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Abstract

In this thesis, our focus is to study the flow of heat and mass transfer in electrically
conducting fluid over oscillatory and translatory porous plate. The plate is immersed
in the porous medium with linear heat source and an external magnetic field is applied
in transverse direction to the flow. Finally the wall slip conditions are employed at the
boundary. The governing system of partial differential equations, representing flow, en-
ergy and concentration of fluid are first separated into oscillatory and non-oscillatory
parts using suitable transformations and as a result we have a system of ordinary ho-
mogeneous and non-homogeneous differential equations. These differential equations are
then solved by finding the roots of auxiliary equations. The effects of the various physical
parameters like translation, magnetic parameter, heat source parameter, Grashof number
for heat and mass transfer, permeability parameter, schmidth number, Prandtl number
and suction/injection parameter on the velocity, temperature and concentration profile.
It is found that the magnetic field, Prandtl number and Schmidth number slow down the
velocity of the flow while the translation parameter, heat source parameter, Grashof num-
ber for mass and heat transfer, permeability parameter will accelerats the flow through
boundary layer. The heat source parameter having an increasing effect on temperature
whereas suction parameter and prandtl number reduces the temperature. Both suction

parameter and Schmidth number having a reduction effect on the concentration.
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Chapter 1

Introduction and Literature Review

Natural convection heat and mass transfer concept is used in many engineering problems,
for example in fibrous insulation for the migration of moisture, in saturated soil, spreading
of chemical pollutants and for the underground disposal of nuclear wastes. Similarly
magneto-hydrodynamic flows has variety of applications in thermal physics, meteorology,
motion of earth core, field of planetary magnetosphere, electronics, aeronautics and in
chemical engineering. In astrophysics and geophysics the free convection flow is applied
to the study of solar structures, radio propagation through iono sphere. The applications
of convective flow through porous media are in thermal energy storage, geothermal energy
recovery, and in production of oil etc. In filtration processes and to keep the temperature
constant for heated body, permeable porous plates are used.

Unsteady hydromagnetic natural convective flow through a porous medium bounded
by a vertical infinite plate is studied by Raptis and Vlahos [1]. They introduced some non-
dimensional parameters and reduce the governing equations of motion to non-dimensional
form, solved analytically by Laplace transform technique. They obtain expression for the
velocity in term of physical parameter involved in the governing equations of motion and
also discuss the effects of variation parameter entering into the governing equation of

motion graphically.



Singh and Dikshit [2] work on hydromagnetic fluid past over a semi-infinite plate
moving continuously for large suction. Similarity transforms was used to reduce governing
PDE’s to ODE’s. A perturbation method is then used to find analytical solution of
resulting equation. Buoyancy-driven fluid flow and heat transfer from a vertical embedded
in a porous medium was analyzed by Kim and Vafai [3], for the constant plate temperature
and for constant plate heat flux. The governing equations are solved analytically using
the method of matched asymptotic expansions along with the modified Oseen method.
The numerical solution of the governing equations is also obtained based on the similarity
transformations and physical description of the problem is presented. A flow model for
the natural convection flow with heat and mass transfer in porous medium is analyzed
by Bestman [4], for the moving boundary with suction. An asymptotic approximate
solutions are obtained for the flow. Lia and Kulacki [5] obtained a similarity solution for
the heat and mass transfer due to natural convection from a vertical plate embedded in a
saturated porous medium. The study is done for two cases, for constant plate temperature
and concentration and for uniform plate heat and mass flux. Dash and Das [6] studied the
effect of hall current on the natural convection flow along an infinite vertical accelerated
plate.

Free convection flow in thermally stratified media with buoyancy effects because of
mass and thermal diffusion was discussed by Saha and Hossian [7]. They solved the
dimensionless form of equation of momentum, concentration of species and energy by
using method of local non-similarity and implicit finite difference, further they discuss
graphically aspects of the solution and the dependence of various parameter involve in
the solution on the flow

Unsteady natural convection flow and mass transfer past over an accelerated infi-
nite vertical porous plate with large suction was discussed by Das et al. [8], using finite
difference scheme solved numerically the governing equation of motion. Discuss the pa-
rameters effect such as Grashof number for heat and mass transfer, schmidt number,

Prandtl number, porosity parameter, suction parameter on the velocity, temperature and



concentration distribution and presented the result graphically.

Chaudhary and Jain [9] study the effects of mass and heat transfer on magneto-
hydrodynamic natural convection flow over an oscillating plate immerse in a porous
medium. Muthucumaraswamy and Manivannan [10] discuss the mass transfer effects on
an oscillating vertical plate with heat flux. The partial differential equation that represent
the flow converting to non-dimensional form by introducing some suitable dimensionless
parameters, the equations obtain are then solved by Laplace transformation procedure.
An exact solution is obtained in term of physical parameter and discuss graphically the
effects of these parameter on the flow.

Natural convection and mass transfer hydromagnetic fluid past over a porous vertical
infinite plate with viscous dissipation was analyzed by Poonia and Chaudhary [11]. The
dimensionless equations that governs the flow are solve analytically using harmonic and
non-harmonic function and graphically discuss the effects of physical parameters i.e. Eck-
ert number and Schmidth number on velocity, concentration and temperature distribution
with in the boundary layer. Das [12] presented exact solutions of mass transfer and free
convection flow of hydromagnetic fluid near a plate moving vertically under the action of
thermal radiation.

The effects of radiation on free convection near a plate vertically embedded in a porous
medium with ramped wall temperature was discuss by Das et al. [13]. The method
use for solving the governing equations was Laplace transform and obtain an analytical
expressions for skin friction, velocity, concentration and temperature. Das et al. [14] study
the combined effects of mass transfer and natural convection on unsteady fluid flow past
a porous vertical infinite plate with heat source embedded in a porous medium. A multi
parameter perturbation method is used and solve the governing equation of motion. An
analytic expressions was obtain for temperature and velocity distribution, skin friction
in term of some physical non dimensional parameter and in term of Nusselt number for
rate of heat transfer. Present graphically the result and discuss the effects of physical

parameters on the flow.



Kesavaiah et al [15] work on natural convection heat transfer in oscillatory flow of
an elastico-viscous fluid from a vertical plate and solve the governing equation of motion
in non-dimensional form by perturbation technique, an analytical expression for veloc-
ity, temperature distribution and skin friction was obtain. The effects of variation of
parameter on the flow are also discuss graphically .

A numerical solution for unsteady fluid flow past over a semi-infinite vertically os-
cillating plate with uniform mass flux and variable surface temperature was given by
Muthucumaraswamy and B. Saravanan [16] by using implicit finite difference scheme of
Crank-Nicolson method. The result is shown with the help of graphs. The effects of the
parameter such as thermal Grashof number, mass Grshof number, Schmidt number and
thermal radiation on velocity, temperature and concentration distribution are analyzed.

Amit and Srivastava [17] obtain the exact solution of mass and heat transfer effects on
flow past over a vertical oscillating infinite plate with an inconstant temperature through
porous media. Das et al. [18] examine natural convection mass transfer in hydromag-
netic fluid flow over a porous oscillating plate in the porous medium with heat source.
The momentum, energy and concentration equation was solved analytically. An analytic
solution obtained for velocity, temperature, concentration distribution, skin friction and
in term of Nusselts number for heat flux. Observe the action of physical quantities like
Hartmann number, Grashof number for mass and heat transfer, permeability parameter,
Prandtl number and Schmidth number on the velocity, temperature and concentration
graphically.

The effects of combine natural convection and mass transfer of incompressible vis-
cous fluid past over vertical infinite porous plate embedded in a porous medium with
heat source was carried out by Das et al. [19]. The solution of momentum, concentra-
tion and energy equations was given analytically by using multi-parameter perturbation
technique and also graphically discuss the parameters effects such as Grashof number for
heat and mass transfer, Heat source parameter, Schmidth number and prandtal number.

Mukhopadhyay and Mandal [20] reported mixed convection and heat transfer in hydro-



magnetic fluid slip flow past a porous vertical plate. They use similarity transform the
governing non-linear PDE’s to non-linear ODE’s. The resulting ODE’s are numerically
solved by shooting method and analyzed the result graphically.

Natural convection mass and heat transfer in magneto-hydrodynamic fluid past over a
plate moving vertically with variable concentration and surface temperature in a porous
medium was carried out by Javaherdeh et al. [21]. They used fully implicit finite dif-
ference method to solve the governing equation of motion in dimensionless form and
analyzed with the help of graphs. Khalid and his co-workers [22] discuss unsteady MHD
natural convective flow of cason fluid over a vertical oscillating plate embedded in a porous
medium.

