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Abstract

Depth and Stanley depth are the algebraic and geometric invariants, respectively, which
have been computed for various classes of graphs. Earlier, for the powers of edge ideal
associated with trees and forests, the computed bounds were dependent upon diameter,
power and number of connected components in the forest. The present dissertation is
primarily concerned with the value of depth and Stanley depth of edge ideals associated
with firecracker and three other classes of graphs. Also, the lower bounds have been
given for any power of the edge ideals corresponding to the generalized banana tree
and a class of the lobster tree, in terms of the total number of stars in the graph and
power of the edge ideal, which is comparatively better than the existing bounds for

trees.
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Introduction

At first sight, the utilization of graph theory for the study of edge ideals is advanta-
geous in light of the fact that there are common objects of study. However, indeed some
noteworthy results on certain graphs and power of their edge ideals have taken place
in this dissertation. In 1982, Stanley [23] defined an invariant for finitely generated
Z7"-graded modules over the commutative ring, called Stanley depth. He also gave a
conjecture relating the depth and Stanley depth of a module. It was later proved by
Duval et al. [9] in 2015 that Stanley’s conjecture does not hold generally for modules
of the type S/I, where S is a polynomial ring in n variables and I is a monomial
ideal. Nonetheless, discovering the classes that still satisfies the conjecture is yet an
intriguing endeavor. In this thesis, some improved lower bounds are computed for the
power of edge ideals of certain trees. Also, a detailed review of the work of Morey [14]
and Pournaki et al. [18] on the power of edge ideals of the forest is given.

Chapter 1 summarizes the elementary details about commutative algebra. In par-
ticular, it covers the basics of ring and module theory. It also offers a short introduction
to graph theory.

Chapter 2 presents the brief introduction of depth and Stanley depth of multi-
graded finitely generated modules. A method of computing Stanley depth for square-
free monomial ideals is also discussed. Furthermore, some known bounds of these two
invariants are quoted along with Stanley’s conjecture.

Chapter 3 is devoted to the study of the power of edge ideals. It comprises the
bounds for depth and Stanley depth of kth power of edge ideals corresponding to trees
and forests. These bounds are dependent upon number of components, diameter and

powers of edge ideals.



In Chapter 4, firecracker, circular firecracker, paths attached to a path and cycle
with a gradual decrease in length are introduced. Later their depth and Stanley depth
are computed by using induction and Depth Lemma on short exact sequences.

Chapter 5 is about calculating the bound for depth and Stanley depth of powers of
edge ideal corresponding to a class of lobster tree in terms of power k£ and the order
of r-star in the graph. The bound is also computed for the generalized banana tree in

terms of number of stars in the graph and power of its edge ideal.



Chapter 1

Preliminaries

Algebra is the abstract encapsulation of our intuition for the concept of two objects
coming together to form a new one. This chapter comprises the fundamental concepts of
abstract and commutative algebra; including rings, subrings, their quotients, ideals and
modules along with examples. The study of rings is concerned with objects possessing
two binary operations (called addition and multiplication) related by the distributive
laws, whereas modules are the representation objects for rings, i.e., they are algebraic
objects on which rings act. In addition, graph theory is also discussed here. Later,
few elementary results are given in order to have a better understanding of the next

chapters.

1.1 Ring theory

In algebra, the theory of rings [8] deals with the study of algebraic structures, called

rings, which have defined operations of multiplication and addition.

Definition 1.1.1. A non-empty set R along with the two defined binary operations

13 7

x 7 and “ + 7 is called a ring if it satisfies the following axioms:
e R is a commutative group w.r.t “ + 7.

e Associativity holds w.r.t “ x 7 that is for all s1,s9,83 € R

(81 X 82) X 83 =81 X (82 X 83).



e The distributive laws hold in R, that is for all s1, s9,53 € R
(Sl -+ 82) X 83 = (81 X Sg) + (82 X 83),
s1 X (S92 4 83) = (51 X s2) + (51 X $3).

If ring R is commutative w.r.t multiplication then it is called a commutative ring. The

ring R is said to have an identity if V s € R, there exists an element 1 € R such that
sx1=1xs=s.

Definition 1.1.2. Let R be a ring with unity. If every non-zero element of R has
a multiplicative inverse then R is called a division ring. A division ring which is

commutative w.r.t multiplication is called a field.

Example 1.1.3. Following are the examples of ring.

1. Z/nZ with multiplicative identity 1 under multiplication and addition of residue

classes, forms a commutative ring.

2. Let R = R?, then R is a non-commutative ring without unity, where the operation
of addition to be the usual addition of vectors and multiplication is the cross

product of vectors.

Proposition 1.1.4. A non-empty subset I of a ring R is said to be an ideal if and
onlyif z1 —zo €1 ,2s €1 and sz € I for all 2,25,z € I and s € R.

1.1.1 Ring of Polynomials

The polynomial ring is a particular type of ring which is formed by a set of polynomials.
These polynomials are in one or more than one variable where the coefficients belong
to a ring or maybe a field. Polynomial rings are used in several fields of mathematics
and the investigation of their properties is among the primary inspirations for the

advancement of commutative algebra and ring theory.



Definition 1.1.5. For a commutative ring R with unity, a polynomial in variable y

while the coefficients belong to R has the form
so+s1y+ A sy sy,

with n > 0 and each s; € R. If s, # 0, then the polynomial is said to be of degree n,
where 7,y" is called the leading term. The set of polynomials is denoted by R[y]. Thus

Rlyl = {so+s1y+-+sp 19" ' +8,5":n>0,s € R}.

Rly] is a commutative ring with unity under addition and multiplication of polynomials

and the unity of R[y| is the unity of R.

Definition 1.1.6. The polynomial ring in the variables 1, s, ..., 7, and coefficients

belonging to R(commutative with identity) is represented by
Rlyr,y2, - yn] = Rly1,y2, - Yna][yn]-

1.1.2 Ring Homomorphism

In the field of ring theory, a ring homomorphism is a map from one ring to another

that respects the same additive and multiplicative structures.

Definition 1.1.7. Consider two rings R; and R;. A ring homomorphism is a map

H : Ry — R, which satisfies the following axioms for all sy, s9 € R;
o H(sy+ s2) = H(s1)+ H(ss),
o H(sys5) = H(s1)H(sy),
e H(1)=H(1),

where 1 and 1’ are multiplicative identities of R; and Rs, respectively. A ring homo-

morphism which is both injective and surjective is known as ring isomorphism.



Definition 1.1.8. For a proper ideal I, a quotient ring R/l can be formed, which
consists of cosets s 4+ I, where s € R, and the product of cosets is defined as:
(s1+1)(s2+1)=s15+1.
Next there are the isomorphism theorems for rings.
Theorem 1.1.9. (Isomorphism Theorems)
1. For a ring homomorphism ~ : Ry — Ry, v(Ry) is isomorphic to Ry/ker(7y), i.e.,
Ry [ker(y) = ~v(Ry).
2. For an ideal I and subring J of Ry,

(J+D)/I=J/JNI.

3. Consider the ideals I, and Iy of ring Ry, with Iy C Iy, then Iy/I; is an ideal of
Rl/[l- Also
(Ba/1)/(I2/ 1) = Ry /5.

For the ideals I and K of the ring R, the set of sums a +b with a € I and b € K
is not only a subring of R but is an ideal in R (the set is clearly closed under addition
and a(a+b) = aa+ab € I + K since aa € I and ab € K). The product of ideals can

also be defined in the following way.
Definition 1.1.10. Assume [; and Iy be the ideals of ring R.

1. Product of two ideals, say I; and I, is a set consisting of all possible finite sums

of the elements of the form iyi5 where iy € I and 75 € I5. It is denoted by I .

2. Similarly the " power of an ideal I, for ¢t > 1, is a set consisting of all possible
finite sums of the elements of the form 4,7, . .. ¢, with 7; € I for all j. Equivalently,
It is defined inductively by defining I' = I, and I* = IT*"! for t = 2,3,. ...
Example 1.1.11. Let [ = 9Z and J = 12Z in Z. Then I + J consists of all integers
of the form 9z; + 122, with 21,29 € Z. Since every such integer is divisible by 3, so
9Z + 127 C 37Z. On the other hand, 3 = 9(—1) + 12(1) shows that 3Z is contained in
9Z + 127, hence 9Z + 127 = 37. In general, (,Z + q27Z = dZ, whereas d = (q1, ¢2)-



1.1.3 Properties of Ideals

One important class of ideals are those which are not a subset of any other proper ideal

of the ring.

Definition 1.1.12. For aring R, a maximal ideal M is a proper ideal of the ring which

is only contained in M itself and R.

Definition 1.1.13. For a commutative ring R, a proper ideal P is said to be a prime

ideal if for s1,s9 € R, 5189 € P, then either s; € P or s, € P.

Definition 1.1.14. For a ring R, consider two ideals I; and I5. Then their ideal
quotient is defined as
(]1 ZIQ) :{SER . S.Zggll}.

Definition 1.1.15. The radical of an ideal I is defined as
VI={seR : s"el, fork>0}

Definition 1.1.16. For a proper ideal N of ring R, N is called a primary ideal if
s189 € N, for s1,s9 € R, then either s; € N or séC € N for some k > 1.

When N is a primary ideal, P is a prime ideal and also P = /N then N is called
P-primary.

1.1.4 Monomial Ideal

For a polynomial ring S = K[z, ..., x,] over the field K, monomials forms the natural
K-basis. Let R” be the set of vectors b = (by,...,b,) € R" where every b; > 0 and

Zrh = R} NZ". A monomial is any product of the form i b with b € Z,. If

n
w = xlfl ...x% is a monomial then w = 2P with b = (by,...,b,) € 77, and

b1 ,..b2 bi+b2

T "Tr =

An ideal whose generating set only consists of monomials is said to be a monomial

ideal. Mon(S) denotes the set of all monomials in S and it forms the basis of S. For

7



any polynomial f € S and for b, € K
f = Z byw,

where support of f is defined as

supp(f) = {w € Mon(S) : b, # 0}.
Definition 1.1.17. Let G(I) = {u1,...,uy}. The ideal I is called a complete inter-
section ideal if and only if, for all ¢ # 7,
supp(u;) N supp(u;) = 0.
Proposition 1.1.18. Consider two monomial ideals I and Iy. Then

1. I N Iy is a monomial ideal, and {lem(p,q) : p € G(I1),q € G(l2)} is the
generating set of 11 N Is.

2. (I : I5) is a monomial ideal and (I1 : I2) = (\,eq,y (11 1 (0))-

A monomial 2P is said to be squarefree if b has components 0 and 1. An ideal with a

generating set containing only squarefree monomials is known as squarefree monomial

ideal.

Definition 1.1.19. For a prime ideal P, the height of P denoted by ht(P), is defined
as

ht(P) =max{m; : b, C P, C...C P, = P}.

For any proper ideal I

ht(I) = min{ht(FP;) : I C P, where P, is a prime ideal}.

1.1.5 Primary Decomposition

For an ideal J, primary decomposition is a way of representing .J as an intersection
J =\ _, Ny, whereas each N, is a primary ideal. Let {P,,} = Ass(N,,). If none of
the N,, can be omitted in this intersection and P, # P; for all r # s then it is called

irredundant primary decomposition.



Example 1.1.20. Let I = (2%z3, x5, 2523, 12973 ), then

(z3, x5, T305 , 117073
(I‘ ZL'4, $§$i)
ol wh, wy, mwers ) N (27, 2, 2%, maerd) N (w3, 2, 25) N (23, 23, 27)

= (2%, 23, 25, ;xexl ) N (23, 25, ;yaexl ) N (x5, 25, 75) N (w3, 773 ).

In the above example, the obtained primary decomposition is irredundant as P, #

P, for 1 <r,s < 4. But generally it does not happen, as in the following example.

Example 1.1.21. Let [ = (23, z3, 2323 xoxszd, x3x3), then
(w3, 73, 75, Toxsxs , 2375 ) N (79, T3, T3, Towaws, TITT)
(73, 25, 22ws2], w32y) N (73, 75, 7))

(23, 25, 22, 2523) N (@3, v3, 232], 2523 ) N (23, 3, )
= (@2, @5, w32]) N (23, @5, v307) N (23, 235, 2]
(

(

(

3 3 4

)
) N (o, @5, 23) N (a3, 23, x3) N (3, a3, 73) N (75, 23, 27)
(w2, 23, 23) N (23, 23) N (23, 25, 25)
(23, 23) N (23, 23, 27).
It is the primary decompostion of I but not irredundant. Here Ass( @y, 23 ) = Ass( 23, 23) =

{(x2, x3)}. Now for irredundant primary decomposition, take an intersection of

(29, 23) and (23, x3), that is
(22, l'g)ﬂ(lg, T3) = (xga L2x3 , .1'§)
Hence

I = (a3, 73, 23) 0 (5, vox3, 735).

1.2 Module Theory

For a ring R, the definition of R-module M [8] is quite similar to that of group action.
Modules are the representation objects for rings, which implies they are the algebraic

objects on which the rings act.



Definition 1.2.1. For a commutative ring R, an R-module M is an commutative
group w.r.t addition, along with a scalar multiplication map -: R x M — M, defined

as - ((s,m)) = sm, which holds the following axioms

1. s(my +ma) = smy + sma,

2. (s1+ s9)m = sym + sagm,

3. (s182)m = s1(sam),

4. 1m =m, V s1,89 € R and mq,mqy € M.

Examples 1.2.2. 1. For a commutative group D, let d € D and z € Z, then define
- :Z x D — D, such that

(=d)+---+(=d), if z<0
(z,d)=zd=< d+d+---+d, if z>0;
0, if z=0.
Then D is a Z-module.

