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Abstract

N. H. Abel introduced the theory of Integral Equations in 1812. Since then, it has
gained prominence and many other great mathematicians have contributed to the
development of Integral Equations. Integral inequality that gives an explicit bound
to the unknown function provides a handy tool to investigate qualitative properties
of solutions of differential and integral equations. One of the best known and widely
used inequalities in the study of non-linear differential equations is Gronwall-Bellman
inequality.

Gronwall-Bellman inequality play an important role in the area of Integral and
Differential Equations, and is used as a technical tool to prove existence, uniqueness
and stability of a solution and to obtain various estimates for the solutions.

In this thesis we deals with the Gronwall-Bellman type inequalities involving
functions of two independent variables. We study how to obtain optimal bounds
of the unknown functions that satisfy a certain differential or integral inequality.
Also how to generalizes the result of Gronwall-Bellman inequalities to a new type of
retarded inequalities which includes both a nonconstant term outside the integrals
and more than one distinct non-linear integrals. Finally, we extended the work by

choosing suitable function for w, as w(s) = s” in Chapter 3.
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Chapter 1

Introduction to Integral

Inequalities of Gronwall Type

1.1 Introduction

An equation in which an unknown function appears under an integral sign is called
an integral equation, and an inequality which involves integrals is called integral
imequality.

The pioneer of the theory of Integral Equations was N. H. Abel. In 1812, he
formulated the first integral equation, while studing a problem in mechanics. Since
then, several mathematicians have contributed to the development of Integral Equa-
tions. The major work was done in the late eighteenth and early nineteenth century
by J. Liouville, J. Hadamard, V. Volterra, I. Fredholm, E. Goursat, D. Hilbert,
E. Picard, and H. Poincaré. In the year 1911, the first dissertation on Integral
Equations was written by T. Lalescu (see [11]). The integral equations have played
an important role in Pure and Applied Mathematics, with applications in differen-
tial equations, integral equations, partial differential equations, functional analysis,
numerical computations and others (see for example [17] and [19]).

Gronwall inequality plays a fundamental role in the area of Differential and In-
tegral Equations. It is used as a handy tool to prove existence, stability, uniqueness

and other estimates of a solution. In the past few years, due to the importance of



such inequalities in the theory of differential and integral equations various inves-
tigators have discovered many useful inequalities in order to reach the diversity of
desired goal. For example, the bounds given by Gronwall-Bellman inequality [3, 5]
and its nonlinear generalization due to Bihari [4] are used to a noticeable extent in
the literature, (see for instance [1, 2, 3, 4, 5, 8, 14, 15, 16] and the references cited

therein).

1.2 The Inequalities of Gronwall and Bellman

Some integral inequalities play an important role in the study of the qualitative
behaviour of solutions of differential and integral equations. This section presents the
basic inequality due to Gronwall (1919) and Bellman (1943) which gives numerous

applications in the study of different classes of differential and integral equations.

1.2.1 Gronwall Inequality

Gronwall’s Lemma has two main classes: one is the integral inequalities and second
is the differential inequalities. Both allow one to bound a function on R, that
satisfies an integral or differential inequality. Thomas Hakon Gronwall (1877 —1932)

introduced the Gronwall Lemma in 1919 [5]. It is stated as follows:

Lemma 1.2.1. [5] Let z : [a,a + h] — R be a continuous function that satisfies
the inequalities
0<z2(t) < / A+ Mz(s)ds, (1.2.1)

for alla < x < a+ h, where A, M > 0 are constants. Then
0 < z(t) < AheM™ (1.2.2)
for alla <t <a+ h. In particular, one has the estimate
2(t) < Az — a)eMED), (1.2.3)
foralla <t <a+h.
In terms of differential inequality, it is stated as:
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Lemma 1.2.2. [5] Let I denote an interval of the real line of the form [a,o0) or
la,b] or[a,b) with a <b. Let g and u be real-valued continuous functions defined on

1. If u is differentiable in the interior I° of I and satisfies the differential inequality
u'(t) < g(t)u(t), tel’ (1.2.4)

then u 1s bounded by the solution:

ua)gumymp(leg@>, (1.2.5)

forallt e 1.

