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Abstract

Scientists use symmetries to solve the real-world problems and to attain new under-
standings of the world around us. They provide a shortcut based on geometry for
getting at some of Nature’s innermost secrets. In this dissertation, the symmetry
methods have been used to classify a class of plane symmetric static spacetimes ac-
cording to their Noether symmetries and metrics. The method adopted here provides
all those plane symmetric static spacetimes which we obtain during the classification
of these spacetimes according to their isometries. The Lie algebra of infinitesimal gen-
erators corresponding to each metric has also been discussed here in terms of their

structure constants.
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Chapter 1

Introduction

The dissertation is devoted to “The Classification of a Class of Plane Symmetric
Static Spacetimes according to the Noether Symmetries”. As the title indicates,
this dissertation concerns notion from different mathematical disciplines. Our main

purpose is to find the solutions of the Einstein field equations (EFEs).
1
Rab - EgabR + gabA == K}Tab, (CL, b.... = 0, 1, 27 3) (101)

where Ry, R, and A are respectively the Ricci tensor, the Ricci scalar, the cosmo-
logical constant and k = 8:—4(; is the coupling constant. The cosmological constant
is now often considered as a part of the stress-energy tensor. The solutions of the
EFEs depend on the stress-energy tensor, which in turn depends on the dynamics of
matter and energy. So if one is looking for the exact solutions, the evolution of the
metric and stress-energy tensor must be solved together. Many techniques have been

developed to find the solutions to the EFEs. In this respect, by solving the Noether

symmetry governing equations, we are able to find some exact solutions to the EFEs.



1.1 Background

Differential equations (DEs) have been the center of attention ever since their devel-
opment. They gained the interest of many researchers, because of their vast range
of applications in most scientific and engineering problems. From a physical point of
view a DE represents the dynamics of some phenomenon. Many real-world models are
formulated by using DEs. Therefore, finding methods to solve DEs is an important
problem that has been studied by various people. Methodologies have been devel-
oped for finding the solutions to DEs, but still little is known about them. Various
methods have been used to find the exact and numerical solutions, but there are some
kind of DEs which cannot be solved by using these methods. These equations include
non-linear DEs whose solutions are difficult to be found due to their behavior under
different initial or boundary conditions. We see that some methods of finding the
solutions of DEs; work well under some condition while others do not. So there is a
need of finding such a method that provides solutions for all kinds of DEs under any

condition.

The concept of symmetry plays a key role in gaining an understanding of the physical
laws governing the behavior of matter because the laws of Physics are the same at any
time and any location. It is the key to solving DEs. A symmetry is a transformation
applied to a structure such that the transformation preserves the properties of the

structure.

In the nineteenth century, the Norwegian mathematician Sophous Lie, discovered
symmetries hidden in the solutions to DEs. He constructed exact solutions with the

symmetry methods and linearized certain DEs. In all the cases in which one can find



an exact solution, the underlying property is a symmetry of the equation. For finding
the solutions of EFEs, symmetry methods not only provide sufficient tools but also

gives a way of classifying the solutions as well.

The role of symmetry in fundamental physics is very essential. Until the twentieth
century, principles of symmetry played little part in theoretical physics, the Greeks
and others were fascinated by the symmetries of objects and believed that these would
be mirrored in the structures of nature. This enchantment lead Kepler to impose his

opinion of symmetry on the planetary motion.

Over forty years or more, the concept of symmetries was not fully appreciated. In the
beginning of the twentieth century, Einstein regarded the symmetry principle as the
primary feature of nature. Ten years later, with the advancement in the concept of
General Relativity, this point of view became very popular. With the development of
Quantum Mechanics in the 1920s, symmetry principles came to play even more vital
role. In the latter half of the twentieth century, symmetry has been the most domi-
nant concept in the exploration and formulation of the fundamental laws of physics.

Today it serves as a guiding principle in the search for further unification and progress.

The symmetry groups that arise most often in the applications to geometry and DEs
are Lie groups of transformations acting on a finite-dimensional manifold. Lie consid-
ered the group of geometric transformations: translations; rotations; and the group
of scaling symmetries; among others that were defined on the independent and de-
pendent variables, mapping one solution to the other. Consequently, the problem was

to find such symmetries and to use them to transform our problem into a simple form.



If one is able to find such group of symmetries, then immediately it is possible to
get new solutions from the known solutions. Symmetry groups also provide an op-
portunity to characterize solutions of the DEs in terms of the group elements that
transform it from one form to another. A different approach is to classify those differ-
ential equations that admit some given symmetry; the problem can be studied using

infinitesimal methods and using the theory of differential invariants.

In 1918, Emmy Noether proved two statements that merged symmetry groups with
equations arising from variational systems [I]. In her first statement, it is stated that
for every symmetry of the Lagrangian, there is a corresponding conservation law. The
symmetries of Lagrangians usually include the underlying symmetries of space and

time and these lead to standard conservation laws as follows:
e symmetry under translation in space implies conservation of momentum;
e symmetry under rotation in space implies conservation of angular momentum;

e symmetry under translation in time implies conservation of energy.

The second statement relates the symmetries of action with a DE. It states that if a
Langragian admits symmetries depending on parameters, its variational derivatives
obey certain relations, called the Noether identity. With these studies by Noether,
symmetry methods became a strong tool to solve many practical problems arising in

shock waves, scattering theory, fluid mechanics, elasticity and relativity.

In the early years of research in general relativity, only a small number of exact
solutions of EFEs were discussed. These mostly arose from highly idealized physical
problems. As examples, one may cite the well-known spherically symmetric solutions

of Schwarzschild, Reissner and Nordstrom, Tolman and Friedmann and the axially



symmetric and static solution of Kerr, etc.

Moreover, most of the classification techniques now in use, were unknown to the
researchers [2]. The first to become popular was the groups of motion (isometries and
homotheties). The next, which was in part motivated by the study of gravitational
radiations, was the algebraic classification of the Weyl tensor into Petrov types [3] and
the understanding of the properties of the algebraically special metrics. The other
schemes for the classification of the exact solutions are the algebraic classification of
the Ricci tensor (Plebanski or Segre types) [2] and the physical characterization of
the energy-momentum tensor, the existence and structure of preferred vector fields.
Up till now a lot of work has been done in this field. We will not go in details, rather

we will give a brief introduction to some of the work cited.

In 1987, Bokhari and Qadir [4] considered Killing vectors (KVs) of spherically sym-
metric static spacetimes. They concluded that spherically symmetric static space-
times have either ten KVs (corresponding to de Sitter, Minkowski, and anti de Sitter
metrics), or seven KVs (corresponding to Einstein and anti-Einstein metrics), or six
KVs (incorporating the Bertotti-Robinson and two other metrics), or four KVs (the
minimal isometry). In 1988, Qadir and Ziad [5] reviewed the work done by Bokhari
and Qadir [4]. They studied the symmetry group SO(1,2) ® SO(3). One of the met-
ric of those spacetimes was a generalization of a metric given by Petrov [3]. In 1997,
Ahmed and Ziad [6] discover the homotheties of spherically symmetric spacetimes ad-
mitting maximal isometry groups larger than SO(3) along with their metrics, without
imposing any restriction on the energy-stress tensor. They analyzed that there are
either 11 or 7 or 5 homotheties. In 2001, Feroze, Qadir, and Ziad [7] gave a complete

classification of the plane symmetric spacetimes according to their isometries. They



obtained metrics by solving Killing equations. By considering isometries, the metrics

obtained, admit the group of motions G, (where r = 3,4,5,6,7, and 10).

1.2 Objective of the Dissertation

In this dissertation, we employed symmetry methods to classify the plane symmetric
static spacetimes. The main tool to be used in classifying the spacetimes is the

Noether symmetry. To start the classification, we consider the metric given as
ds? = 2@ q? — da?® — dy? — d2>.

The simplification of the Noether symmetry governing equations for the above metric
yields a system of partial differential equations (PDEs). We used suitable integration
and differentiation techniques to solve the equations of the system. In this disserta-
tion, a complete solution of the system of PDEs is given, providing all the possible
metrics along with the Noether symmetry generators. We have also calculated the

Lie algebra of the Noether symmetry generators corresponding to each metric.

1.3 Scheme of Work

The work has been divided into four chapters.

The Chapter 1 contains the review of the relevant background presented in this dis-
sertation. This chapter lays out the style in which the subsequent chapters are being
arranged in the dissertation and also includes a brief overview of the contents of each

chapter.

In Chapter 2, basic concepts and definitions are presented along with examples that



are necessary to provide the background for the later work. Afterwards, the work
of Feroze [§] has been reviewed. There the Killing equations were used to obtain a
complete classification of the spacetimes according to their isometries and metrics.

Our focus is only on the static case of the problem.

In Chapter 3, our main emphasis is on the study of the classification of plane sym-
metric static spacetimes. The Noether symmetry condition is used to obtain the
system of the PDEs that are solved analytically by applying methods known to us.
In the end, we get the Noether symmetry generators corresponding to each metric.

For compactness, we have calculated the Lie algebra for each existing case.

In addition, the last Chapter of this dissertation is dedicated to the conclusion of

our work.



Chapter 2

Preliminaries

This chapter is devoted to some elementary concepts and results used throughout this
dissertation. We also provide examples to make the definitions easily understandable.
Necessary notations and terminologies used in the sequel are also introduced. We be-
gin our exposition with a brief review of the basic concepts related to differential
geometry. Afterwards, definitions relating to the symmetry methods have been intro-
duced. In the end, the classification of the plane symmetric spacetimes according to

their isometries is given.

2.0.1 Isometry or Killing Vector

A Killing vector field [9] is a metric preserving map, i.e. it provides a direction
along which the metric can be transported unchanged. These are the infinitesimal

generators of the isometries. A Killing vector field k fulfills
g =0, (2.0.1)
where £ is a Lie derivative. We can write eq.(2.0.1)) as

Kap + Kpa = 0 (2.0.2)



Thus, from eq.(2.0.2) we obtain the Killing equations as
kcgab,c + gackfb + gbck’fa = 0. (203)

where g, is a metric and k¢ is an arbitrary vector field.

2.1 Basic Concepts in Symmetry Methods
2.1.1 Point Transformation
An nth-order ODE is of the form [10]
F(z,y,9/,y",..y"™) =0, (2.1.1)
where z is the independent variable, y is the dependent variable, and 7/, ", ..., y™

are the derivatives of y with respect to x.

When dealing with DE of the form given by eq.(2.1.1), one tries to simplify the

equation by appropriate change of variables, x and y,

ii‘:f<l‘,y), gj:g](:v,y), (2'1'2)

where Z and § are continuous functions. This is called a point transformation. When
we talk about the Lie point symmetry, we have to consider an invertible point trans-

formation that depends on at least one arbitrary parameter e,

T =I(z,y;€), g =19z, y;¢€), (2.1.3)

where ¥ and g are infinitely differentiable with respect to x, y, and the parameter

epsilon, €.



10

Symmetry Transformation

A symmetry transformation [10] of an nth-order ODE of the form eq.(2.1.1)) is an
invertible transformation of the form eq.(2.1.3)) that leaves the ordinary differential
eq.(2.1.1) invariant in Z, g, i.e.

F(z,9,9,9", .., y™) = 0, (2.1.4)

whenever,

F([L’, Y, y/7 ylla ceey y(")) = 0
2.1.2 Generators and their Prolongation

By considering infinitesimal transformations given by eq.([2.1.3)), we take an arbitrary
point (z,y) such that

T(z,y;¢) =+ €(z,y) + ... =+ X + ..., } (2.1.5)
J(@,yse) =y +en(z,y) +.. =y +eXy+ ..,
where the functions £ and 7 are defined by
oz Y
= = == 2.1.6
Ea,y) = N n(,y) = 5 I (2.1.6)

and the operator X is given by

0

B}
X = f(x,y)% + 77(%1/)8—1/-

The operator X is called the infinitesimal generator [10] of the transformation.

If we want to apply a point transformation to a DE, we must know how to get the
transformed derivatives of y. For this, define

< di _ dij(wyie) _ yl(%)+(%) _ /.
Yy a7 di(z,yie) y/(%i)_i_(%) Yy (1'7 Y,y E) (217)

o di _

7' =% =799,y ¢);
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i.e. the transformed derivatives are the derivatives of the transformed variables. We

now need the extensions (or prolongations) of the infinitesimal generator X. We write
3

T :x+6§(x y)+..=r+eXz+ ..,
=y+en(z,y)+..=y+eXy+..,
g v +en(zy,y)+ ... =y +eXy + ..., (2.1.8)
g™ =y +en™(a,y oy ™)+ =y Xy
where 1,7/, ...,n™ are defined by
oy oy
‘= =0,..,n™ = =0. 2.1.9
1 Je | _, g de |._ ( )
Substituting the results in eq.(2.1.8)), we get
N dj  dy+edn+.. Yy +e(H)+ dn  d¢
r / / 7 _ — dx —yy L )=
Vo= et e T ey 1ty YT TRt
~ dyn 1) dn(n 1) df
() — ) (n) L
] y A en™ 4. =y el ao) e
from which we have
dn(n—l) df
= = gy > 2.1.10
1 Ty ( )
where % is given by
bl 0D 1)
dx 0O Ay oy’ oy" o

Therefore, the extension (or prolongation) up to the nth derivative of an infinitesimal

generator X is given by
(2.1.12)

0 0 0
XM =¢ = +n—+n—+..+9™
fax+nay+nay,+ Ay

(We can use the same symbol X for both generator and its prolongation.)
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2.1.3 Lie Point Symmetries of Differential Equations

The following theorem states the property of a symmetry that has to be true for every

solution of a ODE.

Theorem 2.1.1. [10]

The nth-order differential eq. admits a Lie point symmetry with generator
eq. if and only if

XMF =0, (modF =0).

Finding the Lie point symmetries of a differential eq.(2.1.1) means finding the general
solution &(z,y), n(z,y) of the symmetry condition eq.(2.1.12)).

Symmetries of DE’s

Now we illustrate the method to find symmetries of ODEs. In order to do so we
would enlist a general scheme for the process which is further illustrated by an exam-

ple. Consider the following example [11].

Consider the 2nd order homogenous DE given by
y" = 0. (2.1.13)

Step 1: Finding the linearize symmetry condition of the DE.

The linearize symmetry condition for this ODE is
n® =0,

i.e.

Naz + (27],11/ - g,mr)y, + (n,yy — 2§,zy)y/2 — fyyyyls =0.
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Since £ and 7 are independent of ¢/, the linearize symmetry condition splits into the

following system of equations

Nax = Oa

2 xy — S,axx — 07

My = &, (2.1.14)
Nyy — 2€,wy = 07

€, = 0. J

Step 2: Solving the system of DEs given by eq.(2.1.14).
From the fourth equation of the above set of equations, we have
§(z,y) = Alz)y + B(z),

for some arbitrary functions A and B. The 3rd equation in the system eq.
gives

n(z,y) = A'(x)y* + Ca)y + D(x),
where C' and D are also arbitrary functions. Then the remaining equations in

eq.(2.1.14)) give

A" (z)y? + C"(z)y + D"(x) =0, } (2.1.15)

3A"(x)y + 2C"(x) — B"(z) = 0.

Equating the powers of y in system eq.(2.1.15)), we get the following system of ODEs

(2.1.16)

This system is easily solvable. So for every one parameter Lie group of symmetries
of eq.(2.1.13)), the function £ and 7 are of the form
E(m,y) = 1 +csx + esy + err® 4 gy,

n(x,y) = co+ cay + cex + crry + sy’
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where cy,--- ,cg are arbitrary constants. Therefore, the most general infinitesimal

generator is
8
X =Y &X;
i=1
where,
_ 22 _ _ .0 _ .0 _ .0
Xi=5, X2= Py Xs=1g5, Xg4= Yoy Xs =Y3, } (2.1.17)
Xe =14, Xe=o*L +ayd, Xs=uzyl +y°5.

2.1.4 Lie Bracket

Let X, and X,, be two infinitesimal generators (or symmetries) of a DE. The Lie

bracket [10] of the two generators X,, and X,, is defined by
[va Xn] = XmXn — XuXm, (2118)

which is again a symmetry of the DE.