2. The ideals of the ring are also R-modules.

1.2.1 R-module Homomorphism

Definition 1.2.3. For a ring R, let K and S be R-modules. A function F': K — S is

an R-module homomorphism if

o F(ky+ky) = F(ky)+ F(k2), for all £y, ks € K.

o F(rk)=rF(k), forallr e R, ke K.
If 7 is injective and onto then it becomes an R-module isomorphism.

Examples 1.2.4. 1. For a ring R, consider R-module R. Then R-module homo-
morphism (even from R into itself) needs not to be a ring homomorphism. Con-

sider R = 7Z, the Z-module homomorphism z — 2z is not a ring homomorphism.

10



2. When R = F[y|, the ring homomorphism ¢ : h(y) — h(y?) is not an F[y]-module

homomorphism.

Definition 1.2.5. For a ring R, assume a submodule @) of R-module M. Then (addi-
tive abelian) quotient group M /@ becomes an R-module by defining the scalar multi-

plication, Vr € R, m+Q € M/Q

r(m+Q)=rm+ Q.

1.2.2 Generation of Modules

For any subset A of R-module M, let
RA={ra +---+ma, : r1,...,7n € R, ay,...,a, € Aand n € Z"}.

If A is the finite set, {ay,...,a,}, then RA = Ra; + Ras + - - -+ Ra,. Let N = RA for
some subset A of M and say N is a submodule of M. A is the generating set for N.
A submodule N is said to be finitely generated if for N = RA, A is a finite subset of
M. A R-submodule N may have many different generating sets (for instance the set N
itself always generates V). Any generating set consisting of d number of elements (and
for all r < d it no longer remain a generating set) will be called a minimal generating

set for N, whereas generally it is not unique and d,r € Z* U {0}.

Remark 1.2.6. Submodules of finitely generated module needs not to be finitely gen-
erated. For a field F let S = Fxq,xs,...]. Consider S as a module over itself then R
is a cyclic module generated by 1. Let Q) = (x1, %2, ...) is a submodule of S, generated

by x1,x2,.... Then ) cannot be generated by any finite set.

Definition 1.2.7. Let F' be an R-module then it is said to be free on the subset H
of F if for 0 # f € F, there are unique non-zero elements r,...,r, of R and unique
hi,...,h; in H, such that

f=rih+ -+ iy

11



Definition 1.2.8. For a commutative ring R, consider a chain of prime ideals in the
ring, with length n;
hePChG---CF,,

then dimension of ring R is defined as
dim R = sup{n;}.
Let M be an R-module, then the Krull dimension of M is
dim(M) = dim(R/Ann(M)).
For the modules of the type R/I

dim(R/I) = max{dim(R/Q;) : Q; € Ass(R/I)}.

1.2.3 Exact Sequences
Definition 1.2.9. Consider a sequence of R-homomorphisms on R-modules
9j+1 9j+2

g;
e — Mj_l—J>Mj———>Mj+1———>...

it is exact at M; if Im(g;) = ker(gj+1). The sequence is exact if it is exact at every
M;. Particularly, 0 — N’ 5 M is exact at N’ if and only if ¢ is one to one, and

M -5 N" — 0 is exact at N if and only if h is onto.
Proposition 1.2.10. The sequence
0— N LM N — 0
is an exact sequence if and only if g is one to one, h is onto and Im(g) = ker(h).

Remark 1.2.11. The sequence in Proposition 1.2.10 1is called a short exact sequence.

Examples 1.2.12. 1. Let D and E are R-modules, then
0— D DeESE— 0
is a short exact sequence, where j(d) = (d,0) and 7(d,e) = e .

12



2.0— Z 5757 /nZ — 0 is also an short exact sequence, here n denotes

a map x — nx, given by multiplication by n.

Proposition 1.2.13. Let ¥ be a poset with respect to <. Then the following are

equivalent.

1. Fvery increasing sequence v1 < x9 < ... < x, < ... in X is stationary, that is

there exist n € N for which x,, = x,, for allm > n.
2. Every ) # A C X has a mazimal element.

Let ¥ be the set of submodules of M which is ordered by the relation C then 1 is

called ascending chain condition and 2 is called the mazimal condition.

Definition 1.2.14. For a ring R, an R-module M is said to be Noetherian if each
ascending chain of R-submodules of M is stationary. A ring R is said to be Noetherian

if R is Noetherian as an R-module.

Theorem 1.2.15. (Hilbert Basis Theorem) Let R be a noetherian ring, then Rly| is

also a noetherian ring.

Definition 1.2.16. Let M be finitely generated R-module where R is a Noetherian
ring, an associated prime ideal of a module is a prime ideal P of the ring R such that

P = Ann(m), where Ann(m) ={a € R : am = 0}.

1.2.4 Graded Rings

Consider a commutative semigroup (w.r.t addition) U. An U-graded ring is a ring R

along with a decomposition

R= @ R, (as a group),

uelU
such that R,R, C Ry, for all u,v € U.

Then for r € R, we can write a unique expression

TZE Tu,

uelU

13



where r, € R, and almost all r, = 0. The element r, is called the uth homogeneous
component and if r = r,, then r is homogeneous of degree u. R[z] and R[z,y| are

Z-graded rings as

e Rz]=ROPRr®R’® Re>® Rt* P Rx®> ® - - -.

e R[z,y] = R® (Rz+ Ry) ® (Rx®+ Ray+ Ry?) ® (Ra® + R’y + Ray* + Ry?) @ - - -
For a U-graded ring R and R-module M

M = @ M, (as a group),

uelU

with R,M, C M,, for all u,v € U, then M is said to be a U-graded module. A non
zero element of M, is called a homogeneous element of degree w.

For a polynomial ring S defined over the field K, suppose b € Z", then h € S is
said to be homogeneous of degree b when h has the form BzP, where 3 € K. Also S
is Z"-graded with graded components:

KzP, ifb e VAR
S = { 0, otherwise.
An S-module M is said to be Z"-graded if M = @ ;. My and Sy, My, C My, 4, for
all by, by € Z™.

1.3 Graph Theory

Graph theory comprises the study of graphs while the graphs are the mathematical
structures that are used to model the relation between the objects. The present section

gives an introduction to the primary fundamentals of graph theory [26].

Definition 1.3.1. A graph G is a triplet having a vertex set V(G), an edge set E(G)
and a relation that associates two vertices with each edge of G, which are called the

endpoints.

14
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€4 \

Figure 1.1: Simple graph

Definition 1.3.2. An edge with same end points is called a loop. The edges which
share the same set of endpoints are called multiple edges. A simple graph is a graph

with no multiple edges and loops.

Consider an edge with endpoints uy, us. Then uq, us are said to be adjacent and they
are neighbors of each other, written as u; <> us. In numerous significant applications,

the attention is restricted to simple graphs only.

Definition 1.3.3. For a vertex w of a graph G, the total number of edges incident on
it is known as the degree of w, which is usually denoted by dg(w) or d(w). The set

containing all the vertices adjacent to w forms the neighbourhood of w, denoted by

Ng(w>

Definition 1.3.4. The total number of vertices in V(G) is known as the order of the
graph G, denoted by n(G). While the total number of edges in E(G) determines the
size of the graph, written as e(G).

Proposition 1.3.5. [26] For a graph G,
> d(w) =2¢(G).
weV(G)

Definition 1.3.6. A graph G is said to be a path if V(G) can be ordered in a way
that whenever two vertices are consecutive in the list, there is an edge between them.

A path P is said to maximal if it is not contained in any path longer than P.

15



Figure 1.2: 3-regular graph

Definition 1.3.7. A graph whose vertex and edge sets have the same cardinality
and vertices can be placed around the circle so that whenever two vertices appear
consecutive along the circle, an edge lies between them, such a graph is known as a
cycle. Deleting one edge from a cycle forms a path. A cycle and path on n vertices are

represented by C,, and P,, respectively.

Definition 1.3.8. Bipartite graph is a graph whose vertex set can be written as a

union of two disjoint independent sets.

Figure 1.3: Bipartite graph

Definition 1.3.9. A simple graph in which there is an edge between every two vertices

is known as a complete graph.

Definition 1.3.10. A subgraph J of a graph G, written as J C G, is a graph such
that V(J) C V(G) and E(J) C E(G) and the endpoints of edges in J are the same as

16



in G.

S O

Figure 1.4: Graph and its subgraph

Definition 1.3.11. A graph is said to be connected if there is a path between every

two vertices of the graph, otherwise graph is said to be disconnected.

OO

Figure 1.5: Connected and disconnected graphs

Definition 1.3.12. A subgraph of G which is connected and is not a part of any other
connected subgraph of G is called the maximal connected subgraph. It is also known

as the component of the graph.

Definition 1.3.13. An acyclic graph is a graph without cycles. A forest is an acyclic
graph, while a connected graph without cycles is called a tree. A vertex w such that

degree of w is 1, is called a leaf.

Every component of forest is a tree. Since trees and forests contain no cycles, therefore

they are bipartite graphs.

17



Figure 1.6: Tree

Definition 1.3.14. Consider a p, g-path in G. The distance from p to ¢ is the mini-
mum length of p, g-path, written as d(p,q). The path with the maximum length in G
determines the diameter i.e.,

diamG = max d(p,q).
nax  d(p,q)

The eccentricity of a vertex p is the maximum distance from p to any other vertex of

the graph.

Example 1.3.15. The cycle C, has diameter |7 | and the path has the diameter n— 1.

For an edge e with endpoints p and ¢, the contraction of e replaces p and ¢ with
a single vertex. The number of components in a graph can be increased by removing
a vertex or an edge. Whenever an edge is deleted, the number of components are
increased by 1, while the deletion of a vertex may cause the increment of more than
one components. Removal of a vertex also removes the edges incident on it and the

obtained graph is again a graph.
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Chapter 2

Depth and Stanley Depth

The present chapter concerns the depth and Stanley depth (named after Richard Stan-
ley in 1982) of Z"-graded modules over a commutative ring, including the Stanley’s
conjecture. It summarises the known values and bounds of depth and Stanley depth for
monomial ideals of the polynomial rings and their quotients. Throughout this chapter,

ring R has identity 1 # 0.

2.1 Depth

Definition 2.1.1. Consider an R module M. A zero divisor of a module M is an

element 0 # x € R such that xm = 0, where 0 # m € M.

Definition 2.1.2. Let M be a module over a ring R. A non-zero element r of R is
called M regular if for any m € M, rm = 0 implies m = 0. In other words, the

multiplication by » on M is an injective map.

Definition 2.1.3. A sequence s = sq,..., s, of elements of R is said to be M-regular

if it satisfies the given axioms:

1. sgis M/(s1,...,sk—1)M regular for any k;

2. M # (s)M.
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Definition 2.1.4. Let M be a finitely generated R-module and let m be the unique
maximal ideal of local Noetherian ring R. Then depth of M is the common length of
all maximal M-sequences in m, denoted by depth(M).

Lemma 2.1.5. (Depth Lemma) Let R be a noetherian ring where Ry is local. Let
0—H —Hy,— H; — 0

be a short exact sequence then [4, Proposition 1.2.9/
i) depth(H;) > min{depth(H3), 1 + depth(H3)},
1) depth(Hy) > min{depth(H;), depth(H3)},

1i) depth(H3) > min{depth(H;) — 1, depth(H;)}.

Definition 2.1.6. Consider a polynomial ring S in n number of variables and let I be

its ideal, then S/I is said to be Cohen-Macaulay if

dim(S/I) = depth(S/I).

2.2 Stanley Decomposition and Stanley Depth

Definition 2.2.1. Let S = K|z, ..., z,]| be a polynomial ring, where K is a field and
let M be a finitely generated Z"-graded S-module. Let m € M be a homogeneous ele-
ment and consider a subset N C {xy,...,z,}, then mK[N] represents the K-subspace
of M, whose generating set consists of homogeneous elements of the form mu, where
u is a monomial in K[N]. The linear K-subspace mK[N] is called a Stanley space of
dimension |N|if it is a free K[N]-module, whereas |N| is the number of variables in V.
A Stanley decomposition of M is a presentation of the K-vector space M as a finite

direct sum of Stanley spaces.
D : M =PuKIN),
j=1
and the Stanley depth of a decomposition D is

sdepthD = min{ |N;|, j=1,...,7}.
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The Stanley depth of M is

sdepth, (M) = max{ sdepthD : Dis a Stanley decomposition of M }.

2.2.1 Stanley’s Conjecture

In 1982, Stanley [23] gave a conjecture about an upper bound for the depth of a Z"-
graded S-modules. This conjectured upper bound is called the Stanley depth of a

module.

depth(M) < sdepth(M).

It has been immensely significant as it gave a comparison of two very different invariants
of modules. For a polynomial ring S in n» number of variables, let I C S be a monomial
ideal, then for n < 3, n = 4 and n = 5 the conjecture for S/I is proved by Apel [3],
Anwar [2| and Popescu [17], respectively. Also, when [ is an intersection of three
monomial prime ideals, or three monomial primary ideals or four monomial prime
ideals of S, the conjecture holds for /. But in 2016, Duval et al. [9] proved that
Stanley’s conjecture is generally false, by giving a counter example for the module of

type S/I for which the conjecture does not hold.

2.2.2 Method of computing Stanley Depth for Squarefree Mono-
mial Ideals

In 2009, Herzog et al. [13] gave a method of computing the lower bound for sdepth of
squarefree monomial ideals in finite number of steps by using posets. Assume [ be a

squarefree monomial ideal and let G(I) = (uy,...,u,,) is the minimal generating set

where supp(u;) = {i : x;|u;} C [n]:={1,...,n}. For each p,o € 771(1 """ Y where p C o,

and
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Let P : 77}1 """ V= Ui [, mj] be a partition of 73[ """ 2 , and for every 7, suppose
s(j) € {0,1}"™ is the tuple with supp(2*()) = v;, then the Stanley decomposition D(P)
of I is given by

D(P) : I = @:cs(j)[([{xk |k €n;}l.

j=1
Clearly, sdepth D(P) = min{|n|,..., |n.|} and

sdepth(I) = max{sdepth D(P) | P is a partition of 731(1 """ Dy,

Example 2.2.2. Consider I = (y1Y4, Y1Y2, Yoy, Y1y3) C K[y1, Y2, Y3, ys] be a square-
free monomial ideal and J = 0. Set o7 = (1,0,0,1), 02 = (1,1,0,0), o3 = (0,1,0,1)
and o4 = (1,0,1,0). Thus I is generated by y*, y?2, y?3, y°* and choose g = (1,1,1,1).
The poset P = P/ 7/ is given by
P=1{(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,1,0,1),(1,1,1,0),(1,1,0,1), (1,0, 1, 1),
(0,1,1,1),(1,1,1,1)}.

