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Abstract

Let G be a connected graph having n vertices and m edges. Let x1,y; € V(G) and the
distance between x1,1; in a graph G is the number of edges on a shortest path from z;
to y; in G. In a graph G, a set of vertices connected to a vertex v is called neighborhood
of v. A vertex y € V(G) resolves two vertices vy, vy € V(G) if d(y,v1) # d(y,v2). An
ordered subset S of vertices of GG is called a resolving set for G if every pair of distinct
vertices of G are resolved by some vertex of S. A resolving set of least cardinality is
called metric dimension of a graph G. A vertex y € V(G) strongly resolves two distinct
vertices up, ug € V(G) if uy lies on a shortest us — y path or uy lies on a shortest u; — y
path. An ordered set S = {s1,...,s} C V(G) is a strong resolving set for G if every
two distinct vertices u,v € V(G) are strongly resolved by some vertex of S. A strong
metric basis of G is a strong resolving set of least cardinality. The cardinality of a strong
metric basis is known as strong metric dimension of G. In this dissertation, we give
some results related to metric dimension and strong metric dimension of graphs. We
also compute strong metric dimension of generalized Petersen graph GP(2m,m —1). We
first compute the MMD vertices of GP(2m,m — 1) and using them, we construct strong
resolving graph GPsr(2m,m — 1) of GP(2m,m — 1). Then we find the vertex covering
number of G Psg(2m,m — 1), which is equal to sdim(GP(2m,m — 1)).
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Chapter 1

Fundamentals of graph theory

In this section we discuss some essential definitions and primary concepts that will be
used in this dissertation. In order to illuminate any uncertainty, supporting examples
have also been discussed. The main idea is to discuss the properties of graphs, common

classes of graphs and distances in graphs.

1.1 Introduction to graph

In our daily life we face many problems which can be modeled by means of a graph.
Assume a popular publishing company has ten editors named as {1,2...,10} in scientific,
humanities and computing areas. These ten editors classify themselves into seven panels
and decided to held a meeting on first Friday of each month to discuss topics of interest
to company and to look for the solution of those problems which create troubles in their

respective areas. This scenario leads us to our first example.

Example 1.1. Let s = {1,2,3}, s = {1,3,4,5}, s3 = {2,5,6,7}, s4 = {4,7,8,9},
ss = {2,6,7}, s¢ = {8,9,10} and sy = {1,3,9,10} are the seven panels of ten editors.
They have fixed aside three time period for seven panels of editors to get together on
those Friday when all ten editors are available. Notice that one or two editors are part

of two or more panels. So these pair of panels can not meet at same time. This situation

1



can be more understandable from the Figure 1.1.

S1 So

S4
Sg

Sg

Figure 1.1: A graph G

Above figure contains the small dots and arcs. The small dots shows the seven panels
and the arcs between two dots show that there is at least one common member in both
panels. In fact the arcs between two dots say s;, s; show that these two panels of edi-
tors can not scheduled their meeting at same time. Above figure gives us the pictorial

representation of seven panels and sharing of their members.

What we have constructed in Figure 1.1 is called a graph. A graph G is a mathematical
structure consisting of non empty finite set V' (G) of small circles called vertices and set
E(G) (possibly empty) of some arcs connecting unordered pair of well defined small circles
called edges. For a graph G of Figure 1.1 the vertex set of G is V(G) = {s1, s2, ..., s7} and
the edge set E(G) = {5152, 5153, $185, S187, $283, S254, S257, S354, S3S5, S485, S456, S457, S657 |-

Let us consider an other situation. Suppose we have a list 2,3,5,7,11,13, ... of inte-
gers. Every integer in the list is only divisible by 1 or itself. These numbers are building

blocks of integers called prime numbers. Our next example relates to these numbers.

Example 1.2. Consider the set P = {2,3,5,7,11, 13} of first six positive prime numbers.

There are few pair of distinct integers contained in P whose sum or difference also con-

tained in P, namely, {{2,3},{2,5},{3,5},{2,7},{2,13},{2, 11}, {5,7}}. This situation

can be transformed to a graph to identify these pairs, namely, by graph H as shown in Fig-

ure 1.2. In thisinstance V(H) = {2,3,5,7,11,13} and E(H) = {{2,3},{2,5},{3,5},{2,7},{2, 13},
{2,11},{5,7}}.



11 13

Figure 1.2: A graph G,

Definition 1.3. The cardinality of vertex set |V (G1)| is known as order of a graph Gj,
whereas the cardinality of edge set [E(G1)] is referred as size of G;. The order and size
of a graph are represented by n and m, respectively.

If two vertices v; and vy in a graph G are linked by an edge e, then v; and vy are called
adjacent vertices otherwise non adjacent vertices. Let a vertex w is an end point of an
edge e, then e is said to be incident on vertex w in the graph G. A graph is referred as
trivial graph if the cardinality of its vertex set is one. The graph of Figure 1.2 has order
n = 6 and size m = 7. If two or more edges are incident on common vertex v, then these

edges are known as adjacent edges.

Definition 1.4. Let G and H; be two graphs. If V(H;) C V(G;) and E(H,) C E(Gy),
then the graph H is recognized as subgraph of G, symbolized as H; C G. If H; C G,
and |V (Hy)| = |V(Gy)], then H; is referred as a spanning subgraph of Gy. A graph F is
said to be induced subgraph of a graph H whenever x,y € V(F') and z,y are adjacent in

H then, x, y are also adjacent in F' as well.

Examine the graph H in Figure 1.3. The graphs H;, Hy and Hj3 shown in Figure 1.3

are subgraph, induced subgraph and spanning subgraph of H, respectively.

Definition 1.5. A pattern of vertices in G starting from u; and terminating at v; such



up Uy

Ug Us Us

H Hy Ho Hz

Figure 1.3: A graph H and some of its subgraphs

that consecutive vertices in the pattern are adjacent is called a u; —v; walk in G symbolized
by W. If uy = vy, then W is a closed walk. The total number of edges in a walk W is
called length of W. If no edge is repeated in a walk W, then W is called a u; — v; trail.
Similarly if there is no repetition of vertices in W, then W is called a u; — v; path and
a path on n vertices is symbolized as P,. Consequently, every path is a trail and every
trail is a walk. A closed trail containing 3 or more edges is called a circuit in G. If there
is no repetition of vertices except for the first and last in a circuit, then it is referred a
cycle. A cycle of length [ is called [-cycle, if [ is odd, then we have odd cycle otherwise,

even cycle. A cycle of order n is represented by C),.

Definition 1.6. A graph G is said to be connected if there is a path between every pair
of distinct vertices of G otherwise, disconnected graph. A connected subgraph of G that
is not a proper subgraph of any other connected subgraph of G is called a component of
G. In addition, a graph H is connected if and only if it has only one component. Let
w € V(G). If deletion of a vertex w increases the cardinality of components of G, then w
is referred as cut vertex. Likewise, if deletion of an edge e from G increases the cardinality
of components of GG, then e is said to be a cut edge. A graph F' shown in Figure 1.4 is a

connected graph containing cut vertex v and cut edge e.



Figure 1.4: A connected graph F' having cut vertex v and cut edge e.

1.2 Distance in graphs

In this portion, we study the basic concepts about the distance between vertices in a

graph. Moreover, we state few results related to radius, diameter and eccentricity.

Definition 1.7. Let G be a connected graph and wy, ws € V(G;). The distance between
wy and wq, symbolized by d(w;,ws), is the number of edges of a shortest path from w; to

Wa in Gl.

Definition 1.8. Let F' be a connected graph. The eccentricity e(w) of a vertex w in F'

is expound by:
e(w) = max{d(w,z) | x € V(F)}.
Definition 1.9. The radius rad(H) of a connected graph H is explicated as:
rad(H) = min{e(w) | w € V(H)}.
Definition 1.10. The diameter diam(K) of a connected graph K is elucidated as:
diam(K) = max{e(w) | w € V(K)}.

Definition 1.11. Let w € V(K) of a connected graph K. If e(w) = rad(K), then w is
called a central vertex. A graph generated by central vertices of K is referred as center

cen(K) of K.

Example 1.12. Observe the graph G; shown in Figure 1.5. Here e(v;) = e(vg) = 4,
e(vy) = 3 =e(vy) and e(vs3) = 2 = e(vs) . So 2rad(G,) = diam(G).

5



V3

vy Vo Vg Ve

Vg

Figure 1.5: A graph G; of rad(G,) = 2 and diam(G,) = 4.

The next theorem tells us the correspondence between diameter and radius of a con-

nected graph.
Theorem 1.13 (Chartrand and Zhang [9]). For any non trivial connected graph H,

rad(H) < diam(H) < 2rad(H).

1.3 Degrees

In this section, we define a parameter of a grpah GG which is associated with each vertex

of GG. Moreover, we give some results related to these parameters.

Definition 1.14. Let H be a graph and uv € E(H), then u and v are said to be neighbors.
A set of vertices connected to vertex w in a graph H is called neighborhood of w and is

denoted by N(w).

Definition 1.15. For a vertex w of a graph H, the cardinality of |N(w)| in H is called

degree of w signified by, deg(w) = |N(w)|.

If deg(w) = 0, then vertex w is referred as an isolated vertex, whereas if deg(w) = 1,
then w is said to be leaf or a pendent vertex. A vertex w is an even vertex if |N(w)]| is

even otherwise odd.
Definition 1.16. The minimum degree 6(H;) of graph H; is defined as:
d(Hy) = min{deg(r) | r € V(Hy)}.

6



That is, 6(H;) is the least degree among the vertices of Hj.

Definition 1.17. The maximum degree A(H;) of graph H; is defined as:
A(H,) = max{deg(r) | r € V(H;)}.
That is, A(H;) is the greatest degree among the vertices of Hj.

The next inequality gives us the connection between maximum and minimum degrees

of a graph F. If F is a simple graph having n vertices and w € V(F'), then
0 < 6(F) < deg(w) < A(F) <n—1.

Example 1.18. A graph F' shown in Figure 1.5 has order n = 9 and size m = 11. Also,
G has minimum degree §(F) = 2 and A(F') = 4 = deg(w). Following is the first theorem

of graph theory.

Figure 1.6: A graph F with §(F') = 2 and A(F) = 4.

Theorem 1.19 (Chartrand and Zhang [9]). If H is a graph of size m, then

> deg(v) =2m
veV(H)

Corollary 1.20 (Chartrand and Zhang [9]). Every graph has an even number of odd

vertices.



Definition 1.21. Let G be a graph of order n and if deg(u) = r for each u € V(G), then

G is recognized as r-regular graph, otherwise, irregular graph.

By Corollary 1.3, if n and r both are odd, then it is impossible to create a regular
graph on n vertices. The next theorem provides us the essential condition for the actuality

of regular graph of on n vertices.

Theorem 1.22 (Chartrand and Zhang [9]). Let r and n be integers, where 0 < r < n—1.
Then there exits an r-reqular graph of order n if and only if at least one of r and n is

even.

Definition 1.23. If V(G) = {z1, 22, ..., 2, }, then the sequence {d(z1),d(z2),...,d(2,)} is
called the degree sequence of G. We often represent this sequence of non negative integers
in ascending or descending order. If finite sequence s of non negative integers is a degree

sequence of some graph, then it is called graphical.

1.4 Common classes of graphs

We continue to discuss primary concepts about graphs. In this portion we will see some

common classes of graphs and the special notions reserved for these graphs.

Definition 1.24. If the cardinalities of a vertex set V(H) and edge set E(H) of a graph
H are finite, then H is finite graph otherwise, infinite. If F(H) = ¢, then H is a null

graph.

We have already discussed that paths and cycles are specific kind of walks in a graph.

Paths and cycles are certain graphs that will be used throughout this dissertation.

