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ABSTRACT

Time scales calculus unifies two disparate notions, namely, difference and
differential calculus. The theory of time scales calculus is really still in its
infancy. In this dissertation we discuss the solution of differential equations
on time scales.

Chapter one of this dissertation discusses the calculus on time scales that
involves the notions and definitions of some particular type of derivatives
(delta and nabla-derivatives), some related theorems with proofs, relations
between delta and nabla derivatives, the notion of integration and related
theorems. Some examples are included in order to explain these concepts.

Chapter two introduces dynamic equations on time scales. Initial value
problems for first order dynamic equations on time scales are presented and
some examples are included. The notion of the generalized exponential func-
tion is introduced and some of its properties are discussed. The method of
solution of a second order linear differential equation is also presented.

Chapter three is concerned with the existence and uniqueness of solutions
of linear boundary value problems (BVPs).

In chapter four, we derive new results on the existence and approximation
of solutions of nonlinear BVPs. We use the method of lower and upper solu-
tions [1] to establish a comparison result and an existence theorem. Finally,
we introduce a generalized approximation technique and show that under
some conditions there exists a monotone sequence {w,} of linear problems

converging uniformly to a unique solution of the nonlinear BVP.
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1. PRELIMINARIES

1.1 Introduction

The theory of time scales was introduced by a German mathematician Stefen
Hilger [2] (student of Bernd Aulbach) in his Ph.D thesis in 1988, in order to
unify the theory of continuous and discrete calculus. He reasoned that there
should be a way to connect the classical cases of the reals and integers, and
interpret everything in between these cases. Any non-empty closed subset
(in the usual topology) of the set of real numbers, R, is called a time scale
and is denoted by T. For example:

R, the set of real numbers;

7., the set of integers ;

N, the set of natural numbers ;

Ny, the set of non-negative integers ;

[0,1] U [2,3],]0,1] UN;

etc are time scales; while the following are not time scales:

Q, the set of rational numbers ;

Q', the set of irrational numbers ;

(0,1), the open interval between 0 and 1;
and C, the set of complex numbers;

because the first three are not closed in R and the fourth one is not a subset
of R.
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There are many applications of time scales, since hybrid models are very
common in reality. Many populations show population explosion in some
time periods while in others growth is stunted. This type of phenomenon
is not easily modeled by using just differential or difference equations alone.
Moreover, the theory of time scales is applicable to any field in which dy-
namic processes can be described with discrete or continuous models. Since
many economic models are dynamic models with continuous or discrete time
therefore, the results of time scales calculus are directly applicable to eco-
nomics as well. For example, money is invested and accounted at specific
(discrete) times but the growth due to the investment is continuous in time.
The time scales analysis is so useful that it allows one to create the time scale
on a fly and analyze its dynamics.

This chapter discusses some basic definitions and notions of the calculus
on time scales. In section 2 some basic concepts of the calculus on time scales
are presented. Section 3 is devoted to nabla and delta derivatives, while in
section 4 the notion of integration on time scales is discussed. Some examples
are also included. Good references to the material of this chapter include the
book [3] and papers [4,5,6,7].

1.2 Basic definitions and concepts

The following definitions and concepts will be used throughout this work.
Since an arbitrary time scale will not be connected, therefore the jump oper-

ators are defined to describe moving forward and backward on a time scale.

Definition 1.2.1. Forward jump operator: Let T be a time scale. For t € T,
the forward jump operator 6 : T — T is defined by §(t) = inf{s € T : s > t}.

Definition 1.2.2. Backward jump operator: For t € T, the backward jump
operator p: T — T is defined by p(t) = sup{s € T : s < t}.
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The following four definitions describe the behavior for an arbitrary time

scale T at each point ¢ € T, using the jump operators.

Definition 1.2.3. Right, Left-scattered: A point t € T is called right-
scattered, if §(t) > t and it is called left-scattered if p(t) < t.

Definition 1.2.4. Isolated point: A point t € T is called an isolated point if

t is right-scattered and left-scattered simultaneously.

Definition 1.2.5. Right, Left-dense: A point is called a right-dense point if
d(t) =t and t <supT, and a left-dense point if p(t) = ¢ and ¢ > inf T.

Definition 1.2.6. Dense point: A point t € T is called dense point if t is

right-dense and left-dense simultaneously.

Table 1 shows the classification of points:

Table 1. Classification of points.

t right-scattered | t < §(t) or d(t) >t
t left-scattered | t > p(t) or p(t) <t
t isolated p(t) <t <d(t)

t right-dense t=0(t)

t left-dense t = p(t)

t dense p(t) =t =4(t).

We can also represent these points by the following diagram:

oll o
t1 is right-scattered and left-dense;

° ol
ty is left-scattered and right-dense;

° ol3 °
t3 is left-scattered and right-scattered at the same time;
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ols

t4 is left-dense and right-dense at the same time, while, ¢3 is isolated point

and t, is dense point.

A function that indicates the distance from one point to the next is defined

as

Definition 1.2.7. Graininess function: The function g : T — [0 o0) de-

fined by p(t) = §(t) — ¢ is called the graininess function.

This function along with jump operators, plays an important role in ex-
plaining differences in behavior between the discrete and continuous parts of
a time scale.

In the following example, the forward jump operator §(t), the back-
ward jump operator p(t), right-scattered points, left-scattered points, iso-
lated points, right-dense, left-dense, dense-points and the graininess function
for the sets R and Z are illustrated.

Example 1.2.8. For T=R and t € R,
d(t) =inf{s e R: s>t} =inf(t,00) =1,
p(t) =sup{s € R:s <t} =sup(—oo,t) =t.

Clearly, §(t) =t and t < sup T = sup R = oo, therefore ¢ is right-dense.
Also, p(t) = t and t > inf T = infR = —o0, therefore ¢ is left-dense.

Hence, t is dense. Further,
p(t) =6(t) —t=t—t=0.

Thus the graininess function of R is zero.
For T=7Z and t € Z,

dt)=inf{se€Z:s>t}=inf{t+1,t+2,t+3,..} =t+1
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and for all t € Z,
pt) =sup{s€Z:s<ty=sup{.,t —3,t—2,t—1} =t —1.

Since §(t) =t + 1 > t, therefore ¢ is right-scattered. Also, p(t) =t —1 < t,

implies ¢ is left-scattered. Hence ¢ is an isolated point. Moreover,
p(t)y=0(t)—t=t+1—-t=1.
Hence the graininess function of Z is 1.

The above observations may be presented in Table 2:

Table2. Jump operators and graininess functions for R and Z.

time scale T R|Z
backward jump operator [p(t)] |t |t —1
forward jump operator [§(¢)] |t |t+1
graininess function [ (t)] 0|1

1.3 Calculus on time scales

The following notations and definitions are useful for our work:

(1) For the function f : T — R, the composition f°: T — R is defined by
Fo(t) = (fod)(t) = f(5(t));
(2) The set T* is defined by

T T\ {t1}, if T has a left-scattered maximum ¢y;

T, otherwise;
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(3) The set T} is defined by

T T\ {t2}, if T has a right-scattered minimum ¢;
k =

T, otherwise;
(4) While T* = T* N Ty;

(5) A neighborhood N of a point ¢t € T (i.e., N= (t —d,t+ ) NT for some

d > 0) is the set of points in T, indicates a small distance from t.

1.3.1 A-Differentiation

Definition 1.3.1. Suppose f : T — R is a function and let ¢ € T*. Then
the delta derivative, f2(t) of f at t is defined to be the number (if exists)
with the property that for any given € > 0 there is a neighborhood U of ¢
such that

[[(6() = F(s)] = fA@0)B() — 5] [< e | a(t) — s ],

for all s € U.
The function f is said to be delta (or Hilger) differentiable (or simply
differentiable) on T* if f2(t) exists for all t € T*.

The following simple examples illustrate the definition of delta deriva-

tives.

Example 1.3.2.

(1) If f: T — Ris defined by f(t) = o for all t € T, where a € R is constant,
then f2(t) = 0. Because for any € > 0,

|f(6()) = f(s) = 0(0(t) — s)| = |o — af =0 < €|d(t) — s,
holds for all s € T.
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(ii) If f: T — R is defined by f(t) =t for all t € T, then f2(t) = 1. Again,

it is because of the relation
|£(0(t) — f(s5) = 1.(8(t) — 8)| = [0(t) — s — (0(t) — s)| = 0 < ¢€[0(t) — 5],
holds for all s € T and for any € > 0.

Some basic relationships of the delta derivative are summarized in the

following theorem.
Theorem 1.3.3. Suppose f: T — R is a function and lett € T. Then:
(1) If f is differentiable at t, then f is continuous at t.

