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Abstract

We consider a nonlinear partial differential equation for complex-valued func-
tions which is related to the two-dimensional stationary Schrédinger equation and
enjoys many properties similar to those of the Riccati equation such as the famous
Euler theorems, the Picard theorem and others. Besides these generalizations of
the classical “one-dimensional” results, we discuss new features of the considered

equation including an analogue of the Cauchy integral theorem.
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Chapter 1

Introduction

In this dissertation, we review and present complete proofs appearing in some
recent papers [1], [2] and [3] on the relationship of the Riccati equation and the
stationary Schrodinger equation.

The ordinary Riccati equation

u' (1) = folx)u?(z) + fi(o)u(z) + folx), (1.0.1)
can be reduced to the canonical form
Y (z) + % (2) = v(w), (1.0.2)

by using an appropriate transformation.

This reduced form is related to the one-dimensional stationary Schrodinger
equation
d*u(z)
dz?
in the sense that the solutions of these two equations are related. The study also
allows for the factorization of the Schrodinger operator in terms of any solution
of the Riccati equation.

v(x)u(z) =0, (1.0.3)

Chapter 2 of this dissertation is devoted to this relationship. We first give an
extensive treatment of the Riccati equation deriving its important properties and
then discuss the relationship with the one-dimensional stationary Schrodinger
equation exhibiting also the factorization of the Schrodinger operator.

The nonlinear complex Riccati equation is

b+ iar =" L0



where Z is conjugate of a complex variable z = x + 1y and

0= = %(833 + 10y).
Here for convenience the factor i was included. @ is a complex-valued analytic
function of z and v is a real-valued function. Note that this equation is different
from the complex Riccati equation studied in various works (see, e.g. [4]) where
it is supposed to have the form of Eq. (1.0.1) with complex analytic coefficients
fo(z), fi(x) and fy(z) and a complex analytic solution u, as |Q|* is not an ana-
lytic function.

The stationary two-dimensional zero energy Schrodinger equation is
(—A+v)u=0, (1.0.5)
where, A = 0%2 + 8%2. u and v are real valued functions.

The appearance of 0; results in the development of pseudoanalytic function
theory by Bers’ which is one of the many generalizations of analytical function
theory. A summary of Bers’ theory of pseudoanalytic functions as a generaliza-
tion of analytic functions appears in Chapter 3.

In the first section of Chapter 4, some preliminary results on the stationary
two-dimensional Schrédinger equation and a class of pseudoanalytic functions
are discussed. In fact the solution of the Vekua equation [3] and two-dimensional
Schrédinger Eq. (1.0.5) are closely related to each other. Given a solution of the
Schrodinger equation we can reconstruct a solution of the Vekua equation which
is a pseudoanalytical function. Conversely given a pseudoanalytic function we
can construct a solution of a related Schrodinger equation. In the second section
we continue the discussion to obtain the relationship between the Riccati equa-
tion and the two-dimensional stationary Schrodinger equation. In fact given a
solution of the Schrédinger equation in two-dimension, its logarithmic derivative
is a solution of the complex Riccati equation. This result appears in Theorem 16.
This leads also to the factorization of the Schrédinger operator in two-dimensions.

In the first section of Chapter 5, we discuss generalizations of both Euler’s
and Picard’s theorems as related to the two-dimensional Riccati equation. These
are also related to the two-dimensional Schrédinger equation and in the second
section we discuss the generalizations of the Cauchy’s integral formula for the
complex Riccati equation.



Chapter 2

The Riccati equation and its
relationship with the
one-dimensional Schrodinger
equation

2.1 The Riccati equation

The usual Riccati Eq. (1.0.1) has received a great deal of attention since a par-
ticular version was first studied by Count Riccati in 1724, because of both its
specific properties and the wide range of applications in which it appears. For a
survey of the history and classical results on this equation, see for example [5]

and [6].

The Riccati Eq. (1.0.1), can always be reduced to its canonical form (1.0.2)
by some suitable transformation. To see this, take

y(a) = = folz)u(z) + a(z), (2.1.1)

where a(z) will be determined in terms of the functions fo(x), fi(z), fo(z) ap-
pearing in Eq. (1.0.1) to obtain the desired form. Differentiate Eq. (2.1.1) w.r.t.

[P}

i

y(x) = —folo)u(z) -
= —fz {fz(l’
= —{—f@)u() + a(@)}” -

—f2(z) fo(x) = fa(@)u(z) + o'(2),
= —{~fo@)ul@) + a(@)}* + u(z) {~2a(2) fo() = fo(2) fi(z) = f3(2)}
+a’(z) — fa(2) fo(z) + o (2). (2.1.2)

fa(@)u(z) + o'(z),
u’(@) + fi@)u() + fo(2)} = fr(z)u(z) + o (2),
) 2a(z) fo(z)u(z) + o’ (2) — folz) fi(2)u()



To convert Eq. (2.1.2) into the canonical form (1.0.2) we determine «(z) such
that

—2a(z) fa(x) — folx) filz) — fa(x) =0,

1.e.

1 !/
a@jz—%ﬁ@)—égg; (2.1.3)
after substituting Eq. (2.1.3) in Eq. (2.1.2) we get
1 f3(x)

/i) = —2) + {370 b - h@) + @@ 2L

2 fo(2)

If we choose

v(x) =

i) 21

then we have the desired canonical form (1.0.2).

There is a procedure to find the general solution of the Riccati equation if
we know a particular solution of it. The procedure converts the Riccati equation
to a Bernoulli equation and then uses the standard procedure to solve it. Let
y = Yo + 2z be a general solution of Riccati Eq. (1.0.2) where 7, is a particular

solution. Then,
v+ 2+ (o + 2)* = v(x), (2.1.6)

which, on expansion, gives
yh + 2 + s+ 2%+ 2y0z = v(2). (2.1.7)

Now
v + v = v(z). (2.1.8)
Substituting Eq. (2.1.8) in Eq. (2.1.7) we arrive at

2+ 20z + 22 =0, (2.1.9)
which is a homogeneous nonlinear ordinary differential equation.

Now using the standard Bernoulli procedure we put z = % Differentiating



gives 2/ = —Z—; then Eq. (2.1.9) becomes

u 1 1
——2+2y0—+—2 :O,
u u U

or
u' —2you — 1 =0. (2.1.10)

Now use the integrating factor to obtain the general solution

u(z) = exp (/ 2y0dx) U exp (—/Qyod:v) dz + c} . (2.1.11)

y(r) = yo(z) +2

1
- yO(x) + Ea

Thus,

exp (— [ 2yodx)
Jexp (= [ 2yodz) dz + ¢

— yo(z) + (2.1.12)

Notice that this does not give a linear superposition of the particular solution
Yo with the complementary function but uses a nonlinear superposition. Thus,
instead of obtaining y(x) — yo(z) for ¢ — 0, we get it for ¢ — oo.

The second of these theorems states that for the given two linearly independent
particular solutions yo and y; of the Riccati Eq. (1.0.2), the general solution can
be written as

~eyoexp ([ (yo —y)dz) —
cexp ([(yo — y1)dx) — 1

where ¢ is an arbitrary constant. Now we will show that Eq. (2.1.13) is a solution
of Eq. (1.0.2). Eq. (2.1.13) implies

(2.1.13)

Yo —
cexp([(yo — yr)dx) — 1

Y=Y+

Therefore,

r _ 2 _ d
S =t Yo — W _ (o —w)eexp (Jyo —yi)dr) (2.1.14)

cexp ([(yo—wy1)dz) =1 (cexp (f(yo — 1)dz) — 1)*

(yo — 1)’ . 2y0(yo — Y1) |
(cexp (f(yo — y1)dz) — 1)2 cexp ([ (yo — y1)dz) — 1

(2.1.15)



Adding Eq. (2.1.14) and Eq. (2.1.15) we have

y() - ?/i i 23/0(1/0 - y1)
cexp ([(yo —y1)dz) =1 cexp ([(yo — y1)da) — 1
(yo—y1)? [1 — cexp ([ (yo — y1)dz)] |

v +y = oy ty+

. (2.1.16)
(cexp (f(yo — yl)dx) — 1)
But
Yo+ v = v(@) =y + 7,

Yo— i+ o —yi =0,
or

Yo — 1 = —(¥5 — ¥i)- (2.1.17)
Substitute Eq. (2.1.17) in Eq. (2.1.16)

2 2
;9 — (Y5 — ¥7) 2y0(Yo — 1)
Yy +y = v(r)+
cexp (f(yo — yl)dx) —1  cexp (f(yo — yl)dx) —1
(yo - 91)2

_cexp (f(yo - yl)dﬁ) -1
— (2 — y3) + 290 (yo — y1) — (Yo — 11)°
cexp (f(?/o - yl)dfﬁ) —1 7

= v(x).