Partitions of P are given by

Pri: [(1,1,0,0),(1,1,0,0)] | J[(1,0,1,0),(1,0,1,0)] _J[(0,1,0,1),(0,1,0,1)] | J
[(1,0,0,1),(1,0,0, )}  J[(1,1,1,0),(1,1,1,0)] [ J[(1,1,0,1),(1,1,0,1)] |
[(1,0,1,1),(1,0,1, D)} [ J[(0,1,1,1),(0,1,1,1)] | J[1 ),(1,1,1,1)].

Py [(1,1,0,0),(1,1,1,0)] { J[(1,0,0,1),(1,1,0,1)] | J[(1,0,1,0),(1,0,1,1)] |
[(0,1,0,1), (0,1, 1, 1)] [ (1, 1,1,1),(1,1,1,1)].

and the corresponding Stanley decomposition is

D(P1) = y1y2K[y1, v2] © y1ys K [y1, ys] © y1yal[y1, ya] © yoyaK[y2, ya] © y2ysya K[y, y3, ya]®
Y1Y2ys K [y1, Y2, ya) © 11ysya K [y1, s, ya] © y1y2ysK[y1, ya, ys]®
Y1Y2ysYa K [Y1, Y2, Y3, Ya).

D(Ps) = y1ysK[y1, Y3, ya] © y1yaK[y1, yo, ya] ® v1v2K (Y1, Y2, ys] © yoyaK[y2, ys, ya]®
Y1Y2y3Ya K (Y1, Y2, Y3, Yal.

22



Then

sdepth(7)

max{sdepth(D(P;)) , sdepth(D(P))}
max{2, 3}
3.

Since [ is not principal, so sdepth(I) = 3.

Example 2.2.3. Consider I = (y1y4, y2ys, Ysyays) C K[y1, Y2, Y3, ¥s,Ys] be a square-
free monomial ideal and J = 0. Set o1 = (1,0,0,1,0), o2 = (0,1,0,0,1) and o3 =
(0,0,1,1,1). Thus [ is generated by y”,y?2,y”* and choose g = (1,1,1,1,1

poset P = P;’/J is given by

). The

P =1{(1,0,0,1,0),(0,1,0,0,1),(1,1,0,1,0),(1,1,0,0,1),(1,0,1,1,0), (1,0,0,1, 1),
(0,1,1,0,1),(0,1,0,1,1),(0,0,1,1,1),(1,1,1,1,0), (1,1,1,0,1),(1,1,0,1, 1),
(1,0,1,1,1),(0,1,1,1,1),(1,1,1,1,1)}.

Partitions of P are given by

1,0,0,1,0),(1,0,0,1,0)]
1,1,0,1,0),(1,1,0,1,0)]
1,1,0,0,1),(1,1,0,0,1)]

1717170717 171717071]
1,0,1,1,1),(1,0,1,1,1)]
1,1,1,1,1),(1,1,1,1,1)].

PQ:

)
1,0,1,1,0),(1,1,1,1,0)]

)]
0,0,1,1,1),(1,0,1,1,1)]

P ((
[(
[(
[(0,1,1,0,1),(0,1,1,0,1)]
[(
[(
[(
[(

) ( )
) ( )
) ( )
) ( )
0,0,1,1,1),(0,0,1,1,1)]
) ( )
) ( )
) ( )

1,0,0,1,0),(1,1,0,1,0)]

It ) (
It ) (
(0,1,1,0,1),(1,1,1,0,1
It ) (

[(0,1,0,0,1),(0,1,0,0,1)]
(1,0,0,1,1),(1,0,0,1,1)]
(1,0,1,1,0),(1,0,1,1,0)]
(0,1,0,1,1),(0,1,0,1,1)]
[(1,1,1,1,0), ( )]
It ) ( )
It ) ( )

? ? Y Y

=)

1,1,1,1,0

Y

1,1,0,1,1),(1,1,0,1,1

CcCcCcccccc
cCcCcCcccccac

0,1,1,1,1),(0,1,1,1,1

0,1,0,0,1),(1,1,0,0, 1
1,0,0,1,1),(1,1,0,1,1

1,1,1,1,1

Y R A

1,1,1,1,1

) Y y

Y

[( ), ( )]
[( ), ( )]
[(0,1,0,1,1),(0,1,1,1,1)]
[( ), ( )]

CCCC
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Ps: [(1,0,0,1,0),(1,1,1,1,0)] | J[(0,1,0,0,1),(1,1,1,0,1)] |
[(1,0,0,1,1),(1,1,0,1,1)]  J[(0,1,0,1,1),(0,1,1,1,1)] | ]
(0,0,1,1,1),(1,0,1,1, )] [ J[(1,1,1,1,1),(1,1,1,1,1)].

and the corresponding Stanley decomposition is

D(P1) = y1yaK[y1, ya] © 42y K[y2, Ys] © v1y2yaK[y1, Yo, ya] © y1v2ys K[y1, Y2, ys|®
Y1Y3Ya K [Y1, Y3, Ya] © 119aYs K [y192Ys5] S yaysys K [ya, y3, ys|D
Yoyays K [Y2, Ys, Ys] © ysyays K [ys, Ya, Ys] © y192ysya K [y1, Y2, Y3, Ya] D
Y1Y293Ys K [Y1, Y2, Yz, Ys| © y19y2yays Kyr, Y2, ya, Ys] © Y1ysyays K Y1, ys, Ya, ys|®
Yoysyays I [y2, Ys, Ya, Us] B y192ysyays K (Y1, Y2, Y3, Ya, Us ).
D(P2) = y1yaK[y1, Y2, Ya] © y2ys K[y1, y2, Ys] © v1y3yaK[y1, ya, Y3, ya]®
Y1Yays K [Y1, Y2, Ya, Us] © voysys K [y1, Y2, U3, Ys) © y2yays K (Y2, ys, Ya, Ys) D

y3y4y5K[y1, Y3, Y4, y5] S y1y2y3y4y5K[y1, Y2,Y3, Y4, 2/5]-
D(Ps) = yivaK[y1, Y2, Y3, Ya] B v2us K[y1, Y2, Y3, Ys| B v1yays K [y1, y2, ya, ys)D

y2y4y5K[y2, Y3, Y4, y5] D y3y4y5K[y1, Y3, Ya, ys] @ y1y2y3y4y5K[y1, Y2, Y3, Y4, y5]-

sdepth(Z) > max{sdepth(D(P1)), sdepth(D(P2)), sdepth(D(Ps))}
= max{2,3,4}
= 4.

Since [ is not principal, so sdepth(I) = 4.
The next example illustrates the method of computing the Stanley depth of S/I.

Example 2.2.4. For S = K[yi, Y2, 3,4, Y5, consider I = (195, Y2ysYa, Y142, Y1Ya)-
Then choose g = (1,1,1,1,1) and the poset P = Pg/I is given by

P = {(0,0,0,0,0),(1,0,0,0,0), (0,1,0,0,0), (0,0,1,0,0), (0,0,0,1,0), (0,0,0,0, 1),
(1,0,1,0,0),(0,1,1,0,0),(0,1,0,1,0), (0,1,0,0,1), (0,0, 1, 1,0), (0,0, 1,0, 1),
(0,0,0,1,1),(0,1,1,0,1),(0,1,0,1,1), (0,0, 1,1,1)}.
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Partitions of P are given by

0,0,0,0,0),(0,0,1,1,1
0,1,0,0,0),(0,1,0,0,0)]

1,0,0,0,0),(1,0,0,0,0
0,0,1,0,0),(0,0,1,0,0

0,0,0,1,0),(0,0,0,1,0 0,0,0,0,1),(0,0,0,0,1

( U ) ( )]
( I ) ( )]
( ) JI ) ( )]
1,0,1,0,0), (1,0,1,0,0)] | J[(0,1,1,0,0), (0,1,1,0,0)]
(0,1,0,1,0)] [_J1(0,1,0,0,1),(0,1,0,0, 1)
( I ) ( )]
( N JI ) ( )]
( )

0,0,1,1,0),(0,0,1,1,0 0,0,1,0,1),(0,0,1,0,1

CcCcCcccccac

0,0,0,1,1),(0,0,0,1,1

[
[
[
[
[
[
[ 0,1,1,0,1),(0,1,1,0,1
[

( )
( )
( )
( )
(0,1,0,1,0)
( )
( )
(0,1,0,1,1),(0,1,0,1,1)].

Py : [(0,0,0,0,0),(1,0,1,0,0)] | J[(0,1,0,0,0),(0,1,1,0,0)]
0,0,0,1,0),(0,1,0,1,0)] | J[(0,0,0,0,1),(0,1,0,0,1)]
) )]

(
(
(0,0,0,1,1), J1(0,0,1,0,1),(0,1,1,0,1)]
(

C CC

[ (

[ (

[ (0,1,0,1,1
[(0,0,1,1,0),(0,0,1,1,1)].

and the corresponding Stanley decomposition is

D(P1) = Klys,ys,y5] ® 1 K[y1] © 2K [y2] © y3K[ys] © yaK [ya] © ys K [ys]®
Y193 K[y, ys] @ y2ys K [yo, ys] @ y2ya K [ya, ya] & y2ys K [ya, ys]B
Y3ya K [y3, ya] © ysys K[ys, ys] © yays K [ya, ys] © yaysys K [y2, ys, ys|®
Y2yays K [ya, ya, ys)-

D(Ps) = Kly1,y3] ® v2K[y2, 3] B yaK[y2, ys] B ys K [y2, Ys] B yays K [y2, Ya, Y|

Y3ys K [y2, Y3, ys] © ysya K [ys, ya, ys).
Then

sdepth(S/I) > max{sdepth(D(P;)), sdepth(D(Ps))}
= max{l,2}
= 2.
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2.2.3 Values and Bounds for Depth and Stanley Depth of Mono-
mial Ideals and their Quotients

Some fundamental results on depth and Stanley depth of S-modules are given below.

Theorem 2.2.5. [7, Theorem 1.3] Let ¢y, ..., c, be some positive integers, then
sdepth((zf,...,z")) = sdepth((z1,...,2,)) = [=].
In particular, for any 1 <m <n
sdepth((z, ..., 2m) =n—m+ [%1

Proposition 2.2.6. /5, Proposition 2.7] For I C S and for every monomial u ¢ I,

1. sdepthg (I : u) > sdepthg(1), [17, Proposition 1.5/

2. depthg(S/(I : w)) > depthg(S/I), [19, Corollary 1.5/

3. sdepthg(S/(I : u)) > sdepthg(S/1).

Theorem 2.2.7. [20, Theorem 1.1] Let J C S be a monomial ideal and w € S be a

monomial reqular on S/J, then
sdepth(S/(J,w)) = sdepth(S/J) — 1.

Lemma 2.2.8. [13, Lemma 3.6] For I and J be two monomial ideals with J C I,
suppose S" = S[xp41], then

depth(15’/JS") = depth(1S/JS) + 1.
sdepth(75’/JS") = sdepth(1S/JS) + 1.

Lemma 2.2.9. /5, Proposition 1.1] Let I C S" = K|xy,...,2,|,J CS" = K[z,11,..., 2]

be monomial ideals, with 1 < r < n, then

depthS(S/(]S + JS)) = depthS/(S//I) -+ depthS//(S”/J).
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Theorem 2.2.10. [19, Theorem 3.1] Let I C S" = Klxy,..., 2], J CS" = K[, 11,..., %)

be monomial ideals, with 1 < r < n, then
sdepthg(S/(IS + JS)) > sdepthg (S'/I) + sdepthg. (S”/J).

Lemma 2.2.11. [15, Lemma 2.4] Let M be a Z"-graded S-module. Suppose that Hy
and Hy are two submodules of M and assume 0 — H; — M — Hy — 0 be a short

exact sequence. Then

sdepth(M) > min{sdepth(H), sdepth(H3)}.

27



Chapter 3

Depth and Stanley depth of Power of
the Edge Ideals of a Forest

This chapter is devoted to the detailed review of [14] and [18], which deals with the
lower bounds for the depth and Stanley depth of powers of edge ideal corresponding
to trees and forests. The Depth Lemma will mainly be used for the particular form of

short exact sequences given below.
Lemma 3.0.12. Let H be an ideal of S and let s € S, then

0— S/(H:s) >+ S/H— S/(H,s)— 0
18 a short exact sequence.

Definition 3.0.13. The edge ideal I(G) corresponding to the graph G is the square-
free ideal of polynomial ring S and the generating set contains monomials of the type

w;wj, where w; is adjacent to w; in G.

Lemma 3.0.14. Consider a polynomial ring S and squarefree monomaial ideal I. Sup-
pose B € S be a monomial and z is an indeterminate in S so that z does not divide B.
Assume G' be minor formed by letting z = 0 in I and suppose E is the extension of G’
m S, then for any k >1

(I*: B),2) = (E*: B), 2).

Lemma 3.0.15. For a bipartite graph G and k > 1

depth(S/I*(@)) > 1.
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3.1 Powers of Paths

For small value of v, the depth is computed for edge ideal of P,. Then it will be utilized

as the base while proving bounds for other graphs.