(2) If f is continuous at t and t is right-scattered, then f is differentiable

e F6(0) = 10
A _
) u(t)
(3) Ift is right-dense, then f is differentiable at t if and only if the limit
I~ ()

s—t t—s ’

erists as a finite number. In this case

fA(t) = lim f(t) B f(S)

s—t t—s

(4) If f is differentiable at t, then

Proof.

(1) Assume that f is differentiable at t. Choose € € (0,1) and define

T AW+ 2u(t)

6*
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Then ¢* € (0,1) and by definition of delta derivative, there exists a neigh-
borhood U of ¢ such that

F(8(1)) = f(5) = (8(t) = s) f2 ()] < €*]5(¢) — s], (1.3.1)
for all s € U. Now, for all s € UN(t —€*,t+€*), using (1.3.1), it follows that

[F(t) = £(s)] = {F(8(8) = f(s) = FA)(6(8) — )}~
{f6() = f(t) = () F2 ()} + (t = 5)f2(1)]

'l0(t) — sl + € u(t) + [t — s[|f2(t)]

€10(t) =t +1t — s|+ e put) + [t — sl|f2()]

€ [u(t) + |t = s| + u(t) + [F2 O]

ML+ [f2()] + 2u(t)] =

Consequently, f is continuous at t.

I/\ I/\ I/\

(2) Assume that f is continuous at t and t is right-scattered. Then by

continuity

lim F o

) —f(s) _ fO0@)—f@) _ fO0®) - f@)
s—t o(t ’

)= 5(t) — ¢ u(0)

Hence for given € > 0, there is a neighborhood U of ¢ such that

|f(5(t)) —fls) _ f6(1) — f(D)
ot) — s pu(t)

| <eforall sel,

which implies that

fO(t) — f(t)
(t)

Hence we get the desired result

I[f(6(¢)) — f(s)] — [0(t) — s]| < e€|d(t) — s| for all s € U.
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(3) Assume f is differentiable at ¢ and t is right-dense. By the definition of
differentiability, there is a neighborhood U of ¢ such that

F(5(1)) = £()] = FAOI6() - ]| < eld(t) — 5] for all s € U,
which implies that

If(t) = f(s) — fA[t — s]| < €|t —s| for all s € U, as §(t) = t.

It follows that

f{t) — f(s)

; — fA@t)| < eforall s € U, and s # t.
— s

Hence,
f() — f(s)

A .
t) =lims_,
f2(t) =limgy P

Y

as required.

f{t) = f(s)

Conversely, suppose that t is right-dense and lim,_.; exists as

f(t) = f(s)
t

a finite number. In this case f2(t) = lim,_ and for all s € U

with s # t there exists € > 0 such that

f{t) = f(s)

t— s —fA(t)‘SE,

it implies that
(1) = f(s) = R = )| < eft — 5.

Since 0(t) = t, it follows that
() — £(5) — FA(0)(6() — 9)] < €lé(t) — 5] for all s € U

Hence f is differentiable at t.
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(4) If t is right-dense, then 6(¢) =t and p(t) = 0. Hence

F(8(1)) = f(t) = f(&) + u(t)f2().
If ¢ is right-scattered, that is, 6(¢) > ¢, then by (2) we have

fO@) = 1)

= R

f(0@) = f(t) + ult)

The delta derivative gives the standard definitions of difference and
differentiation for T = 7Z and T = R as shown in the following example.
Example 1.3.4.

(1) T = Z: In this case, p = 1 and for every t € Z,

Ay JO@) = f@)  fE+1) = f()

where A is the forward difference operator.

= ft+1) = f(t).

(#7) T = R: In this case u = 0 and for every ¢t € R,

(0 — 1 O =IO

s—t t—s

= f'(t),
which is the usual derivative.
Theorem 1.3.5. Suppose f, g : T — R are differentiable at t € T. Then:

(1) The sum f+ g: T — R is differentiable at t and
(f +9)2(t) = f2(t) + g2 (1)
(2) The product fg: T — R is differentiable at t and

(fg)2(t) = f2(0)g(t) + F(5(1) g™ (¢)
= f(H)g™(t) + f2(1)g(8(1)).
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(3) For any constant «, the product af is differentiable at t and

(af)2(t) = a(f)2(1).

(4) If f(t)f(0(t)) # 0, then % is differentiable at t and
Toagy . 20
Y= Forem

Proof.

(1) Assume that f and g are A-differentiable at ¢ € T. Then, for given € > 0,
there exist neighborhoods U; and U, of t such that

£6(0)) = (5) = FAO() — 9)] < 515(¢) — o] for all s € U,
and

9(6(1)) — 9(s) = g* ()(3(2) — )| < 515(¢) — 5] for all 5 € U

(F +9)6®) = (F +9)(s) = [F2(8) + g*(1](5() = 5)|

) = F(5) = FAO6() = ) + g6(1) = g(s) = g*(O(3(t) = 9)
) = 1(3) = FAOG(E) = 5)| + 9(5(8) — g(s) = g*()(3() - 5)|
S15(t) — sl + 516() = s| = €ld(t) — 51,

for all s € U = U; NU,. Hence, f + g is differentiable at ¢ and

(f+9)° =f>+9~
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(2) Choose € € (0,1) and define

€

GG RG]

Then €¢* € (0,1) and hence there exist neighborhoods Uy, Us and U of ¢ such
that

[F(6(t) = £(s) = FAO() = 5)] < €7[0(t) — 5] for all s € Uy,

19(3(£)) = g(s) = g2 ()(5(t) — 5)| < €'[8(t) — 5| for all s € Uy,

and
|f(t) — f(s)] < € for all s € Us.

(f9)(0(2)) = (f9)(s) = [F2(1)g(3(2)) + f()g>(B)](8(2) — 5)]
[ s)

(
)

= [f(8(8)) = f(s) = FA(B)(S(t) — 9)]g(5(t))

+19(8(t)) = g(s) = g (B)(8(t) — )£ (t)

+19(8(t)) — g(s) = g2 (0)(3(t) = 9)][F(s) = F(O)] + (8(2) — 8)g™ (D) f (s) — F(B)]
< €10(t) = sllg(@(O)] + €*18(t) = sl[f (O] + € e*[a(t) — 5|+ €7(t) — sllg™(1)]
= ’[o(t) = slllg(@®)| + £ ()] + € + |g>(t)]]

< €18(t) — s|[1+ [F(O] +1g(a))] + g™ ()] = ela(t) — ],

for all s € U = Uy N Uy N U;s. Thus the product fg is differentiable and
(fg)® = f2¢° + fg”® at t. The other part can be proved similarly. Notice
that

(fgh)™ = fogh + fg>h+ fg°h®.
(3) Define €* = ¢/|a|, |a| # 0, € > 0, then by the definition of differentiability
of f at t, it follows that

LF(6(t) = f(s)] = FAO6() = 5)] < €7[0(t) — 5] for any s € U,
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where U is a neighborhood of ¢. Multiplying both sides by |a/, we have
[af(8(t) — af(s)] — af2($)(6(t) = s)| < |ale’|(t) — s| for any s € U,
which implies that
[(@f)(8(1)) = (af)($)] = (af2(1)(0(t) — )| < €eld(t) — s| for any s € U.
Hence (of) is delta differentiable at ¢ and
(af)2(t) = af2().

(4) For any € > 0, define €* = €|f(d(¢))f(s)]. Since f is differentiable at t,

hence,

L (8() = ()] = FAOG(E) = 5)] < €6(t) — 5] for any s € U.

Assume that f(¢)f(d(t)) # 0. Dividing both sides by f(¢)f(d(t)), we have

1 A 5(t) —s e »
|f(s) o) 7 (t)f(5(t))f(s)|§ |f(5(t))f(s)|’6(t) I
which implies that
L L gy S =s s
Tow) 7@ T Ve < 400 o

1
for any s € U. Hence the delta derivative of — exists and

i
Toa, 20
3 0= "Forem)

Proof of the quotient formula (5) can be obtained by using (2) and (4). O

The following theorem gives general rule for the power formula of A

differentiation.

Theorem 1.3.6. Let o be constant and m € N.
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(1) If f(t) = (t — )™, then

fA(t) = g (6(t) — a)™(t — a)™ 17", (1.3.2)
(2) Ifg(t) = 0 _1a)m, then
QA(t) = — L e provided (t—a)(6(t) —a) # 0.