Thus, Eq. (2.1.13) is a general solution of the Riccati Eq. (1.0.2). In Eq. (2.1.13)
when ¢ — oo we see that y(x) — yo(x) and when ¢ — 0 we see that
y(x) = ().

Other interesting properties are those discovered by Weyl and Picard [5, 7].
The first is that given four particular solutions y;, 2, ¥3, ys4 the cross ratio is

(11 — y2) (Y3 — ya)
(11 — ya)(ys — ¥2)

=c, (2.1.18)

where c is an arbitrary constant. Since the above ratio is equal to a constant, so
the particular solutions can never be linearly independent. Therefore, using the
Wronskian defined by

Yr Y2 Ys Ya
Yy Yy Y3 Yy

" " " no|’

Y Y Ys Yy

" n n 11
Y Yo Y3 Yy

W(yl, Y2, Ys, y4) =




if the four solutions are linearly dependent then W(yy, v, y3, y4) = 0 and if
W (y1, y2, y3, ya) # 0 then the four solutions are linearly independent. Given four
solutions of Riccati Eq. (1.0.2) are y1, 2, y3, ya. Then, 3| +y? = v(z), yh +y3 =
v(z), yh+v:2 =v(z),and vy} + y? = v(z). To prove this consider

yi—ys = — (i — 1),

or
3;1 z = (51 + ). (21.19)
Similarly,
zj ii = —(ys + w), (2.1.20)
?;:Z = — (1 + ), (2.1.21)
??jz Zi = —(y2 + y3). (2.1.22)

Adding Eq. (2.1.19) to Eq. (2.1.20) we have

m—%+%—w
Y1 — Y2 Y3 — Ya

= —(n+y2+ys+ua),
= —(n+w) — (y2 +u3),

using Eq. (2.1.21) and Eq. (2.1.22) we have

N—Ys YT VA MW Ya—Us (2.1.23)
Y1—=Y2 Ys—Ys Yr—Ys+ Y2—Us3

Integrating both sides of Eq. (2.1.23) we get

In|(y1 — v2)(ys — ya)| = In|(y1 — ya)(y2 — y3)| +1n ||,

In (?/1 - yz)(ys — Y1)
(Y1 — ya)(y2 — y3)

i.e. Eq. (2.1.18). From here we obtain another important result that given three
solutions then the fourth solution is obtained by a nonlinear superposition law.
Thus given three solutions y1, y2, y3, we may evaluate the general solution g, in
terms of 41, Yo, and y3 with one constant involved as expected. From Eq. (2.1.18)
we arrive at

=In|c|,

ya(eyr +y3) — (L +c)yys

2.1.24
yz(l—C)—y1—0y3 ( )

Yg =



Taking derivative on both sides of above cross ratio (2.1.18), then we have

(y1 —ya)(ys —v2)  (y1 — ya)(Ys — ¥2) (Y1 — ya)*(y3 — ¥2)
(y1 — y2)(ys — ya) (ys — 1)’ _
B e e 0. (2.1.25)

(y1 — y2)' (Y3 — va) + (1 —y2)(ys — 1) (Y1 —y2) (Y3 — ya) (g1 — ya)’

Multiplying Eq. (2.1.25) by (y1 — ya)(y3s — y2) we have

(1 —y2) (Y3 — ya) (Y1 — ya)'
Y1 —Ya
. (y1 — v2) (s — ya) (Y3 — 42)' —0 (2.1.26)
Ys — Y2 . o

(y1 = y2) (3 — ya) + (1 — v2) (Y3 — ya)' —

Divide Eq. (2.1.26) by (y35 — v4)(y1 — vy2), we see that the Picard’s theorem is
equivalent to the statement

_ ! _ ! _ / _ /
Y1 — Yo Ys — Ysa Y1 — Ya Ys — Y2

2.2 Relation between the Riccati equation and the
one-dimensional Schrodinger equation

One of the reasons why the Riccati equation has so many applications is
that it is related to the general second order homogeneous differential equation.
In particular, the one-dimensional zero energy Schrodinger Eq. (1.0.5) can be
converted to the Riccati Eq. (1.0.2) with the help of the transformation

u
= —. 2.2.1
y=- (2:2.1)
Differentiating Eq. (2.2.1) and using Eq. (1.0.5) we have

o

u o u?’

= % - y27

u

which is same as Eq. (1.0.2). This substitution has a most spectacular applica-
tion, it reduces Burger’s equation to the standard one-dimensional heat equation.
From [8] Burger’s equation is

Oyu(z,t) + u(x, t)0pu(x, t) — kOppu(z,t) = 0. (2.2.2)
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Taking u(z,t) = —2k%%0 and its derivatives w.r.t. “t” and “z”
v(w,t)

Owu(x,t) = —Qkajjv + Qkax;atv, (2.2.3)
dyu(z,t) = —2kaf“ + 21@(82;’)2, (2.2.4)
Oppti(z,t) = —21@8”””” 2% ( ) U) Dot + 452 “Ua””
o ( ) ,
= gt | ) 000t (Oe0)” (2.2.5)

v V2 v3

Substituting Eq.’s (2.2.3), (2.2.4) and (2.2.5) in Eq. (2.2.2) we have

Owu(z,t) + u(z, t)0pu(z, t) — kOpu(x,t)
_ ( zk;a““ kﬁmvatv) N (_Qkﬁxv(x,t)) { Qkﬁmv +2k(6 v)?

V2

v(x,t) v v?
a:m:x 8 a’EIE az ’
—k:[ o et | 00t fj)]
(% U v
_ _2kaxtv+2kaxv2atv _2kgvxvmx +2kzvmxm
v v U v

2k 2k
= ——U (kvge — v) + —0p (kUge — ).
v

02
This is zero if and only if
kvg, — vy = vg(t),
which has a special case as heat equation.
This is the basis of the well developed theory of logarithmic derivatives for the

integration of nonlinear differential equations [8]. A generalization of this substi-
tution will be used in this work.

A second relation between the one-dimensional Schrédinger equation and the

Riccati equation is as follows. The one-dimensional Schrédinger operator can be
factorized in the form

—dd—; +o(x) = (d% + y(x)) (d% - y(sv)) : (2:2.6)
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This requires

(-5 v ) = ~ (g +u@) (1ot e,
d
L d

or

d
v($)=£+y2=y’+y2'

Thus the operator in the L.H.S. of Eq. (1.0.3) factorizes in the form given in Eq.
(2.2.6) if and only if the Riccati Eq. (1.0.2) holds.

This observation is a key to a vast area of research related to the factorization
method [9] and [10]. In the present work, we consider a result similar to Eq.
(2.2.6) which is in a two-dimensional setting.