Example 3.1.1. Let I = I(P,). Fory <3 and k > 1
depth(S/I*) = 1.

Proof. Case 1: When v =1
I =1(P;)=(0) since [ is an edge ideal and P, contains no edge. Then for all k

depth(S/I*) = depth K[y] = 1.

Case 2: When v =2
Then I = I(P;) becomes a complete intersection monomial ideal and therefore S/I*

becomes Cohen-Macaulay for all values of k. Thus
depth(S/1%) = dim(Kly, 2}/ (y2)") = 1.

Case 3: When v =3
Then ht(I(Ps)) = 1. As Min(S/I) = Min(S/I*) for all powers of any monomial ideal.
It implies that, for all £ > 1, S/I* is mixed and hence it is not a Cohen-Macaulay.
Now for k > 1

depth(S/I*) <y —ht(I)-1=3—-1—-1=1.

Notice that P is a bipartite graph, Lemma 3.0.15 gives depth(S/I*) > 1. This yields
depth(S/I*) =1 for y =3 and k > 1. O

Let graph G be a tree or a forest. Initially, a bound for depth(S/I) is required,
for computation of depth for power of edge ideals associated to GG. Firstly, the depth
of edge ideal of path will be computed. Notice that there exist a correspondence in
between the graphs and two degree square-free monomial ideals which is basically the

correspondence between the generators of an ideal and edges of a graph.
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Lemma 3.1.2. For S = Kly,...,y,| and I = I(P,)
depth(S/I) = (%1.
Proof. The proof is done by induction on ~. For v < 3, the result is true from Example
3.1.1. Assume v > 4, consider a short exact sequence
0— S/(I:yyq) 2= S/T— S/(I,yy—1) — O
Then
(L yy—1) = (Py=3, Yy: Yr-2)-
Thus by using induction on v and Lemma 2.2.8

depth(S/(I : yv—1>) = depth(Q,[yv—l}/I(Pv—i%))

= 1+ depth(Q/I(P,—3))
v =3

= 1_1_(7

where Q' = S\{y,-1,¥y-2,y,—3}. And

(Iv yv—l) = (P’Y—Qa yw—l)'

Induction on vy and Lemma 2.2.8 implies

depth(S/(1,yy-1)) = depth(Q"[y,]/1(P-2))

= 1+ depth(Q"/I(P,_3))
’V__21

:1+(3

where Q" = S\{y,,y,-1}. Now by Depth Lemma
depth(S/1) > [1],

and as

depth(S/1) < depth(S/(I : y,-1)) = 3],

therefore,

depth(S/I) = [ %1.
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The above proved value of depth of path can be useful in obtaining the lower bound
of depth of trees. The path which determines the diameter of tree always join its two

leaves.

Proposition 3.1.3. For a tree G with diameter 6,

0+1

depth(S/I1(G)) > | 3

1.

Proof. Let p and ¢ be the nodes of graph, where ¢ is the distance between p and gq.
Assume Pjsy; be a path joining p and ¢ which determines the diameter of G. Consider

a short exact sequence
0— S/(I:2)— S/I— S/(I,z) — 0O

When 6 < 2 then
0+1
Lty R
’V 3 —I Y
and Lemma 3.0.15 implies the result. So the result is true for n < 3. Now let § > 3.

For a leaf p let z be its unique neighbor. As
(Ia z) = ()‘7 Z)

where A is the edge ideal of deletion minor A’ which is obtained by letting z = 0. Note
that A’ has at least § — 2 diameter and p is the isolated vertex in A’. If ' is formed

by removing p from S, then by using induction on § and Lemma 2.2.8

depth(S/(1,2)) = depth(Q[p]/(A, 2))
= 1+ depth(Q'/(\, 2))

> 1+(—(5‘§)“1
541

v

!

Furthermore,

(I:2) = (K,N(2))
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here the edge ideal K is associated to the contraction minor A” obtained by eliminating
neighbors of z. Suppose 2 is a polynomial ring which is obtained by removing N(z) =
zUN(z). So A” has at least § —3 diameter, also z is a vertex of degree zero. Therefore,

induction and Lemma 2.2.8 implies

depth(S/(I: 2)) = depth(Q"[z]/K)

> (—(5_2>+11+1.

Then Depth Lemma implies

depth(§/1) > [*17,

]

Lemma 3.1.4. Let I = I(G), for a graph G. Consider a leaf p in G and let q be the
only vertex adjacent to it, then for any k > 2

(1" :pg) = 1",

Proof. As {p,q} is an edge in G and pq is in the generating set of I so, I*=* C (I* : pq).
For the other inclusion, let b € (I* : pg). Then b(pq) = 192 ... grf, for a monomial
f and some two degree monomials g; associated to the edges of G. Now supposing
b ¢ I*71 then p divides g;, also ¢ divides g;, where j # t. Assume j = k. But as p is
a leaf of G, so g, = pg and hence

b:gl...gk_lf € ]k_l.

This completes the proof.

O
Corollary 3.1.5. Fory>2 and k > 2
(P} zy_12,) = P71
Proof. Since z, is leaf of P, so Lemma 3.2.3 implies the result. [
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3.2 Power of Edge Ideals of Trees and Forests

The aim of this section is to give bound for the depth of power of edge ideals associated
to tree and forest by using the graph invariants. As the Depth Lemma is repeatedly
used to several short exact sequences, firstly the following Lemma is proved in order

to make easy the proof of main result.

Lemma 3.2.1. Let I = I(G), for a graph G. Assume wy,wy are the nodes of G and
for some r > 0, depth(S/(I* : wywy)) > 7, depth(S/(I*,w1)) > r and depth(S/((I* :
wy),wq)) > 1, then

depth(S/I%) > r.

Proof. Consider a short exact sequence
0— S/(I*:w) 5 S/IF — S/(IF,w) — 0

Then by given statement, depth(S/(I*,w;)) > r and for depth of S/(I* : w,), consider

another exact sequence
0 — S/(IF:wywy) =25 S/(IF - wy) — S/((IF - wy),wy) — 0
Then by Depth Lemma
depth(S/(I* : wy)) > min{depth(S/(I* : wyw,)), depth(S/(* : wr), wy))}.

Thus
depth(S/(I* : wy)) > r,

and by again applying Depth Lemma on first exact sequence
depth(S/1%) > r.
O

Before moving towards computing the depth of power of edge ideals associated with
trees and forest, a bound for the depth of powers of edge ideals corresponding to path

is determined in the below proposition.
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Proposition 3.2.2. For vy > 2, suppose I(P,) be the edge ideal of path, then

y—k+1
—— L1}

depth(S/1(P,)) = max {[1—

Proof. As paths are bipartite graphs so, [22] for all &
depth(S/I*(P,)) > 1.

Now it is only need to be proved that depth(S/I*(P,)) > [vakH} Note that for v < 3
and for all k, the result holds by Example 3.1.1. For £k = 1 and v > 1, Lemma 3.1.2
implies the result. Let v > 4 and k£ > 2. Consider a short exact sequence

0— S/(Ik(Pw) : yw—l) — S/]k(Pv) — 5/(1’“(137),1/7—1) — 0
Since y,—1 is the unique neighbor of ., so

(]k(Pw) ayv—l) = (Ik(Pw—Q) ayv—l)-

By using induction on vy

(v—=2)—k+1

depth(Q"/I¥(P,_5) > [ 3 1,

where Q" = Klyi, ..., y,—2|. Consequently,

depth(S/(I*(P,) yy1)) = depth( g1,/ (I (Py2) y,1))

= depth(Q"/I1*(P,_3)) + 1

> ((7—2)3—k+11+1

_ ﬂ_§+2]

Now for the depth of S/(I*(P,) : y,—1), consider another short exact sequence

0— S/Uk(P'y) L Yy—1Yy) — S/([k(Pv) Y1) — S/((Ik(Pw) L Yy-1)Yy) — 0
Then by Corollary 3.1.5 and induction on &

depth(S/(I*(P,) : yy-1y,)) = depth(S/T"7'(P,))
vy—(k—1)+1
> | 3 |
:[ljgizw
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To compute the depth of S/((I*(P,) : y,-1),y,), notice that since y, does not divide
Y—1, S0 by Lemma 3.0.14

(([k(Pv) Y1), Yy) = (([k(Pvfl) L Yy-1), Yy)
and let Q" = Klyi,...,y,—1]. Notice that
depth(S/((I*(P,) : 4, 1), ) = depth(€/(I* (P 1) = 1),
Consider a short exact sequence
0— Q,/(—]k(P'y—l) L Yy—1Yy—2) — Q//(Ik(Pv—l) P Yy-1) —
Q//((Ik(Pv—l) FYy-1)sYy—2) — 0
Corollary 3.1.5 implies
(Ik(Pv—l) L Yy—1Yy—2) = ]k_l(Pv—l)

and by induction on £k and y

depth(Q'/(I*(P,_1) : yy-1y,—2)) = depth(Q'/I*(P,1))
((v—l)—(k‘—l)ﬂ

3
= |

v—k+1
Also since y,_o does not divide y,_;, so by Lemma 3.0.14

v

]

3 I

((Ik(Pv—l) DYyo1),Yy2) = ((Ik(Pv—S) L Yy—1)s Yy—2)
= (I"(Py-3),95-2).

Then by using induction on ~

depth(Q'/((I*(Py-1) : Y1-1), ¥7—2)) = depth(Q'/(I*(Py—3), yy—2))
= depth(K[y1, .., Yy—3, Y1)/ I"(P)_3))

= depth(K[y1,...,y,-3] +1

> [(7—3)3—k+11+1

- [V_TM]




Then the Depth Lemma implies

, —k+1
depth(Q/(I*(P,1) : 9y-1)) 2 [F——1.
consequently,
vy—k+1
depth(S/((I°(P,) : y-1), ) = [T——1.
Hence Lemma 3.2.1 implies
—k+1
depth(S/I*(P,)) > (%1.

O

The next lemma is a fundamental result related to tree graphs which will be required

in proving the lower bound for powers of tree.

Lemma 3.2.3. Let the graph G be a tree and a path Psi1 = {192, Y2Ys, - - -, YsYs+1}

determines the diameter of G then there is at most one non-leaf vertex in the neighbors

of ys.

Proof. As Ps,, is path whose length is maximal in G since there exists a unique path
connecting any two nodes of a tree. Suppose y € N(ys). Now if y # ys_1 and y is a
non-leaf then there exist a node w € N(y) with w # ys. Then there exist a path

P = {y1y27 < Ys—1Ys, YsY, y'LU},

of length § + 1 in GG, which is a contradiction. Hence, there is at most one non-leaf in

the neighbors of y;. O

Following result is the main theorem about the depth of forests. Here the connected
components Als of G contain at least two vertices whereas the component with a single

vertex will not be a connected component.

Theorem 3.2.4. Let G be a forest having s number of connected components A1, Ag
oo Ag. Let I = I(G) and Aj has diameter §; also suppose 6 = max{d;}. Fork>1

0—k+2

depth(S/1%) > max {[ 5

1+s—1,s}
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Proof. The induction on v and k is used in the proof, here v be the total number of
non-isolated vertices in G. Suppose that 6 = J;. Proposition 3.1.3 follows the result
for s =1 and k = 1. Now let k =1 and s > 2 then [25, Lemma 6.2.7] and Proposition
3.1.3 implies the result. Therefore, result is true for k =1 and v > 1. Let k£ > 2. For
~v = 2, graph becomes a path on two vertices with 6 = 1 and by Proposition 3.2.2 the
result follows for £ > 1 .

Now suppose v > 3. Consider a diameter realizing path P;,; in G. Let y; be the
endpoint of P;,; and hence a leaf of G. Suppose z be the only vertex adjacent to y; and
assume N(z) = {y1,v2, ...,y } be the neighbors of z, where ¢ > 1 and ¢ is finite. Also,
by Lemma 3.2.3, at most one y; is a non-leaf. Suppose that y; is a leaf for 1 < j <t .
Consider an edge ideal Z, corresponding to the minor of G' formed when yy,vs,...,y,
are deleted and let Q. = K[y,11,...,Yn_1, 2| be the subring of S excluding y1,...,y.
and assume Q. = K[y,41,...,Yn—1]. Also for every r, Z, C Q, is a edge ideal of a graph
having less than v number of vertices. Let
0—k+2

3 1+s—1,s}

¢ = max {[
As y, is a leaf so by Lemma 3.1.4, (I* : y;2) = I*7! and so by induction on k,

depth(S/(I" : y12)) = depth(S/I*")

> max{(‘g_(k;””wﬂ—l,s}
= max{[(g_#W—i-s—l,s}
> q

To compute the depth(S/(I*,2)), notice that (I*, z) = (\*, 2), where ) is the edge ideal
of A’, which is obtained by eliminating z. Therefore A’ again becomes a forest having

less than v number of vertices, with the connected components at least s — 1. Also the
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generating set of A lie in €2}. So induction implies depth(2}/A\*) > s — 1 and

depth(S/(1*,2)) = depth(@i[yn]/(\,2))

= 1+ depth(Q,/\")
> 1+4s—1
= s.
Now assume § < 3, then for all £ < 2
0 —k+2
— 1 <1
IV 3 —‘ — )
thus
— 2
q = max{f(;%}—i-s—l,s}
< max{l+s—1,s}
= 87
and

depth(S/(I*,2)) > q.