Definition 1.25. A simple connected n vertex graph G is called complete if G is n — 1

regular. That is, deg(t) = n — 1 for all ¢ € V(G). An n vertex complete graph is

n(n—1)
5 -

symbolized by K, having size



A R

K2 K3 Ks

Figure 1.7: Complete graphs of order 2, 3 and 5.

The graphs shown in Figure 1.7 are the complete graphs of order 2, 3 and 5, respec-
tively.
Definition 1.26. The complement H of a graph H is a graph with vertex set V(H) and
212 € BE(H) if and only if 2,2, ¢ E(H). If H is n vertex graph and having m edges, then
|V(H)| = n and |E(H)| = @ — m. The complement of a complete graph is a null

graph.

G G
Figure 1.8: A graph G and its complement.

Noticed that if a graph H is connected, then H need not to be connected. But if
H itself is disconnected, then its complement must be connected. The next theorem

illustrates it more precisely.

Theorem 1.27 (Chartrand and Zhang [9]). If H is a disconnected graph, then H is a

connected graph.



In next definition, we discuss a special class of graphs whose vertex set can be parti-

tioned in a particular ways.

1.4.1 Bipartite graphs

Definition 1.28. A graph H is known as a bipartite graph if its vertex set can be divided
into two nonempty disjoint sets P, and P, called partite sets in such a way if 2129 € E(H),

then its end points 21, 2z does not belong to same partite sets.

Often it is not easy to claim whether the given graph is bipartite or not. The next

theorem will be very helpful to identify the bipartite nature of a graph.

Theorem 1.29 (Chartrand and Zhang [9]). A graph H is bipartite graph if and only if

H possesses no odd cycles.

Definition 1.30. Let H be a bipartite graph having partite sets P; and P;. If each vertex
of P, is connected to each vertex of P, then H is a complete bipartite graph denoted as
K, where s, t are the number of vertices in partite sets P, and P, respectively. If, in

addition, any of s or ¢ is 1, then K, is called a star.

Definition 1.31. Let H be a graph whose vertex set can be divided into £ non empty
disjoint subsets Py, Py, Ps, ..., Py such that every e € E(H) have both ends in different
partite sets then H is called k-partite graph. Furthermore, if every pair of vertices be-
longing to different partite sets are adjacent, then H is called a complete k-partite graph.

If | P;| = s;, then we denote complete k-partite graph as K, s,

ket

1.4.2 Multigraphs

Definition 1.32. If the end points of two or more edges are same, then these edges are
called multiple edges. Let H; be a graph and an edge [ connects a vertex wu to itself, then
[ is called a loop at vertex u. An n vertex graph G having size m, is a multigraph if it

contains multiple edges.

10



Ka,2 Kiz23

Figure 1.9: Bipartite graphs.

1.4.3 Eulerian Graphs

Definition 1.33. A circuit C' in a finite graph G is an Eulerian if it holds every edge of
GG1. Furthermore, if a finite connected graph G possesses an Eulerian circuit, then G is

called an Eulerian graph.

Example 1.34. The graph shown in Figure 1.10 is Fulerian graph containig FEulerian
circuit C' = UTU2U3ULUR U UTUUAU7USUgUQUIUT1 U9UI U1 UT -

uz

uz up
uy Ug
Ug Ui
Us Us Ug Uio

Figure 1.10: An Eulerian graph

By observing a graph, it is not possible to identify whether the graph is Eulerian

or not. Next theorem gives the necessary condition for a connected graph H to be an

Eulerian.

Theorem 1.35 (Chartrand and Zhang [9]). A non-trivial connected graph H is Eulerian

if and only if every vertex of H is even.

11



1.4.4 Hamiltonian graphs

Definition 1.36. A cycle C in a graph H is Hamiltonian if contains each vertex of H.
In addition, if a finite connected graph H possesses a Hamiltonian cycle, then H is said
to be a Hamiltonian graph. Obviously, an n-cycle and a complete graph on n vertices are

Hamiltonian graphs.
The sufficient condition for a graph H to be Hamiltonian is presented in next theorem.

Theorem 1.37 (Chartrand and Zhang [9]). Let H be a graph of order n > 3. If
deg(z1) + deg(z2) > n

for every pair zy, zo of nonadjacent vertices of H, then H is Hamiltonian.

1.4.5 Planar graphs

Definition 1.38. A graph G is a planar graph if G can be drawn in the plane without

edge crossing. A graph that is not planar is called non-planar graph.

A planar graph partitions the plane into connected pieces called regions, denoted by
r. The graph shown in Figure 1.11 has 6 vertices, 12 edges and 8 regions. Therefore in

this case, n — m + r = 2. This always holds, which leads us to present Euler identity.

Uy

uz u3

ul A

Figure 1.11: A graph G and its plane drawing.

Theorem 1.39 (Chartrand and Zhang [9]). If G is an n vertex connected planar graph

having m edges and r regions, thenn —m +1r = 2.

12



1.4.6 Trees

Definition 1.40. A graph having no cycle is said to be acyclic graph. A tree is an acyclic
connected graph. A tree T of order greater than 3 is called a caterpillar if the removal of

pendent vertices of T creates a path, called spine of T
The next theorem provide us a necessary condition for a graph G to ba a tree.

Theorem 1.41 (Chartrand and Zhang [9]). A graph H is a tree if and only if each pair

of vertices of H are connected by a unique path.

1.5 Isomorphism

Definition 1.42. Two simple graphs A and B are said to be isomorphic if there exist
a one to one correspondence ¢ : V(A) — V(B) such that zy € E(A) if and only if
o(x)p(y) € E(B). We write A = B if A and B are isomorphic.

Definition 1.43. Let G be a connected graph with vertex set V(G) = {uy, ug, ..., un}.
The adjacency matrix A(G) = [aij]nxn 0of G is an n x n matrix defined as a;; = 1, if and

only if u; and u; are adjacent; otherwise a;; = 0.

Definition 1.44. Let G be a connected graph with vertex set V(G) = {u1,ug, ..., u,}
and edges set E(G) = {e1, e, ...,en}. The incidence matrix B(G) = [bij]mxn of G is an
m X n matrix described as b;; = 1, if and only if v; is incidence on e;; otherwise b;; = 0.
The adjacency matrix A(G) and incidence matrix B(G) of graph G shown in Figure 1.12

is given by

13



01000110
10100010
01010001
00101001
00010101]|
10001010
11000100
00111000
111000000000
100101000000
000001100010
000000110001
000000011100
001010001000
010110000000
000000000111

Figure 1.12: A graph of order 8 and size 12.
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1.6 Overview

The plan of dissertation is given as:
In Chapter 2, we review some elementary results associated with metric dimension and
strong metric dimension of a graph.

In Chapter 3, we find strong metric dimension of the Petersen graph GP(2m,m — 1)
for m > 6. First, we compute the mutually maximally distant vertices of the Petersen
graph and then using them, we construct strong resolving graph of GP(2m,m —1). Next
we find the independence number of strong resolving graph GP(2m,m — 1). Then, by
using Theorem 3.1, we determine its vertex covering number which is equal to the strong

metric dimension of GP(2m, m — 1).

15



Chapter 2
Resolvability in graphs

In this chapter, we study the notion of resolving sets, metric basis and strong metric
basis of graphs. We also review some well known results related to these resolvability

parameters and association between them.

2.1 Introduction to resolvability

Let wy and wy be any two vertices of a simple connected graph G. The distance d(w, ws)
between w; and ws is the length of a shortest path from w; to ws in G. A vertex v of G
resolves two vertices u; and uy if the distance between u; and v is not same as the distance
between us and v, that is, d(v,u;) # d(v,us). For an ordered subset S = {s1, S2,..., sk}
of vertices of G and a vertex w € V(G), we represent the ordered k-tuple rg(w) as the

representation w with respect to .S, where
TS<w) = (d<w7 Sl)7 d<w7 S2>7 SRR d(wa Sk))

If all vertices of G have distinct representation with respect to .S, then set S is referred
as a resolving set for G. We have another equivalent definition of resolving set. A set
S C V(G) is said to be a resolving set (or metric generator) for G, if any two distinct

vertices of GG are resolved by some vertex of S. A resolving set containing least number of

16



vertices is called metric basis for G. The cardinality of metric basis of G is called metric
dimension of a graph G and is denoted by dim(G). In addition, the metric dimension of
G is also called location number of G' denoted by loc(G). In 1970, the idea of metric basis
of graphs was proposed by Harary et al. [6]. We present an example to demonstrate this

concept.

w2 W3

Ny
/N

W4 W5

Figure 2.1: A graph H = (V(H), E(H)).

Example 2.1. For a graph H of Figure 2.1, take ordered set Z; = {wy, w3, ws}. The

representations of vertices of H with respect to Z; are given by:

r(wi|Z1) ={1,1,1}, r(we|Z1) = {0, 1,1},
T(wg‘ZI) = {1,0, 2} s 7’(11)4’21) = {1,2,0},
r(ws|Z1) = {2,1,1}.

The vertices of H have distinct representations with respect to Z;. Thus, Z; is a
resolving set. Now take Zy = {wsy,w3}. Then the representations of vertices of H with

respect to Zy are given by:

r(wi1|Zy) = {1,1}, r(wa|Zs) = {0, 1},
r(w3|ZQ) = {1, 0}, ’I“(lU4|Z2) = {1, 2},
r(ws|Z2) ={2,1},

where all these 5 representations are distinct. Therefore, Z5 is the resolving set. It can

be easily seen that there is no metric basis of cardinality 1. Hence dim(G) = 2.

17



In graph theory, the metric dimension is a configuration that has been proved very
useful in different fields of applied sciences. For instance, a model application of these
distance associated parameters to robot navigation in networks is studied in [20]. The
creativity of these concepts like metric basis comes from the chemistry. In such a situation,
the chemical compounds are transformed through mathematical tools and these chemical
compounds are analyzed by mathematical objects. The chemical structures are mostly
represented by graphs. In a graph of chemical compound, the vertices indicate the atoms
of a molecule while the edges of a graph indicate valence bond between pairs of atoms.
For example, a propane molecule has the chemical formula C3Hg, where C5 represents
the three atoms of carbon and Hg represents the eight atoms of hydrogen. A propane

molecule can be constituted by a graph manifested in Figure 2.2.

Figure 2.2: A Propane molecule.

In chemistry, an isomer is a molecule having distinct structural arrangements but
identical number of atoms. Let us consider an example. The atomic formula of both bu-
tane and isobutane is identical, that is, Cy H1q but both have distinct chemical properties.
These chemical compound are exhibited in Figure 2.3.

In order to examine whether the given ordered subset W C V(H) is a resolving set
for a graph H, we only have to authenticate the vertices of H which are not contained in
W, as the vertices of H contained in W have distinct codes with respect to W. A helpful

characteristic for calculating the metric basis of a graph H is presented in next lemma.

Lemma 2.2 (Ahmad et al. [33]). Let H be a connected graph and W be a resolving set
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Figure 2.3: Butane and Isobutane molucule.

for H. Suppose x,y € V(H) if d(xz,wy) = d(y,wy) for allwy € V(H)\{z,y}, thenx € W
oryecW.

2.2 Some known results on metric basis of graphs

The following two theorems characterize the metric dimension of path P, and complete

graph K, of order n.

Theorem 2.3 (Chartrand et al. [7]). A connected n vertex graph H has metric dimension

1 if and only if H = P,.

Theorem 2.4 (Chartrand et al. [7]). A connected graph H containing n vertices has

metric dimension n — 1 if and only if H = K,,.

Let H be a non trivial connected graph and also let a vertex u € V(H). Then it is
common observation that V(H) and V(H) — {u} are resolving sets for G. This shows that
if H is non-trivial connected graph containing n vertices, then 1 < dim(H) <n —1. On
the other hand, if H is an n vertex graph having diameter d, then we attain an improved
extremal bounds for metric basis of H. For positive integer d, we define g(n,d) to the

smallest natural number [ for which [ + d* > n.

