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Abstract

This dissertation deals with the study of existence and uniqueness of solutions for discrete
fractional calculus. We discuss some basic concepts of difference calculus and discrete fractional

calculus.

We establish new results of existence, uniqueness and global uniqueness for fractional dif-
ference second order initial value problem, using Caputo difference operator. We develop these

results with the help of Banach contraction principle and Schauder fixed point theorem.

We establish some conditions for the existence and uniqueness of the solutions of boundary
value problem by Caputo approach. We construct existence and uniqueness results by using

contraction principle and Brouwer theorem.

Finally, we construct some useful properties satisfied by the Green’s function for a certain
fractional difference boundary value problem. We also establish some new conditions to ensure
the existence and non-existence of positive solutions for the boundary value problem. For
construction of these results we use Guo-Krasnoselskii fixed point theorem. Some examples are

also added to demonstrate the applicability of our results.
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Chapter 1
Introduction

Fractional calculus is a field of mathematics that deals with the derivatives and integrals of
non-integer order. The origins of fractional calculus can be traced back to the end of the sev-
enteenth century. In beginning, many mathematicians put their interest and efforts and also
developed their own definitions for derivatives and integrals of fractional order. The most fa-
mous of these definitions in fractional calculus are the Riemann-Liouville, Grunwald-Letnikov
and Caputo definition. On the other hand, the Weyl fractional integral of order o was intro-
duced by Weyl in 1917. The major difference between Weyl and Riemann-Liouville fractional

integral definition are the limits of integration with kernel.

Fractional calculus has a long history. To the author’s knowledge, significant work did not
appear in this area until the mid-1950’s. A renewed interest shown within the past thirty years
in both the study of fractional calculus and fractional order differential equations. But the idea
of fractional order difference equations is very recent. In 1956 Kuttner [24] was first mentioned

the difference of fractional order for sequence of any complex number.

Diaz and Olsen in 1974 [10] introduced a discrete fractional difference operator, and gener-
alize the binomial formula for the n'* order difference operator A”. Fractional order sum and
difference of functions defined by Miller and Rose [26] in 1989. In 1991 Miller and Ross [27]
published their paper on fractional Green’s functions. Atici and Eloe in [1-3] have developed a
transform method in discrete fractional calculus, solved the initial value problems in discrete

fractional calculus and introduced a two point boundary value problem for a finite fractional



difference equation. Abdeljawad [4] discusses Riemann and Caputo fractional difference and
relate their properties. In Riemann-Liouville fractional difference the derivative of constant
function is not zero, while in Caputo fractional difference the derivative of constant function
is zero. In this dissertation we establish existence and uniqueness results of solutions for the

nonlinear fractional difference problem.

This chapter is concerned with basic definitions and preliminary concepts related to frac-
tional difference calculus. In first section we define the gamma function, used in further con-
cepts. Second section is about basic concept of difference operator. In section three we define
factorial function and their properties. Section four is related to infinite sum and in section
five we discuss fractional sum and differences definitions and properties. In last section we gave

some definitions and results about functional analysis.

1.1 The gamma function

The gamma function ia an extended form of factorial function. Swiss mathematician Leonhard
Euler (1707-1783) was first to introduce the gamma function to generalize the factorial to non
integer value. In 19" century many mathematicians made significant progress in studies of
gamma function.

The gamma function denoted by I'(«) is define as:

INa) = / y* e Vdy, a>0. (1.1)
0

The improper integral (1.1) is convergent for a > 0.

We list here some properties of gamma function:

(i) M'a) > 0,for a >0,

(ii) T(n+ 1) = n!,

(iii) N+ 1) = al'(«).

The defined gamma function can be extended for all « € R\ {0, —1,—-2,---}.

Lemma 1.1.1.

[(g+1) 1 ['(qg+2) T(g+1)

Mg—k+1) k+1|T(g—k+1) T(g—k) (1.2)




Proof. For g,k € R,q > k > —1, then

I'(q+2) T+ (+DI'(¢g+1)  (¢—kI(¢g+1)

T(k+2(q—k+1) TD(k+2)0I(q—Fk) Tk+2T(g—k+1) TD(k+2)0I(q—Fk+1)
F(g+1)
= Throrg-k+n Tl @=h)
(k+ 1) (g+1)

Fk+2)T(¢—k+1)

F(g+1)
Fk+1D)(g—k+1)

We can write it as

I(g+1) B ['(qg+2) I'(g+1)

Fk+1)I(qg—k+1) T(k+2T(qg—k+1) T(k+2)I'(q—k)

Lig+1) 1 I'lg+2) T(g+1)
MNg—k+1) k+1|[T(g—k+1) T(¢g—k)

1.2 The difference operator

Mathematical computations are based on equations and we can find solutions of these functions
recursively from given values, such equations are called difference equations. We can simplify
the calculations that involves in solving or analyzing the difference equations by using difference
calculus.

In this section, we give basic definitions and results of forward difference operator from [23]. As
in differential calculus the differential operator is the basic component, similarly, the difference
operator has the main role in difference calculus. Finite difference is the discrete form of

derivatives.

Definition 1.2.1. Let y(¢) be a function of variable ¢ where ¢ belongs to real or complex

number. Then the forward difference operator A is defined as:

Ay(t) = y(t+1) —y(t). (1.3)



For domain of y we will take the set of consecutive integers such as the set of natural

numbers. Sometimes it is useful to take the complex number or a continuous set such as the

interval [0, c0) as the domain of y.

The difference operator may be applied on function of two or more variables. For example,

Ayye™ = (y+1)e™ —ye™ =e™

and

m

Apye™ = ye™tt —ye™ = ye™(e — 1).

The second order difference A? is defined as

A%y(t) = A(Ay(t))
= Afy(t+1) —y(t)]
= y(t+2)—y(t+1)—ylt+1)+y(t)
= y(t+2) -2yt +1) —y(t).

The n'" order difference formula for all positive integers n is define as:

n(n —1)

Aty(t) =yt +n) —ny(t+n—1)+ 5

y(t+n—2)+ ...+ (=1)"y(t),

which can be verified by induction.

Using the definition for binomial coefficients equation (1.4) can be written as
Ayt =3 ( ) ) (—1)y(t +n — ).
i=0
Definition 1.2.2. Let y(t) be a function. Then the shift operator F is defined as
By(t) = y(t+1).
If I is identity y(t) = I, then A = E — I.

Theorem 1.2.1. [14] Let x,y be functions of t. Then

(a) AB =0, (B is constant),

(b) A™(A™y(t)) = A™T™y(t) m,n represent all positive integers,
() Aalt) + (1)) = Aa(t) + Ay(p),

(1.4)

(1.5)



t)) = CAy(t) where Cis a constant,

y(t)) = x(t)Ay(t) + Ey(t)Ax(t),

T
o0 _ y(t)Ac()—r(H)Ay(t)
<f)A< )‘ YOBD

Proof. Proof of parts (a — d) are simple.

()  Az()y(t) = =(t+1Dy(t+1) —x(t)
= 2+ Dyt +1) —z()yt +1) + x(t)y(t + 1) — z(t)y(1)
= Y+ +1) —2@) +2@)(y(t+1) —y(t))

= z(t)Ay(t) + Ey(t)Az(t).

x(t)) _ z(t+1)  z()
y(t+1)  y(t)
y(Oz(t+1) —x(t)y(t + 1)
y(t)y(t+1)

_y(@a(t+1) —z@)y(t) + z()y(t) — z()y(t +1)
y(t) Ey(t)
_ y(0)Az(t) — z(t)Ay(t)
y(t)Ey(t)
Theorem 1.2.2. [23] Let  be any constant. Then,
(a) A" = (B -1)5,
(b) Asin Bt = 2sin 2 cos B(t + 1),
(¢) Acos St = —2sin g sin B(t + 1),
(d) Alog Bt =log(1+ 1),
(e) AlogI'(t) = logt.
Here logt is logarithm of the positive number t.
Proof. (a)
Aﬁt — 5t+1 _ Bt
= FB-)



Asint = sin(ft + ) — sin St

since sinae —sinf = 2cos <QT+0) sin (a ; 0)
(6t+6+6t> . (ﬁt+6—ﬁt)
= 2co8| —— |sin | ———
2 2
= 2cos (ﬁt + g) sin (g)
= 2cosﬁ<t+%)sin6(%).

(¢)  Proof of part (c) is similar to part (b).

(d)

Alog st = logB(t+ 1) — log Bt

- ()
= logp (1—1—%) :

AlogI'(t) = logl'(t+1) —logI'(¢)

1.3 Falling function

This section contains the basic definition of falling function and some useful results, which are

used in the definitions of discrete fractional calculus.

Definition 1.3.1. [23] The falling factorial power is denoted by ¢*) and read as “t to the v
falling”. The t(*) is defined as follows:



(a) If v =1,2,3, ..., then t®) =¢(t — 1)(t — 2)...(t —v + 1).
(b) If v = 0, then t(*) = 1.

(C) IfU = —]_, —2, —3, ceny then t(v) = m

(

d) If v is not an integer then

(w:réqun' (16)

The expression in (d) is also valid for v is an integer, except those values that make the gamma

function undefined. This is the generalized form of falling function.

Since the binomial coefficient is defined as:

<n>:nm—nﬂm—i+n.

72 Z!
If n and ¢ are positive integers and n > v, then by above definition we get

(n) n(n —1)..(n—i+1)(n—1d)!

il(n —1)!

1
n!
il(n —1)!
I'(n+1)

I'(i+1)
This is the relation between binomial coefficient and the falling factorial power. That suggest

a definition for extended binomial coefficient, which is given as:

Definition 1.3.2. [23] The binomial coefficient denoted by (
v

t t@)
(U):r@+n'

There are many useful identities of binomial coefficients. By using the definition of falling

t
) is defined as

factorial and binomial coefficient we can easily verify these identities. Such as

(i)
( Z ) = < tjv > (symmetry). (1.7)



Proof. Taking right hand side of equation (1.7)

t tt=v)
t—w O T(t—v+1)

B T(t+41)

STt —v+ DIt —(t—v)+1)

_ I+1)
Ft—v+DHl(v+1)

~

_|_
¢
- F(U+1 v

Hence right hand side equals to left hand side.

(i)

t t t—1 .
= 2 (moving out of parentheses).
v v\v—-1

Proof. Taking right hand side of equation (1.8)

tft—1Y\  t (t—1)0D
v\ wv_1/)  wll—1+41)
ot Nt—1+1)r
T Tt —1—(v—1)+1)
B t0(t)
()t —v+1)

B L't+1) [t
T+ DIt—v+1) \ v )’

Hence right hand side equals to left hand side.

(iii)

t t—1 t—1 "
( > = ( ) + ( ) (addition formula).
v v v—1

(1.8)

(1.9)



Proof. Taking right hand side of equation (1.9)

t—1 t—1\  (¢t-1)® (-1
( o )'%<U_1> T T+l Tw—1+1)

T(t—1+1) T(t—1+1)
T T —1—0xD) Tl —1-v+2)
B I'(t) I'(t)
T T+ )Tl—v) TOri—0vt1)
B (t —v)I'(¢) vl(t)
- T+ )I(t—v+1) T+DI({t—v+1)
_ L) (t—v+0)

Fo+ DIt —v+1)
tT'(t)

Hence right hand side equals to left hand side.

Theorem 1.3.1. /23] Let A be the function of t and v > 0. Then we have:
(a) Apt® = pt=1),
(b) v =T(v+1),

t
() e
t B v+t

o\ t+1 )

Proof. (a) Let r be arbitrary, then

S
s
(w4 ~
-+ ~—
I

I'(t+1)

W A"

A T(t—v+1)

I'(t+2) I't+1)

M't—v+2) I'(t—v+1)
t+1D)It+1) (Et—v+DI(t+1)

It—v+2) I'(t—v+2)




I'(t—v+2)

LD 1oy qp—1)

o) =

_ (v+t+Dl(v+t+1)

T T+ )t +2)

T(t+1—(v+1)

I'(v+1)
L(v+1-v)
I'(v+1)

r'(1)

=T(v+1).

(v+t)®

T+ 1)

Fv+t+1)
"T(t+1)C(v+t+1—1t)
Flv+t+1)
T+ 1)t +1)

I'(v+t+2)

Flv+t+1)

Fo+1I(E+2) T+ 1)I({E+1)
(t+Dl(v+t+1)

Flv+ It +2)

v+ DIt +2)

D(v+t+1
Chlh B PIS PRR

(v +t+1)

~ oD (W)(t + 2)

10



1.4 Summation

As in differential calculus we have antiderivative of a function. Similarly in discrete calculus
we introduce the parallel concept of antiderivative. The inverse operator of difference operator

is called the indefinite sum.

Definition 1.4.1. For any real valued function y(¢). The indefinite sum or anti-difference of

Ft+v+1)

M+ +1)I((t+v+1)—(t+1))

(t+0)D v+t
Crt+2) 41 )

AQ(t)=T(t+1) —T(¢t)
=I'(t) — I'(¢)
= (t—1)T(1).

y(t) denoted by > y(t), or A7ly(t) is define as

A (Y ym) = v

Since we know that the indefinite integral is not unique for example,

/6t dt = 3t> + C (C'is any constant).

Similarly, indefinite sum is not unique.

Theorem 1.4.1. [23] Let y(t) is a real valued function. If Y(t) is an indefinite sum of y(t),

then the indefinite sum of y(t) is given as

> yt)=Y(t)+C,

where C' is constant, and AC = 0.

11



The following theorem provide some useful properties of indefinite sum.

Theorem 1.4.2. [23] Let  be an arbitrary constant and AC = 0. Then
(@) TH =F5+C  (B#£1),

1

(b) Yosinpt = — =202 L0 (B # 2nm),

(¢) Yeos pt = XD Lo (54 2nm),

(d) Y logt =1logI'(t) + C, (t >0),
() St =5 +C (B4,

t t
(f)2<6>—(5+1>+6',and
B+t \ [ B+t
wz("T)- (1)

Proof. Proof of part (a) is immediate from Theorem 1.2.2 (a).
(b) According to Theorem 1.2.2(c) we have,

Acosft = —ZSinésinB (t+1)

2 2
1 B 11
ACOSﬁ(t—§> = —281n§smﬁ<t+§—§)
Acos 3 (t — 1) = —2 Sinésinﬁt
2 2
—A t—1
sinft = cosﬁ( 2)
QSiIlg
—Acosﬁ(t %) —Cosﬁ(t—%)
in it = = +C.
Zsmﬁ Z 281n§ ZSing

The proof of other parts are similar.