1.2.2 Bellman Inequality

Later, in 1943, Richard Bellman proved the integral form of the Gronwall inequality
[3]. But before that, we quote another form of Gronwall-Bellman inequality which

is widely used in the study of nonlinear differential equations:

Lemma 1.2.3. [1] Let u(t) and g(t) be non-negative continuous functions on an

interval I = [0,00) satisfying

u(t) <c+ /tg(s)u(s)ds, tel, (1.2.6)

for some constant ¢ > 0, then

Mﬂgcwp(lzﬁﬂa, el (1.2.7)

Now, the Bellman’s inequality is stated as follows:

Theorem 1.2.4. [3] Let I denote an interval of the real line of the form |a,c0)
or [a,b] or [a,b) with a < b. Let f, g and u be real-valued functions defined on I.
Assume that g and u are continuous and that f is integrable on every closed and

bounded subinterval of I.

(a) If g is non-negative and if u satisfies the integral inequality
t
u(t) < f(t) +/ g(s)u(s)ds, Vtel, (1.2.8)
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then
t t
u(t) < f(t) + / f(s)g(s) exp ( / g(r)dr) ds, tel (1.2.9)
(b) If, in addition, the function f is non-decreasing, then

u(t) < f(t) exp ( / tg(s)ds) . tel (1.2.10)

Remark 1.2.1. The above theorem concludes that in Lemma 1.2.3, we may omit

the requirements u(t) and ¢ to be non-negative.

Gronwall inequality also known as Gronwall’s lemma or Gronwall-Bellman in-
equality, provides an explicit bound to the unknown functions and is an important
tool to obtain various estimates in the theory of ordinary and partial differential
equations. The above results are the most influential results in the theory of in-
equalities and a great number of monographs were written on the generalizations
and analogous results of these inequalities (see [1, 6, 8, 14]). The applications of the
Gronwall-Bellman inequality were developed in a remarkable way in the discussion
of the existence, the uniqueness, the stability, boundedness and continuation and

other qualitative properties of the solutions of differential and integral equations.

1.3 The Integral Inequalities of Gronwall’s Type

Gronwall-Bellman inequality has many generalizations, one of them is the Bihari’s
inequality (see [4]), which is the non-linear generalization of Gronwall inequality.
Bihari’s inequality is proved in the year 1956 by Hungarian mathematician Imre
Bihari (1915 — 1998). The inequality is stated as:

Theorem 1.3.1. [4] Let u(t) and g(t) be non-negative continuous functions defined
on [0,00) and let w(t) be a continuous non-decreasing function defined on [0,00)

and w(u) > 0 on [0,00). If u satisfies the following integral inequality

u(t) < c—l—/o g(s)w (u(s)) ds, t €0, 00), (1.3.1)



for some non-negative constant c, then

u(t) < G7! (G(c) + /Otg(s)ds> , te0,7T]. (1.3.2)

Where the function G is defined by

G(z) = / @dy, x>0, x9 >0, (1.3.3)

and G~1 is the inverse function of G and T is chosen so that
t
G(c) —i—/ g(s)ds € Dom(G™1), v tel0,T). (1.3.4)
0
In 1930, a mathematician Reid established the following result:

Theorem 1.3.2. [1] Let u(t) and g(t) be non-negative continuous functions on an

interval [a,b] and suppose

u(t) < c+/ g(s)u(s)|ds|, t € la,b], (1.3.5)

to

for some constant ¢ and ty € |a,b|, then

u(t) < cexp (/t:g(s)|ds|> L telab) (1.3.6)

Chandirov, a mathematician in 1958 established a corollary and then in 1970, he
proved a theorem which gives the best possible estimate for a function u(t) satisfying

equation (1.3.7). Both of them are given below:

Corollary 1.3.3. [1] Let u(t) and f(t), g(t) and h(t) be continuous functions on

an interval [a,b] and let g(t) and h(t) be non-negative in |a,b|, and suppose

u(t) < f(t) +/ [g(s)u(s) + h(s)]ds, t € [a,bl, (1.3.7)



Theorem 1.3.4. [1] Let u(t) and f(t), g(t) and h(t) be continuous functions on an

interval [a,b] and let g(t) be non-negative in |a,b], and suppose

ut) <50+ [ lo(s)uts) + hs)lds, b€ o]
then
u(t) < f(t) +/ [f(s)g(s) + h(s)]exp (/ g(r)dr) ds, t € la,b]. (1.3.9)

