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Preface

Singular boundary value problems (SBVPs) arise in various fields of Mathematics, Engi-
neering and Physics, many problems can be modeled by SBVPs. In last couple of years a
great work has been done about the existence of positive solution of SBVPs by different
authors in different ways. This thesis is about the existence of positive solution of system
of fourth order SBVPs.

In Chapter 1, we study several real world applications about SBVPs. In Section 1.1, we
present some definitions, terminologies and results which will be used in the next chapter.
Moreover, we used Arzela’s Theorem and The Schauder’s Fixed Point Theorem in the

thesis. Also, we review some literature in Section 1.2.

In Chapter 2, we establish some results for the existence of positive solution to the

system of fourth order BVPs,

(t) y
(4) — T n
y (1) = gt x(t), y(t), —y" (1)), te€(0,1), 0.0.1)
2(0) = y(0) = 2"(0) = ¢y"(0) = 0,
z(1) =y(1) =2"(1) =y"(1) =0,
where f,g : (0,1) x (0,00)3 — [0,00) are continuous and singular at ¢t = 0, t = 1,

x=0,y=0,2" =0,y"” =0. For this purpose, first of all we define lower and upper
solutions of above BVP (0.0.1). We then consider a modified non-singular BVP and show
the existence of positive solution for the modified problem. Moreover, we show that the
positive solution of modified problem converges to the positive solution of SBVP (0.0.1).

A descriptive example is also given at the end of the chapter.

Finally, the conclusion and future directions are also given in Chapter 3.
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Chapter 1

Preliminaries

The study about the singular boundary value problems (SBVPs) has become an important
area of research in the existence theory, for instance, in the theory of viscous fluids [10],
pseudo-plastic fluids [11], in the boundary layer theory, in shallow membrance caps theory

[9], etc. Some applications of singular BVPs are as follows:

The Ekman boundary layer problem [18] on the interval [0, 00) is a system consists of

fourth-order differential equations of the form

(=0% + )2y + (=0* + &) (iaRV — N)y + iaRV"y + 20z = 0,

(1.0.1)
(20 +iaRV' )y + (=0% + @® +iaRV)z — Az = 0.
In the matrix form, we can write it as
(=02 4 o®)? +iaRV (—0? + o?) + iaRV" 20 v\
20 + iRV’ (—0*+a?) +iaRV ) \z
N —-0%2+a® 0\ [y
0 1 z
with boundary conditions
y(0) =y'(0) = 2(0) =0, y(o0) = y'(00) = 2(c0) =0, (1.0.2)

where 0 = d/dz is the derivative with respect to x and z € [0,00). Reynolds number
R > 0 and a wave number a € R\{0}. The parameter A\ = iaRc is a spectral parameter

iact

related to the exponential time dependence e'*®. It is assumed that the function U is

differentiable, V is twice differentiable, and U’, V, V" € L'[0, 00) N L>[0, 00).

Again in [18] the linear stability of incompressible flow in a circular pipe, that is Hagen-

Poiseuille flow, has concerned with non-axisymmetric disturbances and it is a spectral



problem for a system of singular differential equations of the form

T2 (K0)PT() + 0 RTB() ((r) ) +iaR (50 + 2anT,00) =0,

T
“ ff) ®(r) + S,Q(r) + iaR(k(r) Q) (u(r) — ¢) = 0,

(1.0.3)

2anT,®(r) —inR

which can also be expressed in compact form as

. ’ /
T(k(rr°Ty) + iaRu(r)T, + 28 (560 2anT; P
2anT, — inR“") Sy +iaRu(r)(k(r))*r? | \&

T

. 7, 0 P
iaRc ,
( 0 (k(r))2r2> (Q)

on an interval (0,1]. Here Reynolds number R > 0, a € R\ {0} is the stream wise wave
number, n € Z is the azimuthal number, and ¢ is a complex wave speed which result from

an exponential dependence on the axial, angular and time coordinate that is,

ei(az+n¢>fact)

The function w : [0,1] — R is the axial mean flow which is twice differential function
bounded on [0, 1], and «/(0) = 0.

The function k : (0, 1] — [0, 00) is defined as
2 o 1
(k) = o?+ %5, re(01]
Further, the differential operators 7, and S, are of the forms

T o (Goma): S = ® - 18 (a0 ).

where the boundary conditions are given by

lim ®(r) = lim ®'(r) = (1) = ®'(1) = Q(1) =0, if n =0,

r—0 r—0

lin% O(r) = lin% Qr)=o(1) =9'(1) = Q1) =0, lirr(l) ®'(r) is finite, if n = £1, (1.0.4)
hH(l) O(r) = hH(l) ' (r) = liH(l) Q(r)=@(1) =d'(1) = Q1) =0, if |n| > 2.
For further details on (1.0.3) and (1.0.4), see [18,20].

Now, consider a model of simply supported plate relevant to thickness optimization
problem. Assume that €2 is an open set having a sufficiently smooth boundary 0. We

minimize [, u(z)dz. Consider a fourth-order boundary value problem

A(WPAy) = f in Q,
y=Ay=0 on 01,

(1.0.5)
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O<m<u(z) <M aeinQ, yeC. (1.0.6)

Here C C L?(2) is nonempty and closed. The dimension of € is arbitrary with the
corresponding model plate to @ C R? and the beam model to Q@ C R. Here thickness is
u € L®(QT) and load is f € L*(Q) and y € H*(Q) N H}. Weak solutions represent the
deflection of (1.0.5). So (1.0.5) can be written as

Az = fin Q,
Ay =zl in Q,
(1.0.7)
z =10 on 012,
y =0 on 99,

where 2z € H2(Q) N HE(Q) is completely determined by f and £ = u=3 € L®°(Q7T). In view
of the differential operators, the above system looks like the optimality conditions of some
optimal control problem. So, formulation of such distributed control problem yields the

integral
min {; /Q z(x)(h(x))%} (1.0.8)
subject to
Ay ={lz+ Lh in ),
y =0 on 9.

(1.0.9)

is minimum. No constraints are imposed to control h € L?(Q) and z is defined by (1.0.7),
¢ = u~3, optimal control problem (1.0.8)-(1.0.9) has the trivial solution A* = 0 on unique
Q and the optimal state y* and z satisfies (1.0.7) and consequently (1.0.5). Equations
(1.0.8)-(1.0.9) are directly equivalent to the minimization of the usual energy functional

associated with (1.0.5). h = ¢"1Ay — z by (1.0.9) and we can write (1.0.8) as

] 1 L x) — l(z)2(x))%dx
yem%ﬁﬂam{z/gaw (Bue) )=o) |
1

= i 5 [ @) [ s+ [ eras

and last integral does not depend on y. This example shows that the classical variational
method for differential equations may be reformulated as a control problem. The above

transformations allow us to reformulate it as follows

min{A(E(x))édx}, (1.0.10)

Ay =zl in §,
(1.0.11)
y =0 on 02,
0< M3 <l(x)<m™ aeinQ, yeC. (1.0.12)
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The integrand in (1.0.11) is strictly convex in the interval [M~3,m~3]. For more details

see [21].

1.1 Some basic definitions and known results

In this section we present some definitions and known results from functional analysis
[13-16].

Definition 1.1.1 (Compactness). Let X = (X, || - ||) be a normed space. A subset M of
X is said to be compact if every sequence in M has a convergent subsequence whose limit
is an element of M.

For example, a closed unit interval [0, 1] is compact.

Definition 1.1.2 (Relatively Compact). A subset M of a normed space X is relatively
compact if and only if closure of M, denoted by M is compact.

For example, an interval (0, 1] is relatively compact.

Definition 1.1.3 (Continuous Functions). Let M CRanda € M. Amap T : M — R is
said to be continuous at a point ¢ € M, if for every € > 0 there exists § > 0 such that for

every © € M we have |f(x) — f(c¢)| < e, whenever |z — ¢| < §.

Definition 1.1.4 (Retraction). Let X be a topological space and A is a subspace of X

then a continuous mapping 7" : X — A is called a retraction if T'(z) = z for all z € A.

Definition 1.1.5 (Uniformly Bounded). A family of functions X defined over an interval
[a, b] is said to be uniformly bounded if there exist a constant M such that for each z € X,

we have
lz(t)] < M, t€la,b.

Definition 1.1.6 (Equicontinuous). A family of functions X defined over an interval [a, b]

is said to be equicontinuous if for every € > 0 there exist a § > 0 such that
|z(t1) — x(t2)| < e, for allt1,ts € [a,b],Vz € X
such that [t; — 2] < 0.

Definition 1.1.7 (Sequentially Compact). Let X be a Banach space, the subset M of X
is said to be sequentially compact if and only if every sequence in M has a subsequence

which converges to some point of M.