Theorem 1.4.3. [23] Some general properties of indefinite sum are as follows:
(a) 2o(x(t) +y(1) = 2o a(t) + 2o y(t),

(b) > By(t) = B> y(t), B is any constant,

(c) 2o(x(t)Ay(t)) = x(t)y(t) — 32 Ey(t)Ax(t), and

(d) 22 E(x(t)Ay(t)) = z(t)y(t) — 2o y(t)Az(t).

12



Proof. Part (a) and part (b) follows from Theorem 1.2.2. (¢) To prove this we consider the part
(d) of Theorem 1.2.1,

) = a(t)Ay(t) + By() )
) = Alalby(t) - Ey(tA(t)

) = Y IAG) - <t>Am<t>]
) = G(ye) - 3 By(t)Al

(d) Part (d) can be proved by rearrangement of part (c). O

Remark 1.4.1. Part (¢) and (d) of Theorem1.4.3 are known as summation by parts formula

for indefinite sum.

1.5 Fractional sum and difference

This section contains some basic definitions and results of discrete fractional sum and difference.
Using these concepts throughout this dissertation we find some sufficient conditions for existence

and uniqueness of solutions for discrete fractional calculus.

1.5.1 Fractional sum

As we know that the n repeated definite integrals of continuous function f is define as:

/ / / / Tn 1 dTn,1 cee dTQdTldS>

:/a %f(s)ds, t € [a,00). (1.10)

Similarly, the n repeated definite sums of discrete function f is written as:

t—1 s—1 Tp—2—1

:ZZ Z F(Tao1)

s=a T1=a ™m—1=a

—ZHJO 8_1_]>f(s), t €N, (1.11)

(n—1)!

13



where (t —s — 1)1 = H;L:_Ol(t —s—1—7).

From equation (1.11) the n'* integer sum of f is defined as:
o (t—s—1)(D

V) = (A7)0 = Y fe), e N,

s=a

This expression motivates the definition of the v** fractional sum.

Definition 1.5.1. [2] If v > 0 and o(s) = s + 1. Then the v" order fractional sum of f is

defined by

A0 = i ot = ()G (1.12)

Note that A~ maps functions defined on N, to function defined on N,, where

N, ={a,a+1,a+2,..}. Also note that t*) = %

S=a

Example 1.5.1. We find the value of A~3lforte %, % +1, % +2,---} by using the definition

of the fractional sum.

N~ -
A, 1—F(%);(t—a(s))( 1
S P

I =

-1y [1% (R e m0) 1 ()
- l (reg-rag) ()
~r 3 (- 379) +7 (3)] - et - 5



Lemma 1.5.1. [2/(Fractional sum power rule)

Let v # 1 and assume p+ v + 1 is not a non-positive integer. Then

r 1
A - LWHD) (1.13)
Mp+v+1)
Proof. Define
r 1
ha(t) = D
I'(p+v+1)
1 t—v
ho(t) := A~vtW) — t—s— 1))
2( ) 1—\(,0) Sz:;( S ) S
We show that hq, hy each satisfy the following well-posed initial value problem
(t — (p+v)+1)An(t) = (u+v)h(t), (1.14)
h(p+v) =T(pu+1). (1.15)

First we consider h; and prove that h; satisfies (1.14) then
(t—(n+v)+DI'(p+1)

(t = (n+v) + 1)Ahy(t) = v e D) Aplbt)
_(pto)t = (p+v)+ D0 (p+ 1)t(“+”—1)
N F'p+v+1)

_ (1 +0)T(p+ 1>t(u+v) = (u+v)h(b).

F(p+v+1)
Now, we prove h; satisfies (1.15) that is
I(p+1)
h 4u)= —L T (4 p)BtY)
1+ v) Titot 1)(u v)
Fp+DI'(p+v+1)
I(p+v+1) (1)

Thus, h; satisfied both conditions.

Now, we consider hy. To satisfying condition (1.14) we proceed as follows,

t—v

ha(t) = ﬁ Z(t —5—1)"bgm

S=l

t—v
:—Z(t—s—l—v—,u—{—?—i—,u)(t—s—1)(”_2)3(“)

S=l

15



t—v

1
:W;(t—s—v—/x+l+,u)(t—s

t—v

RS RS R vz L v_2) (o
= ') Z(t—s—l)( )s()—mZ(s—u)(t—s—l)( ),

s=pu s=pu
Consider first term of above equation(1.16)

(t—(v+u)+1)tv _9

E (t—s— 1)(” )5,
</U) S=U

As we know that

t—v

Ahy(t VW 4 (t+1 — )",

So we can write above equation as

:(t—(v+u)+1)<

Ahy — (t+1 —v)“)

(v—1)
(=4 F DA (t+1 o)
B (v—1) (v—1)
Consider second term of (1.16)
1 t—v ~
o) D (s—pt —s— 1D,
s=p

Using summation by parts rule, we have

At — )0 Dty = (1 — 5 — 1)+ 1)sW — (v = 1)(t — 5 — 1)V D sbFD,
We know that
t—v t—v
D6 o)) 2 = 31— (s — )t
s=pu s=p

Equation (1.17) can be written as

i@ —a(s)) st = -1 i 0 (n+1) i(t —o(s)) s Z A
= (v i 1) (,u + 1) i(t _ U(S))(v—l)s(u) _ (v _ 1)(v_1)(t 41—
e _ () @2 g1 (n+1) (t+1—v)rth
o) ;u (5)) )+

16

(1.16)

(1.17)

o)

v)(”H)]



Substitute these values in (1.16)

(t—(v+pu) + 1Ay  (t+1—v)®  (u+1)

B B B (t+1—o)k+D)
hall) = 0T wo1) o0t
(t— (U+M)+1)Ah2 = (U— 1+/L+ 1)h2(t)
— (04 p)hat)

Now to prove hy satisfies (1.15) we consider

ho(t) = A~vtW ® tz_é(t_s 1)1 5
ho(p +v) = ﬁ Z (n+v—s—1)"Dsw
R N
I'(v)
_ C(p+1) v 1)~
T (v=1)
~ T(p+1) B
= WF(U) =D(p+1).

Thus we conclude that h; = hs by uniqueness of solutions to the well-posed initial value problem
(1.14) and (1.15). O

Theorem 1.5.1. [2] Let v,u > 0. Let f be a real valued function defined on N,. Then
ALIAT ()] = AT () = AZLIAT (1),

Proof.

ATY —u 1 < v—1 1 — pn—1
A A ()] = W Z (t—o(s) " (m > (t—a(r) V(?“))

s=a+u r=a
t—v  s—p
o S (ol e = )
sa—l—,ur(z



() = | =,
1 t—(v+p) t—r—1—v BT
TN —_— —y—7 — 2= p—
Mo 2 | 2, o2 e
1 t—(v+p)
= 0 (A @)Y, f(r).Since ALY (t—a)® = pm Ot — )t
i
T T(p) Z (=1t —r — DEFI£(r)
t—(v+p)
1 r
“ X a0

1.5.2 Riemann-Liouville fractional difference

In this section we define Riemann- Liouville fractional difference operator and some basic results

on Riemann- Liouville fractional difference operator.

Definition 1.5.2. [5] If v > 0 and n — 1 < v < n, where n denotes a positive integer. Then

the v* order Riemann-Liouville fractional difference of f is defined as
AVF(t) = AMA~F(), Vit € Noynoo, (1.18)

where A" is the n'" order forward difference operator. Also it is clear that A maps functions

defined on N, to function defined on N, ,_,.

3
Example 1.5.2. Find Ag1.
Let n = 2 then by using Definition 1.5.2 we get

Azl = A2(A-C-D1) = A2(A31)
2

VT

= A2 4(3) by Definition 1.5.1

18



N\CO

2
= — ( - ) by power rule
s

Lemma 1.5.2. [2/(Fractional difference power rule)
Let v # 1 and assume p — v + 1 is not a non-positive integer. Then
r 1
Avg) — Tty (1.19)
(pg—v+1)

Proof. Taking left hand side and applying the definition of fractional difference, then we have
AVt — AN AN =v)4(k)

F(M + 1) t(M+N—U)
F'(p+N+1-v)

N

_ F(,u + ]') ANt(,u—l-N—v)
F'p+N+1-v)

L(p+1) N (e N—o—
N1 )

B F'p+1)I'(p+ N —v+1) o
'p+N+1—-v)'(p+N—-v+1-N)
F(N+1> t(,ufv)

Fp—v+1) '

O

Theorem 1.5.2. Let v, > 0 and f be a real valued function defined on N,. Where N — 1 <

v < N. Then
AL A ()] = A f(D).

Proof. We have given that f : N, = R and v, x > 0. Let ¢ € Ny 4 n—, then,

(A F ()] = AVNALTV AT f(1)]
= ANA- W=t £(#) by Theorem 1.5.1
— AN £
= AUTFf(L).

A’l}

a+p
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Theorem 1.5.3. Letv > 0 and f : N, — R be given, suppose that k € Ng. Then fort € N,,

we have
k—1

_ - A f(a) ket
APARF(t) = AU f(E) — t —a)r D, 1.20
A = 80 - X S (1.20)
Moreover if p > 0 with M —1 < p < M, then fort € Noynyr—pro we have
A M fa 4+ M — p)
F'v-—M+j+1)

M-1

A AL = AT = )

=0
Proof. k € Ny and t € N,,, be given, assume that v > 0 with v ¢ (1,2,...,k — 1), then

(t—a— M+ )M (1.21)

AAH() = o S ((t — o(s) " V[A* (s)
U

“rg 2 (o) TN ()

S=a

Using sum by parts rule we obtain

_ ! _ g D AR ) Lt_vv_ — (N AR (g
o 6= 9] 4 S = 1= o)A

sS=a

— t—v
(t — @)(U Y k—1

= A1) = AT ) gy Dol o) P

t—v+1

_ v—2) A k—1 AR f(a)(t — )
“Te-D 52: (t—o(s) A f(s) —

()

t—(v—1)

_ v—1)—1) A k—1 Ak_lf(a) v—1
= oy 2 (o) VA () - St a0

A
e

A7)

o)

Summing by parts (kK — 1) more times we obtain

— A;(v—l)Akz—lf(t) (t . a)(”_l)

— AIAR () (t— ).

ATARF(E) = AR - 2@ e

I'(v)
_ A2-v Ak—2 AF1f(a) o1y A"2f(a) v—2
= A7 A" f(t)—w(t—a)( )—m(t—a)( :
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Y L AR (a)
= AFUr) — ;m(t — q)®)

. —  Aif(a) s
ST _;F(v—k+j+1)(t_a)( ) for(t € Ny +v).

Suppose v € (1,2,....k — 1) then k —v € N for t € N,
A;vAkf(t) _ Ak—vA—(k—v)A—vAkf(t)
= AFPIATRARf ()]
k—1

_ Ak—v _ — Ajf(@) _ ) (h—k+i
= DSy = EE T " )]

= AR () -

- A (a)
I'(j+1)

= AFUF(E) — ARV (t — a)V)

J=0

e —  Af@I(+1) jko
=a f(t)_JZF(j+1)F(j+1—k+v)<t_a)( "

— Ak’ ’Uf . a)(j—k—i—v)'

ZF]+1—k+v)(

The relation (4.12) is proved. For proof of (1.21) we suppose that v, u > 0 with M —1 < u < M.
Define h(t) = AJ(M_“)f(t) and b = a + M — p be the first point, then

A ar A f(t) = AT ANAMATM f(t) = AT AMATMER £ (1)

— ATCAMR(Y)
M-1
AIR(D) |
— AM-v _ 1\([G—M+v)
= Baar—ph(t ]ZF]—Fl—M—FU)(t )
M-1

AFA~=0) £ ()
— T(j+1—M+v)

— AM-v A*(M*“)f(t) _

a+M—p (t - b)(jiMJrU)

M—1 .
N=MFuf(q 4+ M — p) ,
= A“_’U t — t — — ’\f? (]_M_FU)‘
o ) Zj_o TGTi-Mto) G Mtn
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Theorem 1.5.4. Letv > 0 and f : N, — R be a given function. Then

(t —a)=V

ATUAS() = AN — s

f(a).
Lemma 1.5.3. [3] Suppose 0 < N —1 < v < N. Then
ATAYy(t) = y(t) + C1t™) 4 Cot2 4 Ont )

for some C, e R, k=1,2,...,N.

1.5.3 Caputo fractional difference

In this section, we study the definition and some results of discrete fractional calculus using

Caputo difference operator.

Definition 1.5.3. [5] If v > 0 and n — 1 < v < n, where n denotes a positive integer. Then

the v order Caputo fractional difference of f is defined as
AF() = ACTATF(H), V€ Nay, (1.22)
where A" is the n'* order forward difference operator. Also it is clear that AY maps functions
defined on N, to function defined on N, ,_,.
We are taking the same Example 1.5.2 and compute the Caputo fractional difference.

Example 1.5.3. Use the Definition 1.5.3 and find A?l.
Let n = 2 then by using Definition 1.5.3 we get
AZ1 = A—-3A2])
=0.
The above example shows the basic difference in Riemann and Caputo fractional difference.

In Riemann fractional difference the difference of constant is not equal to zero while in Caputo

fractional difference the difference of constant is zero.

Theorem 1.5.5. [5] For non integer v > 0, n = [v],u =n — v, it holds

nlo o) t—u
(1) = %Akf(a) + ﬁ S (- s 1)IAf(s), (1.23)
k=0 ) s=a+p

where [ is defined on N, with a € R.
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Lemma 1.5.4. Let v > 0 and f be a function defined on N,. Then

(t— a)(k) k
k! A

|
—

n

ATPALS() = f(t) - f(a).

=
Il

0
The proof can be achieved by applying the definition of fractional sum and Caputo fractional

difference.
Lemma 1.5.5. Suppose 0 < v. Then
ATAYy(t) = y(t) + Co + Ort + Cot® + ... + Cnt™,

for some C,, e R,k =0,1,2,...,N.

