy : [p1, p2]Υ → R, defined by ϕy(u) = ϕ(u, y),

and

ϕx : [q1, q2]Υ → R, defined by ϕx(v) = ϕ(x, v),

areoconvex, where these mappings are defined ∀ y ∈ [q1, q2]Υ and x ∈ [p1, p2]Υ.

In other words, a mapping ϕ : ∆2
Υ → R is calledoconvex in ∆2

Υ if foroevery

(a, b), (c, d) ∈ ∆2
Υ and 0 ≤ λ ≤ 1 we haveotheofollowingoinequality:
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ϕ(λ(a, b) + (1− λ)(c, d)) ≤ λϕ(a, b) + (1− λ)ϕ(c, d).

4.2 Coordinated m-Convex Function

Definition 4.2.1. Let ∆2
Υ = [0, p2]Υ × [0, q2]Υ ⊂ [0,∞)2 then a function ϕ : ∆2

Υ → R

is called two coordinated m-convexoif the following mappings

ϕy : [0, p2]Υ → R, defined by ϕy(u) = ϕ(u, y),

and

ϕx : [0, q2]Υ → R, defined by ϕx(v) = ϕ(x, v),

are m-convex on [0, p2]Υ and [0, q2]Υ respectively, where these mappings are defined ∀
y ∈ [0, q2]Υ and x ∈ [0, p2]Υ.

4.3 Hermite-Hadamard Type Inequalities

In this section, we developoHermite-Hadamardotypeoinequalities of m-convex function

on two coordinates on timescale.

Theorem 4.3.1. If 0 < p1 < p2, 0 < q1 < q2, where p1, p2, q1, q2, x, y ∈ Υ, and

∆2
Υ = [0, p2]Υ × [0, q2]Υ ⊂ [0,∞)2 with p2, q2 > 0 and ϕ : ∆2

Υ → R be such that the

partial mappings

ϕy : [0, p2]Υ → R, defined by ϕy(u) = ϕ(u, y),

and

ϕx : [0, q2]Υ → R, defined by ϕx(v) = ϕ(x, v),

are continuous and m-convex, where mappings are defined, ∀ y ∈ [0, q2]Υ and x ∈
[0, p2]Υ then the following inequalities
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1

m

[
1

p2 − p1

∫ p2

p1

ϕ(x,ms∆)∆x+
1

q2 − q1

∫ q2

q1

ϕ(mt∆, y)∆y

]

≤ 2

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤ 1

(q2 − q1)(p2 − p1)

∫ q2

q1

((mp2 − tp1)ϕ(p1, y) + (mtp1 −mp1 + tp2 −mtp2)ϕ(p2, y)) ∆y

+
1

(p2 − p1)(q2 − q1)

∫ p2

p1

((mq2 − sq1)ϕ(x, q1) + (msq1 −mq1 + sq2 −msq2)ϕ(x, q2)) ∆x,

holds, where

t∆ =
1

p2 − p1

∫ p2

p1

x∆x.

s∆ =
1

q2 − q1

∫ q2

q1

y∆y.

tp1 =
1

mp2 − p1

∫ mp2

p1

x∆x.

tp2 =
1

p2 −mp2

∫ p2

mp2

x∆x.

sq1 =
1

mq2 − q1

∫ mq2

q1

y∆y.

sq2 =
1

q2 −mq2

∫ q2

mq2

y∆y.

Proof. Applying Theorem (3.5.1) for the function ϕy, we obtain
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1

m
ϕy(mt∆) ≤ 1

p2 − p1

∫ p2

p1

ϕy(x)∆x ≤
(
mp2 − tp1

p2 − p1

)
ϕy(p1)

+

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

)
ϕy(p2),

∀ y ∈ [0, q2]Υ. i.e,

1

m
ϕ(mt∆, y) ≤ 1

p2 − p1

∫ p2

p1

ϕ(x, y)∆x ≤
(
mp2 − tp1

p2 − p1

)
ϕ(p1, y)

+

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

)
ϕ(p2, y).

(4.1)

Taking ∆-integral of (4.1) over the interval [q1, q2]Υ, and then dividing the resulting

inequality by q2 − q1, we obtain

1

m(q2 − q1)

∫ q2

q1

ϕ(mt∆, y)∆y

≤ 1

(p2 − p1)(q2 − q1)

∫ q2

q1

∫ p2

p1

ϕ(x, y)∆x∆y

≤
(

mp2 − tp1

(p2 − p1)(q2 − q1)

)∫ q2

q1

ϕ(p1, y)∆y +

(
mtp1 − p1m+ tp2 −mtp2

(p2 − p1)(q2 − q1)

)∫ q2

q1

ϕ(p2, y)∆y.