Definition 1.1.8 (¢ —net). Let X ba a Banach space, the subset M of X and £ > 0 then
a subset A of X is said to be an € — net for M, if for every m € M there exist a € A such
that d(m,a) < e. Further, if A is finite then it is called finite e-net.

4



Definition 1.1.9 (Totally Bounded Set). A subset M of a Banach space X is said to be
totally bounded if for every € > 0, M have finite € — net.

Definition 1.1.10 (Convex Set). Let X be a Banach space. A subset M of X is convex
if segment joining the points x and y is contained in M for all z,y € M. For every
mi,mg, -+ ,my € M, aset M is called convex, such that Y ;" | a;m; € M where Y ;" | a; =
1.

Definition 1.1.11 (Convex Hull). Let X be a Banach space and M is any subset of X,
then the intersection of convex sets containing M is also a convex set which contains M

and is contained in every convex set containing M, is called convex hull of M, which is
defined as:

k k
co(M) = {m:m:Zaimi;Zai:LaiZO,mi eM,i=1,2,--- ,k}.
i=1 i=1

Definition 1.1.12 (Closed Convex Hull). Convex hull of M is called closed convex hull,

if convex sets containing a set M are closed.

Theorem 1.1.13 (Arzela’s Theorem). A family of continuous functions defined on a
closed interval [a,b] is compact in Cla,b] if and only if the family is uniformly bounded

and equicontinuous over |a,b].

Proof. Let X be any set which is compact in C[a,b]. So, X is totally bounded as “every
compact set is totally bounded”. Since X is totally bounded so for each € > 0 there exists
a finite § —net such that x1,z2,--- ,x in X. Each of the functions x; is bounded because

of continuous function on closed interval, therefore there exist M; such that
|x,]§MZ, i:1,2,---,k‘.

Let M = max;<;<; M; + 5. Now by using the definition of § — net, for every x € X there

exist at least one x; such that
€
d(z,z;) = max |z(t) — z;(t)| < 3
Consequently
2| < ]:U¢|+5/3<Mi+§ < M.
So, X is uniformly bounded.

Since each of the functions x; is continuous and also uniformly continuous on [a, b], so

for every § > 0 there exists J; such that

3
|$i(t1) - xi(tQ)‘ < g, |7f1 — t2| < d;.



Consider ¢ = minj<;<j §;. Then for any x € X and for [t; — t2| < ¢ there exists x; such
that d(z, ;) < 5, we have
z(t1) — z(t2)| = |z(ta
x(

—(t1) + xi(t1) — xi(t2) + zi(t2) — x(t2)],
tl — T

i(t)] + |zi(th) — @i(te)| + [@i(te) — z(t2)],

=¢&.

IN

VAN
w| ™

+

)
)
9
R

Hence, X is equicontinuous.

Let X be a family of functions which is uniformly bounded and equicontinuous. We
have to show that X is compact in Cfa,b], that is, for every ¢ > 0 there exists a finite
e —net in Cla,b]. Consider for all z € X, || < M and also choose § > 0, then by the

definition of equicontinuity, we have
€
|z(t1) — z(t2)] < 5 for [t; —ta] < 9; t1,t2 € [a,b],V2z € X.

Now we subdivide the segment [a, b] on the ¢t — axis with intervals length less than § such
that a = tg,t1,t2, -+ ,t, = b and also segment [—M, M] on the x — azxis with intervals
length £ such that —M = g, z1, 22, -+ , ¥y = M. Construct vertical lines at the points of
subdivision along t — axis and horizontal lines at the points of subdivision along x — axis.
Now we subdivide the rectangle a <t < band —M < x < M into cells with horizontal
sides of length less than ¢ and vertical sides of length £. Now for every function x € X
we assign a polygonal arc z(t) with vertices at points(tg,x;), that is, at vertices of the

constructed net and deviating at the points zj from the function x by less than £. Since
€
|(tr) — 2(tk)] < ¢,

5
&
|2 (trq1) — 2(teg1)] < 5

also

(k) = @(ti)] < .
and

2(0) — =)l < &

Hence, the function z(t) is linear between t; and tx1, we have
3¢
‘Z(tk) — Z(t)’ < E for all t, <t < {tpi1.

Now let ¢ be a point in closed interval [a,b] and ) is the subdivision point closed to t.
Then

|(t) = 2(t)] = |2(t) — 2(tr) + 2(tr) — 2(t) + 2(tk) — 2(2)],

< fa(t) = 2(te)] + f(tn) — ()] + |2(tk) — 2()],
< % + % + 35£ =e.



So, polygonal arcs z(t) form a e — net with respect to X. Finite numbers of polygonal arcs
can be drawn through a finite number of points, so their number is finite. This implies

that X is totally bounded. O

Theorem 1.1.14 (The Schauder’s Fixed Point Theorem). Let S be a nonempty compact
and convex subset of a Banach space X and also let T : S — S ba a continuous map.

Then T has a fixed point in S.

Proof. Since S is compact and T is continuous. Therefore, T'(S) is also compact and hence

T(S) is totally bounded. So, for every € > 0 there is a finite € — net,
U = {u,uz,us," -un(g)} eT(9),
which implies that, for each T'(z) € T'(S) there exist u; € U, for some 4, such that
T (x) — ui|| <e.
Now, we define

zi S — [0, 00)

zi(x) = max {e — | T(z) — || ,0}.

As T is continuous so each z; is continuous, such that z;(z) > 0 for all x € S. Moreover,
for each x € S there exist i = {1,2,3, -+ ,n(e)} such that z;(z) > 0, and not all z; are

zero for a fixed value of x. Further, we define Schauder operator

pe: S — Ue
by
Zn(g) zi(T)u;
pg(ﬂf) - Z:% )Z Z7
nle
>img #i(T)
and

n(e) n(e)
Us =co(U) = Zaiui Doy > 072%‘ =1
i=1 i=1

Since z; is continuous, implies that each p. is continuous. If z;(x) > 0, then we have

T (z) —w| <e.



So,

S 2 (@)
Ipe() — T(x)| = || &=L g
8 S ()

S 2 (@) (i — T())

which gives

Now, consider

which implies

Now

So, S contains co(T(S)) and S ia also compact and convex, hence S contains U.. This
implies that U. is a closed subset of S, so U is compact in S. Moreover, since the
dimension of linear span of U is finite (say n) and linear span of U is a subspace of X.
There exist m < n that is we can relate linear span of S with R™. This also implies that

U, is nonempty, convex and compact subset of R". Let us define

T, : U. — U;

1 :pE‘Ug’

where T; is a continuous map. Now by Brouwer’s fixed point theorem, for every € > 0

there exist x. € U such that
T.(z:) = x-.

Since, S is a compact set and {x.} is a sequence in S so by the definition of compactness

there exist a subsequence {z., } of z. such that z., — = as e, — 0, where x € S.



Now consider
le =T (@)|| = llz = xe,, +zc;, = T(2e,) + T(we,,) = T()]|
<o = ae |l + llae, = T(ae,)|| + [T (xe,) = T(2)]|
= o = e T (20y) = T(@e) | + [T (ey) — T
= o = e 1oy (324) = Tl + 1T (220) = T(@)]
<|lx —ze || + e+ | T(2e,) — T(z)|| — 0as e, — 0.

So
|l — T'(z)|| — 0, as e — 0.
Hence
T(z) = x,
that is, x is fixed point of T'. O

1.2 Literature Review

1.2.1 Multiple positive solutions of singular second order boundary value

problems

In paper [26], authors have described the existence of multiple positive solutions for the

singular second order BVP

2'(t)+ @) f(t,z,2") =0 te(0,1)

(1.2.1)
az(0) — B2'(0) =0, 2/(1) =0,

where o, 3 > 0 and f is singular at x = 0 and 2’ = 0. First of all the authors have
constructed a special cone and explained its properties. Then they have used the theory
of fixed point index on a cone and presented the existence of multiple solutions of (1.2.1)
when the nonlinearity has no singularities. f has sublinear or bounded in z or ' when
f has a 2’ dependence, or (1.2.1) has pairs of upper and lower solutions. After this, they
established the existence of multiple positive solutions to (1.2.1) when f is singular at
2’ = 0 but not at x = 0, and also when f is singular at 2’ = 0, and = 0, and when f is
singular at z = 0 but not at 2’ = 0.

Firstly, authors have given the following conditions for multiple positive solutions to (1.2.1)
without singularity

® € C(0,1) with ®(¢) >0fort e (0,1),

feC(o,1] x RT x RT R™)



and there exist g € C(RT x R R™) such that

|f(tz,y)] < glz,y), V(t,z,y) €[0,1] x RT x RY,

c

sup 71 > 1,
cer+ (1+2) fo O(s)ds maxo<g<co<y<c 9(T,Y)

and there also exists g1 € C(RT x RT,R™) with
flt,z,y) > gi(z,y), V(tz,y) €[0,1] x RT x R,

gi(zy) _
Y —

such that limg;— 4 +00, uniformally for y € (0, +00).