1.6 Some results from functional analysis

In this section, some basic definitions and results of analysis from [18,22] are given. These
results are used throughout this dissertation to find the existence and uniqueness of solutions

for initial value and boundary value problems of discrete fractional calculus.

Definition 1.6.1. Let X be a set and X C Cc, d] is said to be equicontinuous if and only if
for each € > 0 there exist > o such that

|f(y1) — fya)| <€ forall yi,ys € [c,d],
whenever |y; — yo| < 6 for all f € X.

Definition 1.6.2. A subset X of a vector space V is said to be convex iff Ay; + (1 — A)ys lies
in X for each y;,y, € X, and each A\ with 0 < A < 1.

Definition 1.6.3. A Banach space B is a complete normed vector space.

Definition 1.6.4. Let V and W be two vector spaces. Then ® is called an operator from V
into W, such that ® : V" — W. Where V is domain and W is range.

Definition 1.6.5. Let X be closed subset of Banach space B. Then a mapping ® : X — X is
called contraction, if for any y;,y, € X and there exist a non-negative real number 0 < r < 1

such that
[D(y1) — @(w)ll < 7llys — vall-
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Definition 1.6.6. Let B be the Banach space and X be a closed subset of B. ® is said to satisfy
Lipschitz condition on X with Lipschitz constant L < oo, if and only if for any y;,y, € X

[D(y1) — ()|l < Lilyr — 12l|-

Definition 1.6.7. A linear operator ® mapping a Banach space B into itself it is said to be

completely continuous operator if it maps every bounded set into a relatively compact set.
Definition 1.6.8. A point y is said to be a fixed point of the operator ® if and only if y = ®y.

Definition 1.6.9. Let E be a subset of the Banach space B. E is said to be a cone if and only
if it satisfy the following conditions:

(i)E is closed and convex.

(i) If fe E, yf € E for every y > 0.

(iii) If f,—f € E then f =0.

Definition 1.6.10. A class of sets in a real Banach space B is said to cover a given set X iff

each point of X lies at least one sets.

Definition 1.6.11. Let B be a real Banach space. A set X C B is said to be compact iff every

class of open sets which cover X has a finite subclass which also cover X.

Definition 1.6.12. Let X be a subset of the real Banach space B. Then X is relatively compact

iff its closure X is compact.

Theorem 1.6.1. (Leray-Schauder alternative theorem [17]. Let B be a Banach space with
C C B closed and convex. Assume U is a relatively open subset of C with0 € U and ® : U — C
18 a continuous, compact map. Then either

(1)® has a fived point in U, or

(2) there exist u € OU and X\ € (0,1) with u = Au.

Theorem 1.6.2. (Schauder fized point theorem ( [19]. If U is a closed, bounded convex subset
of a Banach space B and ® : U — U 1is completely continuous, then ® has a fixed point in U.

Theorem 1.6.3. (Ascoli-Arzela theorem [25]). Let B be a Banach space, and S = {s(t)} is a
family of continuous mappings s : [a,b] — X. If S is uniformly bounded and equicontinuous,
and for any t* € [a,b], the set {s(t*)} is relatively compact, then there exists a uniformly

convergent sequence {s,(t)}(n =1,2,3,...;t € [a,b] in S.
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Lemma 1.6.1. (Mazur’s Lemma [29]). If S is a compact subset of Banach space B, then its

convex closure convsS is compact.

Theorem 1.6.4. [12] Let B be a Banach space and E € B be a cone. Assume 1 and Qy are
open discs contained in B with 0 € 1, O C Qy and let

d:EN (QQ\Ql) — E,
be a completely continuous operator such that, either
(1) @yl < llyll fory € EN O and ||Py|| = |ly|| for y € E NIy, or

(i) [|[@yll = [lyll for y € ENON and ||y[| < |ly|| fory € EN 0.

Then ® has at least one fized point in E N (22\Q1).
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Chapter 2

Initial value problem in discrete

fractional calculus

In this chapter, we will discuss some methods of solutions and the existence and uniqueness of
solutions for certain initial value problems in discrete fractional calculus. The interest in the
study of existence and uniqueness of solutions for initial value problems (IVP) and boundary
value problems (BVP) has increased in last decade. For convenience of numerical calculations

the research about fractional order difference equations becomes important.

Many authors have done quality of work in this field of study. Atici and Eloe [1] in 2009
published their paper. The particular goal of their study was to solved well-defined discrete
fractional difference equations and they also solved the half-order linear problem with constant
coefficients using the method of undetermined coefficients and with a transform method. F.
Chen [8] also stuided the existence and uniqueness of solution for IVP. His work deals with the
initial value problem of a nonlinear fractional difference equation of order 0 < v < 1, with the
Caputo difference operator. J. Jagan and Deekshitulu [21] proved some existence and unique-

ness results for solutions of various classes of fractional order difference equations.

During the course of this chapter, in section 2.1 we deal with the initial value problem by the
method of successive approximation. In section 2.2, we study the half order linear problem with
coefficients solved by undetermined coefficients method. In section 2.3, we discuss the discrete

transform method for the solution of initial value problems. Section 2.4, contains the extension
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of the work in [8]. Here the difference is we take second order initial value problem rather
than order one, also we have taken different initial conditions. We developed the existence and

uniqueness results of solutions for second order Caputo fractional difference equation.

2.1 Method of successive approximation

This section is concerned with a nonlinear fractional difference equation of v—th order (0 < v <
1) with an initial condition [1]. By mean of some commutativity properties we will construct a
summation equation for fractional difference initial value problem.

Consider the following initial value problem to a nonlinear fractional difference equation:
A%yt)=ft+v—1Lyt+v—1)), t=0,1,2,---, 0<wv<, (2.1)
A"y (t)]i=o = ao, (2.2)
where f is a real valued function and «y is a real number. The solution y() is defined on N,,_1,
if exists.

First, we construct a summation equation of initial value problem (2.1) and (2.2). Applying

the fractional sum operator A~ on equation (2.1), then we have
ATA%(t) = AT f(t+v— Lyt +v—1)), t=v,o+1L,0+2,---.
Now, we apply Theorem 1.5.1 to the right side of the above equation to obtain,
ATAy(t) = ATPAAT Ty () = ATV (4 v — 1, y(t +v — 1)). (2.3)

Using Theorem 1.5.4 to the right side of equation (2.3)

—v Av—1 _ (t — 0)(1}—1) v—1 _ AUV . _
(v=1)
AATPAYAT (1) = tr(v) Y()|imo + ATt +v —1,y(t +v—1)).

Using initial condition, we obtain for t € N,_;

t—v

(v-1)
y(t) = tl“(—v)ao + ﬁ ;O(t — a(s))(”_l)f(s +v—1y(s+v—1)). (2.4)

The above equation represents the summation equation of the initial value problem (2.1) and
(2.2).
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Example 2.1.1. [1] Consider the initial value problem with constant coefficient.
A%y(t) = My(t+v—1), t=0,1,2,---, 0<wv<l, (2.5)

A"y () |i=0 = . (2.6)
The function is defined on N,_1, and AV y(#)|,—o = y(v — 1). Since (=)= =T(1 —¢).
Then the above initial value problem is equivalent to,

Ay(t) = My(t+v—1), t=0,1,2,---,

y(v—1) = ap.

By equation (2.4) the solution of the initial value problem (2.5) and (2.6) is given as,

t(v 1) t—v
I'(v)

(t —o(s) " Vy(s +v—1).

M

y(t) =

s=0
We use the method of successive approximations to obtain an explicit solution. Set
to=1)
t) = ——ay,
Yo(t) T(v) 0
t—v

)\ _
and yn(t) = yO Z yn 1(5 +v— 1)

s=0
:yo(t)—i—)\A’ Yn1(t+v—1), n=1,23---.

For n = 1, we use the power rule (Lemma 1.5.1),

y1(t) = yo(t) + AA " yo(t +v — 1)
_ %ao RV G UI{J)(”‘”
- t;}(vl)) G + a0k (@1;(52 - 11i v)+ 0
t&vl)) @0+ a0l <vr>(rv<)2v>
=0 (T )

After repeated application of power rule, we have

Qg

(t +ou— 1)(v—1+v)

(t+v— 1)

= _— — _ (kv+v—1) _
0= 00 F gyt T E-DE- DI n=01,23
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Let n — oo, we obtain the solution

0 k
y(t) =ap Y M(t + (k= 1)(v — 1))hvto=D), (2.7)
Set v =1, then
y(t) =03 (0" = ao(1+ )"

This is the unique solution of initial value problem (2.5) and (2.6).

2.2 Undetermined coefficients method
This section contains the half-order difference equation with constant coefficients and we apply
method of undetermined coefficients, as Miller and Ross used in [28] to find the solution.
Example 2.2.1. [1] Consider the following half-order difference equation,
AY2y(t) + aAy(t —1/2) =0, t=0,1,2,---.
Suppose that a solution y(¢) has the form
y(t) = CF(t,0,\) + F(t,—1/2,\).
Since y is defined on N_; 5. Substituting the value of y(¢) in above equation,
AYV2y(t) + aA(t — 1/2) = AY2H{COF(t,0,\) + F(t,—1/2,\)}
+aA*{CF(t —1/2,0,\) + F(t — 1/2,—1/2,\)}. (2.8)

Also we know that F(t,v,a) = A7Y(1 4+ «)', where v is any real number. We can write the
equation (2.8) as

AV2y(t) + aA(t — 1/2) = CAY2(1+ N+ AYVEAY2(1 4 A +aC(1+ N7V (1 4+ N (29)

+a(l+ N)"V2AY2(1 4+ N\
We simplify the AY2AY2(1 + \)! part of equation (2.9) by using the power rule and Theorem
1.5.4, so we have
AVZAVR(1+ N = AVPAAT2 (14 0

=AY? (A1/2A(1 ey U2 +r1(/12/)2() i (1+ )\)1/2)
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t+1/2)2
= AYVPATEA(L 4 N+ AV (( r(/1/)2) (1+ )\)‘1/2>

= A1+ N+ AATY? ((t +F1(/12/>2()_1/2) (1+ /\)—1/2>

[(1/2)(t + 1/2)1/2+1/2)
D(1/2)0(=1/2+1/2+1)

= (2 - @) +a( )

(
= A1+ N + AT+ A)?
=M1+ N

By substituting this value in equation (2.9), we get

AY2y(t) + aAy(t — 1/2) = CAYV2A 4+ N+ X1+ N +aC(1+X)"Y2(1+ N
+a(l4 X)"Y2AY2(1 4 )
= A1+ N (C+a(l+ X))+ 1+ N (A + Ca(l+N)?)
= F(t,—1/2,)\) (C+a(1 + X)) + F(,0,A) (A + Ca(1 + \)~'/?)
= (L+N)Y2E(, —1/2,0) (C(1+ M) +a)
+ (1 +A)2F(t,0,0) (M1 4+ N2 + Ca)
=1+ X)V2F(t,—1/2,0) (C(1 + M) +a)
+CA+NV2EE,0,0) (CTIAA+ N2 +4).
Set P(A\) = \/A(1+ \) +a, and A = C?, then we can write above equation as
AY2u(t) + aAu(t — 1/2) = (1 + N)V2E(t, —1/2,\) ( M1+ X))+ a>
—1/2 A
+VAQ+N)TV2E(#,0,)) (ﬁ\/l A+ a)
= (1+\)72p()) (F(t, ~1/2,)) + VAF(t,0, A)) .

Thus,
y(t) = VAF(t,0,\) + F(t,—1/2, ).

This represents the solution of half-order difference equation for t € {—1/2,1/2,3/2,---}.
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2.3 Discrete transform method

In [2] authors extended the discrete Laplace transform method to develop a discrete transform
method for fractional difference equations.

Discrete transform (R-transform) for f € N, is defined as

o0

Rto<f<t>><s>:2( ! ) 7). (2.10)

P s+ 1

Discrete transform is not the same as the more common z-transform. This discrete transform

is the Laplace transform on the time scale of integers.

Lemma 2.3.1. [2] Let for any v € R\{--- ,—2,—1,0}, then
r
() Reat0)(s) =
S’U
()
i) Ry 1 (t0Dal)(s) = — .
(1) Boma(t*Da)(s) =
Proof. (i)If v = 1, then we have straight forward calculations with geometric series. For

v = 2,3, the problem is solved by induction method. First, we apply Theorem 1.3.1 (i) and

then use summation by parts. For 0 < v < 1, we have

[e.9]

1 t+1
R o e
S s+

Substitute t = p+v — 1, we get

—~/ 1
Ry a((p+v—1)07Y) :Z( 1) (+v—1)0"0

:(ler1> E
() 2 W

We use the following equality [ [6], Theorem 2.2.1] of hypergeometric function o F; to the right

p+v—1+1)
MNp+v—v+1)

I
»
+
—
\/@ —+
jihgk

side of above equation,




And if ¢,b > 0 then

['(c)

1
Fi(a,bjc;x) = =—————— [ """ 1 =) dt.
o) = gy f, €70

So we have

ti:; (8 i 1>t+1 o=l = ﬁr(u)gﬂ (l,v; 1; H%)
- Gr T rg;g?(z(i)v) / R (1 - 1)1 «

1 1 Lo s+1—t\""
_ vl v (2~
(s—i—l)”F(l—v)/ot (1-1) ( s+l ) di

1 1

T s+ 1)1 =) /0 (A=) p s +u)tdp ot=1—p

1 L
_(S—i-l)“_lf(l—v)/o (s + ) -

Here we use a property of beta function to get

00 1 t+1 - 1 1 1 L
Zl(s+1) =D — (s+1)v—1r(1—v)/0 B(v,1-v)(1+s)"""'s
['(v)

sv

For 0 < v < 1, the proof is complete.
The proof of (ii) follows from the proof of (7). O

We shall use the convolution theorem by Bohner and Peterson [11] in which they have
developed the convolution on the time scale of integers.