Chapter 3

Bers’ theory

3.1 Some definitions and results from Bers’ theory

Bers’ theory of pseudoanalytic functions is a generalization of analytic
function theory. It was essentially developed in [11] (see also [12]|) and is based
on the so-called generating pair: a pair of complex functions F' and G satisfying
the inequality

Im (FG) > 0. (3.1.1)

If F=F +F and G = G1 + 1G>, then

PG = (FlGl + FQGQ) + L(F1G2 — FQGl) s

where

Im (FG) = F]_G2 — F2G1 > 0,

in some domain of interest {2 which may coincide with the whole complex plane.
F and G are assumed to possess partial derivatives with respect to the real vari-

ables  and y. In this case the operators d> = (a% + La%) and 9, = (% — L(%)
can be applied (usually these operators are introduced with the factor %, never-
theless, here it is somewhat more convenient to consider them without it) and

the following characteristic coefficients of the pair (F,G) can be defined,

FG; - F.G FGz - F5G

ara) = e (F,G) = el el (3.1.2)
FG, - F.G FG, - F.G
Aro =G5 —Fe P Ggowe B

where the subindex Z or z means the application of d> or 0, respectively.
Every complex function w defined in a subdomain of {2 admits the unique

representation w = ¢F + G where the functions ¢ and v are real valued. Some-
times it is convenient to associate with the function w the function w = ¢ + 1

12
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where F'=1 and G = «.

Bers’ introduces the notion of the (F,G) derivative of a function w which
exists and has the form

W= ¢, F + .G =w, — Arew — Brew, (3.1.4)

if and only if
¢ F + =G = 0. (3.1.5)

This last equation can be rewritten in the following form
Wz = QF,G)W + b(pg)w, (3.1.6)

which we call the Vekua equation. Solutions of this equation are called (F,G)-
pseudoanalytic functions. If w is (F, G)-pseudoanalytic, the associated function
w is called (F,G)-pseudoanalytic of second kind.

Connection with the usual analytic function theory.

Taking F' = —¢ and G =1,

Im(FG)=1Im(t)=1>0.

Now we calculate a(rq), bra), Ara) and Bra

_ FG:-FG
WO T T RG-FG
_ WO = O
(=0(1) = (1)’
= 0.
FG. — F.G
"o = ra-Fa
_ (=9(0) = (0)(1)
(=0)(1) = (1)
= 0

(1)(0) = (O)(1)
(=0)(1) = (1))’
= 0.
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Bira =

Remark 1: [1]
The functions F and G are (F, G)-pseudoanalytic, and F' = G = 0.
Proof:
When
w=¢oF+yG=F iff ¢=1, 9% =0,

¢=F + =G = 0,

it implies F' is pseudoanalytic.
Similarly,
w=G_G, it ¢=0, v=1,

O=F + =G = 0,

implies GG is pseudoanalytic.
Therefore, F' and G are both pseudoanalytic.
Again withw =F, ¢ =1, v =0

F=¢,F+1¢.G=0.
Similarly with w =G, ¢ =0,¢ =1
G=¢.F+1,G=0.

Hence, F and G are pseudoanalytic with F = G = 0.

Definition 1: [1]
Let (F,G) and (F},G1) be two generating pairs in Q. (F7, Gy) is called successor
of (F,G) and (F, Q) is called predecessor of (Fy,G) if

A(F,Gr) = AUFG) and b(FLGl) = _B(RG)'

Theorem 1: [1]
Let w be an (F,G)-pseudoanalytic function and let (Fj, G;) be a successor of
(F,G). Then w is an (Fy, Gy)-pseudoanalytic function.

a

Definition 2: [1]
Let (F,G) be a generating pair. Its adjoint generating pair (F,G)* = (F*,G*) is



defined by the formulae

2F 2G
= G=— G_
FG - FG FG - FG
Theorem 2: [1]
(F,G)™ = (F,Q),
apeavy = —ara), Awr-cy) = —Arae),
brc) = —Bwre, Brcy=—bre)-
Proof:
Since,
(F7 G)* - (F*7G*)7
where, o o
e 2F oG
FG - FG FG - FG

we have to show that

(F,G)™ = (F**,G™) = (F,G).

Indeed,

F** —

G** —

2F*
F*G* — F*G*’
4F
_ FG-FG _
. 4FG + 4FG

(FG-FG)(FG—-FG)

4F

(FG-FG)(FG—-FG)

FG - FG
F.

2G*
FG* —

 (FG-FG)(FG - FG)

4(-FG + FG)

G

4G
FG—-FG

4FG

T (FG-FG)(FG-FG)

4G

4FG ’
+ (FG-FG)(FG-FG)

(FG — FG)(FG - FG)

FG - FG
G.

X

4(FG - FQG)

?

Y

15



A(F*,G*)

a'(F*,G*)

16

F*G* — F*G*

- FGr— F*G*
2F (FG - FG)(2G.) —2G(F.G + FG, — F.G - FG.,)
l<FG el (FC TG
(FG - FG)(2F.) - 2F(F.G + FG. — F.G — FG.) 2G
- (FC_TG)? (Fa = F@)}

AFG . AFG ] -
{_ (FG-FG)(FG-FG) (FG-FG)(FG-FG)]

e F@?F@ Fs [FFCT. ~ FEGG + F.GT + FTGG.,

FG — FG)(FG — F@)}
4(FG - FQ) ’
F.G(FG — FG)+ FG.(FG — FG)],

_FF.GG + FE.GG + FFGG, - FFGG.] {(

1 2
(FG — FG)?

FG, - F.G

FG—-TFG’
—~Are)-

F*G%: — FXG*
- FGr— F*G*

2F (FG — FG)(2G%) — 2G(FsG + FG5 — F3G — FG5)
l(FG el (FC - TG)
(FG — FG)(2F%) — 2F (F:G + FG5 — F>G — FG5) 2G
- (FG — FG)? Fa- F@)}
4FG 4FG

{_ (FG —FG)(FG — FG) | (FG - FG)(FG — F@)] /

Y FFGG.- FF.GG + FF.GG + FFGG.
(FG — FG)(FG — FG)?

e FG - FG)(FG - FG
—FF:GG + FF:GG + FFGG; — FFGG5) {( G- Fo)FG G)},

4(FG - FQ)
1 - _ _

75 —Tap PO )+ TG )]

FG- — G

FG—-FG’

—CL(F’G).
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F*Gi— F:G*

—2F (FG - FG)(2G%) — 2G(F:G + FG> — F>G — FG-)
{%é_m) (FG - 7G)?
N (FG — FG)(2F) — 2?_(1@? + FGz — F>G — FG3) ( _2@_ )}
(FG - FG)? FG-TFG

AFG . AFG ] -
{_ (FG-TFG)(FG-FG) (FG-FG)(FG-FG)]
4

FG_Tayp [FFGG; + FF:GG — FF;GG — FFGG;

+FF-GG — FI-GG — FFGG» + FFGG] [(FG — FG)(FG — FG)} |

4(FG - FQ)

(FG — FQG)?

-1 -
Giclae (—FG: + F3QG),
FGs — F-G
(FG - FG)’

FG, — F.G
_(FE—FG)’
_E(F,G)'
F*Gt — F:G*
F*Gx — F*G*’

—2F (FG-FG)(2G.) —2G(F.G + FG. — F.G — FG.)
{%@ el (FG - 7G)?
+@E—F®@E%@@@§+H@—EG—F@&_}@_ﬂ

(FG — FG)? FG - FG

AFG . AFG ] -
{_ (FG-TFG)(FG—-FG) (FG-FG)(FG-FG)]
4

(FG_Tayp [FFGG. + FF.GG — FF.GG — FFGG,

+FF.GG -~ FF,GG — FFG.G + FFGG,] [(F C_FOWG —F Gq ,

4(FG - FQ)
F.G(FG - FG)— FG.(FG — FG)],
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. _ FG-TG.
e T FG - FG
o (FGZ = FZG>
B FG-FG )’
- _B(F’G).
O
Lemma 3: [1]
If (F1,G4) is a successor of (F,G) then (F,G)* is a successor of (Fy, Gy)*.
O

The (F, G)-integral of W on a rectifiable curve T is, by definition,

/Wd(gg)z:Re/F*Wdz—LRe/G*Wdz.
r r r

Another important integral is also needed
/Wd(p7g)2 = Re/G*Wdz—i— LRe/F*Wdz,
r r r

(we follow the notation of Bers’).
A continuous function w defined in a domain (2 is called (F, G)-integrable if for
every closed curve I situated in a simply connected subdomain of €2,

/Wd(pg)z =0.
T

THEOREM 4: [1]
An (F,G) derivative w of an (F, G)-pseudoanalytic function w is (F, G)-integrable
and

21
/ wd(paz = w(z1) — w(20).