For 6 > 3, note that there are at least s number of connected components in A
since Ay, A3, ..., A, remains the same and § —2 > 1 edges of P51 are in A’. Thus the

maximal diameter § of a component of A’ is at least § — 2. Therefore,

depth(S/(I*,2)) = 14 depth(Q,/\")
(0—2)—k+2
3

v

1+ max{[ 14+s—1,s}

> q
Thus, depth(S/(I*,2)) > g, for all d. Consider ((I*: z),y;). Since by Lemma 3.0.14
(1% 2), 1) = ((Z1 = 2), 1)
where 7, is the extension in S of the minor obtained by deleting y;, therefore
depth(S/((I" : 2),31)) = depth(8,/(Z} : 2)).
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Notice that when ¢ = 1 then diameter becomes one and ¢ = s. Further for t =1
(Ty :2) =I7

and Z; C Q] be the edge ideal corresponding to a forest having less than « number of

vertices with s — 1 components. Therefore, by induction

depth(S/((I* : z),11)) = depth(S/Z})
depth (€ [2]/Z})

3—k
> max{[TW—F(s—l)—l,s—l}—l—l
= s—1+1
= s.

Sofort=1
depth(S/((I* : 2),41)) = .

Now let t > 2, then § > 2 as yy, 2,y lies in Ps.1. Next reverse induction on t will be

used to compute depth of €, /(ZF : 2). Since z is an isolated vertex in Z;, so
(Zf:2) =17
Note that all the generators of ZF lies in € therefore by using Lemma 2.2.8

depth(€2/ZF) = depth(€[z]/ZF)
= 1+ depth(/Zf).

When § < 3, then Z; C €2} is the edge ideal associated to a graph having s — 1

components. Thus induction on v implies

depth(Q,/ZF) > max{l+(s—1)—1,5—1}

= s—1.

So
depth(:/Z}) > s = q.
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Now for 6 > 4, 7, is associated to a graph having s connected components and at least
0 — 3 diameter. Then by induction on ~

(0—3)—k+2
3

depth(€,/ZF) > max {[ 1+s—1,s}.

Consequently,

depth(Q/(Zf : 2)) = depth(Q/Zf)
= depth(Q/ZF) +1

> q
Next suppose that depth(€2;/(Z} : z)) > ¢ where 2 < j < t. For a short exact sequence
0 — Qo /(Thy  2y) — Y /(Thy 7)) — /(T 2)) — O
By Lemma 3.0.14 ((ZF_, : 2),y;) = (ZF : 2),y;), so

depth(Q1/((Zf_, : 2),97)) = depth(Q/(ZL, : 2))
> q,

and Lemma 3.1.4 implies

(T 2y) =T

J J

since y; is a leaf for j < t and when j =t then z is a leaf. Z;_; corresponds to a graph

with at least § — 1 diameter then by induction

depth(Qy_1/(ZF_; : zy;)) = depth(Q,_/Z¢))
(0—-1)—(k—-1)+2

> max {] 3

1+s—1,5} =q,
and hence by Depth Lemma

depth(Q;1/(Z}-; : 2)) > q.
Therefore, by reverse induction

depth(Q1/(Z7 : 2) > q.
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Since depth(S/((1* : 2),y1)) = depth(92;/(ZF : 2)) then
depth(S/((I" : 2),11)) > ¢.
Now applying Lemma 3.2.1 with w; = 2z and we = y;

depth(S/1%) > q.

O
Corollary 3.2.5. For a tree G with diameter 0, let I = I(G). Then for all k > 1
depth(S/I*) > max {[ 5_—’;”}, 1}.
Proof. By setting s = 1, Theorem 3.2.4 implies the result . [

Since P, has v — 1 diameter therefore in this case Proposition 3.2.2 and Corollary
3.2.5 implies the same result. The above proof strongly relies on the existence of a
node having at most one non-leaf in its neighbor. For tree of diameter 6 > 3, there
must exist at least two such type of vertices that are non-leaves. These non-leaves
are the neighbors of the end points of path which determines diameter. A node of a
graph is known as near leaf if it is a non-leaf and its neighbors contain at most one
non-leaf. Suppose a denotes the total number of near leaves in a graph. Next the

bound computed in Theorem 3.2.4 will be improved using the same proof.

Lemma 3.2.6. For a tree G with o near leaves, let § be the diameter. Then

d+a—1

depth(S/1) = [——

1.

Proof. When n is small, & < 2 and the result is true by Proposition 3.1.3. Let a > 3.
Notice that when two near leaves are adjacent in a connected graph then § = 3 and
a = 2, as all remaining vertices must be leaves. Therefore for o > 3, two near
leaves will never be adjacent. Consider a diameter realizing path Ps,; with vertices
Y1,Y2, - - -, Ys+1. Notice that both yo and ys are near leaves and d > 4 as for 6 = 3 there

is an edge between s and ys and for § < 2 there is atmost one near leaf in the tree.
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Let (I,y2) = (A, y2) where X be the edge ideal associated with deletion minor A’
which is obtained by eliminating ys. Suppose €2’ be the polynomial ring obtained by
removing y; and y. Then A’ has the diameter at least 6 — 2 and near leaves at least

a — 1. So, by using induction on ¢ and «

((5—2)—1—(@—1)—11:[5%—&—4

depth(Q'/X) > [ .

3 3
Consequently, from Lemma 2.2.8
d+a—3—-1
depth(S/(1, 1)) = depth([yi]/) > [ =21 +1
0+a—1
> | —.
> [TE

Let (I : y2) = (¢, N(y2)), where v is the edge ideal of contraction minor A”
obtained by removing the neighbors of 3. Then A” is a tree with diameter at least
0 — 3. Suppose b be the number of near leaves in the neighbors of y3 which does not
belongs to P51 ;. The path joining y3 to a leaf and not containing y; for j # 3 has at
most 2 length otherwise there exist another path having length greater than ¢ in G,
which is a contradiction.

Thus a near leaf belonging to such a path is a neighbor of y3. Assume § = 4. As
a > 3 and no near leaves are adjacent to either y, or y5 = y4 then b = o — 2 > 1.
Notice that A” has b+ 1 components corresponding to near leaves adjacent to y3 and
to (y4ys), which is the path with § — 3 length. Note that y, is a vertex of degree one
in A”. Since a > 3, [25, Lemma 6.2.7| implies

depth(S/(I:y2)) > 14+b+1=a

3o 34+«
- >

SRRy

4+a—1
Next assume 6 > 5. Then A” has at least § — 3 diameter and at least « — b — 1

near leaves in the connected component which contains Ps_5. Considering that ys is
an isolated vertex and there exist b additional connected components, so by applying

induction
(0—=3)+(a—b—-1)—1
3

depth(S/(I :y2)) > [ 1+0+ 1.
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If b is a non-zero positive integer

(0—=3)+(a—b—-1)—1 d+a—1
[ 3 Irbrizi—s—

—|7

and in the case when b = 0 if there are a near leaves in A” then

- 1
d—3)+a 141
3
0+a—1

3

depth(S/(1 : y2)) > |'(

= | 1.

When A” contains o — 1 near leaves, then y5 cannot be an additional near leaf. For
0 = 5; ys is already a near leaf. As b = 0 with o > 3 then the path adjacent to y, other
than Ps_, must contain a near leaf. A” has at least § — 2 diameter as y, is non-leaf in
A”. When § > 6 and ys is not a near leaf in A” than either y, is non-leaf or there is
another non-leaf else yg in the neighbors of y5. In both cases, A” has diameter at least
0 — 2. Hence

(0-2)+(a—1)—1

depth(S/(I:y2)) > | 3
0+a—1

- S

Then by applying Depth Lemma to the sequence

1+1

0— S/ :ys) — S/IT— S/(I,y2) — O

the result follows.

]

Corollary 3.2.7. Consider a forest G having s connected components Ay, Do , ...,
Ags. Let I = I(G) and A; has diameter 0; and suppose 6 = max{d;} and component
with diameter 6 has a near leaves. For k > 1

0—k+«

depth(S/I%) > max {[ 3

14+ s—1,s}.

Proof. Let 6 = §; and « be the number of near leaves in A;. Only the near leaves in
the minor of A; will be counted while doing this proof. Let

0 —k+«

3 1+s—1,s}.

¢ = max {[
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When § < 3 then o < 2 and Theorem 3.2.4 follows the result for smaller values of n.
For t = 1, Lemma 3.2.6 implies the result. Let 6 > 4 and o > 3, so

(I% :yy2) = 1M1

and by applying induction on &

depth(S/(I" : y12)) = depth(S/I*7")
d—(k—1)+a«

3

IV

max {[

14+s—1,s}

v

q.

Further
(I*,2) = (A", 2)

where \ is the edge ideal corresponding to the minor A’ obtained by removing z, where
A’ has diameter at least ) — 2 and near leaves at least o — 1. y; is an isolated vertex
in A’. So by using induction on

(0—-2)—k+(a—1)

depth(S/(I*,2)) > max{[ 3

> q

1+s—1,s}+1

Since 6§ >4 sot > 2 and
(ZF:2)=1TF

Note that the graph associated to Z; has diameter at least § —3. Since y; lies on a path
realizing the diameter and it is at two distance from a leaf on the same path, any other
path which joins a leaf to y; and does not have any other node in Ps,; must have at
most two length. Therefore any near leaves on such a path are neighbors of y;.

Suppose there are b number of near leaves in the neighbors of y; and they are not
on Ps.i. Accordingly, the graph of Z; contains s+ b connected components. There are
at least & — b — 1 near leaves of Z; in the component which contains Ps_,, as z is not
a near leaf of Z;.

When § = 4, there are zero near leaves in graph of Z; and b = o« — 2 because every

near leaf is the neighbor of y;, including both that are on Ps,;. Therefore the minor
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corresponding to Z; contains P, along with b extra components and at least one vertex

with degree zero. Hence

depth(€,/(Z} : 2))

depth(Qt/Itk)

> 14+b+s—1+1
> a+s—1
3
> [ 451
1) —1
— (%HS_L

Let 6 = 5, then either there are two near leaves in the connected component which

contains Ps_, and has at least 6 — 2 diameter or b > 1. In case 1

depth(Q,/Z)
Else b > 1, so
depth(Q/Zf) =
>
>

depth(2/ZF) + 1
(0—-2)—k+(a—1)
3

vV

max { [ 1+s—1,s}+1

Y

q.

depth(Q, /ZF) + 1
(0-3)—k+(a—b—-1)

3 1+s—1,s}+b+1

max { [

q.

Assume § > 5, then 0 — 3 > 4 and therefore either there are two near leaves in Ps_s3,

where one of them was not a near leaf of I, or there exist a path other than Ps_3 that

realizes the diameter. Hence the diameter of I, is at least 6 — 2. In case 1, there are

a — b near leaves and at least § — 3 diameter. Thus by induction

depth(Qt/Itk)

v

v

1 + depth(,/ZF)
(6—3)—k+ (a—b)

1+ max{[ 3

1+s—1,8}+0

q,
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otherwise

depth(Q,/ZF) = 14 depth(Q,/ZF)
(0—3)—k+(a—b—1)

> 1+ max{[ 3

1+s—1,s}+b

> q.
Hence by reverse induction on j
depth(Q,/(ZF : 2)) = depth(S/((I': 2),11))
> q,
and Lemma 3.2.1 implies the required result. O

Example 3.2.8. Consider a graph G having edge set

{y1y27 Y2Y3, Y3Y4, YaYs, Y3Ye, Y6 Y7, Y3Ys, YsY9, YsYio, yloyn},

then 0 = 4 and there are 5 near leaves in GG. So,

(5—1—1—041 B (4—1—1—5
3 B 3

while depth(S/I) = 5, by using Macaulay 2 [11]. Therefore the bound in Corollary

depth(S/I) = [ ] =3,

3.2.7 is not always sharp. Since

0—2+a 4—-245

depth(S/1%) > [———1 = [——

—‘:37

whereas the actual value of depth is 5. This situation is encountered when 6 = 4 and
m is very large. Still for large value of k, this bound gives accurate value. If k = 5,
Macaulay 2 and Corollary 3.2.7 gives the same value i.e., 2 and when k£ = 6 it becomes
1. When 0 gets large value, an improvised bound gives comparatively accurate values.

For example, for a graph having 9 vertices and the edges

{y1y27 Y2Y3, YslYa, YalYs, YsYe, Ye Y7, Y4ys, ysy9}7

diameter is 6 with three near leaves. The bound in Corollary 3.2.7 and actual value of
depth(S/I*) are same for all k¥ # 3 and kK < 6. When k = 5, 6 both the bound and

actual depth are 2 and 1 respectively. predicts where the depth will become one.
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3.3 Stanley depth of Powers of Forest

Consider an edge ideal I of forest containing s connected components. Morey [14]

proved that for k& > 1

0—k+2
3

Later on, Pournaki et al. [18] proved the same bound for the Stanley depth for any

depth(S/I*) > max {[ 1+s—1,s}.

power of I. For a bipartite graph, a fundamental lower bound exists for depth of S/I*.

Theorem 3.3.1. [6, Theorem 1.4] For a finitely generated Z"-graded S module M, if
sdepth(M) = 0 then depth(M) = 0. Conversely, if depth(M) = 0 and dimg(M,) < 1
for any o € Z", then sdepth(M) = 0.

Proposition 3.3.2. Let S = Klyi,...,y,] and I = I(P,), then

sdepth(S/I) > [%1

Proposition 3.3.3. Let I = I(G) where G is a tree with diameter §, then

sdepth(S/I) > [igl}

Lemma 3.3.4. For a graph G, let I = I(G). Suppose wy,wy are the nodes of G. If
sdepth(S/(I* : wywy)) > r, sdepth(S/(I*,wy)) > r and sdepth(S/((I* : wy),wq)) > r
forr >0, then

sdepth(S/I%) > r.

Proof. The proof is similar to the proof of Lemma 3.2.1. Lemma 2.2.11 is used instead

of Depth lemma. n

Proposition 3.3.5. Let I(P,) be the edge ideal of path with n > 2, then

vy—k+1
L

Theorem 3.3.6. Let G be a forest having s number of connected components Ay, Ay
s oo, Ay Let I = I1(G) and A, has diameter 0; and suppose § = max{d,}. Then for
kE>1

sdepth(S/I*(P,)) > max {[

0—k+2

sdepth(S/I*) > max {[ 3

1+s—1,s}.
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Proof. The proof is done on the similar lines as the proof of Theorem 3.2.4, by replacing
depth with Stanley depth and using Lemma 2.2.11, Lemma 3.3.4 and Proposition
3.3.5. =

Lemma 3.3.7. For a tree G with diameter § and o near leaves, then

) —1
sdepth(S/I) > [++1
Corollary 3.3.8. Consider a forest G having s connected components A1, Ao , ..., Ag.