(6(2) — a)m=m(t — o)™
(1.3.3)

Proof.
(1) Let h,(t) = (t — @)™, by the product rule,
hp () = [(t— o) (t —a)" 1% = L(t — )" 4 (6(t) — ) [(t — )" ']2
= (t— )" 4 (6(t) — a)hy (1),
Similarly,

hpa () = [(t = a)(t = a)" )% = L(t — )" + (5(t) — a)[(t — a)" ]2
=1.(t — )" 2+ (6(t) — a)hy ,(1)
Therefore,
hip (1) = (t = )"+ (8(t) — a)[(t — )" + (8(t) — @)y o(t)]
— (t— )" (8(8) — )t — )™ + (8(1) — )2, (t)
— (t— )" (3(8) — a)(t — @)™ + (8(t) — @)(t — @)
+(5(t) —a)*(t — )"t 4+ .+ (0(t) — )" 1hA ()
= (t—a)""" + (0(t) — a)(t — )" + (3(t) — ) (t—a)"™?
+(5(t) —a)*(t — )"+ .+ (0(t) — )" 1,
since h2(t) = (t — a)® = 1. Hence
FAE) = hn(t) = Y (8(t) —a)"(t —a)™'"

Part (2) can be proved in a similar way. O
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1
As a verification of the above theorem, take f(t) = t?, f(t) = n and

1
ft) = e} in the following example.

Example 1.3.7. (i) For f(t) = t?, using formula (1.3.2) with m = 2 and

a=0,
1 1

FAM) = 206(1) — 0)"(¢ = 07 = S la (o)

n=0 n=0

= [BOIE T + [BOIE A =+ (1)

(1) For f(t) %, using (1.3.3) with m=1and a =0
A 1 _ 1
fo(t) = 22 (3(t) — a)mn(t — )il (5() — 0)1-0(¢ — 0)0+1
B r 1
IRIOIO R0

Ay : 1
o) =— ; (0(t) — 0)2n(t — O)nH1
_ 1 B 1
T (B =020t — 00+ (5() — 0)2 (£ — 0)1H+
_ 11 t+5(t),whret52()7&o,

)2 26(t)  282(b)
1.3.2 V-Differentiation and relation of V to A.

Definition 1.3.8. Suppose f : T — R be a function and let ¢ € T,. Then
the nabla derivative of f at t is defined to be the number fV(t) (if exists) with
the property that for each ¢ > 0 there is a neighborhood U = (t —6,t+§)NT

(for some § > 0) of ¢ such that

L (p(1) = f()] = fY(0)(p(t) — 5)| < elp(t) — 5| for all s € U.
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Then f is said to be nabla differentiable on Ty, if fV(¢) exists for all ¢ € Ty.

Notice that in the case T =R, fV(t) = f/(t) and for T = Z,

Y =Vt = ft) - f(t - 1),
the usual backward operator.

Definition 1.3.9. The backward graininess function v : T — [0,00) is
defined by

v(t) =t — p(t)
and the function f* : Tj — R is defined by f*(t) = f(p(t)) for all t € Ty.

Definition 1.3.10. A function F' : T — R is called a V-antiderivative of
f:T—Rif FV(t) = f(t) holds for all t € Ty.

Definition 1.3.11. A function f : T — R is said to be left-dense continuous

(or ld-continuous) if:
(1) it is continuous at left-dense points; and
(2) its right-sided limits exist (finite) at right-dense points.

Definition 1.3.12. A function p : T — R is called v-regressive if 1 +
v(t)p(t) # 0 for all t € Ty.

The following are some basic properties of the nabla derivative. The

proofs can be found in [2].

Theorem 1.3.13. (1) If f is V-differentiable at t, then [ is continuous at
t.

(2) If f is continuous at t and t is left-scattered, then f is V -differentiable

at t with

v flp(t) = f(t)
) = -t
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(3) Ift is left-dense, then f is V-differentiable at t if and only if
A0~ (9

s—t t— s ’

erists as a finite number. In this case

(4) If f is V-differentiable at t, then

Flp(t)) = f(t) + [p(t) — 1 f¥ ().

Theorem 1.3.14. Suppose f, g : T — R are V-differentiable at t € T.
Then:

(1) The sum f+g:T — R is V-differentiable at t and
(f+9)V ()= V() +g" (1)
(2) The product fg:T — R is V-differentiable at t and
(fa)V () = fY()g(t) + fp(t)g () = f(t)g" (1) + f¥ (£)g(p(1)).
(3) The quotient g . T — R is V-differentiable if g()g(p(t)) # 0 and

Iy = fY(1)g(t) — f(H)gY(t)
g g(t)g(p(t)) '

(4) For any constant o, af - T — R is V-differentiable at t and

(af)¥ () = a(f)¥(1).

(5) If f(t)f(p(t)) # 0, then % is V-differentiable at t and
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The following mean value result on time scales will be used in the proof

of the next theorem.

Theorem 1.3.15. Let f be a continuous function on [a, 5] C T that is A-
differentiable on [, ). Then there exist £, 7 € [a, B) such that
f(B) — fla

0 —«

fA(r) < £). (1.3.4)

For the proof see [8,9].

The following theorems establish the relationship between A and V deriv-

atives of a function on an arbitrary time scale.

Theorem 1.3.16. If f : T — C is A-differentiable on T* and if f2 is
continuous on T%, then f is </-differentiable on Ty, and fV(t) = f2(p(t)) for
allt € T.

Proof. Let t € T be fixed. The proof is split into several cases:
Case 1, t is left scattered: Since f is A- differentiable, it is continuous.
Therefore, f is V -differentiable at ¢ and

Flplt) = 1)

P ==

(1.3.5)

As p(t) is right-scattered, hence

A _ f0O0@) = flo(t) _ () = flp() _ flp(t) = £(1)
f2 (1) = O T O (1.3.6)

From (1.3.5) and (1.3.6), it follows that

FR0(t) = Y ().

Case 2, t is dense: Since t is left-dense, therefore f is V-differentiable at ¢

and
90 — i T 1)

s—t t—s

(1.3.7)
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Also since f is right-dense, therefore f is A-differentiable at ¢ and

(1.3.8)

From (1.3.7) and (1.3.8)

FAE) = V().
Case 3, t is left-dense and right-scattered: Since f is a continuous function
on [s,t] C T, that is A-differentiable on [s,¢[. Therefore by Theorem (1.3.15)
there exist £, 7 € [s, [ such that

f@t) — f(s)

A
=1 < page,

fAr) <

where &, 7 are between s and ¢, since ¢ — ¢, 7 — t as s — t and f2 is

continuous. Hence by Theorem (1.3.3),

1) = f(5)

@) = lim ——— (1.3.9)
On the other hand since t is left-dense, therefore
f7(t) = lim f(ti — 5(8) (1.3.10)
From (1.3.9) and (1.3.10)
FA) = ()
O

Theorem 1.3.17. If f : T — C s sy-differentiable on Ty and if fV is
continuous on Ty, then f is A-differentiable on T* and f2(t) = fV(5(t)).
1.4 Integration

Definition 1.4.1. (Regulated function): A function f : T — R is called
requlated if:
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(1) its right-sided limits exist (finite) at all right-dense points; and
(2) its left-sided limits exist (finite) at all left-dense points.

Definition 1.4.2. (rd-continuous function): A function f : T — R is said

to be rd-continuous if:
(1) it is continuous at right-dense points; and
(2) its left-sided limits exist (finite) at left-dense points.

Definition 1.4.3. A function F' : T — R is called an antiderivative of
f:T — Rif FA(t) = f(t) holds for all t € T*. Let f : T — R be a regulated
function. The indefinite integral of f is defined by

/f(t)At =F(t)+C,

where C' is an arbitrary constant and F' is a pre-antiderivative of f. The

definite integral is defined by
b
/ FOAL = F(s) — Fla).
Note that a,b € T and a < b, the time scale integral

/abf(t)At _ /abf(t)dt, T =R,

is the ordinary integral and

b b—-1
/ FOAt=Y"f(s), if T=Z.

The following theorem summarizes some basic results of the delta integrals.
Let Crg ={f: T — R : f is rd-continuous}.

Theorem 1.4.4. If a,b,c € T , a € R, and f,g € C,q, then the delta

integrals have the following properties:
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b b b
1) / () + g() At = / (DAL + / gt At

@ [anwar=a [ soa

9 [ rwar=- [

y [ (At = [ rwaes | fwar

) [ st -
/f (AL = (Fo)(b /f
/f (AL = (f9)b /ﬁ

(8) If f(t) > 0 for alla <t < b, then / FOAL > 0;

) IF1f(®)] < g(t) on [a,b), then

[ rwsir< [ oa

Proof. Since f and g are rd-continuous, therefore they posses anti-delta deriv-
atives and hence the definite integral properties can easily be proved by using

the properties of delta-derivatives. O]

Example 1.4.5. Consider two basic integrals of f(s) = 1 and f(s) = s on
an arbitrary time scale T.
(i) Let a,t € T. Then, since
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t
/ 1As =t —a,
for any t € T.

(17) Let a,t € T. Then, since

therefore

(s*)% = s+ 4(s),

/at(sz)AAs = /at sAs + /até(s)As,
/at sAs = /at(sg)AAs — /até(s)As.
/at sAs =t* —a® — /até(s)As.

t
Example 1.4.6. To find the integral / sAs, when T =R and T = Z with
a € Nandt €T, we have ‘

(1) If T =R, then for any t € R, §(¢) =t and from the above example

therefore

it implies that,

Hence,
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(17) If T = Z, then for any t € Z, §(t) =t + 1 and from the example

t t
/sAs:tQ—a2—/(s+1)As

t—1
tz—aQ—Z(s—i-l)

—

t—1 a—

:t2—a2—2(5+1)+ (s+1)

Il
o

s=0 s

1
§(t2—t—a2+a).