From the above literature review we note that work on natural convection magneto-
hydrodynamics flow over a plate is done on either by considering accelerating plate or
oscillating plate. To the best of our knowledge no work is done to study the combined
effects of oscillation and translation. In the present work we consider natural convec-
tion and mass transfer of hydromagnetic fluid flow. We study the flow behavior over
oscillating and translating porous plate in the presence of external magnetic field. This
thesis is arranged as follows: Chapter 2 is about some basis definition of fluid mechanics
including some general mathematical model equations. In chapter 3 the review of S. S.
Das et al. [18] paper is presented. His is work on natural convection flow heat and mass
transfer in hydromagnetic flow of viscous, incompressible and electrical conducting fluid
over oscillating porous plate. At the boundary wall slip conditions are used. In chapter 4
we study the natural convection flow and heat transfer in hydromagnetic fluid flow over
oscillating and translating porous plate by considering that there is no diffusing species
in fluid. In chapter 5 we consider the natural convection flow heat and mass transfer
in hydromagnetic fluid over an oscillating and translating plate assuming that the fluid

contain other species.



Chapter 2

Prelaminaries

2.1 Fluid

Any substance that under the influence of shear stress continuously deform is termed as

fluid, no matter how small is the shear stress.

2.2 Viscosity

It is the measure of resistance offers to the gradual deformation by shear stress when the
fluid flow. It is the property of fluid which arises from the collision between neighboring
particles that are moving with different velocities. The rate of deformation of different
fluids under the same shear stress are different, so different fluids have different viscosities.
No fluid with zero viscosity exist i.e. ideal fluid and thus there is a viscous effects of some

degree in all fluids.

2.2.1 Types of Viscosity

Dynamic viscosity: The shear stress to strain rate ratio of fluid is known as dynamics

T

viscosity. Mathematically, u = o where v is rate of deformation. In SI system its unit

is Kg/ms.



Kinematic viscosity: The dynamic viscosity p and fluid density p ratio is known as
kinematic viscosity. It is also called momentum diffusivity and denoted by v. Mathemat-

ically, v = &. In SI system its unit is m?/s.

2.3 Classification of Fluids

Fluid with zero viscosity is ideal fluid otherwise called real fluid. On the basis of the
relation between viscous stress and deformation rate fluids are classified into two i.e.
Newtonian and non-Newtonian fluids. The fluids in which viscous stress are in linear
relationship to the deformation rate is known as Newtonian fluids. Mathematically, it

can be write as

T = 'ud_y (2.1)

where p is coefficient of viscosity called dynamic viscosity and eq (2.1) is known as New-
ton’s law of viscosity. In non-Newtonian fluid there is a non linear relation among viscous

stress and deformation rate. In mathematical way for uni-directional flow it can be express

Ty =1 <Z—Z) . (2.2)

n—1
where n = N (@) , n # 1, is apparent viscosity, n is the flow behaviour index (

as

dy

measure of how the fluid deviates from the Newtonian fluid) and N is the consistancy

index (measure fluid consistency) Newtonian for n = 1 and Non-Newtonian for n > 1.

2.4 Steady and Unsteady Flows

If all the properties of fluid flow is independent of time such a flow is said to be steady.
Mathematically, %—zf = 0, where v represents any fluid properties. If %—f # 0 the flow is

said to be unsteady.



2.5 Laminar and Turbulent Flows

The motion of fluid in which each fluid particle move in a regular path and does not
change its path That is parallel to each other is termed as laminar flow. Otherwise the
flow is said to be turbulent flow. In turbulent flow the fluid particles cannot maintain their
regular path and direction. The high viscous fluid like oil when flow with low velocity is

laminar flow and the fluid with low viscosity like air at high velocity is turbulent.

2.6 Velocity Boundary Layer

It is define as a flow region where the effects of friction forces due to the viscosity of the
fluid is maximum. In this region the fluid velocity varies from zero to 0.99u,, where uy,

is free stream velocity in which viscous forces are relatively negligible.

2.7 Thermal Boundary Layer

The thermal boundary layer is develop due to the temperature difference between the
surface and the fluid flow over it. We define it as the region of the flow above a surface
where temperature varies in normal direction of the surface.

The thermal boundary layer thickness is the distance at which temperature difference
T — Ty equals 0.99(T,, — T) and as special case if Ty = 0 we have T' = 0.997, from the
surface. Where T is temperature of fluid, 7 is temperature of the surface and 7T}, is fluid
temperature at sufficiently large distance from the surface. The heat transfer effects are
felt at a large distances from the surface as we go down in stream flow direction. This is

because of the boundary layer thickness increase in flow direction.

10



2.8 Compressible and Incompressible Flow

A fluid is said to be incompressible in which density variation does not occur, otherwise

it is compressible. Mathematically, for incompressible fluid

dp
et 2.
and for compressible fluid
dp
— #0 2.4
L 40, (24)
where
d 0
=4V, 2.5
a-a Y (2:5)

called material time derivative and p is density of the fluid. In above equation

\Y% :8%5 + a%j + %l% called differential operator in cartesian form.

2.9 Viscous and Inviscid Fluids

Fluid which have significant viscosity are viscous fluid and an inviscid fluid is an ideal fluid
which has no viscosity. In general there are no fluids which have zero viscosity. However,
in many fluid flows of practical interest, the viscous forces relatively small as compared

to inertial or pressure forces are considered as inviscid fluids.

2.10 Mathematical Equations

The generalized mathematical models that governs the flow are namely continuity equa-
tion and momentum equation. These models based on two basic laws: conservation of

mass and conservation of momentum.

11



2.10.1 Generalized Continuity Equation

The law of conservation of mass provides a base for the equation of continuity. This law
states that the total mass entering and leaving the control volume must be equal.
Min = Mout, Where m stands for mass flow rate. The generalized continuity equation is

ap

. = 2.
8t+v pV =0, (2.6)

where p denotes density of fluid and V' denotes fluid velocity and V is the differential
operator. Eq (2.6) is called differential form of equation of continuity. For incompressible

fluid it becomes

V-V =0 (2.7)

2.10.2 Generalized Momentum Equation

The law of conservation of momentum provides base for momentum equation commonly

known as Navier-Stokes equation. In vector form

av

P = V .7+ pF, (2.8)

where % is differential operator given by eq (2.5), 7 = —pI + pA is the Cauchy stress

tensor, p denote pressure, I is the unit matrix of order 3, F' is the sum of body forces per

unit mass, A is the Rivlin Erickson tensor given by A = VV + VV7. So in matrix form

T is given by

Tey Tyy Tzy = M(% + ?TZ) —p+ 2#% N(% + %—Z’) ’
Tos Tys Tex ws +52) Gy +5) —p+2pgt

which is for Newtonian incompressible viscous fluids.

12



—p+2uG + AV V) WGy + 3 u(Ge + 52)

= G+ 5 —p+2uG + MV V) w3+ 52)
w5+ 32) w5+ 32) —p+2u52 + AV V)
Here A is bulk viscosity and A = —% i, for Newtonian compressible viscous fluids.

In vector form Navier stoke equation for viscous compressible Newtonian fluid

ov 2
p(Gr +V-VV) = =Vp+ uV?V + V(=ZuV - V) + pF. (2.9)

For incompressible viscous Newtonian fluid, we have

oV
p(a +V -VV) = —Vp+ uV?V + pF. (2.10)

In component form Navier Stoke equation for incompressible flow are

z-direction

du @ n OTya n OTay n OTy

Pat = x| Ox dy 0z

+ pFy, (2.11)

y-direction

dv  Op 01y 07y 0Ty
Par — 8y+ Ox * oy * 0z

+pF,, (2.12)

z-direction

dw - 8]9 @sz asz 87—zz
PE——&—F Oz + ay + B + pF,. (2.13)

2.11 Mechanism of Heat Transfer

Heat: The form of energy, which can be transfered from one system to another system as
a result of temperature difference is known as heat. A thermodynamic analysis deals with
heat transfer amount when a system goes form one equilibrium state to another during a

processes. Heat transfer has three different forms, conduction, convection and radiation.

13



2.11.1 Conduction

The energy transfered between adjacent more energetic and less energetic particles of
a substance as a result of interaction between them is known as conduction. The heat
conduction rate through a surface is proportional to the area of the surface A and difference
of temperature AT across the surface and inversely proportional to the surface thickness
Ax.

. AT
Qcond - _KAE’ (214)

where K is the proportionality constant called thermal conductivity. It measure the heat
conduction ability of the material. In case when the thickness of surface is very small (i.e
Az — 0), eq (2.14) becomes

- dT’
Qcond = _KA% (215)

called Fourier’s law of heat conduction. Where the negative sign indicates that heat
transfer occurs in decreasing temperature direction.
Thermal diffusivity: The property of a substance that appears in heat conduction

analysis which represents that how heat diffuses fast through a substance. Mathematically,

K

o= —.
pCyp

(2.16)

where K is thermal conductivity and the quantity, pC, is heat capacity and C, is specific

heat capacity of a material.