Theorem 2.5 (Chartrand et al. [7]). If H is a non-trivial connected graph containing n

and having diameter d, then
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f(n,d) <dim(H) <n-—d.

Theorem 2.6 (Sudhakara and Kumar [12]). Let H be a simple connected graph having
metric dimension 2 and let W = {uy,us} C V(H) is a metric basis for H, then the degree

of each uy and usy is at most 3 and there exists a unique path connecting uy and us.

Theorem 2.7 (Sudhakara and Kumar [12]). A simple connected graph H having metric

dimension 2 can not possess the following:
(a). K5 as a subgraph.

(b). K5 — f as a subgraph, where f € E(H).
(¢). K33 as a subgraph.

(d). The Petersen graph as a subgraph.

Furthermore, the least bound in Theorem 2.2, is achievable only for the graphs having
diameter 2 or 3. Next theorem gives the sharp least bound for metric basis of a connected

graph H in terms of A(H), and this bound can be improved.

Theorem 2.8 (Chartrand et al. [10]). Let H be a connected graph containing n vertices,

where n > 2, then

[logs(A(H) +1)] < dim(H) <n— diam(H).

2.3 Strong metric dimension of graphs

In this portion, we discuss some fundamental concepts of strong metric basis of graphs
and give few results about strong metric basis of few familiar families of graphs.
Sebo and Tannier [1] inaugurated the problem of strong metric dimension of graphs.

The strong metric dimension problem can be interpreted as: a vertex w of graph H
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strongly resolves two vertices x and y if x lies on a shortest y — w path or y lies on a
shortest * — w path in H. A set S = {sy,82,...,8:} C V(H), is a strong resolving set
for H if any two distinct vertices of H are strongly resolved by some vertex of S. If S
contains minimum number of vertices of H, then S is referred as strong metric basis for
H and cardinality of strong metric basis for H is said to be strong metric dimension of H
represented by sdim(H). Observe that if a vertex s; € S strongly resolves two vertices
uyp and vy, then s; also resovles these vertices. For instance, if u; lies on a v; — s path
of smallest length, then d(uy,s1) < d(vy,s1) and thus d(uq, s1) # d(vq,s1). This shows
that each strong resolving set is also resolving set, therefore, dim(H) < sdim(H). In
the sequel, we propose several definitions which will be helpful in computing the strong
metric dimension of graphs. In any graph H, the set of vertices connected with a vertex

w by an edge e is called neighborhood of w and is denoted by N(w).

Definition 2.9. In a connected graph H, a pair of vertices uj,us € V(H) are said to be
maximally distant if d(uy,v) < d(uq,us) for each v € N(uy) written as, u;MDus.
A pair of vertices u; and us of a graph H are mutually maximally distant if and only

if u; is maximally distant from uy and vice versa, written as uy MMDus.

Lemma 2.10 (Kratica et al. [19]). If W C V(H) is a strong resolving set for a graph
H, then for each pair of MMD vertices uy,v; € V(H), then essentially either u; € W or
1 € Ww.

Lemma 2.11 (Kratica et al. [19]). If W C V(H) is a strong resolving set for a graph
H, then for each pair of vertices uy, vy € V(H) such that d(uy,v1) = diam(H), then it is

essential that either uy € W or vy € W.

2.4 Strong resolving graph

Graphs are fundamental combinatorial shapes and modification of these shapes plays an

important role in the enlargement of mathematics. Remarkably, in graph theory, some
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primary amendments originate a new graph from initial, such as insertion or removal of a
vertex or an edge, amalgamating and splitting of vertices, edge contraction, etc. Further
advanced amendments produces a new graph from the actual one by composite changes,
such as subdivision of a graph, cartesian product of graphs, graceful graph, complement
of a graph, strong resolving graph, weighted graphs, etc. Infrequently, these modification
of graphs appeared as a natural mechanism to resolve experimental complication. On
contrary, the problem of computing a particular property of a graph has been transformed
into the problem of computing another property of another graph acquired from the actual
one. This is the case of the strong resolving graph Gsg of a connected graph G which was
initiated by Oellermann and Peters-Fransen [28], as a mechanism to interpret the strong
metric dimension of G. Predominantly, it was manifested that the problem of computing
the strong metric dimension of G can be transmuted to the problem of computing the

vertex covering number of Ggg.

Definition 2.12. A subset W = {uy, us, ..., ux} C V(H) is called a vertex cover of graph
H if each edge of H is incident to at least one vertex of W. A vertex cover of H with
minimum cardinality over all vertex covers of H is called the vertex covering number of
H and is represented by a(G).

A subset @ C V(H) is called an independent set of a graph H such that whenever
u,v € @ then uwv ¢ E(H). The maximum cardinality of an independent set over all the

independent sets of a graph H is called the independence number of H and is represented
B(H).

Definition 2.13. Let H be a connected graph. Then the strong resolving graph Hgpr
of H is a graph with vertex set V(Hgsg) = V(H) and wyus € E(Hgg) if and only if
U1MMDu2.

The following theorem tells us that the problem of finding the strong metric dimension

of a graph G is equivalent to determining the a(GgR).
Theorem 2.14 (Oellermann et al. [28]). Let H be a connected graph, then
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sdim(H) = a(Hgg).

The sdim of few well known families of graphs have been determined. We state them

in next section.

2.5 Strong metric dimension of few well known fam-
ilies of graphs

Theorem 2.15 (Sebé et al. [1]). Let H be a non-trivial connected graph of order n, then
sdim(H) =1 if and only if H = P,.

Theorem 2.16 (Sebd et al. [1]). Let H be an n vertex connected graph, then sdim(H) =
n—1if and only if H = K,,.

Theorem 2.17 (Sebd et al. [1]). Let C' be a cycle containing n vertices, then sdim(C') =

51

Theorem 2.18 (Sebd et al. [1]). Let T be a tree having n vertices and 1 leaves, then
sdim(T) =1-1.
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Chapter 3

Strong metric dimension of

generalized Petersen graph

GP(2m,m — 1)

In this chapter we compute the strong metric dimension of special class of graph so called

generalized Petersen graph.

3.1 Introduction

In chapter 2 we discussed the vertex covering number and vertex independence number
of graph GG. In the next theorem we present the famous identity named as Gallai identity
that gives us the relation between vertex covering number, vertex independence number

and order of a graph H.

Theorem 3.1 (Chartrand and Zhang [9]). For every graph H of order n containing no

1solated vertices,

a(H) + B(H) =n.
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The generalized Petersen graph represented as GP(r,s), where r > 3 and 1 < s <

r—1

5|, is a 3-regular graph having vertex set {ui,us,...,u,,v1,vs,...,0,} and edge set

{witis1, wvi, vvi1s, 1 < i < r}, where the indices larger than r will be taken as modulo
r. The generalized Petersen graph was first defined by Watkins [22].

We find the strong metric dimension of generalized Petersen graph GP(2m,m —
1) having vertex set V(GP(2m,m — 1)) = {uy,vi,us, Vo, ..., Usm, Vo } and edge set
{uuisy, wivi, V;Vi4m—1,1 < i < 2m}, where the indices greater than 2m will be taken
as modulo 2m. For our convenience, we call {uj,us,...,us,} as outer vertices and

{v1,v2,..., V9, } as inner vertices of GP(2m, m — 1).

3.2 Strong metric dimension of GP(2m,m — 1) when
m is odd.

In this constituent, we calculate the strong metric dimension of GP(2m,m — 1) for all

m>T7and m=1 (mod 2). Let i,j € {1,2,...,2m}. We define F; and F; as follows:

.7-"1:{k(m—l),k(erl)lOSksz_l}, (3.1)

.7-"2:{k(m—l)—l,k(m+1)+1|0§k§mgl—l}, (3.2)

in such a way that if [ € F; U Fy, then 1 <1 < 2m, or [ is modulo 2m. By varying k
from 0 to mT_l, the set F; contains all even integers from 1,...,2m. Similarly, by varying
k from 0 to mT’l — 1, the set F5 contains all odd integers from 1,...,2m except m. This
shows that |j —i| € F1 UFy U {m}.

Firstly, we compute the mutually maximally distant (hereafter, MMD) vertices in the
generalized Petersen graph GP(2m, m — 1). By using MMD vertices, we construct the
strong resolving graph G Psgr(2m,m — 1) of GP(2m,m — 1) and then we find its vertex

covering number. By Theorem 2.4, the problem of calculating strong metric dimension
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of a graph is converted into determining the vertex covering number of a strong resolving

graph.

Using structure of GP(2m, m — 1), the distances between vertices of GP(2m, m — 1)

are given by:

(a). When |j —i| € Fi:
d(Ui,Uj) = k’,

d(’l}i,u]') =k + 1.

If 21 =0 (mod 2) or [ =1 (mod 2) and k # 2~ then

k k = 0(mod 2),
k+2 k=1(mod 2).

d(ui, Uj) =

If 21 = 1(mod 2) and k = 51, then

(b). When |7 —i| € Fy:
d(Ui,Uj) =k -+ 3,

d(Ui, Uj) =k+2

If 21 =1 (mod 2) or [ =0 (mod 2) and k # ™~ — 1], then

k+1 k=0(mod 2),
k43 k=1(mod 2).

d(ui, Uj) =

If 21 =0 (mod 2) and k = 25+ — 1, then
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(¢). When |j —i| = m:

d(Uz',Uz‘er) = d(ui’ui+m) =4, d(% ui+m) = 3.

(3.11)

We have the following equivalence classes to modulo 2m which will be used in com-

puting the sdim(GP(2m,m — 1)):

1=0)(m+1)+1e F,

T_l) (m—1) e F,

m+1 m—1
2

1 m-—3
m—i—lz(m _n )(m+1)€,7:1,

2 2

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



m+1:(m—1_

5 1)(m—1)—1€f2,

m+mT+1—1—(mT_1—1>(m+1)+1eJ-“2,
mTH+2:<m—_1—3)(m—1)—1€]:2,
+%—35(m7_—3> (m+1)+1€ 5,
m—H—QE(m—1—2>(m+1)+1eFQ,
2 2
m+m—+1 E(mT_l—2>(m—1)—1e}"2,

— 1 -1
m2+ —1E(m——1>(m+1)+1€f2.

If 2=1 =1 (mod 2), then

m+1 m—1
2 2

)(m—l)EE,

1 1
m ﬁ—lz &—1 (m+1) € F,
2 2
1 -1
m—i—lz(m; _m2 )(m+1)€}"1,

1 —1
m—lz(mjL _m )(m—l)e}],

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)



—+25(T—2) (m—1) € F,

1 —1
m_|_£_35(m——2)<m+1)€f17

_ 1 —1
—m+1 m—1
: E<T_1)<m—1)ef1,
1 —1
&_Qz(m——1>(m+1)€}_1,
2 2
1 —1
m;- _’_1_<m—_2)(m—1)—16f2,
1 —1
mr P o= (20 ) mi1)+le R,
2 2
- m_+1:<m_—1_1)(m_1>_1ef2,
2 2
_ m—1
m+ — E(T_l)<m_1>_1€f2’
-1 —1
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(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)



1 1
m+mT—1z<mT—2)(m+1)+1efg, (3.46)

mT—1+25(mT—1_2>(m_1)_16f2, (3.47)

1 1
m + 15(&_2

— 5 ) (m+1)+1¢€eF. (3.48)

2
Theorem 3.2. Let GP(2m,m — 1) be the generalized Petersen graph, where m > 7 and
m =1 (mod 2). Then for each i,j € {1...,2m}, the following hold:

(a). u;MMDu; if and only if |j —i| € {m, 2, ™ + 1, m + = — 1, m + = — 2}
b). Let ™= js odd. Then v;MMDu,; if and only if |j — i| € {ZH m + mH 1},
2 J 2 2
(c). Let T_l is even. Then v;MMDu; if and only if |j —i| € {mTH —1,m+ mTH}
d). Let ™= is odd. Then v;MMDuv; if and only if |j —i| € {m, =L m + ==L 4 1},
2 J 2 2
e). Let ™= js even. Then v;MMDu; if and only if |j —i| € {m, =L m + =L 1},
2 J 2 2

Proof. Let 1,5 € {1,2,...,2m}. Without loss of generality, assume that i < j.
(a). We will show that u;MMDu; if and only if j — i € {m, ==+, ™ 41 m + = —
1,m+ ™= —2}. On contrary, assume j—i ¢ {m, 2 ™ 41 m4 28 — 1 m42H 2}

Case 1. When 5 is odd. From equations (3.30), (3.31), (3.39) and (3.40), it holds
that

1 1 1 1
joiedFAEE L e WG Iy R
2 2 2 2
(3.49)
Subcase I. First assume that j —i € Fy \ {2, m+ 22 — 1}, If k is even, then

from equation (3.5) we get
d(ui, u;) = k.
Also, v; € N(u;) and from equation (3.4), we have
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d(Ui,Uj) =k+1> d(uz,uj)
If k£ is odd, then by equation (3.5)
d(ui, uj) =k + 2.

