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Abstract

The �rst part of this thesis focuses on substantial fractional operators which play an

important role in the modeling of anomalous di�usion. We propose a new generalized

substantial fractional integral. We also propose generalizations of fractional substan-

tial derivatives both in the Riemann-Liouville and Caputo sense. Furthermore, we

investigate elementary properties of these operators. In the end, we consider a family

of generalized substantial fractional di�erential equations and discuss the existence,

uniqueness and continuous dependence of solutions on initial data.

The second part of this thesis establishes a generalization of the Hadamard type

fractional calculus which has been named as the Φ-Hadamard type fractional calculus.

We give conditions for which the Φ-Hadamard type fractional integral is bounded in a

generalized space. We develop su�cient conditions for the existence of the Φ-Hadamard

type fractional derivative. Finally, some properties and integration by parts formulas

of fractional calculus in the frame of these operators are established.

By inspiration of some new developments in Φ-fractional calculus, we develop, in

the third part of the thesis, some new properties and uniqueness of the Φ-Laplace

transform in the settings of Φ-fractional calculus. The ultimate goal of this part of

the thesis is to reveal the e�ciency of Φ-Laplace transform for solving Φ-fractional

ordinary and partial di�erential equations.
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Chapter 1

Introduction

Fractional calculus has its roots in the end of the seventeenth century when Leibniz

devised the notation dn

dxn
f(x) to denote the nth-order derivative of a function f . De

l'Hospital then asked about the meaning of this derivative when n = 1
2
. Thus, this led

to a new and emerging �eld called fractional calculus. Nowadays this �eld has become

very popular amongst the researchers due to compulsive use of fractional di�erential

equations (FDEs) in engineering, physics, economics and other branches of sciences

[9, 15, 26, 33, 36, 38, 43].

Fractional integration and di�erentiation are generalizations of notions of integer-

order integration and di�erentiation, of which nth derivatives and n-fold integrals are

particular cases [34]. There are many di�erent forms of fractional operators in the

�eld of fractional calculus, including Riemann-Liouville(RL), Caputo, Erdelyi-Kober,

Hadamard, Grunwald-Letnikov, Hilfer, Reisz, Katugampola and many others [1, 17,

20, 22, 23, 25, 26, 33, 36, 37]. Each de�nition has its own backgrounds and conditions,

as a result of which these de�nitions are inequivalent to each other. Many of these

de�nitions are speci�c cases of generalized fractional operators. As examples, we have

the Katugampola, Φ-RL, Φ-Caputo and Φ-Hilfer operators which are generalized forms

for the other classical operators. In consideration of the matter that there is a wide

family of fractional operators available in literature which makes choosing the favorable

operator a challenging e�ort while dealing with a physical problem. So it is logical to

investigate and develop the generalizations of classical fractional operators to overcome
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the issue of choosing an appropriate operator.

The organization of this thesis is as follows. Chapter 2 is devoted to the pre-

liminaries. In Chapter 3, we focus on substantial fractional operators which play an

important role in modeling anomalous di�usion. We introduce the generalized substan-

tial fractional integral, and derivatives both in RL and Caputo sense. Moreover, we

obtain the relations between the generalized substantial fractional operators and some

other fractional operators including Katugampola, standard RL, standard substantial

and Hadamard fractional operators. Proofs of the composition rules in the settings

of generalized substantial fractional operators also form the part of this chapter. Fur-

thermore, while considering a class of generalized substantial FDEs, we discuss the

existence, uniqueness and continuous dependence of solutions on initial data.

As of now, Hadamard-type fractional operators have not been investigated in much

detail, as compared to the other classical fractional operators. A generalized form

for the Hadamard-type fractional operators has not yet been developed by researchers.

Thus, in Chapter 4, we present the Φ-Hadamard type fractional operators which gener-

alize the classical Hadamard and Hadamard-type fractional operators. We give condi-

tions under which the Φ-Hadamard type fractional integral is bounded in a generalized

space and analyze su�cient conditions for the existence of the Φ-Hadamard type frac-

tional derivative. Furthermore, we drive composition properties and several formulas

of fractional integration by parts in the settings of these operators.

Chapter 5 of this thesis establishes some new properties and uniqueness of the Φ-

Laplace transform in the settings of Φ-fractional calculus. This is signi�cant because

integral transforms like Laplace, Fourier, generalized Laplace and ρ-Laplace are e�ec-

tive tools for obtaining analytic solutions to some classes of FDEs [18, 19, 26, 33, 38, 40].

As of today, no research has been done to use integral transforms for obtaining ana-

lytic solutions to FDEs in the Φ-Hilfer fractional derivative settings. In this manner,

we make use of Φ-Laplace transform for �nding analytic solutions to some classes of

FDEs in the settings of Φ-RL, Φ-Caputo and Φ-Hilfer fractional derivatives. Chapter

6 �nally makes concluding statements about this thesis and its main results.
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Chapter 2

Preliminaries

In this chapter, some prerequisite de�nitions of fractional operators are evoked that

reader should familiar with. Moreover, we recall some de�nitions of special functions.

2.1 Substantial fractional operators

Before introducing the fractional operators, we �rst give some notations for the sake

of convenience in developing the notations further. The notation σD
m :=

(
d
dt

+ σ
)m

where
(
d
dt

+ σ
)m

= (D + σ) (D + σ) (D + σ) · · · (D + σ) appears frequently in liter-

ature [8]. Together with the operator σD, in the sequel we shall use the operator

σD
m,ρ := ( t

1−ρ

ρ
d
dt

+σ)m, where σ ∈ R and ρ 6= 0. Additionally, the generalized di�eren-

tial operator, de�ned as t1−ρ

ρ
dm

dtm
, will be denoted by Dm,ρ. We de�ne function spaces

Ωm
σ,ρ[a, b] :=

{
f : eσt

ρ
t1−ρf(t) ∈ ACm[a, b]

}
and Λp

σ,ρ[a, b] :=
{
f : eσt

ρ
t1−ρf ∈ Lp[a, b]

}
where AC[a, b] is the space of absolutely continuous functions and Lp[a, b] (1 ≤ p <∞)

denotes the space of measurable functions on [a, b]. For the sake of simplicity Ωσ,1 and

Ω0,ρ will be denoted by Ωσ and Ωρ, respectively.

De�nition 2.1.1. [8, 11] Let η and σ be real numbers such that η > 0 and f ∈
Λ1
σ[a, b] then substantial fractional integral operator is de�ned as J̃ηaf(t) = 1

�(η)

∫ t
a
(t −

s)η−1e−σ(t−s)f(s)ds. Furthermore, for f ∈ Ωm
σ [a, b], m− 1 < η ≤ m, the RL type sub-

stantial fractional derivative is de�ned as D̃η
af(t) = D̃m

a J̃
m−η
a f(t). On the other hand,

the Caputo type substantial fractional derivative is de�ned as cD̃η
af(t) = J̃m−ηa D̃m

a f(t).
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2.2 Katugampola fractional operators

For ρ 6= 0, let J1,ρ
a f(t) =

∫ t
a
f(s)d(sρ), where d(sρ) = ρsρ−1ds. Then mth iterate of the

integral operator J1,ρ
a is given by

Jm,ρa f(t) =

∫ t

a

d(tρ1)

∫ t1

a

d(tρ2)

∫ t2

a

d(tρ3) · · ·
∫ tn−1

a

f(tn−1)d(tρn−1)

=
ρ

�(m)

∫ t

a

(tρ − sρ)m−1f(s)sρ−1ds.

(2.2.1)

Replacing the m by real η > 0 in (2.2.1), the Katugampola fractional integral is de�ned

as

De�nition 2.2.1. [20] For ρ 6= 0, η > 0 and f ∈ Λ1
ρ[a, b], the Katugampola fractional

integral is given by

Jη,ρa f(t) =
ρ

�(η)

∫ t

a

(tρ − sρ)η−1f(s)sρ−1ds.

Furthermore, for m−1 < η ≤ m and f ∈ Ωm
ρ [a, b] the RL type Katugampola fractional

derivative is de�ned as Dη,ρ
a f(t) = Dm,ρJm−η,ρa f(t) and the Caputo-type Katugampola

is de�ned as cDη
af(t) = Jm−η,ρa Dm,ρf(t).

Remark 2.2.2. We have introduced a slight modi�cation in the de�nition of Katugam-

pola fractional integral operator. The factor ρ1−η in the original de�nition is now

replaced with ρ. This avoids the repeated reappearance of some factors of ρ in calcu-

lations [26, p. 103].

It is to be noted that D1,ρJ1,ρ
a f(t) = f(t). A repeated application of this identity

leads us to the identityDm,ρJm,ρa f(t) = f(t). Furthermore J1,ρ
a D1,ρf(t) =

∫ t
a
Dρf(s)d(sρ)

=
∫ t
a
d(f(s)) = f(t) − f(a). Similarly J2,ρ

a D2,ρf(t) = f(t) − f(a) − (tρ − aρ)D1,ρf(a).

Generally speaking, a repeated application of the preceding steps leads to a Taylor

type expansion of f as

f(t) =
m−1∑
k=0

Dk,ρf(a)

k!
(tρ − aρ)k + Jm,ρa Dm,ρf(t). (2.2.2)

The Katugampola fractional di�erential and integral operators satisfy following prop-

erties [5, 31]:
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(P1) For f ∈ Λ1
ρ[a, b], J

η,ρ
a Jζ,ρa f(t) = Jζ,ρa Jη,ρa f(t) = Jη+ζ,ρ

a f(t).

(P2) For ζ ≥ η, and f ∈ Λ1
ρ[a, b], Dη,ρ

a Jζ,ρa f(t) = Jζ−η,ρa f(t) and cDη,ρ
a Jζ,ρa f(t) =

Jζ−η,ρa f(t).

(P3) For η > 1 and m− 1 < η ≤ m and f ∈ Ωm
ρ [a, b], we have

Jη,ρa Dη,ρ
a f(t) = f(t)−

m−1∑
k=1

lims→a+ Dη−k,ρ
a f(s)

�(η − k + 1)
(tρ − aρ)η−1.

Speci�cally, for 0 < η < 1, Jη,ρa Dη,ρ
a f(t) = f(t)− J1−η,ρ

a f(a)
�(η)

(tρ − aρ)η−1.

(P4) For f ∈ Ωm
ρ [a, b] and ζ ≥ η,

Jη,ρa
cDη,ρ

a f(t) = f(t)−
m−1∑
k=0

Dk,ρf(a)

k!
(tρ − aρ)k.

Lemma 2.2.1. Assume that f ∈ Ωm
ρ [a, b]. Then σD

m,ρ(e−σt
ρ
f(t)) = e−σt

ρ
Dm,ρf(t)

and eσt
ρ

σD
m,ρ(f(t)) = Dm,ρ(eσt

ρ
f(t)).

Proof. We prove this Lemma by induction. For m = 1, we have

σD
1,ρ(e−σt

ρ

f(t)) =
t1−ρ

ρ

d

dt

(
e−σt

ρ

f(t)
)

+ σe−σt
ρ

f(t) = e−σt
ρ

D1,ρf(t).

Assume the conclusion follows for m− 1. Then,

σD
m,ρ(e−σt

ρ

f(t)) = σD
1,ρ

σD
m−1,ρ(e−σt

ρ

f(t)) = σD
1,ρ
(
e−σt

ρ

Dm−1,ρf(t)
)

= e−σt
ρ

Dm,ρf(t).

Second identity can be obtained in a similar way.

2.3 A review of Hadamard type fractional calculus

In this section, we give a brief overview of Hadamard type fractional calculus. We recall

the de�nitions of Hadamard type fractional operators and state some basic results in

the settings of Hadamard type fractional calculus. The proofs of these results can be

seen in [6, 24, 27].
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De�nition 2.3.1. [6, 24] The Hadamard type fractional integral with parameter µ ∈ R
of the given function f(t) with order η > 0 is de�ned as

HJ
η
a+,µf(t) =

1

�(η)

∫ t

a

(
s

t

)µ(
log

t

s

)η−1

f(s)
ds

s

where t ∈ (a, b) and 0 ≤ a < b ≤ ∞.

De�nition 2.3.2. [6, 24] The Hadamard type fractional derivative with parameter

µ ∈ R of the given function f(t) is de�ned as

HD
η
a+,µf(t) = t−µδmtµ(HJ

m−η
a+,µf(t))

where δ = t d
dt
, m− 1 < η ≤ m ∈ N, t ∈ (a, b) and 0 ≤ a < b ≤ ∞.

In De�nitions 2.3.1 and 2.3.2, for the particular case that µ = 0, the Hadamard

type fractional integral and derivative reduce back to the classical Hadamard fractional

integral and derivative, respectively.

Lemma 2.3.1. For Hadamard type fractional integral HJ
η
a+,µ and fractional derivative

HD
η
a+,µ, the following properties hold

(a) lim
η→1

HJ
η
a+,µf(t) =

∫ t

a

(
s

t

)µ
f(s)

ds

s
,

(b) lim
η→0+

HJ
η
a+,µf(t) = f(t),

(c) lim
η→0+

HD
η
a+,µf(t) = f(t),

(d) lim
η→(m−1)+

HD
η
a+,µf(t) = t−µδm−1tµf(t),

(e) lim
η→m−

HD
η
a+,µf(t) = t−µδmtµf(t).

Lemma 2.3.2. If 0 < η < 1 and ζ > 0. Then, for the Hadamard type fractional

integral and derivative, the following relations hold

HJ
η
a+,µ

{
t−µ
(

log
t

a

)ζ−1
}

=
�(ζ)

�(ζ + η)
t−µ
(

log
t

a

)ζ+η−1

.

HD
η
a+,µ

{
t−µ
(

log
t

a

)ζ−1
}

=
�(ζ)

�(ζ − η)
t−µ
(

log
t

a

)ζ−η−1

.
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Theorem 2.3.3. Let m − 1 < η < ζ ≤ m ∈ N, 1 ≤ p ≤ ∞, 0 ≤ a < b ≤ ∞ and

let µ, c ∈ R, such that µ ≥ c. Then for f ∈ Xp
c (a, b) and HJ

η
a+,µf ∈ ACm

δ;µ[a, b], the

following relation holds

HD
ζ
a+,µHJ

η
a+,µf(t) = HD

ζ−η
a+,µf(t).

Theorem 2.3.4. Let ζ ≥ η > 0, m1 − 1 < η ≤ m1 ∈ N, m2 − 1 < ζ ≤ m2 ∈ N,
0 ≤ a < b ≤ ∞, 1 ≤ p ≤ ∞ and let µ, c ∈ R with µ ≥ c. Then for f ∈ ACm1

δ;µ [a, b] and

HD
η
a+,µf ∈ X

p
c (a, b), there holds

HJ
ζ
a+,µHD

η
a+,µf(t) = HJ

ζ−η
a+,µf(t).

Prior to introducing the Φ-Laplace transform, we �rst recall some de�nitions from

the classical and fractional calculus.

2.4 Fractional integrals and derivatives of a function

with respect to another function

In view of the fact that there is a large class of fractional operators available in literature

which makes choosing the appropriate approach a di�cult task while dealing with a

given problem. So it becomes important to introduce the generalizations of classical

fractional operators to overcome the issue of choosing an adequate operator. In this

section we invoke some generalized de�nitions of fractional integrals and derivatives.

De�nition 2.4.1. [26, 32, 38] Let η be a real number such that η > 0, −∞ ≤ a <

b ≤ ∞, m = [η] + 1, f be an integrable function de�ned on [a, b] and Φ ∈ C1([a, b]) be

an increasing function such that Φ′(t) 6= 0 for all t ∈ [a, b]. Then, the Φ-RL fractional

integral and Φ-RL fractional derivative of a function f of order η are de�ned as

Iη,Φa f(t) =
1

�(η)

∫ t

a

(
Φ(t)− Φ(s)

)η−1

Φ′(s)f(s)ds (2.4.1)

and

Dη,Φ
a f(t) =

(
1

Φ′(t)

d

dt

)m
Im−η,Φa f(t) (2.4.2)

respectively.
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It is to be noted that for Φ(t) → t, Iη,Φa f(t) → Iηaf(t) which is the standard RL

integral. Moreover for Φ(t) → ln(t) the integral de�ned in (2.4.1) approaches to the

Hadamard fractional integral.

By inspiration from Caputo's concept [7] of the fractional derivative, Almeida [2]

presents the following Caputo version of (2.4.2) and studies some important properties.

De�nition 2.4.2. Let η be a real number such that η > 0, −∞ ≤ a < b ≤ ∞,

m = [η] + 1, f , Φ ∈ Cm([a, b]) be the functions such that Φ is increasing and Φ′(t) 6= 0

for all t ∈ [a, b]. Then, the Φ-Caputo fractional derivative of a function f of order η is

de�ned as
CDη,Φ

a f(t) = Im−η,Φa

(
1

Φ′(t)

d

dt

)m
f(t). (2.4.3)

Taking Φ(t) → ln(t) and Φ(t) → t, we get the Caputo-type Hadamard fractional

derivative [12] and Caputo fractional derivative [38] respectively.

Motivated by the de�nitions of Φ-RL and Hilfer fractional derivatives, Sousa and

Oliveira [41] introduce the Φ-Hilfer fractional derivative, which we recall in the following

de�nition.