2.11.2 Convection

The energy transfer between a solid surface and the fluid adjacent to it which are in
motion is known as convection.

Types of convection

Force convection A transport phenomena in which an external source (like fan, pump,

suction device etc) is responsible for the generation of fluid motion or a heat transfer

14



mechanism through fluid in the presence of bulk fluid motion.

Natural convection: A transport phenomena in which the buoyancy force cause the
fluid motion. The buoyancy force generates due to the density differences which is caused
by the temperature variation. It is also called free convection. The heat transfer rate
in convection is proportional to the difference of temperature in fluid. Expressed by

Newton’s law of cooling. Mathematically,
Qconv = hAs<Ts - Too) (217)

where h is convection heat transfer coefficient its unit is W/ m?-C, A, is the area of surface
through which convection heat transfer take place, T, is temperature of the surface and
T, is temperature of far away from the surface. Note that the coefficient of convective
heat transfer (h) is not fluid property. It is a parameter that is find experimentally. Its
value effect on all the variable that influencing convection like geometry of the surface,

the fluid motion nature, bulk fluid velocity and fluid properties.

2.11.3 Radiation

The change of electronic of atom and molecules of a matter results emition of energy
in form of electromagnetic waves or photon is called radiation. The energy transfer by
radiation does not required medium like convection and conduction. In study of transfer
of heat energy our interest is in thermal energy which is a form of radiation due to the
temperature of the body. It is different from the other forms of radiation like X-rays,

gamma rays, radio waves, microwaves that are not related to the temperature.

2.12 Energy Equation

First law of thermodynamics provides a base for the energy equation. This law states
that during a processes the change (decrease or increase ) in total energy of a system is

equal to the energy difference between energy entering and leaving the system, that is

15



Ez' - Eout = AEsystem'

The generalized energy equation is
or
pCy a0 +(V-V)T)=V-(aVT)+ H. (2.18)

where T' is temperature, « is thermal diffusivity, C, is specific heat capacity and H is

heat source term.

2.13 Diffusion Equation

The general diffusion equation is

P
%—t+V-VP—V-(DVP)+H1- (2.19)

where P is a variable represents species concentration for mass transfer or temperature
for heat transfer. D is diffusivity (also called diffusion coefficient). V' is velocity field. H;

describe sources or sink of the quantity P.

2.14 Porous Medium

The word Porous is refers to the material that contains pores or holes in its surface.
Porous medium is a substance that contains holes in its surface through which fluid
can passes. examples include sponge, pumics stone, cork etc. The properties of porous
medium through we can distinguish between porous mediums are porosity and permeabil-
ity. Porosity measures the size of pores in the porous medium and permeability measures

the ability of the porous medium to transmit fluids through them.

2.15 Physical Parameters

Grashof number A dimensionless number, define as the ratio between buoyancy force

and viscous force acting on the fluid. For heat transfer and mass transfer it is denoted by

16



G, and G, respectively. In case of heat over transfer over a plate

T, —Ts)L?
6, p T
and mass transfer transfer over a plate
L(Cy—Cy) L3
Gc = gﬁ ( 2 ) )
v

where, ¢ is gravitational acceleration (m/s?), 3 is volumetric coefficient of expansion for
heat transfer (5 = 1/T for ideal gases), f* is coefficient of volumetric expansion for mass
transfer, Ty is temperature of the surface, T, is temperature of the fluid sufficiently far
from the surface, L is characteristic length of the geometry (m), v is kinematic viscosity
of the fluid (m?/s), Cy is concentration at surface and C., is concentration sufficiently
far away from the surface. Grashof number provides criteria for determining whether the
flow is laminar or turbulent. The critical Grashof number obsreved to be 10°. The flow
is turbulent if Grashof number is greater than 10°.

Prandt]l number The dimensionless parameter, defined by the ratio of momentum dif-

fusivity to thermal diffusivity. Mathematically,

P, =

Cp
K7

= QI

or P. =

where v is kinematic viscosity, a is thermal diffusivity, C), specific heat capacity, p is
dynamic viscosity, K is thermal conductivity. Prandlt number describe the thickness of
velocity and thermal boundary layers.

Schmidt number A dimensionless number denoted by S. and defined by the ratio of

momentum diffusivity (kimenatic viscosity) and mass diffusivity is called Schmidt number.

Mathematically,
v
Sc =
D
I
Sc = 5
or D

17



where v kinematic viscosity, u is dynamic viscosity, D is molecular diffusivity(m?/s)
Schmidt number describe the fluid flows in which simultaneous momentum and mass
diffusion processes occurs.

Hartmann number It is the ratio of electromagnetic force to viscous force, denoted by

Ha = BL\/E,
L

where B is magnetic field strength, L is the characteristic length scale, o is electrical

Ha. Mathematically,

conductivity. p is kimematic viscosity.
Magnetic Reynolds number The ratio of the induction of magnetic field by the motion

of conducting fluid to the magnetic diffusion, denoted by R,,. Mathematically,

where, U is the flow velocity, L is the characteristic length of the geometry and 6 is
magnetic diffusivity.
The dimensionless physical parameters discussed in the above section help us in con-

verting the modeling equations of the flow to the dimensionless form.
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Chapter 3

Natural Convection Hydromagnetic
Fluid Flow over an Oscillating

Porous Plate

3.1 Introduction

Natural convection and hydromagnetic flows attract the interest of many researchers
because of its diverse implementations in many areas of science as we discuss in Chapter
1. Our interest is to observe the combine effects of acceleration and oscillation on natural
convection fluid flows over porous plate. In 2014 S. S. Das et al. [18], considered the free
convection flow and mass transfer of fluid which is incompressible, viscous and electrical
conducting. The fluid flows over a moving porous plate in porous medium with heat

source, keeping motion of the plate is oscillatory.

3.2 Formulation of Problem

We consider the two dimensional unsteady free convective flow of incompressible, viscous

and electrical conducting fluid a porous plate embedded in a porous medium. The motion
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of the plate is oscillatory. A transverse magnetic field of strength By is applied in the
transverse direction of the flow. In the presence of external applied magnetic field, the
magnetic field which is induced due to the flow is very small so we can neglect it because
the magnetic Reynolds number is assumed to be much smaller than 1. All the fluid
properties are assumed to be constant except the variation of density with variation of
temperature and the concentration of species in fluid.

The components of velocity in x and y directions are u and v respectively. All physical
variables are functions of y and ¢t. So the velocity flow field is V' = [u(y,t),v(y,t),0].
Let vy denotes the injection/suction velocity at the plate. The continuity equation for

incompressible fluid flow is given as follows

ou  Ov
—+—=0 3.1
which implies that
ov
— =0. 3.2
- (32
From eq (3.2) we have, v(y,t) = —vg, under the condition y = 0, v = —vy Thus the

velocity flow field becomes
V= [u(y, t)? —%o, 0]

The momentum, energy and diffusion equations given by eq (2.8), eq (2.18) and eq (2.19)

for the present model under boundary layer approximation becomes

ou ou 0*u . v oB2u

e —an—y = Va—y2+9PB(T_Too)+gpﬁ (C—Cx)— ?ou_ . (3.3)
or orT 9*T

Iy = - T T 4
o W By a@gﬂ +5( ), (3.4)
oC oC 0°C

Ineq (3.3), 98(T—T) and g8*(C' —Cy) are the thermal and concentration buoyancy

forces respectively, g is gravitational acceleration, 8 is volumetric coefficient of thermal
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expansion and (* is volumetric coefficient of expansion for mass transfer, v is kinematic
viscosity, K is porous medium permeability, —ouB? is magnetic force due to the applied
magnetic field, o is fluid electrical conductivity. In eq (3.4), T is temperature of the fluid,
T, is temperature of the fluid far away from the plate, « is thermal diffusivity and S is
heat source parameter. In eq (3.5), C is concentration, C, is concentration of fluid far
away from the plate and D is molecular diffusivity.