Let j—i = k(m—1). Note that u;11 € N(u;) and we have j—(i+1) = k(m—1)—1 € F>.
From equation (3.9), we obtain d(u;t1,u;) = k+ 3 > d(u;,u;). This shows that u; and
u; are not MMD. If j —¢ = k(m + 1), then we can write j — (i — 1) = k(m + 1) + 1,
that is, j — (i — 1) € F,. Note that u;—y € N(u;). From equation (3.9), we have
d(u;—1,uj) = k + 3 > d(u;, u;). This proves w; and u; are not MMD.

Subcase II. Next, assume that j —i € F3 \ {mTH +1,m+ mTH — 2}. If k is even,

then from equation (3.9), we obtain
d(u;,uj) =k +1.
We know that v; € N(u;). Therefore equation (3.8) yields
d(vi,uj) = k42 > d(u;, uy).
If k is odd, then equation (3.9) tells us that
d(u;,uj) =k + 3.

First note that w;1, u;—1 € N(u;). Let j —i = k(m —1) — 1. Then j — (i +1) =
ktm—1) =2 =k(m—-1)+2(m—1) = (k+2)(m — 1) € F. From equation (3.5),
we have d(u;t1,uj) = k+4 > d(u;,u;). If j—i =k(m+1)+1, then j— (i —1) =
km+1)+2=k(m+1)+2(m+1) =(k+2)(m+1) € F;. From equation (3.5), we get
d(ui—1,uj) =k +4 > d(u;, uj). Thus u; and u; are not MMD.

Case 2. When 21 is even. From equations (3.14), (3.15), (3.22) and (3.23), it holds
that

1 1 | 1
j—z'e{Fl\{%Hmw%—2}}u{5\{%,m+%—1}}.
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Subcase I. First assume that j —i € F; '\ {mTH +1,m+ mTH — 2}. If k is even, then

from equation (3.5), it is clear that
d(u;, uj) = k.
We know that v; € N(u;). Hence from equation (3.4), we obtain
d(vi,u;) = k+1 > d(w;, u;).
If k is odd, then equation (3.5) yields
d(u;, u;) =k + 2.

Let j—i = k(m—1). Then j—(i+1) = k(m—1)—1, that is, j— (i+1) € F2. We know that
uiy1 € N(u;). By using equation (3.9), we get d(u;t1,u;) = k+ 3 > d(u;, u;). Note that
ui—1 € N(u;). Therefore if j —i = k(m+1), then we have j — (i—1) = k(m+1)+1 € F.
Again using equation (3.9), we note that d(w;_1,u;) = k + 3 > d(u;,u;). This shows u;
and u; are not MMD.

Subcase II. Assume that j —i € Fy \ {mTH, m + mTH — 1}. If k is even, then from

equation (3.9), we have
d(u;,uj) =k +1.
Also v; € N(u;) and from equation (3.8), we get
d(vi,u;) = k42 > d(u;, uy).
If k& is odd, then equation (3.9) tells us that
d(u;,uj) =k + 3.

Note that w;11, u;—1 € N(u;). Let j—i = k(m—1)—1. Then we can write j—(i+1) =
kE(m—1)—2=(k+2)(m —1) € F;. From equation (3.5), we have d(u;+1,u;) = k+4 >
d(uj,uj). f j—i=k(m+1)+1,then j—(i—1) =k(m+1)+2=(k+2)(m+1) € F;.
Again from equation (3.5), we have d(u;_1,u;) = k +4 > d(u;,u;). From above we

conclude that u; and u; are not MMD.
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Now we prove the converse. As GP(2m,m — 1) is 3-regular graph, so for proving
w;MMDu; we show that for each w; € N(u;) the distance d(w;, u;) < d(u;,u;) and vice
versa.

Case 1. When mT’l is odd. Let 7 —¢ = m. We know that

N(u;) = {vi, vir1, uia },
N (Uiym) = {Vitm, Witmi1; Yigm—1}-
From equation (3.11), we have
d(u;, uj) = 4.

From equations (3.32), (3.33), (3.5) and (3.11), we get
d(ui_l, Uj) = d(ui+1, Uj) = d(Ui7 Uj) = d(uz, Uj+1> = d(uz, uj—l) = d(u“ ’Uj) = 3.
Thus u;MMDu; 1, .

Now let j —1 = mT“ We know that

N(ui) = {vi, tis1, ui-1},
N(uz+mT+1) = {Uz‘erT“a Ujpmtl y, ui+’"T+171}'

Equations (3.30) and (3.6) yields

We first show u;MDu;.

(1). Note that j—(i—1) = ™ +1. From equations (
(2). We have j— (i+1) = ™ —1. From equations (
(3). From equations (3.30) and (3.4), d(v;,u;) = =L,

Next we show that u;MDu;.

(1). We have (j+1) —i = ™ 4 1. From equations (3.39) and (3.9), d(u;, uj41) = 2.
(2). Also (j — 1) —i =" — 1. From equations (3.48) and (3.9), d(u;, uj_1) = 25+

(3). From equations (3.30) and (3.4), d(u;, v;) = ™.
From above, u; and u; are MMD.

Now let j —1 = mT“ + 1. We know that
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N(u;) = {vi, i1, ui—1},

N(Ui+mT+1+1) = {Ui+mT+1+17ui+mT+1+27ui+mT+l}‘
From equations (3.39) and (3.9), we obtain

d(Ui, Uj) = mT—H

First we prove u;MDu;.

(1). Note that j — (i — 1) = 2 + 2. Using equations (3.34) and (3.5), we get
d(ui—bj) = mTfl

(2). We have j — (i+1) = 2+, By equations (3.30) and (3.6), we obtain d(u;y1,u;) =

m+1
5 -

(3). From equations (3.39) and (3.8), d(v;,u;) = L.

We next prove that u;MDu;.

(1). Since (j + 1) — i = ™ + 2. From equations (3.34) and (3.5), d(u;, ujp1) = 2.
(2). We have (j —1) —i = 2. From equations (3.30) and (3.6), d(u;, uj—1) = .
(3). By using equations (3.39) and (3.8), d(u;, v;) = 5.

Thus w; and u; are MMD.

Now assume that 7 —7 =m + mTH — 1. We know that
N(Uz) = {Uiaui—i—laui—l}y
N(Ui+m+mT+1—1) = {Uz‘+m+mT“—1auz'+m+mT“—27Uz‘+m+mT+1}-
Equations (3.31) and (3.6) tells us that
d(ui, ug) = mH.

We first prove that u;MDu;.

|
—

(1). We have j—(i—1) = m+™. From equations (3.41) and (3.9), d(u;_y, u;) = Z5*.
d(3.9),d

(2). Also j—(i+1) = m+ ™ —2. From equations (3.40) and (3.

3
=

(Uigr,uj) =

w‘

(3). By using equations (3.31) and (3.4), we obtain d(v;, u;) = 7.

Now we prove that u;MDu;.

—_

(1). Note that (j+1)—i = m-+2. From equations (3.41) and (3.9), d(u;, uj41) = “5*.
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(2). We have (j —1) —i = m+ ™ —2. From equations (3.40) and (3.9), d(u;, uj—1) =
m+1
.
(3). From equations (3.31) and (3.4), d(u;, v;) = ™52
This shows u; and u; are MMD.

Suppose j —i =m + mT“ — 2. We know that

N(u;) = {vi, i1, Ui—1},
N(“z‘+m+mT+1—2) = {/Ui—&—m—l-mTH—% Ui g mtl 3, uz+m+mT+1—1}-

From equations (3.40) and (3.9), we get

d(ug, uj) =

We first prove that u;MDu;.
(1). We have j — (i — 1) = m+ ™ — 1. From equation (3.31) and (3.6), d(u;_1, u;) =
m+l
=
(2). Note that j — (i +1) = m + ™ — 3. By using equations (3.35) and (3.5), we get

d(wir1, uj) = 254

(3). From equations (3.40) and (3.8), d(v;,u;) = L.

Now we show that u;MDu;.

(1). We have (j+1)—i =m+ ™ —1. From equations (3.31) and (3.6), d(u;, uj41) =
m+1

.

(2). Note that (j — 1) —i = m + ™ — 3. By using equations (3.35) and (3.5), we
have d(u;, uj—1) = 2.

(3). From equations (3.40) and (3.8), d(u;,v;) = ™.

Thus u; and u; are MMD.

Case 2. When ™ is even.

2

Assume j — ¢ = m. We know that

N(Uz) = {Uiu Uit1, Ui—1}7

N(uz—i—m) = {Ui+ma Uitm+1, ui+m—1}-
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From equation (3.11), we have
d(ui, Uj) = 4.

We first show that w;MDu;.
(1). Note that j — (i — 1) = m + 1. From equations (3.16) and (3.5), d(u;—1,u;) = 3.
(2). Also j — (i +1) = m — 1. From equations (3.17) and (3.5), d(u;+1,u;) = 3.
(3). From equation (3.11), d(v;, u;) = 3.
Now we show that u;MDu,.
(1). We have (j + 1) — i = m+ 1. From equations (3.16) and (3.5), d(u;, uj41) = 3.
(2). Note that (j — 1) —i =m — 1. From equations (3.17) and (3.5), d(u;, u;—1) = 3.
(3). From equation (3.11), d(u;,v;) = 3.
Thus v; and u;y,, are MMD.

Now assume j — ¢ = mT“ We know that

N(Uz) = {Uz‘, Uit1, Ui—1}7

N<ui+mT+1) - {Ui—l-mTH?ui—l-mTH—i-l’ui—l-mTH—l}'
From equations (3.22) and (3.10), we obtain

d(ui, Uj) = mTH

We first show u;MDu;.
(1). As j—(i—1) = ™ +1, therefore equations (3.14) and (3.5), gives us d(u;_1,u;) =
m+1
S
(2). Using equations (3.18) and (3.5), we have d(u;11, u;) = 2+ for j—(i41) = = —1.
(3). Using equations (3.22) and (3.8), we obtain d(v;, u;) = 2.
Now we show that u;MDu;. We consider three cases,
(1). We have (j+1) —i = ™ 4 1. From equations (3.14) and (3.5), d(u;, uj41) = 2.
d (3.5),d

(3). Using equations (3.22) and (3.8), we obtain d(u;,v;) = ™5=.

(2). Note that (j—1)—i = 2 —1. From equations (3.18) an (ug, uj—1) = 5=,

—_

This shows u;MMDu;.
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Suppose j —i = mTH + 1. We know that

N(u;) = {vi, vip1, ui1 },
N(Ui+m7+1+1) = {Ui+mT“+1aui+mT“+2aui+mT“}-
From equations (3.39) and (3.5), we obtain

d(ui, Uj) = mTH

We first prove u; is maximally distant from ;.