Further, they have described the existence of multiple solutions to (1.2.1) when f is sin-

gular at ' = 0 but not at = 0.
® € C(0,1) with ®(t) > 0fort € (0,1) and ® € L[0,1],
f:00,1] x Rt x RT — 400 is continuous with f(¢,z,y) > 0 for (¢,z,y) € [0,1] x RT x RT,
f(t,z,y) < h(@)]g(y) +r(y)] on [0,1] x RT x RT

with ¢g(y) > 0 is continuous and nonincreasing on (0, +00), and A > 0, r > 0 are continuous

and nondecreasing on [0, 00),

C

sup 3 N > 1,
cert (14 2)[-1 (h(c) I cp(s)ds)
where I(z) = [ mdu’ z € (0,+00) and I(+00) = +oo for a constant H > 0. Then

there is a continuous function on [0, 1] which is ¥ g and is positive on (0,1), also 0 <6 <1

is a constant with f(¢,z,y) > Uy (t)z° on [0,1] x [0, H] x (0, H],

/01 ®(t)g <ko /tl q)(s)\I/H(S)> dt < 400

for any constant ko > 0, and there is g1 € C(RT x RT,RT) with

f(t,ﬂ?,y) > gl(xay)a V(t,$,y) S [0, 1] X R+ X R+,

q(zy) _

such that limg oo ==

+00, uniformally for y € (0, +00).
Then, they have given the following conditions for the existence of multiple solutions for

(1.2.1), when f is singular at 2’ = 0 and « = 0.
¢ € C[0,1] with ®(t) > 0fort € (0,1),

f:]0,1] x Rt x Rt — +o0 is continuous with f(t,z,y) > 0 for (¢,z,y) € [0,1] x RT x R,
[tz y) < [h(z) +w@)][g(y) + r(y)]

10



on [0,1] x RT x RT with g(y) > 0 and w(x) > 0 are continuous and nonincreasing on

(0,+00). Also h > 0 and r > 0 are continuous and nondecreasing on [0, c0),

C

sup - >
ceret (14 2) 71 (ch(e)|| @] + @1 fy w(s)ds)

where I(z) = [ Sty du, % € (0,400) and I(+00) = +oc. Moreover, Jo w(s)ds < +oo,
for a constant H > 0 and there is a continuous function on interval [0, 1]. That is ¥y and
positive on (0, 1), with f(t,x,y) > ¥y (t) on [0, 1] x [0, H] x (0, H],

/01 D(t)g (/tl(p(s)‘DH(s)dS) dt < 400

for any constant kg > 0, and there is g; € C(RT x Rt RT) with

ftz,y) > gi(x,y), Y(t,z,y) €0,1] x RT x RT,

such that limg_,4 W = 400, uniformally for y € (0, +00).

Moreover, they have discussed the following conditions for multiple solutions of (1.2.1),

when f is singular at z = 0 but not at 2’ = 0,
® € C[0,1] with ®(t) > 0fort € (0,1),
and f:[0,1] x RT x RT — 400 is continuous with f(¢,z,y) > 0 for (¢,z,y) € [0,1] x Rt x
RT,
fta,y) < [h(x) +w(@)lr(y)
on [0,1] x RT x RT with w > 0 are continuous and nonincreasing on (0, 4+00), also h > 0
and r > 0 are continuous and nondecreasing on [0, 00),

C
sup 3
cer+ I (ch(c)[| @]l + [[@]1 [y w(s)ds)

> 1,

where I(z) = [ %du, z € (0,+00) and I(+00) = 4o0. Further, [ w(s)ds < +oo, for
a constant H > 0 and there is a continuous function g on interval [0,1], and 0 < ¢ < 1
is also a constant with f(¢,2,9) > ¥y (t)y° on [0,1] x [0, H] x (0, H], and there is g1 €
C(R* x RT,RT) with

ftxy) > gi(z,y), Vt,z,y) €0,1] x RY x RY,

g1(z,y)
X

such that limg_, 4 = 400, uniformally for y € (0, +00).
Also in [27], authors have studied the existence of multiple solutions of the above BVP
with o = 1 and 8 = 0 by using the fixed point index in a cone of an ordered Banach space

in similar way.
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1.2.2 Existence of solution for a class of fourth order singular boundary

value problems

In paper [24], the author has investigated the existence of positive solutions of a class of

fourth order singular sublinear BVP

2D () = f(t,2(t), —a" (1)), e (0,1),
z(0) = az”(0) — bz (0) = 0, (1.2.2)
z(1) =ca”"(1) +d2"'(1) = 0,

where a,b,¢,d >0, a+b,c+d >0, ac+ad+bc >0and f:(0,1) xR\ {0} xR\ {0} - R
is continuous with f(¢,¢(1 —¢),1) # 0 for ¢ € (0,1). Also, there exist constants A1, pi1, A2,
2 such that —oo < A\; <0 < p; (1 =1,2), p2 < 1 such that u; + pe < 1, and

Mtz y) < ftex,y) < M f(ta,y)  for (t,2,y) € (0,1) x (0,00)%, 0 < c <1,

(1.2.3)
2 f(t,x,y) < f(t,w,cy) < 2 f(ta,y)  for (ta,y) € (0,1) x (0,00)%, 0 < c< 1.
(1.2.4)
(1.2.3) implies
M f(txy) < fltca,y) < fta,y) ife>1; (1.2.5)
and (1.2.4) implies
N f(t,x,y) < flt,a,cy) < f(ta,y) ife> 1. (1.2.6)

Conversally, (1.2.5) implies (1.2.3), and (1.2.6) implies (1.2.4). The function f is singular
at t = 0 and t = 1, which means that f is allowed to be unbounded at the end points
t=0and t=1. A function z(t) € C?[0,1] N C*(0,1) is called a C?[0, 1] positive solution
of (1.2.2) if it satisfies (1.2.2) and =(t) > 0, 2”(t) < 0 for t € (0,1). A C?|[0, 1] positive
solution of (1.2.2) is called a C®[0, 1] positive solution if 23(0%) and 23(17) exist (x(t) > 0,
z’(t) < 0 for t € (0,1)). A sufficient condition for the existence of solutions of the
singular problem (1.2.2) was given by O’ Regan in [19] with a topological transversal
theorem. In the case of b = d = 0, a sufficient and necessary condition for the existence
of C?[0,1] as well as C3[0, 1] positive solutions of the singular problem (1.2.2) was given
by Wei in [23] with the method of lower and upper solutions. In this paper, author has
given a sufficient and necessary condition for the existence of C?2[0,1] as well as C3[0, 1]
positive solutions of the singular problem (1.2.2) by constructing lower and upper solutions
and with the maximal theorem “if x € C?[ay,b,] N C4(an,by), z(an) > 0, x(b,) > 0,
az’ (an) — bz (an) < 0, cx”(b,) + dz"(b,) < 0 such that 2 (t) > 0 for t € (an,b,), then
z(t) >0, 2"(t) <0, tE€E [an,by]”. Then the author has introduced the following Green’s

functions

o B s(1—1), s < t,
1(t,s) = (1.2.7)

t(1—s), t <s,
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1 sle(1 —t) +d], s <t,

Go(t,s) = 1.2.8
0= te(l—s)+d, t<s, 129
Galtos) = 1 (b+as)(1—1), s < t, (1.2.9)

atb | (b+at)(1—s), t<s,
Calt ) = 1 (b+ as)[c(1 —t) +d], s <t, (1.2.10)

ac +ad + be (b+ at)[c(1 — s) + d], t <s,

For b = d = 0, the necessary and sufficient condition for problem (1.2.2) to have C?|0, 1]

positive solutions is that the following integral conditions hold:

1
0< / 1= ) f (6,61 — 1), 1)t < oo,
0

also

t—0t

1 1
lim t/t (1—=15)f(s,s(1—s),1)ds=0 if/O (1—35)f(s,s(1—s),1)ds = o0,
and

¢ 1
lim (1t)/0 sf(s,s(1—s),1)ds =0 if/o sf(s,s(1—s),1)ds = 0.

t—1—
When b = 0, d > 0, then a necessary and sufficient condition for problem (1.2.2) to have

C3(0, 1] positive solutions is that the following integral conditions hold:

1
0< / tf(t, (1 —1t),1)dt < oo,
0
also

lim t/tl f(s,s(1—s),1)ds =0 if /01 f(s,8(1—=s),1)ds = 0.

t—07t
If b > 0, d = 0 then a necessary and sufficient condition for (1.2.2) to have C3[0, 1) positive

solutions is that the following integral conditions hold:

0< /1(1 SO F( (1 — 1), 1)dt < oo,
0

t 1
lim (1 — t)/o f(s,s(1—s),1)ds =0 if /0 f(s,s(1—s),1)ds = oo.

t—1—

1.2.3 Existence solution for the system of fourth order and second order

boundary value problem

In [25], authors have considered BVPs of singular nonlinear system of fourth-order and

second-order ordinary differential equations of the form

x(4)(t) = f(ta y)7 te (07 1)7

—y'(t) =g(t,z), te(0,1), (L.2.11)
2(0) = 2"(0) = y(0) =0,
z(1) =2"(1) = y(1) =0,



where f,g € C((0,1) x [0,00),[0,00)), f and g are singular at ¢ = 0 and ¢ = 1. Moreover,
f(t,0) =0 and g(t,0) = 0 and (z,y) € C*(0,1) N C?[0,1] x C%(0,1) N C]0, 1] is solution of
singular BVP (1.2.11) if (x, y) satisfies (1.2.11). Moreover, authors have shown that (z,y)
is a positive solution of singular BVP (1.2.11) if z(¢) > 0, y(¢) > 0, for t € (0,1). First of
all they have discussed the following assumptions

(a) There exist ¢; € C([0,00),[0,00)), p; € C((0,1),[0,00)) such that f(¢t,u), g(t,u) <
pi(t)gi(u) and X

0< /0 t(1 —t)pi(t)dt < 400, (i=1,2).