The following theorem and lemma will be used in our work.

Theorem 1.4.7.

( / £t 5)As)® = £(5(0). 1) + / F3(t,5)As

Proof. Let g(t

fftsAs te Tk

Case 1: If t is rlght scattered, then

9> (t) =

9(6(t) = 9(t)
)

(1)
1_t/ FO(1)

_t/f

,8)As — /tf(t, s)As]

5(t)

s)As + f(o(t),s)As — /t f(t, s)As]

/ f(o

5(t)
%) As +5<t>1_t/t F(5(t), 5)As

5()
:/a FAE $)A +";(i<t)_?/ As
= [ #resas+ ZE0 D60 -1

:/t F2(t, 8)As+ F(5(t),t).
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Case 2: If t is right-dense, then
t) —
g2 (t) = lim () 9(r) —lm /ftsAs—/frsAs
r—t t—r r—tt—r
:liH% /ftsAs—/frsAs—/frsAs (1.4.1)
r—tt—r
b f(t,s) = f(r.s) :
— }E&/ — As+lzm,qatt_r i f(r, s)As
Now we have to show that
lﬂt—r/erAs f(t, 1), (1.4.2)
t/ftst_ TSA—/fAts (1.4.3)

To show (1.4.2) since f is continuous, it will be uniformly continuous on

any compact subset of T x T. Therefore for arbitrary € > 0, there exists a

neighborhood U of t such that

|f(r,s) — f(t,t)] <eforallrsel.

Consequently,
1 ¢ 1 t
= i f(rs)As — f(t, )] = m/ [f(r,s) — f(t,t)]As]|
<57 [ ) = repias
< ‘ | tAS| =,
|t =7

which implies that

1 t
lim
r—tt—1r

(r,s)As = f(t,1).
By the mean value theorem,

f(t73> B f(T’ 3)

t—r

fA(r,8) < < A s),
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where 7, & are between r, t and £ — ¢, 7 — t as r — t. On the other hand,

since f2 is uniformly continuous on any compact subset of T x T. Therefore

3 (t8) — tig LE9) = F25)

r—t t—r

Hence, .
A (1) = / AL $)As + £(1.1).
L]

Lemma 1.4.8. If a function f : T — R has a local mazimum at a point
to € T, then f22(p(to)) < 0 provided that to is not simultaneously ld and
rs and that f22(p(ty)) exists.

For the proof of this lemma see [10].



2. INITTIAL VALUE PROBLEMS

In this chapter, the concept of dynamic equations on time scales is introduced.
In section 1 initial value problems for first order equations on time scales
and some properties of the generalized exponential function are discussed.
Some examples are also included. In section 2 solutions of homogeneous and
non-homogeneous equations of the type —[p(t)y>(#)]Y + q(t)y(t) = 0 and
—[p®)y> )]V + q(t)y(t) = h(t) are presented.

For much of the work in this chapter, we refer to [11, 12].

2.1 First order differential equations on time scales

Definition 2.1.1. Let f: T x R? — R. Then the equation

y2 (1) = ft,y(t) y(8(1)), t € T, (2.1.1)

is called a first order delta dynamic equation on a time scale T. A function
y : T — R that satisfies (2.1.1) for each t € T* is called its solution. Similarly,

the equation
yV () = f(ty(t), y(p(1)), t € Ty, (2.1.2)

is called a first order Nabla dynamic equation.
Definition 2.1.2. For given t € T and yg € R, the problem
y2 (1) = f(ty(t),y(6())), y(to) = vo, (2.1.3)

is called an initial value problem for a first order dynamic equation on a
time scale T and a function y(t) that satisfies (2.1.3) for each ¢t € T* with
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y(to) = yo is called its solution. Similarly, for given ¢ € T and yy € R, the

problem
y¥ (t) = f(t,y(t), y(p(t))), y(to) = Yo, (2.1.4)

is called an initial value problem for first order Nabla dynamic equation and
a function y(t) that satisfies (2.1.4) for each t € Ty with y(ty) = yo is called
a solution of this IVP.

In the following example we discuss solution of an initial value problem

for two special cases of T, that is, T = R and T = Nj,.

Example 2.1.3. Consider the IVP
y2(t) = t*y(t), y(0) = 1, where 0 € T. (2.1.5)

(¢) If T =R, the IVP takes the form

that has a solution of the form

t3
y = ewp(g)-

(17) For T = Ny, the IVP takes the form

Ay(t) = ty(t), y(to) = yo

ory(t+1) = (>+1)y(t) for t = 0,1,2, ... with y(0) = 1. Solving this equation

we have

y(1) = (0" + 1)y(0),
y(2) = (17 + Dy(1),
y(3) = (22 + 1)y(2),
y(4) = (3% + 1y(3),
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t—1

y(t) = [T1(s = 1)* + 1),

s=1
Hence the type of solution of an IVP depends on the nature of the time
scale. Next, we discuss the general solutions of the initial value problems of

the type
y® =pt)y, ylte)=1,teT. (2.1.6)

where p: T — R.

Definition 2.1.4. (Generalized exponential function): The generalized ex-

ponential function, see [12,13] on T is denoted by e,(t, ) and is defined as

t
eapl / i )AL p(0) > 0

canl [ pls)s), ult) =0,

to

ep(t,s) =

where [n is the principal logarithm function and ¢y, € T.

We state the following theorems in the sequel, which establish existence
and uniqueness of solution of the IVP (2.1.6). For the proofs, see [13, 14].

Theorem 2.1.5. If p is rd-continuous and regressive, then the IVP (2.1.6)

has a unique solution.

Theorem 2.1.6. If p is regressive and ty € T, then the unique solution to
the IVP (2.1.6) is the generalized exponential function e,(t,ty) on T.

Example 2.1.7. The IVP
y2(t) = t*y(t), y(0) = 1 with 0 € T,

has a unique solution ez (t,0). Because:
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(7) For T =R, u(t) =0, we have

t t t3
ep2(t,0) = exp/ s2As = exp/ s’ds = exp[— 3]
0 0

(1) For T = Ny, u(t) = 1, therefore

t—1 t—1
ep(t,0) = eggp/ In(141.5%)As = epoln (14 1.5%) = H((s— 1)? +1).
0 s=0 s=1

2.1.1 Properties of the generalized exponential function

The following properties of exponential function are of interest.
(1) If p and g are regressive and rd-continuous, then e, . e, = e,o,, where

the addition ©® is defined by p ® ¢ = p + ¢ + upq.

Proof. By the definition of A-derivative, it follows that

ep(0(t), 8) = ep(t, s)Fu(t)ey (t.5) = e,(t, s)+pu()p(t)ey(t, s) = [L+u(t)p(t)]ey(t, s),
(2.1.7)

where e2(, s) denotes the derivatives of e,(t, s) with respect to ¢. Let y =

ep(.,to)eq(., to) where p and ¢ are regressive . By (2.1.7), it follows that

y2(t) = €5 (t,to)eq(t, to) + €,(3(t), to)er (¢, to)
= p(t)ep(t, to)eq(t, to) + [1+ u()p(t)ley(t, to)q(t)eq(t, to)
= [p( t) + u(t)p(t)a(t)lep(t, to)eq(t, to)

= [p( )+ 1@)pt)a®)]y(t) = (p© q)(t)y.

Hence that y solves the initial value problem

¢
+q
+q(t
yr=(poqty, ylt) =1

and consequently, by theorem (2.1.6) y = ep04(., o). Thus

ep.eq — ep@q.
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(2) p ® q is regressive if and only if p and ¢ are regressive.

Proof. Suppose p and q are regressive, then

1+ u(t)p(t) # 0 and 1+ u(t)q(t) £ 0. (2.1.8)

Now in view of (2.1.8), we have

1+ ut)(p®q) =14 pulp+q+ppg) =1+ pp+ pg + p’pq
= 1(1 + pp) + pg(1 + pp) = (L + pp)(1 + pg) # 0.

Hence p ® q is regressive.