(4.2)

Similarly by applying Theorem (3.5.1) for the function ϕx, we obtain
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1

m
ϕx(ms∆) ≤ 1

q2 − q1

∫ q2

q1

ϕx(y)∆y ≤
(
mq2 − sq1
q2 − q1

)
ϕx(q1)

+

(
msq1 −mq1 + sq2 −msq2

q2 − q1

)
ϕx(q2),

∀ x ∈ [0, p2]Υ. i.e,

1

m
ϕ(x,ms∆) ≤ 1

q2 − q1

∫ q2

q1

ϕ(x, y)∆y ≤
(
mq2 − sq1
q2 − q1

)
ϕ(x, q1)

+

(
msq1 −mq1 + sq2 −msq2

q2 − q1

)
ϕ(x, q2).

(4.3)

Taking ∆-integral of (4.3) over the interval [p1, p2]Υ, and then dividing the resulting

inequality by p2 − p1, we obtain

1

m(p2 − p1)

∫ p2

p1

ϕ(x,ms∆)∆x ≤ 1

(q2 − q1)(p2 − p1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤
(

mq2 − sq1
(q2 − q1)(p2 − p1)

)∫ p2

p1

ϕ(x, q1)∆x

+

(
msq1 −mq1 + sq2 −msq2

(q2 − q1)(p2 − p1)

)∫ p2

p1

ϕ(x, q2)∆x.

(4.4)

Now by adding (4.2) and (4.4),
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1

m

[
1

p2 − p1

∫ p2

p1

ϕ(x,ms∆)∆x+
1

q2 − q1

∫ q2

q1

ϕ(mt∆, y)∆y

]

≤ 2

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤ 1

(q2 − q1)(p2 − p1)

∫ q2

q1

((mp2 − tp1)ϕ(p1, y) + (mtp1 −mp1 + tp2 −mtp2)ϕ(p2, y)) ∆y

+
1

(p2 − p1)(q2 − q1)

∫ p2

p1

((mq2 − sq1)ϕ(x, q1) + (msq1 −mq1 + sq2 −msq2)ϕ(x, q2)) ∆x,

we get the desired inequality.

Theorem 4.3.2. Under the assumption of Theorem (4.3.1), and suppose also the in-

tervals contain the midpoints, then the inequality

1

m

[
ϕ

(
p1 + p2

2
,ms∆

)
+ ϕ

(
mt∆,

q1 + q2

2

)]
≤ 1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
∆x

+
1

q2 − q1

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
∆y,

(4.5)

holds.

Proof. Since the inequality (4.1) is true ∀ y ∈ [0, q2]Υ , and by postulation, for y = q1+q2
2

,

the following inequality holds:

1

m
ϕ

(
mt∆,

q1 + q2

2

)
≤ 1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
∆x, (4.6)

57



similarly, from (4.3)

1

m
ϕ

(
p1 + p2

2
,ms∆

)
≤ 1

q2 − q1

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
∆y. (4.7)

Add the inequalities (4.3) and (4.7), we get

1

m

[
ϕ

(
p1 + p2

2
,ms∆

)
+ ϕ

(
mt∆,

q1 + q2

2

)]
≤ 1

p2 − p1

∫ p2

p1

ϕ

(
x,
q1 + q2

2

)
∆x

+
1

q2 − q1

∫ q2

q1

ϕ

(
p1 + p2

2
, y

)
∆y,

the required result.

Theorem 4.3.3. By postulation of Theorem (4.3.1), the following inequality

1

p2 − p1

∫ p2

p1

(ϕ(x, q1) + ϕ(x, q2)) ∆x+
1

q2 − q1

∫ q2

q1

(ϕ(p1, y) + ϕ(p2, y)) ∆y

≤ A1ϕ(p1, q1) + A2ϕ(p2, q1) + A3ϕ(p1, q2) + A4ϕ(p2, q2),

(4.8)

holds, where

A1 =

(
mp2 − tp1

p2 − p1

+
mq2 − sq1
q2 − q1

)
.

A2 =

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

+
mq2 − sq1
q2 − q1

)
.