(b) There exists a € (0,1], 0 < a < b < 1 such that

t t
lim infM >0, lim inf 9(t,v) = +00
u—+00 u u——+00 ul/e
uniformally on t € [a, b].
(c) There exists § € (0,400), such that
uli>r(r)1+ sup — 3 < 400, Ji%ﬂ sup WY 0
uniformally on ¢ € (0,1).
(d) There exists v € (0,1], 0 < a < b < 1 such that
t t
lim infM >0, lim inf 9(t,u) = 400
u—0t uY u—0t ul/y

uniformally on t € [a, b].

(e) There exists R > 0 such that ¢; [0 fo t(1—t)p1(t)dt < R, where N = ¢2[0, R] fo
t)p2(t)dt, ¢;[0,d] = sup{qi(u) : u € [O,d]} and i = (1,2).

After this, authors have showed that if assumptions (a), (b) and (c) hold, then singular
BVP (1.2.11) has at least one positive solution and if (a), (d) and (e) hold then also BVP
(1.2.11) has at least one positive solution. Moreover, when (a), (b), (d) and (e) hold then
BVP (1.2.11) has at least two positive solutions.

In same paper, authors have considered BVPs of nonlinear system of fourth-order and

second-order ordinary differential equations for the continuous case,

W) = f(ty), telo,1],

—y"(t) = g(t,z), tel0,1], (1.2.12)
2(0) = 2"(0) = y(0) = 0,
z(1) = 2"(1) = y(1) = 0,

where f,g € C([0,1] x [0,00),[0,00)). Moreover, f(¢,0) = 0 and g(¢,0) = 0 and (z,y) €

C*4[0,1] x C?[0,1] is a solution of BVP (1.2.12) if (z,y) satisfies (1.2.12). Further, authors

have shown that (z,y) is a positive solution of BVP (1.2.12) if z(¢) > 0, y(¢t) > 0, for
€ (0,1).
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So, they have considered the following assumptions:

(f) There exists 7 € (0, +00) such that

UEI—&I—IOO sup v < +00, Er—&r—loo sup Y 0
uniformally on ¢ € [0, 1].
(g) There exists 3 € (0, +00) such that
f(t,w) g(t,u) _
uliI(IJl+ P S oo, ulgg+ inf ul/p =0

uniformally on ¢ € [0, 1].

(h) There exist ¢; € C([0,00),[0,00)), pi € C([0,1],[0,00)) such that f(¢,u), g(t,u) <
pi(t)qi(u) and there exists R > 0 such that ¢;[0 fo t(1 — t)p1(t)dt < R, where N =
q2[0, R] fo t(1 — t)p2(t)dt, ¢0,d] = sup{qi(u) : u € [O,d]} and i = (1,2).

Then, they have showed that the BVP (1.2.12) has at least one positive solution if as-
sumptions (d) and (f) hold or when (b) and (g) hold or (d) and (h) hold. Further, when

(b), (d) and (h) hold then BVP (1.2.12) has at least two positive solutions.

In next chapter, we will discuss some new results about the existence of positive solution

for the system of fourth order SBVP by determining lower and upper solutions, of the form

2@ (t) = f(t,2(t),y(t), —2"(t), te(0,1),
y () = gt,2(t), y(1), —y"(1), te€(0,1),
2(0) = y(0) = 2"(0) = y"(0) = 0,
z(1) =y(1) =2"(1) =y"(1) =0,

where f,g: (0,1) x (0,00)% — [0,00) are continuous and singular at t =0, t = 1, x = 0,
y=20,2" =0, y’ =0. Then, we consider a modified non-singular BVP of above SBVP
over [ay,by], and show the solution existence for modified non—singular boundary value
problem by defining a map which has a fixed point property. Moreover, we discuss that
the positive solution of modified non—singular BVP converges to the positive solution of
SBVP.

15



Chapter 2

Existence Results for

Fourth—order Singular System

2.1 Introduction

The singular boundary value problems to differential equations have been studied widely
in recent years [1-8,12,17,22,25,26]. In this chapter we discuss some new results about
the existence of positive solution for the system of fourth—order boundary value problem
(BVP):

2 (1) = f(t,2(t),y(t), =" (1), te(0,1),

y(4)(t) :g(tvx(t)vy(t)7_y”(t>)7 te (071)7 (2‘1.1)
(0) = y(0) = 2"(0) = y"(0) = 0,
z(1) =y(1) =2"(1) =y"(1) = 0,

where f,g: (0,1) x (0,00) — [0,00) are continuous and singular at t =0, t = 1, x = 0,
y=0,2"=0,y"=0.
In paper [24], the author has investigated the existence of positive solutions of a class

of fourth order singular sublinear BVP

2 D(0) = f(t,2(t), —a" (1), te (0,1),
z(0) = az” (0) — bz (0) = 0, (2.1.2)
z(1) =c2"(1) +dz" (1) =0,
where a,b,¢c,d >0, a+b,c+d >0, ac+ad+bc>0and f:(0,1) xR\ {0} xR\ {0} - R

is continuous with f(¢,¢(1—¢),1) # 0 for t € (0,1). Also, there exist constants A1, p1, Aa,
o such that —oo < A\; <0 < p; (1 =1,2), p2 < 1 such that u; + pe < 1, and

It x,y) < ftcn,y) < f(ta,y)  for (t,y) € (0,1) x (0,00)?,

(2.1.3)
2 f(t,a,y) < f(tx,ey) < f(tay)  for (tx,y) € (0,1

X
=

8
~—
\.M
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for 0 < ¢ < 1. The function f is singular at t =0,¢ =1, x =0 and y = 0.
In [25], authors have considered BVPs of singular nonlinear system of fourth-order and

second-order ordinary differential equations of the form

2D = f(ty), te(01),

—y(t) = g(t,z), te(0,1), (2.1.4)
z(0) = 2”(0) = y(0) = 0,
z(1) = 2"(1) = y(1) = 0,

where f,g € C((0,1) x [0,00),[0,00)), f and g are singular at ¢ = 0 and ¢ = 1. Moreover,
f(t,0) =0 and g(¢t,0) = 0. They proved the existence of positive solution of above BVP
(2.1.4) under certain conditions on nonlinear functions f and g.

Furthermore, B. Yan et al. [26] described the existence of multiple positive solutions

for the singular second order BVP

2'(t)+ @) f(t,z, ") =0 te€(0,1)
az(0) — 32/ (0) =0, 2/(1) =0,

where a, > 0 and f is singular at x = 0 and 2’ = 0. Also in [27], authors have studied
the existence of multiple solutions of the above BVP with a = 1 and 8 = 0 by using the
fixed point index in a cone of an ordered Banach space.

The main feature of this chapter is that we proved existence of at least one positive
solution of (2.1.1) by using only lower and upper solutions in an ordered Banach space
C?[0,1]. For this work we use Schauder’s fixed point theorem by defining a completely

continuous map. An example is also worked out to show the applicability of our results.

2.2 Preliminaries

We need following terminologies and lemmas in the subsequent discussion.

Definition 2.2.1. By singularity of a function A(t,z,y, z) we mean that h is allowed to
be unbounded at t =0,t =1, =0, y =0 and z = 0.

Definition 2.2.2. (a1,a2) € (C?[0,1] N C*4(0,1)) x (C?[0,1] N C*(0,1)) is called a lower
solution of (2.1.1), if it satisfies

iV (t) < f(t,en(t), an(t), —af(t)), te(0,1),

(1) < g(t,an(t), az(t), —af(t)), te(0,1), o)
a1(0) <0, a1(1) <0, —af(0) <0, —af(1) <0,
a2(0) <0, az(1) <0, —a5(0) <0, —a4(1) <0.