2.1.5 Lie Algebra

A Lie algebra [12] is simply a vector space over some field K together with a Lie

bracket satisfying the following conditions.

(i). [aX;+ Xa, X3] = a[Xy, X3] + 5[ X2, X3],
X1, aXs + 0X3] = ofXy, Xa] + 8[X1, X3),
(ii). [Xq,X2] = —[X2, X4],
(ii). [Xy, [Xa, X3]] + [X2, [X3, X1]] + [ X3, [X1, X2]] = 0.

A Lie algebra is called complezr if K is a field of complex numbers and is called real
if K is a field of reals. The vectors X;, X3, and X3 are called the generators of
Lie algebra. If number of basic generators are finite then the Lie algebra is finite

dimensional otherwise infinite dimensional.
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2.1.6 Noether Symmetry

A symmetry is a Noether symmetry [10] if it satisfies

XUL 4+ (DE)L = DA, (2.1.19)
where A(s,q%) (¢° =t,¢' = z,¢* =y,¢*> = 2) is some gauge term, D is an operator
given by

0 0
D= —+4% 2.1.20
95 " 5 ( )
and L is the Lagrangian
L= L(s,q%q"), (2.1.21)
where dot ‘-’ is derivative with respect to geodetic parameter s, and
e, N 0 co 0
XM =¢ (s,q") 35 +n* (s, ¢") o5 + 0% (s, q",¢") 9ge a,i=1,2,...n.  (2.1.22)

Here X[ is the first-order prolonged generator and the formula for n® is as follows:

ca d a -a d S
= dsn 1 ds
or 0=+ @'Y+ §°Es — ¢°d"E s (2.1.23)
Example
Consider the 2nd order DE given by
y'(x)+y=0. (2.1.24)

The corresponding Lagrangian of the differential eq.(2.1.24)) is the difference of the

kinetic and potential energy given as

(v* = v%). (2.1.25)
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Step 1: Applying the Noether symmetry condition to the DE.
The Noether symmetry condition given by eq.(2.1.19)) implies that

1
—yn+ e+ (ny — )y — Ey”° ]y + 3 (v? =) (Cat+v&y) = Au+y/ A, (2.1.26)

Since &, i, and A are independent of ¢’ (i.e., functions of x and y only), the Noether
symmetry condition splits into the following system of equations

Ne = 3Y°€y = Ay,

20y —&a =0,

£y =0,

—yn = 39 = A |
Step 2: Solving the system of DEs given by eq.(2.1.27).

From the third equation of the above set of equations, we have

(2.1.27)

§ = ().
The second equation in the system eq.(2.1.27)) gives
1
77(% y) = 55@9 + @1(1’),

where «q(x) is an arbitrary function. The first equation in the system given by

eq.(2.1.27)) leads to

1
Az, y) = Zﬁ,myz + ) (2)y + (),
where as(x) is an arbitrary function. Then the remaining equation in eq.(2.1.27)) give
1
— 2, —a(z)y = Zﬁwwyg + of (x)y + ay(x). (2.1.28)
Equating the powers of y in eq.([2.1.28)), we get the following system of ODEs

%S,xmx + g,x = 07
of () + ar(z) = 0, (2.1.29)

ah = 0.
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This system is easily solvable. So the Noether symmetries of eq.([2.1.24])), the function

¢ and 7 are of the form

where ¢, -+, cg

generator is

where,

¢4 + ¢5 €08 2x + cg sin 2z,
( — ¢58in 2z + ¢g cos Zx)y + cocosx + c3sinx,

—(05 cos 2x + cg sin2:1:)y2 + ( — cysinx + c3 Cosx)y + cq,

are arbitrary constants. Therefore, the most general infinitesimal

5
X = Z e X;
=1

0
ox’
222~ sin2 A 2 cos 2
co8 20— — sin 20— = —y* cos2x
Ox oy’ ! Y ’
. 0 2 .
sin2x— + cos2r—; Ay = —y”sin2x,
ox oy
cost—; Az = —ysinux,
Ay
sint—; Ay =ycosuz.
dy

In general, the Noether symmetries have vast applications in physics because they

can be used to simplify a given system of differential equations as well as to determine

the integrability of the system.

2.2 The Classification of Plane Symmetric
Spacetimes by Isometries

In General Relativity spacetime symmetries play an important role in finding solu-

tions of the EFEs. These solutions are called metric/spacetimes and are then classified
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using different schemes [2]. One classification scheme is according to their spacetime
symmetries (isometries, homotheties, conformal symmetries, Ricci collineation, cur-
vature collineations, matter collineations etc.) [I3]-[30]. The importance of this
scheme is that it provides the complete classification of spacetimes according to their
respective spacetime symmetries as well as new solutions of the EFEs. In this chap-
ter, we review the work done by Feroze [7, [§] in which the classification of the plane
symmetric spacetimes has been carried out according to the isometries. The method

adopted for the classification of the plane symmetric spacetimes was developed by

Qadir and Ziad [14], 31].

The most general form of the plane symmetric spacetime is, [2]
ds? = e 0 q2 — 2AE2) g2 _ 200 (o2 4 427). (2.2.1)

The Killing equations for the above given metric were solved to give a complete

classification of these spacetimes according to their isometries and metrics [7]. The
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Killing equations eq.({2.0.3)) for the metric given by eq.(2.2.1)) reduce to

)y (2.2.2)
ek —ePky = 0, (2.2.3)
ek 5 —e*k?, = 0, (2.2.4)
ek 5 —e®k3,, = 0, (2.2.5)
MO+ NE + K, = 0, (2.2.6)
ek, +ek2, = 0, (2.2.7)
ekt s +ek3, = 0, (2.2.8)
Pk + kK k= 0, (2.2.9)

K s+kP s = 0, (2.2.10)
PR+ B 4k s = 0. (2.2.11)

where *.” and ‘/’represent partial derivatives w.r.t. ¢ and x respectively. Eqgs.(2.2.2)-
(2.2.11)) represent a system of ten coupled PDEs to be solved to give seven unknown
functions, v(t,z), A\(t,z), u(t,z) and k* = k% (2°) (a,7 = 0,1,2,3). Thus, the above

system was solved to get the Killing vector field K given by

K = [t {LA (¢, 2) (22 + y?) + Ag (t,2)z + As(t, )y}
+ Ao(t, 2)]0/0t — [2e2=N {A|(t, z) (2% + y?) + A, (t,2)z
+yAy(t, )} — Au(t,2)]0/0x + [Ses (22 — 4?) + yzes (2.2.12)
+ 1z + ALt 2)y + As(t, )]0/0y + [—yzes + 502(2* — y?)
— oy + Ai(t,x)z + Ay(t, x)]0/0z.




subject to the conditions,

!

ﬂe_2”A1 _ /~L,€_2AA1

/16721/142 o //672’\14/2

;1672”}13 _ ule*”‘A;’

jrdo + 1 Ay

Ap+ p— i) A, — v 2N A,
At (=) At = )4,
A4 (2p — N)A, — Ae2A 1) 4,
VA + V,A4 + Ao

Mo+ N Ay + A,

, .
€2VAO o 62/\A4

20

After simplification, the problem has been reduced to sixteen coupled non-linear sec-

ond order PDEs given by eqgs.(2.2.13)-(2.2.22)). These PDEs were solved to get the

eight unknown functions v, A, i, Ag A4 Ay of two variables and Ay Ay A (k= 1,2,3)

are the functions of integration. The arbitrary constants that appeared in the Killing

vector field, determines the number of generators of the Lie algebra.

The above system of equations can be reduced to simpler form by substituting the

suitable transformation. Thus,
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pFy— Gy = 0, (2.2.23)
[Fy — Gy = —co, (2.2.24)
pF; — Gy = e, (2.2.25)
pFy,— Gy = —A, (2.2.26)
(e"F)) —ve'G; = 0, (2.2.27)
(G) = APF = 0, (2.2.28)
'F + PG = 0, (2.2.29)

where (i=1,2,3,4). Now, one has the following cases:
(I =0, p' =0,

() i = 0, 1 #0,

(ILL) i 4 0, @/ =0,

(IV) i £ 0, ' #0.

The metric is static if it has the time like vector 2

57> S0 we are only discussing the first

two cases (i.e., static) because the other two cases are for the non-static part of the

given metric.

221 =0, /=0

As =0, ¢/ =0, this implies 4 = 2Ina (where a is arbitrary constant). Then the
metric given by eq. (2.2.1)) is reduced to

ds® = ds} — a®(dy® + dz?), (2.2.30)

where,

ds} = > at? — 20 dg?, (2.2.31)
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is a metric of two dimensional V5 space. The constant ‘a’ can be absorbed in the

definitions of y and z, therefore, the metric given by eq.(2.2.1) takes the form
ds® = ds? — (dy* + dz?). (2.2.32)

and ds? admitting a group G, of motion. This can be done by using the theorem
given by Eisenhart [32], which states that “a necessary and sufficient condition that a
V., admits a group G of motion is that there exists a coordinate system for which the
coefficients g;; do not involve one coordinate say x; then the curves of parameter x
are the trajectories of motion”. Therefore, the metric given by eq. can either
be written as

I(A) ds? = D dt? — 2@ g2, (2.2.33)

or

I(B) ds? = 2O 12 — 2O (y?. (2.2.34)

Here, we are reviewing only the static part i.e. I(A). Redefining z in eq.([2.2.33)) s.t.

A(z) = 0, then the metric becomes
ds? = @ dt? — dz® — dy* — d2°. (2.2.35)

The following cases can be obtained by solving the system of equations given by

eqs.([2.2.23)-(2.2.29)) for this metric.

I[A(a)] : v = Incoshkz. The metric eq.(2.2.1)) reduces to
ds® = cosh? (Z) df? — da® — dy® — d2?, (2.2.36)
a

The corresponding Killing vector field is
K = [co — tanh (£) (egsin (£) — ¢5cos (£))]0/0t

+ [ cacos (L) + cssin (£)] 9/0x (2.2.37)
+[c1z +¢3) 0/0y + [—cry + ¢2] 0/ 0.
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There are six arbitrary constants appearing in K, hence the metric admits a Gg as the
maximal group of motion. The generators of G are X; (j = 0,1, ....,5) corresponding
to each ¢, (k=0,1,...,5) are
Xo =0/0t, X1 = 20/0y —y0/0z,
Xy =0/0z, Xs = 0/0y,
X4 = —tanh (£)sin (£)9/0t + cos (£)0/0x,
X5 = tanh (£) cos (£)0/0t + sin (£)9/0x.

Here Xy is a timelike vector, therefore, the metric is static. The structure constants

(2.2.38)

of the corresponding Lie algebra for this metric are

1 1
0054 = _E’ Cés - 025 - 57 0%2 =—1, 0123 =1

I[A(b)] : v =In(Z). Therefore, the metric eq. reduces to
ds? = (2)%&2 —da? — dy? — d22 (2.2.39)

This metric admits Gy as the maximal symmetry group. Therefore, the correspond-
ing Killing vector field is

K = [co + 27 {(coy + caz — cs)sinh (L) + (cry + 52 — ¢9)

cosh (£)}]0/0t + [— (cey + caz — cs) cosh (L)

— (cry + €52 — ¢9) sinh (£)]0/0x + [e12 + ¢3 + x(cg cosh (L)

+ersinh (1))|0/9y + [~y + co + a(cacosh (§) + cssinh (£))0/02. |
The first four generators are same as given by eq. for the metric eq..

(2.2.40)

The remaining generators in this case are

)

X4 = —%sinh (£)0/0t + z cosh (£)0/0x — x cosh (£)0/0z,

X5 = —% cosh (£)0/0t + zsinh (£)0/0x — xsinh (£)0/0z

Xe = —Zsinh (£)0/0t + y cosh (£)0/0z — z cosh (£)9/dy, (2.2.41)
L)0/0x — xsinh (£)9/0y,
0

Xs = Lsinh (£)9/0t — L cosh (L
Xg = Lcosh (£)9/0t — Lsinh (L

(
(
X7 = —% cosh (£)9/0t + ysinh (
)
)
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Therefore, one has the following structure constants:
Cg’g = 087 = 0529 = 034 = 0615 = Og(s = Cg? = Cgs = ng =1,
CfQ = 0164 = 0175 = C'284 = 0295 = C§6 = 037 = Czs = Cgs = -1,
C'123 = Cfﬁ = 0157 = 025 = 0416 = C’§7 =1
I[A(c)] : v =Incos (f) Therefore, the corresponding metric is
ds? = cos” (2)dt* — da? — dy” — d=*. (2.2.42)

The corresponding Killing vector field is given by
K = ¢o + tan (£) (cysinh (L) + c5 cosh (£))]0/0t + [c4 cosh (£) } (2.2.43)
+cssinh (£)]0/0z + [c12 + ¢3]0/0y + [—c1y + )0/ 0=
This metric eq. admits six isometries. The first four generators are same as
for eq. whereas the remaining generators are

X4 = tan (£) sinh (£)9/0t + cosh (£)8/0x, (2.2.44)
X5 = tan (£) cosh (£)9/9t + sinh (£)9/0. -
Therefore,
1
034 = 025 = 0615 ~a 032 =1, C'123 =1L
I[A(d)] : In this case v = Z. Hence, the metric eq.(2.2.1) becomes
ds? = ¥/ dt? — dz® — dy* — d2°. (2.2.45)

The Killing vectors field for this metric is

K = [co— 2(t*/a+ ae /") — c5t/a] 8/0t + (cat + ¢5) 0Oz
+ (12 + ¢3) 0/0y + (—c1y + ¢2) 9/ 0.

} (2.2.46)

The Killing vectors other than the first four given as in eq.([2.2.38]) are

Xy = —1(2/a+ ae™2/%)9 /0t + 0O, } (2.2.47)

X5 = —(t/a)d/dt + 0/0x.
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The structure constants of the corresponding Lie algebra for this metric are
5 2 4 1 3 1
Cou=0Ci3=1Cp= a’ Chy=-1, Cp=—-

I[A(e)] : Here v = 0. Thus, the metric eq.(2.2.1)) reduces to the Minkowski space
given by
ds* = dt* — da* — dy* — d2°. (2.2.48)

The Killing vector field is

K = [c72 + coy + cax + )]0/ Ot + [—c62 — cgy + cat + ¢5)0/0x (2.2.49)
+le1z + cgx + cot + ¢3)0/0y + [—c1y + cox + it + ¢2]0 /0. o

The metric eq.(2.2.48) admits G4y as a maximal group of motion. The generators X;
(j == 4, 5, ceey 10) Of GlO are

X4 =20/0t +t0/0x, X5 = 0/0x,
Xe = —20/0x + x0/0z, Xy = 20/0t +10/0z, (2.2.50)
Xg = —yd/0x + x0/dy, Xg = y0/0t +t0/y.

Then, one has
084 - 037 - 039 - 0123 = 0168 = 0179 = 037 - ng = C:?g =1,
Cf2 = C§6 = 0?7 = 0256 = 0358 = 025 = 027 = Cffg = Oés = -1
CZG = Czs = Oge = 05?8 = Og? = 0719 =1
2.2.2 =0, 1/ #0

For this case, the metrics are as follows:

II(a) : Here v = p, then the metric eq.(2.2.1)) takes the form

ds? = W (dt? — dy* — dz*) — da®. (2.2.51)
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The Killing vector field for this metric is

K = (co + caz + ¢59)0/0t + (c12 + cal + ¢2)0/ Oy } (2.2.52)

+(—c1y + st + ¢3)0/0z.

i.e. the metric admits six isometries. Xj(j = 0,1,2,3) are same as for the metric

eq.(2.2.54]). The remaining are

Xy =20/0t+1t0/0z,
+=29/ / (2.2.53)
X5 = yd/0t + td /0y,
and the structure constants of the corresponding Lie algebra are
034 = 035 = 0123 = Cf5 = 034 = 025 =1, C?z = 0154 =—L
II(b) : The metric is given by
ds? = @t — dz® — 2@ (dy? + dz?). (2.2.54)
For this metric, eq.(2.2.12)) becomes
K = 0/t + (12 4 ¢3)0/y + (—c1y + ¢2)0/0z. (2.2.55)
Hence, eq.([2.2.54) admits symmetry group G4 whose generators are
Xo=0/0t, Xy =20/0y—yd/0z,
Xo =0/0z, X3 =0/0dy,

and the structure constants of the Lie algebra are

ch=-1, ChL=1

II(c) : Here u = cx and p = v. Then the metric is

ds? = 2@t — dz® — 2 (dy?® + dz?). (2.2.57)
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The metric eq.(2.2.57)) admits four isometries. The Killing vector field, generators of
(G4, and the structure constants are same as for eq.([2.2.54)) .