20

The integral f;l wdpg)z s called (F,G)-antiderivative of 1.

THEOREM 5: [1]
Let (F, G) be a predecessor of (F}, G1). A continuous function is (F7, G )-pseudoanalytic
if and only if it is (F, G)-integrable.
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3.2 Applications of Bers’ theory to the stationary
Schrodinger equation

Let us start from

vy = b, (3.2.2)
where z = x + 1y, b = —%. Then,
1

F=— and G =fy, (3.2.3)
Jo

are two solutions of Eq. (3.2.1). Now by taking

w = % (’LU = LfU)?
we = ——0-fy (ws = 10-1,).
0
— _é%fol o _é%fo
Wz = fo fg (wz Lf()( fO ))7
wz = bw (ws = bw),

which obviously satisfy Eq. (3.1.1). Since,

Im (FG) =1Im (fi Lfo) =Im()=1>0.
0

Thus, (F,G) is a generating pair corresponding to Eq. (3.2.1). With the gener-
ating functions, we have

_FG:-FG
FG—FG’
(5)0=(tfo) = (= 320=fo) (= fo)
(%)(ﬂfo} - %(LfO) 7
zfo _ 19zfo
__fo fo
=

= 0. (3.2.4)

wre) =
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FGz — F5G

FG—-FG’

(7)0=(tfo) = (—720=fo) (1o)
(F)(=efo) = 5 (efo)

L= fo L9z fo
fo + fo

’
—L— 1

[ 2t0=fo -1
a ( Jo ) (2_L> 7
0

fo
= b (3.2.5)

FG, - F.G

- FG-FG’
(%)az(ﬂfo) - (_figazfo)(_bfo)
(%)(_Lfo) - %(Lfo) ’

2 fo _ 9:2fo
__Jo fo

Y
—lL—1

— 0. (3.2.6)

FG, - F.G

FG-FG’

(5)0:(fo) = (= 7z0:fo) (1fo)
(7)(=efo) = 7:(ufo)

L9z fo L9z fo
fo +

— Jo ’
—lL— 1
o _az.fO
fo’
. (3.2.7)

According to Definition 1, the characteristic coefficients for a successor of (F, G)
have the form

asz _ T
e b.

If w is a solution of Eq. (3.2.1) then its (F,G) derivative w is a solution of the
equation

a(Fl,G1) = a(F,G) = O and b(FhGl) = _B(F,G) =

Wy = —bW, (3.2.8)
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we know that w = f—10

solution of Eq. (3.2.8).

is a solution of Eq. (3.2.1). Now we show that w is a

W = w, — A(Rg)w — B(Fvg)w
w, — (0)w — bw,
W, — .

We have to show that W = = w, — bw is a solution of Eq. (3.2.8).
Wg = Wyz — sz Z_F@,

_ B 8 fO_ azfﬂ _
= W,z + —— 7 Wz + 05 1 )w,
0.fo
fo 7 f

0
B 0. fo 1 1
_ aL( foafo) - ( 3%) = (0=f) (. fo) — = fo

2 1 1
= __QazEfO + —50:zf0 - 0.fo — 5000 - O-fo — 430200 - O=fo + azszv
5 0 0 0 13

= Wyz+ —— ( zsz)

2( o) (0=fo) W+ —

1
( ZEfO) %7

Il
=

Jo
Oz fo l)
fo fo)’

(w

(wz—i- @fo w) ,
1

T

Hence w is a solution of Eq. (3.2.8). But solutions of Eq. (3.2.8) multiplied by ¢
become solutions of Eq. (3.2.2). Thus we obtain the following statement.

THEOREM 6: [1]
Let w be a solution of Eq. (3.2.1). Then the function

v=1 =1 <wz aZwa) : (3.2.9)
fo

is a solution of Eq. (3.2.2).



Proof:
To prove that v is a solution of Eq. (3.2.2) we start from its R.H.S.

- )]

= (Y [+ )

Jo fo
9. fo 0z fo
L 7o (wz—i- 7, w),
0o 1 Ozfo 1
= ( 20l t T fo)’
= 0.

Now we take L.H.S. of (3.2.2)

22

vr = LW — igaéfoazfo@Jr @EfOEJr @fowzl ,

I 0 Jo Jo
[ 1 1 1 0zfol 0O.f ( 1

= 10| —50.fo | — 502f0 0.fo— + -+ ——50=

‘| ( 72 fO) R Py A R A

[ 1 2 1 1 1

= | =50:zfo+ 5000 0:f0 — 50:00 - 0:fo + 50:2f0 — 50:00 - a%fo] ;
L /o 0 0 o o

= 0.

Hence v is a solution of (3.2.2).

By using Eq. (3.2.3) in F* and G* we have

F* - T =

G* =
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From Theorem 2, we have bp+c+) = —B(re) and from Eq. (3.2.7) we have
B(ra) = b. Therefore,

bire gy = —E(F,G) = —b.
Thus the (F, G)-integral of a function W is defined as follows

/Wd(EG)Z = Re/F*WdZ—LRe/G*WdZ,
r r r

L
= —Re/—Wdz—LRe/fOWdz,
r Jfo r
w
= ]m/—dz—LRe/foWdz. (3.2.10)
r Jo r

Where we have used the relation
Re (1W) = Re (twy — wy) = —wy = —ImW.
From Theorems 4 and 5, we obtain the following results.

Theorem 7: [1]
Let v be a solution of Eq. (3.2.2) in a domain €. Then for every closed curve I'
situated in a simply connected subdomain of €2,

Re/ dx+ le/ fovdz = 0. (3.2.11)
r fo r

Proof:

For any solution v of Eq. (3.2.2), the function W = (v is a solution of Eq.
(3.2.8). Since v = w is a solution of Eq. (3.2.2) wv = —w is a solution of Eq.

(3.2.8). As Eq. (3.2.8) corresponds to a successor of (F,G), by Theorem 4, W is
(F, G)-integrable, i.e.,

[m/EdZ—LRG/f()WdZ:O.
r fo r

Replacing W by v, we obtain

]m/ - LR@/ fo(ww)dz =0,
r fo r

Re/ i+ le/ fovdz = 0. (3.2.12)
r fo r

In Eq. (3.2.12) we have used

or

Re(tw) = —wy = —ImW, and Im(ww) = w; = ReW.
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O

In order to understand this result for solutions of the Schrédinger equation,
let us rewrite some statements in our “two-dimensional” notation. Consider the
stationary two dimensional Schrédinger Eq. (1.0.5) where u and v depend on z
and y. For simplicity we consider u and v to be real-valued functions.

Proposition 8: [1]
Let fi be another nonvanishing solution of the Schrédinger Eq. (1.0.5). Then the

ratio ¥ = % is a solution of the equation

div (fggrad\ll) = 0.

|
Proposition 9: [1]
Let fi be another solution of Eq. (1.0.5). Then the function
v = fo0. <ﬁ) , (3.2.13)
fo
is a solution of Eq. (3.2.2), where b = —%.

Proof:
It is given that v is a solution of Eq. (3.2.2). To prove this take L.H.S. of Eq.