Definition 2.2.3. (81, 52) € (C?[0,1]NC*(0,1)) x (C%[0,1]NC*(0,1)) is called an upper
solution of (2.1.1), if it satisfies

D) > f(t,B1(8), Ba(t), —B1 (1)), t € (0,1),
(1) > gt B1(1), Ba(t), ~B5(1)), L€ (0,1), 022)
$1(0) >0, B1(1) >0, =3{(0) >0, —4{(1) >0,
B2(0) 2 0, Ba(1) = 0, —B4(0) > 0, —B4(1) = 0.

We choose sequences of real numbers {a, }°° ; and {b,}5°; with 0 < - -+ < apt1 < an <
-~'<a1<%<b1<---<bn<bn+1<~--<1suchthatan—>0andbn—>1asn—>oo.
Further, we choose sequences of real constants {fgl) o, and {ngy)};’f:l (1,7 = 1,2) with

(n) -

51.(?) — 0 and nij — 0 as n — oo, such that

ai(an) &Y < Bilan),  as(an) < &Y < Balan),
<€y <Abn),  aalbe) &5 < Balba),
1< =Bi(an), —aj(an) <’ <~ (an),
(ba), —a5(bn) < 15 < 35 (ba).
For = € C?[a,,b,], we write ||z|| = max{|x(t)| : t € [an,bs]} and ||z||; = max{|2"(t)| : t €
[an,bn]}. Further, for (z,y) € C?[an,by] x C?[an, by] we write |[(z,y)|2 = [|z]l1 + ||yl

Clearly, (C?[ay,bn] X C?[an,bn], || - ||2) is a Banach space. We define partial order < in
C?[ay, by] by x <y if and only if z(t) < y(t) and —z"(t) < —y"(t) for t € [an, by).

Lemma 2.2.4. Suppose that 0 < a, < by, if x € C?ay,by] N C*(an,by), x(a,) > 0,
z(by) >0, 2(ay) <0, 2(b,) <0, such that z™(t) > 0 fort € (an,by), then

z(t) >0, 2"(t) <0, tE€ [an, by

Proof. Let
zW(t) =o(t), t€ (an,bn), (2.2.3)
van) = €5, 2(ba) = €0, 2"(an) =0}, 2"(by) = 0y, (2.2.4)
then
M >0 ™ >o p™M<o ™ <o >0 b 2.2.5
511_7512_a7711_a7712_7U(t)_7t€(anan)' ()

Suppose that

bn
b=t g <mmﬂPMﬂm),ta%@m

an

ywzxw—<;jﬁ;@+

bp — an
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where

(2.2.7)

R(t) = (b — 0 + (¢ — an)r), (2.2.8)

by — an > 0. (2.2.9)

Then y(t) € C*[an,bs] N C*(an,by), and differentiate (2.2.6) with respect to t,

_ bn, -
v =0 - (o4 ol [P Caear)

by, — an by — an

n

M _ ™t (g b (b, _ s
=a'(t) — (512 o /an b(n )(R(T))dT - / (bl; — )(R(T))dT)

by, — an — Qp t

& —eun) / (T —ay)

=a'(t) — — m(R(T))dT +/t H(R(T))dr

Again differentiate (2.2.10), we have

') = o) =0 = T (R, + G
t—ay, R(t) - bbn—t

by, — an n — Qn

— xl/(t)

or

y"(t) = 2" (t) — R(t). (2.2.11)

Differentiating (2.2.11) once again, we have

1 n n
YO =aO(t) - —— [} +nf3].

bn - Un
One more differentiation yields
y W (1) = 2 ().

Now the boundary conditions become

t—an .(n b, —t .(n t (b, —t)(T —ay,
y(t) = a(t) - W -+ | e — O =) oy 4y

bn_an bn_an

+ /bn (bn = 7)(t = an) R(7)dT,

by, — an

y(an) = z(an) — 0 — 5%) + / e _ban)(T —an) R(7)dr + 0,

n — Qn
ylan) = &7 — &Y = 0.

Similarly
y(ba) = €55 — €1y = 0. (2.2.12)
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For other two boundary conditions, consider (2.2.11)

y"(an) = 2" (an) — R(an),

n 1 n
y”(an) = 77%1) - 7@ (bn - an)77§1) + (an - an)nlg ] s

Similarly

Finally, we get
yD(t) =o(t), tE€ (anbn), (2.2.13)

while the boundary conditions take the form
y(an) = y(bn) =0, y"(an) =y"(bn) = 0. (2.2.14)
Integrate twice (2.2.13) and then using (2.2.14), we have
by
() = / Ho(t, 5)o(s)ds, (2.2.15)
an

where H,,(t, s) is defined in (2.2.7). By twice integration of (2.2.15) and employing (2.2.14),

we get

bn, brn
y(t) = H,(t,T) H,(7,s)o(s)dsdr, t € [an,by],
that is
t—an (m) bn—t (n bn
w(t) = (§— s + G+ [ Ha(tm)(=R(r))dr
b — an by, — an an
bn . (2.2.16)
+ H,(t,7) H,(7,s)o(s)dsdr, t € [an,by].
From (2.2.6), (2.2.8) and (2.2.15),we have
1 n n o
2(t) = 7 [(bn — O + (t—an)n\D] = | Hu(t,s)o(s)ds, t€ [an,bp]. (2.2.17)

Note that (2.2.5) and —R(t) > 0, t € [an,bn], Hn(t,s) >0, (t,8) € [an,bn] X [an, byl
and by (2.2.16) and (2.2.17), we have z(t) > 0,2"(t) < 0,t € [an, by]. O

Lemma 2.2.5. For a,b € R and x € C?[a,b], we write ||z||y = max,cqy |2”(t)]. Then

norm space (C?[a,b],|| - ||1) is a Banach space.

Proof. Let {z,,} be a cauchy sequence in C?[a,b], then for every ¢ > 0, there exists a

positive integer ng such that
|Xm — znll1 < € for all m,n > ng
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which implies that

|Tm — znll1 = m[a%} |zlh (t) — 2 (t)| < € for all m,n > no. (2.2.18)
te|a,

Thus for any fixed ¢t = tg € [a, b], we have

"

|zl (to) — 2 (to)| < € for all m,n > ny,

which shows that {z! (to)} is a cauchy sequence of real numbers. Since R is complete, so
there exist z”(t9) € R such that 2/ (to) — 2" (to) as m — oo. In such way we can associate
with each ¢ € [a,b] a unique real number z”(¢) which defines pointwise a function z” on
[a,b]. Now we have to show that 2" € Cla,b] and z/, — 2", from (2.2.18) with n — oo,
we have

max |z) (t) — 2" (t)| < e for all m > ny.
tela,b]

Hence for every t € [a, b]

|z (t) — 2" (t)] < e for all m > no.

m

This implies that z/ (t) — «”(t) uniformly on [a,b]. Since z! (t) is continuous on [a, b
and converges uniformly, so the limit function z” is continuous on [a, b] as “if a sequence
{zm} of continuous function on [a, b] converges on [a,b] and also convergence is uniform,

then limit function x is continuous on [a, b].” Hence space C?[a, b] is complete. O
Lemma 2.2.6. Fora,b € R with a < b and v € C[a,b]. The boundary value problem

u”(t) = v(t), tE€la,b],

(2.2.19)
u(a’) = Uaq, U(b) = Up
has integral representation
u(t)—b_tu +t_au —/bH(t s)v(s)ds (2.2.20)
= b_a a b—a b . ) ) e
where
b—t)(s—a), a<s<t<hb,
H(t,s) = (2.2.21)
b-a (b—s)(t—a), a<t<s<b
Proof. Integrating (2.2.19) from a to ¢, we obtain
t
u'(t) = Cy —i—/ v(s)ds. (2.2.22)

Again integrating (2.2.22) from a to t, we get
t s
u(t) =Co+ (t —a)Cy +/ / v(T)drds,
a a
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where C7 and Cs are constants and can be determined by imposing boundary conditions

(2.2.19), which can be written as

t
u(t) =Co+ (t —a)Cy + / (t —s)v(s)ds. (2.2.23)
Now after imposing boundary conditions (2.2.19)
Up — Ug 1 b
Ci = — / b— s)v(s)ds,
b—a b-ua a( Jois) (2.2.24)
Cy = ug,.
Using the values of C1 and C5 in (2.2.23), we have
b—t t—a t—a [° t
u(t) = T + b a Ty, /a (b — s)v(s)ds + /a (t —s)v(s)ds,
b—t t—a I I
=y latt Ty, /t (t—a)(b—s)v(s)ds — e /a (b—1t)(s —a)v(s)ds,
which is equivalent to (2.2.20). O

Lemma 2.2.7. The Green’s function (2.2.21) satisfies

H(t,s) <

< b_a(s—a)(b—s), t,s € [a,b]. (2.2.25)