A useful general version of the Lemma 1.2.3 stated in Section 1.2 was given by
B.G. Pachpatte in 1973:

Theorem 1.3.5. [15] Let u(t), f(t) and g(t) be real valued non-negative continuous

functions in a real interval I = [0, 00), for which the inequality

u(t) §c+/0tf(s)u(s)ds+/0tf(s) (/Osg(T)u(T)dT) ds, tel, (1.3.10)

holds, where ¢ is a non-negative constant, then

ult) < c {1 + /Otf(s) exp (/0 (F(r) +g(7))d7) ds} Ctel (1311

J. A. Oguntuase obtained a bound on the following integral inequality:

Theorem 1.3.6. [13] Let u(t), g(t) be non-negative continuous functions in a real
interval I = [a,b]. Suppose that k(t,s) and its partial derivatives ki(t,s) exist and

are non-negative continuous functions for almost every t,s € 1. If the inequality

u(t) < e+ /atg(s)u(s)ds + /atg(s) (/ k(s,f)u(f)df) ds, a<rt<s<t<b
(1.3.12)

holds, where ¢ is a non-negative constant, then

u(t) < c {1 + /atg(s) exp (/ (g(7) + (7, 7)) dT) ds} | (1.3.13)

Many new inequalities have been established so far. The author motivated by
the work of Zareen A. Khan and B. G. Pachpatte establishes some new retarded
integral inequalities involving functions of two independent variables. He generalizes

their work, the details of which are given in Chapter 3.



Chapter 2

On Certain New
Gronwall-Bellman Type Integral

Inequalities of Two Independent

Variables

Due to various motivations, many generalizations and applications of the Lemma
1.2.3, have been established and used extensively. In this chapter, the detailed proofs
of integral inequalities involving functions of two independent variables have been
given. These results can be used as tools in the qualitative theory of certain partial

differential equations.

2.1 Integral Inequalities for Non-decreasing Con-
tinuous Functions

In this section, we proved some lemma’s for non-decreasing continuous functions,

that are useful in our main results (see [6]).

Lemma 2.1.1. Let z(z,y), A(x,y) and B(x,y) be real valued non-negative, non-



decreasing continuous functions defined for x,y € R, and suppose

2(z,y) <1+ /Or A(s,y)z(s,y)ds + /OyB(x,t)z(x,t)dt,

(2.1.1)
forx,y €e Ry. Then
2(z,y) < Qz,9)E(z,y),
where y
Q(z,y) = exp [/ B(x,t)E(x,t)dt] ) (2.1.2)
0
and .
E(z,y) = exp {/ A(s,y)ds} . (2.1.3)
0
Proof. Define ,
b(xz,y) =1 —I—/ B(z,t)z(x,t)dt, (2.1.4)
0
b(z,0) = 1. (2.1.5)
By substituting (2.1.4) in (2.1.1), we get
o) <bay) + [ Alsg)als. s (2.1.6)
0

Since b(x,y) is positive, monotonic non-decreasing continuous function, therefore

z(z,y)

N 2(s,9)
<1 +/ A(s, ds. 2.1.7
) =y ARy 217
Let
v 2(s,
v(z,y) =1 —|—/0 A(s,y)ﬁds, (2.1.8)
v(0,y) = 1. (2.1.9)
From (2.1.7) and (2.1.8), we have
2@, y) <v(z,y). (2.1.10)
b(x,y)
Differentiating (2.1.8) w.r.t.  implies
z(z,y
(o) = Al ).



Now using (2.1.10), we have

ve(z,y) < Az, y)v(x,y).

This implies

v (,y)
lary) = A0

Keeping y fixed, set x = s and integrate from 0 to =, we get

lnv(az,y)g/ A(s,y)ds.
0

This implies

v(z,y) < exp U; A(S,y)dS} = E(z,y).

From (2.1.10) and (2.1.12) we have

2(z,y) < bz, y)E(z,y).
Differentiating (2.1.4) w.r.t. y implies
by(x,y) = B(z,y)2(z,y).
Now substituting (2.1.13) in (2.1.14)
by(z,y) < B(x, y)b(z,y)E(z,y).
This implies

by (z,y)
b(z,y)

< B(z,y)E(z,y).

Now keeping x fixed, set y = ¢t and integrate from 0 to y, we get

Inb(z, y) < /O " Ble ) B, t)dt,

b(z,y) < exp [ /0 yB(x,t)E@,t)dt] — Q).