When the plate start oscillation first order velocity slip boundary conditions are

. )
w = erwwL'a—“, T=T, C=C, at y=0,
Y

u — 0, T—>T,, C—Cyx as y— 0. (3.6)

1/2
Here L' = %nﬂL and L = ,u(ﬁ) is mean free path and m, is Maxwell’s reflection

coefficient.
To solve eq (3.3) to eq (3.6). We reduce the equations and boundary condition into

dimensionless form by using dimensionless parameters

Uy U T—-Ts C—-Cy, Ue Vo
Y v Ty Ty — To’ Co — O’ v 0Ty
w = U—OQCU, S = U_OQS
The equations in dimensionless form are
ou* ou* 0?u* 1
— vl = G, T* + G.C* — (— + M*)u*, 3.7
o oy T oayr o T (&, T (3.7
oT™ oT™ 1 02T
— -y = — S*T™ 3.8
o oy T Boayr Y (3:8)
aC* aCc* 1 9?C*
ot* oy* S. Oy*
and dimensionless boundary conditions are
* 4%k a *
o= et R o1, =1 at y =0,
oy*
v — 0, T"—=0, C*"—=0 as y" — oo. (3.10)
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where

Tw e
G, = vfg 73 (Grashofnumber for heat transfer),
0
* Cw - C’oo
G. = vp 9 m (Grashof number for mass transfer),
0
K, = Sopzp li
r = o > (Permeability parameter),
By (vo 1/2 .
M = T\ (Hartmann number or magnetic parameter),
o\ P
P = v (Prandtl number),
a
Se = %(Schmidt number),
R —

22 Li(Rare faction parameter).
v

For convenience we will drop  sign that is used to indicate dimensionless quantities. Thus

the dimensionless equations becomes

ou ou 0*u 1 )

E —an—y = 8_y2+GTT+GCC_ (Fp—f—M )u, (3.11)

oT orT 1 02T

E - U()&—y = Fra_y2 + ST, (312)
2

o oC _ 19°C -

and dimensionless boundary conditions are

: 0
w = e+ R T=1 C=1 at y=0,
dy
u — 0, T—0, C—0 as y— oo. (3.14)
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3.3 Solution Method

In this section, we solve equations (3.11)-(3.13) are solve for velocity, temperature and

concentration by using the following transformations.

u(y,t) = ug(y) + ur(y)e™, (3.15)
T(y,t) = To(y) + Tuly)e™, (3.16)
Cly,t) = Coly) + Ci(y)e™, (3.17)

which transform eq’s (3.11) to (3.13) to the following ODE’s

1
ug + UoU6 - (? + M2> Uy = —GCTO — GCCU, (318)
p
1
u’{ + 'Uo'LLll — <? + M2 + LW) Uy = —GCTl — GCCl, (319)
p
Ty + voP Ty + SPTy, = 0, (3.20)
Tll/ + ’UQPTTII + PT<S - LW)Tl = 07 (321)
Cy + ScveCy = 0, (3.22)
CY + v S.Cy — iwS.C; = 0. (3.23)
Boundary conditions are transformed into
d d
Uy = Rﬂ, U1:1—|—Rﬂ, T(]:l, T1:O, C(]:l, 01:0 at y:(),
dy dy
u — 0, uy—0, Tho,—0, T, =0, Cy—0, Ci—=0 as y— oo. (3.24)

The eq’s (3.20)-(3.23) are homogeneous ODE’s solving with the boundary condition given
by (3.24) we have

Coly) = e "%, (3.25)
Cily) = 0, (3.26)
Toly) = €M% A= % [—UOPT —\/VEP? — 4PTS] , (3.27)
Ti(y) = 0. (3.28)
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Eq (3.18) is a non homogeneous equation. Auxiliary equation for homogeneous part is

1
D2 + 'UoD — (? + M2) = O, (329)
P

having roots

D=1 [—v0+\/v§+4<KLp+M2) ] D=1 {—UO—\/U3+4<KLP+M2> ] :
so the complementary solution is

B T G G E R e

Y

or
Up(e) = Ape? + Aje Y,
where
1 2 1 2 1 2 1 2
)\225 Vo + U0+4 K—P+M , )\325 —vg + 'U0—|—4 K—P—I—M .
As we know that from eq (3.18)
1
Ug + UoU6 — (F -+ Mz)UO = —GCT[) — GCCO, (330)
p
or
1
ug + Vot — (F + Mg = —GeeM¥ — Gem %Y, (3.31)
P

by using the values of Cy and Tj from eq (3.25) and eq (3.27) respectively. By applying
method of variation of parameter we get the particular solution of the form

G, Ge

Uop) = —2 2 1 MY — 2 2 1 e,
>‘1+U0)\1_(K_p+M2) Uosg_vosc_(K_p+M2)

uo(y) = Aoeé {—Uo'i‘\/qm I Ale% [—Uo—l—m

G, Ge

Nt voh — (& +M2)  03S2— i3S, — (& +M2)

Therefore
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or

Uo(y) = Aoe)\gy + A1€7A2y - Age)\ly - A3€fvoscy.

1| 1
)\2 = U0+\/U8+4<—+M2>],
Kp

1] 1
)\3 = —U0+\/Ug+4<—+M2)],
Kp

Here

N |

2
A2 = GT )
A+ vghd — (%,, + M2)
A; = Ce

o2 —ufS. — (& +M2)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Using boundary condition ug — 0 as y — oo in eq (3.32) we put Ay = 0 in order to

satisfy boundness condition and by using the boundary condition uy = Rdd%

in eq (3.32) we get
d
A= R 4 Ay + A,
dy

Adding eq (3.33) and eq (3.34) we have

1
U0+\/U(2)+4(K—+M2)]’
P

Subtracting eq (3.33) and eq (3.34) we have

1
—v0+\/v3+4<K—+M2)] :
P

Multiplication of eq (3.38) and eq (3.39), gives

1
)\14—)\2:)\14—5

1
M=dg=A -

K

p

1
()\1 + )\2)()\1 — )\3) = )\% + )\11)0 —4 (— + MQ) .

Subtract S.vp from eq (3.33) and add to eq (3.34) we have

1
—SC’U() + )\2 = —SC’U() + 5
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1
U0+\/U§+4(K—+M2) ]7
P

y =0,

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)



and

SCU0+/\3 = SUO—f-

—v0+\/v0+4 —+M2)

_(SCU(] + )\3) = —S <Uo + =

u0+\/v0+4 —+M2)

Multiplication of eq (3.41) and eq (3.42), gives

K

1

(S.vo — A2)(S.vg + A3) = S2vg — S — 4 (— + M2> :
P

Using eq (3.40) in eq (3.35) and (3.43) in eq (3.36). Therefore

G andA; = Ge
()\1 + )\2)()\1 — )\3) 3 (SCUO — )\2)(5@@0 -+ >\3) '

AQI

by differentiating eq (3.32) and putting y = 0 lead us to

d
0 — AN — Aot + AsupS..
dy

Substitute eq (3.44) in eq (3.37) Therefore
A1 = R(—)\QAl - )\1142 + UoSCAg) + A2 + A3.

This implies that

1
1+ MR

[(1— MR)As + (1+ vpS.R)As).

1 pu—
Finally we have

up(y) = Are Y — Ay — Age 05,

where
1 1 1
)\1 = = —U()Pr— U%Pf—i—élPTS ,/\2:— Vg + ’Ug—f—é‘: —+M2
2 V 2 Kp
1
Al = 11 )\ZR[(l — )\1R)A2 + (1 + U()SCR>A3],
A2 - GT Ag - Gc

(/\1 -+ /\2)()\1 — )\3)7 (SCUO — )\2)(56’00 + /\3) ’
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As Ti(y) = 0 and C(y) = 0 then eq (3.19) becomes

1
uf + vouy — (— + M? + Lw) u; =0, (3.47)
Ky
2 1 2 .
D +vyD— | —+ M +iw| =0. (3.48)
Ky

:}D:

Y

N | —

1
—u0+\/u§+4(—+M2+Lw)
Kp
p—_1 5+4 1+M2+'
=—|—Ug — 4[|V — Lw
21 0 K,

Thus the general solution is

and

1 |:7v0+\/v3+4<%p+M2+Lw) :|y

ui(y) = Aze” %[wof\/v(%H(K%’JrMQHw) ]y

+ A4€ s (349)
using boundary conditions that is u; — 0 as y — oo in eq (3.49) we put A5 = 0

in order to satisfy boundary condition. Also by using the boundary condition u; =

1+ R%—? at y=0ineq (3.49) we get

Amir R%’ (3.50)
Therefore
u(y) = A4e%{_vo_\/vg+4(%p+M2+iw) }y7
or
) = e, (3.51)
where

Ay =

N | —

1
[—UO—\/U8+4(F+M2+LW>
p

27




Differentiation of eq (3.51) and putting y = 0 leads us to

du1
— = Ay
dy 4N\4

Now substitute in eq (3.52) in eq (3.50) we have

1

A4: 1+R(A14)\4) — A4: 1—R)\4

Now substitute eq (3.46) and (3.51) in (3.15) we have

u(y,t) = Aje 2 — AyeMV — Age 05y 4 4, ety i)t

Now substitute eq Tp(y) = eM¥ and T;(y) = 0 in eq (3.16) we have
T(y) =M.
substitute Cy(y) = e=%%¥ and C}(y) = 0 in eq (3.17)

Cly) = e

3.4 Graphical observation

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

In this section, we discuss graphically the effects of various physical parameter on the

result we obtain in previous section.

3.4.1 Effects on Velocity

The velocity profile will effect by some physical parameter which are discuss below one

by one.