A3 =

(
mp2 − tp1

p2 − p1

+
msq1 −mq1 + sq2 −msq2

q2 − q1

)
.

A4 =

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

+
msq1 −mq1 + sq2 −msq2

q2 − q1

)
.
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Proof. By choosing y = q1 in (4.1), we have

1

p2 − p1

∫ p2

p1

ϕ(x, q1)∆x ≤
(
mp2 − tp1

p2 − p1

)
ϕ(p1, q1)+

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

)
ϕ(p2, q1),

(4.9)

for y = q2, we have

1

p2 − p1

∫ p2

p1

ϕ(x, q2)∆x ≤
(
mp2 − tp1

p2 − p1

)
ϕ(p1, q2)+

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

)
ϕ(p2, q2).

(4.10)

By choosing x = p1 in (4.3), we have

1

q2 − q1

∫ q2

q1

ϕ(p1, y)∆y ≤
(
mq2 − sq1
q2 − q1

)
ϕ(p1, q1)+

(
msq1 −mq1 + sq2 −msq2

q2 − q1

)
ϕ(p1, q2).

(4.11)

For x = p2, we have

1

q2 − q1

∫ q2

q1

ϕ(p2, y)∆y ≤
(
mq2 − sq1
q2 − q1

)
ϕ(p2, q1)+

(
msq1 −mq1 + sq2 −msq2

q2 − q1

)
ϕ(p2, q2).

(4.12)

By adding the inequalities (4.9), (4.10), (4.11) and (4.12), we get

59



1

p2 − p1

∫ p2

p1

(ϕ(x, q1) + ϕ(x, q2)) ∆x+
1

q2 − q1

∫ q2

q1

(ϕ(p1, y) + ϕ(p2, y)) ∆y

≤
(
mp2 − tp1

p2 − p1

+
mq2 − sq1
q2 − q1

)
ϕ(p1, q1) +

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

+
mq2 − sq1
q2 − q1

)
ϕ(p2, q1)

+

(
mp2 − tp1

p2 − p1

+
msq1 −mq1 + sq2 −msq2

q2 − q1

)
ϕ(p1, q2)

+

(
mtp1 −mp1 + tp2 −mtp2

p2 − p1

+
msq1 −mq1 + sq2 −msq2

q2 − q1

)
ϕ(p2, q2).

Theorem 4.3.4. Let ϕ, ϕx and ϕy be defined in the same way as in Theorem (4.3.1),

Then the the following inequality

2

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤ min

{
1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) +mϕ

(
x, q2

m

)
2

)
∆x ,

1

p2 − p1

∫ p2

p1

(
ϕ(x, q2) +mϕ

(
x, q1

m

)
2

)
∆x

}
(4.13)

+ min

{
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) +mϕ

(
p2

m
, y
)

2

)
∆y ,

1

q2 − q1

∫ q2

q1

(
ϕ(p2, y) +mϕ

(
p1

m
, y
)

2

)
∆y

}
,

holds.
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Proof. As mapping ϕ : ∆2
Υ → R is two coordinated m-convex, then the function ϕx

and ϕy areom-convexoon [0, q2]Υ and [0, p2]Υ, respectively. Hence, weohave

1

p2 − p1

∫ p2

p1

ϕy(x)∆x ≤ min

{
ϕy(xa) + ϕy

(
p2

m

)
2

,
ϕy(p2) + ϕy

(
p1

m

)
2

}
,

that is

1

p2 − p1

∫ p2

p1

ϕ(x, y)∆x ≤ min

{
ϕ(p1, y) + ϕ

(
p2

m
, y
)

2
,
ϕ(p2, y) + ϕ

(
p1

m
, y
)

2

}
.

By taking the average ∆− integration over the interval [q1, q2]Υ, we have

1

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤ min

{
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) + ϕ

(
p2

m
, y
)

2

)
∆y ,

1

q2 − q1

∫ q2

q1

(
ϕ(p2, y) + ϕ

(
p1

m
, y
)

2

)
∆y

}
.

(4.14)

Similarly for ϕx one has

1

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤ min

{
1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) + ϕ

(
x, q2

m

)
2

)
∆x ,

1

p2 − p1

∫ p2

p1

(
ϕ(x, q2) + ϕ

(
x, q1

m

)
2

)
∆x

}
.