(1). As j — (i — 1) = 2 4 2, therefore from equations (3.34) and (3.9), we have

d(ui-1,uj) = 24
(2). Note that j — (i+1) = . From equations (3.30) and (3.10), d(ui41, u;) = 25
(3). By equations (3.39) and (3.4), we get d(v;,u;) = 2.
Next we show that u; is maximally distant from w;.
(1). For (j+1) —i = 2 + 2. We get d(u;, uj41) = “5+ by using equations (3.34)
and (3.9).
(2). Since (j — 1) —i = ™ 50 from equations (3.30) and (3.10), d(u;, uj_1) = ™.
(3). Equations (3.39) and (3.4) yields that d(u;,v;) = (Z52).
This shows w; and u; are MMD.
Letj—z':m—l—mT“—l. We have

N (u;) = {vi, wig1, ui-1},
N(Ui+m+m7+1—1) = {Ui-f—m-‘rmT'H—l’ ui+m+mT‘H—27ui+m+mT+1}'
From equations (3.23) and (3.10), we get

d(ug, uj) = 25

We first prove that u;MDu;.
(1). As j — (i — 1) = m + =, therefore from equations (3.19) and (3.5), we obtain

d(ui_l, Uj) = mT—l

(2). Note that j — (i + 1) = m + 2 — 2. From equations (3.15) and (3.5), we get

d(wiyr, uj) = 5
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(3). Using equations (3.23) and (3.8), we obtain d(v;, u;) = 5.
Next we show that u; MD u,.

(1). We have (j +1) —i = m + ™. Using equations (3.19) and (3.5), we get

d(ui,ujﬂ) = mT
(2). For (j —1) —i = m+ ™ — 2, equations (3.15) and (3.5) yields that d(u;, u;—1) =

m+1
5 -

(3). From equations (3.23) and (3.8), d(u;,v;) = ™.
Thus u; and u; are MMD.

Assume j —i=m + mTH — 2. We know that

N(Uz) = {Uiaui+1;uz’—1}7

N(Ui+m+m7“f2) = {vi+m+mT+172’ Ui pmq mtl_3; Uz’+m+mT+171}-
By using equations (3.15) and (3.5), we obtain

d(ug, uj) = 5

First we show that u;MDu,;.
(1). We have j—(i—1) = m+ 2 —1. From equations (3.23) and (3.10), d(u;—1, u;) =

m+1
=
(2). Note that j— (i4+1) = m+ " — 3. From equations (3.25) and (3.9), d(u;y1,u;) =

m—1

T2
(3). Using equations (3.15) and (3.4), we have d(v;, u;) = %52
Next we show that u;MDu,.

(1). We have (j+1) —i = m+ ™ — 1. From equations (3.23) and (3.10), d(u;, uj41) =

m+1
me.
(2). Note that (j —1)—i = m~+ "= —3. From equations (3.25) and (3.9), d(u;, uj_1) =

m—1

5 -

m—1

(3). By using equations (3.15) and (3.4), we obtain d(u;,v;) = ™5=.
Thus v; MMD wu;.
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(b). Let ™+ is odd. Then we will prove that v; MMDu; if and only if j —i € {5, m+

)

On contrary, assume that j — i ¢ {Z m + ™H — 1}, Since " is odd, therefore
equations (3.30) and (3.31) tells us that
1 1
j—@'e{fl\{%,m+%—1}}u{fg}u{m}. (3.51)

Subcase I. First assume that j —i € F; \ {mT*l, m + mTH — 1}. Then from equation

(3.4), we get
d(vi, Uj) =k+1

When £ is even. We know that u;_; and w1 € N(u;). Suppose j—i = k(m—1). We can
write (j—1)—i = k(m—1)—1 € F,. From equations (3.8), d(v;, uj_1) = k+2 > d(v;, u;).
Let j —¢ =k(m+1). Then (j+1)—i =k(m+1)+1 € Fp. From equation (3.8)
d(vi, ujr1) =k +2 > d(v;, u;).

Next, suppose k is odd. Also u; € N(v;). Then from equation (3.5), we have
d(ui, 'LL]') =k+2> d('Ui,Uj).

Thus v; and u; are not MMD.

Subcase I1. Now suppose that j — i € F5. Then equation (3.8) yields
d(Ui, Uj) =k + 2.

When k is even. Let j—i = k(m—1)—1. Then (j—1)—i =k(m—1)—2 = (k+2)(m—1) €
Fi. Also uj_1 € N(u;). From equation (3.4), we get d(v;,uj_1) =k +3 > d(v;,u;). If
j—i=k(m+1)+1, then we know that u;;; € N(u;). Also (j+1)—i=k(m+1)+2=
(k+2)(m+1) € Fi. From equation (3.4), d(v;, wj41) = k+ 3 > d(v;, u;).

Next, suppose k is odd and we know that w; € N(v;). From equation (3.9), we get

d(u;, uj) =k + 3 > d(v;, uy).
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Summing up, we conclude that v; and w; are not MMD.
Subcase III.

Let j — ¢ € m. Then from equation (3.11), we have
d(vi, Uitm) = 3.

We know that u; € N(v;). Then again from equation (3.11), we obtain
A, i) = 4.

This shows v; and u; are not MMD.
Now we prove the converse.

Let j —1= mTH We know that

N(Uz’) = {Ui>Uz‘+m+1, Ui+m—l}a

N(uz+mT“) = {vi+mT“aui+mT“+1aui+mT“—1}-

From equations (3.30) and (3.4), we obtain

d(vi, u]') = T+l

We first show that v;MDu;.
(1). Since j — (i + m + 1) = =2 — 1, therefore using equations (3.36) and (3.4), we

get d(“i—&—m-ﬁ-la U]') = mT-H

(2). Note that j — (i +m — 1) = =2+ + 1. From equations (3.37) and (3.4),

d(vi+m—17 Uj) = mT_l

(3). By equations (3.30) and (3.6), d(u;, u;) = 5.

Next we show that u;MDuv;.

—

(1). We have (j+1)—i = = +1. From equations (3.39) and (3.8), d(v;, uj41) = Z5+.
(2). Note that (j—1)—i = "™ —1. From equations (3.48) and (3.8), d(v;, uj_1) =

3
Ik

(3). Equations (3.30) and (3.3) yields d(v;, v;) = 7.
This proves v; and u; are MMD.

Suppose j —i=m + mT“ — 1. We know that
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N(Uz’) = {Um Vitm+41, Ui+m—1}a

N(ui+m+mT+1—1) = {Ui+m+mT+1—17ui+m+mT+lf27ui+m+mT+l}'
From equation (3.31) and (3.4), we get

d(vi, Uj) = T+l

We will show that v;MDu;.

(1). From equations (3.38) and (3.4), d(viym+1,u;) = 2L for j— (i+m+1) = 2 -2,

(2). For j — (i +m —1) = ™ we get d(vipm-1,u;) = "+ by using equations (3.30)
and (3.4).

(3). By using equations (3.31) and (3.6), d(u;, u;) = “+.

Next, we prove u;MDuv;.

(1). We have (j+1)—i = m+ ™. From equations (3.41) and (3.8), d(v;, uj41) = 2.

(2). Note that (j—1) —i = m+ " —2. From equations (3.40) and (3.8), d(v;, uj_1) =

m—1

5
(3). By using equations (3.31) and (3.3), d(v;, v;) = =L
This proves v; MMDu;.
(c). Let mT_l is even. Then we will prove that v;MMDu, if and only if j — 7 €

{2 —1,m+ =}, On contrary, assume that j —i ¢ {5 —1,m + 2}

Since ™1 is even, therefore from equations (3.18) and (3.19), it holds that

j—z'e{Fl\{mTH—l,ermTH}}U{FZ}U{m}. (3.52)

Subcase I. Suppose that j —i € F;\ mTH —1,m+ mTH} Then from equation (3.4),

we have
d(Ui,Uj) =k+1

Let k is even. Note that u;_; and u;41 € N(u;). Let j —i = k(m — 1). We can write

(j—1)—i=k(m—1)—1¢€ F. From equation (3.8), we obtain d(v;,uj_1) = k+2 >
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d(vi, uj). If j—i = k(m+1), then we have (j+1) —i = k(m+1)+1 € F,. From equation
(3.8), we get d(v;, uji1) =k +2 > d(v;, ;).
Now suppose k is odd and u; € N(v;). From equation (3.5), we get

d(ui,uj) =k+2> d(Uz‘,Uj).

This shows v; and u; are not MMD.
Subcase II.
Suppose that j —i € F5. Equation (3.8) tells us

d(Ui, Uj) = k? —|— 2

Suppose k is even. Let j —i = k(m — 1) — 1. Note that u;_; € N(u;). We have
GJ—1)—i=km—-1)—2 = (k+2)(m—1) € F;. From equation (3.4), we obtain
d(vi,uj—1) =k +3 > d(v;,u;j). Assume j —i = k(m+ 1)+ 1. Then we have (j+1) —i =
Em+1)+2 = (k+2)(m+1) € Fi. As we know that u;41 € N(u;), therefore from
equation (3.4), d(vi, uj+1) =k + 3 > d(v;, u;).

Next, suppose k is odd. We know that u; € N(v;). From equation (3.9), we obtain
d(ui, Uj) =k+3> d(UZ',Uj>.

This shows v; and u; are not MMD.
Subcase III.

Assume that j —i € m. From equation (3.11), we have
d(vi, Uiym) = 3.
We know that u; € N(v;). By using equation (3.11), we get
AU, Uirrm) = 4 > d(vs, Uiy

Thus v; and u; are not MMD.
Now we prove the converse.

Suppose j — i = mT“ — 1. We know that
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N(Uz’) = {Um Vitm+41, Ui+m—1}a

N(UH’”T“A) = {UHmTﬂflauHmT“vummT“fz}-
From equations (3.18) and (3.4), it holds that

d(UZ‘, Uj) = mT—H

We show v;MDu;.

(1). We have j—(i+m+1) = =2 —2. From equations (3.20) and (3.4), d(viymt1, u;) =

m—1

T2
(2). Note that j—(i+m—1) = =2+ From equations (3.21) and (3.4), d(vim—1,u;) =

mil
(3). By using equations (3.18) and (3.5), we obtain d(u;, u;) = “*.
Next, we prove that u;MDuv;.
(1). As (j + 1) —¢ = =, therefore using equations (3.22) and (3.8), we have

d(?]z‘, Uj+1) = mTH

(2). Note that (j—1)—i = ™ —2. From equations (3.26) and (3.8), d(v;, uj_1) = “5.
(3). Equations (3.18) and (3.3), tells us that d(v;, v;) = 5.
Thus v; MMDu;.

Now suppose that j —i =m + mT“ We know that

N(vi) = {Ui, Vigms1; Vitm—1},
N(Ui+m+m7+1) = {Ui+m+mT+lv ui-l—m-&-mTH—l’ui-&-m-i-mT“-&-l}'

Equations (3.19) and (3.4), yields

We show that v;MDu;.
(1). We have j—(i+m+1) = ™= —1. From equations (3.18) and (3.4), d(vim+1,u;) =

m—+1
5 -

(2). Note that j—(i+m—1) = ™ +1. From equations (3.14) and (3.4), d(vism—1,u;) =

m—1

5 -

43



(3). By using equations (3.19) and (3.5), we get d(u;, u;) = 5.

Now we prove that u; MD wv;.
(1). We have (j+1) —i = m+ " + 1. From equations (3.27) and (3.8), d(v;, uj41) =

m—1

T2
(2). Note that (j—1) —i = m+ " — 1. From equations (3.23) and (3.8), d(v;, uj_1) =

m+1
Sl
(3). By using equations (3.19) and (3.3), d(v;, v;) = L.
This proves v; and u; are MMD.