Effect of Magnetic M and Heat Source Parameter S

In Figure 3.1, for different values of magnetic parameter different curves are plotted. It

shows that the increase of magnetic parameter decrease the magnitude of velocity. It is
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due to the effect of Lorentz force. This effect is caused by the application of transverse

magnetic field to the fluid flow. Figure 3.2, shows that the magnitude of velocity increase

with increase in heat source parameter.
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Figure 3.1: Velocity profile against y for dif-

ferent values of M.
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Figure 3.2: Velocity profile against y for dif-

ferent values of S.

Effect of Grashof number G. and G, for Mass and Heat Transfer,

Permeability Parameter K, and prandtl Number F,

Figure 3.3 and 3.4, illustrate the effects of Grashof number G, and G, for mass and heat

transfer. Considering the case of cooling of plate i.e. G, > 0, G, > 0. By varying G.

and G, mass and thermal buoyancy effect is increase, which causes increase in induced

flow. Thus velocity increase corresponding to increase in both G. and G,. Figure 3.5

and 3.6, shows the effect permeability parameter K, and Prandtl number P, respectively.

Increase permeability parameter, increase the magnitude of velocity while the increment

in Prandtl number decrease the velocity, this fact is because of fluids with high Prandtl

number having high viscosity and hence move slowly.
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Figure 3.5: Velocity profile against y for dif- Figure 3.6: Velocity profile against y for dif-
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Effect of Schmidth number S. and Suction parameter vj.

Figure 3.7, Illustrate the effect of Schmidth number S. on the velocity field. The obser-
vation of the curves shows that the growing Schmidth number result in slow down the
velocity of the fluid. It is due to the presence of heavier diffusive species in the fluid.
About the effect of suction parameter on the velocity is discuss in Figure 3.8, velocity

decrease due to increase in suction parameter.
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3.4.2 Effects on Temperature

0.35F

0.30F

0.05f

0.00 kv

Figure 3.8: Velocity profile against y for dif-

ferent values of vy.

Temperature distribution will effect only by three parameter namely Prandtl number

P., heat source S and suction parameter vy. Heat source having an increasing effect on

temperature, which is given by Figure 3.10. Both the Prandtl number and suction velocity

will have a decreasing effect on temperature given by Figure 3.9 and 3.11 respectively.

Thus greater will be P, and vy, more will be cooling effect.
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Figure 3.9: Temperature profile against y for

different values of P,.
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Figure 3.11: Velocity profile against y for different values of vy.

3.4.3 Effects on Concentration

Concentration distribution is effected only by Schmidth number S, and Suction parameter
vo. Figure 3.12; illustrate the effect of Schmidth number on concentration. It is found
that the Schmidth number decrease the concentration in the fluid. This effect is because
of the presence of heavier diffusive species in the fluid. The suction velocity will having a

decreasing effect on the concentration given by Figure 3.13.
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Figure 3.12: Concentration profile against y Figure 3.13: Velocity profile against y for dif-

for different values of S,. ferent values of vy.
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Chapter 4

Heat Transfer in Natural Convection
Hydromagnetic Fluid Flow Over a

Porous Plate

4.1 Introduction

In the previous chapter we discussed the natural convection hydromagnetic fluid flow
over an oscillating plate and obtained an analytic solution which didn’t match with the
original result obtained in 2014 Das et al. [18] research paper due to some computa-
tional mistakes. We obtained an exact solution which is presented graphically. In the
present study we extended the same problem being discussed in the previous chapter by

considering oscillational and translational motion of the plate.

4.2 Formulation of Problem

Consider the two dimensional natural convection flow and heat transfer in an incom-
pressible, viscous and electrical conducting fluid over a moving porous plate immersed in

a porous medium. The motion of the plate is oscillatory and translatory. An external
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magnetic field of strength By is applied in transverse direction of the flow. The induced
magnetic field due to the flow is compared to the applied external magnetic field because
of the magnetic Reynolds number is assume to be much less than 1. The pressure in
the flow is assumed to be constant and variation in density is only due to variation in
temperature.
The component of velocity in x and y directions are u and v respectively. All physical
variable are functions of only y and t. So the velocity flow field is V' = [u(y, t), v(y, t), 0].
vp is suction/injection velocity. According to the assumption the equation of continuity
becomes

Jv

o = 0. (4.1)
From eq (4.1) under the condition y = 0, v = —vy we have v(y,t) = —vy. Thus the

velocity flow field becomes
V= [U’(ya t)? —o, 0]

The momentum and energy equations given by eq (2.8) and eq (2.18) for the present

model under boundary layer approximation becomes

ou ou 0%u v oB2u

T g— = v T —Ty) — —u — —2 4.2
oT oT 0*T

o vo—ay = a_0y2 + S(T - T). (4.3)

In eq (4.2), gB(T — Ty) is the thermal buoyancy force. The volumetric coefficients of
thermal expansion is represented by [, ¢ is acceleration due to gravitation and T is
used to represent the temperature of the fluid and T, represents the fluid’s temperature
far away from the plate. Other quantities, that are used in eq (4.2) include v, K and
—ouB2 represent kinematic viscosity, permeability of porous medium and magnetic force,
respectively. In eq (4.3), « is thermal diffusivity and S is heat source parameter.

When the plate start oscillation and translation the first order velocity slip boundary
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conditions are

: 0
u = er(“‘““)t—i-L'—u, T=T, at y=0,
dy
u — 0, T—T, as y— oo. (4.4)

1/2

Here a > 0, L' = %L and L = u(ﬁ) is mean free path and m, is Maxwell’s
reflection coefficient.

To solve eq (4.2) and eq (4.3), We reduce the equations and boundary conditions into

dimensionless form by using the dimensionless quantities

Uy U T—-T, Ug U
Yy Vy’ u an Tw_Too7 v ) UO an
wh o= U_§w7 St = U—OQS.
The equations in dimensionless form are
ou* ou* 0%u* 1
T - G, T — (— + M*)u*, 4.5
o~y T oy T (&, T (45)
ar* orT* 1 0*T*
— — = — S*T™. 4.6
o oy T Bayr (46)
and dimensionless boundary conditions are
* EAYES a *
u o= W LR Y , T"=1 at y =0,
oy*
vt — 0, T"—=0 as y" — oo. (4.7)
where
Tw - Too
G, = vfg 73 (Grashofnumber for heat transfer),
0
K = KOUQ 7.
r = 2 (Permeability parameter),
By (vo 1/2 .
M = T\ (Hartmann number or magnetic parameter),
o\ P
P = v (Prandtl number),
«
Ui
R = =2

— Ly(Rarefaction parameter).
v
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The sign * will drop here for convenience that is used to indicate dimensionless quantities.

The above equations becomes

ou ou 0%u 1

g~ = T — (— + M? 4.
ot Vo 8y 8y2 + GT (Kp + )U, ( 8)
oT oT 1 0%T

_ - = T 4.
o "o, T Bog (4.9)

and boundary conditions becomes

0
u = (L”_“)t+R—u, T=1 at y=0,
dy
u — 0, T—=0 as y— oo. (4.10)

4.3 Solution Method

In this section, we solve eq (4.8) and eq (4.9) for velocity and temperature according to

the boundary conditions (4.10) by using the following transformations.

u(y,t) = uoly) +ui(y)e™ ", (4.11)

T(y,t) = To(y)+Ti(y)e™ ", (4.12)

which transform eq (4.8) and eq (4.2) to the following ODE’s

up + vy — (Ki + My = -G, Ty, (4.13)

P
u'1'+vou'1—(Kip+M2—a+Lw)u1 = -G, T, (4.14)
T+ BT, + SPTy = 0, (4.15)
TV + 0P T + P(S +a—iw)I, = 0. (4.16)

and boundary conditions are transformed into

d d
Ug = Rﬂ, U1:1+Rﬂ, T():]_, T1:0 at y:07
dy dy
u — 0, u; —0, Tho—0, T, =0 as y— 0. (4.17)
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Eq (4.15) and (4.16) are second order homogeneous ODE’s which are solve with boundary

condition given in (4.17) gives the following results

1
To(y) = M, M= 5 |:_'U0Pr —\/VEP? — 4PTS] , (4.18)

Ti(y) = 0. (4.19)

And eq (4.13) and (4.14) are solve with boundary given in (4.17) by similarly by the

method already done in Section 3.3. Thus
ug(y) = Are 2V — Ay, (4.20)

where

1 / 1
)\1 = 5 _UOPT_ ngr2_4PrS:|7 )\225

1
U0+\/Ug+4(K—+M2) ]7
P

1| 1
Az = B _U0+\/U8+4(K—P+M2>] )
1 G
A = 1-MR)A s Ay = : )
! W LI (A1 +A2) (A1 = Ag)
and
uy(y) = Age™. (4.21)
where
M=+ =g — v +4 L—|—M2—a+écu Ay — "
T 0 K, A 5 Vi
Now substitute eq (4.20) and (4.21) in (4.11) we have
u(y,t) = Aje 2V — AyeMV 4 Agetavtliw=alt (4.22)
and by substituting eq (4.18) and (4.19) in (4.12)
T(y) = eMv. (4.23)
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4.4 Discussion

In this section, we discuss graphically of aspects velocity and temperature profile and the

effects of the variation of various physical parameters on velocity and temperature.