(4.15)

By adding the inequalities (4.14) and (4.15), we get
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2

(p2 − p1)(q2 − q1)

∫ p2

p1

∫ q2

q1

ϕ(x, y)∆y∆x

≤ min

{
1

p2 − p1

∫ p2

p1

(
ϕ(x, q1) +mϕ

(
x, q2

m

)
2

)
∆x ,

1

p2 − p1

∫ p2

p1

(
ϕ(x, q2) +mϕ

(
x, q1

m

)
2

)
∆x

}

+ min

{
1

q2 − q1

∫ q2

q1

(
ϕ(p1, y) +mϕ

(
p2

m
, y
)

2

)
∆y ,

1

q2 − q1

∫ q2

q1

(
ϕ(p2, y) +mϕ

(
p1

m
, y
)

2

)
∆y

}
,

which is the required result.

Theorem 4.3.5. Let ∆2
Υ = [0, p2]Υ × [0, q2]Υ ⊂ [0,∞)2 with 0 < p1 < p2, 0 < q1 < q2

and ϕ : ∆2
Υ → R be m-convex on two coordinate in ∆2

Υ where 0 < m ≤ 1. If

ϕx ∈ L1[0, q2]Υ and ϕy ∈ L1[0, p2]Υ, then

2ϕ (t∆, s∆) ≤ 1

p2 − p1

∫ p2

p1

(
ϕ(x, s∆) +mϕ

(
x
m
, s∆

)
2

)
∆x

+
1

q2 − q1

∫ q2

q1

(
ϕ(t∆, y) +mϕ

(
t∆,

y
m

)
2

)
∆y.

(4.16)
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Proof. Applying the first inequality of (3.13) for the function ϕy, we get

ϕy(t∆) ≤ 1

p2 − p1

∫ p2

p1

(
ϕy(x) +mϕy

( x
m

))
∆x,

that is,

ϕ(t∆, y) ≤ 1

p2 − p1

∫ p2

p1

(
ϕ(x, y) +mf

( x
m
, y
))

∆x,

for y = s∆

ϕ (t∆, s∆) ≤ 1

p2 − p1

∫ p2

p1

(
ϕ(x, s∆) +mϕ( x

m
, s∆)

2

)
∆x. (4.17)

Similarly for ϕx, we obtain

ϕ (x, s∆) ≤ 1

c− d

∫ d

c

(
ϕ(x, y) +mϕ(x, y

m
)

2

)
∆y,

put x = t∆, we get

ϕ (t∆, s∆) ≤ 1

q1 − q2

∫ q2

q1

(
ϕ(t∆, y) +mϕ(t∆,

y
m

)

2

)
∆y. (4.18)

Addition of (4.17) and (4.18) gives

2ϕ (t∆, s∆) ≤ 1

p2 − p1

∫ p2

p1

(
ϕ(x, s∆) +mϕ

(
x
m
, s∆

)
2

)
∆x

+
1

q2 − q1

∫ q2

q1

(
ϕ(t∆, y) +mϕ

(
t∆,

y
m

)
2

)
∆y,

(4.19)

which is the required result.
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4.4 Petrovic’s Inequality

Time scale version of Petrovic’soinequality forocoordinatedom-Convex function is de-

fined in this section.

Theorem 4.4.1. If ϕ : [0,∞)2
Υ → R, anom-convex function on coordinates where

0 < m ≤ 1 be anoarbitraryonumber. Let (x1, ..., xn), (y1, ..., yn) be non-negative n-

tuples and (p1, ..., pn),(q1, ..., qn) be positive n-tuples such that
∑n

j=1 pj ≥ 1, where

xi, yi, pi, qi ∈ [0,∞)Υ.

Pn :=
n∑
j=1

pj, 0 6= x̃n =
n∑
j=1

pjxj ≥ xi for oevery i = 1, ..., n,

and

Qn :=
n∑
k=1

qk, 0 6= ỹn =
n∑
k=1

qkyk ≥ yi for oevery i = 1, ..., n,

then

n∑
j=1

n∑
k=1

pjqkϕ(xj, yk) ≤ min{mmin{Gm,1(x̃n/m), G1,m(x̃n/m)}+ (Pn − 1)

×min{Gm,1(0), G1,m(0)},min{Gm,1(x̃n), G1,m(x̃n)}

+m(Pn − 1) min{Gm,1(0), G1,m(0)}},

(4.20)

where

Gm,m̃(t) = mϕ

(
t,
ỹn
m

)
+ m̃(Qn − 1)ϕ(t, 0). (4.21)