Assume h(t) = t*~Y and g(¢) = a’ then convolution is defined as

t—v
(h*g)(t) = (t—o(s))" Vg(s),
s=0
where v € R/{---,—2,—1,0}.
Lemma 2.3.2. [2] Let for any v € R/{---,—2,—1,0} we have

Ry((h+ g)(t))(s) = Ru1(h(t))(s) Ro(g(t))(s)-
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Proof. We have

We have another property of R-transform that is used to solve fractional difference equation.
That is
Rawo (A7 f (1)) () = s Ra(f(1))(s)- (2.11)

Lemma 2.3.3. [2] Let 0 < v < 1 and the function f defined for {v —1,v,v+1,---}
Ro(Af(1))(s) = s"Roa(f(#)) = fv—1).

Proof. In [7,11] it is shown that, if m is a positive integer, then

m—1

Ro(A™ f(1))(s) = s™ Ro(f)(s) = > s "' AF flio.

k=0

If we take m = 1, then we have

R(A™F(0) = (A8 50) = 3 () A 0)s)

—\s+ 1
00 1 t+1 1-1
— Z ( - 1) A—(l—v)f(t) . Z Sl—k—lAkA—(l—v)f|t:0
=0 \° k=0
00 1 t+1
= Z (s i 1) AT F () = AU flisg

t=0
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=ms th (il) S (== 1))~ S 1)

r=v—1

)T S ) - f— )

: (

sL) ) il(sil)mﬂr)—f@_n

= R, (s)Ryea (f(1)(5) = fv— 1)

= R,1(f(t)) — flu—=1) by Lemma 2.3.1

[
Example 2.3.1. [2] We take AY2y(t) = A for t = 0,1,2,---. We shall find the solution of y(¢)
define on { 21 2,3 }

)99 99
Apply R-transform on both side of given problem,

Ro(A2y(t)) = Ro(N)
sY2R_1 s (y(t) —y (—1) = % by Lemma?2.3.3

2
y(=1/2)

Roijp = 51/2 T §3/2°
Since R_j»(t71/%) = i—/f and Ry j(t1/2)) = F(;Z’//f), then we can write above equation as
y(—1/2) (=1/2) A (1/2)
R_yj9="——"R_1p(t Ryja(t .
1/2 r(1/2) 1/2( ) + T(3/2) 1/2( )

Note that Ry /2(t1/?) = R_5(t1/?)), thus we have the solution for t € {3}, 4,2,...}

y(=1/2) (1o A 1/2
O=TFam e
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2.4 Existence and uniqueness results for an initial value

problem

In this study, we will establish necessary and sufficient conditions for the existence and unique-
ness of solutions for a class of fractional difference equations. We deal with following initial
value problem to nonlinear fractional difference equation of order 1 < v < 2, with the Caputo

difference operator.
Aly(t) = f(t+v—1ylt+v—1)), t e Ny_q, 1<wv<2, (2.12)

yv=2)=yo,  Ay(v-2)=y. (2.13)

Here AY is discrete Caputo fractional difference, f : [0,00) X Y — Y is continuous in ¢
and Y is a real Banach space with the norm ||y|| = sup{|y(¢)|,t € N},N, = {v,o +1,--- .}.
This work is the extension of [8]. The difference here is we consider second order fractional
difference equation rather than order one and we used different initial conditions. By using Ca-
puto difference operator we construct equivalence summation equation of problem (2.12) and
(2.13) which is different from as given in [8]. We will use fixed point theorems, Leray-Schauder
alternative theorem and Schauder fixed point theorem to obtain the existence and uniqueness
of a solutions for ((2.12)-(2.13)).

First, we construct a summation equation of the problem (2.12) by using the Theorem 1.5.5,

whenl<v<2anda=v—2.

y(t) = ki:o i 2 . Afy(v—2) + ﬁm;m(i —s = 1)VAy(s)
= Yyl —=2)+{—v+2)Ayv—2)+ %U)Z:(t —s = 1)VALY(s)
= yv—2)+ (t—v+2)Ay(v —2) + F(lv):z;;(t —s=D)" Vf(s+v—1y(s+v—1)
= yo+y1(t—v+2)+ﬁ§(t—s— DD f(s+0—1,y(s+v—1)).

It represents the summation form of problem ((2.12)-(2.13)).
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Lemma 2.4.1. A function y(t) : N — Y s a solution of the IVP ((2.12)-(2.13)) if and only

if y(t) is a solution of the following fractional sum equation:

t—v

D t—s—1)" D f(s+v—1y(s+v—1)). (2.14)

s=0

Proof. Suppose that y(t) is a solution of IVP (2.12), that is AVy(t) = f(t+v—1,y(t +v—1))
for t € N,_1, an approach of Theorem 1.5.5 implies equation (2.14).
Conversely, let y(t) is a solution of equation (2.14), then

t—v

y(t) =y +y(t —v+2)+ ﬁZ(t —s—D"Vf(s+v—1,y(s+v—1)). (2.15)

Consequently Theorem 1.5.5 yields that,

1
y(t) =yo+yi(t —v+2)+ WZ(t — 5 —1DEDAYY(s). (2.16)
s=0
By comparing equations (2.15) and (2.16),we get
1 t—v
e 1= AL . . o _
P St~ DA S o= Lato o= 1) =0

We have that Aly(t) = f(t +v — 1,y(t + v —1)) for t € N,_y, which implies that y(t) is a
solution of problem (2.12). O

Lemma 2.4.2. We have

t—v

_ L(t+1)
t—s—1) V= 7 2.17
;( s—1) Tt —v+1) (2.17)
Proof. We know
t—v t—v
L(t—s)
t—s—10H =
;( s—1) stt—s—v—l—l)
t—v—1
[(t—s)
= r
F(t—s—v—|—1)+ (v)



By using Lemma 1.1.1, we have

t—zvjll[ Pt-s+1)  D{t—s) ]Jrl“(v)

ey [Tt—s—v+1) T(t—s—v)

1 [ I'(t+1)
v |T(t—v+1)
I'(t+1)
w(t—v+1)

—T(v+ 1)} +I'(v)

2.4.1 Uniqueness result

In this section, we establish uniqueness result of problem (2.12) by applying the Banach con-
traction principle. Set Ny ={0,1,2,---  k}, where k € N.

Theorem 2.4.1. Let f : [0,k] X Y — Y s locally Lipschitz continuous (with constant L) on
Y, then the IVP (2.12) has unique solution y(t) on t € N provided that,

LT(k + 1)

1. 2.18
F(v+1)F(k—v+1)< (2.18)
Proof. A mapping @ : Ylen, — Ylien, is defined as:
t—v
(Py)(t) =yo+ 11t —v+2)+ F(“);(t —s =D V(s +v—1y(s+v—1)), (2.19)

for ¢t € Ny. We show that @ is contraction, for =,y € Y|iey, it follows that

[(®2)(t) — (Py) ()]

< LZ(t—s— DO f(s+v—La(s+v—1)) = fls+v—1y(s+v—1))

D (t—s =1V —yl

M) =
L T(+1)
()T (t—v+1) Iz =yl
Lk+1)(k)---(t+ 1) (t+1)
() (k—v)---(t—v+D)I(t—v+1
LT'(k+1)
Mo+ DIk —v+1)

IN

IA

IN

)||:L“—y||

IN

[l = yll
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By applying Banach contraction principle, ® has unique fixed point y*(¢) which is the unique
solution of the IVP (2.12) and (2.13). O

2.4.2 Existence result

This section contains the existence result of problem (2.12). For this we show that the operator

® is completely continuous and has at least one fixed point.

Theorem 2.4.2. Let there exist Ly, Ly > 0 such that || f(t,y)|| < Li||ly|]| + L2 fory € Y, and
the set S = {(t—s— D)V f(s+v—1,y(s+v—1)):yeY,se{v—1,--- v+t}} is relatively
compact for every t € Ny, then for IVP (2.12) there ezist at least one solution y(t) on t € Ny

provided that,
Lil'(k+1)

Fv+ DIk —v+1)

< 1. (2.20)
Proof. Let ® be the operator defined by equation (2.19), The set A is defined as follows:
A= {y(®): y(®)ll < M +1,t € N}, (221)

where
(v + Dk — v+ D(||yoll + (k — v+ 2)|Jsa]]) + LaT(k + 1)

Fov+)I(k—v+1)— LiT'(k+1)
Suppose that there exist y € A and X € (0, 1) such that y = A®y. We claim that
lyl| # M + 1. Since

M =

. (2.22)

y(t)ZAyo+Ay1(t—v+2)+% (t—s—1)" D f(s+v—1,y(s+v—1)),

Il
=)

S

then,

t—v

Iy < Mgl + [lll(t = v +2) + LZ:(lt —s =D Vf(s+o—1y(s +v—1))]

['(v) —
1 t—v .
< lwoll + lanllt —v+2) + W2<t — s = DI (Ly|lyll + L)
s=0
LiT(k+1) LoT(k +1)

< llwoll + llyall (B —v +2) +

Iyl + g7

Mo+ DIk —v+1) v+ D)(k—v+1)
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Taking ||y|| common,

LyI'(k+1)
Mo+ DIk —v+1)

I (1~ ot assy) S ol + Il = v+ 2)+

IN

[yl T+ O)I(k—v+1)— LiT(k+1)

Which implies that ||y| # M + 1.
Since f is continuous therefore the operator ® is continuous. Now we prove that the operator

® is also completely continuous in A. For any € > 0, there exists t;,ty € Ng, (t; > t3) where
N, ={0,1,2,---  k} such that,

o0 —v—1) (h—vtl) ' S TaM + Lt —1)© (223)
Then we have
[(®y)(t1) — (Py)(E2)|
= lly{(ti —v+2) = (&2 U+2)}||+—||tli —s =)V f(s+v—1y(s+v—1))
St Do Lo )
< (= t2)[| + ﬁ“:i; (1 —s =1V —(ta—s =D ] fls+v—Ty(s+v—1)
+ ﬁnszﬂ(tl —s—= D) Dfs+v—1y(s+v—1)
<l —t2) + 2 Z(t s - Z(t —s- 1><“>]
= ol — t2) + LIM to| ol Hashin) o) Thoh iy
= lynllChr = t) + L1M+L2 {r(tﬁ;i 1) F(I;Q(ti;i)n]
= llyll(t = 2) + - %(BLZ ?EZ — 1; EZ - Z i B {r(gfti;i)n B r(i(ti;i)n}
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LiM+Ly, T(ts—1) [T(t;— DI (ts—v+1)
= [lyall(ts = 22) + oL(v) Dt —v+1) [F(tl —v+ Dl — 1) 1]
LM+ L, T(k—1) { (t—2)t—3)--(t—1) —1]
oC(v) T(k—v+1) [(t—v)(ti—v—1)-(ts— v+ 1)
LM+ Ly, T(k—1) ol()(k—v+1)
L) T(k—v+ 1) (LM T Ly)l(k—1)°

< llyllk +

< |||k +

< [y ll% + €.

This shows that the set ®A is an equicontinuous set. The condition that S is relatively compact

and by Lemma 1.6.1, we know that for any t* € Ny, convs is compact.

(Pyn)(t) = yo+y(t" —v+2)+ Wz_(t* —s =DV f(s+v—1y.(s+v—1))
s=0
@) = et n(t =042+ e
where .
Cn Z(t*—s—1)(”_1)f(3—|—v—l,yn(s+v—1)). (2.24)
s=0

We know that, ¢, € convsS , and convS is convex and compact. Then for any t* € Ni, the set
{(®y,)(t*)}(n =1,2,---) is relatively compact. According to Theorem 1.6.3, every {(®y,)(¢)}
contains a uniform convergent subsequence {(®y,, )(t)}(k =1,2,---)} on N, which shows that
the set ®A is relatively compact. Since ®A is bounded, equicontinuous and relatively compact
set, which means that ® is completely continuous.

Therefore, the Leray-schauder fixed point theorem guarantees that ® has a fixed point, which
means that for ¢ € Ny, there exist at least one solution of the IVP (2.12). O

Corollary 2.4.1. Suppose that there exists M > 0 such that || f(t,y)|| < M for any t € [0, k]
andy €Y, and the set S = {(t—s—1)0V f(s+v—1,y(s+v—1)) :y € Y,s € {v—1,--- ,v+t}}
15 relatively compact for every t € Ny, then for t € Ny, there exists at least one solution of the
IVP (2.12).

Proof. Suppose L; =0, Ly = M, and by applying Theorem 2.4.2 we directly obtain the result.
O

Corollary 2.4.2. Let the function f satisfies limyy ol f(t,v)||/lly]| = 0,and for every t € Ny,
the set S = {(t—s—1) D f(s+v—1y(s+v—1)):yeY,sc{v—1,--- ,v+t}} is relatively
compact, then fort € Ny, there ezists at least one solution of the IVP (2.12).
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Proof. According to limyy ol f(t,y)||/|ly]l = 0, there exists P > 0, for any e > 0 such that
|f(t,y)|| < eP for any |ly|| < P. Suppose M = €eF, then corollary 2.4.1 yields results of
corollary 2.4.2. O]

Corollary 2.4.3. Let the function F : R™ — R™ is a non decreasing continuous function and
there exists Lz, Ly > 0 such that

IFEl < LsFllyl) + La, t€[0,], (2.25)
Jim Fy(p) < oo, (2.26)

and for every t € Ny, the set S = {(t —s — 1) Vf(s+v—1Lyls+v—1) :y e Vs e
{v—=1,--- v+ t}} is relatively compact, then for t € Ny, there exists at least one solution of

the IVP (2.12).

Proof. We know that there exists positive constant Dy, dy, by inequality (2.25) Fy(u) < Dy, for
all 4 > dy. Then we have Fy(u) < Dy + Do, for all > 0. Suppose M = L3(Dy + Ds) + Ly,
then corollary 2.4.1 yields results of corollary 2.4.3. [

2.4.3 Global uniqueness

Theorem 2.4.3. Let f:[0,+00) X Y — Y is globally Lipschits continuous (with constant L)
onY, then the IVP (2.12) has a unique solution y(t) provided that 0 < L < $(I'(v))(T'(3 — v)).