Proof. Case i: For s <t, using (2.2.21)

H(t,s) = - a(b—t)(s —a),
which implies that
1
H(t,s) < m(b —5)(s —a). (2.2.26)
Case ii: Now for ¢ < s, in view of (2.2.21), we have
1
H(ta S) = h— a(b - 8)(t - a)a
which again implies that
1
H(t,s) < b a(b —3)(s —a). (2.2.27)

2.3 Solution existence for modified non-singular boundary

value problem

For each n € {1,2,3,---} consider the modified non-singular boundary value problem

2O (1) = fult,2(8),y(t), =" (1), t € [an, bal,
( )

)
(4) _ T o am ol
Yy (t) g*(t7 t)? ( ) (t) ’ te [ b ] ( ) (231)
) an) = 21 ;=2 (an) = 7711 , =y (an) =1y,
)

(
2(by) = £ y(by) = €82, " (by) = 0\, 4" (b)) = 1,
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where the modified functions f, and g, are defined as follows:

(£(t,01(8), @a(t), —(1),  if (a1, a2) £ (2,9),
f*(t,m(t),y(t), _x”(t)) = f(t7x<t)7y(t>v —.%'”(t)), if (a17a2) = (nv,y) = (ﬁ17ﬁ2)7

gf(t’ﬂl(t)7ﬁ2(t>v - i/(t)), if (x’y) 77é (/817/62)7
(2.3.2)

g(t, a1 (t), a2(t), —a4 (1), if (a1, a2) £ (,),
g+ (t,2(t), y(t), =" () = { g(t, x(t), y(t), —y" (1)), if (a1, a9) < (x,y) < (B1, Ba),
g(tvﬁl(t)ﬂﬁQ(t)7_/Bé/(t))v if (xvy) ﬁ (ﬁ17ﬁ2)'

(2.3.3)
Employing Lemma 2.2.6, the boundary value problem (2.3.1) becomes
" bp—t ), t—an () b Z
2’ (t) = b —a M1t b —a Mo — Hy(t, 8) fu(s,2(s),y(s), —2"(s))ds, t € [an,bn],
" b, (n) , t—
y(t)zb — 7721 +y " Ha(t, ). (s, 2(5), y(s), —y"(s))ds, ¢ € [an,ba),
_ ) _ ) _ (n) _
z(an) = &1, y(an) = &5y, (b n) =& 79( n) = 522 )
(2.3.4)
where
b, —t)(s—an), s<t,
Hy(t,s) = ( ) ) (2.3.5)
bn = an | (b, — s)(t —ay), t<s

Again employing Lemma 2.2.6, the integro-differential boundary value problem (2.3.4)

becomes

by, — Qn . (n bn bp —S (n S —0n (n

z(t) = b, — 511 bn an§§2) - . Hy(t,s) (bn — an77§1) + b, — an77£2)> ds
bn bn

+ H,(t,s) H, (s, 7) fu(m,2(7),y(7), —2" (7))drds, t € [an,bn],

QAn an (236)
bn, bn bn— 8 (n S—an (n

y(t) = b, — 521 b, 522 ~ ). Hnl(t, )<bn—annél) + bn_ann§2)> ds

/ Hat, s / Ho(s, 7)ga (. 2(7), y(7), —y/ (7)) drds, ¢ € [an, bo].
Define map T}, : C?[an, by] X C?[an, by] — C*an, by] X C*an, by] by

= (An, Bn), (2.3.7)

23



where the maps A, By, : C?[ayn, b,] x C?[ay, by] — C2[an, by] are defined as

bn =t (n t—an bn b —S (n §S—0n (n
Ap(z,y)(t) = méﬁ + b —a, g) ~ ). Hn(t,s) (bn—ann%l) + bn_an77§2)> ds
bn bn,
+/ H,(t,s) Hy(s,7) fu(m,2(7),y(7), —2" (7))drds, t € [an,by],
bp —t (n t—an (n bn bp —s (n S§—0Aan (n
Buteaa)(0) = )+ ) = [ ) () ) ) as
bn, bn
+ Hy,(t,s) H, (s, 7)9x(1,2(7),y(7), =y (7))drds, t € [an,by].

(2.3.8)

Clearly if (xy,,yn) is a fixed point of T), then (x,,y,) is a solution of (2.3.1).

Lemma 2.3.1. Assume that 0 < «;(t) < B;(t) and 0 < —al/(t) < —p/(t) for t € (0,1),
i =1,2. Further, 0;(0) = a;(1) = o (0) = (1) =0, i = 1,2. Then the map T,, defined

(2

by (2.3.7) is completely continuous.
Proof. First we show that T},(C2[an, by] X C?[an, by]) is uniformly bounded. Differentiating
(2.3.8) twice with respect to ¢, we have

bp—t () t—an

b
An(,y)"(t) = nn+@fﬁhﬂ?—/ Hy(t,5) fu(s, (s), y(s), —a"(s))ds, (2.3.9)

by, — an
which implies

bn
A, )" )] < 1+ 2+ [ Halt,s) fol(s, 2(5), y(s), =2 (s))ds,  t € [an, b,

an

which in view of Lemma (2.2.7) becomes

bn
|An(@, )" ()] < ] + [nfy)| + /’w—%mwwM@w@w@rw@wa

bn_ n

which can be written as

[An(, )1 < 10\ + 10l +

bn
|6 = an)n = )£l (5),5), =2 ().
o (2.3.10)

b, — an
Similarly, we can show that

1Bz, )1 < S| + 0S| +

bn
6= an) by = 5)g.5,2(5).y(5), —o/ ()
" (2.3.11)
From (2.3.10) and (2.3.11), it follows that T},(C?[ay, by] X C?[ay, by]) is uniformly bounded.

Now we show that the map T, is equicontinuous. Differentiating (2.3.9) with respect

bn_ n

to t, we obtain

" n(n) — 77(71) bn 8 "
Anlayy) ()= B2 [T (1) (5,009, 0(0) o ()

by, — an
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H,(t,s)

by, — an

But
P 1 {(san), s<t,

at (bn - 8)7 t<s
So
W) 1 p
An(a)" () = 22T gD [ (s ) (s, 0(9),0(s), —" (5))ds
1 bn '
~3 " / (bp, — 8) fe(s,2(5),y(s), —2"(s))ds, t € [an,by],
n — Un Jt

which implies that

(n) ., (n)
e 1 + ! /t (5 — Cln)f*(sv .%'(8), y(S), —x”(s))ds

bn — an by, —an

| An (2, 9)" (t)] =

by,
! / (b — 8) fu(5,2(5), y(s), —2"(5))ds]

bn_an

i R T e
- bn - an bn - a'n Qn " " ’ ’ 7

bn
— / (b — 3) (5, 2(5). y(s), —2"(s))ds,

by, — an

|77Y2L) _77§71L)| 1 b _ o
< + (s —an)fu(s,2(s), y(s), —2"(s))ds

o by, — an by — an

bn,
T /<bn—s)f*<s,x<s>,y<s>,—x”(s))ds,

by, — an

(n) (n) b
— 1 n
_ lm2 =] / (b — an) (s, 2(s), y(5), —2"(5))ds.

bn — Qnp bn — Qnp
Thus
" |77Y2L) - 77911)| bn "
[An(a, )" (0] < L [ g s (), (s), —2 (5))ds,
which shows that
’n(n) - n(n)| bn

A,y < 2L [ g (s, (s), y(s), 2" (5))ds. (2.3.12)

Similarly, we can show that
/ |77(n) - ?7(”)! bn ’
|Baa,yY Iy < M2 / gu(s,(s), y(s), —y''(s))ds. (2.3.13)
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Consequently, from (2.3.12) and (2.3.13), T,,(C?[an, by] x C?[an, b,]) is equicontinuous.
Next we show that T}, is continuous. Let (2, Ym), (,9) € C?[an, bn] X C?[an, by] such

that ||(€m,ym) — (x,y)|| — 0 as m — oco. In view of (2.3.8), we have

A, ym) (£) — A, 9)(1)] = b Ha(t,5) b Hiu(5,7) o7 (), g (7), (7)) drds
_ b H(t,5) :Hn(s,T)f*(T,x(r),y(T),—x"(T))des, t € [an, bn],

which implies that

A ym) (1) — An(,9)(1)] = b Ha (1, 5) b (3,7 fu (. o (), o (7).~ (7))

= fulm2(7), y(r), —2"(7))ldrds, t € [an,by].

Now using Lemma 2.2.7, we get

bn (2
Ao, ) () — An(, ) (1)] < E / (5 — an) (b — 5)ds / (7 = an) (b — 7)

(bn — Qn
|fo (72 (7), ym (7), =230 (7)) = fu(m,2(7), y(7), =" (7)) dr, ¢ € [an, bn].