(d). Let mT_l is odd. Then we will prove that v;MMDwv; if and only if j — i €

{m, 2 m + =L 4 1}
On contrary, suppose that j —i ¢ {m, mT’l, m+ mTfl +1}. Since mT’l is odd, therefore

from equations (3.43) and (3.42), it holds that

1 1
j—z'e]:lu{]-"g\{mQ m+ +1}}. (3.53)

2
Subcase I. First assume that j — ¢ € F;. Then from equation (3.3), we have
d(v;,vj) = k.
We know that u; € N(v;). From equation (3.4), we get
d(vi,u;) = k41> d(v;, v ).

Hence v; and v; are not MMD.
Subcase I1.
Next, assume that j —i € Fy \ {m747 m + m74 + 1}. Then from equation (3.7), we

obtain
d(Ui, Uj) =k + 3.

Note that vjimi1,Vjrm—1 € N(vj). Let j —i = k(m + 1) + 1. We can write (j +
m+1)—i=km+1)+1+m+1=(k+1)(m+1)+1¢€ F,. From equation (3.7),
we have d(Vjimi1,v:) = k+4 > d(v;,v;). If j —i = k(m — 1) — 1, then we have
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G+m—-1)—i=km—1)—1+m—1=(k+1)(m—1) — 1 € F,. By equation (3.7),
d(?]j+m_1, Ui) =k+4> d(’l}i, Uj).
This shows that v; and v; are not MMD.

Now we prove the converse. Let j —¢ = m. We know that

N<UZ> = {ui7 Vitm+1, Ui—l—m—l)};

N(Ui+m) = {Ui+1, Vi-1, ui+m}-
From equation (3.11), we get
d(”l)i, 'Uj) =4,

We first show that v;MDu;.
(1). We have j — (¢ +m — 1) = 1. From equations (3.12) and (3.7), d(vitm—1,v;) =3
(2). Note that j— (i+m+1) = —1. From equations (3.13) and (3.7), d(Viym+1,v;) = 3.
(3). From equation (3.11), d(u;, v;) = 3.
Next we prove that v;MDuv;.
(1). We have (j —m + 1) —i = 1. From equations (3.12) and (3.7), d(v;, vi+1) = 3.
(2). Note (j —m — 1) —i = —1. From equations (3.13) and (3.7), d(v;, v;—1) = 3.
(3). From equation (3.11), d(v;, u;) = 3.
This shows that v; and v; are MMD.

Suppose j — i = mT’l We know that

N(”i) = {ui, Vitm+1, Ui+m71}a

N(Uwrm;l) = {“z’+mT*1+m+1a Ui+mT*1+m71»Uz‘+mT*1}-
From equations (3.43) and (3.7), we obtain

d(’Ui, Uj) = mT-Q—3

We first show that v; MD wv;.

(1). As j — (i +m+1) = =2=% — 1, therefore equations (3.44) and (3.7) tells us that

d(vi-i-m-i-lv Uj) = mT—H
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(2). From equations (3.45) and (3.7), we have d(vim—1,v;) = 53 for j— (i+m—1) =

=m=1 4,

(3). Using equations (3.43) and (3.8), we get d(u;, v;) = 25

Now we show that v;MDu;.

(1). We have (j + m + 1) —i = m + ™1 + 1. From equations (3.42) and (3.7),
d(vi, Vjemr) = 2.

(2). Note that (j +m — 1) —i = m + -1 — 1. From equations (3.46) and (3.7),
d(Uz',Ujer—l) = mTH
(3). By using equations (3.43) and (3.8), we obtain d(v;, u;) = 7.
Hence v; and v; are MMD.

Supposej—i:m—l—mTfl—i- 1. We have

N(Ui> = {ui7vi+m+17 Ui+m—1}7
N(Uz’+m+m7*1+1) = {Ui+mT*+2vUi+mT*>Ui+m+mT*}-

Equations (3.42) and (3.7) yields

We first show that v; MDuj.
(1). We have j—(i+m—1) = -1 4+2. From equations (3.47) and (3.7), d(vim—1,v;) =

m+1
5 -

(2). Note that j — (i+m+1) = %, From equations (3.43) and (3.7), d(vitm+1,v;) =

m—+3
5 -

(3). Using equations (3.42) and (3.8), we have d(u;, v;) = "
Next we show that v;MDuv;.
(1). We have (j—m+1)—i = -1 +2. From equations (3.47) and (3.7), d(v;, vj_p41) =

m+1
5 -

(2). Note that (j —m—1) —i = . From equations (3.43) and (3.7), d(v;, vj_p—1) =

m+3
5 -

(3). We have d(v;, u;) = ™ by using equations (3.42) and (3.8).
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This proves that v; and v; are MMD.

(e). Let mT_l is even. Then we will prove that v;MMDuv; if and only if j — ¢ €
{m, 2 m 4 L — 13,

On contrary, assume that j —i ¢ {m, = + ,m+ m“ —1}. Since ™= is even, therefore
from equations (3.22) and (3.23), it holds that

1 1
j—ie}"lu{]:g\{m;_ ,m+m; —1}}. (3.54)

Subcase I. First assume that j — i € F;. From equation (3.3), we have
d(v;,vj) = k.
We know that u; € N(v;), therefore from equation (3.4), we get
d(u;,v;) = k41> d(v;,v5).

This shows v; and v; are not MMD.
Subcase I1.
Suppose that j —i € Fo \ {2, m + =2 — 1},

Then from equation (3.7), we obtain
d(?}i, Uj) =k+3.

Note vjimi1 € N(v;). Let j —i = k(m+ 1)+ 1. We can write (j + m+1) —i =
Em+1)+1+m+1=(k+1)(m+1)+1 € F. From equation (3.7), we have

U

(
(Vjgms1,v) = k+4 > d(v,vj). If j—i =k(m—1)—1, then (j+m—1)—1i =
km—1) =1+ m—1=(k+ 1)(m — 1) — 1 € F,. Using equation (3.7), we obtain
(

d(Vj4m—-1,v;) =k +4 > d(v;,v;). This shows that v; and v; are not MMD.
Now we prove the converse.

Let j — 7 =m. We know that

N(v;) = {ui7vi+m+1a Ui+m—1}a

N(Uz‘+m) = {Uz‘+1, Vi—1, ui+m}'
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From equation (3.11), we have
d(?)i, Uj) = 4.

We first show that v;MDuv;.
(1). We have j — (i +m — 1) = 1. From equations (3.12) and (3.7),
d(Vitm—1,vj) = 3.
(2). Note that j— (i+m+1) = —1. From equations (3.13) and (3.7), d(Vitm+1,v;) = 3.
(3). By using equation (3.11), we obtain d(u;,v;) = 3.
Next we show that v;MDuv;.
(1). Since (j —m + 1) — i = 1, therefore from equations (3.12) and (3.7), we have
d(vi, vir1) = 3.
(2). From equations (3.13) and (3.7), we get d(v;,v;—1) =3 for (j —m —1) —i = —1.
(3). Equation (3.11) yields that d(v;, u;) = 3.
This shows that v; and v; are MMD.

i 5 — mtl
Suppose j —i = "5=. We know that
N (vi) = {ui, Vigmi1, Vigm—1},
N(,Ui_,’_m;l) = {Ui+m;1+m+1, Ui+m;»1+m_1, uH_m;rl }

From equations (3.22) and (3.7), we get

d(vi,v5) = .

We first show that v; MDuv;.
(1). We have j—(i+m+1) = =2 —1. From equations (3.29) and (3.7), d(vim+1,v;) =

m+3
=,
(2). Note that j — (i + m — 1) = =2+ 4+ 1. From equations (3.28) and (3.7),
d(Uierfl,Uj) = mTH

(3). From equations (3.22) and (3.8), d(u;, v;) = ™.
Next We show that v;MDu;.
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(1). Using equations (3.27) and (3.7), we get d(v;, vjma1) = 25 for (j+m+1) —i =
m+ ™ 41

2). As (j+m —1) —i =m+ 2 — 1, therefore from equations (3.23) and (3.7), tells
2

us that d(v;, vjpm-1) = 2.

(3). Using equations (3.22) and (3.8), we obtain d(v;, u;) = 5.

Hence v; and v; are MMD.

Suppose that j —i =m + mT“ — 1. We know that

N(Uz‘) = {Ui>Uz‘+m+1, Ui+m—1}a

N(Uz‘+m+mT+1—1> = {Uz‘+mTH—27Ui+mT“>ui+m+mT“—1}-
From equations (3.23) and (3.7), we get

d(vi,v;) = 2.

We first show that v;MDuvj.
(1). We have j — (i +m —1) = . From equations (3.22) and (3.7), d(vitm-1,v;) =

m—+3
5 -

(2). Note that j—(i+m+1) = ™ —2. From equations (3.26) and (3.7), d(vi1m+1,v;) =

m—+1
5 -

(3). By using equations (3.23) and (3.8), we get d(u;,v;) = ™.
Next, we show that v; is maximally distant from v;.
(1). We have (j —m+1) —i = 2. From equations (3.22) and (3.7), d(v;, vj_p1) =

m+3
2

2). Note that (j—m—1)—i = ™1 -2, From equations (3.26) and (3.7), d(v;, Vj_m_1) =
2 j

m+1
me.
(3). By using equations (3.23) and (3.8), we have d(v;, u;) = 5.

Hence v; and v; are MMD.

This completes the proof.
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In Theorem 3.2, we have seen that only these pair of vertices are mutually maximally
distant vertices in GP(2m, m — 1). We know that only these vertices will be adjacent in

strong resolving graph GPsg(2m,m — 1) of GP(2m,m — 1).
Theorem 3.3. Let m > 7 and m = 1 mod 2. Then B(GPsg(2m,m — 1)) = m.

Proof. Leti,j € {1,2,...,2m} and we construct the largest independent set for G Psr(2m, m—
1) from S = V(GPsr(2m,m — 1)) = {uy, ug, . .., Usm, V1, Vay . . ., Vo }-

Suppose mT’l is odd. By Theorem 3.2, the vertices u; and u; are adjacent in G Psg(2m, m—
1) if and only if |j — 4| € {m, ™+, 2 + 1 m+ 25 — 1, m+ 2 — 2}, Similarly vertices
v; and v; are adjacent in GPsg(2m, m — 1) if and only if |j —i| € {m, "+, m+ 2+ +1}.
Also the vertices v; and w; are adjacent in GPsg(2m,m — 1) if and only if |j — | €
{mTH, m+ mTH —1}. Suppose u; is contained in an independent set S, then u; ¢ S where
j =1+ mTH and i € {1,2,...,2m}. Otherwise, u; ~ u; contradicts the definition of
independent set. Likewise, let v; is contained in an independent set S, then v; ¢ S where
J =1+ mTfl and i € {1,2,...,2m}. By removing these vertices from S we construct a
new set S1 = {uy, us, ...  Umst1, U, Vg, ,vaq}. It is straight forward to observe that Sy
is largest independent set.

Now suppose that mT’l is even.

By Theorem 3.2, the vertices u; and u; are adjacent in GPgg(2m, m — 1) if and only
if [j —i| € {m, mTH, mT“ +1,m+ ’”TH —1,m+ ’”TH — 2}. Similarly, vertices v; and
v; are adjacent in GPsp(2m,m — 1) if and only if |j —i| € {m, ™= m 4+ = — 1}
Suppose w;, v; are contained in an independent set S, then wu;,v; ¢ S where j = i +
mTH and ¢ € {1,2,...,2m}. Otherwise, u; ~ u; and v; ~ v; which contradicts the
definition of an independent set. By removing u; and v; from S, we construct a new set,
S1 = {uy,us, ... JUmt, V1, Vg, - . ,vaH}. Also note that v; and Ui me1_y are adjacent in
GPsg(2m, m — 1). Since we assumed v; € Sy, then Uiy mit ¢ S1. Thus we have a new
set Sy = {uy, usg, . .. JUm_1,V1, Vg, . ,vaH}. It is straight forward to observe that Sy is

largest independent set.
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Hence B(GPsr(2m,m — 1)) = m.
O]

Theorem 3.4. Let GP(2m,m — 1) be the generalized Petersen graph, where m > 7 and
m =1 (mod 2). Then (sdimGP(2m,m — 1)) is 3m.