Proof. Let ® : Y — Y, for t € {0,1}, be the operator defined by equation (2.19). For any
x,y € Y it follows that,

[(®2)(t) — (Py) ()]

< ﬁZ(t—s— DD f(s+v=Ta(s+v=1) = f(s+v—TLyls +v—1))

—v

L
D (t—s =1V —yl

F(U) s=0

L _
(=1 lz —y|

['(v)
L
= WF(U)H?U -9

= Lz -yl

IN

IN
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Since

= (1-=v)2—v)'(v)['(1 -0)
= (1-0)2-v)— ., il

sin v ) sinmv’

Note that 7(1 —v) <sin7v and (2—v) <1for 1 <wv <2

m(2—v)(1—wv) < sinmv
1-oe-v" <1
F)I'3—-v) < 1
1+T(w)I'B3—-v) < 2

So L < 3(T'(v)['(3 —v)) < 1, ® has a fixed point by applying Banach contraction principle,
which is a unique solution of the IVP (2.12) on ¢t € {0, 1}.

Define a mapping ®; : Y — Y, for t € {1,2}. Since we have y, and ys exist

(Pry)(t) =y2 +ys(t —v+2) + %Zot—s YO D f(s+v—1,y(s+v—1)).

For any x,y € Y,t € {1,2},we have

[(@12)(2) = (Pry) (@)

SF%S@—6—1W“WU@+U—Lx®+v—1»—f@+v—hy@+“_nw
L <= 1

< 2=l
L < v—1

SFGLﬂ@_S_”()W_y”
L v—1 v—1

ol + (0 =1z —yl

L, (@2
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- A=
. { 1+ T(0)[(3 ;)v)} 2 — gl

L(v)I'(3 —
2L
“T(Ir'@B-wv)

Since L/T'(v)['(3 —v) < 1, ® has a fixed point by applying Banach contraction principle, which
is a unique solution of the IVP (2.12) on t € {1,2}. In general, we may define the operator ®,,
for t € {m,m + 1} as follows:

1

t—v
(Pmy)(t) = Ym + Ymr1(t —v+2) + m; t—s—1DCVf(s+v—-1y(s+v—1)).

Similarly, by applying Banach contraction principle, we may obtain the IVP (2.12) has a unique
solution on t € {m, m + 1}. Then y(t), defined as follows:

Yo, Y1 t=0
Y2,Ys3 t=1
y(t) = : (2.27)

Yms Ymt1  L=m

Then y(¢) is the unique solution of IVP (2.12) for, ¢t € N. O
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Chapter 3

Boundary value problems in discrete

fractional calculus

This chapter focuses on a class of boundary value problems in discrete fractional calculus. There
are some papers that deal with the existence of fractional difference boundary value problems.
Ferhan and Paul [3] discussed the two point boundary value problem for a finite fractional
difference equations using Riemann Liouville difference operator and obtained some sufficient
conditions for the existence of positive solutions. In [15] C. S. Goodrich established some ex-
istence results for a discrete fractional three point boundary value problem. M. Holm in [20]
showed the existence of a positive solution to the nonlinear discrete, (N-1,1) fractional order
boundary value problem. C. S. Goodrich [13] considered a discrete fractional boundary value
problem in which he used the Riemann Liouville difference operator. He proved the existence

and uniqueness of solutions using various tools from nonlinear functional analysis.

In the first section of this chapter, we reviewed the results for existence of positive solution
for a two point boundary value problem by using the Krasnoselskii fixed point theorem. In the
second section, we establish some conditions for the existence of the solutions of boundary value
problem. We discuss the same boundary value problem as given in [13]. Here the difference from
Goodrich’s work is that the boundary conditions are different and we use Caputo difference

operator instead of Riemann Liouville difference operator.
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3.1 Two point boundary value problem

In this section, we discuss the following two point boundary value problem for fractional dif-

ference equations.

—A%(t) = ft+v—1ylt+v—1)), t=1,2,3,--- ,b+1, (3.1)
yv—2)=0, ylv+b+1)=0, (3.2)

where the function f, defined as f : [v,v+b]y,_, X R — R is continuous and 1 < v < 2 is a real
number and b > 2 an integer [3].

We can write above boundary value problem as:
—A"y(t)=h(t+v—-1), t=1,2,3,---,b+1, (3.3)

with boundary condition (3.2).

3.1.1 Green’s function

We convert the fractional boundary value problem (FBVP),(3.3) and (3.2) into summation

form by using Lemma 1.5.3, and then we construct the Green’s function.

Theorem 3.1.1. [3] Suppose 1 < v < 2, then the unique solution of FBVP (3.3) and (3.2) is

b+1

y(t) = G(t,s)h(s +v—1),

s=1
where

Lt e D (— g (s))" D, s<t—v+1<bt1;

1 (v+b+1)(v=D
G(t,s) = =
L) | oo orprimo(sne—y t—v41<s<btl
(ot br -1 ; v =5= '

Proof. First we use Lemma 1.5.3 to convert equation (3.3) and (3.2) into summation form.

Since we know that y(t) is defined on [v — 2, v + b+ 1] C N,_5, we obtain

y(t) = =AVh(t + v — 1) + etV 4 eyt 7D, (3.4)
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where ¢y, co € R. Now, we use boundary conditions to find the value of ¢; and cs.

For y(v — 2) = 0, we get

Yy —2)=0=—ATh(t +v — 1| + c1(v — 2)"Y 4 ¢y (v — 2)?
t

= _ﬁ SX;:@ —a(s) V(s +v—1)|my_2 + CIF(U 1:(75 : 11}>+ 5 + ca(v —2)72
B SN S PO Gl ) B
F(U) v ( 2 ( )) h( + 1) + ¢ F(O) + 2( 2)
:>02(U—2)(” D=0=cy =

For y(v +b+1) =0,

Y +b+1) = 0= =A""h(t + 0 = 1)]imprpsr + er(v + 0+ 1)V
t

—v

1
=———> (t—0()"h(s + v = Dlimprps1 + a0+ b+ 1)
F(U) s=1
1 b+1

T()(v + b+ 1)e—D Y wHb+1—0(s) Vh(s +v—1).

C1 =

Substituting these values of ¢; and ¢, in equation (3.4), then we have

t(v_l) b+1

(v)(v +b+ 1)1 Z(U +o+1- 0(5))(U_1)h(s +v—1)

y(t) = —ﬁ St~ () (s v 1)+ -

Hence,

t—v v— v—
_ 1 [t_g e tO Do+ b+1—a(s)) vV
=1

['(v) (v4+b+ 1)1

] h(s+v—1)
t(v 1) b+1

+F@xv+b+ ))Sg;fv+b+1—a@»Wﬂh@+v_1)

]

Lemma 3.1.1. [3] Suppose that a and b be any two nonnegative real numbers and v be any

positive real number such that v < a < b. Then the following hold:
(i) 1/u™) is a decreasing function for u € (0, 00)y,
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(ii) (a —u)® /(b —u)®) is a decreasing function for u € [0,a — v)y.

Proof. Proof of (i) is simple.

(77) Since,
(a—u)(b—u—0)
(a—u—v)b—u)

> 1.

It follows that
(a —uw)'(a —u) (b—u—v)F(b—u—v)>F(a—u)F(b—u—v).
(a —u—0v)l'(a—u—v) (b—u)'(b—u) “Tla—u—v)['(b—u)
As we know that I'(u + 1) = uI'(u), then we obtain
I'l+a—u) I'l+b—u—v) S I'(a—uw)l'(b—u—w)
'l+a—u—v) T'l4+b—u) ~TI'(a—u—v)I'(b—u)
(a —u)® S (a—u—1)®
(b—u)® = (b—u—1)®"

Theorem 3.1.2. /3] The Green’s function satisfies the following properties:
(i) G(t,s) >0 fort € [v—1,v+0bln, , and s € [1,b+ 1]y,
(1) maxiepy—1,01t),  G(t,8) = G(s+v—1,s) for s €[1,b+ 1],

(4ii) Miny ) /a<i<soro)a G(t,8) > Y MAX 1,0 bly, G(t,s) =vG(s+v —1,s) for some v €

(0, 1), S € [0, N]N

1

Proof. (i) We can easily see that A,G(t,s) >0fort —v+1<s<b+1,

teD bii (v-1)
G(t,s) = — (v+b+1—0(s))"
Mooy, 2
(U . 1)15(”72) b+1

AG(t,s) = Y (wHb+1—0(s)" V>0

s=t—v+1

C'(v)(v+b+ 1)1

For s <t—wv+1<b+1, we have

t (v 4+b+1—0o(s))@ Y

(v+b+ 1)1

(v—DtD(w+b+1—0(s)Y
(v+b+ 1)1

G(t,s) = |(t— a(s))(”_l) —

AtG(t, S) = (’U — 1)(t — O'(S))(U_2) _
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(=1t —0(s) " Dw+b+ 1) — (0 — )t D(w+b+1—0(s) D
(v+b+1)e-D
(v—1)

= e pr el e @) b DU 0 4 b 41— o(s) 7.

Thus A;G(t,s) < 0 means A,G(t, s) is decreasing with respect to ¢ if and only if

t2D(v4+b+1—o(s) @V

1.
(t —o(s))=2(v+ b+ 1)-1 <

It follows from the Lemma 4.1.1 (i) that ¢® is increasing and +(=®) is decreasing if 0 < o < 1.
Since G(v —2,8) = G(v+b+1,s) =0 and

(s+v—1)CD(w4b—s)b

Gs+v—1,s) = CETFSy=

>0, sell,b+1]y.

This proves (4).
(i7i) Since

(s+v=1) @D (v+b+1—0(s)) v~V

s<t—ov+4+1<b+1;

1 (v+b+1)—D ’
G(s+v—1,s) = )
v
(s+v=1)"=D (v4b+1—0(s)) "~ 1
(o1b+ 1)@ D , t—v+1<s<b+1
(t—0(s)) "~V (0+b+1) D 40D (v b+1—0(s)) VD _ _
G(t,s) (s+v—1) =D (vb+1-0(s)) D , s<t—v+l
G(s+v—1,s) - o
(s+v—1)w=1) t—v+1<s.
Fort—v+1<sand (b+v)/4 <t <3(b+v)/4, we obtain
G(t,s) =) ((b+ v)/4) =D

= >

Gs+v—1,5 (s+v—1)01D (3.5)

(b+v)=1
Since G(t, s) is decreasing with respect to ¢, then for s <t — v + 1, we have

Glt,s)  —(t—o(s)" V(w+b+ 1) D+t V(o4 b+1—0(s) Y
G(s+v—1,5) (s+v—1CD(v+b+1—o0(s)) D
L Bl+v)/4- o) Vw4t OV + B0+ )/ Db+ 1—o(s)"

o (s+v— 1)(”*1)(’0 +b+1-— 0(5))(”*1)
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! [(3(’? + U))(H) B+ v)/4—0a(s) (v +b+ 1)(“)] |

(s+v—1)-1 4 (W+b+1—o(s)eD

(B(b+v)/1-o(s)" )

Using Lemma 4.1.1(37), (ot o(s) =D

is decreasing for 1 < s < (3(b+v)/4) —v + 1.

Hence

m(s) > 1 [(3(b + U>><”—” B+ v)/4— (1) D+ b+ 1)<v_1)]

(s+v—1= 4 (v+b+1—o(1)eD

- 1 (3(b+v)>(”_1) B0 +v)/4—a(1) V(v +b+ 1D
~ B+ b)/4)Y 4 (w+b+1—o(1)eD '

By applying Lemma 4.1.1, we get

Glhs) 1 [(3<b+v>)“” (B4 0)/4— o(1) Vo b+ 1)“‘”] .

Gls+v—1,5) ~ (3(v+0)/4)V 4 (v+b+1—o(1)eD
(3.6)
For our convenes define
- [<3<b+v>>“"” (B 0)/4— () Do+ b+ 1><v—1>]
4 (v+b+1—0(1))-1 -
From equation (3.5) and (3.6) it follows that for s € [1,b+ 1]y,
oy 10 B pagya T8 27 e Gl 8) =0Gls tv—1s),
where
- (0-1)
v G e ) 37
[

3.1.2 Existence of positive solution

This section contains some results for existence of solutions for the problem (3.1)-(3.2). We

use the Guo-Krasnoselskii cone theoretic fixed point Theorem 1.6.4 and obtain some sufficient
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conditions for existence of positive solutions. To find the solution y(t), we use equivalent
summation equation for the problem (3.1)-(3.2) is

b1
y(t) = ZG(t,s)f(s +v—1Ly(s+v—1)), tepv—2v+b+ 1]y, ,. (3.8)

We define Banach space Bas B={y:[v—2,v+b+1]y, , > R:y(v—2) =y(v+b+1) =0},
with norm ||y|| = max |y(t)|, where t € [v — 2,0+ b+ 1]y

v—1"

Now define cones E and Ej in B as:

E={yeB:ylt)>0 for t€v—1v+0bn,_,}

Ey=RyekE: min y(t) > vl
te[H 2R

The operator ® : B — B, is defined as
b+1
Oy(t) =) Gt s)f(s+v—1Ly(s+v—1), te—2v+b+ 1y,
s=1

Thus, y(t) is a solution of the problem (3.1) and (3.2) if and only if y is a fixed point of the

operator ®.

Note that ® is a summation operator on a finite set, so ® is completely continuous. We state
three conditions that will be used in following theorems:

(Hy): f(£€) =0, (£8) € [o,0+bu,_, x [0,00);

(Hy) : f(t,y) = h(t)g(y), where h is a positive function, g is a nonnegative function and

lim, o+ % =0, lim, % = 00.
(Hs) : f(t,y) = h(t)g(y), where h is a positive function, g is a nonnegative function and
lim,, o+ % =00, limy . % = 0.

Lemma 3.1.2. [3] Suppose that condition (Hy) holds. Then ®y € Ey for ally € E. In

particular, the operator ® leaves the cone E invariant.

Proof. For all y € E, using Theorem 3.1.2 and condition (H;), we get ®(y) > 0 for all ¢ €
[v—1,v + b]n,_,. Further, from Theorem 3.1.2 (ii7) it follows that

b1
min O(y) > 7ZmaXG(t, s)f(s+v—1y(s+v—1)) >~|P|.

v+b 3(v+b)
re[45t, 2 ]N%l s=1

Thus, ®(y) € Ep. O
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Theorem 3.1.3. [3] Suppose that condition (Hy) and (Hs) are satisfied. Then, the problem
(3.1) and (3.2) has at least one solution y # 0 € Ey.