This yields ||An(Zm, ym) — An(x,y)|| — 0 as m — oo. Similarly, we can show that
| Br(Zm, Ym) — Bn(z,y)|| — 0 as m — oo. Consequently T,, is continuous, which together

with the compactness of T,,, implies that T, is completely continuous. ]

2.4 Existence of at least one positive solution

Theorem 2.4.1. Assume that (2.1.1) has a lower solution (a1, a2) and an upper solution
(B1,B2) such that 0 < o;(t) < Bi(t) and 0 < —af/(t) < =pBI(t) fort € (0,1), i = 1,2.
Further, a;(0) = (1) = of(0) = &//(1) = 0, i = 1,2. Then the boundary value problem
(2.1.1) has a positive solution (u,v) € (C?[0,1]NC*(0,1)) x (C?[0,1]NC*(0,1)) such that
(1, a2) 2 (u,v) = (B, Bo2)-

Proof. Since T}, is completely continuous and f,, g. are bounded on [ay,b,] x R3, by
Schauder’s fixed point theorem 1.1.14, T}, has a fixed point (z,, yn) € C*[an, by] xC4{an, by].
We claim that (a1, a2) = (2, yn) = (51, 52), that is

(2.4.1)
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Suppose (Zn,Yn) £ (B1,P2). By the definition of f. and g., we have

(ta 61 (t)> 52 (t)v _ﬁ;(t))’ te [ana bn}a
9x (t, xn(t)’ yn(t)v _yn(t)) = g(ta Bl (t)v 52 (t)v _ﬂg (t))’ te [ana bn}

T
o
~
8
3
—
~
S—
<
3
~—~
~
N—r
|
)
3
~—~
~
N>
S—
Il
-

Therefore

x7(14) (t) = f(ta ﬁl(t)a /BQ(t)7 _/8;/ (t))v te [any bn]7
y7(14) (t) g(tv B (t)? 52@)? _/8/2/ (t))’ te [am bn]'

On the other hand, since (31, 32) is an upper solution of (2.1.1), we also have

D) > £(t.51(1), Ba(t), —B) (1)), t € [an, bal,
() > g(t, B1(1), Ba(t), 65 (1)), te[an,an
<an>25n,62<an>z 21,—ﬂ (an) =087, =B (an) > 13y,
Bu(ba) = 15, Ba(bn) > €5, —BY (bn) > i3, — 55 (bn) > 3.

Let

Now consider

V() = B (1) —2W(t) >0, € (an bn),

P (t) = 850 (8) — () > 0, t € (an,bn)
Also

pr(an) = Bilan) — za(an) > €0 — W =,

pa(an) = Balan) — ynlan) > £ — £ =0,

P1(bn) = Bi(bn) — wn(by) > €7 — el =0,

pa(bn) = Balan) — yn(ba) > €50 — €52 =0
Moreover

_p/ll (an = _B; Qn, $;; an) > 77%) - 775710 =0,

By Lemma 2.2.4, we conclude that

pl(t) Z 07 _P;,(t) > 07 le [arhbn]a 1= 1727
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which is a contradiction to our assumption that (z,,yn) 2 (81, 82). Therefore, (24, yn) <
(81, Ba)-
Similarly we will show that (a1, a2) =< (zn,yn). For this again suppose on contrary

that (a1, a2) A (¥n,yn). By definition of f, and g, we have
f*(t7 J)n(t), yn(t)v _x;;(t)) = f(ta Qg (t)v a2(t)7 _O/ll(t))? te [an7 bn]’

1’ 17

Gx (tv ‘Tn(t)? yn(t)a _yn(t)) = g(t7 aq (t)a o) (t)a —Qy (t))> te [ana bn]a

therefore

. as(an) < &Y, —al(an) < 0, —of(an) < Y,
01 (bn) < €15, an(bn) < €5, —al(bn) < iy, —al(ba) < 0y
Let
(1) = 2a(t) — on(t), t € [an, bal.
q2(t) = yn(t) — a(t), t € [an,bnl,
then
i (1) =2 () = ol (t) 20, t€ (an,bn).
¢t (t) =y () — ol () 20, t€ (anby)
Also
q1(an) = n(an) — a1(an) > &7 — € =0,
g2(an) = ynlan) — as(an) > &7 — & =0,
q1(bn) = Ta(b) — a1 (ba) = € — €15 =0,
G2(bn) = Y (bn) — a(an) > €55 — €55 =0
Further
~q1 (an) = —ap(an) + o (an) = 0y — 4} =0,
~3(an) = —yn(an) + aj(an) = n57) =%y =0,
—q1 (bn) = iy (by) + 0y (ba) = ) — 1y =0,
5 (bn) =~y (ba) + 0y (ba) > 15 — ) =0
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Again by Lemma 2.2.4, we conclude that

¢(t) >0, —q¢(t) >0, telanbn],i=1,2,

which is a contradiction to our assumption (a1, a2) 2 (n,yn). Therefore, (o, ) =
(2n,yn). Hence, we have shown that (2.4.1) hold. Consequently, (z,,yn) € C4[an, by] x

C*[ay, by] is a solution of the following boundary value problem

e W (t) = ft,x(t),yt), —2"(#)), t € [an,bnl,
(t), _y”(t))7 te [anv bn]7
an) = €5, —a"(an) = 1V, —y" (an) = 0},

(an)
2(bn) = €5 y(ba) = €5, =" (ba) = 15, —y" (b) = n5y).

(2.4.2)

Let

— _ N — 8"t
= e, (1), s ), -0, i -0
W =min{on(an), 01(ba)}, 25" = min{as(an), az(bn)},

5" = min{—a// (an), —/(by)}, 65" = min{—a}(an), —als(bn)}.
Then

(2.4.3)

In view of (2.4.3), the sequence {(Zm,Ym)}oo_,, satisfies

W <amt) <M, AW <ym(t) <M, € [an, b,

o (2.4.4)
(t) <M, 65 < —y, (t) <M, € [an,bn).

’

5§n) < —z

m

Moreover, the sequence {(Zm, ym)}oo_,, satisfies the integral equations

t—ay, bn

b, —t
bn - anxm(an) * bn — Qnp an

bn bn
+/ Hn(t,s)/ Hyo (8, 7) fo (T, 2 (T), ym (7), =2 (7))dTds, t € [an,by),
by, —t
mt — m\Un
n(®) = 2= () +

bn bn
+ H,(t,s) Hyo (8, 7) 95 (T, T (7), Yy (7), —yir (7))d7ds, t € [an, by].

an an

T (t) =

bn_an bn_an

bn

i)~ [ e

bp — an an

b, —s

ym<an>+3"mly;<@»)cw

b, —an

t—ap

b, —an
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Differentiating three times with respect to ¢, we have

ey x;;z(bn) - x;%(an) 1 K "
R e R wernll SO CEMO B IATIEE
brn
-5 i / (b, — 8) f(8, m(8), Yym(s), —x.(8))ds, t € [an,bn],
n — Qn Jt
" bn — 7,7/1 an ! "
te) = LB =) oL [ oo ) ).l )

bn,
! / (b — )9(5, Tma(5), ym (), —4/2(5))ds, ¢ € [am, b,

B b, —an
which implies that

‘wk(bn) - x%(‘ln)‘ + 1

bn_an bn_an

|z (8)] <

m

/ (5 — ) (5, Zm(5), Y (5), —" (5))ds

n

= | " (b — (5, m(5), yn(5), —(N)ds, 1 € [ i),
o) < Pl )l L g )6 i)
by [0 gt (6) ), s, 1€ o]
Hence
()] < B0 )l % ), ), o), € )
o) < W) Vel [ g ), () (s, € ]
Let
My = max {f(t,2,9.2) : (t:2,9,2) € lan,b] x (11", M) x 35", M) x o], M] }

My = max {g(t,x,y, z): (t,x,y, z) € [an, by] X [7£n),M] X [fyén),M] X [(5§n),M]},

with this above inequalities become

" (b)) — 2 (ay
) < om0 Il o gan, e fan bl
7 o
o)) < W) V@l o a, t e fanb)
and
2M
[l < 522 (b an) M,
n - dn (2.4.5)
, oM
Wl < 5+ (b — an) 0,
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Thus in view of (2.4.4) and (2.4.5) the sequence {(Zm, Ym)}oo—,, is uniformly bounded and

equicontinuous on [a,, b,|. Define constant extension {(um, vm)}os_,, of {(Zm,ym)}oo_,, by

xm(an); 0<t< Ap, ym(an)a 0<t< Ap,
Um(t) = xm(t)y anp <t < by, Um(t) = ym(t>; anp <t < by, (246)
T (bn), bn <t <1, Ym(bn), b <t <L

Clearly {(wm,vm)}oo—,,, being constant extension of {(@m,, Ym) }oo—,, over the interval [0, 1],
is uniformly bounded and equicontinuous on [0,1]. Thus, there exists a subsequence
{(my V. )} of {(Um,vm)} converging uniformly to (u,v) € C?[0,1] x C2[0,1]. Further,

the sequence {(um, ,vm, )} satisfies the integral equations

b, —t t—ay,

Uy, (1) = mumk (an) + - anumk (bn)
bn by, —s S—an
_ H,(t,s) — Upy, (@) + — Upy, (bn) | ds
bn bn
+ H,(t,s) H,(s,7)f(T, wm, (T), U, (T), fu',%k (1))drds, t € [an,by],
b, —t t—an
Umy, (t) = b _ anvmk(an) + vak(bn)
bn b —s S—an
_ Hy,(t,s) A Up, (@n) + — Upn, (On) | ds

bn by
+ / Ha(t, s) / Ho(5,7)9(7, g (7), 0y (1), —0l' (7))drds, £ € [an, bu].