II(d) : Here v = ax, (a # 0) and g = v. The metric is
ds® = > (dt* — dy* — dz*) — da?, (2.2.58)

admits Gig =< Xg, X4, ..., X9 > as maximal group of motion. The Killing vector
field is
K = [co — acst — a% (22 + y* + 12 + 5e72%) + (cst + )z \
+(—cot + c7)yl0/0t + [—+(csz — coy) + cat + ¢5]0/ O
22—y -+ He ") +gyz+ ez —aleat +cs)y (2.2.59)
+ert 4+ ¢3]0/0y + [$(22 — y? + 12 — He27)
—coyz — c1y — alcqt + ¢5)z + gt + ¢2]0/0z.

The generators X;(j = 4,5, ...,9) are

Xy=—sa(Z+y?+ 12+ 5 e 2)9/0t +10/0x
— atyd /0y — atz0/0z,

X5 = —atd/ot + 0/0x — ayd/0y — azd/0z,

Xe = 20/0t +10/0z, (2.2.60)

X7 = yd/0t +td/0y,

Xg = t20/0t — 220/0x + yz0/0y + 5(2* —y* + > — 5 e 2*")0/0z,

Xg = —tyd/0t + 1yd/0x + $(2* —y* = + & e72%%)9/dy — y20/0=.

/

The structure constants of the corresponding Lie algebra are
084 - 036 - 037 = 0123 = Cgs = 0167 = 0?8 - 036 - 0219 = C§7 = C%s = Cé7 = 1,
Cig = Cfy = Clg = Cfy = —1, Cis = C5y = C35 = Cfy = O35 = Cf = Cy = —a,
Cis = Cos = —4 Ci; = Cl = C =q, C3=Cry = %

a’

II(e) : v = az, (a # 0) and p = cx. Thus, the metric is given by

ds® = ¥ dt* — dx® — ***(dy* + dz?). (2.2.61)
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The Killing vector field for this metric is

K = (¢g — acst)0/0t — ¢50/0x + (c12 + ¢3 — ce5y)0/ 0y } (2.2.62)

+(—c1y + c2 — ce52)0/0z.

The metric admits five isometries, four generators are same as for metric eq.(2.2.55)

the remaining one is
X5 = —atd/ot — 0/0x — cyd /Oy — cz0/0z. (2.2.63)
The structure constants of the corresponding Lie algebra are

II(f) : Here 4 = cx and a = 0. Hence, the metric is
ds® = dt* — da* — *(dy? + dz?), (2.2.64)

admits seven isometries. The Killing vector field is

K = ¢gd/0t + [1(coy — ¢52) + ca)0/0x
L (22— y? + Fe7¥) + csyz — caay + a1z + c3)0/0y (2.2.65)
+[2(22 —y? — Fe727) — cgyz — ceaz — ey + ©2]0/0z,

The generators X;(j = 0,1,2,3) of G7 =< Xo,Xy,...,Xg > are same as for the

previous cases, the remaining generators X; (j = 4,5,6) are

Xy = c(20/0x — y0/dy — 20/0z),
X5 = —20/0x 4+ yz0/0y + L(2* —y* — & e72*)0/0z, (2.2.66)
Xo = 20/0x + (2> =y + 5 ¢7*)0/dy — yz0/0>.

Then the structure constants of the corresponding Lie algebra are
C%z = 0156 =—1, 0123 = C?s = 0216 = C:%S =1, C§6 =<

=1
6 _ 1 2 _ 4 _ 3 5
Ci=— Cyy = Oy = Oy = Cls = —c.

)



Chapter 3

The Classification of Plane
Symmetric Static Spacetimes by
Noether Symmetries

To start the classification according to the Noether symmetries, we consider the cor-

responding Lagrangian of the metric eq.(2.2.35) given as
L=e2@f 32 g2 32 (3.0.1)

This Lagrangian will admit the Noether symmetry X if it satisfies eq.(2.1.19)). This
implies

20/ (2)e@Inti? + 26> OnS + 1(n — &) + an° + 9’ + %,

—1%€, — ta€, — 1y&, — £2€.] — 2a[ns +tny + (0l — ) + gl + 20,

—li&y — % o — EP€y — B2EL) — 29[n% + 0 + an?, + 9%, — &) + 202

— €y — . — Py — YEE] — 2207, + i’ + a4+ (3.0.2)

FE(S =€) — 126 — 226, — yiEy — 226 + (€5 + €+ 0,

Y€y + 26:) (e — i? — g — 22)

= A +iA, + A+ A, + A,
Eq. provides a set of nineteen independent PDEs with seven unknown functions
v(z), &, A, and n%(a = 0,1,2,3).

£+ =0, (3.0.3)



30

£z =0, (3.0.4)
£,=0, (3.0.5)
§.=0, (3.0.6)

A, =0, (3.0.7)
2@ = A, (3.0.8)
-2t = A,, (3.0.9)
—22 = A, (3.0.10)
-2} = A, (3.0.11)
e’ =k, (3.0.12)
62"(””)772/ =13, (3.0.13)
@yl =, (3.0.14)
2, = & (3.0.15)
2% = &, (3.0.16)
2% =&, (3.0.17)
Ny + 1% =0, (3.0.18)
n,+n =0, (3.0.19)
n.+n, =0, (3.0.20)
2V (x)n' + 21 = &, (3.0.21)

Here &, A, and n® (a = 0,1,2,3) are the functions of s and ¢%, where ¢* represents

t,x,y, z. Bgs.(3.0.3)-(3.0.6) give & = &(s) and eq.(3.0.7) leads to A = A(t,z,y, 2).
Differentiating eqgs.(3.0.8)-(3.0.11)) w.r.t. s, we have the following equations:

77?55 =0 = ' =ai(t,2,y,2)s + as(t, z,y, 2),
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M =0 = 0" = as(t,2,y,2)s + as(t, 2,9, 2),
77,255 =0 = n*=as(t,2,y,2)s + as(t, z,y, 2),
777?;3 =0 = 773 = m(t,x,y,z)s + Clg(t,.fE,y,Z)-

Similarly, differentiating eq.(3.0.15)) twice w.r.t. s, we get

2

Coos =0 = € = co% +es e (3.0.22)
Therefore, we have
f Co 22 + 15+ ¢o, )
’f] = al(t7 x,Y, Z)S + a’2<ta z,y, 2)7
=as(t,z,y,2)s +aq(t,x,y, z),
nt = as(t, 2.y, 2)s + as(t, 2,9, 2) (3.0.23)
7] - (l5(t x, Y,z )S + a’6<t7xay7 2)7
77 = a7(t x,y,~ )S + (Ig(t,l’,y, Z)a
A=At z,y,2). )
Now, differentiate eq.(3.0.18) w.r.t. t,z,y, and z respectively results in
1 2 _
Nty + Mz =0, (3.0.24)

If we consider eq.(3.0.15) we can see that n}xy = 0. Therefore, the above equation
reduces to
Nhe =0, (3.0.25)
n}yy + niy = 0.

Similarly, eq.(3.0.16) implies that 7%, = 0, which leads to

Lo=0, (3.0.26)

n,yy

n’yz + nm = 0. (3.0.27)
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Considering eq.(3.0.19) and differentiating w.r.t. ¢, x,y, and z respectively, we have
1 3
Ntz + Niw = 0, (3.0.28)

M. + 1%y = 0.

Recalling eq.(|3.0.15)), we can see that n}zz = 0. Therefore, the above equation becomes
nhe =0, (3.0.29)

My= + My = 0, (3.0.30)
77,1zz + niz - 0

Similarly, if we differentiate eq.(3.0.17)) w.r.t. x, we get n?’m = (. Therefore, the above
equation leads to

.. =0. (3.0.31)
Consider eq.(3.0.20)), after differentiating w.r.t. ¢, x,y, and z respectively, we have
M3+ 15 =0, (3.0.32)

Moo + 1y = 0, (3.0.33)

n. + 1, =0.

This equation reduces to

1y =0, (3.0.34)
when we differentiate eq.(3.0.16) w.r.t z i.e. 77,2yz = 0.
e+ 1. = 0.
Using eq., differentiate it w.r.t. y then the above equation implies that

n. =0. (3.0.35)
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All the egs.(3.0.30)), (3.0.27)), and (3.0.33]) together implies that

n?m = 0.

Therefore,

ny, =0, n..=0. (3.0.36)

Now differentiating eq.(3.0.21)) w.r.t. ¢, z,y, and z respectively, we have

V' (@), + %, =0, (3.0.37)
V' (x)nt 4+ ()0, + 1%, = 0, (3.0.38)
V(@) + %, =0, (3.0.39)
V(z)n, +n, =0. (3.0.40)

Similarly, differentiating eq.(3.0.12)) w.r.t. ¢, x,y, and z respectively, we get

@) L, =0, (3.0.41)
N + 20 (2)n%, = 0, (3.0.42)
as we see that from eq.7 77,1tac = 0.
eQu(x)ngcy _ n;y =0, (3.0.43)
@0yl =0, (3.0.44)

After differentiating eq.(3.0.13|) w.r.t. £, z,y, and z respectively, we obtain
62”(x)ngy — 7]’2” =0, (3.0.45)

2V/(I)62V(z)ng + 621/(33)77’%@/ — n?m =0, (3.0.46)

My =0, (3.0.47)
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as we see that 77, = 0.

eQV(x)nng -3, =0. (3.0.48)

Consider eq.(3.0.14) and differentiating it w.r.t. t,z,y, and z respectively, we have

62u($)ngz _ 77,?275 — 0, (3.0.49)
2V/(x)€2u(x)nf)z X 62'/(33)77,%2 _ Uix =0, (3.0.50)
621/(1:)7,]7(;2 _ 77,?2;, —0, (3.0.51)

. =0, (3.0.52)

as we see that 77, = 0.

If we solve egs.(3.0.48]), (3.0.51)), and (3.0.32)) simultaneously, we get

ni, =0, (3.0.53)

which implies

ny, =0, 15.=0. (3.0.54)

Eqgs.(3.0.24)), (3.0.43), and (3.0.46|) together implies that

%, + V' (x)n", = 0. (3.0.55)

Y

Solving eqs.(3.0.28)), (3.0.44)), and (3.0.50)) simultaneously, we obtain

. + V' (z)n’, = 0. (3.0.56)

Now, differentiating eq.(3.0.42)) w.r.t. y and eq.(3.0.55) w.r.t. x and subtracting them

gives

V' (x)nl, + V" (@)n), = 0. (3.0.57)

Y

Similarly, we take egs.(3.0.42) and (3.0.56) and differentiate them w.r.t. z and z

respectively. Now, we subtract the resulting equations and one gets

V(). + V" (z)n’, = 0. (3.0.58)

4,2
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Now, solving all the partial derivatives of the form n%. = 0, where a = 0,1,2,3 and

b, c represents t, z,y, and z to find the functions &, n®.

From eq.(3.0.47)), we have
a1y (t, T, Y, 2)s + agyy(t, z,y,2) = 0.

Comparing coefficients of s and s°;

s a1yt ,y,2) =0 = a1(t,z,y,2) =b(t,x, 2)y + bat, z, 2),
sV Qoyy(t,,y,2) =0 = a1(t,x,y, 2) = bs(t, x, 2)y + by(t, z, 2),
n° = [b1(t, @, 2)y + ba(t, w, 2)]s + bs(t, , 2)y + by(t, z, 2). (3.0.59)

Using eq.(3.0.54)), we have

bi.(t,z,2)s + bs.(t,x,2) = 0.

Comparing coefficients of s and s?;

s bi.(t,z,2) =0 =0b(tz z2) =d(t, ),
R b (t,z,2) =0 = bs(t,z, 2) = ds(t, x),
n° = [di(t, )y + by(t, x, 2)]s + ds(t, x)y + by(t, 7, 2). (3.0.60)

Taking into account eq.(3.0.52)), we have
boo:(t,x,2)s + by . (t,x,2) = 0.
Comparing coefficients of s and s°;

5 bo.o(t,z,2) =0 = by(t,x, 2) = da(t, x)z + do(t, x),

O by..(t,x,2) =0 = by(t,x,2) = dy(t, z)z + ds(t, x),
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n° = [di(t, 7))y + da(t, )z + do(t, )]s + ds(t, x)y + du(t, z)z + ds(t,z).  (3.0.61)
Now, differentiating eq.(3.0.15)) w.r.t. = gives
n}m =0 = a3t 2y, 2)s+ a1.(t, z,y,2) =0.

Comparing coefficients of s and s?;

S agm(t,x,y,z) =0 :>a3(t,x,y, Z) = b5<t,y,2)l’+b6(t,y,2>,
50 : a47a:x(t7x7yvz) =0 :>a'4(tax7yv Z) = b7(t,y,z)$+b8(t,y,z),
n' = [bs(t,y, 2)x + be(t,y, 2)]s + br(t,y, 2)x + bs(t,y, 2). (3.0.62)

From eq.(3.0.26)), we have
n}yy =0 = [bsyy(t,y, 2)x + beyy(t,y, 2)|s + bryy(t,y, 2)x + bs 4y (£, y, 2) = 0.

Comparing coefficients of xs, s, x, constant;

s bsyy(ty,2) =0 = bs(t,y,2) = ds(t, 2)y + d7(t, 2),
s boyy(t,y,2) =0 = be(t,y,2) = ds(t, 2)y + do(t, 2),
T bryy(t,y,2) =0 = br(t,y, 2) = dio(t, 2)y + di1(t, 2),
constant term  : bsyy(t,y,2) =0 = bs(t,y,2) = dia(t, 2)y + dis(t, 2),

771 = [(dG(tv Z)y + d?(t7 Z))IL' + dS(t7 Z)y + d9(t7 Z)]S
+ dlo(t, z)y + d11<t, Z))ZC + dlg(t, z)y -+ dlg(t, Z).
Moreover, differentiate eq.(3.0.15) w.r.t. ¢, we get

(3.0.63)

n}xy =0 = dg(t,2)s+ do(t,z) = 0.
Comparing coefficients of s and s°;

s de(t,z) =0,

R dyo(t,z) =0,



37

nt = [d7(t, z)x + dg(t, 2)y + do(t, 2)|s + di1(t, 2)x + dia(t, 2)y + dis(t, z).  (3.0.64)

Also, differentiate eq.(3.0.15)) w.r.t. z, we get
n}xz =0 =dr.(t,z)s+du.(t,z) =0.
Comparing coefficients of s and s°;

s dr.(t,z) = 0= dq(t, z) = d7(t),

SO : dll,z(t, Z) =0= dll(t, Z) = dll(t),

771 = [d7(t>l‘ + dg(t, z)y + dg(t, Z)]S + dll(t)l' + dlz(t, z)y + dlg(t, Z) (3065)
Using eq.(3.0.36]), we have
n}yz =0 = ds ,(t,2)s + dia,,(t, z) = 0.

Comparing coefficients of s and s?;

s ds.(t,2) =0 = dg(t,2z) =ds(t),
SO : d127z(t, Z) =0 = dlg(t, Z) = dlg(t),
0t = [ds(8)2 + ds(E)y + do(t, )]s + dus () + dua(£)y + dus(t, ). (3.0.66)

Taking into account eq.(3.0.31)), one obtain
7771” =0 = dy..(t,2)s +diz..(t,2) = 0.
Comparing coefficients of s and s?;

S d97zz(t, Z) =0 = dg(t, Z) = dg(t)z + d14(t),

80 : d13,zz(t; Z) =0 = dlg(t, Z) = d13<t>2 + d15(t),
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In addition, differentiating eq.(3.0.15)) w.r.t. ¢, we get
N =0 = d;(t)s+dy(t) = 0.
Comparing coefficients of s and s°;

S d;(t) =0 = d7(t> = Cy,

s0 di(t) =0 = di(t) =,
where ¢; and c¢;; are constants of integration. Therefore,
n' = [crx + dg(t)y + do(t)z + dis(t)]s + criw + dio(t)y + dis(t)z + dis(t).  (3.0.68)
Differentiate eq. w.r.t. y, we get
77’2yy =0 = asy,(t,r,y,2)s + asy(t,z,y,z) = 0.