Proof. Let
T R R =
M =maxG(t,s), m =minG(t,s) for (t,s) € [v —1,v + by, , X [1,b+ 1]y, also let
h =minh(t), H(t) = maxh(t) for t € [v,v + by, ,-
We find 0 < n such that if 0 < y < n, then

n

P —
When 0 < n < N such that if N <y, then

N
> .
9(y) > p—

For y € Ey with |ly|| = n, then for all t € [v — 1,v + b]n, _,,

Dy(t) < M; h(s+v—1)g(y(s +v—1)) < Mﬂm ; =n=y|. (3.9)

Suppose ) = {y € B : ||y|| < n}. Then by equation (3.9) we get ||Py| < ||yll,y € Eo N 08;.
Now we further set Ny = N/y > N and € = {y € B : ||y|| < N1}. Then, y € E; and ||y|| = M
min — y(t) = [lyl] = 7N = N;

i ),

Thus, y(t) > N for all ¢t € [”T*b, W] . Therefore, for all t € [v — 1,v + by, _,
Ny—2

b1 |20 o1
Oy(t) =mh Y gly(s+v—1)=mh > glyls+v—1))
s=1 [kt —p+1]
L3(1’4+b) —U-‘r”
N N
> mih S o1=2 =M=yl
aymh y
[”Tervarl]

In particular, ||®y|| > ||ly|l,y € Eo N IQs. By using Theorem 1.6.4 (i), we get that ® has a fixed
point y in Ey N (Q2\Q). O

Theorem 3.1.4. [3] Suppose that condition (Hy) and (Hs3) are satisfied. Then, the problem
(3.1) and (3.2) has at least one solution y # 0 € Ey.
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3.2 Existence and uniqueness results for boundary value

problems
In this section, we consider the following two point fractional difference boundary value problem.

Aly(t) =ft+v—1ylt+v—1)), (3.10)
ylv—1)=0, y(v+n+1) =0, (3.11)

xR — R is

supposed to be continuous. This problem is similar to the problem discussed in [13]. Here the

where 1 < v < 2 and n > 2 an integer. The nonlinear function f : [v,v + nly,_,
difference is we use Caputo difference operator with different boundary conditions. First, we
construct the equivalence summation form of the problem (3.10) and (3.11), by using the Ca-
puto fractional difference operator instead of Riemann fractional difference operator. Then, we
establish some uniqueness and existence results by using contraction principal and Brouwer’s

theorem.

Now, we state and prove an important theorem, that represents the summation form of
problem (3.10) and (3.11). We will use this representation in finding the results on existence

and uniqueness.

Theorem 3.2.1. Let 1 <v <2 andg: [v,v+nly, , = R, then unique solution of problem
Ay(t) = g(t+v—1),
yw—1)=0, ylv+n+1)=0,
18
1 t—v (?} 1 t) n+1
1) = t— (v—-1) S R I S 1— (v—-1) —~1).
0) = F7og = o) gl 1)+ g S (w1 = 0() Vs o= 1)

sS=a sS=a

(3.12)

Proof. Applying Lemma 1.5.5, we convert the difference equation Ay(t) = g(t +v — 1) into a

summation equation.

y(t) =A""g(t+v—1)4+ 1 + o, (3.13)
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where c¢1,co € R. Now we use boundary conditions to find the values of constant ¢; and cs.

First, we apply the boundary condition y(v — 1) =0,

yvo—=1)=0=A"g(t +v—1)|t=p_1 + 1 + c2(v — 1)

[y

v —-v

1
= ) (v—1—a(s)Vg(s+v—1)+c+ea(v—1)=c; +ea(v—1).
(3.14)
Apply second boundary condition y(v +n+1) =0,
yw+n+1)=0=A""g(t +v — 1)|t—psns1 + 1 + c2(v+n+1). (3.15)
By subtracting equations (3.14) from (3.15), we obtain
ct+n+1)—cv—1)=—AT"gt +v—1)|i=pini1
v+n+l—v
avtntl-vil)=—fm Z:j (v+n+1—=0(s) Vg(s+v—1)
1 n+1
- 1— o(s) @D —1).
C2 (n+2)F(v) Sz;(v+n+ O-(S)) g(S+U )
By adding equations (3.14) and (3.15), we get
2c0 = =A7g(t+ v — 1D |jmpins1 —c2(v+n+14+v—1)
1 v+n+1—v
= —— 1-— (v=-1) —1) — (2
N0 g (v+n+1—0(s)" Vg(s+v—1) — (20 +n)
=—— nZH(U +n4+1—0(s)"Vgls+v—1)+ _@utn) g:l(v +n+1—0(s)"Yg(s+v—1)
['(v) = (n+2)I'(v) =
1 < (20 +n)
- 1 — (v=1) S O I S
F(U);(v+n+ a(s)" " HVg(s+w )( + (n—|—2)>
= _w=1) %(v +n4+1—0(s)" Yg(s+v—1)
L (n+2)T(v) '

sS=a

Substituting values of ¢; and ¢y in equation (3.13),
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1 v—1 (v—1 -
_ m ;(t — a(s))( )g(s +v—1)+ (n+ 20(0) Sz;(v +n+1-— U(S))( )g(s +ov—1)
n+1
(n 4 ;>F(U) Z(U +n+1-— 0(5))(”*1)g<8 +ou— 1)
— L i(t _ U(s))(”_l)g(s +u— 1) + u g:l(v +n4+1-— O.(S))(v—l)g(s +u— 1).
[(v) & (n+2)T(v) =

]

3.3 Existence and uniqueness of solution

Now, we establish some sufficient conditions for existence and uniqueness of solution of bound-
ary value problem (3.10) and (3.11). For this we define the operator ® as:
®:R—R fortev—1,v+n+1],,, where

(Py)(t) = ﬁ i(t — a(s))“"”f(s +ov—1Ly(s+v—1))
o1 g ot (3.16)
m Z(v +n4+1—0() Vf(s+v—1,y(s+v—1)).

Now we use this operator to establish our first theorem of uniqueness.

Theorem 3.3.1. Assume that f(t,y) is Lipschitz with constant L, in y. Then the boundary

value problem (3.10) has a unique solution provided

QLﬁ <U;LZ
i—1

Proof. We prove this theorem by showing that ® is a contraction mapping. For any v, y2 € R,
such that ||®y; — Dys|

) < 1. (3.17)

1 t—v
- — (v=1) — — — — —
S w;(t a(s)) ]IIf(s+v Lus(s+v=1) = fs+v—Lup(s+v—1)
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n+1

S wtnt1- a<s>><v-”] 1£(s +v — L ya(s +v —1)

S=a

(v—1—1%)

T e, | (n+ DT(0)

tefv—Lvt+nt+lly, _,

—fls+v—Luy(s+v-1)]

LS o(s) iy =l

sS=a

Lv—1—1) ¢x
ek S 1— (o=1),
" té[v—l,ﬂi}il]mﬂ (n +2)I'(v) ;(U +n+ o(s)) ly1 — v2||

< max —_—
- tefv—lv+nt+l]y, , F(U)

1 t—v
<L — t— (v—1)
<Ll —well e, [m) 2(t=o(s)
n+1
(v—1-1) — _
L — -_— E 1-— =1 3.18
+ Ly = el te@—Lﬂn}iuNH (n+2)I'(v) — (vtn+ o(s)) (3.18)

We consider the first term on the right hand side of equation (3.18),

t—v

Ll|y1 — 2| [ﬁ Z(t —5— 1)(1}—1)

_ BERSEED
= L||ly1 — vol| _F(U) ; Ft—s—v+1)
r 1 t—v—1 F t—s
= Lly: — u2| B0 SE; F(t—<s—"0)+ n*
_ 1 &1 D -s+ 1) HE=s)
= Llly1 — vol| _F(U) Szza: v <F(t—S—U+1) B F(t—s—v)> +1
_ (1 1 T(t—1+1) Li-ttotl)
= Lljy1 — v2l] T(v)v <r(t— l—v+1) F(t—t+v—|—1—v)> +1}
1 L) _Tlo+1)
= Lllyr — u2|| T(v+1) ([‘(t—v) - T() > +1}
I I'(¢)
= L[y — ol T(v+ 1Tt —v) — 1}
- [ '(t)
= Lljy1 — 12| T(v+ 1)I(t — v)}
I Lv+n+1)
< LHyl - yQH _F(U + 1)F(U +n+1-— U):|
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< Ll —al | it

<t =l [

< Llly1 — v2|| :(U +n)(v+n—1)(v+n-— Q)UW (v4+n—(n—1)(v+n— n)]
<Lmyﬂw_@+m@+n—U@+iJ%~%v+n—m—mq

v+
<L||y1—y2uH( )

Now we consider the second term on the right hand side of equation(3.18)

(0—1—1) <=
Ly — val| (n+2)0(v) Z(” +n+1- 0(3>)(U_1)]
B 1 n+1 -
< Ly — w2l o) Z(ern 5)(v 1)]
1 ETw+n—s+1)
< L{jyr — el T'(v) sz; ['(n+2-—s)
1 &K Tw+n—s+1)
< L{jy1 — o] I'(v) Sz; L'(n+2—s) +1
1 &1 T(w+n+2-s) T(w+n+1—5s)
<Ly — el ==Y = - !
< Llly1 — v2] HW?;U( T(n+2—s) Tnti—s) )
1 1 /Tlv+n+2-1) Tlw+n+1-—n)
< Lly - - - !
< Liys — va _F(U v I(n+4+2-1) I'(n+1—n) +
i r v+n—|—1 F(U+1)
< Lfly: — y2H I'(n (1) ) * 1]
: F(v+n—|—1)
< Lily1 — vzl _F(v+1) L(n+1) + ]
[ T(v+n+1)
< Lljyy —
>~ Hyl yQH _F(U—f- 1>F<n+ 1):|
(v+n)
< Lljyr — ol uinl

'U+Z
<LHy1—y2HH( )
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Substitute these value in equation (3.18), we obtain

- V41
o3 — 0l < 2 T] () s = el

=1

Hence this proves the uniqueness of solution for the problem (3.10) and (3.11). ]
Now we establish an existence result by using Brouwer theorem.

Theorem 3.3.2. Assume that there exists a constant M > 0 such that the function f(t,y)

satisfies the following condition

M
max t, < —F 3.19
corctos B oaan O S e o

Then the problem (3.10) and (3.11) has at least one solution say yo and |yo(t)| < M, for all
tev—1v+n]n,,-

Proof. We define the Banach space B as:
B={yeR:|yl <M}

Let the operator ® defined in equation (3.16) and ® is continuous operator. Now we have to
show that ® : B — B, whenever ||y|| < M, it follows that || ®y|| < M.
Suppose that the inequality (3.19) holds for f(¢,y). For our convenience put

M
50 - 2 (v4+n+1)
[(v+1)T'(n+1)

where & is completely positive constant. By using this notation we have

1 t—uv
Dyl < ma — t—s—1 s+v—1y(s+v—1
o0 < s i (s =1 (s +v 1)
n+1
(b—1-1) & (v—1)
+ ax oY _ ) 1, 1
o AT Sl 1)
1 S (w—1—t)(v+n—s)D
< - (t — (U 1)
<80 e T Zl o * Z (n+2)T(v)

o7



t—v n+1
1 1
< & max [— E (t — 5 — 1)(”-1) 4+ — § :(U +n— S)(U—l)]
2

tefv—1v+n]y, _ F(U) p—ry F(/U) s—1
| vtntlew 1) 1 ! (v-1)
v—1 v-1
<o T'0) ; (v+n+1—s5—1) +m;(v+”_s> ]
- 1 n+1 ) 1 ntl 1
< & m;(v%—n—s)(v_H'm;(v"‘”_s)(v_)
[ 2 W Tw4n—s+1)
<% r(v);F(ern—erl—erl)
2 A Tw+n—s+1)
<& F(v); T(nt2—s) + 2
[ 2 1 (T(w+n+2—s) Tw+n+1—s)
<& W;;( I'n+2-—s) B Fn+1-25s) )+2
(2 1 (Tw+n+2-1) T+n+1-n)
< &o F(vz Fn+2-1) Fn+1—n) )JFZ}
Fv+n+1) T(w+1)
<& rern ) Y
[ F(U+n—|—1)
S&_NU+U [(n+1) 2+4
[ 2T (v+n+1) |
S e 1)1 -

Hence we get ® : B — B, as required. Consequently by the Brouwer theorem it follows
that there exists a fixed point of the map, say ®yy = yo with yg € B. The function y is a
solution of the boundary value problem (3.10) and (3.11). Also yo satisfies |yo(t)| < M for all
tev—1,v+n+ 1]y, ,. This complete the proof. O
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Chapter 4

Existence of positive solution for
discrete fractional boundary value

problem

Motivated by some recent study on existence of positive solutions for fractional difference
equations, in this chapter we consider the following class of two-point boundary value problem

for fractional difference equations

—AL Jyt) =ft+a—-1y{t+a-—1)), (4.1)
yla —2) =0, A ly(a+k)=0, (4.2)

where 1 < a <2, t € [0,k+1]y, and k& > 2 an integer. The nonlinear function f : [a —1,a+k—
1]y, , X R — R™ is suppose to be continuous. A similar boundary value problem was discussed
in [16] by Goodrich. Here the boundary condition at (o + k) has a difference of order a — 1
instead of order one. Also in this study we establish various new existence and non-existence
results for positive solution which are absent in [16]. This work is accepted for publication [30].
We shall obtain an equivalent summation equation of problem (4.1) and derive a different
Green’s function as compared to in [16]. Some useful inequality will be established for the
Green’s function that allow us to used Krasnoselskii’s theorem to obtain existence results for the
problem. Finally we establish various existence and non-existence results for positive solutions

and interval for parameter are obtained for which there exist positive solutions.
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4.1 Green’s function and its properties

We reduce the fractional difference boundary value problem (FDBVP) in to an equivalent
summation equation to establish existence theorem. In the following lemma we construct the

Green’s function of boundary value problem (4.1).