Proof. The order of GP(2m, m — 1) is 4m. By Theorem 3.1 and Theorem 3.3, the vertex
covering number of GPsgr(2m, m — 1) is 3m. Hence by Theorem 2.4, sdim(GP(2m,m —

1)) = a(Gggr(2m,m — 1)) = 3m. O

In next section, we compute strong metric dimension of GP(2m,m — 1) for m > 6 and

m =0 (mod 2).

3.3 Strong metric dimension of GP(2m,m — 1) when
m is even.

Let m = 0 (mod 2) and m > 6 and also let i,j € {1,2,...,2m}. We define F3 and F,
by:

Fy={km—1).km+1)]0<k< 1, (3.55)
Fi={bm—1)—1Em+1)+1]0<b < —2}, (3.56)

in such a way that if [ € F3 or Fy, then 1 < [ < 2m, otherwise [ is modulo 2m. When
0<k<%, andlet k=0 (mod 2) or k =1 (mod 2), then the set F3 contains even and
odd integers respectively of the form k(m—1) or k(m+1) from 1,...,2m. Similarly, when
0<k<% -2 andlet k=0 (mod2)or k=1 (mod 2), then the set F, contains odd
and even integers respectively of the form k(m — 1) — 1 or k(m + 1) + 1 from 1,...,2m.
This shows that |j —i| € F3 U F, U {m}.
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Let GP(2m,m — 1) be the generalized Petersen graph, where m > 6 and m = 0

(mod 2). Let i,j € {1,2,...,2m}. Then using structure of GP(2m,m — 1), the distances

between vertices of GP(2m,m — 1) are given by:

(a). When |j —i| € F3:

k k = 0(mod 2),
kE+2 k=1(mod 2).

If # =1 (mod 2) and k = 7, then
d(ui,uj) = k.
(b). When |j — 1| € Fy:

d(’UZ', Uj) = k? -+ 3,

d(’l)i, ’LLJ') =k -+ 2,

k+1, k=0(mod 2),
k43, k=1(mod 2).

d(ui, Uj) =

(¢). When |j —i| = m:

d(Ui7Uj> = 47 d<uj7vl) = d(“zavj) = 37 d(ul?uj) =4.

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

We have the following equivlance classes to modulo 2m which are helpful for computing

sdim(GP(2m,m — 1)) where m is an even integer.

(3.65)

(3.66)



1=0)(m+1)+1€Fy,

—1=0)(m—-1)—1¢€ F,.

If % =0 (mod 2), then

?+1E(%—2>(m—1)—1€f4,
%_15(%—1>(m+1)€f37
%_1E<%—2)(m+1)+1eﬁ,

m+m+1z<ﬂ—2>(m—l)—1€f4.
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(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)



If % =1 (mod 2), then

m+%—2£<%—2>(m+1)€}—37

m
2

= (%) (m+1) € Fs,

m+m_1;<m—2>(m+1)+1€f47

2123
for= (G-t
2= ()
fee= (- nen
= () e e,

ﬂ_1;<@—2)(m+1)+1€}—4,
_15(%—1)(m+1)€f37

m+ 1= (T -1 m-1exn,

S+1=(F-)m-ner

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

Theorem 3.5. Let GP(2m,m — 1) be the generalized Petersen graph, where m > 6 and

m =0 (mod 2). Then for eachi,j € {1,...,2m}, the following holds:
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(a). w;MMDu; if and only if |j —i| € {m,F +1,m + % — 1}.

(b). v;MMDu; if and only if [j —i| € {5, m+ F}.

(¢). v;MMDuw; if and only if |j —i| = m.

Proof. Let 1,5 € {1,2,...,2m}. Without loss of generality, assume that i < j.
(a). We prove u;MMDu; if and only if j —i € {m, § +1,m+ % —1}.

Suppose that j —i ¢ {m, 5 +1,% +m — 1}.
Case 1. When % is odd. From equations (3.81) and (3.82), it holds that

j—ie{fguf4\{%+1,%+m—1}}. (3.90)

Subcase 1. Let j —i € F3. If k is even, then from equation (3.59), we have
d(ui, u;) = k.
Also v; € N(u;). Equation (3.58) yields
d(vi,u;) = k+ 1.
Thus d(v;, uj) > d(u;, u;), that is, u; and u; are not MMD.
If k is odd, then equation (3.59) tells us that
d(ui, uj) =k + 2.

Let j —i = k(m — 1). Note that u;4; € N(u;) and j — (i + 1) = k(m — 1) — 1, that is,
j— (i+1) € Fy. By equation (3.63), d(uit1,u;) = k+ 3. Thus d(uit1,u;) > d(u;, uj).
Let j—i=k(m+1). Then (j+1)—i=Fk(m+1)+1, thatis, (j+ 1) —i € Fy. Also
uj+1 € N(u;). By equation (3.63), d(w;, ujr1) = k+3 > d(u;, u;). Thus u; and u; are not
MMD.

Subcase 2. Next, assume that j —i € Fy \ {% +1, 5 +m— 1}. If k£ is even, then

from equation (3.63), we have
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Note that v; € N(u;). Using equation (3.62), we have
d(Ui, Uj) =k+2.

Thus d(v;, uj) > d(u;, u;), that is, u; and u; are not MMD.

If k£ is odd then, from equation (3.63), we have
d(u;, u;) =k + 3.
Let j —i=k(m —1) — 1. Then
G- —i=k(m—-1)—-2=k(m—-1)+2(m—1)=(k+2)(m—1).
That is, (j — 1) — ¢ € F3. But d(ui, uj—1) = (k4 2) +2 > d(u;, uj).
Let j —i=k(m+1) + 1. Then
G+ —i=k(m+1)+2=km+1)+2(m+1)=(k+2)(m+1).
Thus (j + 1) — ¢ € F3. Then k 4 2 is odd and by equation (3.59), we obtain
d(ui, ujr) = (K +2) +2 > d(u;, uy).

This shows that u; and u; are not MMD.
Case 2. When % is even. From equations (3.69) and (3.70), it holds that

j—ie{]—},\{%—kl,%—km—l}}uﬂ. (3.91)

Subcase 1. Let j —1i € F3\ {% +1, 5 +m— 1}. If k£ is even, then from equation
(3.59), we obtain

d(ui, Uj) = k.
Also v; € N(u;). Using equation (3.58), we have
d(UZ’, Uj) =k+1

Thus d(v;, uj) > d(u;, u;), that is, v; and u; are not MMD.
If k£ is odd, then equation (3.59) tells us that
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Let j —i = k(m — 1). Note that u;y1 € N(u;) and j — (i + 1) = k(m — 1) — 1, that is,
j—(i+1) € Fy. By equation (3.63), we get d(uit1,u;) = k+3. Thus d(u;1,u;) > d(u;, u;).
Let j —i=k(m+1). Then (j+1)—i=k(m+1)+1, thatis, (j +1) —i € Fy. Also
u;j+1 € N(u;) and by using equation (3.63), we have d(u;, ujy1) = k+3 > d(u;, uj). Thus
u; and u; are not MMD.

Subcase 2. Suppose that j —i € F,. If k is even, then from equation (3.63), we

obtain
d(u;, u;) =k + 1.
Note that v; € N(u;) and from equation (3.62), we have
d(vi,u;) =k + 2.

Thus d(v;, uj) > d(u;, u;), that is, u; and u; are not MMD.
If k is odd, then equation (3.63) yields that

Let j —i=k(m —1) — 1. Then
(jJ—1)—i=k(m—-1)—2=k(m—-1)4+2(m—1)=(k+2)(m—1).

That is, (j — 1) —i € F3. But from (3.59), d(u;, uj—1) = (k+2) + 2 > d(u;, u;).
Let j —i=k(m+1) + 1. Then

G+ —i=k(m+1)+2=k(m+1)+2(m+1)=(k+2)(m+1).
Thus (j + 1) —i € F3. Then k + 2 is odd and by using equation (3.59), we obtain
d(ui,ujﬂ) = (lf + 2) +2> d(u,,uj)

This shows that u; and u; are not MMD.
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Now we prove the converse. We know that GP(2m, m — 1) is 3-regular graph, so for

proving u;MMDu,; we show that for each w; € N(u;) the distance d(w;,u;) < d(w;,u;)

and vice versa.
Let 7 —i =m. We know that
N(ui) = {vi, wig1, ui1},
N(Uirm) = {vi+m7ui+m+1; Uz‘+m—1}-
From equation (3.64), we have
d(ui, ui+m) =4.
Also from equations (3.57)~(3.63) and equations (3.65)~(3.66), we have
d<uiavi+m) = d(ui>ui+m+1) = d(uiyuwmq) = d(uier;Ui)
= d(ui+m, Uz’+1) = d(ui+ma uifl) = 3.

Thus u; MMD; 4.
Case 1. When 7 is odd.
Now let j —i =% + 1. We know that
N(ui) = {vi, Wi, w1},
N(UH%H) = {Uz‘+%+1, Uit 242, Uz’+%}-
From equations (3.63) and (3.82), we have
d(ui,uH%H) = % + 1.

We first show that u;MDu;.

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(1). As j — (i —1) = % + 2, therefore from equations (3.84) and (3.59), we get

d(ui—1,u;) = 3.

(2). For j —(i+1) = 3. By using equations (3.83) and (3.60), we get d(u;1,u;) = 5.

(3). From equations (3.82) and (3.62), we have d(v;, u;) = 7.

Now we prove that u;MDu,.
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(1). We have (j +1) —i = § + 2. From equations (3.84) and (3.59), we obtain

d(ui, Uj+1> = %

(2). Note that (j—1)—i = F. Equations (3.83) and (3.60) tells us that d(u;,u;_;) = 5.
(3). From equations (3.82) and (3.62), we get d(u;, v;) = 3.
Thus u; and u; are MMD.
Let j —i=m+ % — 1. We know that
N(u;) = {vi, wiv1, ui1 }, (3.98)
N (Uitmiz-1) = {Vitm+ 21, Uitm+ 22, Uitmi 2 }- (3.99)

From equations (3.63) and (3.81), we get
d(u;, Uz’+m+%71) =2 +1
We first show that u;MDu;.

(1). We have j — (i — 1) = m+ %. From equations (3.80) and (3.60), d(u;_1,u;) = 5.

(2). For j—(i+1) = m+—2, from equations (3.79) and (3.59), we obtain d(u;1,u;) =

wo[3

(3). Using equations (3.81) and (3.62), we have d(v;, u;) = 7.

Now we prove that u;MDu;.

(1). We have (j+ 1) —i = m+ %. From equations (3.80) and (3.60), d(u;, ;1) = .
(2). Note that (j—1)—i = m+5—2. From equations (3.79) and (3.59), d(u;,u;_1) = 5.
(3). From equations (3.81) and (3.62), we have d(u;,v;) = 7.
Thus u; and u; are MMD.
Case 2. When 7 is even.
Let j —i =% + 1. We know that
N(u;) = {vi, wisr, uia (3.100)
N(uipm 1) = {vigm 1, Uipm o, upym }. (3.101)

From equations (3.59) and (3.69), we have
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d(ui,uH%H) = % + 1.

We first show that u;MDu;.

(1). As j—(i—1) = % +2, therefore from equations (3.71) and (3.63), d(u;—1,u;) = .
(2). Using equations (3.72) and (3.59), we get d(u;y1,u;) =3 for j — (i +1) = .
(3). Equations (3.69) and (3.58) yields d(v;, u;) = 5.