4.4.1 Effects on Velocity

Effect of Translation ¢ and magnetic parameter M

Figure 4.1, is about the velocity profile which is plotted for a = 0, 2, 3, 4. It shows that

when translatory motion of the plate increase, its effect on the velocity is to decrease its

magnitude. Figure 4.2, is about the effect of magnetic parameter on velocity distribution.

The curves which is plotted for M = 2, 3, 4 indicates that increasing magnetic field

oppose the velocity of the flow. This effect is nothing but only the effect of Lorentz force

acting on the fluid.
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Figure 4.1: Velocity profile against y for dif-

ferent values of a.
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Effect of Heat Source Parameter S and Grashof Number for Heat
Transfer G,

Figure 4.3, describe the effect of heat source parameter on the velocity. Velocity profile is
plotted for S = —4, 0, 4. It has an increasing effect on the velocity. The fact is only that
kinetic energy increase with increase in temperature, as a result fluid accelerates. Figure
4.4, illustrate the effect of thermal Grashof number on the velocity. Curves are plotted
for G, > 0i.e. G,=1, 2, 3, which is the case of cooling of the plate. The increase in G,
will increase the thermal buoyancy effect, which results in rises the induced flow. Thus

velocity increases with increase in thermal Grashof number.
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y y
Figure 4.3: Velocity profile against y for dif- Figure 4.4: Velocity profile against y for dif-
ferent values of S. ferent values of G,..

Effect Permeability Parameter K, and Prandtl Number and Suc-

tion Velocity v
Figure 4.5, is about the permeability effect on the velocity. For K, = 0.5, 1, 2 velocity
profile is given, which indicate that permeability parameter having an increasing effect

on velocity. For P, = 0.71, 2, 7 different curves are plotted in Figure 4.6. Its shows that

the greater Prandtl number decreases the velocity. The physical fact is that high Prandtl
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number having high viscosity and thus moves slowly. Figure 4.7, illustrate that higher

suction parameter will decrease the fluid velocity.

u (y,t) (velocity)

u (y,t) (velocity)

0.00k., . : : . :
0 50 100 150 200 250
y y
Figure 4.5: Velocity profile against y for dif- Figure 4.6: Velocity profile against y for dif-
ferent values of K. ferent values of P,.

0.12 =0.71|]
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Figure 4.7: Velocity profile against y for different values of vy.
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Figure 4.8: Temperature profile against y for

different values of S.

4.4.2 Effects on Temperature
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Figure 4.9: Temperature profile against y for

different values of P,.

The only parameter which effect the temperature profile are heat source parameter S,

Prandtl number P, and suction parameter vy. Figure 4.8, describe the effect of heat

source parameter on temperature distributions. The curves are plotted corresponding to

S = —4, 0, 4. It shows that increase in heat source parameter will cause increase in

temperature. The effect of other two parameter that is P, and vy is given in Figure 4.8

and 4.9 respectively The temperature decrease with both increase in Prandtl number and

suction parameter. It means that greater P, and vy, more will be the cooling effect.
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o o
(2} ©

©
~

T (y) (Temperature)

0.2

0.0

Figure 4.10: Temperature profile against y for different values of vy.
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Chapter 5

Heat and Mass Transfer in
Hydromagnetic Fluid Flow Over a

Porous Plate

5.1 Introduction

In this chapter we consider natural convection and mass transfer of hydromagnetic fluid
including the concentration of species in the fluid. Which flows over an oscillating and
translating porous plate. The fluid is assume to be incompressible, viscous and electrical
conducting. An analytic method is used to solve the modeling equations for the boundary
layer flow. An analytic expression for velocity, temperature and concentration is obtained

and presented graphically.

5.2 Formulation of Problem

We consider the two dimensional unsteady natural convection flow heat and mass transfer
in an incompressible, viscous and electrical conducting fluid over a moving porous plate

immersed in a porous medium with heat source. The motion of the plate is oscillating and
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translating. An external magnetic field of Strength By is applied in transverse direction
of the flow. In the presence of external applied magnetic field, the magnetic field which
is induce due to the flow is neglect because of the magnetic Reynold number is assumed
to be much smaller than 1. Assume that pressure in the flow is constant i.e Vp = 0. The
variation of density is only with variation of temperature and concentration of species in
the fluid.

The velocity components in x and y-directions are v and v respectively. All physi-
cal variable are considered to be function of y and ¢. Let vy denotes injection/suction
velocity at the plate. In the presence of above assumptions, the continuity equation for

incompressible fluid is

ou 0Ov
—+—=0 5.1
which implies that
ov
— =0. 5.2
5 (5.2
From eq (5.2) we have v(y,t) = —vy under the boundary condition v = vy, at y = 0.
Thus our velocity field become
V= [u(y,t),vo,0]. (5.3)

The momentum, energy and diffusion equation given by eq (2.8), eq (2.18) and eq (2.19),

for the present model under boundary layer approximation becomes

ou ou 0? v oB2u

u « _ v
or or 0*T
— —vy— = a— T-T. :
ot Vo ay C(ayz + S( oo)a (5 5)
oC oC 0*C
a Yoy — Pag (59)

In eq (5.4), gB(T — Ty) and gB*(C — Cy) are the thermal and concentration buoyancy

forces respectively, g is gravitational acceleration, § is volumetric coefficient of thermal
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expansion and £* is volumetric coefficient of expansion for mass transfer, T is temperature
of the fluid, T, is temperature of the fluid at large distance from the plate. C is concen-
tration, C, is concentration of fluid far away from the plate, v is kinematic viscosity, K is
permeability of porous medium, —ouBj is magnetic force caused by the applied magnetic
field, o is electrical conductivity of fluid. In eq (5.5), a = % called thermal diffusivity,
C, is specific heat capacity, p is density and K is thermal conductivity the of fluid. T is
temperature of the fluid, T, is temperature of the fluid far away from the plate. where in

eq (5.6) D is molecular diffusivity. when the plate start oscillatory and translatory motion

the velocity slip first order boundary conditions are

, 0
u = er(‘w_“)t—l—L’a—u, T=T, C=0C, at y=0,
Y
u — 0, T—->Ty, C—Cyx as y— oc. (5.7)

1/2
where a > 0, L' = %L and L = u(ﬁ) is mean free path and m, is Maxwell’s

reflection coefficient.
To solve eq (5.4) to eq (5.6). We reduce the equations and boundary conditions into

dimensionless form by using the dimensionless parameters

Uy U T-—1T. c-C U2 Vo v
Y v Ty T, — T Co— Coo’ 0Ty Y T
a = 7020/, S = U—OQS

Substitution of the above dimensionless values in eq (5.4) to (5.6) will lead to dimensionless

form. The dimensionless equations are

ou* ou* 0*u* 1
ok — GTT* GCC* _( M2 *’ 58
g~ gy T gy T T (&, T (58)
oT™ oT* 1 0*T*
— vy = — S*T™ 5.9
o ey T Bayr U (5:9)
oC™ oC* 1 9?°C*
— = = — . 5.10
o~ Yoy T S oy? (5.10)
and dimensionless boundary conditions are
* * * a *
ut = e(””a)t—l—Ru, ™ =1, C*=1 at y" =0,
dy*
v — 0, T"—=0, C*"—=0 as y* — . (5.11)
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Where

T, — Tw
G, = VﬁgT (Grashof number for heat transfer),
0
* Cw_coo
G. = vp I (Grashof number for mass transfer),
0
Kk, - Boge p ili
r = 50U, (Permeability  parameter),
By (vo 1/2
M = 7(_) (Hartmann number or Magnetic parameter),
o\ P
P. = v (Prandtl number),
o)
Se = % (Schmidt number),

U
%L, (Rarefaction parameter).
v

=y
I

For convenience we will drop = sign that is used to indicate dimensionless quantities. so
we write the above equations and boundary conditions with out x but it is understood

that these are now dimensionless equations

ou ou 9%u 1
U - Y g —(— + M? 12
5o, 5yt T GrT+GeC — o Ju, (5.12)
ar  aT 1 62T

g = T 1
o Yoy T Boag  or (5.13)
ac  aC 1 92C

N _ 1ocC 14
a "oy S, 92 (5.14)

and boundary conditions are

0
u = e(“"_“)thR—u, T=1 C=1 at y=0,
dy

u — 0, T—0, C—=0 as y— oc. (5.15)
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5.3 Solution Method