Conversely, let p ® q is regressive, then

14 p(p ®q) # 0, that is, (14 up)(1+ pg) # 0,
which implies that 14+up # 0 and 1+uq # 0. Hence p and ¢ are regressive. [

e
(3) If p and ¢ are regressive and rd-continuous, then £ = e,,, where
€q

p—q
©q= :
P T T g
Proof. Let
y = 2lob) (2.1.9)
6q(.,t0)’

using (2.1.7), we have

€5 (t to)eq(t, to) — ep(t, to)es (t, to)
valt) = et 10)eg(3(0) o)
_ p(t)e,(t,to)e,(t,to) — ep(t, to)q(t)eq(t, to)
eq(t, to)[1 + pu(t)q(t)]eq(t, to) ’
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which in view of eq.(2.1.9) implies that

lep(t, to)eq(t, to)
Neq(t to)eq(t, to)
]
)

o)+t
VO = I i a0)lea 0 to
o) +a®ey(t, )
1+ aDalea(t: o)
() + q(t)
B ENTOPORE

= (p @ q)y(t).

This implies that y solve the initial value problem

th‘#v

y2=(ppoqy, ylt) =1,

and consequently, y = e,0q(., to). Hence,

©p

e = ©pog-
O
(4) p © q is regressive if and only if both p and ¢ are regressive.
Proof. Suppose p and q are regressive. Then,
1+ pup#0and 1+ ug #0. (2.1.10)

It follows that

—q _ L+pg+pp—pg 1+up7é

0.
1+ pg 1+ pq 1+ pg

L+ pu(pog) =1+

Hence p © q is regressive.
Conversely, suppose that p @ ¢ is regressive, then 1 + u(p @ q) # 0, which
implies that

1+ pp
1+ pg

# 0, that is, 1 4+ pup # 0 and 1 + pg # 0.

Hence p and q are regressive. [
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For further properties of the generalized exponential function see [15, 16].

Now, we are in position to solve the initial value problem of the type
2 = —pt)?, x(ty) =1, (2.1.11)

where p is rd-continuous and regressive. By theorem (2.1.5), the IVP has a

unique solution z. It follows that

which implies that
w(t) + p(t)p(H)2(t) = —p(t)x(t), that is,
[1+p(t)u(t)]a(t) = —p(t)(t),

Ay —p(t) _
= (t) = Wx(t) = (op(t))z(t).

Hence, z is a solution of the IVP

y(t) = (@p®))y(t), y(to) = 1.

Theorem 2.1.8. Ifp is rd-continuous and regressive then e,(.,to) and egy(., to)

are the unique solutions of (2.1.6) and (2.1.11) respectively.

The exponential functions can be used to find solutions of higher order

dynamic equations on time scale as shown in the following examples.

Example 2.1.9. Consider a linear third order equation of the type

A3

yoo —2y”

oyt 42y =0. (2.1.12)
Choose y = e)(t, ) to be a solution of (2.1.12), we have

Nea(t, to) — 2X%ex(t, to) — AeA(t, to) + 2ex(t, o) = 0, that is,
(A* —2X% — X + 2)ex(t, o) = 0, that is,
A+ 1)(A = 1)(A — 2)ex(t, ) =0,
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known as the auxiliary equation. Its roots are:
A=—-1LA=1\ =2

Hence
6—1('7 tO)a 61('7 tO)a 62('a tO)
are solutions of (2.1.12). The general solution of (2.1.12) is therefore,

y(t) = 016_1(t, t()) + 0261 (t, to) + O3€2(t, to).

Example 2.1.10. Consider the initial value problem

yA = d%y, y(te) = 1, y>(to) = O, (2.1.13)

where a is a regressive constant. Choose y = e\ (t,%y) to be a solution of
(2.1.13), we have
Nex(t, to) — a’ex(t, to) =0,

it implies that
(A4 a)(A —a)ex(t, to) = 0.

Hence, A = —a and A = a. Therefore
e_a(t,to) and e, (1, o),
are the solutions of (2.1.13). Hence the general solution of (2.1.13) is
y = Cre_,(t,to) + Caeq(t, to). (2.1.14)
Taking the delta derivative,
YA = —aCle_q(t, to) + aCeq(t, to). (2.1.15)
Using the initial conditions, we have

Ci+Cy=1,C —Cy=0. (2.1.16)
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Solving (2.1.16), we obtain C; = 3 and Cy = 1. Hence,

1
Yy = é[e,a(t, to) + eq(t, to)] = coshq(t, to),

is a particular solution.

2.2 Second order linear differential equations on time scales

In this section solutions of second ordered homogeneous differential equation
on T* = T* (N T} of the type

~[p®)y> )Y +alt)y(t) =0, (2.2.1)

are discussed. Assume that ¢ : T — C is continuous, p : T — C is V-
differentiable on Ty such that pV : Ty — C is continuous and p(t) # 0 for all
teT.

Definition 2.2.1. A function y : T — C is said to be a solution of (2.2.1) if
and only if the following hold:

1. y is A-differentiable;

2. y® : TF — C is V-differentiable on Tj;
3. (y*)V : TF — C is continuous;

4. (2.2.1) holds for all t € T.

Definition 2.2.2. Quasi A-derivative
The quasi A-derivative of y at t is defined by yl2(t) = p(t)y>(t).

Theorem 2.2.3. Let ty € T* be fived and Cy, Cy be given constants. Then

equation (2.2.1) has a unique solution y such that

y(to) = Co, y!(to) = C\.
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Proof. Let y(t) be a solution of equation (2.2.1) and set p(t)y~(t)

then, (2.2.1) can be written as an equivalent first-ordered system

_ulplt)
p(p(t))
S u —t)uY
= p(ﬂ(t))[ (t) + (p(t) — t)u™ (t)]
1
= ooy M)+ () = Hay ()]
and by using theorems (1.3.3) and (1.3.16)
u®(t) = u¥(8(t))
= q(o(t))y(5(¢))
= q(0(t))[y(t) + (8(t) — t)y™ (t)]
B 5(t) —t
= q(o(t)[y(t) + o0 u(t)]-
Now from equations (2.2.2) and (2.2.3) we have
4 1
co\ | P00 e
uwv) ) q(t)

or

= u(t)

(2.2.2)

(2.2.3)

(2.2.4)
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Also from equations (2.2.2) and (2.2.4) we have

or

Definition 2.2.4. (Wronskian)
If y, z: T — C are A-differentiable on T*, then the Wronskian of y and
z is defined by

y(t) (1)

Wiy, z) = | o@l(t) 218@) | =y)=2 (1) — yl%2(2),

or

Wily, 2) = p(t)[y(t) =" (t) — y> (1) 2(1)].
In the following theorems, properties of the Wronskian are discussed.

Theorem 2.2.5. The Wronskian of any two solutions of the equation (2.2.1)
1s independent of t.

Proof. Let y and z be two solutions of equation (2.2.1), then for ¢t € Ty,

Wiy, z) = y()2121(t) — y (1) 2(2).
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Taking the nabla-derivative,

(Wily, 2))Y = [y()217(8) — g2 () =(2)]¥
= {y(t)=2)(t )} SRR GEGIAY
=y O] + 5V () (p(1) — 0]V 2(t) =y ()27 (1)
=y(t) [p(t)ZA(t)] y¥ (Op(p(1)2%(p(t) — Ip(t)y™ (0)]V () — p(p
= y(t)a(t)=(t) + y" (E)p(p(t) 2" (p(8)) — a(t)y(t)=(t) — p(p(t))y" (p(t)=" (2)
= p(p(t))ly" (£)=°(p(t)) — y=(p(t)) 2" (¢)]
= p(p(t)ly" (1)=" (t) — y¥ (1)2V(1)] = 0.
Hence Wy(y, z) = constant. O

Corollary 2.2.6. Ify and z are both solutions of equation (2.2.1) then either
Wi(y,z) =0 for allt € T or Wy(y,2) #0 for allt € T.

The proofs of the following two theorems are the same as in the case of

usual differential equations.

Theorem 2.2.7. Any two solutions of equation (2.2.1) are linearly indepen-

dent if and only if their wronskian is non-zero.

Theorem 2.2.8. Equation (2.2.1) has two linearly independent solutions and

every solution of equation (2.2.1) is a linear combination of these solutions.

Let us now consider the non-homogeneous equation

—[p()y> (O] + q(t)y(t) = h(t), (2.2.5)
where h : T — C is a continuous function.