De�nition 2.4.3. [41] Let η be a real number such that η > 0, −∞ ≤ a < b ≤ ∞,

m = [η]+1, f , Φ ∈ Cm([a, b],R) be the functions such that Φ is increasing and Φ′(t) 6= 0

for all t ∈ [a, b]. Then, the Φ-Hilfer fractional derivative of a function f of order η and

type 0 ≤ ζ ≤ 1 is given by

Dη,ζ,Φ
a f(t) = Iζ(m−η),Φ

a

(
1

Φ′(t)

d

dt

)m
I(1−ζ)(m−η),Φ
a f(t). (2.4.4)

2.5 Laplace and Fourier transforms

De�nition 2.5.1. Assuming the function f is de�ned for t ≥ 0, the Laplace transform

of a function f , denoted by L {f}, is de�ned by the improper integral

L
{
f(t)

}
=

∫ ∞
0

e−νtf(t)dt (2.5.1)

provided that the integral in (2.5.1) exists for all ν larger than or equal to some ν0.
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De�nition 2.5.2. Assume that f is a piecewise smooth, continuous and absolutely

integrable function. Then the Fourier transform of a function f , denoted by F {f} or
f̃(k), is de�ned by

F
{
f(t)

}
=

∫ ∞
−∞

e−iktf(t)dt (2.5.2)

where k is the Fourier transform variable. The inverse Fourier transform of F
{
f(t)

}
is de�ned by

F−1
{
F
{
f(t)

}}
=

1

2π

∫ ∞
−∞

eiktf̃(k)dk. (2.5.3)

2.6 Some special functions

There are several special functions that are considered to be helpful for �nding the

solutions of FDEs. In the following de�nitions, we state a few of them.

De�nition 2.6.1. The entire function

W (z, η, ζ) =
∞∑
j=0

zj

j!�(ηj + ζ)
, where η > −1, ζ ∈ C (2.6.1)

which is valid in the whole complex plane, is known as the Wright function. It appeared

for the �rst time in [46, 47] in connection with E. M. Wright's investigations in the

asymptotic theory of partitions.

In [28], Gosta Mittag-Le�er introduced the well-known Mittag-Le�er function

Eη(z), given by

Eη(z) =
∞∑
j=0

zj

�(ηj + 1)
, η ∈ C, Re(η) > 0. (2.6.2)

Later on, a natural generalization of Eη(z) was discussed by Wiman in [45]. He intro-

duced the function Eη,ζ(z) as

Eη,ζ(z) =
∞∑
j=0

zj

�(ηj + ζ)
, η, ζ ∈ C, Re(η) > 0. (2.6.3)

If we consider ζ = 1 in (2.6.3), we obtain the Mittag-Le�er function (2.6.2). In [35],

Prabhakar presented the more generalized version of (2.6.2)-(2.6.3), which we recall in

the following de�nition.
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De�nition 2.6.2. The Prabhakar function is de�ned by the series representation

Eγη,ζ(z) =
1

�(γ)

∞∑
j=0

�(γ + j)zj

j!�(ηj + ζ)
, η, ζ, γ ∈ C, Re(η) > 0. (2.6.4)

It is an entire function of order 1/Re(η), which is also known as the three parameter

Mittag-Le�er function. This function plays a necessary role in the explanation of the

anomalous dielectric properties in heterogeneous systems. Some important properties

of this function can be seen in [13, 25, 30, 39].

De�nition 2.6.3. The Gamma function in the half-plane is de�ned by the integral

�(z) =

∫ ∞
0

tz−1e−tdt, Re(z) > 0. (2.6.5)

It was introduced by the famous mathematician L. Euler as a natural extension of the

factorial operation n! from positive integers n to real and even complex values of the

argument n.
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Chapter 3

Generalized substantial fractional

operators and well-posedness of

Cauchy problem

In this chapter, we introduce the generalized substantial fractional operators and ana-

lyze the fundamental properties of fractional calculus in the frame of these new general-

ized operators. Furthermore, well-posedness results for a class of generalized substantial

FDEs constitute part of this chapter.

3.1 Generalized substantial fractional integral and

derivatives

By motivation of the de�nitions of substantial fractional operators, here we introduce

new de�nitions for the substantial fractional operators by establishing generalizations

of the Katugampola fractional operators. We also establish a relation between the

generalized substantial fractional operators and the Katugampola fractional operators.

For ρ 6= 0 and σ ∈ R, de�ne σJ
1,ρ
a f(t) =

∫ t
a
f(s)e−σ(tρ−sρ)d(sρ). Then generalized

substantial integral of order m is given by mth iterate of the integral σJ1,ρ
a as

σJ
m,ρ
a f(t) =

∫ t

a

e−σ(tρ−tρ1)d(tρ1)

∫ t1

a

e−σ(tρ−tρ2)d(tρ2) · · ·
∫ tn−1

a

e−σ(tρ−tρn−1)f(tn−1)d(tρn−1)

=
ρ

�(m)

∫ t

a

(tρ − sρ)m−1e−σ(tρ−sρ)f(s)sρ−1ds.

(3.1.1)
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We observe that σD
1,ρ

σJ
1,ρ
a f(t) = f(t). By repeated application of this iden-

tity, we are lead to the identity σD
m,ρ

σJ
m,ρ
a f(t) = f(t). Thus for m > n, we have

σD
m−n,ρ

σJ
m−n,ρ
a f(t) = f(t). Application of the operator σD

n,ρ to both sides of this

identity leads to the identity σD
n,ρf(t) = σD

m,ρ
σJ

m−n,ρ
a f(t). This relation will lead

us to the de�nition of generalized fractional derivative. Moreover, σJ
1,ρ
a σD

1,ρf(t) =∫ t
a
( s

1−ρ

ρ
d
ds

+ σ)f(s)d(sρ) = f(t)− f(a)e−σ(tρ−aρ). In general, the repeated application of

this process leads us to the generalized Taylor expansion involving generalized operators

σJ
m,ρ
a σD

m,ρf(t) = f(t)− e−σ(tρ−aρ)

m∑
k=1

(tρ − aρ)m−k

�(m− k + 1)
lim
s→a+

σD
m−k,ρf(s)

provided f ∈ Ωm
ρ [a, b].

De�nition 3.1.1. For real numbers σ, ρ 6= 0, η > 0 and f ∈ Λ1
σ,ρ[a, b], we de�ne

generalized substantial integral as

σJ
η,ρ
a f(t) =

ρ

�(η)

∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)1−η f(s)ds.

Furthermore, the RL type generalized substantial fractional derivative is de�ned as

σD
η,ρ
a f(t) = σD

m,ρ
σJ

m−η,ρ
a f(t) where m− 1 < η ≤ m.

It is to be noted that for σ → 0, σJη,ρa f(t) → Jη,ρa f(t), which is the Katugampola

fractional integral. Furthermore, for σ = 0 and ρ → 1, the generalized substantial

integral approaches the standard RL integral and the lower limit a → −∞ leads to

the Weyl fractional integral. For σ 6= 0 and ρ = 1 the generalized substantial integral

becomes the standard substantial integral. Finally for σ = 0 and ρ → 0, we get the

Hadamard fractional integral.

De�nition 3.1.2. For m − 1 < η ≤ m, a < b < ∞ and f ∈ Ωm
σ,ρ[a, b]. Then the

generalized Caputo type substantial derivative is de�ned as

c
σD

η,ρ
a f(t) = σD

η,ρ
a

(
f(t)−

m−1∑
k=0

σD
k,ρf(a)

k!
(tρ − aρ)ke−σ(tρ−aρ)

)
.

Theorem 3.1.3. Assume η > 0, σ > 0, ρ > 0 and {fk}∞k=1 is a uniformly convergent

sequence of continuous functions on [0, b]. Then

(σJ
η,ρ
0 lim

k→∞
fk)(t) = ( lim

k→∞
σJ

η,ρ
0 fk)(t).

12



Proof. We denote the limit of sequence {fk}∞k=1 by f . It is well-known that f is

continuous. We then have following estimates

|σJη,ρ0 fk(t)− σJ
η,ρ
0 f(t)| ≤ ρ

�(η)

∫ t

0

sρ−1(tρ − sρ)η−1|(e−σ(tρ−sρ))(fk(s)− f(s))|ds

≤ ρ

�(η)
‖fk − f‖∞

∫ t

0

sρ−1(tρ − sρ)η−1ds

=
bρ

�(η + 1)
‖fk − f‖∞.

The conclusion follows, since ‖fk − f‖∞ → 0 as k →∞ uniformly on [0, b].

In the forthcoming results, we shall demonstrate the relationship between RL type

Katugampola fractional operators and the generalized substantial fractional operators.

Lemma 3.1.1. Assuming f ∈ Λ1
σ,ρ[a, b]. Then σJ

η,ρ
a f(t) = e−σt

ρ
Jη,ρa (eσt

ρ
f(t)).

Theorem 3.1.4. Assuming f ∈ Ωm
σ,ρ[a, b]. Then σD

η,ρ
a f(t) = e−σt

ρ
Dη,ρ
a (eσt

ρ
f(t)).

Proof. By the de�nition (3.1.1) of the substantial fractional di�erential operator, Lemma

2.2.1, Lemma 3.1.1 and de�nition 2.2.1 we have

σD
η,ρ
a f(t) = σD

m,ρ
σJ

m−η,ρ
a f(t) = σD

m,ρ
(
e−σt

ρ

Jm−η,ρa (eσt
ρ

f(t))
)

= e−σt
ρ

Dm,ρJm−η,ρa (eσt
ρ

f(t)) = e−σt
ρ

Dη,ρ
a (eσt

ρ

f(t)).

Now we will introduce the composition properties of the generalized substantial

operators. First we show that the generalized integral satis�es the semi-group property.

Theorem 3.1.5. Let η, ζ > 0 and f ∈ Λ1
σ,ρ[a, b]. Then σJ

η,ρ
a σJ

ζ,ρ
a f(t) = σJ

η+ζ,ρ
a f(t).

Proof. Using (P1) and Lemma 3.1.1 repeatedly we have

σJ
η,ρ
a (σJ

ζ,ρ
a f(t)) = σJ

η,ρ
a (e−σt

ρ

Jζ,ρa (eσt
ρ

f(t))) = e−σt
ρ

Jη+ζ,ρ
a (eσt

ρ

f(t)) = σJ
η+ζ,ρ
a f(t).
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Theorem 3.1.6. Let m− 1 < η ≤ m, ζ ≥ η and f ∈ Λ1
σ,ρ[a, b]. Then

σD
η,ρ
a σJ

ζ,ρ
a f(t) = σJ

ζ−η,ρ
a f(t).

The proof of Theorem 3.1.6 is the same as the proof of the Theorem 3.1.5. Therefore

we omit it.

Theorem 3.1.7. Assume η > 0, m− 1 < η ≤ m and σJ
m−η,ρ
a f ∈ Ωm

σ,ρ[a, b]. Then

σJ
η,ρ
a σD

η,ρ
a f(t) = f(t)− e−σ(tρ−aρ)

m∑
k=1

(tρ − aρ)η−k

�(η − k + 1)
lim
s→a+

σD
η−k,ρ
a f(s).

Speci�cally, for 0 < η < 1 we have

σJ
η,ρ
a σD

η,ρ
a f(t) = f(t)− e−σ(tρ−aρ) (tρ − aρ)η−1

�(η)
lim
s→a+

σJ
1−η,ρ
a f(s).

Proof. Using Leibniz rule, the following relation can be established.(t1−ρ
ρ

d

dt
+ σ
)∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)−η σD
η,ρ
a f(s)ds = η

∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)1−η σD
η,ρ
a f(s)ds.

(3.1.2)

By de�nition of σJη,ρa , we have

σJ
η,ρ
a σD

η,ρ
a f(t) =

ρ

�(η)

∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)1−η σD
η,ρ
a f(s)ds. (3.1.3)

From Eq. (3.1.2) and (3.1.3), we get

σJ
η,ρ
a σD

η,ρ
a f(t) =

ρ

�(η + 1)

(t1−ρ
ρ

d

dt
+ σ
)∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)−η σD
η,ρ
a f(s)ds. (3.1.4)

From De�nition 3.1.1 and Eq. (3.1.4), we �nd

σJ
η,ρ
a σD

η,ρ
a f(t) =

ρ

�(η + 1)

(t1−ρ
ρ

d

dt
+ σ
)∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)−η
(s1−ρ

ρ

d

ds
+ σ
)

× σD
m−1,ρ

σJ
m−η,ρ
a f(s)ds.

Applying integration by parts and the product rule for classical derivatives, we have

σJ
η,ρ
a σD

η,ρ
a f(t) = − e−σ(tρ−aρ)

�(η)(tρ − sρ)1−η lim
s→a+

σD
m−1,ρ

σJ
m−η,ρ
a f(s) +

ρ

�(η)

(t1−ρ
ρ

d

dt
+ σ
)
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×
∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)1−η

(s1−ρ

ρ

d

ds
+ σ
)
σD

m−2,ρ
σJ

m−η,ρ
a f(s)ds.

Continuing in this manner, we get

σJ
η,ρ
a σD

η,ρ
a f(t) = −e−σ(tρ−aρ)

m∑
k=1

(tρ − aρ)η−k

�(η − k + 1)
lim
s→a+

σD
η−k,ρ
a f(s)

+
ρ

�(η −m+ 1)

(t1−ρ
ρ

d

dt
+ σ
)∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)m−η σJ
m−η,ρ
a f(s)ds,

where

ρ

�(η −m+ 1)

(t1−ρ
ρ

d

dt
+ σ
)∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)m−η σJ
m−η,ρ
a f(s)ds = f(t).

Finally, we get the desired result

σJ
η,ρ
a σD

η,ρ
a f(t) = f(t)− e−σ(tρ−aρ)

m∑
k=1

(tρ − aρ)η−k

�(η − k + 1)
lim
s→a+

σD
η−k,ρ
a f(s).

Theorem 3.1.8. Assume f ∈ Ωm
σ,ρ[a, b]. Then the generalized Caputo type substantial

derivative can be written as

c
σD

η,ρ
a f(t) = σJ

m−η,ρ
a σD

m,ρf(t) =
ρ

�(m− η)

∫ t

a

e−σ(tρ−sρ)

(tρ − sρ)1+η−mσD
m,ρ(f(s))ds.

Proof. By using the De�nition 3.1.2 and Eq. (3.1.2), we have

c
σD

η,ρ
a f(t) = σD

η,ρ
a σJ

m,ρ
σD

m,ρf(t).

By applying the De�nition 3.1.2, and the properties (P1) and (P2), we get

c
σD

η,ρ
a f(t) = σD

m,ρ
σJ

m−η,ρ
a σJ

m,ρ
a σD

m,ρf(t) = σD
m,ρ

σJ
m,ρ
a σJ

m−η,ρ
a σD

m,ρf(t)

= σJ
m−η,ρ
a σD

m,ρf(t).

Lemma 3.1.2. For f ∈ Ωm
ρ [a, b], the operator c

σD
η,ρ
a satis�es the relation

c
σD

η,ρ
a f(t) = e−σt

ρcDη,ρ
a (eσt

ρ

f(t)).
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Proof. By using the Lemma 2.2.1, Lemma 3.1.1 and Theorem 3.1.8 we have

c
σD

η,ρ
a f(t) = σJ

m−η,ρ
a σD

m,ρf(t) = e−σt
ρ

Jm−η,ρa (eσt
ρ

σD
m,ρf(t))

= e−σt
ρ

Jm−η,ρa Dm,ρ(eσt
ρ

f(t)) = e−σt
ρcDη,ρ

a (eσt
ρ

f(t)).

Theorem 3.1.9. Let m− 1 < η ≤ m, ζ ≥ η and f ∈ Ωm
σ,ρ[a, b]. Then

c
σD

η,ρ
a σJ

ζ,ρ
a f(t) = σJ

ζ−η,ρ
a f(t).

By use of Lemma 3.1.1 and Lemma 3.1.2, the result can be easily proved.

Theorem 3.1.10. Assume m− 1 < η ≤ m and f ∈ Ωm
σ,ρ[a, b]. Then

σJ
η,ρ
a

c
σD

η,ρ
a f(t) = f(t)−

m−1∑
k=0

σD
k,ρf(a)

k!
e−σ(tρ−aρ)(tρ − aρ)k.

Proof. From Lemma 3.1.2 and Lemma 3.1.1, we have

σJ
η,ρ
a

c
σD

η,ρ
a f(t) = σJ

η,ρ
a

(
e−σt

ρcDη,ρ
a (eσt

ρ

f(t))
)

= e−σt
ρ

Jη,ρa (cDη,ρ
a (eσt

ρ

f(t))).

Now by property (P4), we have

σJ
η,ρ
a

c
σD

η,ρ
a f(t) = e−σt

ρ
(
eσt

ρ

f(t)−
m−1∑
k=0

Dk,ρ(eσt
ρ
f(t))|t=a
k!

(tρ − aρ)k
)

= f(t)−
m−1∑
k=0

σD
k,ρf(a)

k!
e−σ(tρ−aρ)(tρ − aρ)k.
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Figure 3.1: Fractional integrals σJη,ρa of f(t) = (tρ − aρ)ζe−σtρ .