Let I = I(G) and A; has diameter §; and suppose 6 = max{0,}. Also the component
with diameter 6 has a near leaves. For k > 1

0 —k+«

sdepth(S/1%) > max {[ 3

14+ s—1,s}.
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Chapter 4

Depth and Stanley depth of some
Graphs

4.1 Firecracker Graph

Definition 4.1.1. An (v, z)-firecracker is a graph formed by the concatenation of

number of z-stars by linking one leaf from each star. It is denoted by F(v, z).

Figure 4.1: Firecracker F(3,5)

Proposition 4.1.2. [1] For a star graph Sy, let I = I(Sk), then
depth(S/I) = sdepth(S/I) =1,

and
depth(S/I"),sdepth(S/I") > 1.
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Theorem 4.1.3. For a firecracker graph F(v,z) let I = I(F(v,z2)), then for v > 2
and z > 3
depth(S/I) =~.

Proof. The proof is done by the induction on 7. Let e be the non-leaf of the last star

in F(v,z). For short exact sequence
0— S/(I:e)— S/I— S/(I,e) — 0

When v = 2, (I : e) = (I(Sk),N(e)), here N(e) be the neighbors of e in F(2, z).
Then by Proposition 4.1.2 and Lemma 2.2.8, depth(S/(I : e)) = depth(S'[e]/I(S.)) =
depth(S'/I(S,)) +1 =2 and S’ = S\N(e) U{e}. Now let W := (I,e). Let f be the
leaf of second star in F'(2, z) which is linked with the leaf of previous star. Then for

depth S/(1,e) consider another short exact sequence
0— S/ W:f)— S/W— S/(W,f)— 0

Now (W : f) = (I(S.-1), N(f)), here the neighbors of f in G’ are denoted by N(f).
So by Lemma 2.2.8 and Proposition 4.1.2

depth(S/(W: f)) = depth(S"[N(e)]/(I(S.-1)) = depth(S"/(1(S.-1)) + [N (e)]
= 14+(z—-1) =z,

where S” = S'\N(f). Next (W, f) = (I(S.), f), and

depth(S/(W, f)) = depth(S'[L]/I(S.)) = depth(S'/1(S.)) + ||

= 14+(z—-2)=2-1,

where L is a set of variables obtained by removing f from neighbors of e. Therefore
by Depth Lemma, depth(S/W) > z — 1. And again by applying Depth Lemma,
depth(S/I) > 2. Also, since 2 = depth(S/(I : e)) > depth(S/I), hence for v = 2,
depth(S/I) = 2. Next for v =3, (I : e) = (I(F(2,2)),N(e)), where N(e) be set of
neighbors of e in F'(3,z). Then by Proposition 4.1.2 and Lemma 2.2.8, depth(S/(I :
e)) = depth(S'[e]/I(F(2,z))) = 1+ depth(S"/I(F(2,2))) = 1 +2 = 3, where S’ =
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S\N(e) U{e}. Now let W := (I,e). Let f be the leaf of third star in F'(3,z) which
is linked with the leaf of previous star. Then for depth S/(I,e) consider another short

exact sequence
0— S/ W:f)— S/W-— S/(W,f)— 0

Now (W : f) = (I(S.), I(S.-1), N(f)), here the neighbors of f in G" are N(f). So by
Lemma 2.2.8 and Proposition 4.1.2

depth(S/(W : f)) = depth(S"[N(e)]/(I(S.), I(S.-1))
= depth(S"/(I1(S.),I(S.-1)) + |N(e)|
= 1+1+(:z=-1)=2z+1,

where S” = S'\N(f). Next (W, f) = (F(2,z2)), f), then

depth(S/(W, f)) = depth(S'[L]/1(F(2,2))) = depth(5"/I(F(2,2))) + | L|
= 24 (2—2) =z,
where L = N(e)\{f}. Then by Depth Lemma, depth(S/W') > 2. And again by apply-
ing Depth Lemma, depth(S/I) > 3. Also, since 3 = depth(S/(I : e)) > depth(S/I),
hence for v = 3, depth(S/I) = 3. Now assume v > 4. Then
(I:e) = (A N(e))

= (I(F(v—=1,2)),N(e))

where the set of neighbors of e in F(v, z) is denoted by N(e) and A be the edge ideal of

contraction minor of F'(v, z) obtained by removing N (e). So, by induction and Lemma
2.2.8

depth(S/(1 :e)) = depth(S'[e]/I(F(y—1,2)))
= 1+depth(S'/I(F(y—1,2)))
= 14+(y-1)
= 7
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where 5" = S\N(e) U {e}. Now let
W= (l,e)=(I',e)
and I’ be the ideal associated to deletion minor G’ of F (v, z) obtained by eliminating

e. Let f be the leaf of last star in F'(+y, z) which is linked with the leaf of previous star.

Then for depth S/(I,e) consider another short exact sequence
0— S/ W:f)— S/W— S/(W,f)— 0
By using Depth Lemma,
depth(S/W) > min{depth(S/(W : f)),depth(S/(W, f)}.
Now
W f) = (W,N(f))
= (I<F(’7 - 27 Z))a ](82—1)7 N(f))
where N(f) be the neighbors of f in G’ and W’ is the edge ideal corresponding to
contraction minor of G’, obtained by eliminating N(f). Then by induction on =,
Lemma 2.2.8 and Proposition 4.1.2
depth(S/(W : f)) = depth(S"[N(e)]/(I(F(y — 2,2)), I(S.1))
= depth(S"/(I(F(y —2,2)), [(S:-1)) + [N (e)|
= (y-2)+1+(2—-1)
= y+2z-2,
where S” = S'’\N(f). Note that, (W, f) = (W", f) = (I(F(y—1,%)), f). Here W" is
associated to the deletion minor of G’ obtained by removing f. So by using induction
and Lemma 2.2.8
depth(S/(W, f)) = depth(S'N')/I(F(y - 1,2))
= depth(S"/I(F(y—1,z)) + |N'|
= (2=2)+(y—-1)
= v4+2—-3,
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where N’ = N(e)\{f}. Then by Depth Lemma
depth(S/W) > v+ z — 3.

And again by applying Depth Lemma, depth(S/I) > ~. Since v = depth(S/(I : e)) >
depth(S/I), hence
depth(S/I) = 7.

This completes the proof. O

On the lines of above proof, by using Proposition 2.2.6, Lemma 2.2.8, Proposition 4.1.2

and Lemma 2.2.11 the next result follows.

Proposition 4.1.4. For a firecracker graph F (v, z) let I = I(F(v,2)), then fory > 2
and z > 3
sdepth(S/I) = 7.

4.2 Circular Firecracker

Definition 4.2.1. The graph obtained by linking a leaf of first star to the leaf of last

star in a firecracker graph is termed as a circular firecracker, denoted by C'F (7, z).

Figure 4.2: Circular firecracker C'F(6,5)
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Theorem 4.2.2. Let I = I(CF(v,z2)), then for any v >3 and z > 3
depth(S/I) = 7.
Proof. Let e be the central vertex of a star S, in C'F(+y, z). For the short exact sequence
0— S/(I:e)— S/I— S/(I,e) — 0

When v =3, (I : e) = (I(F(2,2)),N(e)), here the neighbors of e in C'F(3, z) forms
the set N(e). So, Lemma 2.2.8 and Theorem 4.1.3
depth(S/(I :e)) = depth(S'[e]/I(F(2,2))) =1+ depth(S'/I(F(2,2)))
= 1+2=3,

where §" = S\N(e) U{e}. Now let W := (I,e) = (I, e) and let f be neighbor of e on
cycle C3. To compute depth(S/(I,e)), consider another short exact sequence

00— S/ W:f)— S/W— S/(W,f)— 0.

Then (W : f) = (2(1(S.-1)), N(f)), here the neighbors of f in G’ forms the set N(f).
Then by Lemma 2.2.8 and Proposition 4.1.2

depth(S/(W : f)) = depth(S"[N(e)]/(2(I(S.-1))) = depth(S"/(2(1(S.-1))) + [N (e)]
= 24+ (z-1)=z+1,

where S” = S'’\N(f). Furthermore, (W, f) = (I(F(2,z)), f). Then by using Lemma
2.2.8

depth(S/(W, f)) = depth(S[L]/I(F(2,2)) = depth(S'/1(F(2, 2)) + |L]|
= 24 (2—2) =z,
where L = N(e)\{f}. Then by Depth Lemma depth(S/W) > 2. And by again
applying Depth Lemma depth(S/I) > 3. Since, 3 = depth(S/(I : €)) > depth(S/I),

hence for v = 3, depth(S/I) = 3. Now for v = 4, (I : e) = (I(F(3,2)),N(e)),
where N(e) be the neighbors of e in CF(4,z). So, Lemma 2.2.8 and Theorem 4.1.3,
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depth(S/(I : e)) = depth(S'[e]/I(F(3,z2))) = 1 + depth(S"/I(F(3,z2))) = 1+ 3 = 4,
where S = S\N(e) U {e}. Now let W := (I,e) = (I’,e) and let f be neighbor of e on
cycle Cy. To compute depth(S/(I,e)), consider another short exact sequence

00— S/ W:f)— S/W— S/(W,f)— 0.

Then (W : f) = (2(1(S.-1)),I(S.), N(f)), where the neighbors of f in G’ forms the
set N(f). Then by Lemma 2.2.8 and Proposition 4.1.2

depth(S/(W: f)) = depth(S"[N(e)]/(2(I(S.-1)), I(S.))
= depth(S”/(2(1(S.-1)), I(S.)) + |N(e)]
= 24+14+(z—-1)=2+2,

where S” = S'\N(f). Furthermore, (W, f) = (I(F(3, %)), f). Then by using Lemma
2.2.8

depth(S/(W, f)) = depth(S'[L]/I(F(3,z)) = depth(S’/I(F(3,2))+ |L]
= 3+(z—-2)=2z+1,

where L = N(e)\{f}. Then by Depth Lemma depth(S/W) > 2z + 1. And by again
applying Depth Lemma depth(S/I) > 4. Since, 4 = depth(S/(I : e€)) > depth(S/I),
hence for v = 4, depth(S/I) = 4. Now assume y > 5. Then
(I:e) = (A N(e))
= ([(F(y—1,2)),N(e))

where N (e) are the neighbors of e in C'F(7, z) and A be the edge ideal of the contraction
minor of C'F (7, z) obtained by removing N(e). So, Lemma 2.2.8 and Theorem 4.1.3

depth(S/(I :e)) = depth(S'le]/I(F(y —1,2)))
= 1+depth(S'/I(F(y—1,2)))
= 7,
where S" = S\N(e) U {e}. Now let
W= (I,e) = (I',e)
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here I’ is the ideal associated to deletion minor G’ of C'F'(7, z) obtained by eliminating
e. Let f be neighbor of e on C,. To compute depth(S/(1,e)), assume a short exact

sequence
0— S/ W:f)— S/W-— S/(W,f)— 0

By using Depth Lemma
depth(S/W) > min{depth(S/(W : y)), depth(S/(W,y)}.
Now

(Wef) = (W,N(f))
= (I(F(y=3,2)),2(1(S:-1)), N(/))

where the neighbors of y in G’ forms N(f) and W’ is the ideal of contraction minor,

which is obtained by removing N(f). Then by Lemma 2.2.8 and Proposition 4.1.2

depth(S/(W: f)) = depth(S"[N(e)]/(I(F(y = 3,2)),2(I(S:-1)))
= depth(S"/(I(F(y — 3,2)),2(1(S.-1))) + | N(e)|
= (Y=3)+2+1+(2-2)
= v+z—2,

where S” = S'\N(f), and
W) = (W)
= (I(Fm/_laz))’f)

where W” is the ideal of deletion minor of G’ obtained after removing f. Then by

using Lemma 2.2.8
depth(S/(W, f)) = depth(S'[L]/I(F(y —1,z))
= depth(S"/I(F(y—1,2)) + |L]|
= (r=1)+(z-2)

= 7+Z—37
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where L = N(e)\{f}. Then by Depth Lemma
depth(S/W) > v+ 2z — 3.

And again by applying Depth Lemma, depth(S/I) > ~y. Since v = depth(S/(I : €)) >
depth(S/I), hence
depth(S/I) = 7~.

This completes the proof. n

Similarly, by using Proposition 2.2.6, Proposition 4.1.4, Lemma 2.2.8, Proposition 4.1.2
and Lemma 2.2.11, the next result holds.

Proposition 4.2.3. Let [ = I(CF(v, z)), then for any v > 3 and z > 3
sdepth(S/I) =~.

4.3 Paths Attached to a Path with a Gradual De-
crease in Length

Definition 4.3.1. Let P,(y;m4,...,m,) be a graph in which v number of paths are
attached in a way that the end vertex of each path P, (with order m; = m., +~v — i)

is adjacent to the end vertex of path P, ,, (with order m;y; = m,+~v —i—1), where

1 <¢<~v—1and m, is the order of P,,.

Theorem 4.3.2. Let [ = I(Py(y;m1,...,my)), then for v > 3 and m, > 3
depth(S/I) > 2y +m., — 5.