Comparing coefficients of s and s°;

5 syt x,y,2) =0 = as(t,x,y, 2) =bo(t, x, 2)y + bio(t, x, 2),
SO : aﬁ,yy(taxvyJZ) :0 :>a6<t7x7y7 Z) :bll(ta$72>y+b12(t7$72);
n? = [bo(t, z,2)y + bio(t, x, 2)]s + bii(t, T, 2)y + bia(t, 7, 2). (3.0.69)
From eq.(3.0.25)),

77,2m =0 = [bg,xx<ta x, Z)y + blO,mE(t? x, Z)]S + bll,xm<t7 x, Z)y + bl2,xw(t7 X, Z) = 0.

Comparing coefficients of ys, s, y, constant;

ys by zz(t, x,2) =0 = by(t,z,z) = dig(t, z)x + di7(t, 2),
S blO,:m:(ta x, Z) =0 = blo(t, xZ, Z) = d18<t, Z)l' + dlg(t, Z),
y o bi122(t,x,2) =0 = by (t, @, 2) = doo(t, 2)x + da (1, 2),

constant term  : biosa(t,x,2) =0 = bia(t,x, 2) = daa(t, 2)x + das(t, 2),



n? = [(dis(t, 2)x + diz(t, 2))y + dis(t, 2)x + dig(t, 2)]s
+ (dgo(t, Z)$ + dQl (t, z))y + dzz(t, Z)(E + dgg(t, Z)
Likewise, differentiate eq.(3.0.16) w.r.t. x, one gets

n?xy =0 = dl@(t, Z)S + dgo(t, 2) = 0.
Comparing coefficients of s and s?;

S dlﬁ(t, Z) = O,

SO : dgo(t, Z) = O,

?72 = [dn(t, z)y + dlg(t, Z)iL‘ + dlg(t, Z)]S -+ dzl (t, z)y + dgg(t, Z)iL' + dgg(t, Z).

Now differentiate eq.(3.0.16)) w.r.t. z, we obtain
ni/z =0 = di7.(t,2)s + doy ,(t,2) = 0.
Comparing coefficients of s and s

S d177z(t, Z) =0 = d17<t, Z) = d17(t),

0 do1-(t,2) =0 = doy(t,2) = do (),
0 = [diz(t)y + dis(t, 2)x + dio(t, 2)]s + do1 ()Y + doa(t, 2)x + das(t, 2).
Using eq., we have
77,2“ =0 = dis . (t, 2)s + daa.(t, 2) = 0.
Comparing coefficients of s and s°;

S dl&z(t, Z) =0 == dlg(t, Z) = dlg(t),

SO . d227z(t, Z) =0 = d22<t, Z) = dgg(t),

772 = [dyy(t)y + dlg(t)l’ + dlg(t, Z)]S + d21 (t)y + dgg(t)fE + d23<t, Z)
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(3.0.70)

(3.0.71)

(3.0.72)

(3.0.73)
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Taking into account eq., we have
n?zz =0 = dyg..(t, 2)s + das .- (t, 2) = 0.
Comparing coefficients of s and s°;
5 dig.-(t,2) =0 = dig(t, 2) = dig(t)z + day(t),
EU dos.-(t,2) =0 = dos(t, 2) = dos(t)z + das (1),

772 = [d17(t)y + dlg (t)l’ + dlg(t)Z + d24<t>]8
+ dgl(t)’y + dgg(t)ﬂ? + dgg(t)Z + d25 (t)
Also, differentiate eq.(3.0.16|) w.r.t. ¢, we get

(3.0.74)

Ny =0 = dj;(t)s+dy(t) = 0.
Comparing coefficients of s and s?;

s di;(t) =0 = diz(t) = car,

SO : dl21 (t) =0 = d21 (t) = C21,
where cy7 and c9; are the constants of integration. Thus,
772 = [cl7y + dlg(t)iC + dlg(t)z + d24(t)]8 + C1Y + dgg(t).ilﬁ + dgg(t)z + d25(t). (3075)

From eq.(3.0.54)),

niz =0 = diy(t)s+ dys(t) = 0.

Comparing coefficients of s and s°;

s dig(t) =0 = dig(t) = cro,

SO : dl23(t) =0 = dgg(t) = C23,
where c19 and co3 are constants of integration. Hence,

772 = [Cl7y —f- dlg(t)l‘ —f- C19%2 —|— d24(t)]8 + C21Y + dgg(t)[E + Co3z2 —|— d25(t) (3076)
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Moreover, differentiate eq.(3.0.17) w.r.t. z, we get
77,3zz =0 = ar.(t,x,y,2)s+as..(t,z,y,z) =0,

Comparing coefficients of s and s°;

s ar..(t,x,y,z) =0 = a7(t,x,y,2) = bis(t,x,y)z + ba(t, x,y),
s as,..(t,x,y,2) =0 = ag(t,x,y,z) = bis(t,x,y)z + big(t, x,y),
1’ = [bia(t, 2, y)2 + bua(t, 2, y)]s + bis(t, 2,9)2 + bis(t, 2, ). (3.0.77)

Using eq.(3.0.29)), we have
nf’;x =0 = (01322 (L, 2, Y) 2 + biawa(t, 2, Y) ]S + bi5.22 (6, 2, y) 2 + b16 22 (, 2, y) = 0.
Comparing coefficients of zs, s, z, constant;

zs 1 biga(t,x,y

(¢, z,y) (t,z,y) (t,y) (t,y)
s ¢ bug(tx,y) =0 = bu(t,z,y) = dos(t,y)x + doo(t, y),

z 0 bisae(t,T,y) (¢, 2,9) (t,y) (t,y)
constant term  : by 4. (t, z,y) =0 = big(t, z,y) = dsa(t, y)x + das(t,y),

1° = [(das(t,y)z + dar(t,y))2 + dos(t, y)z + dag(t, )]s
+ (dgo(t, y)l’ —I— d31 (t, y))Z + dgg(t, y)ZL‘ + dgg(t, y)

Now, differentiating eq.(3.0.17) w.r.t. x, we get
77,3u =0 = dy(t,y)s +dso(t,y) =0.
Comparing coefficients of s and s?;

s das(t,y) = 0,

SO : d30(ta y) = 07
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n® = [dor(t,y)z + dos(t, y)x + dag(t, y)s + dsi (t,y)z + dsa(t, y)x + d33(t, y). (3.0.79)

Furthermore, we differentiate eq.(3.0.17)) w.r.t. y, we get
ni;z =0 = dory(t,y)s +dsy(t,y) = 0.
Comparing coefficients of s and s°;

s d27,y(t7y) =0 = dar(t,y) = dar(t),

s0 ds1,y(t,y) =0 = dsi(t,y) = dsi(t),
n® = [dor(t)z + das(t, y)x + dag(t,y)]s + da1 (t)z + daa(t, y)x + daz(t,y).  (3.0.80)

Taking into account eq.(3.0.36)), we get
niy =0 = dos (1, y)s + dsa,(t,y) = 0.

Comparing coefficients of s and s°;

s dogy(t,y) = 0 = dys(t,y) = das(t),
sO dsoy(t,y) =0 = ds(t,y) = d(t),
773 = [d27(t)2 + dgg(t)flf + dgg(t, y)]S + d31 (t)Z + d32(t).’ll' + dgg(t, y) (3081)

From eq.,
Ui,y =0 = dagyy(t,y)s + dssyy(t,y) =0.
Comparing coefficients of s and s?;
5 dag yy(t,y) =0 = dag(t,y) = doo(t)y + daa(t),
¥ dss yy(t,y) =0 = ds3(t,y) = dss(t)y + dss(1),

773 = [d27<t)2 + dgg(t)l’ + dgg(t)y + d34<t>]8

(3.0.82)
+ ds1(t)z + daa (D) + dss(t)y + dss(1).
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Using eq.(3.0.54)), we have
My =0 = dyy(t)s + dis(t) = 0.
Comparing coefficients of s and s°;

s dog(t) =0 = dao(t) = e,

80 : dg3(t) =0 = d33(t> = (33,

where c99 and c33 are constants of integration. Therefore,

n® = [dor(t)z + dog(t) T + a9y + dza(t)]s

(3.0.83)
+ dgl(t)z + d32 (t)l’ + ¢33y + d35 (t)

Now, we differentiate eq.(3.0.17)) w.r.t ¢, we get
77,?2,3 =0 = d/27(t)5 + dgl (t) =0.
Comparing coefficients of s and s°;

s dy(t) =0 = dyr(t) = cor,

SO : dgl(t) =0 = d31 (t) = (31,
where c97 and c3; are constants of integration. Thus,

7’]3 = [6272’ + dgg(t)l’ + Cooly + d34(t)]8 “+ c312 + dgg(t)l' + C33Y + d35(t). (3084)
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Therefore, eq.(3.0.23)) reduces to

&= co§ + c15 + co,

n° = [di(t,z))y + do(t, )z + do(t, x)]s
+ d3(t,x)y + dy(t, x)z + ds(t, ),

nt = [crx + ds(t)y + do(t)z + dia(t)]s
+ ez + dio(t)y + dis(t)z + dis(t),

n? = [c1ry + dig(t)x + croz + doy(t)]s
+ 1y + dao(t)w + cozz + dos(t),

n® = [corz + dog(t)T + cogy + dsa(t)]s
+ c312 + dao(t)w + ca3y + das(t),

A=At z,y,z2).

(3.0.85)

7

1

Taking into account egs.(3.0.15)(3.0.17), we get ¢7 = c17 = co7 = 3

Co and C11 = Co1 =

31 = 1.

From eq.(3.0.18), we have dig(t) = —ds(t) and das(t) = —di2(t) and from eq.(3.0.19),
we have dog(t) = —dy(t) and dso(t) = —dy3(t). Also by eq., we have cy9 = —ci9
and ¢33 = —c93. Therefore, eq. becomes

£ = Co% + 18 + ¢,
n° = [di(t, 7))y + do(t, )z + do(t, z)]s
+ds(t, x)y + du(t, x)2 + ds(t, 2),
nt = [eol + ds(t)y + do(t)z + dra(t)]s
+ e+ dia(t)y + disg(t)z + dis(t),
i = lco§ = ds(B)z + cro + da ()]s
ol — dig(t) + a3z + das (1),
1P = [eoz — do(t)r — croy + da(t)]s
+ 12 — diz(t)x — cosy + dss(8),
A=At z,y,2).

(3.0.86)

J
In the Lagrangian given by eq.(3.0.1)), v(z) is an arbitrary function. For this arbitrary

function v(z), there are two possibilities:
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(A). v(x) =0,
(B). v(z)#0.

3.1 Caseof v(z)=0
If v(z) = 0, then eq.(3.0.1) reduces to
L= —i*— (§* + 7). (3.1.1)

Now solving all the partial derivatives of the form 19, = 0, where (a=0,1,2,3) and

b, c represents ¢, x,y, and z.

From eq.(3.0.55]), we have
n?my =0 =di,(t,x)s+ds,(t,x) =0.
Comparing coefficients of s and s°;

s dis(t,z) =0 = dy(t,x) = dyi(t),

s ds.(t,x) =0 = ds(t,x) = ds(t).
Using eq., we have
1, =0 = do,(t,x)s +dy,(t,z) =0.
Comparing coefficients of s and s?;

S dg}x(t, 33') =0 = dg(t,ﬂ?) = dg(t),

SO : d47z(t,l’) =0 = d4(t,$) = d4(t>

Therefore, eq.(3.0.86|) reduces to

n° = [di(t)y + do(t)z + do(t,x)]s + d3(t)y + du(t)z + ds(t, 7). (3.1.2)



Taking into account eq.(3.0.42)), one have
ngm =0 = do g (t, )8 + ds 22 (t,x) = 0.
Comparing coefficients of s and s°;

5 dozz(t,x) =0 = do(t,x) = do(t)x + ds6(t),

s0 dszz(t,x) =0 = ds(t,x) = ds(t)x + dsr(2).

Therefore, eq.(3.1.2)) becomes

n° = [di(t)y + da(t)z + do(t)x + dss(t)]s + ds(t)y
+ d4(t>2 -+ d5(t)l’ + d37(t).

From eq.(3.0.39)), one obtain
ngy =0 = d}(t)s + d5(t) = 0.
Comparing coefficients of s and s°;

5 di(t) =0 = di(t) = css,

sV dy(t) =0 = dz(t) =c3.
where c3g and c3 are constants of integration. Now let us consider eq.,
Ny, =0 =dyt)s+djt) =0.
Comparing coefficients of s and s?;

s dy(t) =0 = da(t) = cao,

s0 ) =0 = dy(t) =c4.
where c39 and ¢4 are constants of integration. From eq.(3.0.38]), we have

ngm =0 = dy(t)s + d5(t) = 0.

46

(3.1.3)
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Comparing coefficients of s and s°;

s do(t) =0 = do(t) = cyo,

s0 di(t) =0 = ds(t) = cs.
where c5 and ¢y are constants of integration. Therefore, eq. reduces to
1” = [casy + 3027 + Cao + das(t)]s + csy + caz + sz + dr(t). (3.1.4)
Taking into account eq.7 we obtain
M =0 = dss(t)s + d(t) = 0.
Comparing coefficients of s and s?;

S dgG(t) =0 = d36(t) = c36t + C41,

st 5:(t) =0 = dar(t) = c3rt + cao.
where csg, c37, c41, and ¢y are constants of integration. Hence, eq.(3.1.4) becomes

n° = [cagy + 392 + Ca0T + C36t + Ca1]5 + €3y + 4z + 5T + cart 4 Cao. (3.1.5)

From eq.(3.0.24)),

77,1ty =0 = dg(t)s+dy,(t) =0.

Comparing coefficients of s and s?;

S dls(t) =0 = dg(t) = Cg,

80 : /12(t) =0 = d12(t) = C12-
where cg and 19 are constants of integration. Using eq.(3.0.28)),

n}tz =0 = dy(t)s + di5(t) = 0.



Comparing coefficients of s and s°;

S dé(t) =0 = dg(t) = Cog,

80 : d/13(t) =0 = dlg(t) = C13.
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where ¢9 and c;3 are constants of integration. Taking into account eq.(3.0.41)), we

have

Comparing coefficients of s and s°;

s L) =0 = di4(t) = c14t + cys,

SO : /1,5(t) =0 = d15(t) =15t + Cy4,

where ¢4, €15, ¢43, and cy4 are constants of integration. Therefore,

G c
n' = [on + csy + coz + crat + cy3)s + éx 4+ C19Yy + 132 + C15t + Cug.

Thus, eq.(3.0.86|) becomes

(=9’ +asto, A=Al zy2),

n° = [essy + €302 + CaT + C36t + Ca1]s + sy + caz + c5T + a7t + Can,
n' =L+ csy + coz + cral + cas|s + Gx + c1oy + 137 + Ci5t + Ccaa,
n? = [Dy — csT + 192 + daa(t)]s + [Sy — c127 + a3z + das(t)],
n* =92 — cor — crgy + daa(t)]s + [$2 — c13x — cazy + ca5(1))].

From eq.(3.0.45)),

77,21;t =0 = dy,(t)s + dys(t) = 0.