Example 3.1.11. Consider f(t) = (tρ − aρ)ζe−σtρ . Then from Lemma 3.1.1 we have

σJ
η,ρ
a f(t) = e−σt

ρ
Jη,ρa (tρ − aρ)ζ . Now by Lemma 3 in [31], we have

σJ
η,ρ
a f(t) =

�(ζ + 1)e−σt
ρ

�(η + ζ + 1)
(tρ − aρ)η+ζ . (3.1.5)

Fractional integrals of f(t), for di�erent values of η, ζ, σ and ρ are graphically illustrated

in Fig. 3.1. Now we compute the RL substantial derivative of f(t) = (tρ − aρ)ζe−σtρ .
Note that

D1,ρ(tρ − aρ)ζ =
t1−ρ

ρ

d

dt
(tρ − aρ)ζ = ζ(tρ − aρ)ζ−1. (3.1.6)

Therefore, from the de�nition of the RL substantial derivative, Lemma 2.2.1 and Eq.
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(3.1.6), we have

σD
η,ρ
a f(t) = σD

1,ρ
σJ

1−η,ρ
a

[
e−σt

ρ

(tρ − aρ)ζ
]

=
�(ζ + 1)

�(ζ − η + 2)
σD

1,ρ
[
e−σt

ρ

(tρ − aρ)ζ−η+1
]

=
�(ζ + 1)e−σt

ρ

�(ζ − η + 2)
D1,ρ(tρ − aρ)ζ−η+1 =

�(ζ + 1)e−σt
ρ

�(ζ − η + 1)
(tρ − aρ)ζ−η.

Similarly, Caputo type substantial derivative of f(t) = (tρ−aρ)ζe−σtρ can be computed
as

c
σD

η,ρ
a f(t) = σJ

1−η,ρ
a σD

1,ρ
[
e−σt

ρ

(tρ − aρ)ζ
]

= σJ
1−η,ρ
a

[
e−σt

ρ

D1,ρ((tρ − aρ)ζ)
]

= σJ
1−η,ρ
a e−σt

ρ

D1,ρ(tρ − aρ)ζ = e−σt
ρ

J1−η,ρ
a D1,ρ(tρ − aρ)ζ

= ζe−σt
ρ

J1−η,ρ
a (tρ − aρ)ζ−1 =

�(ζ + 1)e−σt
ρ

�(ζ − η + 1)
(tρ − aρ)ζ−η.

3.2 Existence and uniqueness of solutions

When solving a FDE, the existence and uniqueness results have their own signi�cance.

It becomes necessary to notice, in advance, whether or not there is a solution to a

given FDE. Keeping this in view, here we prove the equivalence between the initial

value problem (IVP) and the Volterra equation. Then, using this equivalence along

withWeissinger's �xed point theorem, we prove the existence and uniqueness of solution

for the following IVP

c
σD

η,ρ
0 f(t) = g(t, f(t)), t > 0, (3.2.1)

σD
k,ρf(0) = bk, k ∈ {0, 1, 2, ...,m− 1} , (3.2.2)

where σ > 0, ρ > 0, η > 0, m = dηe, cσD
η,ρ
0 is the generalized Caputo-type substantial

fractional derivative and f : R+ × R→ R.

For K > 0, h∗ > 0 and b1, ..., bm ∈ R, de�ne the set

H :=

(t, f(t)) : 0 ≤ t ≤ h∗,

∣∣∣∣∣∣f(t)− e−σtρ
m−1∑
k=0

bk
�(k + 1)

tρk

∣∣∣∣∣∣ ≤ K

 .

We assume the following while establishing the subsequent results of this section:
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(H1) g : H → R is both continuous and bounded in H;

(H2) g satis�es the Lipschitz condition with respect to the second variable, i.e. for

some constant L > 0 and for all (t, f(t)), (t, f̃(t)) ∈ H, we have

|g(t, f(t))− g(t, f̃(t))| ≤ L|f(t)− f̃(t)|.

We introduce some notations, for the sake of convenience.

Let h := min

{
h∗, h̃,

(
�(η+1)K

M

) 1
ρη

}
where M := sup(x,y)∈H |g(x, y)| and h̃ being a

positive real number, ful�lls the inequality h̃ <
(

�(η+1)
L

) 1
ρη
. These notations occur

frequently in this section. The generalizations of the existence and uniqueness results

presented in [21, 29, 10], are the main results of this section.

Theorem 3.2.1. Assume that h > 0 and f : R+ × R → R is continuous. Then

f ∈ C[0, h] is the solution of IVP (3.2.1)�(3.2.2) if and only if f ∈ C[0, h] satis�es the

Volterra equation

f(t) = e−σt
ρ
m−1∑
k=0

bk
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1g(s, f(s))ds.

Proof. Let f ∈ C[0, h] be a solution of the Volterra equation

f(t) = e−σt
ρ
m−1∑
k=0

bk
�(k + 1)

tρk + σJ
η,ρ
0 g(t, f(t)).

Apply c
σD

η,ρ
0 to both sides of the above equation. Using Theorem 3.1.5 and Example

3.1.11, we get

c
σD

η,ρ
0 f(t) =

m−1∑
k=0

bk
�(k + 1)

c
σD

η,ρ
0 e−σt

ρ

tρk + c
σD

η,ρ
0 σJ

η,ρ
0 g(t, f(t))

= g(t, f(t)).

Now we apply σD
k,ρ to both sides of the Volterra equation, where 0 ≤ k ≤ m − 1.
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Using Theorem 3.1.5, Theorem 3.1.9 and Example 3.1.11, we have

σD
k,ρ
0 f(t) =

m−1∑
j=0

bj
�(j + 1)

σD
k,ρe−σt

ρ

tρj + σD
k,ρ

σJ
η,ρ
0 g(t, f(t))

=
m−1∑
j=0

bj
�(j + 1)

( �(j + 1)

�(j − k + 1)
e−σt

ρ

tρ(j−k)
)

+ σD
k,ρ

σJ
k,ρ

σJ
η−k,ρ
0 g(t, f(t))

= e−σt
ρ
m−1∑
j=0

bj
�(j − k + 1)

tρ(j−k) +
ρ

�(η − k)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η+k
sρ−1g(s, f(s))ds.

It is clear that for j < k, the summands become identically zero because the reciprocal

of the Gamma function for non-positive integers, vanishes. Furthermore, for k < j, the

summands vanish if t = 0. Since η − k is a positive real number, so the integral also

vanishes when t = 0. Thus, we are left with the case j = k.

σD
k,ρf(0) =

bk
�(k − k + 1)

e−σt
ρ

tρ(k−k)
∣∣∣
t=0

= bk.

Conversely, we assume that f ∈ C[0, h] is the solution of the given IVP. Using the

initial conditions (3.2.2) and result of Theorem 3.1.10 and applying σJ
η,ρ
0 to both sides

of the FDE (3.2.1), we get the Volterra equation.

Theorem 3.2.2. Assume that f satis�es (H1) and (H2). Then, the Volterra equation

f(t) = e−σt
ρ
m−1∑
k=0

bk
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1g(s, f(s))ds

possesses a uniquely determined solution f ∈ C[0, h].

Proof. De�ne a set

B :=

f ∈ C[0, h] : sup
0≤t≤h

∣∣∣f(t)− e−σtρ
m−1∑
k=0

bk
�(k + 1)

tρk
∣∣∣ ≤ K


equipped with the norm ||.||B

||f ||B := sup
0<t≤h

∣∣∣f(t)
∣∣∣.
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It can be seen that (B, ||.||B) is a Banach space. De�ne the operator E by

Ef(t) := e−σt
ρ
m−1∑
k=0

bk
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1g(s, f(s))ds.

It is easy to check that Ef is continuous on the interval [0, h] for f ∈ B. Furthermore,

∣∣∣Ef(t)− e−σtρ
m−1∑
k=0

bk
�(k + 1)

tρk
∣∣∣ =

∣∣∣ ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1g(s, f(s))ds

∣∣∣
≤ ρ

�(η)
M

∫ t

0

sρ−1

(tρ − sρ)1−η ds

=
ρ

�(η)
M
tρη

ρη
=

M

�(η + 1)
tρη ≤ K

for t ∈ [0, h], the last step follows from the de�nition of h. The result of this is that

Ef ∈ B for f ∈ B, i.e. E is the self-map.

From the de�nition of the operator E and the Volterra equation, it follows that the

�xed points of E are the solutions of the Volterra equation.

To prove that the operator E has a unique �xed point, we use Weissinger's �xed

point theorem. For f1, f2 ∈ B, �rst we will show the following inequality

||Ejf1 − Ejf2||B ≤
( Lhρη

�(η + 1)

)j
||f1 − f2||B.

Clearly, the above inequality is true for the case j = 0. Assuming that it is true for
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j = k − 1. For j = k, we have

||Ekf1 − Ekf2||B = sup
0≤t≤h

∣∣∣Ekf1(t)− Ekf2(t)
∣∣∣

= sup
0≤t≤h

∣∣∣EEk−1f1(t)− EEk−1f2(t)
∣∣∣

= sup
0≤t≤h

1

�(η)

∣∣∣ ∫ t

0

ρe−σ(tρ−sρ)sρ−1

(tρ − sρ)1−η

(
g(s, Ek−1f1(s))− g(s, Ek−1f2(s))

)
ds
∣∣∣

≤ sup
0≤t≤h

L

�(η)

{∫ t

0

ρsρ−1

(tρ − sρ)1−η ds

}
||Ek−1f1 − Ek−1f2||B

=
L

�(η)

{
hρη

η

}
||Ek−1f1 − Ek−1f2||B

=
( Lhρη

�(η + 1)

)k
||f1 − f2||B.

Since h ≤ h̃, we have
(

Lhρη

�(η+1)

)
< 1. Thus, the series

∑∞
j=0

(
Lhρη

�(η+1)

)j
is convergent. This

completes the proof.

The following presents an example for which a general method to determine the

analytical solution is not available, but Theorem 3.2.1 and Theorem 3.2.2 allow us to

comment on the existence of its unique solution.

Example 3.2.3. Consider the IVP

c
1D

0.5,2
0 f(t) = te−t

2 (f(t))2

1 + (f(t))2
, (3.2.3)

f(0) = b0. (3.2.4)

It can easily veri�able that g(t, f(t)) = te−t
2 (f(t))2

1+(f(t))2 is both, continuous and bounded

in H. Furthermore, we show that f satis�es the Lipschitz condition

|g(t, f(t))− g(t, f̃(t))| =
∣∣∣te−t2 (f(t))2

1 + (f(t))2
− te−t2 (f̃(t))2

1 + (f̃(t))2

∣∣∣
=
∣∣∣te−t2 (f̃(t))2 − (f(t))2

(1 + (f(t))2)(1 + (f̃(t))2)

∣∣∣.
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Since 1 + (f(t))2 ≥ 1 and 1 + (f̃(t))2 ≥ 1, so

|g(t, f(t))− g(t, f̃(t))| ≤
{

sup
0≤t≤h

∣∣∣te−t2(f̃(t) + f(t))
∣∣∣}|f̃(t)− f(t)|

≤ h
{∣∣∣ sup

0≤t≤h
|f̃(t)|+ sup

0≤t≤h
|f(t)|

}
|f̃(t)− f(t)|

= h(K1 +K2)|f(t)− f̃(t)|,

where L := h(K1 + K2) is the Lipschitz constant. Thus, the hypotheses (H1) and

(H2) hold. From Theorem 3.2.1 and Theorem 3.2.2, we can deduce that there exists a

unique solution of IVP (3.2.3)-(3.2.4).

3.3 Continuous dependence of solutions on the given

data

In this section, �rst we prove a Gronwall-type inequality, which is the generalized

version of Gronwall-type inequalities, presented in [48, 14, 3]. Without any doubt, this

inequality plays a signi�cant role in the qualitative theory of integral and di�erential

equations. Furthermore, we present an analysis of the continuous dependence of the

solutions of FDEs on the given data.

Theorem 3.3.1. Assume that p and q are non-negative integrable functions and g is

a non-negative and non-decreasing continuous function on [a, b].

If

p(t) ≤ q(t) + ρ1−ηg(t)

∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)1−η p(s)ds, ∀t ∈ [a, b],

then

p(t) ≤ q(t) +

∫ t

a

∞∑
k=1

ρ1−kη[g(t)�(η)]k

�(kη)
e−σ(tρ−sρ)(tρ − sρ)kη−1sρ−1q(s)ds, ∀ t ∈ [a, b].

Moreover, if q is non-decreasing, then

p(t) ≤ q(t)Eη

[
g(t)�(η)

((tρ − aρ)
ρ

)η]
, ∀ t ∈ [a, b].
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Proof. De�ne operator A as

Af(t) := ρ1−ηg(t)

∫ t

a

sρ−1e−σ(tρ−sρ)

(tρ − sρ)1−η f(s)ds.

Then,

p(t) ≤ q(t) + Ap(t).

Iterating successively, for n ∈ N, we obtain

p(t) ≤
n−1∑
k=0

Akq(t) + Anp(t).

By mathematical induction, we show that if f is non-negative, then,

Akf(t) ≤ ρ1−kη
∫ t

a

[g(t)�(η)]k

�(kη)
e−σ(tρ−sρ)(tρ − sρ)kη−1sρ−1f(s)ds.

For k = 1, the equality holds. Assuming that it is true for k ∈ N

Ak+1f(t) =A(Akf(t)) ≤ A
(
ρ1−kη

∫ τ

a

[g(τ)�(η)]k

�(kη)
e−σ(τρ−sρ)(τ ρ − sρ)kη−1sρ−1f(s)ds

)
=ρ1−ηg(t)

∫ t

a

τ ρ−1e−σ(tρ−τρ)

(tρ − τ ρ)1−η

(
ρ1−kη

∫ τ

a

[g(τ)�(η)]k

�(kη)

× e−σ(τρ−sρ)(τ ρ − sρ)kη−1sρ−1f(s)ds
)
dτ.

By assumption, g is non-decreasing, so g(τ) ≤ g(t), ∀ τ ≤ t. Thus, we have

Ak+1f(t) ≤ (�(η))k

�(kη)
ρ2−(k+1)η(g(t))k+1

∫ t

a

∫ τ

a

e−σ(tρ−sρ)(tρ − τ ρ)η−1τ ρ−1

× (τ ρ − sρ)kη−1sρ−1f(s)dsdτ.

Using the Fubini's Theorem and the Dirichlet's technique, we get

Ak+1f(t) ≤(�(η))k

�(kη)
ρ2−(k+1)η(g(t))k+1

∫ t

a

e−σ(tρ−sρ)sρ−1f(s)

×
∫ t

s

(tρ − τ ρ)η−1τ ρ−1(τ ρ − sρ)kη−1dτds

=
(�(η))k

�(kη)
ρ2−(k+1)η(g(t))k+1

∫ t

a

e−σ(tρ−sρ)sρ−1f(s)

×
(

�(η)�(kη)

ρ�(kη + η)
(tρ − sρ)(k+1)η−1

)
ds
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=ρ1−(k+1)η

∫ t

a

[g(t)�(η)](k+1)

�((k + 1)η)
e−σ(tρ−sρ)(tρ − sρ)(k+1)η−1sρ−1f(s)ds.

Now we prove that Anp(t) → 0 as n → ∞. Since g is continuous on [a, b], so by

Weierstrass theorem, ∃ a constant M > 0 such that g(t) ≤M, ∀ t ∈ [a, b].

=⇒ Anp(t) ≤ ρ1−nη
∫ t

a

[M�(η)]n

�(nη)
e−σ(tρ−sρ)(tρ − sρ)nη−1sρ−1p(s)ds.

Consider the series ∞∑
n=1

[M�(η)]n

�(nη)
.

Using the relation

lim
n→∞

�(nη)(nη)η

�(nη + η)
= 1,

and the ratio test, we deduce that the series converges and therefore Anp(t) → 0 as

n→∞. Thus,

p(t) ≤
∞∑
k=0

Akq(t)

≤ q(t) +

∫ t

a

∞∑
k=1

ρ1−kη[g(t)�(η)]k

�(kη)
e−σ(tρ−sρ)(tρ − sρ)kη−1sρ−1q(s)ds.

Additionally, if q is non-decreasing, then, q(s) ≤ q(t), ∀ s ∈ [a, t]. So,

p(t) ≤ q(t)
[
1 +

∞∑
k=1

ρ1−kη[g(t)�(η)]k

�(kη)

∫ t

a

e−σ(tρ−sρ)(tρ − sρ)kη−1sρ−1ds
]

≤ q(t)
[
1 +

∞∑
k=1

ρ1−kη[g(t)�(η)]k

�(kη)

∫ t

a

(tρ − sρ)kη−1sρ−1ds
]

= q(t)
[
1 +

∞∑
k=1

ρ−kη[g(t)�(η)(tρ − aρ)η]k

�(kη + 1)

]
= q(t)Eη

[
g(t)�(η)

((tρ − aρ)
ρ

)η]
.

Next we will look at the dependence of the solution of a FDE on the initial values.
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Theorem 3.3.2. Assume that f is the solution of the IVP (3.2.1) − (3.2.2) and f̂ is

the solution of the following IVP

c
σD

η,ρ
0 f̂(t) = g(t, f̂(t)), t > 0, (3.3.1)

σD
k,ρf̂(0) = ck, k ∈ {0, 1, 2, ...,m− 1} . (3.3.2)

Let ε := maxk=0,1,...,m−1 |bk − ck|. If ε is su�ciently small, then ∃ some constant h > 0

such that f and f̂ are de�ned on [0, h], and

sup
0≤t≤h

|f(t)− f̂(t)| = O(ε).