Theorem 2.2.9. Suppose that y; and yo form the fundamental set of so-
lutions of the homogeneous equation (2.2.1) and w = Wy(y1,y2). Then the

general solution of the non-homogeneous equation (2.2.5) is given by
t

0(0) = Con®) + Contt) + 7, [ [ (00a(6) — ()3 V.

where ty is a fized point in Ty, C1 and Cy are arbitrary constants.
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Proof. 1t is sufficient to show that the function

Aty =1 / (D)9 (5) — 1) (1) () Vs (2.2.6)
p(to)

w

is a particular solution of equation (2.2.5)

Ay =1 / 2 (D) — ()2 (Oh(s) Vs,
p(to)

w

p(t)22(t) = — / [p(t)yy (t)ya(s) — ya(s)p(H)ys (D)]h(s) Vs
pléo) (2.2.7)

- B~ O

Taking the V-derivative and using Theorem (1.4.7), it follows that

b0 == ( o O (5) = (Ol () V)T

w

_ é[ygﬂl (P(£))ya(t) — 1 (D) (p(1)](2)

+ 1 / GO te) @] (o) Vs

=~ () (t) = w1 (O (p()]A(1)

+3 / (OO 106) PO O ()P

(2.2.8)

Now

v )y (t) — i (B)ys (p(t) = — Wiy, o) = —w. (2.2.9)

As, if p(t) = t then (2.2.9) is obvious. If p(t) < t, then in view of the formula

vit) = wilp(t) + (t = p(0)y; (p(t)), i = 1,2,
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it follows that

o () (t) = v (05 (p(1) = plp®) [yt (P(0)92() — 11 (D)5 (p(1))]
= p(p()[yr (p(1)y2(p(1)) + (¢ = p(1))yz (p(t))yr (p(t))
— y1(p(t)y5 (p(t)) — (t = p(t))yi* (p(t))ys (p(t))]
= p(p(t) [yt (p(0)y2(p(1)) — y1(p(t))y5' (p(1))]
=W, (y1,42) = —w.
(2.2.10)
Now
Py (0)]Y = q(t)yi(t),i = 1,2. (2.2.11)

Since the Wronskian of any two solutions of equation (2.2.1) is constant,
therefore using eq.(2.2.9) and eq.(2.2.11) in eq.(2.2.8) , we get
[p(H)22 ()] =

(—w)h(t) + [ Oy (D)y2(s) — ya(s)a(t)ya(t)]h(s)V's

p(to)

1
1

— — U 2 h Vs.
w/m) (1)) (s)

Hence by using (2.2.6).

~[p)z2()]Y + a(t)=(t) = h(t),

which implies that z(t) satisfies equation (2.2.5), so z(t) is a particular solu-
tion of (2.2.5). O



3. LINEAR BOUNDARY VALUE PROBLEMS AND THE
GREEN’S FUNCTION

In this chapter the existence and uniqueness of solutions of linear boundary

value problems (BVPs) of the type
~[p)y> ()Y +a(t)y(t) = h(t), t € [a, b]r,
ay(pla)) = By (p(a)) = 0, vy (b) + 3y (b) = 0,

are discussed, where «, 3,7, € C and |a| + |8] # 0, ||+ |6] # 0, a < b are

fixed in T and a € T}, b € T*. In section 1, the solution of the homogeneous

(3.0.1)

linear boundary value problem is presented, while in section 2, uniqueness of
the solution and the Green’s function corresponding to (3.0.1) is investigated.
Almost all of the materials of this chapter are taken from [9].

Note that, if = 0 and dp(b) = v[0(b) — b], then the boundary conditions

in (3.0.1) in view of the relation

Yy (6(0)) — (8(b) = b)y>(0)] + 6y (b) = 0,

take the form
y(p(a)) = 0,y(6(b)) =0,

known as the conjugate (or Dirichlet) boundary conditions. This means that
the boundary conditions in (3.0.1) include the Dirichlet boundary conditions

as a special case.
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3.1 Homogeneous linear boundary value problem

Let ¢(t) and ¢(t) be two solutions of the homogeneous equation

—[p®)y> )Y +a()y(t) =0, t € [a, b1, (3.1.1)

such that
6(p(a)) = B, 9% (p(a)) = a, (3.1.2)
p(b) =6, pIRI(b) = —. (3.1.3)

The Wronskian is given by

D = —Wy(¢,v) = o) (t) — p(1)12(2). (3.1.4)

We know that the Wronskian of any solution of (3.0.1) is independent of
t € [p(a),b]r, take t = p(a) in (3.1.4) and using (3.1.2), it follows that

D = ¥ (p(a))ib(p(a) —@(p(a)) ¥ (p(a)) = ari(p(a)) =B (p(a)). (3.1.5)
Similarly for t = b and in view of (3.1.3), it follows that
D = ¢ (0)3(b) — ¢(b)y 3 (b) = 3612 (b) + 79 (D). (3.1.6)
From (3.1.5) and (3.1.6),
D = atp(p(a)) — B (p(a)) = 561 (b) + 7 (b).

Theorem (2.2.7), demonstrates that D # 0 if and only if ¢ and ¢ are linearly

independent.

Theorem 3.1.1. D # 0 if and only if the homogeneous equation (3.1.1)
has only the trivial solution, satisfying the boundary conditions presented in
(3.1.1).
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Proof. If D # 0, then by theorem (2.2.7), ¢ and 9 form a fundamental set
of solutions. Hence, the general solution of the BVP (3.1.1) is given by

y(t) = Cro(t) + Catp(t), (3.1.7)

where C; and Cj are constants. The boundary condition in (3.0.1) implies

that
a[C1(p(a)) + Catp(p(a))] — BIC1¢™ (p(a)) + Cat¥(p(a))] = 0,
which in view of (3.1.2) gives
a[C18 + Cotp(p(a)] = B[Cra + Coy¥ (p(a))] = 0.

Consequently,
Colas(p(a)) = B (p(a))] = 0,

which yields Cy = 0 as av)(p(a)) — Y12 (p(a)) = D # 0. On the other hand,
using (3.1.3), the boundary condition in (3.0.1) implies that

Y[C19(b) + Cotp(b)] + S[C191%)(b) + Corpl®(b)] = 0,
that is,
Y[C1(b) + Cod] + 8[C1oAI (b) + Co(—7)] = Cilvé(b) + 56121 (b)] = 0,

which implies that C'y = 0. Hence y = 0. O

3.2 Non-homogeneous linear boundary value problem

Theorem 3.2.1. If D # 0, then the non-homogeneous BVP (3.0.1) has a

unique solution y(t) given by
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where

G(t,s) = % o(t)(s), pla)
Qb(S)w(t)’ p(a)

called green function of BVP (3.0.1).

IN N
»
IAINA
~
IA A

Proof. If D # 0, then by theorem (2.2.9), the general solution of the non-

homogeneous problem (3.0.1) is given by

y(t) = Cro(t) + Caotp(2t) D / Y(s)]h(s)Vs,  (3.2.1)

where C and Cy are constants. Taking the A- derivative,

yA(t) = Cr() + () + 5 / (s)B12(t) — ¢ (1)eb(s)]h(s) V.
(3.2.2)
Now, at t = p(a),

y(p(a)) = C1¢(p(t)) + Catb(p(a)) = C18 + Catp(p(a)),
y(p(a)) = C16¥ (p(a)) + Coy!¥ (p(a)) = Cra+ Cop™(p(a)).
Using the values y(p(a)) and y!®!(p(a)) in the boundary conditions, we have
alC13 + Cotp(p(a))] = B[Cra + Cop®(p(a))] = 0,

which leads to
Colawp(p(a)) — By (p(a))] = 0.
Hence Cy = 0 as arp(p(a)) — B (p(a)) = D # 0. Thus, (3.2.1) and (3.2.2)

take the forms

= Ch0(t) D / Y(s)]h(s)Vs, (3.2.3)

V2t = o) + 5 / ~ PP () Vs, (3:2.0)
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In view of (3.1.3), at t = b,

Z/(b) = Cl¢(b) +

Substituting (3.2.5) and (3.2.6) in the boundary condition, implies that

1

1C16(0) + 5 | [66(s) = ¢(B)d(s)]n(s)Vs]

p(a)
S 0) + / —6(s) — PR BV(S)h(s)Vs] =0, (3.2.7)

7¢()+5¢>[A() SVh(s) Vs — 0
= /Mw() (5)Vs = 0.

1 b
-5/ REOUCN

Using C4 in (3.2.3) we have

1 t
D / | POLE)Vs + / REOECEL OO

which implies that

o) =5 [ e Tsig [Couenevs= [ ane9s

Cilvo(b) + 6912 (b)] —

Solving for ', we have



4. EXISTENCE AND APPROXIMATION OF
SOLUTIONS OF NON-LINEAR BOUNDARY
VALUE PROBLEMS

In this chapter, we derive new results dealing with the existence and approx-

imations of solutions of the BVPs of the form

= Py @)Y +at)y(t) = f(t,y(t)), t € [a,b]r,
ary(p(a)) — cay™(p(a)) = 0, dry(b) + doy™ (b) = 0,
where ¢y, ¢o,dy,ds € C and |c1| + |e2| # 0, |dy| + |d2| # 0, p(t) > 0, a < b are
fixed in T and a € Ty, b € T*.
We introduce the concept of lower and upper solutions for the BVP (4.0.1)

(4.0.1)

and develop a comparison result. Then we investigate the existence of solu-
tion in the presence of well ordered lower and upper solutions [1] for the BVP
(4.0.1). Finally, we develop a generalized approximation technique and prove
that there exists a monotone sequence {w,} of solutions of linear problems

converging uniformly to a unique solution of the BVP (4.0.1).