(3.2.2)
e Ji (h
Uz = sz az (f0> +f08zz (fo)

R.H.S. of (3.2.2) =bv = (_6;50) (foaz (%))

Now,

0 o h
= g DR
— ot .aqh

To see that v satisfies Eq. (3.2.2) we require

S (DY oo (2
a?fo'az (f0>+f08zz (f0> asz 6%<f0)’

o (1 2 (11 (1) =
9= fo 3z(f0>+fov (fo) +0.fo @(f()) 0. (3.2.14)

or
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By using Proposition 8§,

div (fO grad\lf) =0 where ¥V = ?,
0
we have
div (pVY) = ¢ (V- V)9 + Vo - Vi,
fodiv (V®)+V (fF) - V¥ =0,
fOV2U +2£Vfy- VU =0,
or

fo [foV?¥ + 2V fo - VU] = 0.

Since fy # 0 we have
foV2U + 2V f, - VU = 0. (3.2.15)

Now we show that Eq. (3.2.14) follows from Eq. (3.2.15). Indeed,
fl 2 fl fl
Oelo 0 <fo)+f0v (h)*a‘fo (fo)
T ) fi ) o 9\ /[(h
- (a‘“‘)fo (% )(fo)+(a—x‘ a—y)fﬂ <%“a—y) (%
+ fo V2 <f1)
fo
(0fe  OfN\ (O h. O f ofe  Of\ (0 fi. O f
- (% “a—y> (a—xw - a—m) ! (87 - La—y) (a—xw “a—y<%>)
2 fl)
ThY (fo
N 1Y . 9f fi fi
- 2[%%(f0)+ dy a—y(fo)}”ow (7)

= 2Vfy VU + V2 (fl)
fo

= 0. by using Eq. (3.2.15)
a

From this Proposition we have, if we have two solutions of stationary Schrodinger
Eq. (1.0.5) then v in terms of fy and f; becomes the solution of Eq. (3.2.2). This
Proposition will be used in proof of Cauchy’s integral theorem for the Schréodinger
equatoion.



Chapter 4

Stationary Schrodinger equation,
class of pseudoanalytic functions,
two-dimensional stationary
Schrodinger equation and the
complex Riccati equation

4.1 Some preliminary results on the stationary
Schrodinger equation and a class of pseudo-
analytic functions

The theory of pseudoanalytic functions is a generalization of the theory of
analytic functions. Consider the equation 0z = ® in the whole complex plane,
where ¢ is a real valued function and ® = ®; 4+ P, is a given complex-valued
function.

4.1.1 Cauchy-Riemann equations
&ZQO:(I):(I)1+LCI)2,

ie.

1 (8_g0 Oy

- 2 ) =By + 1D
9 ax‘FLay) 1+ tPy

Comparing real and imaginary parts, we have

10 10
LA LAY

=0 o= (4.1.1)

26
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From there | 5
2
0,9 = = = 0,9,
vELT 0 920y 2
or
0y ®1 — 0,5 = 0. (4.1.2)

This is the corresponding Cauchy-Riemann equation. This equation can be used
to construct ¢(x,y) as,

ol y) =2 [/ By (0, y)dn + /yy qDQ(mo,ﬁ)dﬁ] o (4.1.3)

which satisfies Eq. (4.1.1) as can be easily seen. Where (z¢, o) is an arbitrary
fixed point in the domain of interest. By A we denote the integral operator in Eq.
(4.1.3)

Al®](z,y) =2 {/I‘Pl(n,y)dnﬂt/y <I>z(:vo,§)d§] +ec.

o Yo

Note that formula (4.1.3) can be easily extended to any simply connected
domain by considering the integral along an arbitrary rectifiable curve I' leading

from (o, y0) to (z,y)

o(x,y) =2 (/ Oy dr + ®2dy) +c.
r

Thus if ® satisfies Eq. (4.1.2), there exists a family of real-valued functions ¢
such that d-¢ = ® given by the formula ¢ = A[P].

In a similar way, we introduce the operator

A[®](z,y) = 2 (/F ®ydx — <I>2dy) +ec,

which is applicable to complex functions satisfying the condition
0y P1 + 0,P2 =0, (4.1.4)

and corresponds to the operator 0,.

4.1.2 Vekua equation and its relationship with Schrodinger
equation
Let f denote a positive twice continuously differentiable function defined in a

domain €2 C C. Consider the following Vekua equation:

W; = %W in (4.1.5)
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where f is a real valued function. W is a complex-valued function and W = C[W]
is its complex conjugate function. As was shown in [2], Eq. (4.1.5) is closely re-
lated to the second-order equation of the form (1.0.5), where v = &L and u are
real-valued functions. In particular, the following statements are va,{id which we
show below.

THEOREM 10: [3]
Let W be a solution of Eq. (4.1.5). Then u = ReW is a solution of Eq. (1.0.5)
and v = I'mW is a solution of the equation

(=A+n)v=0, (4.1.6)
where )
Y (i
f

Proof:
We have ;

Wg - —EW7

f

where f is a real function. This becomes on multiplying by f

fo = fEW7
or wr ) Cor o

f(a;,y)§ <a—x+ba—y> (u—|—w) = 5 (% +L8_y> (u—w),

or

[ (ug + wy + wuy —vy) = fou — efpv+ ofyu+ fyu.

Comparing real and imaginary parts we have,
f (ugy —vy) = fau+ fyo, (4.1.7)

f (Uz + uy) = fyu — fav. (4.1.8)
Differentiating Eq. (4.1.7) w.r.t. =

_fxvy + f (u:c:r: - Umy) = fmcu + fxyv + fyvx~ (419)
Again differentiating Eq. (4.1.8) w.r.t. y

JyVs + [ (Vay + tyy) = fryt — fayv — fovy. (4.1.10)
From Eq. (4.1.9), we have

_fmvy = fxacu + fryv + fyvx - f (uz&? - Uﬂ:y) :
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This we substitute in the above Eq. (4.1.10) to arrive at

fyvx + f (Umy +uyy) = fyyu - fmyv + fmxu+ facyv + fyvm - f(umz - ny>7

or
[ (az + uyy) = (faw + fyy) u,
or
f(Au) = (Af)u,
or
Au = %u,
or

which is Eq. (1.0.5).
Next we differentiate Eq. (4.1.7) and Eq. (4.1.8) w.r.t. y and z respectively to
find,

fy (e —vy) + f (Uay — vyy) = foyu+ fauy + fyv + fyoy, (4.1.11)

fo (Ve +uy) + f (Vg + Usgy) = faytt + fytty — foa¥ — fovs. (4.1.12)

From the above two equations, on subtraction we find

fo (Ve +uy) + f (Ve + tay) = fy (e —vy) = f (Uay — Vyy) = fryu+ frua
_foca:'U - fxvx - fxyu - fmuy - fyyv - fyvy7

or
[ oz + vyy) + (fox + fyg) v =2[fy (us — vy) — fo (v +uy)],
or
f(Av) + (Af)v=2[f, (us —vy) = fo (Vs + 1uy)]. (4.1.13)

From Eq. (4.1.7)

Uy — Vy = %u + %v
and from Eq. (4.1.8)

Vg + Uy = Qu - &v

o f
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Thus from Eq. (4.1.13) we have

s = (o)1 o).
= 2| (fu+ fho= Lt £20)].
[,
ran+ e =282,
or
AoV Af
(3ot 31).
which gives Eq. (4.1.6) for
(VI Af
f? o

Proposition-11: [2]
Let b be a complex function such that b, is real valued, and let W = u + v be a

solution of the equation o
Wz =0W. (4.1.14)

Then w is a solution of the equation

9z0.u — (bb+b,) u=0, (4.1.15)
and v is a solution of the equation

d=0.v — (bb—b.) v =0. (4.1.16)

Proof:
Eq. (4.1.14) yields o

or

Wz, = b, W + bW, (4.1.17)
Eq. (4.1.14) also gives
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Taking complex conjugate of both sides

1.e.