Lemma 4.1.1. Let 1l <a <2 and h € C(la—1,a+k|n,_,). Then unique solution of discrete

fractional boundary value problem

A% y(t) +h(t+a—1) =0,
yla—=2) =0, AiTiyla+k) =0,

18
k+1

y(t) = G(t,s)h(s+a—1),

s=0
where

tle=1) _(—g—1)(@—1) .
, s<t—a<k+1;
G(t,s) = { T(e) (4.3)

tla—1)
NOR t—a<s<k+1.

Proof. Using Lemma 1.5.3 we may reduce the difference equation A%_,y(t) + h(t+a—1) =0

«

to an equivalent summation equation
y(t) = —=A At + a — 1) + ¢t @D 4 eyt @2 (4.4)

where t € [o — 1,a + k]n,_, and ¢, € R. Now applying the first boundary condition
y(a — 2) = 0 we immediately get ¢, = 0. For second boundary condition, applying A"} on

both sides of equation (4.4) and using Theorem 1.3.1 and Theorem 1.5.1, we get

A dy(t) = =AG At +a — 1) + o T (a). (4.5)

«

Now using the boundary condition A% {y(a + k) = 0 in equation (4.5), we have

[(a=1)+k]
ol'(a) = Z h(s+a—1). (4.6)

s=0

Since v — 1 < 1. Then



Substituting values of ¢; and ¢y in equation (4.4) we get

1 t—a 1) t(a_l) k+1
== = —s5—1)\"" -1 -1
y(t) Fm)ﬁgt s = 1) (s +a y+rm)§%ms+a )
1 t—a 1) 1) t(a_l) k+1
= 4 — 1) -1 -1
r@@Ejﬁ (t—s—1) Vs +a %%r@> h(s+a—1)
s=0 s=t—a+1
k+1
=Y G(t,s)h(s+a—1).
s=0

Lemma 4.1.2. The Green function G(t,s) satisfies following properties:
(i) G(t,s) >0 fort € [a—1,a+k|n, , and s € [0,k + 1]n,,
(i1) maXiejo—1,a+k)y, , Gt 8) = G(s+a,s), and

(iii) minte[<k+a) steta)| G(t,s) > JMaXseja— 1,04k, | G(t,s) for some 5 € (0,1),

4 a—1

s € [0,k + 1]y,
Proof. (i) For t —a < s < k+ 1, obviously G(¢,s) > 0.
We know that +®) is increasing function for 0 < z < 1, then (t — s — 1)1 < t@=D_ Thus
G(t,s) >0for0<s<t—a<k+1.
(ii) For t —a < s < k + 1, clearly I'(a)A,G(t,s) = (a — 1)t{*2 > 0 which implies that G
is increasing for 0 < t < s 4 a. Since t® is a decreasing function for x € (—1,0). Thus
AG(t,s) = (a — D[t — (t — s — 1)(@?)] < 0, which implies that G is decreasing in ¢,
whenever s +a <t < a+ k. Hence maXieja—1,a+k),_, G(t,8) = G(s + a,s).

Now

t(a=1)

G(t, s) —{ﬁ%mﬁﬂAWmasﬁt—a§k+h
(s+a)(@)?

_ (s+a)@=1
G(s+a,s) t—a<s<k4l.

Observe that, for (kl'a) <t< @ and t —a < s < k, we have ¢t > (k_a)(a—l) and

(s + )@ < (k+ )@V, Then

G(t,s) - (}l(k: + oz))(a_l)
G(s+ a,s) ( )



(t—s—1)1 < (%(k +a)—s— 1)a‘1 < (%(k ta)— 1)“‘1 and 0D > (s 4 a)@-1).
Consequently
G(t, s) Bk +a)—1)"
G(s+a—1,s) Gk + a))eD
Hence,
te[@%]%_l G(t,s) > T o, G(t, s),

for 4 := min (30s+a)) " 1— (i("”FO‘)—l)(al)}
: , (

(k+a)(e—1) F(kta)) e

L(kta)) @7V
Note that (“(Ha%

(g(km)—l)(”"l)

< 1 and also NEE I

< 1. Therefore 0 < ¥ < 1. [

4.2 Existence of positive solutions

In the study of boundary value problem (4.1) and (4.2) to establish the existence of positive

solutions we shall use the well-known Guo-Krasnoselskii fixed point theorem.

Definition 4.2.1. We call a function y(¢) a positive solution of problem (4.1), if y(t) € Cla —
2,a+ k|, , and y(t) > 0 for t € [ — 2, + k], , and satisfies (4.1).

We define Banach space B by
B={yeCla—2 a+k_) A2yeC(a—1, a+k_,), e 1,2}

with the norm |ly|| = max|y(t)], t € [« — 2, a+ k|n,_,. Further, for some 4 € (0,1) we define

B={yeB:ym >0, min  y)>7lyl} (4.9)

: 3(k
te[kl")‘, : Ia)]NOHQ

Let the operator ® : B — B, defined as

k+1

Oy(t) => G(t,s)f(s+a—Ly(s+a—1)), (4.10)

s=0

then y € B is a solution of (4.10) if and only of y € B is a solution of (4.1) and (4.2).
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Lemma 4.2.1. Let ® be defined as in (4.10) and E in (4.9). Then ® : E — E and ® is

completely continuous.

Proof. Let y € E. Then by Lemma 4.1.2, we have

k+1
. > i )
M% (I)y(t) (k+a)Hsl(1kI}—a) Z G(t; S)f(S +a—1, y(s + o 1))
te[ SN g te[Ete) e
k+1
>ryzt€[a lmo?i{k G(t; S)f(8+a— 17y<8+06— 1))

a—1

=7 max Dy(t) = || Pyl|.

Hence ® : EF — FE. Since f is continuous, therefore the operator ® is also continuous. It
remains to prove that the operator ® is completely continuous in E. For fixed [ > 0, consider
bounded subset A of E defined as A = {y € E : ||y|| <{}. Define

My = —1 —1)).
0= oeyen 0O k}Nailf(t +a—1lyt+a-—1))
k+1
[Dy()] < Y Gt s)f(s +a—1y(s +a—1))
s=0
k+1
< MOZG(s—l—oz,s)
s=0
< My I'(k+a+1)
o) T(k+2)

Hence ®(A) is uniformly bounded. Now for any £ > 0, there exists ¢, ts € [ — 1, + k]n,,_,
with t; < t9 such that

(to—t) < —
2Mo(k + 1)
then we have
t1—« to—a
|Dy(tr) — Dy(ts)]| < H( —s= 1O =3 (s = )V f(s+a—Lyls+a— 1)
s= s=0

(t(a 1) t(a 1)) k+1
o) Zf(s—l—a—l,y(s—i—a—l))
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t1—« to—a

srj\@) (it =s =DV~ —s 1)) = 3 (-5 -1

s=0 s=t1—a+1
My(k+ 1)
I'(a)

a—1 a—1
() = 4)

M,
:—ar((C)Jé) H<t2 -1 +a— 1)(04) — (t2 — 1)(a) + (tl _ 1)(a) _ (t2 —t ta— 1)(a)

™ )
Pt~ 1 — (11— 1] 4 D ) - )
A = 1) = (1 = vyt S ) )
<P ),

Since (=Y is a decreasing function, therefore (¢ — 1)@= < ¢(@=1) and
577 — Y S AW gyt — 1) = (@ — 1)(t2 — DOty — 1)
<(a—1)(a—2) Dty —t)) = (@ — DT (a —1)(ty — t1)
=T(a)(ty — t1).

Hence ||Py(t1)—Py(t2)|| < 2Mo(k+1)(t2—t1) < &, which implies that ®(A) is an equicontinuous
set. Consequently ®(A) relatively compact in B by Arzela-Ascoli theorem. We have proved

that ® is completely continuous operator. O

We state some conditions for the function f which will be used to establish some existence

results of positive solutions.

1): There exists w > 0 such tha ,y) < spw whenever 0 <y < w,
Hy): Th ist 0 such that f(¢,y) < 3w wh 0<y<
(Hs): There exists w > 0 such that f(t,y) > (w whenever jw <y < w.

Now we prove the following existence result.

Theorem 4.2.1. Suppose that there are distinct wy,ws > 0 such that condition (Hy) holds at
w = wy and condition (Hs) holds at w = wq. Suppose also that f(t,y) > 0 and continuous.
Then the problem (4.1) has at least one positive solution, say yo, such that |yo| lies between w;

and wy.
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Proof. Suppose that 0 < w; < wy. For y € E, by Lemma 4.2.1 &y € E and ® is a completely

continuous operator. Now substitute ) = {y € E : ||y|| < w1} and let u := m Note

that for y € 99y, we have ||y|| = wi, so that condition (H;) holds for all y € 9€Q;. Then for
y € EN oSy, we find that

k+1

Py|| = G(t, —1, 1
loyll = max 3G+~ Lylsa—1)

k+1
gZG(s+a,s)f(s+Oé—1,y(5+04_1))

1 k+1
< éuwlgG(s+@’s) =W = HyH

Therefore we find that ||®y|| < ||y||, whenever y € E N 0Q,. Hence we get that the operator ®

is a cone compression on £ M €);.

On the other hand, substitute Qy = {y € £ : ||y|| < wa} and let ¢ = 1/9, where

LS(a:k) —C!J

k+1
VRES Z ’7G(L%J+O&,S).
o=[oFE ]
Note that for y € 05, we have ||y|| = ws, then the condition (Hj) holds for all y € 09Q,. Also
note that {2 ] +a} C [Ha 3(’”&)} Then, for y € E'N 0Qy, we find that

@y(Lk+1 ) i: (k+1+as)f(s+a—1,y(s+a—1))

=0

I.S(ajk) —(XJ

> (ws Z '}G(L%J—i—a,s):wg.

s=[2tk _q]

Therefore ||®y|| > ||ly||, whenever y € E N 0. Hence we get that the operator ® is a cone
expansion on ENJ 2. Then, from Theorem 1.6.4 it follows that the operator ® has a fixed point.

This means that (4.1) has a positive solution, say yo with w; < ||yo|| < we, as claimed. O

We now provide some new results that yield the existence or non existence of positive
solutions. We shall assume that f(t,y) has the special form f(t,y) = A f1(t) f2(y).
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(Hj3) Suppose that A > 0 and fi, fo are nonnegative.
Let

fotm 2O 2O

Y y—ooo Y
Theorem 4.2.2. Assume that condition (Hs) holds.
(Hy) If fo=0 and fo = o0, then for all X\ > 0 problem (4.1) has a positive solution.
(Hs) If fo =00 and fo =0, then for all X\ > 0 problem (4.1) has a positive solution.

Proof. We prove that the problem (4.1) has a positive solution, it is sufficient to find that
operator ® : EF — E has a fixed point defined by equation (4.10). From Lemma 4.2.1 it
follows that operator ® : £ — FE is completely continuous. Moreover,if we fix w > 0, let
E,={y € FE:|y|| <w}, and 0FE, = {y € E: ||y|| = w}, then the operator ¢ : E, — E de-
fined as Py(t) := A Zfié G(t, s) fi(s) f2(y(s)), is completely continuous, Py # 0 for y € IE,,.

(Hy)) By fo=10,for0 <e<
fa(y) < €|y| whenever 0 < |y| < w.
Let Qu, ={y € E : ||y|]| <wi}. For y € 9Q,, N E, we have

1 . "
NS o) f1(5) there exists positive w; > 0 such that

k+1

[Dy(t)] < Ae Y Gls+a,s) fi(s)ly(s)]

< Wl)\EZG(S +a,s) fi(s) < wi,

s=0

which shows that ||@y(t)|| < w; = |ly|| for y € 00, N E.

By fo = 00, for M > 3(k+a)1 , there exists kg > 0 such that fo(y) > M|y|,
NPT fra) Glstas)fils )

whenever |y| > ko. Take wy > {wl,%}, and that let Q,, = {y € F : ||y|| < w2}. Then for
y € 00, N E,y(t) > 7|ly|| = ws > ko, for 2 <t < 3(k+o‘ . Whence

LS(k+a)J

)= A Y Gt s) fi(s) f2(y(s))

s=[ k52
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LS(kz-a)J
> MM Y Gls+a,s)fi(s)ly(s)]
s=4]
Ld(k:—a)J
> MM Y Gls+as)fi(s)llyll > Hlyll,
s=E4]
which implies that ||®y|| > ||y|| for y € O£, N E. It follows from Theorem 1.6.4 (i) that ® has
at least one fixed point in £ N (Q,/,). The fixed point y € E N (Q,/Q,) is the positive
solution of (4.1) by Lemma 4.1.1.

(Hs) The assumption fy = oo, for M > 3(“&)1 , there exists a positive

252 ZL_F;‘M{ G(s5+015) f1(5)
S=lTr

wy; > 0 such that fo(y) > M|y|, whenever 0 < |y| < wy. Let Q,, = {y € E : |ly|]| < wi}, for
y € 09, N E, we have

LS(kIa)J

Dyt) = A S Glts) fils) falyls)
s=[4e]

LB(kZ-a)J

> MM Y Gls+a,s) fi(s)|y(s)]

3(k+a
2552

>MPM Y Gls+aus) fils)lyll > lyll,

s=[55e]

which implies that ||®y|| > ||y|| for y € 09, N E.

By foo = 0,for 0 < e <

1 . ..
ST Goram )’ there exists positive kg > 0 such that fo(y) < €|y],

whenever |y| > k.
Hence, fo(y) < €|y| + C, for y € [0, +00), where C' = maxo<y<p, f2(y) + 1. Let Q,, = {y € E:

llyl| < w2}, where wy > {wq, 2CA Z];Ié G(s+ a, s)fi(s)}, then, for y € 99, N E, we have

k+1 k+1
[Py(t)] < Ae Y G(s+a,s)fi(s)y(s)| + AC Y G(s +a,s) fi(s)
S:[Z/‘-i-l k+1S:0
< wQAeZ G(s+ a,s)fi(s) + ACZ G(s+ a,s) fi(s)
s=0 s=0
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which implies ||®y|| < ||y|| for y € 00, N E.
From Theorem 1.6.4 (ii), it follows that ® has at least one fixed point y in EN(Q, /., ). From

Lemma 4.1.1, the fixed point y € E N (€2, /,) is the positive solution of (4.1). O

Theorem 4.2.3. Assume that condition (Hs) holds and fo = 0 or fo = 0. Then there exists
Ao > 0 such that for all A > Xy problem (4.1) has a positive solution.