In this section, we solve equations (5.12)-(5.14) for velocity, temperature and concentra-

tion distributions of flow by using the following transformations.

uly,t) = uoy) +u(y)e™ ", (5.16)
T(y,t) = Toly) + Tu(y)e™ ", (5.17)
Cly,t) = Coly)+ Culy)e™ ", (5.18)

By differentiating partially eq (5.16) (5.17) and (5.18) with respect to y and ¢ we have

the following

% = uy(iw — a)e™@= Dt (5.19)
g_z — w4 el (5.20)
giyl; - ullle(éwfa)t’ (5.21)
86_7; — Ty(iw— a)e(iw—a)t’ (5.22)
g_z — T4 Tl (5.23)
giyz; _ T el (5.24)
%—f = Cy(iw — a)e™=9t, (5.25)
g_j _ oy Cie(m}—a)t7 (5.26)
227(27 _ g Olelisat, (5.27)
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substituting eq (5.19)-(5.27) in eq (5.12) (5.13) (5.14) will transformed the PDE’s to the

following ODE’s

1
Ug + UOUE) — (? + MQ)UO = —GCTO — GCCO,
p
1
ug%—vguﬁ——(}E—%—Afz—%éuz——a)ul = -—(;Qq-(?&?h
p

T + 0P T+ SPTy = 0,

Ty + v T + P.(S+a—iw)Ty = 0,
Cl+ Sl = 0,

C! + voS:.C] + Sc(a — iw)C, = 0.

Boundary conditions are transformed into

dUO du1
_- =1 -
R ay’ u=1+R 0y’

U1—>0, T0—>0,

Ug = T() = ]_, T1 = O, Og = ]_,

ug — 0, T —0, Cy—0, Ci—0 as y— oo.

Auxiliary eq of eq (5.32)
D? 4+ 1yS.D = 0.

implies D = 0 and D = —vyS,. where D here is a differential operator

Therefore the general solution is Cy = A; + Aye™ 005,

Boundary condition Cp =1 at y =0 implies that A; + A, =1and C; — 0 as

oo insure that A; = 0 which implies A, = 1. Thus
Cafy) = e
Auxiliary eq of eq (5.33)

D? + 1pS.D + (a — iw)S,. = 0.

(5.28)

5.29

ot
w

0

)
)
1)
)
)

ot
wo

ot
w

(
(
(
(5.32
(

5.33

Ci=0 at y=0,

(5.34)

(5.35)

Yy —

(5.36)

(5.37)

1
:——UOS +\/ 252 — 45, (a — iw)], D:§

47

|:—Uosc — \/U(Z)SCQ — 48, (a — iw)



so the general solution is

Coly) = Aget [P0tV Ty [y BT amially

Boundary condition C; =0 at y =0 implies that A3+ Ay, =0and C; -0 as y—
oo insure that As = 0 which implies A, = 0. Therefore C4(y) = 0.
Auxiliary eq of (5.30)

D? +vyP.D + P.S = o. (5.38)

1 1
implies that D = 5 |:—U0PT + /A P2 — 4PTS} , D= 5 |:—U0PT —\JUaP? — 4PTS} :

The general solution is

To(y) = A5e%[7voPr+\/ngT274PrS]y+AGe%[fvoPrf\/ng,?félPTS]y.

boundary conditions Tp =1 at y =0 implies that A5 + Ag=1and T} -0 as y—

oo insure As = 0 which implies Ag = 1, so

To(y) = 6%[—%&—,/@3133—4&5]@,

?

or

TO(y) = e>\1y’ >\1 =

|:—U0PT —\Ju2p2— 4351 . (5.39)

N | —

Auxiliary eq of (5.31)

D? + vyP.D + (S +a— iw)P, =0, (5.40)

1
= Dzé |:—U0PT+ U3P7?+4PT(S+CL—L'(U)}, D=

N | —

The general solution is

Ti(y) :A76%[fUOPr+\/U(2)PT2+4PT(SJrafL'w)]y+Ase%[fvoPrf\/ngT?JrélPr(SJrafiw)]y'
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Boundary conditions 73 =0 at y = 0 implies that A; + Ag=0and 7T} -0 as y—
oo insure that A7 must equal to 0 which implies Ag = 0. Therefore T} (y) = 0.

Eq (5.28) is a non homogeneous eq Auxiliary eq for homogeneous part

having roots

1
D? +vyD — (— + M2) =0, (5.41)
KP
—vg+ ¢ [vE +4 i+M2 D=-|-vy—y|vE+4 i+M2
0 Kp ) 0 Kp )
so the complementary solution is

Uo(e) = Age% {_U”\/’w }y + Aloeé {_“O_\/W }y

1
D==
2

N | —

’

or

A Y
Ug(e) = Age™Y + Ajge” Y,

1 1
/\2 = 5 U0+\/U8+4(K—P+M2)], (542)

1 [ 1
)\3 = 5 —U0+\/U8+4(K—P+M2)]. (543)

For particular sol from eq (5.28) we have

Here

1
ulol + Uou6 - <F + M2> ug = =G Ty — G.Co,

p

or

1
ug + U0U6 - (? + MQ) Uy = _GC€>\1y — Gcefvoscy,
p

by using the values of Cy and Tj from eq (5.36) and eq (5.39) respectively. By applying

method of variation of parameter we get the particular solution of

1
{DQ +voD — (? + MQ)} Uy = —GoeM¥ — Goe %Y,

p
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G, Ge

that is o) = —)\% oAl — (K%, ) MY T (KLP - MZ)efuoscy'
Therefore,
u(y) = Ageé {_UH\/W }y + Aloe% {_UO_\/W }y
) - - o e 05 (5.44)

X+ voh = (& + M2) vBS2 = v3s. — (& + M2)

and under the boundary conditions

d
uy = Rﬂ at y =0 implies that
dy
d r c
R U _ Ag + Alo . G G

dy A vods = (g5 + M) oS+ uiSe — (5 + M?)
and ug — 0 as y — oo insure that A9 =0

Therefore, eq (5.44) implies

Ay = BRI L + G
10 dy )\%%—Uo)\l—(%p-l—M?) U%SE—FU%SC—(KLP—FM?)’
or
dUO
A = R— + A1 + Ay, (5.45)
dy
here
All = GT 5 (546)
)\% + U0>\1 — (KLp + M2>
G.
A = (5.47)

vES2 +vES, — (%,, + M2>

Adding eq (5.42) and eq (5.43), we have

1
U0+\/U3+4(K—+M2)], (548)
P

and subtraction of eq (5.42) and eq (5.43), gives

—v + \/vg +4 (KLP + M2) ] . (5.49)
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Multiplication of eq (5.48) and eq (5.49), gives

1
()\1 + )\2)()\1 - )\3) = )\% + Mvg — 4 (F + MQ) .

p

Now add S.vg to eq (5.42)

1
—SCU() + )\2 = —SCUO + 5

1
U0+\/U§+4<K—+M2) ]7
P
2 1 2
Vo + U0+4 K—+M
P

1
_U0+\/v§+4(K_+M2> ]
P

Multiplication of eq (5.51) and eq (5.52), gives

1
SCU() — /\2 == SCUO - 5

and

1
SC’U() + /\3 = SC’U() + 5

K

p

(S.vp — A2)(As + Sevg) = S?02 — S.vf — 4 (i + MZ) )

Substitute eq(5.50) in eq (5.46) and eq (5.53) in eq (5.47), Therefore

G Ge

A = T d A —=
11 ()\1 —1-)\2)()\1 — )\3) an 12

Thus eq (5.44) becomes
Uo(y) = A106_>\2y — A11€>\1y — Aue—voscy'

Differentiation of eq (5.54) lead us to

duo

dy = —Ajphae Y — A MM + Ay See” 0%,

Put y = 0 we have

dUO

d— = —Alo)\2 — All)\l + A12U0567
Y

Substitute eq (5.56) in eq (5.45) Therefore

Ajg = R(—A2A10 — MA + v9Sc A1) + Ay + A

ol

(SCUO — )\2)(501)0 + )\3) '

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)



This implies that

B 1
14+ MR

Ao
As Ti(y) = 0 and C1(y) = 0 the eq (5.29) becomes

1
uf + voul — <?+M2—a+iw>u1:0.

p
Its auxiliary equation is
2 1 2 .
D4+vD—|—+M —a+iw| =0,
Kp

having roots

D =

DO | —

1
—U0+\/U8+4(?+M2—a+iw)
p

1 1
D:§ [—Uo—\/vg—l—ll(?p%—MQ—a—l—Lw)

Thus the general solution is

and

[(1 — )\1R)A11 + (1 + U()SCR)Alg].