Proof. Let f and f̂ be de�ned on [0, h1] and [0, h2], respectively. Take h = min {h1, h2},
then both the functions f and f̂ , are at-least de�ned on the interval [0, h]. De�ne

δ(t) := f(t)− f̂(t), then δ is the solution of the following IVP

c
σD

η,ρ
0 δ(t) = g(t, f(t))− g(t, f̂(t)), t > 0, (3.3.3)

σD
k,ρδ(0) = bk − ck, k ∈ {0, 1, 2, ...,m− 1} . (3.3.4)

The IVP (3.3.3)− (3.3.4) is equivalent to the Volterra equation

δ(t) = e−σt
ρ
m−1∑
k=0

(bk − ck)
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
(
g(s, f(s))− g(s, f̂(s))

)
ds.

Taking the absolute of above equation and using the triangle inequality and the Lips-

chitz condition on g, we get

|δ(t)|

=
∣∣∣e−σtρ m−1∑

k=0

(bk − ck)
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
(
g(s, f(s))− g(s, f̂(s))

)
ds
∣∣∣

≤
∣∣∣e−σtρ∣∣∣m−1∑

k=0

tρk

�(k + 1)

∣∣∣bk − ck∣∣∣+
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣g(s, f(s))− g(s, f̂(s))

∣∣∣ds
≤

m−1∑
k=0

hρk

�(k + 1)
max

k=0,1,...,m−1

∣∣∣bk − ck∣∣∣+
ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣f(s)− f̂(s)

∣∣∣ds
= mε

m−1∑
k=0

hρk

�(k + 1)
+

ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1|δ(s)|ds.
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Taking p(t) = |δ(t)|, q(t) = mε
∑m−1

k=0
hρk

�(k+1)
and g(t) = ρηL

�(η)
, and using Theorem 3.3.1,

we �nd

|δ(t)| ≤ mε

m−1∑
k=0

hρk

�(k + 1)
Eη(Lt

ρη) ≤ mε
m−1∑
k=0

hρk

�(k + 1)
Eη(Lh

ρη) = O(ε),

and this completes the proof.

Now we present an example to verify the statement of Theorem 3.3.2.

Example 3.3.3. The unique analytical solutions of the following four IVPs

c
1D

0.5,0.5
0 fi(t) = 0.9fi(t), f1(0) = 1, f2(0) = 1.2, f3(0) = 1.4, f4(0) = 1.6,

are given by

fi(t) = fi(0)e−t
0.5

E0.5(0.9t0.25), 0 ≤ t ≤ h.

Plots of these solutions are given in Fig. 3.2.

0 1 2 3 4 5 6 7
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

t

f i

Figure 3.2: Graphs of solutions from Example 3.3.3.

From Fig. 3.2, we can see that the change in the solutions is bounded by the change

in the initial conditions on the closed interval [0, h]. Thus, Example 3.3.3 veri�es the

statement of the Theorem 3.3.2.
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In the next theorem, we analyze the dependence of the solution of the FDE on the

force function g.

Theorem 3.3.4. We assume that f is the solution of the IVP (3.2.1)− (3.2.2) and f̂

is the solution of the following IVP

c
σD

η,ρ
0 f̂(t) = g̃(t, f̂(t)), t > 0, (3.3.5)

σD
k,ρf̂(0) = bk, k ∈ {0, 1, 2, ...,m− 1} , (3.3.6)

where g̃ satis�es the same conditions as g. Let ε := max(t,f̂(t))∈H |g(t, f̂(t))− g̃(t, f̂(t))|.
If ε is su�ciently small, then ∃ some constant h > 0 such that f and f̂ are de�ned on

[0, h], and

sup
0≤t≤h

|f(t)− f̂(t)| = O(ε).

Proof. Let f and f̂ be de�ned on [0, h1] and [0, h2], respectively. Take h = min {h1, h2},
then both the functions f and f̂ , are at least de�ned on the interval [0, h]. De�ne

δ(t) := f(t)− f̂(t), then δ is the solution of the following IVP

c
σD

η,ρ
0 δ(t) = g(t, f(t))− g̃(t, f̂(t)), t > 0, (3.3.7)

σD
k,ρδ(0) = 0, k ∈ {0, 1, 2, ...,m− 1} . (3.3.8)

The IVP (3.3.7)− (3.3.8) is equivalent to the Volterra equation

δ(t) =
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
(
g(s, f(s))− g̃(s, f̂(s))

)
ds.

Taking the absolute of the above equation and using the Lipschitz condition on g, we

get

|δ(t)| =
∣∣∣ ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
[(
g(s, f(s))− f(s, f̂(s))

)
+
(
g(s, f̂(s))− g̃(s, f̂(s))

)]
ds
∣∣∣

≤ ρ

�(η)

{∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣g(s, f(s))− f(s, f̂(s))

∣∣∣ds
+

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣g(s, f̂(s))− g̃(s, f̂(s))

∣∣∣ds}
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≤ ρ

�(η)

∫ t

0

sρ−1

(tρ − sρ)1−η max
(s,f̂(s))∈H

∣∣∣g(s, f̂(s))− g̃(s, f̂(s))
∣∣∣ds

+
ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣δ(s)∣∣∣ds

≤ ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣δ(s)∣∣∣ds+

ε

�(η + 1)
tρη

≤ εhρη

�(η + 1)
+

ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
∣∣∣δ(s)∣∣∣ds.

Taking p(t) = |δ(t)|, q(t) = εhρη

�(η+1)
and g(t) = ρηL

�(η)
, and using the Theorem 3.3.1, we

�nd

|δ(t)| ≤ εhρη

�(η + 1)
Eη(Lt

ρη) ≤ εhρη

�(η + 1)
Eη(Lh

ρη) = O(ε).

Thus, the proof is complete.

Finally, we explore the consequences of perturbing the order of the FDE.

Theorem 3.3.5. Assume that f is the solution of the IVP (3.2.1) − (3.2.2) and f̂ is

the solution of the following IVP

c
σD

η̃,ρ
0 f̂(t) = g(t, f̂(t)), t > 0, (3.3.9)

σD
k,ρf̂(0) = bk, k ∈ {0, 1, 2, ..., m̃− 1} , (3.3.10)

where η̃ > η and m̃ := dη̃e. Let ε := η̃ − η and

ε̃ :=

0 if m̃ = m,

max
{
|bk| : m ≤ k ≤ m̃− 1

}
otherwise.

If ε and ε̃ are su�ciently small, then ∃ some constant h > 0 such that f and f̂ are

de�ned on [0, h], and

sup
0≤t≤h

|f(t)− f̂(t)| = O(ε) +O(ε̃).

Proof. Let f and f̂ be de�ned on [0, h1] and [0, h2], respectively. Take h = min {h1, h2},
then both the functions f and f̂ , are at-least de�ned on the interval [0, h]. De�ne
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δ(t) := f(t)− f̂(t), then using Theorem 3.2.1

δ(t) = −e−σtρ
m̃−1∑
k=m

bk
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1g(s, f(s))ds

− ρ

�(η̃)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η̃ s
ρ−1g(s, f̂(s))ds

= −e−σtρ
m̃−1∑
k=m

bk
�(k + 1)

tρk +
ρ

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1
(
g(s, f(s))− g(s, f̂(s))

)
ds

+

∫ t

0

(ρ(tρ − sρ)η−1

�(η)
− ρ(tρ − sρ)η̃−1

�(η̃)

)
e−σ(tρ−sρ)sρ−1g(s, f̂(s))ds.

Taking the absolute of the above equation and using the Lipschitz condition on g, we

get

|δ(t)| ≤
m̃−1∑
k=m

hρk

�(k + 1)

∣∣∣bk∣∣∣+
ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1|δ(s)|ds

+ max
(x,y)∈H

∣∣∣g(x, y)
∣∣∣ ∫ t

0

∣∣∣ρ(tρ − sρ)η−1

�(η)
− ρ(tρ − sρ)η̃−1

�(η̃)

∣∣∣sρ−1ds

≤ O(ε̃) +
ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1|δ(s)|ds

+M

∫ h

0

∣∣∣(v)η−1

�(η)
− (v)η̃−1

�(η̃)

∣∣∣dv.
The zero of above integrand can be seen to be v0 =

(
�(η̃)
�(η)

) 1
η̃−η

. If h ≤ v0, then absolute

value sign can be taken outside the integral. In the other case, the interval of integration

must be separated at v0, and each integral can be evaluated without di�culty. Thus

in any case, we �nd that the integral is bounded by O(η̃ − η) = O(ε). Hence, we have

|δ(t)| ≤ O(ε̃) +O(ε) +
ρL

�(η)

∫ t

0

e−σ(tρ−sρ)

(tρ − sρ)1−η s
ρ−1|δ(s)|ds

and using Theorem the 3.3.1, we obtain the desired result.
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Chapter 4

Φ-Hadamard type fractional calculus

In this chapter, we present a generalization of the Hadamard type fractional calculus

which has been named as the Φ-Hadamard type fractional calculus. Moreover, we

discuss conditions for which the Φ-Hadamard type fractional integral is bounded in

a generalized space Xp
Φ,c(a, b). We also prove su�cient conditions for the existence of

Φ-Hadamard type fractional derivative. Finally, we give proofs of some basic properties

and integration by parts formulas of fractional calculus.

4.1 Generalization of the Hadamard type fractional

operators

Motivated by de�nitions of the Φ-RL, Φ-Caputo and Hadamard type fractional oper-

ators, we present a modi�ed construction of the general case of the Hadamard type

fractional operators. We introduce new de�nitions of the Hadamard type fractional

operators by generalizing these operators. The new generalization is based on the ob-

servation that for m ∈ N, the Φ-Hadamard type fractional integral, of order m, is given

by the mth iteration of the integral HJ1,Φ
a,µ as below:

HJ
m,Φ
a,µ f(t) = {Φ(t)}−µ

∫ t

a

Φ′(s1)

Φ(s1)
ds1

∫ s1

a

Φ′(s2)

Φ(s2)
ds2 · · ·

∫ sm−1

a

{Φ(sm)}µf(sm)
Φ′(sm)

Φ(sm)
dsm

=
1

�(m)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)m−1

f(s)
Φ′(s)ds

Φ(s)
.

(4.1.1)
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Thus, the fractional version of (4.1.1) is given below

HJ
η,Φ
a,µf(t) =

1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

f(s)
Φ′(s)ds

Φ(s)
, where η ∈ R. (4.1.2)

We next de�ne the Φ-Hadamard type fractional operators in the following de�ni-

tions.

De�nition 4.1.1. Let η be a real number such that η > 0, m − 1 < η ≤ m, −∞ ≤
a < b ≤ ∞, f be an integrable function de�ned on [a, b] and Φ ∈ C1([a, b]) be an

increasing function such that Φ′(t) 6= 0 for all t ∈ [a, b]. Then, the left and right-sided

Φ-Hadamard type fractional integrals of a function f of order η are de�ned as

HJ
η,Φ
a+,µf(t) =

1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

f(s)
Φ′(s)ds

Φ(s)
, for t > a, (4.1.3)

and

HJ
η,Φ
b−,µf(t) =

1

�(η)

∫ b

t

(
Φ(t)

Φ(s)

)µ(
log

Φ(s)

Φ(t)

)η−1

f(s)
Φ′(s)ds

Φ(s)
, for t < b, (4.1.4)

respectively.

It is noteworthy that for Φ(t) → t, HJη,Φa,µ → HJ
η
a,µ which is the Hadamard type

fractional integral. Moreover, for Φ(t) → t and µ = 0, we obtain HJ
η,Φ
a,µ → HJ

η
a which

is the classical Hadamard fractional integral.

De�nition 4.1.2. Let η be a real number such that η > 0, m − 1 < η ≤ m, −∞ ≤
a < b ≤ ∞, f be an integrable function de�ned on [a, b] and Φ ∈ C1([a, b]) be an

increasing function such that Φ′(t) 6= 0 for all t ∈ [a, b]. Then, the left and right-sided

Φ-Hadamard type fractional derivatives of a function f of order η are de�ned as

HD
η,Φ
a+,µf(t) = HD

m,Φ
a+,µHJ

m−η,Φ
a+,µ f(t), for t > a, (4.1.5)

and

HD
η,Φ
b−,µf(t) = HD

m,Φ
b−,µHJ

m−η,Φ
b−,µ f(t), for t < b, (4.1.6)

respectively, where

HD
m,Φ
a+,µ = {Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)m
{Φ(t)}µ (4.1.7)
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and

HD
m,Φ
b−,µ = (−1)m{Φ(t)}µ

(
Φ(t)

Φ′(t)

d

dt

)m
{Φ(t)}−µ. (4.1.8)

In 1967, the de�nition of the RL fractional derivative was reformulated by Caputo

in such a way that he switched the order of the ordinary derivative with the fractional

integral operator [7]. By motivation of this reformulation, we present the following

de�nition.

De�nition 4.1.3. Assume that η > 0, m − 1 < η ≤ m, I is the interval −∞ < a <

b < ∞, f,Φ ∈ Cm(I) two functions such that Φ is increasing and Φ′(t) 6= 0 for all

t ∈ I. Then, the left and right-sided Caputo Φ-Hadamard type fractional derivatives

of order η are de�ned as

C
HD

η,Φ
a+,µf(t) = HJ

m−η,Φ
a+,µ HD

m,Φ
a+,µf(t), for t > a, (4.1.9)

and
C
HD

η,Φ
b−,µf(t) = HJ

m−η,Φ
b−,µ HD

m,Φ
b−,µf(t), for t < b, (4.1.10)

respectively.

Lemma 4.1.1. For the Φ-Hadamard type fractional integral HJ
η,Φ
a+,µ and fractional

derivative HD
η,Φ
a+,µ, the following properties hold

(a) lim
η→1

HJ
η,Φ
a+,µf(t) =

∫ t

a

(
Φ(s)

Φ(t)

)µ
f(s)

Φ′(s)ds

Φ(s)
,

(b) lim
η→0+

HJ
η,Φ
a+,µf(t) = f(t),

(c) lim
η→0+

HD
η,Φ
a+,µf(t) = f(t),

(d) lim
η→(m−1)+

HD
η,Φ
a+,µf(t) = {Φ(t)}−µδm−1,Φ{Φ(t)}µf(t),

(e) lim
η→m−

HD
η,Φ
a+,µf(t) = {Φ(t)}−µδm,Φ{Φ(t)}µf(t),

where δm,Φ =
(

Φ(t)
Φ′(t)

d
dt

)m
.
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Proof. For (a), taking η = 1 in the de�nition of Φ-Hadamard type fractional integral

HJ
η,Φ
a+,µ, the desired result is obtained.

For (b), considering the de�nition of HJ
η,Φ
a+,µ and applying integration by parts, we

get

HJ
η,Φ
a+,µf(t) =

1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

f(s)
Φ′(s)ds

Φ(s)

=− 1

�(η + 1)

{(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η
f(s)

∣∣∣t
a

−
∫ t

a

(
log

Φ(t)

Φ(s)

)η
d

[(
Φ(s)

Φ(t)

)µ
f(s)

]
=

1

�(η + 1)

{(
Φ(a)

Φ(t)

)µ(
log

Φ(t)

Φ(a)

)η
f(a)

+

∫ t

a

(
log

Φ(t)

Φ(s)

)η
d

[(
Φ(s)

Φ(t)

)µ
f(s)

] .

Taking the limit as η → 0+, we obtain

lim
η→0+

HJ
η,Φ
a+,µf(t) =

(
Φ(a)

Φ(t)

)µ
f(a) + f(t)−

(
Φ(a)

Φ(t)

)µ
f(a) = f(t).

For (c), consider the de�nition of HD
η,Φ
a+,µ

HD
η,Φ
a+,µf(t) = {Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)
{Φ(t)}µ

{
1

�(1− η)

∫ t

a

(
Φ(s)

Φ(t)

)µ
×
(

log
Φ(t)

Φ(s)

)−η
f(s)

Φ′(s)ds

Φ(s)

}
.

Taking the limit as η → 0+ and applying the Leibniz rule, we get

lim
η→0+

HD
η,Φ
a+,µf(t) = {Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)
{Φ(t)}µ

{∫ t

a

(
Φ(s)

Φ(t)

)µ
f(s)

Φ′(s)ds

Φ(s)

}
= f(t).

Similarly, one can prove (d) and (e). Therefore, we omit the proofs here. Hence, the

Lemma 4.1.1 is proved.
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Lemma 4.1.2. If 0 < η < 1 and ζ > 0, then the following relations hold

HJ
η,Φ
a+,µ

{
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ−1
}

=
�(ζ)

�(η + ζ)
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ+η−1

, (4.1.11)

HD
η,Φ
a+,µ

{
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ−1
}

=
�(ζ)

�(ζ − η)
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ−η−1

. (4.1.12)

Proof. First we prove (4.1.11). Using the de�nition of HJ
η,Φ
a+,µ, we have

HJ
η,Φ
a+,µ

{
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ−1
}

=
1

�(η)
{Φ(t)}−µ

∫ t

a

(
log

Φ(t)

Φ(s)

)η−1

×
(

log
Φ(s)

Φ(a)

)ζ−1
Φ′(s)ds

Φ(s)
.