W, =bW. (4.1.18)
After substituting Eq. (4.1.18) in Eq. (4.1.17) we get

or
0.0z (u + w) = b, (u — 1) + bb (u+ w),

or

0,0zu + 10,050 = (bz + bg) U+t (bl; — bz) V.

Comparing real and imaginary parts we get,
0,05u = (bz + bl_)) u,

0,050 = (bl_) - bz) v.

O
Proposition 12: [2]
Let W be a solution of o
(a;_ Zfoo) W =0. (4.1.19)
Jo
Then u = ReWV is a solution of Eq. (1.0.5) and v = ImWV is a solution of the
equation
2
A+y—2(|vf0’) v=0. (4.1.20)
fo
Proof:

Observe that the coefficient b = % in Eq. (4.1.19) satisfies the condition of
Proposition 11

_ g (%)
= 0 (%),
00 1
= FE g (000 0:h).
Afy  10:hol?
BB
(9=fo) (9=1)

B




32

b= e (28 (20)
: Jo fo )’
= v —bb

Substitute bb + b, = v in Eq. (1.0.5) which is the same as Eq. (4.1.15) and by
Proposition 11 u is solution of Eq. (4.1.15).

Similarly,
@éfo)
b, = 0, ,
( Jo

0050 1
- fO fo (8 fO)( f)
AR [ohP

fo 8

() ()
- (%) -G )
(Y g

- 2
Substitute bb — b, = 2 <‘Vf—§°|> — v in Eq. (4.1.20) which is the same as Eq.
(4.1.16) and from Proposition 11 v is solution of Eq. (4.1.16).

a

THEOREM 13: 2]
Let u be a solution of Eq. (1.0.5) in a simply connected domain 2. Then the

function ,
v € ker (A +v—2 <@> ) , (4.1.21)

such that W = u + wv be a solution of Eq. (4.1.5) is constructed according to the
formula

= A (20 (). (4.1.22)
It is unique up to an additive term cf~!, where c is an arbitrary real constant.

2
Given v € ker [ A+v —2 (@) > , the corresponding u € ker (A — v) can be

constructed as follows: -
u=—fA(f?0:(fv)), (4.1.23)

up to an additive term cf.



Proof:

Consider equation,

(8;— %foc) W = 0.
Jo

Let W = ¢ fo + L% be its solution then it becomes,

(a;— a%f"c) (asfoﬂf) _o,

Jo fo

(0:6) fo+ 6 (0=0) + 1222 — 12 (0cfo) — L (6 — L0 (‘L£> =0,

Jo fo fo fo f
(0:0) fot 6 (0=fy) +1228 — YOI o py 4 BOR
fo fo )
or &w
(0:0) fo+1— =0,
fo
or
Pz — Lf02¢z =0.

Since u = ReW = ¢ fo, so ¢ =

Yz =L 5 ¢z,
or a
By using this result
[8y<1>1 —0,P3 =0, since 0Ozp =, implies ¢(x,y) = Z[@H ,
it can be verified that the expression A (1f2¢-) makes sense i.e.,

0y (—fody) — 0= (fid=) =0,
ay (fgﬁby) + 0, (fgcbx) = 0.

By Proposition 12, v = f; "4 is a solution of

(e

vo=fo A(fsez),

Zf(flﬁ(bfg@g(fo_lu)) as ¢:%.
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Let us notice that as the operator A reconstructs the scalar function up to an
arbitrary real constant, the function v in the formula

v=fTAf0: (f ),

is uniquely determined up to an additive term cf; ' where ¢ is an arbitrary real
constant.
Similarly, v = ImW, v = fy' or ¢ =uvf,

Lf§¢z = 3,
b = ‘”70 = ufy %

¢ =A[—ufg?ys],
0y(f5™by) = On(=F5"4x) = 0,
or
0y(F5™1y) + Ou(f5*0a) = 0.
But v = fo¢ is a solution of (—A + v)u = 0 where

u = fOZ [_Lf()_%b?} )
= —foA [ufy?0:(vfo)] -

a

Thus the relation between Eq. (4.1.5) and Eq. (1.0.5) is similar to that of
Cauchy-Riemann system and the Laplace equation. For a Vekua equation of the
form

Wg = GW + bW,

where a and b are arbitrary complex-valued functions from an appropriate func-
tion space [13]. A well-developed theory of Taylor and Laurent series in formal
powers has been created (see [11]). We recall that a formal power Z™ (a, zo; 2)
corresponding to a coefficient a and a centre 2, is a solution of the Vekua equation
satisfying the asymptotic formula

ZM™ (a,20:2) ~a(z—2)" z— 2. (4.1.24)

In Chapter 5, we show how this theory is applied for generalizing the second Euler
theorem. For this we need the expansion theorem. For the Vekua equation of the
form (4.1.5), this expansion theorem reads as follows (for more details, we refer
the reader to [14]).

THEOREM 14: [3]
Let W be a regular solution of Eq. (4.1.5) defined for |z — 25| < R. Then it admits
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a unique expansion of the form
W(z) =Y Z"(an, 2, 2), (4.1.25)
n=0
which converges normally for |z — 2| < R.

|

THEOREM 15: [3] (Cauchy’s integral theorem for the Schrédinger
equation).

Let f be a nonvanishing solution of the Schrédinger Eq. (1.0.5) in a domain
and u be another arbitrary solution of the same equation in 2. Then for every
closed curve I' situated in a simply connected subdomain of 2,

Re/@z (E) dz + le/ f?0. (E) dz =0, (4.1.26)
r\f r f
or equivalently

Re/@z (ﬁ) dz=0 and Im/ 1?0, (E) dz = 0.
r\J r f
Proof:

Eq. (3.2.13) is
0 )

Re/gdz—i—dm/fvdz:o.
rf r

and Eq. (3.2.11) is

From these two results

Re/rwdz—l—dm/rf-faz <%> dz =0,

f

Re/@z <%> dz + le/fzﬁz <%> dz = 0.
r r

Another result which will be used in the present work (Section 5.2) is a Cauchy-
type integral theorem for the stationary Schrodinger equation. It was obtained in
[1] with the aid of the pseudoanalytic function theory.

or

|
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4.2 The two-dimensional stationary Schrodinger
equation and the complex Riccati equation

Consider the complex differential Riccati Eq. (1.0.4) and stationary Schrodinger
Eq. (1.0.5), where u and v are real valued. Both equations are studied in a do-
main 2 C C.

THEOREM 16: [3]
Let u be a solution of Eq. (1.0.5). Then its logarithmic derivative

0= (logu) - % (4.2.1)

dz

is a solution of Eq. (1.0.4).

Proof:

Let u is a solution of Eq. (1.0.5), then we have to show that @ = = is a solution
of Eq. (1.0.4).

If it is solution of Eq. (1.0.4) then it must satisfy Eq. (1.0.4).

Now

0=Q =
8 1 8 U,

oz (z) 2%y (%)

ox [2u \ oz oy 20y [2u \ox Oy /|’

CLou(ou ou\ 1 (0 0
u? dr \ Ox L@y u 2 Laxay

1[ 18u(8u ou

S N~ N~ N

—HZ u? dy )+
o[y, (e
o4 ox 8y u

The L.H.S. of Eq. (1.0.4) becomes

() @)

U, |2

u

=Q+ QP =

)

e

(o)L (e 1 1
Or u? \ Jy wdr?  udy?

fJ L (220
ox 83/

e

Y
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1 1 (0u\® 1 (ou\®> 182w 10%u 1 [ou)’
2 _ L |_ Lt (ou) _ 1 [ou 10w 1o L [fdu
0=Q+ 10 = 4[ u? (8:6) u? (8y> +u6x2+u8y2+u2 (895)
+1 ou\”
u? \ Oy ’

(e,
4w \ox2 0y )’

1
= — (A
47.1, < u)?
= % using Eq. (1.0.5)

which proves the result that Eq. (4.2.1) is a solution of Eq. (1.0.4).
O

Remark-2: [3]
Any solution of Eq. (1.0.4) satisfies Eq. (4.1.4) where @ = Q1 + tQ2. Indeed, the
Eq. (1.0.4) yields

14

% (% + L(%) (Q1+1Q2) + Q1 +1Qa|* = 1

3@1 3Q2 aQQ 5@1 2 9 V
<8_x_8_y> +L(W+a—y) +2Q1+2Q2— 5

Comparing the imaginary part, we find

0Q2 0
ox * dy

0,Q2 + 0,Q1 = 0.