Definition 4.0.2. Let C,4([a, b|t, R) to be the set of all functions f(t,y) such
that f(.,y) is rd-continuous for each y € R and f(t,.) is continuous for each

te [a, b]q]*

Definition 4.0.3. Let C?,([a,b]r) to be the set of all functions y : T — R
such that

Cralla blr) = {y : y, ¥ € C([a, blx) and ¥V € Cra([a, b))}
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We recall the concept of lower and upper solutions [1].

Definition 4.0.4. : A function o € C?,([p(a),d(b)]1) is called a lower solu-
tion of (4.0.1) if

~[p(t)a® 0]V +q(t)a(t) < f(t.a(t)), t € [a,b]r,
arafp(t)) — e (p(t)) <0, dia(b) + dyal®(b) < 0.

Definition 4.0.5. : A function 8 € C?([p(a),d(b)]r) is called an upper
solution of (4.0.1) if

)81 + a(DB() = F(t, BO)), ¢ € [a,b]r,
e1B(p() — 28 (p(a)) > 0, duB(b) + daF¥)(B) > 0.

Example 4.0.6. Consider the two point boundary value problem,
yrr ) =y —t, tel01r, y(0)=0, y(1)=0.
Take a = 0 on [0, 1], then a® = 0 and o®> = 0,
At —a?=0>—t = f(t,a), t €[0,1]r.

Moreover,
a(0) =0 = «(l).

Hence a(t) = 0 is a lower solution. Take 3(t) = ¢+ 1 on [0, 1]r, then
BA(t) =1, B2%(t) = 0 on [0, 1]y.
Hence (3 satisfies 3(0) =1 >0, 5(1) =2 > 0 and
B — f(,B8) =0—(t+1)2+t=—(2+t+1)<0.

Thus S is an upper solution.
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4.1 Comparison result

Theorem 4.1.1. Assume « and (3 are lower and upper solutions of the BV P
(4.0.1) respectively. If f(t,y) € Crallp(a),d(b)]r x R] is decreasing in y for
each t € [p(a),8(b)|r. Then a(t) < B(t) on [p(a),d(D)]r.

Proof. Let v(t) = a(t) — B(t). Then v € C?([p(a),d(b)]r) and using the

definitions of upper and lower solutions, we have
~[pOvEO]Y +at)o(t) = ~[p(t)(alt) = B(1)3]Y +a(t)(a(t) - B(1)
= —[p®)a> O] + [p(O)B2 )]V + qt)a(t) — q(t)B(2)
~[p()a (O] +at)a®)} — {=pO)F> O] +a(t)B(t)}
< f(t, a(t) — (£, 5(1)), t € [a,b]r.

The boundary conditions imply that

crv(p(a)) — et (p(a)) = erfalp(a)) = B(p(a))] = e2la(p(a)) = B(p(a))]

= [e1a(p(a)) — 2o (p(a))] = [e18(p(a)) — 28 (p(a))]
<0

,—H

and
dv(b) + dyv®(b) = dy[a(b) — B(b)] + da[al (b) — 514 (b))
= [dia(b) + o3 (B)] = [ 5(b) + o5 ()]
<0.
Thus, we have
— [P (0 + q(tyu(t) < f(t,alt)) = f(t,8(t)), t € [a,b]r (411)
Civ(p(a)) — Cov®l(p(a)) < 0, dyo(b) + dasv/®(b) < 0. -

Suppose that the conclusion of the theorem is not true, then, v(¢) has a

positive maximum say M at some tg € [p(a),d(b)|r. If to = p(a), then

v(p(a)) > 0 and v>(p(a)) < 0. (4.1.2)
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The boundary condition

crv(p(a)) — e20®(p(a)) <0,

implies that

crv(p(a)) < e (p(a)) = cap(p(a))v®(p(a)) <0,

which leads to v(p(a)) < 0, a contradiction.
If o = 6(b), then

v(8(b)) > 0 and v™(b) > 0. (4.1.3)
The boundary condition
dyv(b) + dy!®(b) <0,

implies that

div(b) < —dyv!®(b) = —dyp(b)v™(b) < 0,
which contradict (4.1.3). Hence ty # §(b). Therefore, ty € (p(a),d(b)). Now,
choose

to = maz{e € (p(a),d(b)) : v(e) = M}, then v(t) < v(ty) for each t € (p(a),(d)).

Firstly, we show that ¢, can not be ld and rs simultaneously. Suppose that

to is 1d and rs, i.e. p(tg) = to < d(tp). Since,

v(d(to)) < wlto),

follows that
UA(t()) < 0.

Also,

v (tg) = lim v™(t),
t—to™
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therefore,

lim v(t) < 0,

t—to™

which implies that, there exists a neighbourhood N,(¢y) such that
v2(t) < 0 for each t € N,(ty),

that is,
v(t) > v(ty) for each t € N.(to),

a contradiction. Hence, g is not simultaneously left-dense and right-scattered.

Therefore, by lemma (1.3.25), we have
v (p(ty)) < 0. (4.1.4)

Let v® = f, then from (4.1.4), (f®)(p(to)) < 0. Using the relation fV(ty) =
f2(p(ty)), it follows that

fY(to) <0,
Hence,
™V (ty) <0,
which implies that
a®V (o) < B2V (ty). (4.1.5)

The relation
—a®¥(to) < —q(to)ato) + f(to, alto)),

and the decreasing property of f(t,y) in y, leads to

al¥V (o) > q(to)a(to) — f(to, au(to))
> q(to)B(to) — f(to, a(to))
> q(to)B(to) — f(to, B(to)) > BEIY (ty),

a contradiction. Hence there does not exist ¢y € [p(a),d(b)]T, such that
v(tp) > 0. Consequently, v(t) < 0, for every o € [p(a),d(b)]r. O
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Corollary 4.1.2. Under the hypothesis of the Theorem (4.1.1), the BVP

(4.0.1) has a unique solution.
Proof. Suppose that y; and y, are two solutions of the BVP (4.0.1). Then
—[pOyr O + gty (t) = [t yi(1) < [t (1)), ¢ € [a,b]r,
e (p(a)) = cayi” (pla)) = 0, days (b) + dayy™ (b) = 0,
which implies that y; is a lower solution of (4.0.1). Also,
~[p)ys ()] + a()ya(t) = f(t,92() > f(t,10(t)), t € [a,b]r,
ca(p(a)) — ey (pla)) = 0, diya(b) + days™ (b) =0,

which implies that y, is an upper solution of (4.0.1). Hence, by Theorem
(4.1.1), it follows that

yi(t) < va(t), t € [p(a), (D). (4.1.6)
Now,
—lp)y O + q(Oy(t) = [t (1) = [ty (b)), t € a,b]r,
e (p(a) = eyt (p(a) = 0, diya (b) + day;™ (b) = 0,
which implies that y; is an upper solution of (4.0.1). Moreover,
~[p(®)ys (O] + a(Oa(t) = [(t, () < f(t, (b)), t € a, 0],
c1ta(p(a)) = eays (p(a) = 0, diys(b) + days™ (b) = 0,

which implies that y, is a lower solution of (4.0.1). Hence, by Theorem
(4.1.1), it follows that

yo(t) < wu(t), t € [p(a),d(b)]. (4.1.7)
From (4.1.6) and (4.1.7), we have y;(t) = ya(t),t € [p(a), (b)]. O

The following result is known. For the proof see [17].

Lemma 4.1.3. If f(t,y) € Cyallp(a),d(b)]r x R] and is bounded uniformly
on [p(a),d(b)]r X R, then the BVP (4.0.1) has a solution.
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4.2  Existence theorem (method of lower and upper solutions)

Theorem 4.2.1. Assume that o, 3 are lower and upper solutions of the
boundary value problem (4.0.1) such that o < 3 on [p(a),d(b)]r. If f(t,y) €
Crallp(a), ()]t x R], then the boundary value problem (4.0.1) has a solution
y such that a <y < 3 on [p(a),d(b)]r.

Proof. Define the following modification F' of f

sap0) + 020 0 2 ot
Ftyt) =4 f(tyd), a(t) <yt) < Bt); (4.2.1)
Ft,a(y) + —2D =0 g < o)

1+ Ja(t) —y(t)]
Clearly, F' € Cyq[[p(a),d(b)]r x R] and is bounded on [p(a), §(b)]r x R. Hence
by Lemma (4.1.3) the modified problem,

—y V() +q(t)y(t) = F(t,y(1)),t € [a,b]z
c1y(pla)) — c2y™(p(a)) = 0, dry(b) + day'® (b) = 0

has a solution. By definition of F, we have

(4.2.2)

F(t,a(t) = f(t a(t)) = —al¥ (1) + g(t)a(t), ¢ € [a,blr
and
F(t,5(t) = f(t,5(t) < =62V () + q(t)8(¢), t € [a,b]r

which implies that o and [ are lower and upper solutions of (4.2.2). More-

over, we note that any solution y of (4.2.2) such that

alt) < y(t) < B(E), ¢ € [p(a), 5(B))r (42.3)
is a solution of (4.0.1). We only need to show that any solution y of (4.2.2)
in fact does satisfy (4.2.3). Set
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where y is a solution of (4.0.1), then u € C?;[p(a),d(b)]r and the boundary
conditions imply that

cru(p(a)) — cu®(pa)) <0, dyu(b) + dyul®(b) < 0.
Assume that
maz{u(t) : t € [p(a),0(b)]r} = u(to) > 0.