Substituting y =
log

(
Φ(s)
Φ(a)

)
log

(
Φ(t)
Φ(a)

) and using the relation between the Beta function and the

Gamma function, we obtain

HJ
η,Φ
a+,µ

{
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ−1
}

=
1

�(η)
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ+η−1

×
∫ 1

0

(1− y)η−1yζ−1dy

=
�(ζ)

�(η + ζ)
{Φ(t)}−µ

(
log

Φ(t)

Φ(a)

)ζ+η−1

.

Thus, we have proved our lemma for the integral. The proof for the relation (4.1.12)

can be done in a similar manner as above.

Fractional integrals and derivatives of f(t), for ζ = 2, a = 1, µ = 1 and di�erent

functions Φ(t) are illustrated graphically in Fig. 4.1 and Fig. 4.2, respectively.

4.2 Φ-Hadamard type fractional integral operator in

the space Xp
Φ,c(a, b)

In this section, we discuss the conditions under which the Φ-Hadamard type fractional

integral operator HJ
η,Φ
a+,µ is bounded in the space X

p
Φ,c(a, b) (c ∈ R, 1 ≤ p ≤ ∞) of those
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(a) Φ(t) =
√
t, 0.1 ≤ η ≤ 0.9.
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(b) Φ(t) = t, 0.1 ≤ η ≤ 0.9.
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(c) Φ(t) = t2, 0.1 ≤ η ≤ 0.9.

Figure 4.1: Fractional integrals HJ
η,Φ
a+,µ of f(t) = {Φ(t)}−µ

(
log Φ(t)

Φ(a)

)ζ−1

.

complex-valued Lebesgue measurable functions f on [a, b] for which ||f ||Xp
Φ,c

< ∞,

where

||f ||Xp
Φ,c

=

(∫ b

a

∣∣∣{Φ(t)
}c
f(t)

∣∣∣p Φ′(t)

Φ(t)
dt

) 1
p

, for c ∈ R, 1 ≤ p <∞ (4.2.1)

and

||f ||X∞Φ,c = ess sup
a≤t≤b

({
Φ(t)

}c ∣∣f(t)
∣∣) , for c ∈ R. (4.2.2)
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(b) Φ(t) = t, 0.1 ≤ η ≤ 0.9.
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(c) Φ(t) = t2, 0.1 ≤ η ≤ 0.9.

Figure 4.2: Fractional derivatives HD
η,Φ
a+,µ of f(t) = {Φ(t)}−µ

(
log Φ(t)

Φ(a)

)ζ−1

.

If we consider c = 1
p
and Φ(t) = t, then the space Xp

Φ,c(a, b) coincides with the space

Lp(a, b) with

||f ||p =

(∫ b

a

∣∣f(t)
∣∣p dt) 1

p

for 1 ≤ p <∞

and

||f ||∞ = ess sup
a≤t≤b

∣∣f(t)
∣∣ for c ∈ R.

In the theorem below, for a non-negative increasing function Φ and µ ≥ c, we prove

that the Φ-Hadamard type fractional integral operator HJ
η,Φ
a+,µ is well-de�ned on the
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space Xp
Φ,c(a, b).

Theorem 4.2.1. Let η > 0, 1 ≤ p ≤ ∞, 0 < a < b < ∞, Φ be a non-negative

increasing function and µ, c ∈ R be such that µ ≥ c. Then the operator HJ
η,Φ
a+,µ is

bounded in Xp
Φ,c(a, b) and

||HJη,Φa+,µf ||Xp
Φ,c
≤ K||f ||Xp

Φ,c
(4.2.3)

where

K =
1

�(η + 1)

(
log

Φ(b)

Φ(a)

)η
for µ = c (4.2.4)

while

K =
1

�(η)
(µ− c)−ηγ

(
η, (µ− c) log

Φ(b)

Φ(a)

)
for µ > c. (4.2.5)

Proof. First we discuss the case 1 ≤ p < ∞. Using the de�nition of HJ
η,Φ
a+,µ and Eq.

(4.2.1), we �nd

||HJη,Φa+,µf ||Xp
Φ,c

=

∫ b

a

{Φ(t)}cp
∣∣∣∣∣ 1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

×f(s)
Φ′(s)ds

Φ(s)

∣∣∣∣p Φ′(t)dt

Φ(t)

) 1
p

.

Making the substitution Φ(s) = Φ(t)
Φ(u)

, we get

||HJη,Φa+,µf ||Xp
Φ,c

=

∫ b

a

∣∣∣∣∣∣
∫ Φ−1

(
Φ(b)
Φ(a)

)
Φ−1(1)

{Φ(u)}−µ

�(η)
{log Φ(u)}η−1

{
Φ(t)

}1− 1
p{

Φ′(t)
}− 1

p

×f

(
Φ−1

(
Φ(t)

Φ(u)

))
Φ′(u)du

Φ(u)

∣∣∣∣∣∣
p

dt


1
p

.

Since f(t) ∈ Xp
Φ,c(a, b), thus

{Φ(t)}1− 1
p

{Φ′(t)}−
1
p
f(t) ∈ Lp(a, b) and by applying the generalized

Minkowsky inequality, we have

||HJη,Φa+,µf ||Xp
Φ,c
≤ 1

�(η)

∫ Φ−1
(

Φ(b)
Φ(a)

)
Φ−1(1)

{Φ(u)}−µ−1{log Φ(u)}η−1Φ′(u)
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×

∫ Φ−1(Φ(u)Φ(a))

b

{Φ(t)}cp
∣∣∣∣∣∣f
(

Φ−1

(
Φ(t)

Φ(u)

))∣∣∣∣∣∣
p

Φ′(t)dt

Φ(t)


1
p

du

=
1

�(η)

∫ Φ−1
(

Φ(b)
Φ(a)

)
Φ−1(1)

∫ Φ−1(Φ(b)Φ(u))

a

∣∣{Φ(s)}cf(s)
∣∣p Φ′(s)ds

Φ(s)

 1
p

× {Φ(u)}c−µ−1{log Φ(u)}η−1Φ′(u)du

and hence

||HJη,Φa+,µf ||Xp
Φ,c
≤M ||f ||Xp

Φ,c

where

M =
1

�(η)

∫ Φ−1
(

Φ(b)
Φ(a)

)
Φ−1(1)

{Φ(u)}c−µ−1{log Φ(u)}η−1Φ′(u)du. (4.2.6)

When µ = c, then we have

M =
1

�(η)

∫ Φ−1
(

Φ(b)
Φ(a)

)
Φ−1(1)

{log Φ(u)}η−1 Φ′(u)du

Φ(u)
=

1

�(η + 1)

(
log

Φ(b)

Φ(a)

)η
.

If µ > c, then making the substitution s = (µ− c) log Φ(u) in Eq. (4.2.6) and by using

the de�nition of the incomplete Gamma function, we have

M =
(µ− c)−η

�(η)

∫ (µ−c) log
(

Φ(b)
Φ(a)

)
0

e−ssη−1ds =
(µ− c)−η

�(η)
γ

(
η, (µ− c) log

Φ(b)

Φ(a)

)
.

Thus the result is proved for 1 ≤ p <∞.

Next we assume that p = ∞. Then by using the de�nition of HJ
η,Φ
a+,µ and Eq.

(4.2.2), we have∣∣∣{Φ(t)}cHJη,Φa+,µf(t)
∣∣∣ ≤ 1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ−c(
log

Φ(t)

Φ(s)

)η−1 ∣∣{Φ(s)}cf(s)
∣∣ Φ′(s)ds

Φ(s)

≤ K(t)||f ||X∞Φ,c
(4.2.7)

where

K(t) =
1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ−c(
log

Φ(t)

Φ(s)

)η−1
Φ′(s)ds

Φ(s)
.
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Substituting Φ(u) = Φ(t)
Φ(s)

in the above equation, we get

K(t) =
1

�(η)

∫ Φ−1
(

Φ(t)
Φ(a)

)
Φ−1(1)

{Φ(u)}c−µ{log Φ(u)}η−1 Φ′(u)du

Φ(u)
.

If µ = c. then for any a ≤ t ≤ b

K(t) =
1

�(η + 1)

(
log

Φ(t)

Φ(a)

)η
≤ 1

�(η + 1)

(
log(

Φ(b)

Φ(a)

)η
. (4.2.8)

If µ > c, then making the substitution s = (µ− c) log Φ(u) and by using the de�nition

of the incomplete Gamma function, we �nd

K(t) =
1

�(η)
(µ− c)−ηγ

(
η, (µ− c)η−1 log

Φ(t)

Φ(a)

)
.

Since γ(v, t) is an increasing function, thus for any a ≤ t ≤ b it follows that

K(t) ≤ 1

�(η)
(µ− c)−ηγ

(
η, (µ− c)η−1 log

Φ(b)

Φ(a)

)
. (4.2.9)

Hence, from Eqs. (4.2.7)-(4.2.9), we see that for any a ≤ t ≤ b∣∣∣{Φ(t)}cHJη,Φa+,µf(t)
∣∣∣ ≤ K||f ||X∞Φ,c

where K is given by Eqs. (4.2.4) and (4.2.5) when µ = c and µ > c, respectively. Thus

we have proved the result for p =∞.

Remark 4.2.2. The result for Φ-Hadamard type fractional integral operator in The-

orem 4.2.1 is analogous to the classical RL fractional integral operator [38]. Moreover,

considering the case that Φ(t) = t, we have an analogous conclusion for Hadamard type

fractional integral operator. Taking into consideration Φ(t) = t and µ = 0, Theorem

4.2.1 holds true in the settings of Hadamard fractional integral operator [24].

4.3 Existence of the Φ-Hadamard type fractional deriva-

tive

In this section, we present su�cient conditions for the existence of the Φ-Hadamard

type fractional derivative HD
η,Φ
a+,µ in the space

ACm
δΦ,µ[a, b] :=

{
h : [a, b]→ C : δm−1,Φ

{{
Φ(t)

}µ
h(t)

}
∈ AC[a, b]

}
(4.3.1)
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where µ ∈ R and δk,Φ =
(

Φ(t)
Φ′(t)

d
dt

)k
. Here AC[a, b] is the set of absolutely continuous

functions on [a, b] which coincides with the space of primitives of Lebesgue measurable

functions i.e.

h(t) ∈ AC[a, b] ⇐⇒ h(t) =

∫ t

a

ĥ(s)dt+ c (4.3.2)

where ĥ(s) ∈ L1(a, b).

In the following theorem, we characterize the space ACm
δΦ,µ[a, b].

Theorem 4.3.1. The space ACm
δΦ,µ[a, b] consists of those and only those functions g(t),

which are represented in the form

g(t) =
{

Φ(t)
}−µ 1

(m− 1)!

∫ t

a

(
log

Φ(t)

Φ(s)

)m−1

ĥ(s)ds+
m−1∑
k=0

ck

(
log

Φ(t)

Φ(a)

)k .

(4.3.3)

Proof. Let g(t) ∈ ACm
δΦ,µ[a, b]. Then by Eqs. (4.3.1) and (4.3.2), we have

δm−1,Φ
{{

Φ(t)
}µ
g(t)

}
=

∫ t

a

ĥ(s)ds+ cm−1 (4.3.4)

i.e.
d

dt

[
δm−2,Φ

{{
Φ(t)

}µ
g(t)

}]
=

Φ′(t)

Φ(t)

∫ t

a

ĥ(s)ds+
Φ′(t)

Φ(t)
cm−1.

Therefore, we have

δm−2,Φ
{{

Φ(t)
}µ
g(t)

}
=

∫ t

a

log
Φ(t)

Φ(s)
ĥ(s)ds+ cm−2 + cm−1 log

Φ(t)

Φ(a)
.

Repeating this procedure i times, we get

δm−i,Φ
{{

Φ(t)
}µ
g(t)

}
=

1

(i− 1)!

∫ t

a

(
log

Φ(t)

Φ(s)

)i−1

ĥ(s)ds+
i−1∑
k=0

cm+k−i

(
log

Φ(t)

Φ(a)

)k
.

(4.3.5)

Substituting i = m in Eq. (4.3.5), we get Eq. (4.3.3).

Conversely, let g(t) be represented by the Eq. (4.3.3), i.e.

{
Φ(t)

}µ
g(t) =

1

(m− 1)!

∫ t

a

(
log

Φ(t)

Φ(s)

)m−1

ĥ(s)ds+
m−1∑
k=0

ck

(
log

Φ(t)

Φ(a)

)k
.
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Applying δi,Φ on both sides of the above equation, we get

δi,Φ
{{

Φ(t)
}µ
g(t)

}
=

1

(m− i− 1)!

∫ t

a

(
log

Φ(t)

Φ(s)

)m−i−1

ĥ(s)ds

+
m−1∑
k=i

k!ck
(k − i)!

(
log

Φ(t)

Φ(a)

)k−i
.

For i = m− 1, we obtain

δm−1,Φ
{{

Φ(t)
}µ
g(t)

}
=

∫ t

a

ĥ(s)ds+ c

where c = (m − 1)!cm−1 and hence, according to Eq. (4.3.2), we deduce that g(t) ∈
ACm

δΦ,µ[a, b]. Thus, the proof of the theorem is complete.

Remark 4.3.2. From Eq. (4.3.4), we have ĥ(s) = g′m−1(s). Furthermore, it follows

from our proof that ck = gk(a)
k!

where k = 0, 1, ...,m− 1 and gk(t) = δk,Φ
{

(Φ(t))µg(t)
}
.

Hence, g(t) can be represented as

g(t) =
{

Φ(t)
}−µ

∫ t

a

(
log

Φ(t)

Φ(s)

)m−1 g′m−1(s)

(m− 1)!
ds+

m−1∑
k=0

gk(a)

k!

(
log

Φ(t)

Φ(a)

)k .

(4.3.6)

Now we give proof of a result giving su�cient conditions for the existence of the

Φ-Hadamard type fractional derivative.

Theorem 4.3.3. Let η > 0, m = [η] + 1, µ ∈ R and g(t) ∈ ACm
δΦ,µ[a, b]. Then the

Φ-Hadamard type fractional derivative HD
η,Φ
a+,µg exists almost everywhere on [a, b] and

may be represented in the form

HD
η,Φ
a+,µg(t) =

{
Φ(t)

}−µ{∫ t

a

(
log

Φ(t)

Φ(s)

)m−η−1 g′m−1(s)

�(m− η)
ds

+
m−1∑
k=0

gk(a)

�(k − η + 1)

(
log

Φ(t)

Φ(a)

)k−η .

(4.3.7)

42



Proof. Since g(t) ∈ ACm
δΦ,µ[a, b], by substituting the form for g(t) given in Eq. (4.3.6)

into the de�nition of the HD
η,Φ
a+,µ, we get

HD
η,Φ
a+,µg(t) =

{
Φ(t)

}−µ
δm,Φ

1

�(m− η)

∫ t

a

(
log

Φ(t)

Φ(s)

)m−η−1


m−1∑
k=0

gk(a)

k!

(
log

Φ(t)

Φ(a)

)k

+

∫ s

a

(
log

Φ(s)

Φ(u)

)m−1 g′m−1(u)

(m− 1)!
du

}
Φ′(s)

Φ(s)
ds.

(4.3.8)

Considering the term involving the double integral in the above equation and by using

the Dirichlet formula for the change of order of the integration, we obtain∫ t

a

(
log

Φ(t)

Φ(s)

)m−η−1 ∫ s

a

(
log

Φ(s)

Φ(u)

)m−1 g′m−1(u)

(m− 1)!
du

Φ′(s)

Φ(s)
ds

=

∫ t

a

g′m−1(u)

(m− 1)!

∫ t

u

(
log

Φ(t)

Φ(s)

)m−η−1(
log

Φ(s)

Φ(u)

)m−1
Φ′(s)

Φ(s)
dsdu.

Evaluating the inner integral by making the substitution y =
log

(
Φ(s)
Φ(u)

)
log

(
Φ(t)
Φ(u)

) and by using

the de�nition of the Beta function, we �nd∫ t

a

(
log

Φ(t)

Φ(s)

)m−η−1 ∫ s

a

(
log

Φ(s)

Φ(u)

)m−1 g′m−1(u)

(m− 1)!
du

Φ′(s)

Φ(s)
ds

=
�(m)�(m− η)

�(2m− η)

∫ t

a

g′m−1(u)

(m− 1)!

(
log

Φ(t)

Φ(u)

)2m−η−1

du.

By substituting this relation into Eq. (4.3.8) and taking δm,Φ-di�erentiation, we obtain

the required result.

Remark 4.3.4. The result for Φ-Hadamard type fractional di�erential operator in

Theorem 4.3.3 is the analogue of the classical RL fractional di�erential operator [38].

Moreover, when we consider the case that Φ(t) = t, we can make an analogous conclu-

sion for the Hadamard type fractional di�erential operator. Considering Φ(t) = t and

µ = 0, Theorem 4.3.3 can be seen to hold true in the settings of Hadamard fractional

di�erential operator [24].
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4.4 Semi-group and reciprocal properties of Φ-Hadamard

type fractional operators

In this section, we give proof of the semi-group and reciprocal properties of the Φ-

Hadamard type fractional integral operators.