=0,

THEOREM 17: [3]
Let @ be a solution of Eq. (1.0.4). Then the function

u = exp (A[Q]), (4.2.2)

is a solution of Eq. (1.0.5).
Proof:
Let @ be a solution of Eq. (1.0.4). Then Eq. (1.0.5) yields

0? 0?
(@*a—w)“‘”“zo’

2+L£ Q—LQ u—vu=0
or Oy) \dxr Oy -

or
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or

40,0-u — vu = 0. (4.2.3)
Substitute Eq. (4.2.2) in Eq. (4.2.3)

O:0.:u = 050 (exp (A[Q)]))
= 0z(0. (AlQ]) exp (A[Q])],

0z (A[Q]) = 9. (A[Q]) = @,

[since Ozp =@ and ¢ = A[®] then 0O:p = 0-(A[P]) implies
d =0, (A]D])]. (4.2.4)

O:0:u = 0z [Qexp (A[Q])]
= ]

Therefore,
(4050, — v)u = 0.

|

Theorem 17 shows that if @) is a solution of Eq. (1.0.4) then there exists a solution
u of Eq. (1.0.5) such that Eq. (4.2.1) is valid.

THEOREM 18: [3]
Given a complex function @), then for any real-valued twice continuously differ-
entiable function ¢, the following equality is valid:

A=) = (8:+Q0C)(9: - Q0) ¢, (4.2.5)
if and only if @ is a solution of the Riccati Eq. (1.0.4).

Proof:

First we calculate the term 0-0.¢, i.e.,

1 /0 o\1/0 0
e = 5 (5 1,) 3 (55 )

1
= 700, (4.2.7)
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Taking R.H.S. of Eq. (4.2.5)

(0:+QC) (0. —QC)p = (0:+QC) (0.0 — Qo) ,
= 0:0.¢ — 0:(Qyp) + Q0.0 — QQe, B
0z0.¢ — (0:Q) ¢ — Q (Ozp) + Q (Oz) — QQp,

A
= 490 (0:Q — |Q?) ¢,  using Eq. (4.2.7)

using the Riccati Eq. (1.0.4) we have
(0-+QC) (0 - QC)p = 1 (A~ 1)
Taking R.H.S. of Eq. (4.2.6)
(0.4 QC) (8- —QC) ¢ = (0.+QC) (00 — Qp
= 0.0:p - 0. (Qw) Q (% ) Q
Q +Q

1 — :
= ZAQ& - (@Q - |Q|2) @,  using Eq. (4.2.7)

(@)

(0.0) — QQe,

using the Riccati Eq. (1.0.4) we have

(0:+QC) (0: —QC) o = — (A —v) ¢.

]

|

In Theorem 18 we have discussed the factorization of two-dimensional Schrodinger
equation.



Chapter 5

(Generalizations of classical
theorems and Cauchy’s integral
theorem

5.1 Generalizations of classical theorems

In this section, we give generalizations of both the Euler’s theorem and the Pi-
card’s theorem.

5.1.1 Generalization of the first and second Euler theorems

In this section we will give generalization of first Euler’s theorem and second Eu-
ler’s theorem using the Riccati Eq. (1.0.4).

THEOREM 19: [3] (First Euler’s theorem)
Let Qo be a bounded particular solution of the Riccati Eq. (1.0.4). Then this
equation reduces to the following first order (real-linear) equation:

Wz = QoW, (5.1.1)
in the following sense. Any solution of Eq. (1.0.4) has the form

0,ReW
ReW '’

Q= (5.1.2)

and conversely, any solution of Eq. (5.1.1) can be expressed as a corresponding
solution @ of Eq. (1.0.4) in the form

W = eA[Q] + Le_A[QO]Z [LGZA[Q“]&ZGA[Q_QO]] . (513)
Proof:
Let Qo be a bounded solution of Eq. (1.0.4). Then by Theorem 16, there exists a
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non-vanishing real-valued solution f of Eq. (1.0.5) such that, Qy = % In other
words, Eq. (5.1.1) can be written as

e
Wg = —W,
f

_ Fp
il

Now, let () be any solution of Eq. (1.0.4). Then ) = %= where u is a solution of
Eq. (1.0.5). According to Theorem 13, u = RelV and W is solution of Eq. (4.1.5)
which also can be written in the form of Eq. (5.1.1). Thus we have proved, the
first part of the theorem.

From Theorem 13, we have W = u + (v, where v is solution of Eq. (4.1.21)
which can be written in the form of Eq. (4.1.22) and from Theorem 17, we have
u is solution of Eq. (1.0.5) which can be written in the form of Eq. (4.2.2).

W = A9+ LfTTA [LfQC% (f_lu)} ,
= AR oAU [ 2], (¢~ A0l A))]
Al + ve— Al 4 [w?A[Qo](f%z (6A[Q—Qo])] ]

a

Thus, the Riccati Eq. (1.0.4) is equivalent to the Vekua equation of the form
(4.1.5). This follows that in the domain of interest €2, there exists a bounded
solution of Eq. (1.0.4).

THEOREM 20: [3] (Second Euler’s theorem)
Any solution @ of Eq. (1.0.4) defined for |z — zy| < R can be represented in the

form

S Q]

where {Q,,}22, is the set of particular solutions of the Riccati Eq. (1.0.4) obtained
as follows:

Q=

(5.1.4)

9,ReZ"™ (ay,, zo, =
Qn(z> _ > ( 0 )7
ReZ ™ (ay, 2, 2)

and Z™(a,, 29, z) are formal powers corresponding to Eq. (5.1.1) and both series
in Eq. (5.1.4) converge normally for |z — zo| < R.

Proof:

From Theorem 19, we have Eq. (5.1.2) where W is a solution of Eq. (5.1.1).
From Theorem 14, we have Eq. (4.1.25). After substituting Eq. (4.1.25) in Eq.
(5.1.2) we have

0.3 ReZ™ (ay, 20, 2)

Q) = Yoo s ReZM (an, 29, 2)
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Every formal power Z( (a,, 2y, z) corresponds to a solution of Eq. (1.0.4), i.e.

0,ReZ™ (a,, 2y, 2
ReZ™ (ay,, 29, 2)

From Theorem 17, we have u = ReWV can be written in the form of Eq. (4.2.2)
implies
Re Z™(ay, 2, z) = M)
9,37 AlQn](2)
Q) = Tt
S, edlenl@

DI en]
O= e
0= Taoct 0. (A4Q,)
Do e
By using Eq. (4.2.4) we have
Q= > o Quetlen]
D meg @l

5.1.2 Generalization of Picard’s theorem

In this section we give a generalization of Picard’s theorem written in the form
of Eq. (2.1.27) using Riccati Eq. (1.0.4).

THEOREM 21: [3] (Picard’s theorem)
Let Qg, k = 1,2,3,4 be four solutions of Eq. (1.0.4). Then

0= (Q1 — Q2) + 2uIm (Q1Q-) N 0= (Q3 — Qa) + 2uIm (Q3Qq)

Q1 — Q2 o Q3 — Q4 -
_a%(Ql — Q1) + 20Im (Q1Q4) B 9= (Qs — Q2) + 2eIm (Q5Q-) _0
Q1 — Qa4 @3 — Q2 .