Next, we prove that u;MDu,.
(1). Equations (3.71) and (3.63) tells us that d(u;, uj41) = 5§ for(j +1) —i = F +2.
(2). Note that (j—1) —i = 3. From equations (3.72) and (3.59), we have d(u;,u;_1) =

w3

(3). Using equations (3.69) and (3.58), we have d(u;,v;) = %.
Thus u; and u; are MMD.

Let j —i=m+ 3 — 1. We know that

N(u;) = {vi, g1, ui1}, (3.102)

N(Witmym 1) = {Vigmem 1, Uipmpm 2, Uipmym }. (3.103)

From equations (3.59) and (3.70), we obtain
d(ui, ui+m+%_1) = % + 1.

We first show that u;MDu,.

(1). We have j — (i — 1) = m + 5. From equations (3.73) and (3.59), d(u;—1,u;) = 5.

(2). We note that j — (i +1) = m + F — 2. From equations (3.74) and (3.63),
d(uipr, u;) = 3

(3). From equations (3.70) and (3.58), we get d(v;, u;) = 5.

Now we prove that u;MDu;.

(1). We have (j+ 1) —i = m+ %. From equations (3.73) and (3.59), d(u;, 1) =

SERLE

(2). Note that (j—1)—i = m+%—2. From equations (3.74) and (3.63), d(u;, u;—1) =
(3). Using equations (3.70) and (3.58), we obtain d(u;,v;) = 3.
Thus v; and u; are MMD.
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(b). We prove v MMDu; if and only if j —i € {§,m + %}
Suppose that j —i ¢ {3, m + 5}
Case 1.

Let j — ¢ = m. From equation (3.64), we have
d(Ui, Uj) = 3.

Also uw; € N(v;). By equation (3.64), we have d(u;,u;) = 4 > d(v;,u;). It is easily
seen that v; and u; are not MMD.

Case 2.

If % is odd, then from equations (3.83) and (3.80) [or if % is even, then from equations

(3.72) and (3.73)], it holds that

J—ie{f3\{%,m+%}uf4}. (3.104)

Subcase 1. Let j —i € F3\ {Z,m+ 2}. From equation (3.58), we get
d(vi,uj) =k + 1.
Suppose k is odd. We know that w; € N(v;). Therefore from equation (3.59), we have
d(u;,uj) =k +2.

Thus d(u;, uj) > d(v;,u;), that is, v; and u; are not MMD.

Let k is even and j—i = k(m—1). Note that u;_y € N(u;) and (j—1)—i = k(m—1)—1,
that is, (j—1)—¢ € F4. By equation (3.62), d(v;, uj_1) = k+2. Thus d(u;, uj_1) > d(v;, u;).
Let j —i=k(m+1). Then (j+1)—i=k(m+1)+1, thatis, (j +1) —i € Fy. Also
ujy1 € N(u;) and by equation (3.62), we have d(v;, uj11) = k+2 > d(v;, u;). Thus v; and
u; are not MMD.

Subcase 2. Next, assume that j —i € F;. From equation (3.62), we have
d(Ui, Uj) = k? —|— 2

Suppose k is odd. Note that u; € N(v;) and from equation (3.63), we have
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Thus d(u;,uj) > d(v;, u;), that is, v; and u; are not MMD.

Let k is even and j —i = k(m — 1) — 1. Then

J—1)—i=k(m—1)—2=k(m—1)+2(m—1) = (k+2)(m—1).

That is, (j—1)—i € F3. From equation (3.58), we have d(v;, uj_1) = (k+2)+1 > d(v;, u;).

Let j —i=k(m+1) + 1. Then

G+ —i=k(m+1)+2=k(m+1)+2(m+1)=(k+2)(m+1).

Thus (j + 1) — i € F3. By equation (3.58), we obtain

d(Ui,Uj+1> = (lﬁ + 2) +1> d(’Ui,Uj).

This shows that v; and u; are not MMD.

w3

L3

Now we prove the converse.

Case 1. Let 7 is odd. Also let j —i = . We know that

N(v;) = {i, Vigm41, Vitem—1}, (3.105)
N(uipm) = {vigm, wipmy1, upm ). (3.106)
From equations (3.58) and (3.83), we have
d(vi, uipm) =3 + 1.
We first show that v;MDu;.
(1). We have j—(i+m—1) = 5" +1. From equations (3.89) and (3.58), d(vipm-1,u;) =

(2). Note that j—(i+m+1) = 5" —1. From equations (3.86) and (3.62), d(Viym+1,u;) =

(3). Using equations (3.83) and (3.60), we get d(u;, u;) = 5.

Now we prove that u;MDu;.
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d(vi, ujr1) =

w3

(1). Since (j 4+ 1) —i = % + 1, therefore from equations (3.82) and (3.62), we obtain

(2). Using equations (3.87) and (3.58), we get d(v;,u;—1) = 5 for (j —1) —i =5 — L.
(3). From equations (3.83) and (3.57), we obtain d(v;,v;) = %.
Thus v; and u; are MMD.

Next assume j — ¢ = m + 5. We know that
N (vi) = {s, Vigymi1; Vitm—1} (3.107)
N(Ui+m+%) = {Ui+m+%7Ui+m+%—laui+m+%+1}- (3.108)
From equations (3.58) and (3.80), we have

d(vi, Uipmim) =5 + 1.

We first show that v;MDu;.
(1). We have j—(i+m—1) = % +1. From equations (3.82) and (3.62), d(vigm—1,u;) =

(2). We can obtain j — (i + m + 1) = & — 1. From equations (3.87) and (3.58),

d(Vigmy1,Uj) = 5

(3). Equations (3.80) and (3.60) yields that d(u;,u;) = %.

Now we prove that u;MDu;.

(1). We have (j+1)—i = m+% +1. From equations (3.88) and (3.58), d(v;, uj1) = 5.
(2). Note that (j—1)—i = m+% —1. From equations (3.81) and (3.62), d(v;, u;_1) = .
(3). Using equations (3.80) and (3.57), we obtain d(v;,v;) = .
Thus v; and u; are MMD.
Case 2. Let 7 is even. Also let j —i = 5. We know that
N (vi) = {wi, Vigmi1, Vitm-1}, (3.109)
N(uipm) = {vigm, wipm 1, upm ). (3.110)

From equations (3.58) and (3.72), we have
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d(Ui,UJH_%l) = % + 1.

We first show that v; is maximally distant from u;.

(1). Using equations (3.75) and (3.62), we get d(viym—1,u;) = F for j—(i+m —1) =
-+ L

(2). Since j — (i +m+1) = 5 — 1, therefore equations (3.76) and (3.58) tells us that
d(vi-i-m—f—lv uj) = %

(3). From equations (3.72) and (3.59), we get d(u;, u;) = %.

Now we prove that u; is maximally distant from v;.

(1). We have (j +1) —i = F + 1. From equations (3.69) and (3.58), d(v;, uj4+1) = 7.
(2). Note that (j —1) —i = & — 1. From equations (3.77) and (3.62), d(v;,u;—1) = .
(3). From equations (3.72) and (3.57), we get d(v;,v;) = 5.
Thus v; and u; are MMD.
Suppose that j —i = m + 5. We know that
N(v;) = {ti, Vigm41; Viem—1) }, (3.111)
N(Ui+m+%) = {Ui+m+%7Ui+m+%—lyui+m+%+1}- (3.112)

From equations (3.58) and (3.73), we have
d(vi, Uipmim) =5 + 1.

We first show that v;MDu;.
(1). We have j—(i+m—1) = % +1. From equations (3.69) and (3.58), d(vipm—1,u;) =

w3

(2). Since j — (i +m + 1) = F — 1, therefore from equations (3.77) and (3.62), we
obtain d(Ui+m+1,Uj) = %

(3). Equations (3.73) and (3.59) yields that d(u;,u;) = 7.

Now we prove that u;MDu;.

(1). We have (j+1)—i = m+% +1. From equations (3.78) and (3.62), d(v;, uj1) =

plF ol3

(2). Note that (j—1)—i = m+%—1. From equations (3.70) and (3.58), d(v;, u;_1) =
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(3). Using equations (3.73) and (3.57), we get d(v;,v;) = 3.
Thus v; and u; are MMD.
(c). We will prove that v MMDwj, if and only if j —i = m.
Suppose that 7 —i # m. Then j — 1 € F3U Fyu.
Case 1. Let j — i € F3. Then from equation (3.57), we have
d(v;,vj) = k.
Note that u; € N(v;) and from equation (3.58), we get
d(’Ui,Uj) =k + 1.

Thus d(v;, uj) > d(v;,v;). This shows that v; and v; are not MMD.
Case 2. Suppose that j —i € F,;. Then from equation (3.61), we have

d(Ui, Uj) =k + 3.

First note that v (m-1), Vjtms1) € N(v;). If j—i = k(m—1)—1, thenlet j' = j4+(m—1).
Alsoj'—i=j—i+(m—1)=k(m—1)—1+m—1= (k+1)(m—1)—1. Thus j'—i € F,. By
equation (3.61), we have d(v;,vjy) = (k+1)4+3 > d(v;,v;). If j—i = k(m+1)+1, then let
J=j+(m+1). Alsoj’'—i=j—i+(m+1)=k(m+1)+1+(m+1) = (k+1)(m+1)+1.
Thus j' — i € F,. By equation (3.61), we have d(v;,v;) = (k+ 1) + 3 > d(v;,v;). This
proves that v; and v; are not MMD.

Now we prove tha converse. Let 7 —¢ = m. Then

N (vi) = {tts; Vi m1)s Vi m-1) 1+ (3.113)

N(v;) = {uj,vj1,vj1}

From equations (3.67), (3.68) and equations (3.57), (3.64), we have

d(Uz‘, ’Uj) = 4,
d(us, vj) = d(Viy (mi1); V5) = Ad(Vigm-1), v5) = d(ug,v;) = d(vig1,v;) = d(viq,v;) = 3.

Thus v; MMDw;,,,. This completes the proof.
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Theorem 3.6. Let m > 6 and m = 0 mod 2. Then B(GPsg(2m,m — 1)) = m.

Proof. Leti,j € {1,2,...,2m} and we construct the largest independent set for G Psg(2m, m—
1) from S = V(GPsgr(2m,m — 1)) = {uy,ug, ..., ugm,v1,02,...,09,}. By Theorem
3.5, the vertices w; and u; are adjacent in GPsg(2m,m — 1) if and only if |j —i| €
{m, 5 +1,m+ 3 —1}. Similarly, the vertices v; and v; are adjacent in G Psg(2m, m —1) if

and only if |j—i| = m. Suppose u; is contained in an independent set S, then u; ¢ S where

|j—i| = F+1landi € {1,2,...,2m}. Likewise, let v; is contained in an independent set S,
then v; ¢ S where |j —i| =m and i € {1,2,...,2m}. By removing these vertices from S
we construct a new set Sy = {uy, Uy, ..., um 41,01, v9,..., 0y }. We know that u; and vy m

are adjacent in G Psr(2m, m —1). Since we assumed u; € Sy, then v; ¢ S for [j —i| = .
By deleting v; from S, we obtain a new set Sy = {uy, us, ... ,Um g1, U1, Vg, . ,v%}. Also
note that u; and vy, m are adjacent in GPsg(2m,m —1). For i = % + 1, we have
um 1 ~ vy, This shows um ¢ Sy. Thus we have S5 = {uy,us, ... yUm, V1, Vg, ,v%}.
It is straight forward to observe that S5 is largest independent set.
Hence S(GPsgr(2m,m — 1)) = m.
O

Theorem 3.7. Let GP(2m,m — 1) be the generalized Petersen graph, where m > 6 and
m =0 (mod 2). Then sdimGP(2m,m — 1) is 3m.

Proof. The order of GP(2m,m — 1) is 4m. By Theorem 3.3 and Theorem 3.1, the ver-
tex covering number of GPsg(2m,m — 1) is 3m. Hence by Theorem 2.4, sdim(G) =

a(Gsr(2m,m — 1)) = 3m. O
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