Comparing coefficients of s and s°;

S /2,4(t) =0 = d24<t) = coyt + Cy45,

SO . dg5(t) =0 = d25<t) = Cg5t + Cq6,

(3.1.6)

(3.1.7)



where a4, Co5, €45, and cyg are constants of integration. Hence,

C1

2 Co
n° ==y — T + +C192 + cout + cy5)s + | 2

2

Using eq.(3.0.49)),

Comparing coefficients of s and s°;

s - dgy(t) =0 = day(t) = eaat + cyr,
st 55(t) =0 = das(t) = c35t + cus,

where ¢34, c35, c47, and cyg are constants of integration. Therefore,
[€0]

n° =92 — cox — c19y + Csat + cuzls

+[52 — c137 — ca3y + e35t + cag]-
Hence, eq.(3.1.7) reduces to

§=2s"tas+c, A=Al Yy 2),

n° = [essy + €392 + Cao + C36t + Ca1]S + €3y + Caz + 5T + Cart + Cao,

n' = [Lx 4 csy + coz + ciat + cas]s + G + cray + 13z + cist + cuy,

n = (D4 — csT + 192 + Coal + Cas]s + [Fy — CraT + Cagz + Cost + Cyg),
n = (D2 — com — C19y + 3l + car]s + [F 2 — 137 — Cozy + €35t + Cag). )

Y — C12T + Co3%2 + Cg5t + 646].
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(3.1.8)

(3.1.9)

(3.1.10)

From egs.(3.0.12)—(3.0.14) and eq.(3.0.21)) we have the following implications:

C408 + C5 = C14S + C15 = C40 = C14, C15 = Cs.
€388 + C3Y = €4S + Cos = (38 = Ca4, C25 = Cs.
€398 + €4 = €348 + C35 = C39 = C34, C35 = C4.

¢ c
2(0368 + 637) =CpS + (1 = C3g = 70, C37 = 31
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Therefore, eq.(3.1.10) becomes

fz%oquLclsqLcQ, A=At z,y,z2), )

n° = [coay + €342 + cra® + Lt + car]s + c3y + caz + T + Lt + o,

n' = [$Lx + csy + coz + c1at + casls + L + c1oy + 13z + o5t + caa, (3.1.11)
n? = [Ly — 3T + C192 + Coat + Ca5]s + [$Y — C1o0 + o3z + 3t + Cag),

n? =Lz — cox — croy + caat + Caz]s + [$2 — c138 — cozy + Cat + cas). )

Now, eq.(3.0.8) implies that

t2
Alt,z,y,2) = Coy + 2c14xt + coqyt + 2c34tz + 2c1t + hy (2, Y, 2). (3.1.12)

Using eq.(3.0.9)), we have

x
—2(005 + csy + oz + c1at + ca3) = 2c14t + hy . (2, Y, 2).

By comparing coefficient of ¢ : ¢4 = 0,
and hi(z,y,2) = —c[)% — 2c8xy — 2c9x2 — 2¢43x + ha(y, 2).

Therefore, eq.(3.1.12)) reduces to

At,z,y, 2) = @12 — 22) + 2couty + 2c34tz + 2c41t
( Y, 2) 2( ) 241Y 34 41 (3.1.13)

— 281y — 20972 — 20437 + ha(y, 2)

Taking into account eq.(3.0.10)), one obtains
—2[00% — 3% + 192 + Coat + Ca5] = 2co4t — 2¢5T + hoy (Y, 2).

By comparing coefficients of x and ¢, we have cg = 0, cgy = 0,
and ho(y, z) = —2y* — 2c19y2z — 2¢45y + hs(2).

Therefore, eq.(3.1.13)) becomes

Aty z,y,2) = 212 — 2% — %) + 2c34tz + 2c41t
( Y, 2) 2( v 34 41 (3.1.14)

— 2091z — 20431 — 2¢19yz — 2¢45Yy + h3(2)
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From eq.(3.0.11)),
c
—2[502 — CoT — C19Y + Caat + Ca7] = 2¢34t — 2co — 2¢19y + h5(2).

By comparing coefficient of ¢, z, and y: cg = 0 = ¢19 = ¢34,
and hs(z) = =222 — 2¢472 + c.

2
Therefore, eq.(3.1.14]) gives
At,x,y, z) = %0(152 — 2% —y? — 2%) + 2eqt — 2c437 — 2c45y — 2c472 + ¢ (3.1.15)

Therefore, eq.(3.1.11)) reduce to

SZ Qg2 4 15+ co,

Dt + car]s + ey + caz + T+ G+ cao,
Dx + cy3]s + G+ croy + 132 + et + c,
Dy + ca5)s + Gy — c1o0 + o3z + st + cyg, (3.1.16)
D2+ car)s + Gz — 13T — Cogy + cat + cus,

=Dt —2® —y? — 2%) + 2et — 2c430

— 245y — 2c472 + cC.
Substituting eq.(3.1.16)) in generator X, such that

0
Oq®’

0
X =&+ (3.1.17)

where a = 0,1, 2,3 and q represents t, z,y, z. The arbitrary constants in X determine

the number of generators of the Lie algebra. This implies

X = (25 + 154 c2) 2 + ([Lt + cals + csy + caz + sz + 4t
+ ca2) % + ([22 + cas]s + La + croy + c132 + c5t + caa) aa_x
+ ([ Y+ ci5)5 + Gy — crav + o3z + et + 046)8% + ([%‘)z

+ ca)s + Lz — 13T — o3y + Cat + Cag)

(3.1.18)

There are seventeen arbitrary constants c¢;’s appearing in eq.(3.2.18). Hence, the

metric given by eq.(2.2.48) admits 17 Noether symmetries. The metric is, therefore,



known as the Minkowski space. The generators (or symmetries) are as follows:

9
ot’
0 0
“ay Yoz
9
0z
9
oy’
:1:2 —|—tﬁ
ot oz’
9
oz’
9 _ 90
Z@x 0z’
9,9
Z@t 0z’
9 _ 9
Yor oy’
)
Yor T oy
9
s’
0
Sa_ya Al = _2y7
0
— Ay = =2
8825, 2 Z,
1[ 22 + tg + 2 + 0 + 2]
2% 85 Tt T s Ty T L)
0
sa; Ay = 2t,
3 A5 — _2'1:7

52
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The structure constants of the corresponding Lie algebra are
5 2 3 2 6 7 0 4 0 i
C'04 = C'07 = 009 = 013 = 018 = 019 = 027 = 089 = 039 = C()g =1,
7 9 2 3 4 1 0 0 3 2
046 - 048 = 056 - 058 = 067 = C79 = C'27 = 039 = Cﬁi - Oog =1,
6 _ 5 _ M _ 6 _ 5 _ 83 _ 6 _ 2 _ 1 _ A5 _
Cgi = Gy = Cjs = Cgy = Oy = O3 = Clg = O = Cgg = Cy = —1,
3 3 9 5 5 0 6 8 1
C’12 = 016 = 017 = 026 = 038 = C45 = 047 = C'49 = 068 =—1,

: : : : : : 1
0 _ 0 _ 5 _ 2 2 1 _ 1 _ 2
Coa=Cos=Cop =011 =Cp=Cg =1 C5=0Cp=—3,
A , 1
5 6 0 _ 2 3 5 _ 0 __ 5 __
Cog = Csg = Cpg = Oy = Oy = Oy = O35 = U = 5

Here, the superscript (or subscript) 7 is the representation of the symmetries Y;.

3.2 Caseof v(z)#0

Substitute eq.(3.0.55)) into eq.(3.0.57) and eq.(3.0.56)) into eq.(3.0.58]), we get

" + 2 0 _ 0,
() + (@)l o
[V () + v()In, = 0.
In eq.(3.2.1)), we have two possibilities:
V'(x) +v*(x) =0,
or V'(z) +v3(x) #0=1n) =n% =0.
3.2.1 Case of [/"(z) +1?(x)] =0
This implies v(z) =In (%) (a=constant of integration).
Therefore, eq.(3.0.1)) becomes
L= R2—i?— -2 (3.2.2)
a

From eq.(3.0.14)),

(5) [dalt, 2)s + da(t, 2)] = [dy(t)e + diu(t)]s + [~dig (6)2 + i (1))
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Comparing coefficients of s and s°;
—a? / a\2 4,
s do(t,x) = ——dy(t) + (=) dsy(2),
x T
—a?® a2
sY dy(t,x) = Td’l?)(t) + (E) dis ().
Using eq.(3.0.13]), we have

C) [t 2)s + ds(t,2)] = [—dalt)a + dyy(B)als + [~ diy(t) + dia(£)2]

Comparing coefficients of s and s?;

s di(t,x) = —_an, (t) + (E)Zd’ (t)
: 1\4,x) = L U8 ) G2alth
—CL2 ! a !
s d3(ta$) = Tdm(t) + (E)2d25(t)a

1 = [{Z2d(0) + () doa (1) }y + (=2 dg(0) + (4) dha(0)} = + do(t. )] s
FEE D (1) + (2) s (0)}y + (Zdig (1) + (2) dis(0)}2 + da(t, 2)].

Taking into account eq.(3.0.39)),

(3.2.3)

{ds(t)s + dia()] = ~ [{—d3(0) + (2 aha(0)}s + {—lly(r) + () (1)}

Comparing coefficients of s and s°;

1 a?

s ds(t) = =di(0) - () (1),
S L = Can - (G a0

Comparing coefficients of  and 2;
T x4

d(t) — %dg(t) —0 = dy(t) = ky cosh (t) 4 kysinh (£ Y,

leHE%IH

d/2/4(t) =0 = d24(t) = kst + k4.
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Comparing coefficients of L and 2;
T x4

1 t Lt
diy(t) — @du(t) =0 = diao(t) = k5 cosh (5) + kg sinh (5),

&wl'_‘Hl’—‘

d/2,5 (t) =0 = das (t) = kst + ks.

where k; (i = 1, ...,8) are constants of integration. Now from eq.({3.0.40)), we have

La(e)s + )] = ~ [ ah(0) + ()0} + (o y(0) + () o))

Comparing coefficients of s and s°;

S

Ldy(t) = Zdg(t) — (2)°d,(0).

Comparing coefficients of 1 and %;
T z2)

1 t t
diy(t) — ?daa(f) =0 = dy(t) = kg cosh (E) + k1o sinh (5)’

dg4(t) =0 = d34(t) = k‘llt + k12-

Hw|'_‘i%|i~

%dl?)(t) = %Qd/f?,(t) - a—12d13(t) = 0.

Comparing coefficient of % and %;

1.27

1 t ) t
d/llg(t) - ?dl?)(t) =0= d13<t) = l€13 cosh (5) + ]C14 sinh (a),

&wl’_‘HI'—‘

dg5(t) =0= d35(t) = k5t + kig.
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16) are constants of integration. Therefore, eq.(3.0.86|) reduces to

\

where ko (1 =9, ...,

=25+ 15+ o A= A(t,x,y,2),
n° = [{=2 (k1 sinh(%) + ks cosh(: ) + (%)kg}y—i—

(kg sinh(L )—|— k10 cosh( g)) + (%)k 1}7; + do(t, z)]s+
(k5 sinh(£) 4 kg cosh( )) + (% ke }
{=2 (ki3 smh( ) + kiacosh(L)) + (%)k15}z+d5(t,x),
nt = [2x + (ki cosh(L) + ko sinh(£))y + (kg cosh(%) + kigsinh(L))z (3.2.4)

+ dia(t)]s + Sa + (ks cosh(L) + ke sinh(1))y
+ (k13 cosh(a) + kgsinh(2))z + dis (1),

n* = [C—Oy — (ks cosh(i) + ko sinh(L))x + c19z + kst + ka]s+

Sy — (k5 COSh ) + kg sinh(% )x + co32 + krt + kg,
n® = [Lz — (kg cosh(L) 4 kyg sinh( ﬁ)):c — croy + kit + kia]s+
) + k14 sinh( 2 )ZL‘ — o3y + kist + k1. )

=
=

+

+ 52— ( 3cosh

Using eq., one obtain
(£)2 [{% (k1 sinh(£)+k; cosh(2)) —

a

L[(ky sinh(L) + ko cosh(L)) s + (ks sinh(L) + ke cosh())].

2% ksts+{% (ks sinh(%)+kgcosh(L)) =25k} ] =

Comparing coefficients of s and s?;

Taking into account eq.(3.0.44]), we get
(2) {2 (ko sinh(L)+kig cosh(L)) =25 kyy ys-+{ % (ki sinh(L)+hug cosh(L)) —25 k15 }] =

[(kosinh(£) + ko cosh(£))s + (krgsinh(£) + kg cosh(L))
Comparing coefficients of s and s°;

s ki1 =0,

80 : ]{515 =0.
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Hence, eq.(3.2.4) becomes

=25+ 15+ oo A=At z,y,z),

n” = [=2 (ki sinh(L) + ko cosh(L))y — 2 (ko sinh(L)
+ ko cosh(2))z + do(t, x)]s — 2 (ks sinh(L) + kg cosh(L))y
— 2 (kygsinh(L) + ki cosh(L))z + ds(t, 2),

n' = [2Lx + (ki cosh(L) + ko sinh())y + (ko cosh(?)
+ kosinh(£))z + dia(t)]s + S + (ks cosh(L) + kg sinh(L))y (3.2.5)
+ (k13 cosh(L) + kyasinh(L))z + dis(2),

=2y — (ki cosh(i) + ko sinh(%))z 4 c19z + kq]s+
+ c1y — (ks cosh(L) + kgsinh(L))z + co3z + ks,

n* = (22 — (ko cosh(L) + kigsinh(L))z — croy + kia]s+

+ %z — (ks cosh ) + kiasinh(L))z — cosy + k.
From eq.,
2? [{ =3 (ky sinh(L)+ky cosh(L))y— 2% (kg sinh(L)+kig cosh(£))z+do g (t, ) }s—24 (ks sinh(£)+
kg cosh(L))y—24 (kg sinh(L)+kig cosh(L))z+ds 4o (t, )] +22 [{ % (k1 sinh (£ (+ks cosh(L))y+
< (kg sinh(£)+kyg cosh(L))z4do(t, z) } s+% (ks sinh(L)+kg cosh(£))y+ 5% (kg sinh(£)+
kg cosh(L))z 4 ds . (¢, 2)] = 0.
Comparing coefficients of s and s°;

st 2?doa(t, ) + 22dy . (t,2) = 0,

do(t, 7) = By(t) + Bg(t)i, (3.2.6)
sV 2?ds 40 (t, 1) + 22d5(t, ),

ds(t, ) = Bs(t) + B4(t)% (3.2.7)

Thus, we have

n° = [ — (ks sinh(L) + kg cosh(L)) — % (kg sinh(L) + kg cosh(L))
+ By (t) + 295 + [ — (ks sinh(L) + kg cosh(%)) (3.2.8)
— 2 (kyzsinh(%) + kyy cosh(L)) + Bs(t) + B“—(t)].

x
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From eq., we get
()2 [{2% y cosh(£) g sinh(£))+ 2 (ko cosh(£) o sinh(£)) — 250 s {2 (ks cosh(£) +
kgsinh(%)) 4+ % (k3 cosh(%) + kygsinh(%)) — %}] = [{Z5 (k1 cosh(%) + ko sinh(£))y +
5 (kg cosh(%) + kyo sinh(£))z + df,(t) }s + 25 (ks cosh(%) + kg sinh(£))y + (k3 cosh (L) +
kiasinh(L))z + df5(¢)].
Comparing coefficient of s and s;

So () = 2By,

—1
dy(t) = ?Bz(t) + kiz, (3.2.9)

00 dis(t) = ZBi(b),

~1
— Buy(t) + kis. (3.2.10)

d,15(t) = a
where k17 and kg are constants of integration. Now using eq., we obtain
L {2 (K sinh(£)+ ks cosh(L))y+ L (kg sinh(L)+ ko cosh(L))z+dl, (¢) }s+ 2 (ks sinh(L) +
kg cosh(L))y+2L (kg sinh(L)+ka cosh(L))z+d5(t)] = — [{Z2 (k1 sinh(L)+k; cosh(L))—
=L (kg sinh(£)4k1o cosh(é))—l—Bi’(t)jL#}s—%(kg) sin(£)+kg cosh(£))— = (kg sinh(L)+
k14 cosh(L)) + BY(t) + #}
Comparing coefficients of s and s?;

si gdult) = —BI() - 2.