Proof:

(@'1“@) (Q1— Q1) = Q1Q1 — Q1Qs+ QuQ1 — QuQ,
= Q1> — Q1Qs + QuQ1 — |Qu/?,
= (5 - 0:Q1) ~ Q@i+ Qa1 — (§ — 0:u) .
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since 0:Qk + |Qx|* = %, for k = 1,2,3,4. Thus,

(Q1+Qu) (Q1—Qs) = —0:Q1+ 0:Qs — (Q1Qs — QuQ1) ,
= —0:(Q1—Q4) —2Im (@QQ :

Similarly,

(Q2+@5) (Q3 — Q)
(@‘F@) (Q1—Q2)
(Qs + Q4) (@3 — Qu)

—0z (Q3 - Qz) — 2uIm (@Q2) )
=0z (Q1 — Q) — 2uIm (@Qﬂ )
—0:(Q3 — Q4) — 2Im (@Qz;) .

From these equations we get,

—0: (Q1 — Qu) — 20Im (Q1Q4)

@+ Q) = Qi - Q1) |
=0 (Qs— — 2uIm (Qs
(QZ + QS) = (@s (?223)_ Q:)m (Q?’QQ) )
. =0 (Q - — 2Im (Q
(Q1 + Q2) = (@ (g?_ Q:)m (Q1Q2>7
. —0:(Q3— Q) — 2Im (Q3
(Q?) + Q4) = (Q3 (gi))_ Q:)m (Q3Q4> )
or
=0z (Q1 — Q4) — 2uIm (@@1) I —0z (@3 — Q) — 2tIm (@Q2)
Q1 — Q4 - Q3 — Q2 o
- —0:(Q1 — Q2) — 2cIm (Q1Q2) =05 (Q3 — Qa) — 2eIm (Q3Qq)
B _Ql__QQ_ - _Q?:Q4
= (Q1+Qu) + (Q2+Q3) — (Q1 4+ Q2) — (Q3+ Q) =0,
or

0z (Q1 — Q2) + 2uIm (@Qz) n 0z (Q3 — Q4) + 2tIm (@sz)

Q1 — Q2 Q3 — Qa4
05 (@1 — Q) +2uIm (Q1Q4) ~ 0:(Qs = Q2) +2uIm (Q3Q2) _0
Q1 — Q4 Q3 — Q2 '

5.2 Cauchy’s integral theorem

In this section we give generalization of Cauchy’s integral theorem.
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THEOREM 22: [3] (Cauchy’s integral theorem for the complex Riccati
equation)

Let @y and @1 be bounded solutions of Eq. (1.0.4) in Q. Then for every closed
curve I' lying in a simply connected subdomain of 2,

Re / (Q1 — Qo) M@ =%ldz 4 1Tm / (Q1 — Qo) 1@l — 0 (5.2.1)
T T

or equivalently

Re/ (Ql _ QO) eAlR1—=Qo] 7, — 0, and ]m/ (Ql _ Qo) eAlR1+Qo] 7, — 0,
r r

Proof:
From Theorem 17, we have that f = e49l] and v = 4@ are solutions of Eq.
(1.0.5). Now, applying Theorem 15, we have

Re/raz<f)dz+dm/f2 ( )dz—O

for every closed curve I situated in a simply connected subdomain of €2, which
gives us the equality

Q1] 24Q0] AlQ1]
Re/rﬁ (eAQo)dz—i—LIm/ 8( QO])dz

Re / 0, (eA[Ql_QO]) dz + le/ e?AlQlg, (eA[Ql_QO]) dz =0,
r r

or

or
Re/ (Q1 — Qo) eAl@1=Qol g, 4 L[m/QQA[Qo] (Q1 — Qo) eAlR1=Qo] 7, — 0,
r r
where we have used Eq. (4.2.4). Thus,

/(Q1 Qo) € AlQu- QO]dZ+LIm/ Q1 — A[Q1+Qo]dz_0

O

As a particular case, let us analyze the Riccati Eq. (1.0.4) with v = 0 which
is related to the Laplace equation. If in Eq. (5.2.1) we assume that Qg = 0, then
Eq. (5.2.1) takes the form

Re/QleA[Ql]dz + LIm/QleA[Ql]dz =0,
r r
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which can be represented as,

/QleA[Ql]dz =0.
r

This is obviously valid because if ); is a bounded solution of the Riccati
equation with v = 0, then according to Theorem 17, we have that u = e49 is a
function and this equation becomes,

/uzdz =0, (5.2.2)
r

which represents the analyticity of u,.
Now, if in Eq. (5.2.1) we assume that @); = 0, then Eq. (5.2.1) takes the form

Re/ Qoe Al gz + LIm/QOeA[QO]dZ =0.
r r

Rewriting this equality in terms of function f = e4[@ol

f2 = 0: (A[Qo]) %] = Qoe %],

we obtain
Re ;’;dz—i-blm/fzz—o
which, on using Eq. (5.2.2) gives
Loy
Re 2 dz =0,

Re/raz (%) dz = 0. (5.2.3)

This equality is a simple corollary of a complex version of the Green-Gauss
theorem, [15], according to which we have

o () o (o

For f to be real the R.H.S. of above equation is real-valued and we obtain Eq.
(5.2.3).



Chapter 6

Conclusions

We have shown that the stationary Schrodinger equation in a two-dimensional
case is related to a complex differential Riccati equation which possesses many
interesting properties similar to its one-dimensional prototype. Besides the gen-
eralizations of the famous Euler theorems, we have obtained the generalization of
Picard’s theorem and the Cauchy integral theorem for solutions of the complex
Riccati equation. The theory of pseudoanalytic functions has been intensively
used.

Chapter 2 of this dissertation is devoted to the relationship between Riccati
Eq. (1.0.2) and the one-dimensional Schrodinger Eq. (1.0.3). We first give an
extensive treatment of the Riccati equation deriving its important properties and
then discuss the relationship with the one-dimensional stationary Schrodinger
equation exhibiting also the factorization of the Schrodinger operator.

The appearance of @z results in the development of pseudoanalytic function
theory by Bers’ which is one of the many generalizations of analytical function
theory. A summary of Bers’ theory of pseudoanalytic functions as a general-
ization of analytic functions appears in Chapter 3. In the first section, we dis-
cuss the pseudoanalytic functions, generating pair (F, G), (F, G)-derivative, char-
acteristic coefficients a(rq), bra), Awrae), Bre and adjoint generating pair
(F,G)* = (F*,G*) and in the second section we discuss the applications of Bers’
theory to the stationary Schrédinger equation.

In the first section of Chapter 4, some preliminary results on the stationary
two-dimensional Schrodinger equation and a class of pseudoanalytic functions are
discussed. In fact the solutions of the Vekua Eq. (4.1.5) and the two-dimensional
Schrodinger Eq. (1.0.5) are closely related to each other. Given a solution of the
Schrédinger equation we can reconstruct a solution of the Vekua equation which
is a pseudoanalytical function. Conversely given a pseudoanalytic function we
can construct a solution of a related Schrodinger equation. In the second section
we continue the discussion to obtain the relationship between the Riccati equa-
tion and the two-dimensional stationary Schrodinger equation. In fact given a
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solution of the Schrodinger equation in two dimension, its logarithmic derivative
is a solution of the complex Riccati equation. This leads also to the factorization
of the Schrédinger operator in two-dimensions.

Chapter 5 is devoted to some famous theorems from analytic function the-
ory to the corresponding pseudoanalytic function theory. In first section we
discuss generalizations of both Euler’'s and Picard’s theorems as related to the
two-dimensional Riccati equation. These are also related to the two-dimensional
Schrodinger equation. In the second section we discussed the generalization of
the Cauchy integral formula for the complex Riccati equation.

Chapter 6 is devoted to the conclusion.

We have discussed Schrédinger equation upto two dimensions. Further, if
we extend the work to higher dimensions, then it leads to the introduction of
quaternions. Which form a non-commutative field.
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