Theorem 4.4.1. Let η > 0, ζ > 0, 1 ≤ p ≤ ∞, 0 < a < b < ∞, Φ be a non-negative

increasing function and µ, c ∈ R be such that µ ≥ c. Then for f ∈ Xp
Φ,c(a, b), the

following property holds

HJ
η,Φ
a+,µHJ

ζ,Φ
a+,µf(t) = HJ

η+ζ,Φ
a+,µ f(t). (4.4.1)

Proof. Using the de�nition of Φ-Hadamard type fractional integral HJ
η,Φ
a+,µ and the

Dirichlet formula, we obtain

HJ
η,Φ
a+,µHJ

ζ,Φ
a+,µf(t) =

1

�(η)�(ζ)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

×

{∫ s

a

(
Φ(u)

Φ(s)

)µ(
log

Φ(s)

Φ(u)

)ζ−1

f(u)
Φ′(u)du

Φ(u)

}
Φ′(s)ds

Φ(s)

=
1

�(η)�(ζ)

∫ t

a

(
Φ(u)

Φ(t)

)µ
f(u)

{∫ t

u

(
log

Φ(t)

Φ(s)

)η−1

×
(

log
Φ(s)

Φ(u)

)ζ−1
Φ′(s)ds

Φ(s)

}
Φ′(u)du

Φ(u)
.

Evaluating the inner integral by making the substitution y =
log

(
Φ(s)
Φ(u)

)
log

(
Φ(t)
Φ(u)

) and using the

de�nition of the Beta function, we get

HJ
η,Φ
a+,µHJ

ζ,Φ
a+,µf(t) =

1

�(η)�(ζ)

∫ t

a

(
Φ(u)

Φ(t)

)µ
f(u)

{(
log

Φ(t)

Φ(u)

)η+ζ−1

×
∫ 1

0

yζ−1(1− y)η−1dy

}
Φ′(u)du

Φ(u)

=
1

�(η)�(ζ)

∫ t

a

(
Φ(u)

Φ(t)

)µ
f(u)

{
�(η)�(ζ)

�(η + ζ)

(
log

Φ(t)

Φ(u)

)η+ζ−1
}

Φ′(u)du

Φ(u)

=
1

�(η + ζ)

∫ t

a

(
Φ(u)

Φ(t)

)µ(
log

Φ(t)

Φ(u)

)η+ζ−1

f(u)
Φ′(u)du

Φ(u)

=HJ
η,Φ
a+,µHJ

ζ,Φ
a+,µf(t).
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Hence, the proof of the Theorem 4.4.1 is complete.

Now we consider the composition between the Φ-Hadamard type fractional deriva-

tive HD
ζ,Φ
a+,µ of order ζ and fractional integral HJ

η,Φ
a+,µ of order η.

Theorem 4.4.2. Let η > ζ > 0, 1 ≤ p ≤ ∞, 0 < a < b < ∞, Φ be a non-negative

increasing function and µ, c ∈ R be such that µ ≥ c. Then for f ∈ Xp
Φ,c(a, b), the

following property holds. That is,

HD
ζ,Φ
a+,µHJ

η,Φ
a+,µf(t) = HJ

η−ζ,Φ
a+,µ f(t). (4.4.2)

Particularly, if ζ = n ∈ N, then

HD
n,Φ
a+,µHJ

η,Φ
a+,µf(t) = HJ

η−n,Φ
a+,µ f(t). (4.4.3)

Proof. Let n− 1 < ζ ≤ n, such that n ∈ N. If ζ = n, then

HD
n,Φ
a+,µg(t) = {Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)n
{Φ(t)}µg(t). (4.4.4)

Using the de�nition of HJ
η,Φ
a+,µ and Eq. (4.4.4), we obtain

HD
n,Φ
a+,µHJ

η,Φ
a+,µf(t) = {Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)n−1(
Φ(t)

Φ′(t)

d

dt

)
1

�(η)

∫ t

a

{Φ(u)}µ

×
(

log
Φ(t)

Φ(u)

)η−1

f(u)
Φ′(u)du

Φ(u)
.

By application of the Leibniz rule and by using the relation �(η + 1) = η�(η), we have

HD
n,Φ
a+,µHJ

η,Φ
a+,µf(t) ={Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)n−1 {Φ(t)}µ

�(η − 1)

∫ t

a

(
Φ(u)

Φ(t)

)µ(
log

Φ(t)

Φ(u)

)η−2

× f(u)
Φ′(u)du

Φ(u)

={Φ(t)}−µ
(

Φ(t)

Φ′(t)

d

dt

)n−1

{Φ(t)}µHJη−1,Φ
a+,µ f(t).

Repeating this procedure k times, where 1 ≤ k ≤ n, we �nd

HD
n,Φ
a+,µHJ

η,Φ
a+,µf(t) = {Φ(t)}−µ

(
Φ(t)

Φ′(t)

d

dt

)n−k
{Φ(t)}µHJη−k,Φa+,µ f(t)
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and the particular case follows for k = n.

If n− 1 < ζ < n, then Eq. (4.4.2) follows from Eqs. (4.4.1) and (4.4.3):

HD
ζ,Φ
a+,µHJ

η,Φ
a+,µf(t) = HD

n,Φ
a+,µHJ

n−ζ,Φ
a+,µ HJ

η,Φ
a+,µf(t) = HD

n,Φ
a+,µHJ

n+η−ζ,Φ
a+,µ = HJ

η−ζ,Φ
a+,µ f(t).

(4.4.5)

Hence, the theorem has been proved.

Theorem 4.4.3. Let η > 0, m − 1 < η ≤ m, 0 < a < b < ∞, µ ∈ R, Φ be a non-

negative increasing function. Assuming f such that HJ
m−η,Φ
a+,µ f ∈ ACm

δΦ,µ[a, b]. Then,

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) = f(t)−

(
Φ(a)

Φ(t)

)µ m∑
k=1

1

�(η − k + 1)

(
log

Φ(t)

Φ(a)

)η−k
lim
s→a+

HD
η−k,Φ
a+,µ f(s).

Particularly, for 0 < η < 1 we have

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) = f(t)− 1

�(η)

(
Φ(a)

Φ(t)

)µ(
log

Φ(t)

Φ(a)

)η−1

lim
s→a+

HJ
1−η,Φ
a+,µ f(s).

Proof. Using the Leibniz rule, the following relation can be established.{
Φ(t)

}−µ
δ1,Φ

{
Φ(t)

}µ ∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η
HD

η,Φ
a+,µf(t)

Φ′(s)ds

Φ(s)

= η

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

HD
η,Φ
a+,µf(s)

Φ′(s)ds

Φ(s)
.

(4.4.6)

By the de�nition of HJ
η,Φ
a+,µ, we have

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) =

1

�(η)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

HD
η,Φ
a+,µf(s)

Φ′(s)ds

Φ(s)
. (4.4.7)

From Eq. (4.4.6) and (4.4.7), we get

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) =

1

�(η + 1)

{
Φ(t)

}−µ
δ1,Φ

{
Φ(t)

}µ ∫ t

a

(
Φ(s)

Φ(t)

)µ
×
(

log
Φ(t)

Φ(s)

)η
HD

η,Φ
a+,µf(s)

Φ′(s)ds

Φ(s)
.

(4.4.8)

From the de�nition of HD
η,Φ
a+,µ and Eq. (4.4.8), we �nd

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) =

1

�(η + 1)

{
Φ(t)

}−µ
δ1,Φ

{
Φ(t)

}µ ∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η
×
{

Φ(t)
}−µ

δ1,Φ
{

Φ(t)
}µ

HD
m−1,Φ
a+,µ HJ

m−η,Φ
a+,µ f(s)

Φ′(s)ds

Φ(s)
.
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Applying integration by parts, we have

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) =− 1

�(η)

(
Φ(a)

Φ(t)

)µ(
log

Φ(t)

Φ(a)

)η−1

lim
s→a+

HD
m−1,Φ
a+,µ HJ

m−η,Φ
a+,µ f(s)

+
1

�(η)

{
Φ(t)

}−µ
δ1,Φ

{
Φ(t)

}µ ∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

×
{

Φ(t)
}−µ

δ1,Φ
{

Φ(t)
}µ

HD
m−2,Φ
a+,µ HJ

m−η,Φ
a+,µ f(s)

Φ′(s)ds

Φ(s)
.

By continuation in this manner, we get

HJ
η,Φ
a+,µHD

η,Φ
a+,µf(t) =−

(
Φ(a)

Φ(t)

)µ m∑
k=1

1

�(η − k + 1)

(
log

Φ(t)

Φ(a)

)η−k
lim
s→a+

HD
η−k,Φ
a+,µ f(s)

+
1

�(η −m+ 1)

{
Φ(t)

}−µ
δ1,Φ

{
Φ(t)

}µ ∫ t

a

(
Φ(s)

Φ(t)

)µ
×
(

log
Φ(t)

Φ(s)

)η−m
HJ

m−η,Φ
a+,µ f(s)

Φ′(s)ds

Φ(s)

where

f(t) =
1

�(η −m+ 1)

{
Φ(t)

}−µ
δ1,Φ

{
Φ(t)

}µ
×
∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−m
HJ

m−η,Φ
a+,µ f(s)

Φ′(s)ds

Φ(s)
.

Hence, we obtain our desired result.

Remark 4.4.4. Taking into consideration the case that Φ(t) = t, we have analogous

conclusions for the Hadamard type fractional operators. Furthermore, considering

Φ(t) = t and µ = 0, all of the theorems in this section are seen to hold true in the

settings of the Hadamard fractional operators [26, 27].

4.5 Fractional integration by parts formulas

In the proofs of Lemma 4.1.1 and Theorem 4.4.3, we use one of the most important

techniques of classical calculus: integration by parts. In this section we derive sev-

eral formulas of integration by parts in the settings of Φ-Hadamard type fractional

operators.
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Lemma 4.5.1. Let η > 0, m−1 < η ≤ m, p ≥ 1, q ≥ 1, and 1
p

+ 1
q
≤ 1 + η (p 6= 1 and

q 6= 1 in the case when 1
p

+ 1
q

= 1 + η). If f(t) ∈ Xp
Φ,c(a, b) and g(t) ∈ Xq

Φ,c(a, b), then∫ b

a

Φ′(t)

Φ(t)
f(t)HJ

η,Φ
a+,µg(t)dt =

∫ b

a

Φ′(t)

Φ(t)
g(t)HJ

η,Φ
b−,µf(t)dt. (4.5.1)

Proof. Using the de�nition of HJ
η,Φ
a+,µ and the Dirichlet formula, we have∫ b

a

Φ′(t)

Φ(t)
f(t)HJ

η,Φ
a+,µg(t)dt =

1

�(η)

∫ b

a

Φ′(t)

Φ(t)
f(t)

∫ t

a

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

× g(s)
Φ′(s)ds

Φ(s)
dt

=
1

�(η)

∫ b

a

Φ′(s)

Φ(s)
g(s)

∫ b

s

(
Φ(s)

Φ(t)

)µ(
log

Φ(t)

Φ(s)

)η−1

× f(t)
Φ′(t)dt

Φ(t)
ds

=

∫ b

a

Φ′(t)

Φ(t)
g(t)HJ

η,Φ
b−,µf(t)dt.

Hence, our result is proved.

Theorem 4.5.1. Assume that η > 0, m − 1 < η ≤ m, f(t) ∈ ACm
δΦ,µ[a, b] and

g(t) ∈ Xp
Φ,c(a, b) where 1 ≤ p ≤ ∞. Then, the relation below holds

∫ b

a

f(t)HD
η,Φ
a+,µg(t)dt =

∫ b

a

Φ′(t)

Φ(t)
g(t)CHD

η,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
dt

+
m−1∑
k=0

HD
k,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
HJ

k−η+1,Φ
a+,µ g(t)

∣∣∣b
a
.

Proof. Using the de�nition of HD
η,Φ
a+,µ, we have∫ b

a

f(t)HD
η,Φ
a+,µg(t)dt =

∫ b

a

f(t)HD
m,Φ
a+,µHJ

m−η,Φ
a+,µ g(t)dt

=

∫ b

a

f(t)
{

Φ(t)
}−µ Φ(t)

Φ′(t)

d

dt

{(
Φ(t)

Φ′(t)

d

dt

)m−1

×
{

Φ(t)
}µ

HJ
m−η,Φ
a+,µ g(t)

}
dt
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Using integration by parts, we �nd∫ b

a

f(t)HD
η,Φ
a+,µg(t)dt = f(t)

{
Φ(t)

}−µ Φ(t)

Φ′(t)

(
Φ(t)

Φ′(t)

d

dt

)m−1 {{
Φ(t)

}µ
HJ

m−η,Φ
a+,µ g(t)

} ∣∣∣b
a

−
∫ b

a

{(
Φ(t)

Φ′(t)

d

dt

)m−1 {
Φ(t)

}µ
HJ

m−η,Φ
a+,µ g(t)

}

× d

dt

{
f(t)

{
Φ(t)

}−µ Φ(t)

Φ′(t)

}
dt

=
Φ(t)

Φ′(t)
f(t)HD

m−1,Φ
a+,µ HJ

m−η,Φ
a+,µ g(t)

∣∣∣b
a

+

∫ b

a

Φ′(t)

Φ(t)
HD

m−1,Φ
a+,µ HJ

m−η,Φ
a+,µ g(t)HD

1,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
dt.

Again by application of integration by parts, we get∫ b

a

f(t)HD
η,Φ
a+,µg(t)dt =

Φ(t)

Φ′(t)
f(t)HD

m−1,Φ
a+,µ HJ

m−η,Φ
a+,µ g(t)

∣∣∣b
a

+ HD
1,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
HD

m−2,Φ
a+,µ HJ

m−η,Φ
a+,µ g(t)

∣∣∣b
a

+

∫ b

a

Φ′(t)

Φ(t)
HD

m−2,Φ
a+,µ HJ

m−η,Φ
a+,µ g(t)HD

2,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
dt.

Continuing in this manner, we get∫ b

a

f(t)HD
η,Φ
a+,µg(t)dt =

m−1∑
k=0

HD
k,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
HJ

k−η+1,Φ
a+,µ g(t)

∣∣∣b
a

+

∫ b

a

Φ′(t)

Φ(t)
HJ

m−η,Φ
a+,µ g(t)HD

m,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
dt.

Using Lemma 4.5.1, we have∫ b

a

f(t)HD
η,Φ
a+,µg(t)dt =

m−1∑
k=0

HD
k,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
HJ

k−η+1,Φ
a+,µ g(t)

∣∣∣b
a

+

∫ b

a

Φ′(t)

Φ(t)
g(t)HJ

m−η,Φ
b−,µ HD

m,Φ
b−,µ

{
Φ(t)

Φ′(t)
f(t)

}
dt.

Finally by using the de�nition of CHD
η,Φ
b−,µ, we get the required result.

Theorem 4.5.2. Assume that η > 0, m − 1 < η ≤ m, f(t) ∈ ACm
δΦ,µ[a, b] and

g(t) ∈ Xp
Φ,c(a, b) where 1 ≤ p ≤ ∞. Then, the following relation holds
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∫ b

a

f(t)HD
η,Φ
b−,µg(t)dt =(−1)m

∫ b

a

Φ′(t)

Φ(t)
g(t)CHD

η,Φ
a+,µ

{
Φ(t)

Φ′(t)
f(t)

}
dt

−
m−1∑
k=0

HD
k,Φ
a+,µ

{
Φ(t)

Φ′(t)
f(t)

}
HJ

k−η+1,Φ
b−,µ g(t)

∣∣∣b
a
.

Proof. It is easy to derive the required result by using the technique demonstrated in

the previous result. So we have omitted the straightforward but lengthy details.
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Chapter 5

Φ-Laplace transform method and its

applications to Φ-FDEs

In this chapter, we present some new properties and uniqueness of the Φ-Laplace

transform. Moreover, we discuss the e�ectiveness of this generalized transform and

make use of it for solving the ordinary and partial FDEs in the settings of Φ-RL,

Φ-Caputo and Φ-Hilfer fractional derivatives.

5.1 The Φ-Laplace transform

In this section, we discuss a generalized integral transform, that has been introduced

by Jarad and Abdeljawad [19], and which can be used to solve linear FDEs in the frame

of Φ-RL, Φ-Caputo and Φ-Hilfer fractional derivatives. This new integral transform

is the obvious generalization of classical Laplace transform. Throughout this thesis,

we call it the Φ-Laplace transform. In the settings of Φ-fractional calculus, some new

properties and uniqueness of the Φ-Laplace transform constitute part of this section.

De�nition 5.1.1. Let f : [0,∞) → R be a real valued function and Φ be a non-

negative increasing function such that Φ(0) = 0. Then the Φ-Laplace transform of f

is denoted by LΦ {f} and is de�ned by

F (ν) = LΦ

{
f(t)

}
=

∫ ∞
0

e−νΦ(t)Φ′(t)f(t)dt (5.1.1)

for all ν.
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De�nition 5.1.2. A function f : [0,∞) → R is of Φ-exponential order c > 0 if there

exists a positive constant M such that for all t > T∣∣∣f(t)
∣∣∣ ≤MecΦ(t).

Symbolically, we write

f(t) = O(ecΦ(t)) as t→∞.