T

Comparing coefficients of % and ( % )0;

1 t . t
E . Bg(t) = klg COSh(E) + kgo Slnh(a) + ]{517,
const Bil(t) =0 = Al (t) = kot + kgg,

0 Ldys(t) = —By(r) - Y

X
Comparing coefficients of % and (%)0;

1 t . t
e By(t) = ko cosh(a) + koy smh(a) + ks,

const : Bg(t) =0 = Bg(t) = k‘gg,t + k’gﬁ.
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where k; (i = 19, ...,25) are constants of integration. Therefore, eq.(3.2.9) implies
1 t
d14<t) a (]i]lg smh( ) + kgo COSh( )) -+ k27t + k’gg.

and eq.(3.2.10]) gives
1 t
d15(t) a (]{323 Slnh( ) + k24 COSh( )) + k’ggt + k?g()

where ko7, kog, koo, and ksg are constants of integration. Therefore, egs.(3.2.6))-(3.2.7)
implies

1
do(t, .’E) = kglt + k’gg + E (klg COSh( ) + k’go sinh( ) + ]C17),

QI+ |+
QI+ Q|

1
d5(t, SE) = k’25t + k’26 + E (k‘zg COSh( ) + k‘24 sinh( ) + klg) .

Therefore, eq.(3.2.5) becomes

=25+ 15+ o A=At z,y,z),

n” = [=2 (k1 sinh(L) + kg cosh(L))y — (kg sinh(L) + ki cosh(%))z
+ kort + koo + L (k1o cosh(L) + kg sinh(L) + kq7)]s
— 2 (kssinh(%) 4 kg cosh(L))y — 2 (kizsinh(L) + kiq cosh(L))z
+ kst + kog + 1 (kag cosh(L) + kg sinh(L) + ks),

nt = [2x + (ki cosh(L) + ko sinh(L))y + (ko cosh(%) + kigsinh(L))z
— L (kg sinh(L) 4 kg cosh(L)) + kart + kog)s (3.2.11)
+ %a + (ks cosh(%) + ke smh(é))y + (k13 cosh(%) + kygsinh(L))z
- %(kgg sinh( ) + kog cosh( )) + koot + ks,

n? = [2y — (ki cosh(%) + kysinh(L))z + cr92 + ks
+ 2y — (ks cosh(L) + ke sinh(L))z + cagz + k;g,

n® = (22 — (ko cosh(L) + kygsinh(L))z — croy + kia]s+
+ 9z — (kg cosh(L) + kigsinh(L))z — cosy + kie.

From eq.(3.0.38)),
L {4 + (ki cosh(L) + kosinh(L))y + (ko cosh(L) + kigsinh(L))z — L(kjgsinh(L) +
koo cosh (L)) +kart+kos } s+ 42+ (ks cosh(£)+kg sinh(£))y+ (ki3 cosh(£)+kyy sinh(£))z—




(Kos sinh (L) + kos cosh(L)) + kagt + kso] + L (22 4+ 2 ) + [{Z (k1 cosh(L) + ko sinh(L)) +
(kg cosh(L)+kig sinh(L))— L5 (kg sinh(L)+kog cosh(L)) }s+2% (ks cosh(L)+kg sinh(L))+
2 (kyg cosh(L) 4 k4 smh(é)) — 5 (kog cosh() + kas sinh(£))] = 0.

8l 8w 2=

By Comparing coefficients of s and s°;
S kort + kog = 0 :>k’27:0:]€28,

0 koot 4+ k3o = 0 = kog = 0 = k3p.
nt = [2x + (ki cosh(L) + kysinh(L))y + (ko cosh(%) + kigsinh(L))z
— L(kygsinh(%) 4 kg cosh(L))]s + Lo + (ks cosh(L) + kg sinh(L))y  (3.2.12)
+ (k13 cosh(%) + kygsinh(L))z — 1 (krgg sinh(%) 4 ko cosh(L)).
Using eq.7 we have

At z,y,2) = Cox — 2ay(ky cosh(L) + kysinh(%)) — 222(kg cosh(L) + kg sinh(L))

+ 2% (kﬁlg Sinh(a) + k20 COSh(E)) + hl <t7 Y, Z)
(3.2.13)

From eq.(3.0.10)),

C t ) t
—2[%—(/61 cosh( )4k sinh(— ))x+clgz+k4] = —2z(k cosh(a)—i-k:g smh(a))+h1,y(t, Y, 2).

By comparing coefficient of x;

k1 =0 = ko,

and
2

hi(t,y, z) = —% — 2¢19yz — 2kay + hao(t, 2).

Therefore, eq.(3.2.13]) reduces to

Alt,z,y,2) = —%0(932 + y?) — 22 (ko cosh(é) + k1o sinh(%))

(3.2.14)
+ 2%(1{719 Sinh(é) + ]{?20 COSh(%)) - QClgyZ - 2k4y + hg(t, Z).

Taking into account eq.(3.0.11f), we have
—2[9= — (kg cosh(L) + kygsinh(2))a — iy + kio] = —2x(kg cosh(L) + kygsinh(%)) —
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2019y + hQ’Z(t, Z).

By Comparing coefficients x and y;
X . k’g = k’l() = 0,

Y c19 = 0.
Therefore, ho(t, z) = —% — 2k192 + hs(t).
Hence, eq.(3.2.14]) reduces to

Alt,z,y,2) = =2(2® + y* + 2%) + 22 (kg sinh(2) + koo cosh (L)) — 2kqy
— 2k122 + h,g(t)

From eq.(3.0.8),
2%2 [l{fglt -+ ]{?22 + % (]{719 COSh(é) + kQO Sth(i()] = 20% (1{519 sinh(é) -+ ]{?20 COSh(é)) + hg (t),

(3.2.15)

2 2
hs(t) = 2% (kmE + koot + kgl), (k31 = const. of integration)

Therefore,

Alt,z,y,2) = = 9@ + y* + 2°) + 22 (kag sinh(]) + ko cosh(}))

(3.2.16)
— 2]€4y — 2]€12Z + 2%2 (kglg -+ kgzt) -+ ]{?31.

Taking into account egs.(3.0.8)), (3.0.9), (3.0.12)), and (3.0.21)), we have

k17 = ko1 = koo = k1g = ko5 = 0.
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Therefore, eq.(3.2.11]) reduce to

(=2 52 4 ¢15 + co,

n° = [;(klg cosh(£) 4 kygsinh(L))]s — (k5 sinh(£) 4 kg cosh(é))y
— 2 (kyzsinh(L) + kig cosh(L))z +
+ 2 (kgz cosh(L) + kog sinh (%)),

n' = [2Lx — L(kigsinh(L) + koo cosh(L))]s + La

+ (k5 cosh(L) + kg sinh(ﬁ))y + (k13 cosh(L) + ki sinh(ﬁ))z

— L(kossinh(L) + kog cosh(L)), (3.2.17)
n? = [Ly+ ka)s + Gy — (ks cosh(L) + ke sinh(2))x

+ cosz + kg,
n? = [2Lz + kio]s + Sz — (kiz cosh(L) 4 kigsinh(1))z

— Ca3y + ke,

A= =22 +y* + 2%) + 22 (kg sinh(2) + kg cosh(L))
— 2k4y — 2k122 + ]{)31.

Substituting eq.(3.2.17)) into eq.(3.1.17]), one gets

X=(2s"+cs+c)d+ ([%(k’l?) cosh ; + koo sinh £)]s + kg

— % (kssinh £ + kgcosh L)y — 2 (kygsinh £ + kyycosh )z

+ 2 (kg3 cosh £ + kyy sinh %)) % + ([%OZL' — L (kygsinh £

+ ko cosh £)]s + G + (ks cosh £ + kgsinh £)y + (ki3 cosh £ (3.2.18)
+ kigsinh £)z — L(kgs sinh £ + Koy cosh ﬁ)) % + ([%Oy + ky)s

+ 9y — (kscosh L + kgsinh L)z + co32 + k:g) a% + ([%‘)z

+ kio)s + 9z — (kizcosh £ + kygsinh L)z — oy + k16) %

There are 17 arbitrary constants ¢;’s appearing in X. Therefore, the metric given by

eq.(2.2.39) admits 17 Noether symmetries. The generators are as follows:
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The structure constants of the corresponding Lie algebra are

64

084 = 035 = Cgfi = 037 = 038 = ng = C'123 = Cf6 = 0157 = 025 = 0121 =1,

Cly=Ch = C2y = Cf = Chy = C3, = C% = Cly = Ch = C5 = 5 = 1,

sz = C'164 = 0175 = 034 = 035 = O??(s = 02?7 = CZS = Cgs = Clii = C§4 =—1,

e |
Co3 = Oy = gy = O = Oy = Oy = Cgy = O = Cg = 5,
P | L s 1
Cos=Cos=Cis=Cry =5 Cii=05=Cy=—3,
Coi = Cpi = O = C5 = a.
3.2.2 Case of [V'(z) +v?%(x)] #0
When [v/(z) + v?(2)] # 0 = n) =0, 70 = 0.
There are three possibilities:
(a). v'(z)+v?%x) =k, (kis positive)
(b). V'(z)+v?(z) = -k,
(©). ¥'(x)+(x) = f(2).
(a) Case of V'(x) +V*(x) =k, (k>0)
This implies v(z) = In (cosh (£)), (taking k = 1/a?).
Therefore, eq.(3.0.1)) reduces to
L = cosh®(2)f2 — 42 — 2 — 52,
a
From eq.(3.0.55)),
ng,y =0 = dy,(t,x)s + d3.(t,z) = 0.
Comparing coefficients of s and s°;
s dig(t,x) =0  =di(t,x) = di(),

s ds.(t,x) =0 = ds(t,x) = ds(t),

(3.2.19)
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n° = [di(t)y + do(t, x)z + do(t, z)]s + ds(t)y + ds(t, )z + ds(t, x). (3.2.20)
Using eq.(3.0.39)), we have
0, =0 = di(t)s +dy(t) = 0.
Comparing coefficients of s and s?;

s d&(t) =0 = di(t) = p1,

s dy(t) =0 = ds(t) = ps,
where p; and p3 are the constants of integration. Therefore,
n° = [pry + do(t, )z + do(t, z)]s + psy + du(t, x)z + ds(t, x). (3.2.21)
Taking into account eq.,
1, =0 = do,(t,7)s+dy,(t,z) =0.
Comparing coefficients of s and s°;

S dg}x(t, .T,') =0 = dg(t,ﬂ?) = dg(t),

SO : d47z(t,l’) =0 = d4(t,$) = d4(t>

From eq.(3.0.40),
ngz =0 = dy(t)s + dy(t) = 0.

Comparing coefficients of s and s?;

s dé(t) =0 = dy(t) = p2,

sV dy(t) =0 = dyt) = pa,
where ps and p, are the constants of integration. Hence,

n® = D1y + poz + do(t, x)]s + psy + paz + ds(t, ). (3.2.22)



Using eq.(3.0.43)), we have
77,1ty =0 = dg(t)s+dp,(t) =0.
Comparing coefficients of s and s?;

S dé(t) =0 = dg(t) = P11,

SO : ,12(t) =0 = dlg(t) = P12.
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where p1; and po are the constants of integration. Taking into account eq.(3.0.44)),

we have

Ny, =0 = dy(t)s + dis(t) = 0.
Comparing coefficients of s and s°;
S dé(t) =0 = dg(t) = P13,
80 : dllg(t) =0 = dlg(t) = D14,
where pi3 and py4 are the constants of integration. Thus,

c c
n' = on +pny + pizz + du(t) | s + Elx + P12y + praz + dis(t).

From eq.(3.0.45)),

nit =0 = dy,(t)s + dys(t) = 0.

Comparing coefficients of s and s?;

S /2/4(t) =0 = d24(t) = plgt + P20,

S : d/215(t) =0 = d25(t) = pglt + P22,

where p1g, Poo, P21, and poo are the constants of integration. Therefore,

Co (&1
n? = | =y — pu + 19z + prot + pao | S + =y — P1a¥ + €32 + part + pao.

2 2

(3.2.23)

(3.2.24)
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From eq.(3.0.49),

My =0 = d5(t)s+dg(t) = 0.
Comparing coefficients of s and s?;

1/

s 54(t) =0 = day(t) = past + pos,

s 45 (1) =0 = ds5(t) = past + Das,

where pa3, Pos, P25, and pog are the constants of integration. Hence,

¢ c
n® = 502 — P13T — C19Y + pasl + Paa| S + 512 — P — Ca3y + Past + pas.  (3.2.25)

Therefore, eq.(3.0.86|) reduces to

§=2s>+ 15+ o, A=A(t,z,y,z2),
1° = [pry + paz + do(t, )]s + [psy + paz + ds(t, 7)),
nt = [La+ puy + pisz + du(t)]s + $a + poy

+ praz + di5(1), (3.2.26)

n? = [Ly — puz + c9z + prot + pao]s + Ly — prox
+ 232 + parl + paa,
n* = [z — p1s& — Croy + Past + poua]s + Sz — puz

— Co3Y + past + Pog.
Using (3.0.14]), we have

x
cosh? (5) (p25 + p4) = Pp23S + Pas.
Comparing coefficients of s and s°;

S P23 = D2 cosh® (2)7

% pos = pycosh? (2)
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From eq.(3.0.13)), we have

T
cosh? (5) (p1S + ps) = p19s + pau,
x

s: p19:p1COSh2 (a),

x
s Pa1 = p3 cosh? (5)
Taking into account eq.(3.0.12)), we have

cosh? () [do (1, )5+ doa(t,2)] = diy(0)s + di (1),

s:  do(t,z) = atanh (Z)dlm(t) + f1(t),
1 dy(t,x) = atanh (g)d/w(t) + falt).
Therefore, eq.(3.2.19)) reduces to

£ =254 15 + o, A= A(t,z,y,2),

n’ = [p1y + poz + atanh (%)d’M(t) + fl(t)]s + p3y
+ paz + atanh (£)di5(t) + fo(t),

n' = [%090 +pny + pisz + d14(t)]8 + 5T + pray
+ puaz + dis(1), (3.2.27)

i = [y — pia + cioz + pr cosh? (2)t + paos + Ly
— P12% + Co3z + P3 cosh? (f)t + Daa,
n® = [L2 — pisx — c19y + pa cosh® (£)t + pas|s + L2 — prax

— Co3Y + p4 cosh? (%)t + pas-

Eqgs.(3.0.39) and ([3.0.40) together gives
p11 = 0= p1o,

P13 = 0 = pia.
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Therefore, eq.(3.2.27]) becomes

E=2s"+cas+ce, A=Aty 2),
n’ = [ply + p2z + atanh ( )d,14( )+ fa(t )}5
+ [pgy + psz + atanh (g)d/w )+ falt },

nt = [2La+ dis(t)]s + G+ dis(t),
n* = [Ly+ cigz + p1 cosh? (2)t + pagl s

+ 2y — pr1ox + Ca32 + p3 cosh® (Z)t + pao,
3= [2L2 — coy + pacosh?® (£)t + poy]s
+ 52— Co3y + P4 cosh? (f)t + pog.

(3.2.28)

Ui

From eq.(3.0.37)),

Ltanh (2) [dy(1)s + dig(0] = —[{atanh (2)d5(0) + ()}s + {atanh (2)d55(0) +
1)),

Comparing coefficients of s and s°;

S %tanh (%)d’14(t) -+ atanh (f)d’l’ﬁl(t) = —f1(¢).

Comparing coefficients of tanh (f) and const;

T t t
tanh (5) : d14(t) = par + pasg cos (= ) + pag sin (a)
const ') =0 = fi(t) = psst + psa,
s%: Ltanh (£)di5(t) + atanh (2)d}s(t) = — f3'(t).

Comparing coefficient of tanh (%) and const;

t .t
tanh (g) : di5(t) = pso +p31003(5) —|—p323m(a),

const 5 (1) = 0= fa(t) = p3st + p3e-

where p; (i = 27, ..., 36) are the constants of integration. Therefore, eq.([3.2.28]) reduces
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to

£ =95+ 15+ o A=At z,y,2),
n’ = [p1y + poz + tanh (f){—pgg sin (ﬁ) + Pag COS (3
+ [pgy + psz + tanh (f){—pgl sin (ﬁ) + p3o COS (
n' [%Ox + D27 + DPag COS (5) + pag sin (é)]s + S
+ P30 + P31 cos () + pagsin (L), (3.2.29)
n? = [Ly+ ci9z + p1 cosh? (£)t + pao] s + Ly
+ ca32 + p3 cosh? (£)t + po,
1 = [%2 = croy + pacosh® (£)t + pas]s + G2

)} + psst + paal s
%)} + p3st + 36l

— Ca3y + p4 cosh? (f)t + Pog.