1 [—Uo+\/v8+4<%p+M2—a+Lw) } y

ur(y) = Asze’ + Ayge
Boundary conditions
du1 . .
TT— 1+Rd— at y=0 implies A3+ Ayu=1+R—
Y

whereas u; — 0 as y=0 insure A;3=0

d
implies that Ay =1+ Rdiyl'

Therefore

Uy (y) = A14€% {_UO_\/U3+4(K%>+M2_“+W) }y’
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% [—Uo—\/vg+4(%p+M2—a+iw> ]y

Y

du 1
dy

(5.57)

(5.58)

(5.59)
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or

U (y) = A14€)‘4y>

1
[—UO—\/U8+4(F+M2—CL+L.W>
p

Differentiation of eq (5.61) leads us to

here

Ay =

DN | —

% = A14/\4€)‘4y7
dy
At y =0 eq (5.62) becomes
d'U,l
— = A
dy 14\4,

Now substitute eq (5.63) in eq (5.60) we have

1
1— R\

Ayg =1+ R(A1g\y)impliesAyy =
Now substitute eq (5.54) and (5.61) in (5.16) we have
u(y,t) = Ajge ™Y — Ay MY — Appem 0% 4 Ay etivtiv-a)t
and substitution of Ty(y) = e*¥ and Ti(y) = 0 in eq (5.17) we have
T(y) =™,
whereas the substitution of Cy(y) = e ¥ and C;(y) = 0 in eq (5.18) lead us to

Cly) = s

Skin Friction

Skin friction at the wall is given by

(@)
T = . )
Y /) o

= —)\21410 — )\11411 — SCU0A12 + )\4A146)\4y+(£w7a)t.
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Heat Flux

The rate of heat transfer or the heat flux at the wall in terms of Nusselts number is given

by

dT
N, = (—) — A (5.69)

5.4 Graphical Observation

In this section, we discuss graphically the analytic solution which is obtained in the
previous section 5.2, depend on various physical parameters, like translation a, magnetic
parameter M, heat source parameter S, Grashof number for mass and heat transfer G.,
G, permeability parameter K,, Prandtl number P,, Schmidth number S. and suction
velocity vg. We observed the effect of the variation of these parameter on solution of

momentum, energy and concentration equation.

5.4.1 Effect on Velocity

Velocity profile is effect by some physical parameters which is discuss as follow.

Effect of Translation Parameter a

Figure 5.1, Describe four different curves, that are plotted for different values of a i.e.

a = 0,2,3,4. This shows that by increasing a, velocity will decrease.

Effect of Magnetic Parameter M

Figure 5.2, Shows the effects of magnetic parameter M on velocity. Corresponding to
M = 2,3,4 three curves are given in Figure 5.2, the greater magnetic parameter has
a decreasing effect on velocity. This effect is because of the action of the Lorentz force

acting on the electrical conducting fluid, which is caused due to the application of external
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Figure 5.1: Velocity profile against y for different values of a.

magnetic field. In fact this force has the capability to slow down the motion of electrical

conducting fluid.

Effect of Heat Source Parameter S

0.35 0.35¢ a=2 P, =0.71
M=2 U=5
0.30 0.30} G =3 wi= o
G, =3 2
_. 025 0.25} S;=022 w=2
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0.00 L 0.00 .
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Figure 5.2: Velocity profile against y for dif- Figure 5.3: Velocity profile against y for dif-

ferent values of M. ferent values of S.

Figure 5.3, is about the effect of heat source S on velocity. The curves will plotted for
S = —4,0,4. The curves for S = 0 indicates the absence of heat source, while the curves
with S < 0 and S > 0 is about the presence of heat sink and heat source in the flow

respectively. From the observation of the curves it is found that larger heat source will
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rise the flow velocity. This is because of kinetic energy of molecules increase with increase

in temperature as a result total velocity of the fluid will grown up.

Effect of Grashof number for Mass and Heat Transfer, G- and

G, permeability Parameter K,, and prandtl number P,

Figure 5.4 and 5.5, describe the effect of parameter G, and G, respectively. The result will
plotted for G, > 0 and G, > 0, which mean for cooling of the plate. Keeping all the other
parameters constant. It is found that the increasing value of G. and G, will cause increase
in velocity. The fact is that the increase in G, and G, will increase mass and thermal
buoyancy effect, through which induced flow increase. The permeability parameter K,
effect on velocity will discuss in Figure 5.6. It shows that increase in K, increase the
velocity. Figure 5.7, shows that velocity decrease with increase in Prandtl number P,.
Physically, the fact is that fluid with high Prandtl number having high viscosity. Therefore

it moves slowly.
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©
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o
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o
©
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o
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o
S

0.0L.

0 50 100 150 200 2éO 300 350 0 50 100 150
y y
Figure 5.4: Velocity profile against y for dif- Figure 5.5: Velocity profile against y for dif-
ferent values of G.. ferent values of G,.
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Figure 5.6: Velocity profile against y for dif-
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Figure 5.7: Velocity profile against y for dif-

ferent values of P..

Effect of Schmidth Number S. and Suction Parameter v

Figure 5.8, illustrate the effect of Schmidth number S, on the velocity field. The obser-

vation of the curves shows that the growing Schmidth number result in slow down the

velocity of the fluid. It is due to the presence of heavier diffusive species in the fluid. The

effect of suction parameter on the velocity is discuss in Figure 5.9, velocity decrease due

to increase in suction parameter.
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Figure 5.8: Velocity profile against y for dif-
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5.4.2 Effect on Temperature

Temperature profile will effect only with the effect of by the variation of heat source

parameter, Prandtl number and suction velocity.

Effect of Heat Source Parameter S

Observations of the curves in Figure 5.10, shows that increase in heat source parameter
will rise the temperature, due to which fluid move fastly. The variation of temperature
with the variation of prandtl number is discuss in Figure 5.11. From the plotted curves
for different values of P,, we analyze that as a result of increase in Prandtl number
temperature drops. it means that higher prandtl number, more is the cooling effect.
In Figure 5.11, curves are plotted for different values of suction parameter vy, keeping
Prandtl number P, and heat source parameter S constant. From the analysis of the
curves it is found that decrease in temperature occur due to increase in suction parameter

vg. In other words, the higher the suction velocity, faster will be the cooling effect.

1.0[} 10F
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© ©
g 06y g 06f
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Figure 5.10: Temperature profile against y Figure 5.11: Temperature profile against y

for different values of S. for different values of P..

o8



g
®

o
o

I
N

T (y) (Temperature)

0.2

0.0

Figure 5.12: Temperature profile against y for different values of vy.

5.4.3 Effect on Concentration

The concentration profile is effected by only two parameters, namely Schmidth number
and Suction parameter. Figure 5.13, shows that concentration decrease with increase S..
This effect is due to the presence of heavier diffusing species in the fluid. where Figure

5.14, shows that concentration decrease with large suction.
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Figure 5.13: Concentration profile against y Figure 5.14: Concentration profile against y

for different values of S.. for different values of vy.
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5.5 Comparison

The translation parameter a effect only the velocity profile. Therefore in this section we

compare the velocity profiles given in chapter 3 and chapter 5 graphically. The result

obtained in this chapter is the extension of the problem as we discussed earlier in chapter

3. If we eliminate the term translation a from the solution obtained in this chapter, we

obtained the solution of the problem discussed in chapter 3. Thus by doing this we see

that the the graphs obtain so are the same as for the solution of problem in Chapter 3

and thus both have the same profiles which are the following.
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5.6 Conclusion
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In this thesis we discussed about the natural convection and mass transfer of hydro mag-

netic fluid flow over an oscillating and translating porous plate, with heat source in the

porous medium. We present a graphical representation for velocity, temperature and

concentration distribution to see the behavior with the variation of various physical pa-

rameters. From the above graphical analysis the following conclusion are obtained.

The greater the translatory motion of the plate less will be the velocity. A strengthen

magnetic field will offers more retardation to the flow due to the action fo Lorentz force.
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The greater magnetic field less will be the fluid velocity. The greater magnetic field will
cause increase in temperature as a result fluid fluid flow will accelerate due to the increase
in kinetic energy of molecules. A growing Grashof number for mass and heat transfer will
cause increase in the induced due to increase in thermal and mass buoyancy forces, which
is responsible for increase in velocity. Where as permeability parameter increase while
Prandtl number decrease the magnitude of velocity. The reason is that the fluids with
high Prandtl number having high viscosity. Therefore the greater Prandtl number less
will be the fluid velocity. The greater Schmidth indicates the presence of heavier diffusing
species in the fluid due to which viscosity of the fluid increase. The greater Schmidth
number will leads to deaccelerate the velocity. The large reduction occurs in the fluid ve-
locity is cause by large suction. The increase in heat source parameter will cause increase
in temperature while increase in Prandtl number and suction velocity will decrease the
temperature. Concentration will decrease with both increase in Schmidth number and

suction velocity.
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