Example 5.1.3. If f(t) = 1 for t > 0, then

LΦ {1} =

∫ ∞
0

e−νΦ(t)Φ′(t)dt =
1

ν
, for ν > 0. (5.1.2)

Example 5.1.4. If f(t) = eaΦ(t) where a is a constant, then

LΦ

{
eaΦ(t)

}
=

∫ ∞
0

e−(ν−a)Φ(t)Φ′(t)dt =
1

ν − a
, for ν > a.

Example 5.1.5. If f(t) = (Φ(t))n where n ∈ N, then

LΦ

{
(Φ(t))n

}
=

n!

νn+1
, for ν > 0.

Di�erentiating (5.1.2) with respect to ν, we get

LΦ

{
Φ(t)

}
=

∫ ∞
0

e−νΦ(t)Φ′(t)Φ(t)dt =
1

ν2
. (5.1.3)

Di�erentiation of (5.1.3) with respect to ν yields

LΦ

{
(Φ(t))2

}
=

∫ ∞
0

e−νΦ(t)Φ′(t)(Φ(t))2dt =
2

ν3
.

Similarly, di�erentiating (5.1.2) with respect to ν, n times gives

LΦ

{
(Φ(t))n

}
=

n!

νn+1
.

Remark 5.1.6. If η > −1 is a real number, then

LΦ

{
(Φ(t))η

}
=

�(η + 1)

νη+1
,

which can easily be shown by making a suitable substitution and afterwards using the

de�nition of Gamma function.
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In the following examples we calculate the Φ-Laplace transform of some special

functions.

Example 5.1.7. Assume that Re(η) > 0 and
∣∣∣ λνη ∣∣∣ < 1. If f(t) = Eη

(
λ(Φ(t))η

)
where

Eη denotes the Mittag-Le�er function (2.6.2), then

LΦ

{
Eη

(
λ(Φ(t))η

)}
= LΦ


∞∑
i=0

λi

�(iη + 1)
(Φ(t))iη


=
∞∑
i=0

λi

�(iη + 1)
LΦ

{
(Φ(t))iη

}
=
∞∑
i=0

λi

�(iη + 1)

�(iη + 1)

νiη+1

=
1

s

∞∑
i=0

( λ
νη

)i
=

νη−1

νη − λ
.

Example 5.1.8. Assume that Re(η) > 0 and
∣∣∣ λνη ∣∣∣ < 1. If f(t) = (Φ(t))η−1Eη,η

(
λ(Φ(t))η

)
where Eη,η denotes the Wiman function or two parameter Mittag-Le�er function

(2.6.3), then

LΦ

{
(Φ(t))η−1Eη,η

(
λ(Φ(t))η

)}
= LΦ


∞∑
i=0

λi

�(iη + η)
(Φ(t))iη+η−1


=
∞∑
i=0

λi

�(iη + η)
LΦ

{
(Φ(t))iη+η−1

}
=
∞∑
i=0

λi

�(iη + η)

�(iη + η)

νiη+η

=
1

νη

∞∑
i=0

( λ
νη

)i
=

1

νη − λ
.

Example 5.1.9. Assume that Re(η) > 0 and
∣∣∣ λνη ∣∣∣ < 1. If f(t) = (Φ(t))ζ−1Eγη,ζ

(
λ(Φ(t))η

)
where Eγη,ζ denotes the Prabhakar function (2.6.4), then by De�nition 5.1.1 and the Bi-

nomial series, we have

LΦ

{
(Φ(t))ζ−1Eγη,ζ

(
λ(Φ(t))η

)}
= LΦ


∞∑
i=0

λi�(γ + i)

i!�(ηi+ ζ)
(Φ(t))ηi+ζ−1


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=
∞∑
i=0

λi�(γ + i)

i!�(ηi+ ζ)
LΦ

{
(Φ(t))ηi+ζ−1

}
=
∞∑
i=0

λi�(γ + i)

i!�(ηi+ ζ)

�(ηi+ ζ)

νηi+ζ

=
1

νζ

∞∑
i=0

�(γ + i)

i!

( λ
νη

)i
=

νηγ−ζ

(νη − λ)γ
.

Next, we state su�cient conditions for the existence of Φ-Laplace transform of a

function.

Theorem 5.1.10. If f : [0,∞) → R is a piecewise continuous function and is of

Φ-exponential order, then the Φ-Laplace transform of f exists for ν > c.

Proof. We have

∣∣∣LΦ

{
f(t)

} ∣∣∣ =
∣∣∣ ∫ ∞

0

e−νΦ(t)Φ′(t)f(t)dt
∣∣∣ ≤ ∫ ∞

0

e−νΦ(t)Φ′(t)
∣∣∣f(t)

∣∣∣dt (5.1.4)

≤M

∫ ∞
0

e−νΦ(t)Φ′(t)ecΦ(t)dt

=
M

ν − c
, for ν > c.

Thus, the proof of Theorem 5.1.10 is complete.

Remark 5.1.11. From Eq. (5.1.4), it follows that limν→∞

∣∣∣LΦ

{
f(t)

}
(ν)
∣∣∣ = 0, i.e.,

limν→∞ LΦ

{
f(t)

}
(ν) = 0. This property can be named as the limiting property of the

Φ-Laplace transform.

In the following Theorems, we state the Φ-Laplace transforms of the Φ-RL and

Φ-Caputo fractional operators [19].

Theorem 5.1.12. Let η > 0 and f be of Φ-exponential order, piecewise continuous

function over each �nite interval [0, T ]. Then

LΦ

{
(Iη,Φ0 f)(t)

}
= ν−ηLΦ

{
f(t)

}
. (5.1.5)
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Theorem 5.1.13. If η > 0, m = [η] + 1, and f(t), Im−η,Φ0 f(t), D1,ΦIm−η,Φ0 f(t), . . . ,

Dm−1,ΦIm−η,Φ0 f(t) where Dj,Φ =
(

1
Φ′(t)

d
dt

)j
, are continuous on (0,∞) and of Φ-exponential

order, while Dη,Φ
0 f(t) is piecewise continuous on [0,∞). Then

LΦ

{
Dη,Φ

0 f(t)
}

= νηLΦ

{
f(t)

}
−

m−1∑
i=0

νm−i−1(Im−i−η,Φ0 f)(0).

Theorem 5.1.14. If η > 0, m = [η] + 1, and f(t), D1,Φf(t), D2,Φf(t), . . . ,Dm−1,Φf(t)

are continuous on [0,∞) and of Φ-exponential order, while CDη,Φ
0 f(t) is piecewise con-

tinuous on [0,∞). Then

LΦ

{
CDη,Φ

0 f(t)
}

= νηLΦ

{
f(t)

}
−

m−1∑
i=0

νη−i−1(Di,Φf)(0).

De�nition 5.1.15. [19] Let f and g be of Φ-exponential order, piecewise continuous

functions over each �nite interval [0, T ]. Then, we de�ne the Φ-convolution of f and g

by

(f ∗Φ g)(t) =

∫ t=Φ−1(Φ(t))

0

f
(

Φ−1(Φ(t)− Φ(τ))
)
g(τ)Φ′(τ)dτ. (5.1.6)

In the following theorem, we discuss the commutativity, associativity and distribu-

tivity of the Φ-convolution of two functions.

Theorem 5.1.16. Let f and g be of Φ-exponential order, piecewise continuous func-

tions over each �nite interval [0, T ]. Then

(a) f ∗Φ g = g ∗Φ f.

(b) (f ∗Φ g) ∗Φ h = f ∗Φ (g ∗Φ h) .

(c) f ∗Φ (ag + bh) = af ∗Φ g + bf ∗Φ h.

Proof. The proof of (a) can be seen in [19]. For (b), consider the left-hand side and

using (5.1.6) we have

{f ∗Φ g} (t) ∗Φ h(t) =

∫ t=Φ−1(Φ(t))

0

(f ∗Φ g) (s)h
(

Φ−1(Φ(t)− Φ(s))
)

Φ′(s)ds
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=

∫ t

0

(∫ s

0

f(u)g
(

Φ−1(Φ(s)− Φ(u))
)

Φ′(u)du

)
× h
(

Φ−1(Φ(t)− Φ(s))
)

Φ′(s)ds

=

∫ t

0

∫ t

u

f(u)g
(

Φ−1(Φ(s)− Φ(u))
)

Φ′(u)

× h
(

Φ−1(Φ(t)− Φ(s))
)

Φ′(s)dsdu.

By setting v = Φ−1(Φ(s)− Φ(u)), we get

{f ∗Φ g} (t) ∗Φ h(t) =

∫ t

0

f(u)Φ′(u)

∫ Φ−1(Φ(t)−Φ(u))

0

g(v)h
(

Φ−1(Φ(t)− Φ(u)− Φ(v))
)

× Φ′(v)dvdu

=

∫ t

0

f(u)Φ′(u) {f ∗Φ g} (t)du

=f(t) ∗Φ {g ∗Φ h} (t).

The proof of (c) is easy. So we omit the straightforward details.

Remark 5.1.17. Consider a set A of all Φ-Laplace transformable functions then A

forms a commutative semi-group with respect to the binary operation ∗Φ. Moreover,

A does not form a group because f−1 ∗Φ g is not Φ-Laplace transformable, generally

speaking.

In the following theorem, we prove the uniqueness of the Φ-Laplace transform.

Theorem 5.1.18. Assume that f and g are piecewise continuous functions on [0,∞)

and of Φ-exponential order c > 0. If F (ν) = G(ν) for ν > a, then f(t) = g(t) for all

t ≥ 0.

Proof. Since F (ν) = G(ν), so LΦ {f − g} = 0. Thus, we will prove that if LΦ

{
f(t)

}
(ν) =

0 for all ν > a then f(t) = 0 for all t ≥ 0.

Fixing ν0 > a and making the substitution u = e−Φ(t) in (5.1.1), then for ν = ν0 +n+1

we get

0 = F (ν) =

∫ ∞
0

e−ν0Φ(t)e−nΦ(t)e−Φ(t)Φ′(t)f(t)dt =

∫ 1

0

un
{
uν0f

(
Φ−1 (− lnu)

)}
du

(5.1.7)
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where n = 0, 1, 2, . . . Assume that r(u) = uν0f
(
Φ−1 (− lnu)

)
which is a piecewise

continuous function on (0, 1] and

lim
u→0

r(u) = lim
t→∞

e−ν0Φ(t)f(t) = 0.

If we consider r(0) = 0, then h is a piecewise continuous function satisfying∫ 1

0

p(u)r(u)du = 0 (5.1.8)

where p is any polynomial. Thus, if r̂ has a power series expansion which converges

uniformly on [0, 1], then Eq. (5.1.8) can be rewritten as∫ 1

0

r̂(u)r(u)du = 0. (5.1.9)

On the contrary, suppose that r is not a zero function then we can �nd a point u0 ∈
(0, 1), an interval I = [u0− c0, u0 + c0] ⊂ [0, 1] and a constant c such that r(u) ≥ c > 0

for all u ∈ I. If we set r̂(u) = e−(u−u0)2

, then clearly Eq. (5.1.9) holds. Thus for

x = u− u0, we have

J1 =

∫ u0+c0

u0−c0
r̂(u)du =

∫ c0

−c0
e−x

2

dx

and

J2 =

∫ 1

u0+c0

r̂(u)du =

∫ 1−u0

c0

e−x
2

dx

and

J3 =

∫ u0−c0

0

r̂(u)du =

∫ −c0
−u0

e−x
2

dx.

If we set l =
∫∞
−∞ e

−x2
dx, then clearly l > 0 and for a given ε > 0, we deduce

J1 ≥
l

2
, 0 ≤ J2 ≤ ε, 0 ≤ J3 ≤ ε.

Since r(u) ≥ c > 0 for all u ∈ I and |h| < n0 where n0 ∈ N, we have∫
I

r̂(u)r(u)du ≥ lc

2
> 0,

∣∣∣∣∣
∫

[0,1]\I
r̂(u)r(u)du

∣∣∣∣∣ ≤ 2n0ε

and hence ∫ 1

0

r̂(u)r(u)du ≥ lc

2
− 2n0ε > 0

provided ε < lc
4n0

, contradicting Eq. (5.1.9). Thus, r is the zero function which implies

that f is the zero function and thus, this completes the proof.
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5.2 The Φ-Laplace transform of the Φ-Hilfer fractional
derivative

In this section, we compute the Φ-Laplace transform of the Φ-Hilfer fractional deriva-

tive.

Theorem 5.2.1. If η > 0, m = [η] + 1, 0 ≤ ζ ≤ 1, and f(t), Dj,ΦI
(1−ζ)(m−η),Φ
0 f(t) ∈

C [0,∞) and of Φ-exponential order for j = 0, 1, 2, · · · ,m − 1, while Dη,ζ,Φ
0 f(t) is

piecewise continuous on [0,∞). Then

LΦ

{
Dη,ζ,Φ

0 f(t)
}

= νηLΦ

{
f(t)

}
−

m−1∑
i=0

νm(1−ζ)+ηζ−i−1(I
(1−ζ)(m−η)−i,Φ
0 f)(0).

Proof. From the de�nition of the integral operator Dη,ζ,Φ
0 f and (5.1.1), we have

LΦ

{
(Dη,ζ,Φ

0 f)(t)
}

= LΦ

{
Iζ(m−η),Φ
a

(
1

Φ′(t)

d

dt

)m
I(1−ζ)(m−η),Φ
a f(t)

}
.

Using Theorem 5.1.13 and 5.1.12, we get

LΦ

{
(Dη,ζ,Φ

0 f)(t)
}

=ν−ζ(m−η)LΦ

{(
1

Φ′(t)

d

dt

)m
I(1−ζ)(m−η),Φ
a f(t)

}
=ν−ζ(m−η)

[
νmLΦ

{
(I

(1−ζ)(m−η),Φ
0 f)(t)

}
−

m−1∑
i=0

νm−i−1(Di,ΦI
(1−ζ)(m−η),Φ
0 f)(0)

]
=ν−ζ(m−η)

[
νmν−(1−ζ)(m−η)LΦ

{
(I

(1−ζ)(m−η),Φ
0 f)(t)

}
−

m−1∑
i=0

νm−i−1(I
(1−ζ)(m−η)−i,Φ
0 f)(0)

]
=νηLΦ

{
f(t)

}
−

m−1∑
i=0

νm(1−ζ)+ηζ−i−1(I
(1−ζ)(m−η)−i,Φ
0 f)(0).

Thus, we have completed the proof.
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5.3 E�ectiveness of the Φ-Laplace transform method

for solving fractional-order di�erential equations

In this section, we examine and investigate the e�ectiveness of the Φ-Laplace transform

method for solving fractional-order di�erential equations of the following type

CDη,Φ
0 y(t) = Ay(t) + g(t), 0 < η < 1, t ≥ 0, (5.3.1)

y(0) = ỹ0, (5.3.2)

where CDη,Φ
0 is the Φ-Caputo fractional di�erential operator, A is a n × n constant

matrix and g(t) is an n-dimensional continuous function.

Theorem 5.3.1. Let (5.3.1)-(5.3.2) has a unique and continuous solution y(t). Assume

that g(t) is continuous on [0,∞) and Φ-exponentially bounded, then y(t) and CDη,Φ
0 y(t)

are both Φ-exponentially bounded.

Proof. It can be noticed that (5.3.1)-(5.3.2) is equivalent to the Volterra equation given

below

y(t) = ỹ0 +
1

�(η)

∫ t

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)

{
Ay(τ) + g(τ)

}
dτ, 0 ≤ t <∞. (5.3.3)

By assumption, g(t) is Φ-exponentially bounded, so there exist positive constants c, M

and large enough T such that ||g(t)|| ≤ MecΦ(t) for all t ≥ T . For t ≥ T , (5.3.3) can

be written as

y(t) = ỹ0 +
1

�(η)

∫ T

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)

{
Ay(τ) + g(τ)

}
dτ

+
1

�(η)

∫ t

T

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)

{
Ay(τ) + g(τ)

}
dτ.

Since, y(t) is a unique and continuous solution of (5.3.1) − (5.3.2) on [0,∞), thus

Ay(t) + g(t) is bounded on [0, T ] that is there exists a constant l > 0 such that
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||Ay(t) + g(t)|| < l. So, we get

||y(t)|| ≤ ||ỹ0||+
l

�(η)

∫ T

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)dτ

+
1

�(η)

∫ t

T

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)||A|| ||y(τ)||dτ

+
1

�(η)

∫ t

T

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)||g(τ)||dτ.

Using e−cΦ(t) ≤ e−cΦ(T ), e−cΦ(t) ≤ e−cΦ(τ), ||g(t)|| ≤ MecΦ(t) and multiplying the above

inequality by e−cΦ(t), we �nd

||y(t)||e−cΦ(t) ≤ ||ỹ0||e−cΦ(t) +
le−cΦ(t)

�(η)

∫ T

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)dτ

+
e−cΦ(t)

�(η)

∫ t

T

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)||A|| ||y(τ)||dτ

+
e−cΦ(t)

�(η)

∫ t

T

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)||g(τ)||dτ

≤ ||ỹ0||e−cΦ(T ) +
le−cΦ(T )

η�(η)

(
(Φ(t))η − (Φ(t)− Φ(T ))η

)
+
||A||
�(η)

∫ t

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ) ||y(τ)||e−cΦ(τ)dτ

+
M

�(η)

∫ t

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ)ec(Φ(τ)−Φ(t))dτ

≤ ||ỹ0||e−cΦ(T ) +
l(Φ(T ))ηe−cΦ(T )

η�(η)
+

M

�(η)

∫ ∞
0

e−csνη−1ds

+
||A||
�(η)

∫ t

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ) ||y(τ)||e−cΦ(τ)dτ

≤ ||ỹ0||e−cΦ(T ) +
l(Φ(T ))ηe−cΦ(T )

η�(η)
+
M

cη

+
||A||
�(η)

∫ t

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ) ||y(τ)||e−cΦ(τ)dτ.