Proof. Let I = I(P,(y;my,...,my)) and suppose e be the end vertex of P, then for

~v = 3 consider a short exact sequence

0— S/(I:e)— S/IT— S/(I,e) — 0O
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Figure 4.3: P,(y; my+~v—1,m,+~v—2,...,my+1,m,)

Now (I : e) = (A, N(e)), here A be the edge ideal associated to contraction minor
obtained by removing N(e). So, (I : e) = (I(Pn,+2),I(Pn,),I(Pn,—2),N(e)). So by
Lemma 2.2.8

depth(S/(1 : ¢)) = depth(S'/(I(Por, 12), I(Po, ). 1(Par,-2))) + 1.

where S = S\(N(e) U {e}). Then by Lemma 3.1.2

m. + 2 m m., — 2
depth(S/(I:¢e)) = | 73 1—1—[?71—1-( 73 1+1
> my+ 1.
Furthermore,
(I,e) = (A e)

= (I(Pam,+3), I(Pm,—1)s€),

and A’ be the edge ideal corresponding to the deletion minor obtained by removing e

and all the edges incident on it. Now by Lemma 3.1.2

depth(S/(I,e)) = depth(S"/(I(Pan+3), I(Pn,—1))
2m. + 3 m~ — 1

= [P

> my+1,
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where S” = S\{e}. Hence Depth lemma implies, depth(S/I) > m, + 1 for v = 3.
Assume v > 4. Then

(I:e) = (I(Py(y = 2my +7 = 1,..0omy +2)),1(Pn,), I(Pry-2), N(e))
and from Lemma 2.2.8
depth(S/(I : e)) = depth(S"/(I(Py(y—2;my+y—1,...,my+2)), I (Pn,), [(Pn,—2)))+1,

where S = S\(N(e) U {e}). Then by induction on n and Lemma 3.1.2

My — 2

depth(S/(1 : e)) 3

27— 2) + (m, +2) = 5+ [2] + [—] + 1

m My — 2
2y ey =6+ [+ 5]

> 2y +m, —o.
Also
(I,e) = (A'e)
= (I(P,(y=1imy+~y—=1,...,my+ 1)), I(Ppn,—1),y)

where A’ be the edge ideal corresponding to the deletion minor obtained by removing

e and all the edges incident on it. Now by using induction and Lemma 3.1.2

depth(S/(I,e)) = depth(S"/(I(Py(y —L;my+~vy—1,...,my+1)),1(Pn -1)))
= 2y =)+ (my+1) =5+ [T

3
m, — 1
= 2y+my—6+(m,+1) =5+ 73 1

> 2y+m, =5,
where S” = S\{e}. Hence by Depth Lemma
depth(S/I) > 2y +m, — 5.
[

Moreover, on the same steps of above proof by using Proposition 2.2.6, Lemma 2.2.8,

Lemma 2.2.11 and Lemma 3.1.2 the following result holds.
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Proposition 4.3.3. Let [ = I(P,(y;m1,...,my)), then for v > 3 and m., > 3

sdepth(S/I) > 2y +m., — 5.

4.4 Paths Attached to a Cycle with a Gradual De-
crease in Length

Definition 4.4.1. Consider a graph C,(v;my,...,m,) in which the end vertex of each
path P, (having order m; = m, 4~ —1i) is attached through an edge to the end vertex
of path P,,,, (having order m;4; = my+ v —14—1), where 1 <7 <~y —1 and m, is

and P, .

141

the order of P, . Also there is an edge between the end vertex of P,

Figure 4.4: C,( vimy+v—1,....m, + 1,m,)

Example 4.4.2. Let I = I(Cy(y;mq,...,my)). Then

m~ + 1, when v = 3;
depth(S/I) > (4m§+5w, when v = 4;
(At when v = 5.

Proof. Let e be the end vertex of path P, which is adjacent to the end vertex of

P, _,. Consider a short exact sequence
0— S/(I:e)— S/I— S/(I,e) — 0

60



Then consider the following cases.

Case 1: When v = 3.

Then (I :e) = (I(Pp,—2),1(Pn,),I(Pn+1),N(e)). Therefore, by Lemma 2.2.8 and
Lemma 3.1.2

depth(S/(I :e)) = depth(S’/(](Pmy_g) +1,1(Py,), I(Pn,+1)))
my — 2 M.y

1 [+

— 14

> my+ 1,
where S" = S\N(e) U{e}. Next (/,¢e) = (e,I(Pn,-1),I(Pom,+3)). So, by Lemma 3.1.2

depth(S/(1,e)) = depth(S™/({(Pn, -1),1(Pom, +3)))
m, — 1 2my + 3

e R

> m, 4,

where S* = S\{e}. Hence, by Depth Lemma, depth(S/I) > m., + 1 for v = 3.

Case 2: When v = 4.

Now (I :e) = (I(Pn,—2),1(Pn,), I(Pn, +2),N(e)). Therefore, by Lemma 2.2.8 and
Lemma 3.1.2

depth(S/(I : ) = depth(S'/(I(Pu,-2). I(Pa,). I(Prr2))) + 1

M~y — 2 m m~ + 2
= 1 i i 2]
[P 4 [ 4+ [T
dm., + 5
> [—5—1

where 5" = S\N(e)U{e}. Next (1,e) = (e, (P, —1), I(F(3;my +3,my +2,m, +1))).
So, by Lemma 3.1.2 and Theorem 4.3.2

depth(S/(1,e)) = depth(S*/(I(Pp,-1), 1(Py(3;my + 3,my +2,m, + 1))))

- [mg L 2@) 4 (my+1) =5

m, — 1

I +my+2
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where S* = S\{e}. Hence by Depth Lemma, depth(S/I) > [%1 for v = 4.

Case 3: When v > 5.

Then (I :e) = (I(Pn,—2),I(Pn,); I(Pn,+3), I(Pam,+5), N(e)). Therefore, by Lemma
2.2.8 and Lemma 3.1.2

depth(S/(I :e)) = depth(S"/(I(Pn,—2), I(Pm.); 1(Prm,+3), I(Pom,+5))) + 1

M~ — 2 m m~ + 3 2m~ + 5
= 1+ [+ [+ [H5—1+[—%—]
3 3 3
4dm., + 11
> [Pt

where S = S\N(e) U{e}. Next (I,e) = (e,1(Pp, —1),I(Ppy(4;my +4,...,m, + 1))).
So, by Lemma 3.1.2 and Theorem 4.3.2
depth(S/(1,e)) = depth(S™/(I(Pn, 1), 1(Pp(4;my+4,...,my+1))))

—1
= [T 424+ (my 1) -5
-1
_ (”“3 T+m, +4
4m., + 11
> [,

where S* = S\{e}. Hence by Depth Lemma, depth(S/I) > [%] for v = 5. O

Theorem 4.4.3. Let [ = I(G) for G = Cy(y;mq, ..., my), then for m, > 3

my+ 1 when v = 3;
> 6y 7
depth(S/I) > { [WL when v > 3.

Proof. For v < 5, the result follows from Example 4.4.2. Assume v > 6. Let e be the
end vertex of path P, which is adjacent to the end vertex of P, _,. Consider a short

exact sequence

0— S/(I:e)— S/I— S/(I,e) — 0

Note that
(L :e) = (N(e),W)

where W = (I(Pr,,—2), I(Pn, ), I( Py 1y—2), I(Pp(vy = 3;my +y—4,my+v—=3,...,my+
2))) and the set of neighbors of e in G be N(e). Then by Lemma 2.2.8, Lemma 3.1.2
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and Theorem 4.3.2

depth(S/(1 : e)) depth(S*[e] /W)

— 1+ depth(S*/W)

> 14 T2 ] 4 T 22 o -3 4 (my +2) -5
= PR ] P 0 ey - 8
> (=l
where S* = S\N(e) U {e}. Further
(I.€) = (e H)

where H = (I(Py,,—1), I(Py(n — Lymy +v—1,m, +v—=2,...,m,+1))). Then
depth(S/(I,e)) = depth(S'/H)

[m7—1
3

3
[m7—1
dm~ + 6y — 19
’V 3 —‘7

v

1+2(v—=1)+(m,+1)—5

1+2y+m,—6

where S = S\{e}. Hence, the Depth Lemma implies the result. O

Proposition 4.4.4. Let G = Cy(y;mq,...,m,) and let I = I(G). Then for m, >3

m~ + 1 when v = 3;
> L ’
sdepth(S/1) > { (4mw+367—191’ when v > 3.

Proof. The proof is same as that of Theorem 4.4.3. Proposition 2.2.6, Lemma 2.2.11,
Lemma 3.1.2 and Proposition 4.3.3 implies the result. O]
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Chapter 5

Depth and Stanley depth of Power of
Certain Trees

A caterpillar tree is a graph in which all the vertices are within distance 1 of a central
path. A lobster tree is a tree having the property that the removal of leaf nodes leaves
a caterpillar graph. This chapter covers the lower bounds for depth and Stanley depth

of a class of the lobster trees.

5.1 A class of Lobster Trees

Definition 5.1.1. Consider a star graph S, and let [; — 1 number of vertices are
adjacent to the ith leaf of &, with at most one [; = 1, where 1 < ¢ < r — 1, such a

graph is denoted by S(r;ly,...,l_1).

Figure 5.1: S(5;3,6,4,5)
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Definition 5.1.2. Let S be a star. Then £(S) denotes the set consisting of leaves
of S}C.

Lemma 5.1.3. [10, Lemma 4.2] Consider a polynomial ring S over the field and an
ideal I of S. Suppose o € S be a monomial and let {y1,ya,...,ys} be variables such
that ¥V j, y; does not divide 0. Assume 21,z € Z*\{0}. IfdepthS;_1/(I} | : oy;) > =
V j > 1 and depth S;/(If : 0) > 25, then depth S;/(I} : 0) > min{z, z} for each
i > 0. In particular, depth S/(I* : o) > min{z; , 2 }.

Proposition 5.1.4. Let [ = I(S(3;11,12)), then for k > 2
depth(S/I*) > 1.

Proof. Let e be the central vertex of the graph and let w be the neighbor of e with [ —1
leaves adjacent to it. Let N(w) = {y1,¥2,...,y;} and let [ = min{ly, l;}. Without loss
of generality, let [ = [ > 2. For k = 3 the result is true. Assume k£ > 4. For a short

exact sequence
0— S/(I*:w) — S/I" — S/(IF,w) — 0
(I*, w) = (I*(8},11), w), and

depth(S/(I*,w)) = depth(S'/T*(Si,+1)) + [L(S)]
> 14+(1-1)
L,

where S’ = S\V(S)). Now for depth S/(I* : w), consider a short exact sequence
0— S/(I" rwyr) — S/(I*:w) — S/((I*:w),y1) — 0
Then by Lemma 3.1.4 and induction on k
depth(S/I* : wy,) = depth(S/I*7!) > 1.
Now for depth of S/((I* : w),y;) consider another short exact sequence
0 — Si/(I} :wys) — Si/(I} :w) — Si/((I} : w),y2) — 0
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Again by Lemma 3.1.4 and induction on k

depth (S, /17 : wys) = depth(S;/I}~1) > 1.

Proceeding in the same manner, for the sequence
0— Sjo /(I}y s wy) — Sj /(I cw) — S /(I cw), ) — 0
depth(Sj_l/If_l Cwy) = depth(Sj_l/]fjll) > 1.
and
depth(S;/IF : w) = depth(S;/I*(8,)) +1 > 2

So, Lemma 5.1.3 implies

depth(S/I* : w) > 1,

and by Depth Lemma
depth(S/I*) > 1.

When j = 1, w has a unique neighbor y; = e. Therefore, (I*,w) = (I*(S},11),w) and

depth(S/(I",w)) = depth(S"/(I*(S+1)))

> 1,
where S” = S\{w}. Next by induction on k
depth(S/(I* - wy)) = depth(S/(I*™1)) > 1,
and
depth(S,/IF - w) > 1.

So, by Lemma 5.1.3
depth(S/I* : w) > 1.

Hence depth(S/I*%) > 1. O
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Theorem 5.1.5. Let I = I(S(r;ly,la, ..., l,—1)) and consider | = min{ly,ly, ..., l,—1},
then forr > 2, and k > 1

k max{1l,r —k — 1}, when { =1;
depth(S/I"%) > { max{1,r — k}, otherwise.

Proof. The proof is done by induction on k£ and r. For » > 2 and k = 1, let e be the

center of the graph. For a short exact sequence

0— S/(I:e)— S/I— S/(I,e) — 0

Thus
depth(S/(I:e)) = (L—-1)+ @ —-1)+---+({_1—-1)+1
= L+lb+--+lg—1r+2
> r—1,
and

(Ive) = (1(811)’ ce 7I(Slr—1)’e)

Consequently, from Proposition 4.1.2

depth(S/(l,e)) = 1+14---+1

= r—1.
So by applying Depth Lemma,
depth(S/I) > r —1.

Now for » = 2 and for all k, since given graph is a bipartite, so the result follows
from Lemma 3.0.15. Assume r > 3 and k£ > 2. Let w be the neighbor of e, with
[ — 1 leaves adjacent to it. Let N(w) = {y1,v2,...,y;}. Without loss of generality, let

[l =1,_1 > 2. For a short exact sequence
0— S/(I*:w) — S/I"¥ — S/(I*,w) — 0
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(I*,w) = (I*(S(r — 1;1y,...,l,_3)),w), therefore

depth(S/(I*,w)) = depth(S'/I*(S(r —1;11,...,1,—2))) +|L(S)|
> (r—1—-k)+({-1)
= l4+r—k—2,

where S’ = S\V(S;). Now for depth S/(I* : w) consider a short exact sequence
0— S/(I" rwyr) — S/(I*:w) — S/((I*:w),y1) — 0
Then by Lemma 3.1.4 and induction on k
depth(S/I* : wy,) = depth(S/I* ) >r —(k—1) =7 — k + 1.
Now for depth of S/((I* : w),y;) consider another short exact sequence
0 — Si/(I} :wys) — Si/(Iy :w) — Si/((I} : w),y2) — 0
Again by Lemma 3.1.4 and induction on k

depth(S;/IF : wyy) = depth(Sy /IF ) >r —(k—1)=r —k+1.