From eq.([3.0.21)),

2 tanh (2) [{coZ +par+pas cos (L) +pagsin (L) }s+c1Z+pso+psr cos (L) +psa sin (
2[q tanh (3) (—pas cos () —paosin () +pss) s+ tanh (T) (= cos (3

pss)] — (cos +¢1) = 0.

Comparing coefficients of s and s°;

t
a
a) — P32 sin (

S %tanh (%) [Co% +p27] —Co + 2]933 =0.

Comparing coefficients of x tanh (ﬁ), tanh (f) and const;

x tanh (2) : co =0,
tanh (g) : par = 0,
const p3z = 0,

SO . %tanh (f) [01% —|—p30} + P35 —C1 = 0.
Comparing coefficients of x tanh (ﬁ) , tanh (f) and const;
x tanh (2) : c1 =0,
tanh (g) : P30 =0,

const p3s = 0.
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Therefore, eq.(3.2.29)) becomes

§= 95>+ a5+, A=At z,y,2)
n° = [p1y + p2z + tanh (£){—possin (£) + pag cos (L)} + pas] s

+ [p:ﬂy + p4z + tanh (%){_pfﬂ sin (ﬁ) + P32 COS (ﬁ)} + P36},

_ ' (3.2.30)
' = [pas cos (L) 4 pagsin (£)]s + ps1 cos (£) + pazsin (£),
0 = [0192’ + py cosh® (f)t + p20} S + Cy32 + p3 cosh? (f)t + D22,
N3 = [ — C19¥ + p2 cosh® (f)t —1—p24] $ — Ca3y + p4 cosh? (%)t + pog- )
Taking into account eq., we have
Alt,z,y,2z) = —2x [p28 cos (2) + pag sin (2)] +r(t,y, 2). (3.2.31)

Using eq.(3.0.10)), we have

x
ri(t,y, z) = —2[p1 cosh® (g)t + 192 + pao] + 72(t, 2).
Therefore, eq.(3.2.31)) becomes

t t
Alt,x,y,z) = —2x [pgg cos (a) + pog sin (a)} -2 [pl cosh? (g)t + c192 +p20} +1ro(t, 2).
(3.2.32)

From eq.,
-2 [pQ cosh? (g)t — C19Y + p24} = —2ci9y +12.:(t, 2).

Comparing coefficient of y : ¢19 = 0.

Therefore, ra(t, 2) = =22 [pa cosh® (£)t + pas] + 73(1).

A(t,z,y, 2) = —2x[pag cos (L) + pagsin (£)] — 2[p; cosh? (£)t + cr92 + pao]

— 2z [pg cosh? (f)t + p24] + r3(t).
(3.2.33)

From eq.(3.0.8),

2 cosh? (£) [pry+p2z+tanh (Z){—possin (L) +pag cos (L) }4psa] = —2%[—pogsin (£)+



pag cos (£)] — 2y[p1 cosh? (£)] — 2z [pa cosh® (£)] + ri(t).

Comparing the coefficient of x,y, z and sinh 2(5);

t t
T Pog SiN (a) — Pag COS (5) =0,

t t
Sinh2(§) : — Pog Sin (a) + Pag COS (5) = 0.

Solving eqs.([3.2.34)) and ({3.2.35)), we get

p2g = 0 = poy,

r3(t) = psr.  (ps7 = const. of integration)

Therefore,

A(t,z,y, 2) = —2pay — 2p242 + par.
and thus eq.(3.2.30|) reduces to

52027

1" = psas + psy + paz + tanh (£) [ — parsin (L) + psa cos (£)] + pse,

n' = ps1 cos (%) + p32sin (ﬁ);
1° = D205 + Ca3% + Paa,

n® = P2ss — €3y + P26

A = —2pay — 2pasz + pr.
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(3.2.34)

(3.2.35)

(3.2.36)

(3.2.37)

J

From egs.(3.0.13)) and (3.0.14)) we have p3 = 0 and py = 0. Further, eq.(3.0.8)) gives

pas = 0.



Therefore, eq.(3.2.37]) becomes

§ = coy

n° = tanh (£) [ — pa1sin (%) + ps2 cos ()] + pss,
n' = ps; cos (ﬁ) + p3g sin (%),

0° = Paos + C23% + Paa,

1n° = Pass — €3y + P26

A = —2pay — 2pasz + par. )
Thus, substituting eq. in X gives
X = o5 + (tanh (3) [ = parsin (7) + psacos (3)] + pao) 3

+ (pgl CcOos (é) + P32 sin (%))% + (p20$ + Co3%2 +p22)8%
+ (p24s — a3y + pag) %
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(3.2.38)

(3.2.39)

There are 9 arbitrary constants appearing in X. Hence, the metric given by eq.(2.2.30)
admits 9 Noether symmetries. Therefore, eq.(3.2.39) leads to the following set of

symmetries.
Xi = =g -vgs
X5 = g
Xs = —tanh (D) sin (D2 4 cos ()2,
X5 = tanh (D) cos(%)%Jrsm(%)%,
Y, = sa%; A = =2y,
Y, = 5%; Ay = =2z



The structure constants of the corresponding Lie algebra are

5 1 1

(b) Case of v'(z) + v*(z) = -k, (k> 0)
This implies v(z) = In (cos(%)), (taking k = 1/a?)
Therefore, eq.(3.0.1]) gives

L = cos? (g)iQ — &% — g = 2

Using eq.(|3.2.26)) and substitute values into eq.(3.0.14)),

cos” (2) (D25 + pa] = pa3s + pas.

Comparing coefficients of s and s°;

. _ 2 (¥
S P23 = P2 COS (a)’
0. _ 2 (L
s Pas = Py COS (a).

From eq.(3.0.13)),

0052(2) []915 —|—p3} = P19S + P21.

Comparing coefficients of s and s°;
x
S P19 = P1 cos” (5)7

S P21 = P1 COS2 <§)

Using eq.(3.0.12)), we have

cos® (2) [doo(t, )s + ds o (¢, 2)] = diy(t) + di5(t),

50 doa(t,x) = sec® () dly(t),
a

74

C3=CL=—1.

(3.2.40)
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do(t, z) = atan (g)d’M(t) + f3(1), (3.2.41)
% ds(t,x) = sec? (g)d’w(t),
do(t, z) = atan (g)d’w(t) + L), (3.2.42)
Taking into account eqgs. ) and m we have
P11 =p12 =0,
P13 = p1a = 0.

Therefore, eq.(3.2.26]) reduces to

E=9s+s+c, A=Ay, 2),
1" = [p1y + poz + atan (£)d,(t) + f3(t)]s
+ [psy + paz + atan (2)di5 () + fa(t)],

nt = [Lx+ diu(t)]s + Lo+ dis(t), (3.2.43)
n? = [Ly + croz + prcos® (£)t + pa]s + Sy

+ C232 + 3 cos? (%)t + P2,
= [§2 = croy +p2cos® (2)t + pas]s + Gz — casy

+ P4 cos? (%)t + Pag.
From eq.,

— e () [dha (B (1)] = —[{atam (D)aa(0)+ £5(0)} s+ {atan( )iy )+ £(0)}]

a

Comparing coefficients of s and s°;
st Zrtan(2)dy(t) +atan($)di(t) = — f3(t).
Comparing coefficients of tan(%) and const.;

il t ot
tan (5) : di4(t) = psg + P39 COSh(a) + pao smh(a),

const. f5(t) = part + pao,
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sY - itan(‘”)d’w(t) +atan(3)dis(t) = fi(t).

a

Comparing coefficient of tan(%) and const.;
x t ) t
tan (5) : di15(t) = pag + paa cosh (a) + P45 sinh (a),
const. Ja(t) = past + par.

where p; (i = 38,...,47) are the constants of integration. Therefore, eq.(3.2.43) be-

comes

=2 +es+e, A=At zy 2)

n° = [p1y + p2z + tan (£){pse sinh(%) + pso cosh(%)}
+ put + ]942} s+ [PS?J + p4z + tan (%){P44 sinh(ﬁ)
+ pas cosh(£)} + pugt + p47} ;

n' = [La + pss + pso cosh(L) + pygsinh(L)]s
+ G2 + pag + paa cosh(L) + pys sinh(L),

n? = [Ly + cigz + p1 cos® (£)t + pao]s + Ly
+ o372 + py cos® ()t + pao,

(3.2.44)

773

(L2 — cioy + pacos® (£)t + pas)s + L2

— o3y + p4 cOS? (%)t+p26. J
From eq.,
=2 tan (2)[{co% + pss + psgcosh (L) + posinh (£)}s + {c12 + pag + pascosh (L) +
passinh (£)}4+2[{ L tan (£) (pso sinh (£)+psg cosh (£))+par }s+2 tan (£) {pas cosh (£)+
pas sinh (i)} +p46] — (cos + 1) = 0.
Comparing coefficients of s and s?;

-2 t t
s e tan (g) [Cog ~+ p3g + P39 cosh (a) + pgo sinh (a)} + 2ps

2 t ) t
—co + = tan (=) [pgs cosh (=) + puosink (=)] = 0,
Comparing coeflicients of = tan (%) , tan (ﬁ) and const.;

T tan (g) : co =0,
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tan <§) o ps=0,

const. : pa1 = 0.
s _7 tan (g) [clg + P43 + pag cosh ( ) + P45 sinh ( )]
2 t t
+a tan <§) [p44 cosh ( ) + P45 sinh (a)} + 2pgg —c1 = 0.

Comparing coefficients of x tan (f), tan (ﬁ) and const.;

x tan (Z) : c =0,
tan (2) : paz = 0,
const. : pag = 0.

Therefore, eq.(3.2.44)) becomes

£ =co, A=At z,y,z2),

n' = [ply + poz + tan (%){pgg Sinh( ) + Pao cosh( )+ p42} S
+ [pgy + paz + tan (f){p44 sinh(£) 4 pys cosh(L)} + p47},

nt = [pgg COSh(%) + Pao sinh(%)} S+ Pas cosh( ) + pas Slnh( ),

n? = [p1cos® (£)t + cr9z + pao s + ca3z + p3 cos? (L)t + pas,

\ (3.2.45)

n? = [pacos® (£)t — c19y + poa]s — cosy + pacos® (£)t + pos.

From eq.(3.0.9), we have
t
A(t,z,y, z) = —2[p3g cosh ( ) + pyo sinh ( )] + wi(t,y, 2). (3.2.46)
Using eq.(3.0.10)), we get
2 x
wy(t,y, z) = —2y[p; cos (a)t + 192 + poo) + wa(t, 2).,

Therefore,

t x
A(t,2,y, 2) = —2[psg cosh (~ ) + pao sinh ( )] = 2y[p1 cos® (a)f + c192 + pao] +wa(t, 2).
(3.2.47)
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From eq.(3.0.11)),
2 l'
—2[ps cos (a)t — C19Y + Pas] = —2c19y + wo (1, 2).
Comparing coefficients of y;
Yy Ci9 = 0,
and wa(t, z) = —2z[py cos? (£)t + pas] + ws(t),
Hence,

A(t,z,y, z) = —2[psg cosh (2) + pao sinh (ﬁ)] — 2y[p; cos? (f)t + pao
— 2z[pa cos? (L)t + paa] + ws(t).

From eq.(3.0.8),

2 cos? (%) [p1y+p2z+tan (%) {p3g sinh (§)+p4o cosh (3) Fpao] = U)é(t)—%[pgg sinh (ﬁ)—k

Pa cosh (4)] — 2ypy cos? () — 2zps cos® (£).

(3.2.48)

Comparing coefficients of x,y, z and sin 2(%);

Yy p1 = 07
< b2 = 0)
) t t
T P39 sinh (a) + pag cosh (a) =0, (3.2.49)
sin2(2): paysinh (2) + pao cosh (2) —0. (3.2.50)

By solving egs.(3.2.49) and (3.2.50)) simultaneously, we obtain

P39 = pag = 0.

Therefore, we obtain w3(t) = pas.  (pss = const.of integration)

Thus, eq.(3.2.48)) reduces to

A(t,z,y, 2) = —2paoy — 2p2s2 + Pus. (3.2.51)
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Eqgs.(3.0.13)), (3.0.14)), and (3.0.8)) together implies that

P3 = ps = pa2 = 0.

Therefore, eq.(3.2.45)) reduces to

§ = co

n° = tan (%) [p44 sinh(ﬁ) + Pas COSh(é)} + D47,
0" = pas cosh(L) + pss sinh(?), (3.2.52)
n% = p20S + Co32 + Pao,

n% = Pass — Cazy + Dos,

A = —2pogy — 2poyz + Pus. )

Thus, from eq.(3.2.52)) the generator X leads to

X = co + (tan (£) [paasinh(L) + pys cosh(L)] + par) &
+ (paa cosh(L) + pyssinh(L)) 2 + (pas + ca3z + pao) 8% (3.2.53)
+ (paas — ca3y + pag) %
Hence, the metric given by eq. admits 9 Noether symmetries. Hence, eq.(3.2.53))

gives the following symmetries:

Xi = 25~z

Xs = 5

X, = tan(g)sinh(é)%—kcosh(é)%a
X5 = tan(g)cosh(é)%—i—sinh(%)%a
Y, = s(%; Ay = =2y,

Y, = 5%; Ay =22



The structure constants of the corresponding Lie Algebra for this metric are
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1 : .

(c) Case of v'(z) + V*(z) = f(x)

In this case,

By eq.(3.2.26)), we get

p1=p2=p3=ps=0.
From eqs.(3.0.13) and (3.0.14)), we get

P19S + pa1 = 0,

D23Ss + pas = 0.

Comparing coefficients of s and s°;
S P19 = pa1 = 0,

0 P2g = pas = 0.

Therefore, eq.(3.2.26]) reduces to

=9 L sty A=Ay, z),
do(t,z)s + ds(t, x),
(5% + Py + praz + dua(b)]s + 5F + pray + praz + dis (1),
[ = Pz + 1oz + pao)s + G — prax + 23z + poo,
oz
2

= |
Eqgs.(3.0.39) and (3.0.40)) implies that

770
771
772
773

— D137 — C19¥ + Paa]s + LF — p1a® — Ca3y + Pas-

pi1 = p12 =0,

(3.2.54)



P13 = p1a = 0.

Thus, eq.(3.2.54)) reduces to

62#_"0134‘027 A=At x,y,2),
7]0 :d()(t,.T)S"_dS(tvx)u

771 = [% + d14(t)]$ + % + d15(t>, >
0 = [% + c192 + paols + % + ca32 + pag,
n® = [%F — croy + paals + %F — casy + Pas. )

From eq.,
" @[dy o (t, )5 + ds 4 (t, )] = di,(t)s + dis (t).

Comparing coefficients of s and s?;

st eDdy,(tx) =diy (1),

s e @dy L (tx) = di5(1).
Taking into account eq., we have

v(@)[dyy(t)s + dis(t)] = —[dou(t, x)s + ds,(t, )],

Comparing coefficients of s and s°;

st v(a)dy(t) = —dou(t,x),

% w(n)dis(t) = —dsu(t, x).
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(3.2.55)

(3.2.56)

(3.2.57)

(3.2.58)

(3.2.59)

Now, differentiate eqs.(3.2.56)), (3.2.57)) w.r.t. ¢ twice and eqgs.(3.2.58]), (3.2.59)) w.r.t.

x then subtract the resulting equations respectively, we get

diy(t) — V" (@)™ @y, (t) = 0,

dis(t) — v (@)™ @y (t) = 0.