Assume that

a = ||ỹ0||e−cΦ(T ) +
l(Φ(T ))ηe−cΦ(T )

η�(η)
+
M

cη
, b =

||A||
�(η)

, r(t) = ||y(t)||e−cΦ(t),

then, we have

r(t) ≤ a+ b

∫ t

0

(
Φ(t)− Φ(τ)

)η−1
Φ′(τ) ||y(τ)||e−cΦ(τ)dτ.
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Using the Gronwall-inequality [42], we deduce that

r(t) ≤ aEη

(
||A||

(
Φ(t)− Φ(τ)

)η ) ≤ aEη

(
||A||

(
Φ(t)

)η )
. (5.3.4)

For 0 < η < 1, u > 0, t ≥ 0, the following inequality can be easily proved

Eη

(
u
(
Φ(t)

)η ) ≤ Ceu
1/ηΦ(t), where C > 0. (5.3.5)

From (5.3.4) and (5.3.5), we have

r(t) ≤ aCe(||A||)1/ηΦ(t),

and �nally, we get

||y(t)|| ≤ aCe{(||A||)1/η+c}Φ(t).

Thus, y(t) is Φ-exponentially bounded.

Furthermore, from Eq. (5.3.1), we have

||CDη,Φ
0 y(t)|| ≤ ||A|| ||y(t)||+ ||g(t)||

≤ a||A||Ce{(||A||)1/η+c}Φ(t) +MecΦ(t)

≤

(
a||A||C +M

)
e{(||A||)1/η+c}Φ(t).

Thus, CDη,Φ
0 y(t) is also Φ-exponentially bounded and this completes the proof.

Similar results can be proved for fractional-order di�erential equations in the set-

tings of Φ-RL and Φ-Hilfer fractional derivatives.

5.4 Applications

In this section, by using the Φ-Laplace transformation method, and in the settings

of Φ-RL, Φ-Caputo and Φ-Hilfer fractional derivatives, we state and �nd solutions of

di�erent classes of linear FDEs with constant coe�cients. We now divide this section

into the following subsections:
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5.4.1 Solutions of some non-homogeneous linear Φ-RL and Φ-
Caputo FDEs

In this subsection, we use the Φ-Laplace transformation method to solve the FDEs in

the frame of Φ-RL and Φ-Caputo fractional derivatives.

Theorem 5.4.1. [19] The FDE

Dη,Φ
0 y(t)− λy(t) = f(t), 0 < η ≤ 1, λ ∈ R, (5.4.1)

with initial condition

(I1−η,Φ
0 )y(0) = c, c ∈ R, (5.4.2)

has the solution

y(t) = c(Φ(t))η−1Eη,η

(
λ(Φ(t))η

)
+ (Φ(t))η−1Eη,η

(
λ(Φ(t))η

)
∗Φ f(t).

Theorem 5.4.2. [19] The FDE

CDη,Φ
0 y(t)− λy(t) = f(t), 0 < η ≤ 1, λ ∈ R, (5.4.3)

with initial condition

y(0) = c, c ∈ R, (5.4.4)

has the solution

y(t) = cEη

(
λ(Φ(t))η

)
+ (Φ(t))η−1Eη,η

(
λ(Φ(t))η

)
∗Φ f(t). (5.4.5)

Remark 5.4.3. Sometimes natural states are more adequately modeled by FDEs. As

an example, if we consider Φ(t) = t and f(t) = 0 in (5.4.3) then the resulting FDE

is more appropriate for modeling the population growth than the ordinary di�erential

equation [4]. Moving a step forward, Almeida [2] showed that by considering di�erent

Φ's, a population growth model can be reproduced with more accuracy.

Corollary 5.4.4. Consider a special case of IVP (5.4.3)-(5.4.4)

CDη,Φ
0 y(t)− y(t) = 1, 0 < η ≤ 1, (5.4.6)

y(0) = 1. (5.4.7)

Then
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(a) y(t) = Eη(t
η
2 ) + t

η
2Eη,η+1(t

η
2 ), for Φ(t) =

√
t.

(b) y(t) = Eη(t
η) + tηEη,η+1(tη), for Φ(t) = t.

(c) y(t) = Eη(t
2η) + t2ηEη,η+1(t2η), for Φ(t) = t2.

Proof. (b) From (5.1.6) and (5.4.5), we have

y(t) = Eη(t
η) +

∫ t

0

τ η−1Eη,η(τ
η)dτ = Eη(t

η) +

∫ t

0

∞∑
k=0

τ ηk+η−1

�(ηk + η)
dτ

= Eη(t
η) +

∞∑
k=0

tηk+η

�(ηk + η + 1)
= Eη(t

η) + tηEη,η+1(tη).

Similarly, one can prove part (a) and (c). Plots of solutions (a), (b) and (c) are given

in Fig.5.1 (a), (b) and (c), respectively.

Theorem 5.4.5. The fractional di�usion equation

∂ηu

∂tη
= κ

∂2u

∂x2
, where 0 < η ≤ 1, (5.4.8)

with initial and boundary conditions

u(x, t)→ 0 as |x| → ∞, (5.4.9)

(I1−η,Φ
0 )u(x, t)

∣∣∣
t=0

= f(x), x ∈ R, (5.4.10)

has the solution

u(x, t) =

∫ ∞
−∞

G(x− x̃, t)f(x̃)dx̃,

where

G(x, t) =
1

2
√
κ

(Φ(t))
η
2
−1W

(
− |x|
√
κ(Φ(t))

η
2

,−η
2
,
η

2

)
.

Proof. By application of the Fourier transform to both sides of (5.4.8) and (5.4.10)

with respect to x, and by using (5.4.9), we have

Dη,Φ
0 ũ(k, t) = −κk2ũ(k, t), (5.4.11)

(I1−η,Φ
0 )ũ(k, t)

∣∣∣
t=0

= f̃(k). (5.4.12)
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(a) 1 ≤ t ≤ 10, 0.01 ≤ α ≤ 1, Φ(t) =
√
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(b) 1 ≤ t ≤ 10, 0.01 ≤ α ≤ 1, Φ(t) = t.
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(c) 9 ≤ t ≤ 10, 0.01 ≤ α ≤ 1, Φ(t) = t2.

Figure 5.1: Solutions of IVP (5.4.6)-(5.4.7).

Applying the Φ-Laplace transform to both sides of (5.4.11) with respect to t, and using

(5.4.12), we get

LΦ

{
ũ(k, t)

}
=

f̃(k)

(νη + κk2)

= LΦ

{
f̃(k)(Φ(t))η−1Eη,η

(
− κk2(Φ(t))η

)}
,

and from the above equality, we �nd

ũ(k, t) = f̃(k)(Φ(t))η−1Eη,η

(
− κk2(Φ(t))η

)
. (5.4.13)
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The inverse Fourier transform of (5.4.13) gives

u(x, t) =

∫ ∞
−∞

G(x− x̃, t)f(x̃)dx̃ (5.4.14)

where

G(x, t) =
1

π

∫ ∞
−∞

(Φ(t))η−1Eη,η

(
− κk2(Φ(t))η

)
cos(kx)dk.

The above integral can be evaluated by using the Φ-Laplace transform of G(x, t) with

respect to t as

LΦ

{
G(x, t)

}
=

1

π

∫ ∞
−∞

cos(kx)

(νη + κk2)
dk

=
1

2
√
κ
ν−

η
2 e
− |x|√

κ
ν
η
2

= LΦ

{
1

2
√
κ

(Φ(t))
η
2
−1W

(
− |x|
√
κ(Φ(t))

η
2

,−η
2
,
η

2

)}
.

Finally,

G(x, t) =
1

2
√
κ

(Φ(t))
η
2
−1W

(
− |x|
√
κ(Φ(t))

η
2

,−η
2
,
η

2

)
.

Thus, this completes the proof.

It is noteworthy that for Φ(t) = t and η = 1, the Cauchy problem (5.4.8)-(5.4.10)

reduces to the classical di�usion problem, and solution (5.4.14) reduces to the classical

fundamental solution.

5.4.2 Solutions of some general Φ-Hilfer FDEs

Assume that

0 < η1 ≤ η2 < 1, 0 ≤ ζj ≤ 1, aj ∈ R for j = 1, 2.

Consider the Φ-Hilfer FDE

a1D
η1,ζ1,Φ
0 y(t) + a2D

η2,ζ2,Φ
0 y(t) + a3y(t) = f(t), (5.4.15)

with initial conditions

(I
(1−ζj)(1−ηj),Φ
0 )y(0) = bj for j = 1, 2. (5.4.16)
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For dielectric relaxation in glasses, Hilfer introduced an equation of the form (5.4.15)

in [16]. �. Tomovski et al. [44] obtained the solution of a particular case of Cauchy

problem (5.4.15)-(5.4.16) when Φ(t) = t, in the space of Lebesgue integrable functions.

In the following Theorem, using Φ-Laplace transform we �nd the general solution

of the IVP (5.4.15)-(5.4.16).

Theorem 5.4.6. The IVP (5.4.15)-(5.4.16) has the solution

y(t) =
1

a2

∞∑
i=0

(
− a1

a2

)i [
(Φ(t))(η2−η1)i+η2−1Ei+1

η2,(η2−η1)i+η2

(
− a3

a2

(Φ(t))η2

)
∗Φ f(t)

+a2b2(Φ(t))(η2−η1)i+η2+ζ2(1−η2)−1Ei+1
η2,(η2−η1)i+η2+ζ2(1−η2)

(
− a3

a2

(Φ(t))η2

)
+a1b1(Φ(t))(η2−η1)i+η2+ζ1(1−η1)−1Ei+1

η2,(η2−η1)i+η2+ζ1(1−η1)

(
− a3

a2

(Φ(t))η2

)]
.

Proof. Applying Φ-Laplace transform to both sides of (5.4.15) and using the initial

conditions (5.4.16), we have

LΦ

{
y(t)

}
=

LΦ

{
f(t)

}
a1νη1 + a2νη2 + a3

+ a2b2
νζ2(η2−1)

a1νη1 + a2νη2 + a3

+ a1b1
νζ1(η1−1)

a1νη1 + a2νη2 + a3

.

(5.4.17)

Furthermore, for j = 1, 2 we have

νζj(ηj−1)

a1νη1 + a2νη2 + a3

=
1

a2

(
νζj(ηj−1)

νη2 + a3

a2

) 1

1 + a1

a2

(
νη1

νη2+
a3
a2

)


=
1

a2

∞∑
i=0

(
−a1

a2

)i
νη1i+ζjηj−ζj(
νη2 + a3

a2

)i+1

=LΦ

 1

a2

∞∑
i=0

(
− a1

a2

)i
(Φ(t))(η2−η1)i+η2+ζj(1−ηj)−1

× Ei+1
η2,(η2−η1)i+η2+ζj(1−ηj)

(
− a3

a2

(Φ(t))η2

)]
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and

LΦ

{
f(t)

}
a1νη1 + a2νη2 + a3

=
1

a2

∞∑
i=0

(
−a1

a2

)i
νη1i(

νη2 + a3

a2

)i+1LΦ

{
f(t)

}

=LΦ

 1

a2

∞∑
i=0

(
− a1

a2

)i
(Φ(t))(η2−η1)i+η2−1

× Ei+1
η2,(η2−η1)i+η2

(
− a3

a2

(Φ(t))η2

)
∗Φ f(t)

]
.

Thus, from Equation (5.4.17) we �nd

Y (s) =
1

a2

∞∑
i=0

(
− a1

a2

)i
LΦ

[
(Φ(t))(η2−η1)i+η2−1Ei+1

η2,(η2−η1)i+η2

(
− a3

a2

(Φ(t))η2

)
∗Φ f(t)

+a2b2(Φ(t))(η2−η1)i+η2+ζ2(1−η2)−1Ei+1
η2,(η2−η1)i+η2+ζ2(1−η2)

(
− a3

a2

(Φ(t))η2

)
+a1b1(Φ(t))(η2−η1)i+η2+ζ1(1−η1)−1Ei+1

η2,(η2−η1)i+η2+ζ1(1−η1)

(
− a3

a2

(Φ(t))η2

)]
and �nally we have

y(t) =
1

a2

∞∑
i=0

(
− a1

a2

)i [
(Φ(t))(η2−η1)i+η2−1Ei+1

η2,(η2−η1)i+η2

(
− a3

a2

(Φ(t))η2

)
∗Φ f(t)

+a2b2(Φ(t))(η2−η1)i+η2+ζ2(1−η2)−1Ei+1
η2,(η2−η1)i+η2+ζ2(1−η2)

(
− a3

a2

(Φ(t))η2

)
+a1b1(Φ(t))(η2−η1)i+η2+ζ1(1−η1)−1Ei+1

η2,(η2−η1)i+η2+ζ1(1−η1)

(
− a3

a2

(Φ(t))η2

)]
.

Theorem 5.4.7. Assume that 0 < η1 ≤ η2 ≤ η3 < 1, 0 ≤ ζj ≤ 1 and aj ∈ R for j =

1, 2, 3. Then the IVP

a1D
η1,ζ1,Φ
0 y(t) + a2D

η2,ζ2,Φ
0 y(t) + a3D

η3,ζ3,Φ
0 y(t) + a4y(t) = f(t), (5.4.18)

(I
(1−ζj)(1−ηj),Φ
0 )y(0) = bj for j = 1, 2, 3. (5.4.19)
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has the solution

y(t) =
∞∑
i=0

(−1)i

a3
i+1

i∑
k=0

(
i

k

)
a1
ka2

i−k(Φ(t))(η3−η2)i+(η2−η1)k+η3−1

×
[
a1b1(Φ(t))ζ1(1−η1)Eη3,(η3−η2)i+(η2−η1)k+η3+ζ1(1−η1)

(
− a4

a3

(Φ(t))η3

)
+a2b2(Φ(t))ζ2(1−η2)Eη3,(η3−η2)i+(η2−η1)k+η3+ζ2(1−η2)

(
− a4

a3

(Φ(t))η3

)
+a3b3(Φ(t))ζ3(1−η3)Eη3,(η3−η2)i+(η2−η1)k+η3+ζ3(1−η3)

(
− a4

a3

(Φ(t))η3

)
+Ei+1

η3,(η3−η2)i+(η2−η1)k+η3

(
− a4

a3

(Φ(t))η3

)
∗Φ f(t)

]
.

Proof. Using the technique demonstrated in the previous result, it is simple to produce

the derivation of the solution. So here we omit the straightforward but tedious details.

Remark 5.4.8. For dielectric relaxation in glycerol over 12 decades in frequency, Hilfer

introduced an equation of the form (5.4.18) in [16]. �. Tomovski et al. [44] obtained

the solution of a particular case of Cauchy problem (5.4.18)-(5.4.19) when

Φ(t) = t, a4 = 1, f(t) = 0, ηj = ζj = 1 for j = 1, 2, 3.
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Chapter 6

Conclusion

In the �rst part of this thesis a generalized version of substantial fractional operators

has been presented, which we have named as the generalized substantial fractional

operator. Some basic properties of fractional calculus in the settings of this operator

have been proved. By taking into consideration a class of FDEs in the settings of gen-

eralized substantial fractional derivative, we have discussed the existence, uniqueness

and continuous dependence of its solutions on initial data.

We have presented, in the second part of this thesis, a generalized form for the

Hadamard type fractional operators named as the Φ-Hadamard type fractional op-

erators. We have given proofs for the important properties of the new generalized

operators. Conditions have been given under which the Φ-Hadamard type fractional

integral is bounded in a generalized space and su�cient conditions for the existence of

the Φ-Hadamard type fractional derivative have been established. We have proved the

semi-group and reciprocal properties for the generalized operators. Finally, we have

derived the fractional integration by parts formulas in the frame of the Φ-Hadamard

type fractional operators.

In the third and last part of this thesis, we have given proof for the several important

properties and uniqueness of the Φ-Laplace transform. We have used this generalized

transform for solving linear FDEs in the settings of Φ-Hilfer fractional derivative.

In future work, we will introduce the Φ-type generalizations of the generalized

substantial fractional operators. Furthermore, we will introduce some other generalized
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integral transforms which may help to solve FDEs in the frame of the generalized

substantial fractional operators and Φ-Hadamard type fractional operators.

However, we as researchers, are well aware that we are still unable to geometrically

and physically interpret fractional integration and di�erentiation, generally speaking, as

compared to being able to simply interpret the integer-order integrals and derivatives.

Thus, further work and research can be done to give physical and geometric meaning

to fractional order integrals and derivatives, so that we may be able to aptly apply

these operators in the physical world.
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