Proceeding in the same manner, for the sequence
0— Sj—l/(Ikal Lwy) — Sj—l/(]ffl fw) — Sj—1/<(1f71 tw),y1) — 0

depth(Sj_l/I]l-“_1 twy) = depth(Sj_l/]f__ll) >r—(k—-1)—-1=r—k.

and (I} : w) = H*, where H is a forest consisting of r — 2 components and each

component is a star. Then by Theorem 3.2.4

depth(Sj/[;c cw) = depth(S;/H*) + 1

> max {2 4 (r-2) - - 2)
= (r=2)+1

= r—1

> r—k.
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So, Lemma 5.1.3 implies
depth(S/I* : w) > r — k,

and by Depth Lemma
depth(S/I*) > r — k.

When j = 1, w has a unique neighbor y; = e. Therefore,
(I*,w) = (I*(S(r = 111, ..., l,—2)), w),
and
depth(S/(I*,w)) = depth(S"/I*(S(r —1;11,...,1,_5)))
> (r—1)—k,
where S” = S\{w}. Next by induction on k
depth(S/(I* s wyy)) = depth(S/(1*))

> r—(k—1) -1

= r—k,
and

depth(S;/IF :w) > (r—2)+1

So, by Lemma 5.1.3
depth(S/I* :w) >r —k — 1,

and hence the result holds by Depth Lemma. O]

On the same lines, the following result can be proved by using Lemma 2.2.11, Lemma

3.1.2 and Corollary 3.3.8.

Proposition 5.1.6. Let I = I(S(r;ly,ls,...,l,—1)) be the edge ideal, for r > 2, and

kE>1
max{1l,r — k — 1}, when | = 1;
max{1l,r — k}, otherwise.

sdepth(S/1%) > {
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5.2 Generalized Banana Tree Graph

Definition 5.2.1. An (7, z)-banana tree is a graph obtained by connecting one leaf
of each of v copies of an z-star graph with a single vertex that is distinct from all the

stars. It is denoted by B(7, z).

Figure 5.2: B(3,5)

Definition 5.2.2. A generalized banana tree graph B(7; 21, .. ., z,) is a graph in which
~ number of z;-star graphs are connected to a single vertex that is distinct from all
the stars, where at most one z; = 1 or at most one z; = 2 and remaining all z; > 3.

Banana tree graphs are the subclass of these graphs, i.e., for all z; = z for some z > 2,

B(v;z1,...,2y) = B(7,2).

Figure 5.3: Banana tree B(4;7,5,6,4)
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Theorem 5.2.3. Let G be a (r;71,...,7)-star graph, where v; is the length of P,
and assume I = I(G). Fork > 1

depth(S/1%) > max{i (%3_ 11, 1}.

j=1
Proposition 5.2.4. Let G = B(v; 21,...,2), ¢ =min{z; : 1 <i <~} and [ = I(G).
Then for v > 2

depth(S/I) > .

Proof. Let v be the root vertex of G and e be the central vertex of star S, in G.
Without loss of generality, let ¢ = 2z,. Consider a short exact sequence
0— S/(I:v)— S/IT— S/(I,v) — 0O
Case 1: When ¢ = 1, then (1 : v) = (N(v), I(S.,-1),...,1(S.,_,-1)), therefore
depth(S/(I : v)) = 1+ depth(S"/(I(S.;-1), ..., I(S._,—1))) =1+ (v = 1) = 1.
Also (I,v) = (v,I(S,),...,I(S.,,_,)) so
depth(S/(1,v)) = depth(S'e]/(1(S,), -, 1(S:, ) =1+ (v = 1) =,

where S = S\{v}. By Depth Lemma depth(S/I) > ~.
Case 2: When ¢ =2, then (/ : v) = (N(v), I(S:,-1),...,1(S.,_,—1)) and

depth(S/(I : v)) = 1+depth(S'[e] /(I(Szy-1), -, (S, -1))) = 1+ 14+ (y=1) =y +1.
Moreover, (I,v) = (v,1(S.,),...,1(S,_,),1(S,)) so
depth(S/(I, U)) = depth(sl[e]/(1(821>, s 71(82’771)7 I(Sq))) =7

By Depth Lemma depth(S/I) > .
Case 3: For ¢ > 3, notice that (I : v) = (N(v),I(S:-1),..., 1(S:, 1), 1(Sg-1)),
where N (v) be the neighbors of v in G. Then by using Proposition 4.1.2,
depth(S/(1 : v)) = depth(S™/(I(S:-1), -, I(Sz, 1), 1(Sg-1))) +1
= (I4+---+1)+1=~v+1,
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where S* = S\N(v)U{v}. Next (I,v) = (v,I(S.,),...,I(S.._,), 1(S,)), so by applying
Proposition 4.1.2

depth(S/(1,v)) = depth(S/(v,,I(S.),. ., 1(S., 1), 1(S,)))
= 1+ +1=1.

Consequently, by Depth Lemma
depth(S/I) > . (5.1)
O

Proposition 5.2.5. For v = 2, let G = B(2;21,22), ¢ = min{z1, 22} and I = I(G).
Then for k > 2
depth(S/1*) > 1.

Proof. Let e be the central vertex of last star in G and let f be the neighbor of e which
is adjacent to v. The proof is done by induction on k. Suppose k = 2. For ¢ = 1, the

result follows from Theorem 5.2.3. For ¢ > 2, consider a short exact sequence
0— S/([*:e) — S/I? — S/(I*,e) — 0 (5.2)

Then (I%,e) = (W?,e) = W2, here W is the edge ideal of deletion minor obtained by
eliminating e and variables in N’ = N(e)\{f}.

depth(S/(I%,e)) = depth(S'/W?) 4 |N'|
= depth(S"/W?) +q -2,

with S’ = S\N’ U {e}. Then by Theorem 5.2.3, depth(S’/W?) > 1. Therefore,
depth(S/(I%€)) > q— 1. Now let N(e) = {y1,...,y; = f} and for depth of S/(I? : e),

consider a short exact sequence
0— S/(I*:ey)) — S/(I*:e) — S/((I*:€),y1) — O
By Lemma 3.1.4 and Eq. (5.1)
depth(S/(I* : ey1)) = depth(S/I) > 2.
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For the depth of S/((I?: ¢),y;), consider another short exact sequence
0— Si/(I? :eyy) — Si/(I7:e) — S1/((IF:e),y2) — O
By Lemma 3.1.4 and Eq. (5.1)

depth(S1/(I7 : eys)) = depth(S;/1;) > 2.

Proceeding in the same manner, for the sequence:
0— Sio/(ILy s ey) — Sioa/(ILy e) — St /(I e),1) — 0
Then by Lemma 3.1.4 and Theorem 5.2.3
depth(S;_1/(I7 : ey;)) = depth(S;_1/(I,_1) > 1,
and by Lemma 2.2.8 and Theorem 5.2.3
depth(S;/I? : €) = depth(S;/T?) +1 > 2,

where T' is the edge ideal corresponding to contraction minor, obtained by removing
{e}UN(e) from G and S] = S;\{e}. Therefore from Lemma 5.1.3, depth(S/I?:e) > 1
and from Equation 5.2, depth(S/I?) > 1. Now assume k > 3. For ¢ = 1, the result

follows from Theorem 5.2.3. When ¢ > 2, assume a short exact sequence
0— S/(I*:e) — S/(I*) — S/((I*,e)) — 0

Then depth(S/I*,e) = depth(S’/W*)+|N’|= depth(S’/W*)+g—2. Since by Theorem
5.2.3 depth(S’/W*) > 1, it implies

depth(S/I* e) > ¢ — 1.
For depth of S/(I* : €), consider a short exact sequence
0— S/(I*:ey) — S/(I":e) — S/((I":€),y1) — O
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By Lemma 3.1.4 and induction on k
depth(S/(I* : ey;)) = depth(S/I*1) > 1.
For the depth of S/((I* : €),y), consider another short exact sequence
0— Si/(Iy eys) — Si/(If :e) — Si/((IT:€),y2) — 0
Then by Lemma 3.1.4 and induction on k

depth(S1/(I7 : eys)) = depth(Si/I;71) > 1.

Proceeding in the same manner, for the sequence:
0— Sii/(By rey) — S /(g ce) — St /(T = e),y1) — 0
Then by Lemma 3.1.4 and Theorem 5.2.3
depth(S;_1/(I}; : eyr)) = depth(S;_,/(IF7}) > 1.
Moreover, Lemma 2.2.8 and Theorem 5.2.3 implies
depth(S;/If : €) = depth(S)/T*) +1 > 2,

where T' is the edge ideal corresponding to contraction minor, obtained by removing
{e} UN(e) from G and S} = S;\{e}. From Lemma 5.1.3, depth(S/I* : ¢) > 1 and by
Equation 5.2, depth(S/I*) > 1. O

Theorem 5.2.6. Let G = B(7;21,...,%,) and let ¢ = min{z; : 1 <i <~}. Then for
y>2and k> 1

k max{y — k + 1,1}, when q > 2;
depth(S/I°(G)) = { max{y — k, 1}, when q = 2.

Proof. Since G is a bipartite graph so depth(S/I¥) > 1 for all k. Therefore, the focus
of the proof is to prove the other part of the result. For k£ = 1 and v > 2, the result

74



follows from Proposition 5.2.4. Suppose k > 2. If v = 2, then Proposition 5.2.5 implies
the result. Assume n > 3. Let v be the root vertex in G and suppose e be the central
vertex of last star in G and f be the neighbor of e which is adjacent to v. Without
loss of generality, let ¢ = k,,.

Case 1: When g = 1. Let W be the edge ideal corresponding to graph B(v; 21, . . ., 24—1, 1)
and let e be the only vertex of star S, in the graph. Now for the depth of S’'/W*, con-

sider another short exact sequence
0— S/(WF:e)— S/WF — S/(WF e)— 0 (5.3)
Then by induction on vy
depth(S/((W' e))) = depth(S"/I*(B(y —1,2))) > (y=1) —k+1=v—Fk, (5.4)

where S’ = S\{e}. Moreover, for the depth of S'/(W* : e), consider a short exact

sequence
0— S/(WF:ev) — S/(W¥:e) — S/(W":e),v) — 0 (5.5)
Then by Lemma 3.1.4 and induction on k,
depth(S/(W* : ev)) = depth(S/W* ) >y - (k—1) =y -k +1, (5.6)
and by Lemma 2.2.8
depth(S/((W* : €),v)) = depth(S'/H* v) + 1,

where H is the edge ideal corresponding to a forest with v — 1 number of components
and each component is a z-star graph. Therefore, by Theorem 3.2.4

2—k+2

depth(S/((W* : e),v)) > max {[ 3

T+(y=1)=1,y=1}+1 =y—1+1 =1~ (5.7)

By applying Depth Lemma on exact sequence (5.5) along with using Eqgs. (5.6) and
(5.7)
depth(S/(W* :e)) >y —k+1, (5.8)
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and applying Depth Lemma on exact sequence (5.3) along with using Eqs. (5.4) and
(5.8)
depth(S/W*) > v — k. (5.9)

Case 2: When ¢ > 2. assume [ = I(G) and a short exact sequence
0— S/(IF:e) — S/(I") — S/(I*¥ e) — 0 (5.10)

Note that (I* e) = (Wk e) = W* where W be the edge ideal of deletion minor G’
obtained by eliminating e and variables in N = N(e)\{f}. Note that ¢ = 1 in G".

Therefore
depth(S/I*, e) = depth(S*/W") + |N'|= depth(S*/W*) + ¢ — 2, (5.11)
where S* = S\N'U {e}. Then Eq. (5.9) implies
depth(S/(I*,e)) > v —k+q—2. (5.12)

Now let N(e) = {y1,...,y = f} and for depth of S/(I* : e), consider a short exact

sequence
0— S/(I*:ey) — S/(I":e) — S/((I*:¢€),y1) — 0
Then by Lemma 3.1.4 and induction on k
depth(S/(I* : ey;)) = depth(S/(I* ) >y —(k—1)+1=v—k+2.
For the depth of S/((I* : e),1), consider another short exact sequence
0— Si/(I7 eys) — Si/(If :e) — Si/((IT€),y2) — 0
Then by Lemma 3.1.4 and induction on k

depth(S;/(IF : eys)) = depth(Sy/IF ™) >~y —(k—1)+1=~v—k+2.
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Proceeding in the same manner, for the exact sequence
0— S /(IF | ey) — Si_i/Uf,:e) — Si_i/((IfF | :€),y1) — 0
Then by Lemma 3.1.4 and induction on k
depth(S;—1 /(I : eyr)) = depth(S,1/([F7") >y = (k=1) =y =k +1.

Moreover, Lemma 2.2.8 and induction on n implies

depth(S;/If : €) = depth(S|/I*(B(y = 1,2))) +1> (y = 1) —k+1+ 1=y —k+ 1,
where S] = S;\{e}. Moreover, from Lemma 5.1.3

depth(S/I":e) >y —k+ 1. (5.13)

Hence applying Depth Lemma on exact sequence (5.10) along with using Eqgs. (5.12)
and (5.13) implies the result. O

Corollary 5.2.7. For banana tree graph B(v, z), let I = I(B(~,z2)). Then for v > 2,
z>3and k>1
depth(S/1%) > max{y — k +1,1}.

Proposition 5.2.8. Let G = B(v;21,...,%y) and let ¢ = min{z; : 1 <i <~}. Then
fory>2and k> 1

k max{y — k+ 1,1}, when q > 2;
sdepth(S/I%(G)) > { max{y — k, 1}, when q = 2.

Proof. The proof is similar to proof of Theorem 5.2.6. Lemma 2.2.11, Lemma 3.1.2
and Corollary 3.3.8 implies the result. O]
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