Proof. In view of Lemma 4.2.1 and assumption Hj, if we fix w > 0, define £, = {y € E : ||[y|| <

w}, and 0E, = {y € E : ||y|| = w}, then, the operator ® : E, — E is completely continuous,

by # 0 for y € OF,.

For fixed wy; > 0, there exists A\g > 0, such that we define \y = ShTa) ,
s O Lo Glotes) fi(9)

and Q,, = {y € £ : ||ly|| < w1}, here my,, = mins,, <y<w1 f2(y), by Hs ,my 0. Then for
y € ENoJSQy,,, by Lemma 4.1.2, we have

LB(k:Z»a)J
: S A
e, PO 2T D Gle+ ) fi) falu(s)
T s=[kta)
LS(kIa)J
> XAodme, Y Gls+a,)fi(s) =w = lyll,
a=[kte]
which implies that
Pyl > |ly|| for y € ENOQ, ,A> No. (4.11)

_ 1 . o). —
Let fo = 0, then, for 0 < € < S Gl ra ) hi() there exists positive wy > 0 such that
fa(y) < ely|, whenever 0 < |y| < @ws. Let Q, = {y € F : |Jy|]| < wa},0 < wy < {wy,wa}.

For y € E N 0€,, we have

k+1 k+1

[By(t)] < Ae S Gls + a,)f1(8)[y(s)] < wode 3 Gls+ a,s)fils) < ws,

s=0 s=0

which imply that ||®y|| < ws = ||y|| for y € E N OSY,.

_ 1 . o .
Now fo = 0, then, 0 < € < ST Gran (o) there exists positive kg > 0 such that fy(y) <
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€ly|, whenever |y| > ko. Hence, fo(y) < e|y|+C, for y € [0, +00), here C' = maxo<y<i, f2(y) + 1.
Let Q,, = {y € E : ||ly|| < ws}, where wy > {w1,2)\C’Zfié G(S+Oé,5)f1(8)}, then, for
y € ENoQ,,, we have

k+1 k+1
[Py (t)] < wshe Y Gls+a,8)fi(s) + AC D G(s + a, 8) fi(s)
s=0 s=0
w3 W3 .
< ? + 7 = ws,

which imply that ||®y|| < ws = ||y|| for y € E N O,.

From Theorem 1.6.4, it follows that ® has a fixed point in y € ENQ,,, /O, or y € ENQ, /Q0,
according to fo = 0 or fo, = 0, respectively. Hence, problem (4.1) has a positive solution for
A > Ao O

Theorem 4.2.4. Assume that condition (H3) holds. If fo = foo = 0, then there exists A\g > 0
such that for all A > \g problem (4.1) has two positive solutions.

Proof. Let 0 < w3 < wy, by the same argument as for inequality (4.11), there exists Ao > 0
such that

Dyl[ > [lyl]  for  y e ENOQ, (I =34),A> .

Since we have given fo = f., = 0, then, from the proof of Theorem 4.2.3, it follows that we can
choose 0 < w; < wg and wy > wy such that ||Py|| < ||y|| for y € ENOQ,, (1 = 1,2).

Thus, from Theorem 1.6.4 the operetor ® has two fixed points y; € £ N Qu,/Qu,, 92 € EN
Q4. /Q,, which are the distinct positive solutions of problem (4.1). O

Theorem 4.2.5. Assume that condition Hz holds. If fo < 0o and fo < o0, then there exists
Ao > 0 such that for all 0 < X < Ao problem (4.1) has no positive solution.

Proof. Since fy < oo and f,, < oo, then for positive numbers €, €5 > 0 there exist 0 < w; < wo
such that,

f2(y) < elyl, for |yl <wi,
and

f2(y) < ey, for  |y| > wo.
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Let

E—max{el,EQ,max{M T Wy Sygwg}}.
Y

Therefore we have

f2(y) < elyl, for  w < y| < ws.

On contrary, suppose that v(t) is a positive solution of problem (4.1), then, for 0 < A < Xg, we

_ 1
define \y = B ot i(3)” for some 0 < 8 < 1. Then, we have
k41
o]l = [[@v]] < Ae Y Gls+a,s)fi(s)|v]
s=0
o]
< [ollhoe Y G(s+a,s)fi(s) = .
s=0

That is, ||v| < ”;7” < ||v|l, which is a contradiction. Whence problem (4.1) has no positive

solution. O

Theorem 4.2.6. Assume that condition (Hs) holds. If fo = 00 or fs = 00, then there exists
Ao > 0 such that for all 0 < X\ < Ao problem (4.1) has a positive solution.

Proof. Fix wy > 0, we define \y =

TS iar Gorasrey Where My, = maxo<y<y, fa(y) + 1. Let

Qu, ={y € E:|lyl] <wi}, for y € 0Qy,,, 0 < XA < Ay, we have

k+1

[Dy(t)] < AM., Y Gls +a,s) fi(s)

s=0
k+1

< MMy 37 Gls + a,5) fls) = w1 = Ilyll

s=0
which implies that
| Py|| < |yl for  y€ 0,0 <A< A (4.12)

1
e

Now fy = oo, implies, for M > T
A2yt
o Z(

fa(y) > Mlyl|, whenever 0 < |y| < @.

, there exists positive w > 0 such that

ita.  G(sta,s)fi(s)
'l
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Let Qu, ={y € E: ||y|]| < wa},0 < wy < {wy,w}. For y € 09,,, we have

LS(kz—a)J

Oy(t) = MM Y G(s+a,s)fi(s)ly(s)]

=)
LS(kz-a)J

>0M Y Gls+a,s)fils)ly

s=[552]
> Iyl

which implies that ||®y|| > ||y|| for y € 0€,,,.

The hypothesis f,, = oo, for M > G M)l , there exists positive ky > 0 such
2 22@1} L Gls+ans) fuls)

that f2(y) > Mly|, for [y| > ko.
Let ws > {wy, %0}, and that let Q,, = {y € E : ||ly|| < ws}. Then, for y € 0Q,,y(t) > F||ly|| =
Aws > ko for ’“TTO‘ <t< W. Thus, we have

L3(k+o¢) J

>)\Z G(t,s)f1(s) f2(y(s))

[

L3(k+a)J
> MM Y Gt s) fils)|yll

[4%e]
> [lyll;

which implies that ||®y|| > ||y|| for y € 0Q,.
From Theorem 1.6.4, it follows that ® has a fixed point y € Q,, /Qu, or y € Q, /W, according

to fo = 00 or f, = oo, respectively. Consequently, problem (4.1) has a positive solution for
0< A< A O

Theorem 4.2.7. Assume that condition (Hs) holds. If fo = foo = 00, then there exists Ay > 0
such that for all 0 < X\ < Xg problem (4.1) has two positive solutions.

Proof. Let 0 < w3 < wy, then the inequality (4.12) implies that there exists A\g > 0 such that

1Pyl < [yl for  y eI, (i =3,4),0 <X < .
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Since fy = foo = 00, then, it follows from the proof of Theorem 4.2.6 that we can choose

0 < w; < ws and wy > wy such that
[Qy[l > llyll  for  y€ 0, (i=12).

Hence, by Theorem 1.6.4 the operator ® has two fixed points 31 € Qu,\Qu,, ¥2 € O, \Qu, Which

are the distinct positive solutions of problem (4.1). O

Theorem 4.2.8. Assume that condition (Hs3) holds. If fo > 0 or fo > 0, then there exists
Ao > 0 such that for all A > A\ problem (4.1) has no positive solution.

Proof. Since fy > 0 and f,, > 0, then, for positive numbers 7y, 12 > 0 there exists 0 < w; < wo
such that,

foly) = mlyl,  for  |y| <wi,
and

foly) = melyl,  for  |y| > ws.
Let

f2(y)
Y

7 = min {nl,ng,min{ ;AW §y§w2}}.

Then we can obtain that

fa(y) Zmlyl,  forJyl € Ry, fyl < w, (4.13)
fa(y) Znlyl,  for Jyl € Ry, |y[ = Fwr. (4.14)
On contrary, suppose that v(t) € E is a positive solution of problem (4.1), if ||v]| < wy. Let
Ao = —! , then, by equation (4.13), we have
PN Gy Clotas)fa(s)
s=lTr
fa(v(@)) Znlo(@)],  tela—1a+k]

On the other hand, if ||v|| > wy, then,

| T
L, V(0 2 0] > S

which, together with equation (4.14), implies that

(k+a) 3(k+ )
4 4

fao(®) Z @), te
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Thus, for A > Ao, we have

k+1

u(t) = Qu(t) = XY G(t,5) f1(s) f2(v(s))
|3t |

> A Z G(t, 5) f1(s) f2(v(s))
s=[ 42
4
LS(k+a)J
>AmA Y Gls+a,s)fi(s)|v|
s=[ 5N
4
LS(k+a)J
>4A Y G(s+a,s)fi(s)|v]
s=[ e
4
L3(k2»o¢)J

>3 Y Gls+a,s)fils)ol

s=[ 451

> v,
which is a contradiction ||v|| > ||v||. Hence problem (4.1) has no positive solution. O

Example 4.2.1. Consider the following discrete boundary value problem

1+ (t+a— 1)%e-1/2raml) N (t+a—1)%1+sin’y(t +a—1)]
1+ (t+a—1)2 I+ (t+a—1)

y(a—2) =0, A% yla+k)=0,

_Ag—Qy(t) =

) te [0>k+ 1]N07

(4.15)
where o« = % and £ = 5. Let

14+ t2eCV20 #2]1 4 sin? y(t)] 1 13

> N

M\»—A

First we find the lower bound and upper bound of a function f(t,y(t)).

Pe? 41 P sin’ (1))
e L+y2(t)

fty(t) =
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(13/2)%e /212 41
- 14 (1/2)
169e~1/* + 4

=—F + 84.5 ~ 111.623,

+(13/2)*(1+1) - maxsin(y) = 1

and

(1/2)26_1/2(13/2) +1
1+ (13/2)?

e84 4 4

= —— ~0.0233455.
173

Now we find the value of 4 for the given function,

fty(t) =

) Gy
! (k 4+ a)le=D) 7 (%(k—ka))(a—l)
_ (05 + 3/2))(1/2) (3(5+3/2) — 1)(1/2)
MY T3y T G0+ 3/2)0

(1_3)(1/2) (g)(l/Q)
= min 8 ,1— 28
(1_23)(1/2) (3_5)(1/2)
= min{0.52912,0.102564} ~ 0.102564.

The Green’s function for corresponding problem is given as:

2(t(1/2)7(t7571)(1/2))

<t-— < 6;
Gltos) =4 o 7 SSL3RE0 (1.16)
- t—3/2<s<6.
By using Green’s function we find the value of  and (. We note that
B 2 B 2
TSI G tas) Y, Gls+3/2.9)
2
CG(3/2,0) + G(5/2,1) + G(7/2,2) + G(9/2,3) + G(11/2,4) + G(13/2,5) + G(15/2,6)
2
= ~ 0.2 .
9.80518 020397
Since ¢ = 1/9, and
| M —a Ed
E+1
9= VG| |— | +a,s | = YG (9/2, s
P (1551 as) 3 9067
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3

= (0.102564)> G (9/2, 5)

= (0.102564)[(;(9/2, 1) + G(9/2,2) + G(9/2,3)] = (0.102564)(3.007816)
~ 0.30849.

Then, ¢ ~ 3.241557911.
Now we are using the conditions of Theorem 4.2.1 that shows the existence of problem (4.15)
(Hy): We choose wy = 1140. Then

1 1
F(ty(1)) < 111623 < Jpwn = 7(0.20307)(1140) ~ 116.263.
(H3): Now we choose wy = 0.001. Then we have
f(t,y(t)) > 0.0233455 > (wy =~ 0.00324156.

Thus, this shows that problem (4.15) has at least one positive solution g, such that 0,001 <
lyo| < 1140.

Example 4.2.2. Consider the discrete boundary value problem

(y(t+a—1))°
T ra—nyp] S Ho (4.17)

A y(t) = e 0D T ra— D2+ 1
yla—2)=0, A“jy(a+k)=0.

where 1 < a < 2 and k > 3 is an integer. Let o = 3/2 and k = 4. Taking f(t,y(t)) =

e W12 + 1[ﬂ+y ), for t € o — 2,0 + k]n,_,. Obviously f(t,y(t)) = Afi(t)f2(y(t)), where

f1(t) == e 'Vi? 1 and fo(y(t)) := 7r+2y(t2t) satlsfy assumption (Hj).

— 1 — — o y2(t) ~
For w; = 8, by computations we get m,,, = wfrgl}f%mfz(?/) = 0.96962;§8(7r+93(t)> ~ 0.23195.

Furthermore

w1
3(k+a)J

ﬁymwl Z |'k+a~| (S + a, S)fl (S)
_ 8
(0.02811234) S0, Vs + 1e=sG(s + 3, 5)

Moreover, fo = 0 and f,, = 0. All assumptions of the Theorem 4.2.4 are satisfied. Therefore,

)\0:

~ 396.186.

the boundary value problem (4.17) has one positive solution.
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Chapter 5
Conclusion

We have studied the basic concept of difference calculus that were used for the development
of our results. We discussed some fundamental concepts of discrete fractional calculus. Some
basic properties about Riemann-Liouville and Caputo difference operator were included. We

also state some fixed point theorem that used to find existence and uniqueness results.

We have discussed some well known methods to find the solution of initial value problems.
We have taken the second order fractional difference initial value problem and used Caputo
approach to establish the existence results of solutions. Further, we construct uniqueness and

global uniqueness results for initial value problem by using Banach contraction principle.

The existence of positive solution for two point fractional difference boundary value problem
have been discussed. We have established sufficient conditions for existence and uniqueness of
solution for fractional difference boundary value problem. For construction of these results we
used Caputo difference operator and also we used Banach contraction principle and Brouwer

fixed point theorem.

We established various conditions for existence and non-existence of positive solutions for a
class of nonlinear fractional difference boundary value problem, with the help of Krasnoselskii’s
theorem. For applicability of Krasnoselskii theorem we have constructed Green’s function and
some useful properties of Green’s function for this boundary value problem by using Riemann-

Liouville approach. Some examples were included for the appropriateness of our results.
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