We can show as in the previous Theorem that ty # p(a),d(b). Moreover, tg

is not simultaneously 1d and rs. Consequently,
u™Y (ty) < 0. (4.2.4)

On the other hand, using the definition of the lower solution and that of the

modified function, we have

—ul®V (tg) = —a®V (1) + !V (1)

< f(to, alto)) — qlto)a(to) + 41V (to)

= f(to, a(to)) — q(to)x(to) — F(to, y(to)) + q(to)y(to)

_ B alt) — o ~alt) —y(to)

= [f(to, a(to)) — q(to)x(to) — f(to, a(to)) T+ Jalto) — y(to)] + q(to)y(to)
— —latt)uta) + o] <O

a contradiction. Hence
u(t) <0, on [p(a),d(b)]r.
Now, set
u(t) =y(t) — (1), t € [p(a), (b)),

where y is a solution of (4.0.1), then u € C?;[p(a),d(b)]r and the boundary
conditions imply that

cru(p(a)) — cu®(p(a)) <0, dyu(b) + doul®(b) < 0.
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Assume that
max{u(t) : t € [p(a),d(b)|]r} = u(ty) > 0.
We can show as in the previous Theorem that ¢ty # p(a),d(b). Moreover, t,

is not simultaneously 1d and rs. Consequently,
V() < 0. (4.2.5)

On the other hand, using the definition of the upper solution and that of the

modified function, we have

u[A]V<tO) _ ywv(to) _ B[Aw(to)
> yl2V (1) + f(to, B(to)) — a(to)B(to)
= q(to)y(to) — F(to,y(to)) + f(to, B(to)) — q(to)B(to)

= altly(t0) = alte) ) — ft0 Bt0)) — 121+ (o, Blto)
— )yt  5() - T
— altute) ~ {r > .

a contradiction. Hence

u(t) <0,tc [p(a)vé(b)]'ﬂ‘

4.3 Generalized approximation technique

We develop the approximations scheme and show that under suitable condi-
tions on f, there exists a bounded monotone sequence of solutions of linear

problems that converges uniformly to a solution of the original problem. Let

Q= {y € C2p(a), 5B)]x : alt) < y(t) < B(1), ¢ € [pla). 5(b)]x}.
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2
0y?
function ¢ such that

is continuous and bounded on [p(a),d(b)]r x €, there exists a

20 + 6001 2 0 on [fa), 501 x 9,

where ¢ € C%([p(a), d(b)]rxQ) and is such that 88—22 (t,y) > 0on[p(a),d(b)]rx
Q.

For example, letMM = ma.a:{\fyay2(t,y)| (t,y) € [p(a),d(b)]r x Q}, then we
can choose ¢ = ?yQ. Clearly ﬁ[f(t y) + é(t,y)] > 0 on [p(a),d(b)|r x €.

Define F': [p(a), 6(b)]r x Clp(a), 5(b)h — Clp(a), 6(b)]x by F(t,y) = f(t,y)+

é(t,y), then F € C?*([p(a),d(b)]r x R and

2

3y ——F(t,y) > 0 on [p(a),(b)|T x Q. (4.3.1)
Theorem 4.3.1. Assume that

(1) «, B are lower and upper solutions of the BVP (4.0.1) such that o < 3
on [p(a),0(b)]r.

(2) f e C¥[pla),d(b)]rxR) and f is decreasing iny for eacht € [p(a),§(D)]r.
Then there exists a monotone sequence {w,} of linear solutions con-

verging uniformly to a unique solution of the BVP (4.0.1).

Proof. By the comparison and existence theorems (4.1.1) and (4.2.1), the
conditions (1) and (2) ensure the existence of a unique solution y of the BVP
(4.0.1) such that

a(t) <y(t) < B(t),t € [p(a), 6(b)]r-
In view of (4.3.1), we obtain

Ft,y) = F(t,2) + Fy(t, 2)(y — 2) on [p(a), 5(b)]r x €,
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which implies that

f(tv y) > f(ta Z) + (y - Z)Fy(t> Z) - [¢(t7 y) - ¢(t7 Z)] (4'3'2>

The mean value theorem and the fact that ¢, is increasing in y on [p(a), §(b)]r
Q, yield

Pt y) — o1, 2) = ¢y(t, c)(y — 2) < ¢y (t, (1)) (y — 2), (4.3.3)

where z < ¢ <y. Using (4.3.3) in (4.3.2), we have

F(ty) = [(t,2) +[Fy(t, 2) = o, (8, B(1)](y = 2)-

Define

g<t7 Y, Z) = f(t> Z) + (y - Z)Fy(t> Z) - [¢(t’ y) - ¢(t7 Z)]

We note that g(.,y, z) is rd-continuous on [p(a), §(b)|r for each (y,z) € RxR

and g(t,.,.) is continuous for each t € [p(a), §(b)]r. Moreover, g satisfies:

gy(t,y,2) = (L, 2) = ¢y (8, B(1)) < Ey(t, 2) — dy(t,2) = fy(t,2) <0

and

{ ft.y) 2 9(ty.2), y =2 (4.3.4)

fty) =9t y,9),
on [p(a),d(b)]r x Q.
Now, we develop the iterative scheme to approximate the solution. As an

initial approximation, we choose wy = o and consider the linear BVP

—y IV (1) + a(t)y(t) = g(t, y(t), wo(?)), t € la, blr;
cay(p(a)) — 2y (p(a)) = 0, (4.3.5)
diy(b) + day!®(b) = 0.

Using (4.3.4) and the definitions of lower and upper solutions, we get

g(t, wolt), wo(t)) = f(t,wolt)) = —wy " () + q(t)wo(t), t € [a,b]r,
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g(t, B(t), wo(t)) < f(t,B(t)) < =BV (1) + q(t)B(2), t € [a,b]r,
which imply that wy and 3 are lower and upper solutions of (4.3.4) respec-

tively. Hence by Theorems (4.1.1) and (4.2.1), there exists a unique solution
wy € C%[p(a),d(b)]r of (4.3.4) such that

wolt) < wi(t) < B0, ¢ € [p(a), 5(B)]x.
Using (4.3.4) and the fact that w; is a solution of (4.3.4), we obtain
—wi” (8) + a(wn () = glt,wa(8),wo(t) < f(twi(t), ¢ € [a,blr;
e (p(a)) = exw (p(a)) =0,
dywy (b) + dow!™(b) = 0,
(4.3.6)
which implies that w is a lower solution of (4.0.1). Using (4.3.4),(4.3.6) and
the definition of upper solution, we have

g(t,wi(t),wi(t)) = f(t,wi(t) > iV (t) + q(t)wi(t), t € [a,b]r

and

g(t, B(t), wi(t)) < f(t,B(t)) < —BRIY(t) + q(t)B(1),t € [a, b,
which implies that w; and 3 are lower and upper solutions of
A1 (1) 4 qt)y (1) = g(t.y(0) wn (1)), ¢ € la, bl
0,

cry(p(a)) — c2y™(p(a)) =
diy(b) + day®)(b) = 0.

(4.3.7)

Hence by Theorems (4.1.1) and (4.2.1), there exists a unique solution wy €
C?[p(a),d(b)]r of (4.3.7) such that

wi(t) Swy(t) < B(E) on [p(a), 6(b)]r.

Continuing in the above fashion, we obtain a bounded monotone sequence

{w,} of solutions of linear problems satisfying

wo(t) < wi(t) < wa(t) < ws(t) < ... <wa(t) < B(), t € [p(a), 5(D)]r,
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where the element w, of the sequence {w,(t)}, is a solution of the linear

problem

—yBV (1) + q(t)y(t) = g(t, y(t), wa1(1)), t € [a,b]r;
cry(p(a)) — eyt (p(a)) =0,
dyy(b) + day! ) (b) = 0

and is given by

b
wy(t) = /( )G(t, $)g(8, wn(s), wn—1(s))As.

Since [p(a), d(b)]r is compact and the convergence is monotone and bounded,

{wn(t)} converges uniformly to some function y, see [1,18]. Note that

9(t, wn (1), wp-1(t)) — g(t,y(t), y(t)) = f(t,y(t)) as n — oo.

Passing to the limit, we obtain

y(t) = / Gt 5) (5 y(s))As,

(a)
that is, y is a solution of (4.0.1). O
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