(3.2.60)

(3.2.61)
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The Trivial Solution
For trivial solution, in egs.(3.2.60|) and (3.2.61])) we have
diy(t) =0 = di(t) = cso,
and
d,15<t) =0 = d15(t) = Cp1-

where c59 and c;; are constants of integration. Taking into account egs.(3.2.56|) and

(13.2.57), we get
do(t,z) =0 = do(t,z) = bi(2),

and

ds(t,x) =0 = ds(t,z) = Pa(t).
From eqs.(3.2.58]) and (3.2.59), one obtain
1) =0 = Bi(t) = csat + cs3,

and

g(t) =0 = 52(15) = C54t + Cs5.

where cs9, ¢53, C54, and cs5 are constants of integration. Hence, eq.(3.2.55)) reduces to

\

0052 +eas+c, A=At 1y, 2),
Csol + 053]8 + 54t + 55,

¢ =
n’ [
nt = (% + cso]s + %F + csn, (3.2.62)
7 = [ 5 +0192+p20]8+ S+ co3z + pao,
= [4

Ccoz

D2 — CroY + paa)s + G — cazy + pos.

From eq.(3.0.10), we have

¢
At x,y,z) = —(Eo)y2 — 2c19y2 — 2pooy + uq(t, x, 2). (3.2.63)
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Using eq.(3.0.11]), we get
¢
_2((50)2 — C19Y + Pas) = —2c19y +ur:(t, 7, 2),

Comparing coefficient of y; c19 =0,
and ur(t, @, z) = —(2)2* — 2paaz + ug(t, ).

Therefore, we have

Alt,x,y,2) = —02—0(y2 + 2%) — 2paoy — 2pasz + us(t, x). (3.2.64)
Also by eq., we get
ug(t, ) = —%0352 — 2c50 + ug(t).
Thus,
Alt,x,y, z) = —C—O(xQ + %+ 2%) — 2c50T — 2pa0y — 2pasz + us(t). (3.2.65)

2
From eq.(3.0.8)), one obtain

Uus (t) = €2V(I)C52t2 + 2€2V(x) Cs3t + Cs6.
Hence,

c

At w,y, 2) = —50(552 + 7+ 2%) — 2e507 — 2paoy — 2pauz + €7 (e5at® + 2es3t) + Cs6.
(3.2.66)

Taking into account eq.(3.0.9)), we have

62”(2)(052152 + 2¢53t) = 0.
Comparing coefficients of #* and t;

t2 . Cr2 — O,

t . Cr3 — 0.
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Thus, eq.(3.2.62|) becomes

2
§ =+ ci1s+ o,
0_
1" = Cs54t + Cs5,

n' = [4% + csols + &F + csn,

(3.2.67)
= [% 4 cig2 +p20]8 + 5%+ cozz + pao,
n? = [9% — croy + paa]s + & — casy + Das,
A=-2@+y*+2%) — 2650:v — 220y — 2paa? + Cs6. |
From eq.(3.0.21]), we have
Cox o
21//(213‘)([07 + C50]S + 17 + C51) + 2054 — (CQS + Cl),
Comparing coefficients of s and s?;
st (a(x) = 1)co+ 2V (x)cs0 = 0, (3.2.68)
s“ o (@ () = 1)ep + 20/ (@) st + 2¢54 = 0. (3.2.69)

Since V/(x) # 0, we can write eq.(3.2.68) as

1
(.Z' — M)CO -+ 2C50 = O,

When v/(z) = %, we have ¢s0 = 0 and v/(z) = L implies v(z) = In (%), which is a
Minkowski spacetime.

When v/'(z) # %, co and cso are linearly independent, therefore, eq. gives
co = 0 and ¢59 = 0. Similarly in eq., c1, ¢51, and csy are linearly independent.
Thus, we have ¢; = 0 = ¢51 = ¢54. Hence, eq. reduces to

\

§:C27
n° = css,
n' =0,

) (3.2.70)
n° = pP20S + Co32 + Pag,

n° = Paas — Cozy + Pos,

A = —2pyoy — 2p2az + Cs6.



After substituting eq.(3.2.70]) into generator X, one gets

X = o + casy + (D205 + c23z + p22) a% + (p2as — casy + pas) 2.
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(3.2.71)

The metric given by eq.(2.2.35) admits seven Noether symmetries. Thus, eq.(3.2.71)

leads to the following Noether symmetries.

Xo =2, )
X1 = Za% - 9%7

Xa =g,

X3 = g

Yo = £,

Y, = Sa%; Ay = =2y,
Y, = s%; Ay = —22.

The structure constants in this case are

2 2 3 2 3 3 _

Now, let us consider another case, when v/(z) = £ (where ¢ # 0, 1) then

v(z) =cn (g)

Therefore, the Lagrangian given by eq.(3.0.1]) becomes

2c
L= (f) 222

a

From eq.(3.0.21)),

ccy + 22051 + 2054 — C = 0,
T

Comparing coefficients of % and const;

1
- Cs1 = 07
T

const ci(c—1)+2c54 =0,

(3.2.72)

(3.2.73)



or csa=(1—¢)%.
Therefore, eq. reduces to
£ =c15+ ¢y, )
n° = (1- )5t + css,
nt=aj,

n* = paos + c1y + a3z + pao,
n° = paas + 13 — a3y + Das,

V= —=2pay — 2pasz + Cs6.
Thus, eq.(3.2.74)) gives the generator X as

X=(a1s+e)E+((1—c)Lt+cs)e ++asl + (pos
+ 15+ Ca32 +p22)a% + (p2as + 12 — a3y + pag) ==

Thus, the metric given by

a

2c
ds? = (f) A2 — da? — di? — d22,

admits 8 Noether symmetries. Hence, the generators are as follows:

X1 = “ay Var
X, = %
Xo = oo
voo 2
Y, = S%; Ay = -2y,
) yo 20
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(3.2.74)

(3.2.75)

(3.2.76)

(3.2.77)
(3.2.78)
(3.2.79)
(3.2.80)
(3.2.81)
(3.2.82)
(3.2.83)

(3.2.84)
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The structure constants of the corresponding Lie algebra for this metric are

1

2 2 i 3 2 0 2 3 3
Cly=Cli=Ch=Ch=Ch=C=1, Ch=Ch=c, Ch=-1
5 5 1 1—c
i 2 0
Cpy=Ch=-5 Ch=—5

The Non-Trivial Solution

For non-trivial solution, we have dj,(t) # 0 and d)5(¢t) # 0. Thus, we can rewrite

eqs.(3.2.60) and (3.2.61)) as

d/// t
d}4(t) =)™ = C, (3.2.85)
1a(t)
dis() 4\ o)
= e = (. 3.2.86
TR (3:2:50
Here, we have two possibilities:
(1). C £0,
(2). C =0.
(1).C#£0
Therefore, eq.(3.2.85)) leads to
d/// t 1
/14( ) =C (: _2)7
d14(1) a
and
dyL(t 1
50 _ o= )
di5(1) a
This implies that
t ) t
dia(t) = pso+Dps COSh(E) + P32 smh(a), (3.2.87)
t ) t
di5(t) = p3s+ psa cosh(a) + p3s smh(g). (3.2.88)

and V' (1)e?® = C.

After simplifying the above equation, we have

Inv"(x) + 2v(z) = InC.
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Further, differentiating w.r.t. x, we obtain

V/// (x)

V”(I)

+ 2V (z) =0,

= [V'(x) + 2 (x)] =0,
= [v"(z) + V*(z)] = constant.
Hence, we come to the conclusion that the possible values for v(z) in this equation
can only be
(i). v(z) = In(z/a),
(ii). v(z) = In[cosh(x/a)],
and, (iii). v(z) = In[cos(z/a)].
All the above mentioned results have already been discussed in detail before.
(2).C=0
Thus, eq. gives v (x) = 0, which leads to v(z) = 2+b (where b is a constant of

a

integration and can be absorbed in the definition of z). Therefore, eq.(3.0.1]) becomes

L =%/ — 32 — g% — 22 (3.2.89)

From eq.(3.2.85]), we have

2

t
diy(t) =0 = du(t) = p36§ + p3rt + Das,

2

t
dis(t) =0 = di5(t) = Pso + paot + pai.

where p; (i = 36, ...,41) are the constants of integration. Therefore, eq.(3.2.62)) reduces

to
52%—%0134—02, A=At z,y,2), \
n° = do(t,x)s + ds(t, x),
nt =%+ p%% + part + pas|s + S +p39§ + Paol + par, (3.2.90)
n? = [%% + c192 + paols + B + casz + oo,
n® = [99F — croy + paals + %F — casy + pas.
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Taking into account eq.(3.0.42)), we get
do(t, x) = ay(t) + ag(t)e 2/, (3.2.91)
ds(t, x) = as(t) + a(t)e 2/, (3.2.92)

Now, using eq.(3.0.38|) this gives

doo(t, ) = =7, (3.2.93)
ds 12 (1, T) = —;—;. (3.2.94)

Solving eqgs.(3.2.91))-(3.2.94)) simultaneously, we have

1
OéQ(t) = ZCQ€2x/at + Py2.

and

1
ay(t) = cheh/“t + Cy3.

where pys and py3 are the constants of integration. Therefore, eq.(3.2.90) reduces to

)

E=9 teosto, A=Ay z2)
n" = [ea(t) + fcot + paoe™/] s + az(t) + tert + paze ™2/,
[% + pge% + part + pagls + % + p39§ + paot + Pa, (3.2.95)

(52 4 c102 + pao)s + G + cazz + poo,

771
772

n° = [9E — cigy + paa]s + %E — Ca3y + Dae.
From eq.(3.0.12)), we have
2 —2aX/a 2 —T/a
629&/“( = Pt 2rlog — o Pas¢ 2/ ) = (p3st + ps7)s + paot + Pao,

Comparing coefficients of s and s°;

St —2pgy = pssl + Par,

Comparing coefficients of ¢ and t°;

t p3s = 0,

0 D37 = ——D42.
a
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s —2pg3 = paot + pao,

Comparing coefficients of ¢ and ¢Y;

t P39 = 0,

o _ 2
: Pao = Das.
a

Taking into account eq.(3.0.38)), one obtain ¢y = 0 and ¢; = 0. Also, egs.(3.2.58|) and
(13.2.59)) leads to

1 2
ap(t) = ?]942?5 + Paal + pus,

1 2
as(t) = gmzﬂf + paet + par.

Thus, eq.(f16*) reduces to

& = co, A=At z,y,=2),
0" = [Zpat? + put + pas + p42€_2x/a] B
"'%%21743152 + past + par + paze” 2/, (3.2.96)
nt = [—2paot + pssls — 2past + pay,
n* = [c192 + P2o]s + Casz + Pa2,
n* = [—C1oy + Paa]s — casy + pas. )
From eq.(3.0.10)), we have
A(t,x,y,z) = —2c19y2 — 2paoy + wi (L, x, 2). (3.2.97)

Using eq.(3.0.11]), we get
—2(—c19y + pa) = —2c19y + w1 :(t, 7, 2),

Comparing coefficient of y; c19 =0,
and wi(t,z,2) = —pasz + wa(t, x).

Therefore, we have

A(t,x,y,z) = —2p20y — 2p2asz + wa(t, x). (3.2.98)
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Also by eq.(3.0.9), we get
4
wy(t, x) = ap42t$ — 2pss + w3 (t).
Therefore,
4
A(t,z,y,z) = —2p3s® — 2pagy — 2Pz + ap@tx + ws(t). (3.2.99)
Taking into account eq.(3.0.8]), we have

—2z/a) _ 4

1
2e2r/a (¥p42t2 + paal + pas + paze St + wj(t),

Comparing coefficients of = and e2*/%;

x : pa2 = 0,
€2x/a . P45 = 0.
and
ws(t) = Paa€™H? + pys.
Thus,

A(t,z,y, 2) = —2pss® — 2pagy — 2P + paa€® 4 pys. (3.2.100)

From eq.(3.0.21]), we have
2

2 2
p (psss — 5?4375 + par) + 2(paas + §P43t + pas) =0,

Comparing coefficients of s and s°;

1
S P = —5P387
0 1
S 1 Pas = _Ep41'

Using eq.(3.0.8]), we get pss = 0. Thus,eq.(3.2.96)) reduces to



£ =

n’ = ( +e Qx/a)ms —p41— + Paz,
n' = —2psst + pa,

177 = P205 + Ca3% + Paa,

n% = pass — Cazy + Pas,
A = =2pay — 2p2a2 + pag

Hence, from eq.(3.2.101f) the generator X becomes

X = e+ ((
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b (3.2.101)

+ e 2N gy — put+ p47) %

+ (= 2past + par) 8% + (p20s + 232 + p22) 6% (3.2.102)
+ (P24S — Co3Y + P26) %
Therefore, the metric given by eq.(2.2.45) admits 9 Noether symmetries. Thus, the
Noether symmetry generators are as follows:
0
X = —
0 at7
) 0
X, =
1=y Yoy
0
Xy, = —
2 az Y
0
X3 = —
3 ay7
0 0
X _ 2t2 —2azx\ ~ 20t —
4 (a +e )at a ax7
0 0
Xy = —at—+ —
> Y * ox’
0
Yo = —
0 88 Y
0
Y, = s—; A1 =-2
1 ayu 1 Y,
0
Y, = s—; Ay=-2
2 S 82 ) 2 z
For this metric, the structure constants are
01205220121217 004:_ a, Cf2:01192_ 005:_ 0115:@-
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We summarized the obtained results (spacetimes) for the class under considera-

tion in the table given below:

S. No.

v(x) Spacetime G, | eq. ref KT
1. 0 Minkowski 17| (3.1.1 0
2. (2)? Minkowski 17 | (3.2.2 0
3. In[cosh(£)] | Bertotti-Robinson | 9 | (3.2.19 KTy = 5 = kT
4. Infcos(%)] | Bertotti-Robinson | 9 | (3.2.40 KTy = —25 = kT3
5. exp®/® | Bertotti-Robinson | 9 | (3.2.89 KTy = 5 = kT3
6. (2)2 - 8 | (3.2.73 Koy = 450 = KTy
7. arbitrary - 7 | (3.0.1) | KT = V"(x) + V*(z) = KT33




Chapter 4

Conclusion

A class of plane symmetric static spacetimes have been classified according to their
Noether symmetries and metrics. We have obtained a system of nineteen independent
partial differential eqs.— from eq.. Solving this system we get
some metrics. In each case, the corresponding Lagrangian of the metric admits either
G or Gg or GG17. The corresponding Lagrangian of the metrics given by eqs.
and admit G7 (Minkowski), the maximal number of Noether symmetries and
eqs.(3.2.19), (3.2.40), and admits Gy (Bertotti-Robinson). Also, the metric
given by eq. admits the G7 group which has the minimal number of Noether
symmetries eq.(3.2.72)) (in this case v(z) is an arbitrary function) for the class under
consideration i.e. I(A). It is well known that the time translation X in eq.(3.2.72)

corresponds to the conservation of energy, rotation X; to the angular momentum, Y
to the conservation of the Lagrangian, and translations in spatial directions Xy, Xg
corresponds to linear momentum in the respective directions. The interpretation of
Y; and Ys is given in [33]. In the mentioned paper, it is shown that corresponding

to Y; and Y., the conserved quantities are

1

Y= =55y + 11, (4.0.1)
1

2= 5P + 1y, (4.0.2)
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where p, and p, are linear momentum in the y— and z—direaction and 77 and 715
are constants. In eqs. and , Ty and T, are y— and z—intercepts with
the slopes —%py and —%pz respectively. We obtained another case eq.(3.2.73)) while
classifying the plane symmetric static spacetimes according to their Noether symme-
tries and metrics. In this case, the nature of the metric depends on the value of a
constant c¢. If (¢ = 0,1) then the metric given in eq.(3.2.73) is Minkowski, but we are
not interested in discussing this case for these value of c¢. So, we take the case when
(¢ # 0,1). Then the metric obtained in eq.(3.2.73) admits Gy group of motion. In
this case, the scaling symmetry Yg which we do not obtained in any other case, con-

tradicts with the theorem given in [34]. We also calculate the Lie algebra for each case.

Eq.(2.0.3) gives a system of ten Killing equations for the metric given by eq.([2.2.35)
and the system of partial differential egs.(3.0.3)—(3.0.21)) can be reduced to the system

of Killing eqs. (2:2:2) - (211) [35).

It would be of interest to classify the general plane symmetric static and non-static
spacetimes according to their Noether symmetries. This work can be extended for

the classification of the spherical and cylindrical spacetimes.
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