Proof. Let ϕx : [0,∞)Υ → R and ϕy : [0,∞)Υ → R be mappings such that ϕx(v) =

ϕ(x, v) and ϕy(u) = ϕ(u, y). Asoϕ isocoordinated m-convex on [0,∞)2
Υ, so ϕy is m-

convex on [0,∞)Υ. By using Corollary 3.3.1 for ϕy, we have
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n∑
j=1

pjϕy(xj) ≤ min{mϕy(x̃n/m) + (Pn − 1)ϕy(0) , ϕy(x̃n) +m(Pn − 1)ϕy(0)}.

Thisoisoequivalent to

n∑
j=1

pjϕ(xj, y) ≤ min{mϕ(x̃n/m, y) + (Pn − 1)ϕ(0, y) , ϕ(x̃n, y) +m(Pn − 1)ϕ(0, y)}.

By setting y = yk, we have

n∑
j=1

pjϕ(xj, yk) ≤ min{mϕ(x̃n/m, yk)+(Pn−1)ϕ(0, yk) , ϕ(x̃n, yk)+m(Pn−1)ϕ(0, yk)},

That gives

n∑
j=1

n∑
k=1

pjqkϕ(xj, yk) ≤min

{
m

n∑
k=1

qkϕ(x̃n/m, yk) + (Pn − 1)
n∑
k=1

qkϕ(0, yk) ,

n∑
k=1

qkϕ(x̃n, yk) +m(Pn − 1)
n∑
k=1

qjϕ(0, yk)

}
.

(4.22)

Similarly, one has

n∑
k=1

qkϕ(x̃n/m, yk) ≤min{mϕ(x̃n/m, ỹn/m) + (Qn − 1)ϕ(x̃n/m, 0) ,

ϕ(x̃n/m, ỹn) +m(Qn − 1)ϕ(x̃n/m, 0)}.

n∑
k=1

qkϕ(0, yk) ≤min{mϕ(0, ỹn/m) + (Qn − 1)ϕ(0, 0) ,

ϕ(0, ỹn) +m(Qn − 1)ϕ(0, 0)},
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and

n∑
k=1

qkϕ(x̃n, yk) ≤min{mϕ(x̃n, ỹn/m) + (Qn − 1)ϕ(x̃n, 0) ,

ϕ(x̃n, ỹn) +m(Qn − 1)ϕ(x̃n, 0)}.

Putting all these values in inequality (4.22), and using the notation in (4.21), one has

the required result.

Corollary 4.4.2. Ifoϕ : [0,∞)2
Υ → R,oan m-convexofunction on two coordinates

where m ∈ (0, 1] be an arbitrary number. Let (x1, ..., xn), (y1, ..., yn) be non-negative

n-tuples and (p1, ..., pn),(q1, ..., qn) be positive n-tuples such that
∑n

j=1 pj ≥ 1, where

xi, yi, pi, qi ∈ [0,∞)Υ.

Pn :=
n∑
j=1

pj, 0 6= x̃n =
n∑
j=1

pjxj ≥ xi for each i = 1, ..., n,

then theofollowingoinequalityoholds:

n∑
j=1

npjϕ(xj) ≤min

{
mmin{(m+ n− 1)ϕ(x̃n/m), (mn−m+ 1)ϕ(x̃n/m)}

+ (Pn − 1) min{(m+ n− 1)ϕ(0), (mn−m+ 1)ϕ(0)} ,

min{(m+ n− 1)ϕ(x̃n), (mn−m+ 1)ϕ(x̃n)}

+m(Pn − 1) min{(m+ n− 1), (mn−m+ 1)ϕ(0)}

}
.
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Proof. If we put yk = 0 and qk = 1, k = 1, ..., n where ϕ(x, 0) 7→ ϕ(x) in inequality

(4.20), we get the desired result.
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Conclusion

In this thesis, we discussed the concept of m-convex function on time scale. In chapter 3,

we deduce some basic and well-known inequalities such as Petrovic’s, Jensen’s, Hermite-

Hadamerd and Fejer’s of m-convex function on timescale. In chapter 4, we converted

the definition of m-convex function in two coordinates of real numbers into timescale.

Using this definition we deduce some inequalities such as Hermite-Hadamard, Petrovic’s

and other results.
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