Letting mj; — oo, we have

b, —1 t—a bn b, — s s—a
=— - n) — H, z " n ! bn) | d
) = o) () = [ ) () + b)) d
by bn
+/ H,(t, s)/ H, (s, 7)f(r,u(r),v(r), —u" (1))drds, t € [an,bn],
b, —t t—a bn b, — s s—a
t) = n . n ) — Hn t, n 1 n (/) bn d
U() bn—anv(a )+bn—anv(b ) an ( S) <bn_an ( )+bn_an ( )> °
bn, bn
+ H,(t,s) H,(s,7)g(T,u(1),v(1), =" (7))drds, t € [an,by].

Differentiating four times with respect to ¢, we have



which shows that (u,v) € C*(0,1) x C*(0,1). Now, we show that (u,v) also satisfies the

boundary conditions. As

u(0) = lim u(am,) = L, (an,) = lm 67" =0,

u(l) = lim u(bp,) = lm u(bn,) = lim €5 =0,
u'(0) = lim u(ap,) = lim up, (am,) = lim _plm) — g,
u’(1) = mELnOO U (bm,,) = mLiLnoo u;’%(bmk) - mggloo _ng"bk) —0.

Similarly

a1 (t) < um, (t) < Bi(t), t € [an, bnl,
af(t) < vmk”(t) < ﬁz(t),” t € [an, bn), (2.47)
—ay (1) € =ty (1) < =B (1), tE€ [an, byl
—0iy (t) < —vy, (t) < —B5(t), tE [an, by
Allowing my, — oo, we have
ar(t) <u(t) < pi(t), tE [an,bnl,
O‘IQI(t) < U(t?/ < /82(t)7 ) le [am bn]a (2.4.8)
—ay(t) < —u (t) < =B, (1), tE€ [an,bnl,
—ap(t) < —v'(t) < =Py (t), tE [an,bn),
and finally lim,_, o, gives
ar(t) < ult) < Bu(t), te0,1]
O‘f(t) < ’U(t?/ < ﬁQ(t)a ) te [07 1 ; (249)
—0 (t) S —u (t) S _ﬁl (t)> le [07 1]7
—ay(t) < =u"(t) < —F5 (1), te[0,1]

Hence, (u,v) € (C?[0,1] N C%(0,1)) x (C?[0,1] N C*(0,1)) is a positive solution of the
system (2.1.1) and satisfies (a1, a2) < (u,v) < (51, 52). O
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2.5 An Example: Application of Theorem 2.4.1

Example 2.5.1. Consider the following system of singular BVPs

(4)()_|6y+3t2—3t—6|[ 1 1 1 ]
=T E ey 20 Ty T )
|62 +3t2 -3t —6| [ 1 1 1
V0= Eem [m(t) "0 y”(t)] (2.5.1)
2(0) = y(0) = 2"(0) = y"(0) = 0,
2(1) =y(1) =2"(1) =y"(1) = 0.
We choose
a1(t) = an(t) = %(t3 o2 4 1),
Bu(t) = Ba(t) = ét“ = %ti” - %tQ + 5t
Clearly

uc)
ai(t) =12

—  BiMi=12

05+

0.5 1

Figure 2.1:

Moreover, from Figure 2.1 it is clear that 0 < a;(t) < 5;(t), i =1,2.

uc)

) /\ s

0.5F

—ai"(t)i=1,2

t—axis

0.5 1

Figure 2.2:
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Let

_ |6aa(t) +3t2 =3t —6] [ 1 1 1] @
wit) = tt3 — 22 + 1) [Oq(t) T ) O/{(t)] o’ (),

 [6ay(t) +3t2 —3t—6| [ 1 I T N )
w(t) = t3 =212+ 1) [al(t) + as(t) ag(t)] a3 ()

_1682(t) + 3t — 3t — 6] [ 1 N 1 1 }
t(t? —2t2 + 1) Bi(t)  Ba(t)  BI()]’
[ 1

_1681(t) 4 3t — 3t — 6]
t(t3 —2t2 + 1)

wi(t)

20000 -
— wihi=12
15000 -
10000 (-
5000 +
! -
0.5 1

Figure 2.3:
Z10)
16}
—  ¢i@®i=12
13}
1
‘ -
05 1
Figure 2.4:

Figures 2.3 and 2.4, respectively, shows that w;(t) > 0 and v¥;(t) > 0 for i = 1,2.
Which shows that, order pairs (aj,a2) and (01, 2) are lower and upper solutions of

singular system (2.5.1). Hence by Theorem 2.4.1, the system (2.5.1) has a positive solution
(u,v) € C%[0,1] N C*(0,1) such that (a1, as) = (u,v) =< (B, Ba).
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Chapter 3

Conclusion

In this thesis, we have studied some results about the existence of positive solution for the
system of fourth order SBVP

20 () = f(t,a(t), y(t), —2"(1), te€(0,1),
y (1) = gt (), y(1), —y"(t), ¢ € (0,1),
2(0) = y(0) = 2"(0) = y"(0) = 0,
z(1) = y(1) =2"(1) =y"(1) =0,

where f,g: (0,1) x (0,00) — [0,00) are continuous and singular at t =0, t = 1, x = 0,
y =0, 2" =0, ¢y’ = 0. For this, in Chapter 2, first of all we determine lower solution
(a1,a9) and upper solution (31, 32) of BVP (2.1.1). Also, we describe some lemmas
relevant to our work. Then, we consider a modified non-singular BVP of SBVP (2.1.1)

over [ay, by], which is of form

t

Fult 2 (1), y(t), —" (1)
g+ (t.2(t), y(t), —y"(2)

n,y<an> 521,—9:"( n) =m0, —y" (an) = Sy,
2y (b

, te€ [ambn],
t

@( )
@( )

) t E [anvbn]a

n) =08 —y" (bn) = 055,

)
)
(an)
z(bn) by) = 22 ; ) —a(b

where {a, }°2; and {b,}>2; are the sequences of real numbers and {§Z(Jn >, and {nm > 1
(i,§ = 1,2) are the sequences of real constants. Moreover, we define a map T}, : C?[ay,, b,] ¥
C?[an, by] — C?[an,by] x C?[an,b,] and showed that T), has a fixed point (z,,y,) €
C*[ay, bn] x C*[an, b,] which is the solution of modified BVP (2.3.1). After this we take
a sequence of functions {(zn,ym)}oo_, and define a constant extension {(tm,,vm)}5o_,
of {(xm,ym)}oe—,, over the interval [0,1]. Further, we have showed that a subsequence
{(my s Vi )} Of { (i, vim) Y5, converges uniformally (u,v) € C2[0,1] x C?[0,1] and (u,v)
satisfies the boundary conditions as well. In Theorem (2.4.1), we have established that
SBVP (2.1.1) has a positive solution (u,v) € (C?[0,1]NC*(0,1)) x (C?[0,1]NC*(0,1)) such
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that (a1, a2) < (u,v) < (f1,02) and also satisfies, 0 < a;(t) < 5;(t) and 0 < —af/(t) <
—BY(t) for t € (0,1), i = 1,2 with a;(0) = as(1) = a(0) = a//(1) = 0, i = 1,2. All of this
is also verified by example given at the end of the Chapter 2.

For the future work, we can extend this work for some other systems of fourth order

BVP. One of those systems is given bellow

2D (t) = ft,x(t), y(t), 2/ (t), —2" (), =" (t)), te(0,1),

y W) =gt 2(t),y(t), 5 (1), =" (1), =" (t)), te(0,1), 301)
z(0) = y(0) = 2"(0) = 4"(0) = 0,
/(1) =4/(1) = 2"(1) = y"(1) = 0,

where f,garesingularatt =0,t=1,2=0,y=0,2/ =0, =0,2" =0,9" =0, 2" =0,
y"”" = 0. For the boundary conditions given in BVP (2.1.1), the singularity at 2’ and ="’

"

is not possible. But if we take singularity at 2’ and z’” then the boundary conditions will

be in form of boundary conditions that is given in BVP (3.0.1).
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