From (2.1.13) and (2.1.15), we have

z(z,y) < E(7,y)Q(z,y).
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Lemma 2.1.2. Let z(z,y), A(z,y), B(z,y) and m(z,y) be real valued non-negative,

non-decreasing continuous functions defined for x,y € Ry, 0 < p <1 and suppose

z(z,y) <1+ /Oz A(s,y)z(s,y)ds + /Oy B(xz, t)ymP~(x, )P (z, t)dt, (2.1.17)

forx,y € Ry. Then
Z(.’L’,y) S Ql(l',y)E(-T,y),

where

1

p

Q1(z,y) = [1 +(1—p) /y B(z, tymP~ (x, t)EP (z,t)dt 1 : (2.1.18)
0
and E(x,y) is defined as (2.1.3).

Proof. Define
Y
b(z,y) =1 +/ B(z,t)ymP~(x, )P (z, t)dt, (2.1.19)
0

b(z,0) = 1. (2.1.20)
By substituting (2.1.19) in (2.1.17), we get
z(z,y) < b(x,y) + /I A(s,y)z(s,y)ds. (2.1.21)
0
Now following the same steps from (2.1.6) to (2.1.13) as in Lemma 2.1.1, we have
z2(z,y) < b(x,y)E(z,y). (2.1.22)
Differentiating (2.1.19) w.r.t. y implies
by(z,y) = B(x,y)m? (z,y)2"(z,y). (2.1.23)
Now substituting (2.1.22) in (2.1.23)
by(z,y) < B(x,y)m?~(x,y)bF (z,y) EX (v, y). (2.1.24)
This implies

by(x> y)
P (,y)

< B(z,y)m?P (z,y)EP(x,y).

11



Now by keeping x fixed, set y = ¢ and integrate from 0 to y, and using (2.1.20), we

get
o ) - 1) < [ Bl im0 B o
b(z,y) < [1 +(1—p) /Oy B(x, t)mp_l(x,t)Ep(x,t)dt} ﬂ =Qi(z,y). (2.1.25)
From (2.1.22) and (2.1.25), we get
2(z,y) < E(2,9)Q1(2,y). (2.1.26)

]

Lemma 2.1.3. Let z(x,y), A(x,y), B(z,y) and m(x,y) be real valued non-negative,

non-decreasing continuous functions defined for x,y € Ry, 0 < p < 1 and suppose

z2(x,y) <14 /01’ A(s,y)mP~ (s, y)2F (s, y)ds + /Oy B(z, t)ymP~ (x,t)2P (z, t)dt,

(2.1.27)
forx,y €e Ry. Then
Z(ZE, y) < QS(xa y)EQ(xv y)v
where
Bale) = |1+ (-p) [ A @] i
and
y =
Qs(z,y) = {1 + (1 —p)/ B(x,t)mpl(x,t)bpl(a:,t)dtl : (2.1.29)
0
Proof. Define i
b(x,y) =1 +/ A(s,y)mP~ (s, y) 2 (s, y)ds, (2.1.30)
0
b(0,y) = 1. (2.1.31)
By substituting (2.1.30) in (2.1.27), we get
2(x,y) < b(z,y) + /y B(z, t)ymP~ " (x,t)2P (x, t)dt. (2.1.32)
0

12



Since b(x,y) is positive, monotonic non-decreasing continuous function, therefore

Z(l’,y) /y -1 Zp(ZE,t)
<1+ Bz, t)y)mP~ " (z,t dt.
Let y b t)
t
~1 Bz, tym? " (z, 1) = dt
o) =1+ [ Blaim e T
v(z,0) = 1.
From (2.1.33) and (2.1.34), we have
z(z,y)
<wv(z,y
by =Y
Differentiating (2.1.34) w.r.t. y implies
- ’(2,9)
=B p—1 Z L
Uy(l‘,’y) (x,y)m (.’E,y) b(l’,y)

Now using (2.1.36), we have

'Uy(iL‘, y) S B(:L‘, y)mp—l(x7 y)bp_l(xa y)vp($7 y)

This implies

Zf}g:z; < B, y)m? ! (2, y)0" (2, ).

Keeping x fixed, set y = t and integrate from 0 to y, we get

1
1—p

[0 P (z,y) — 1] < /Oy B(z, t)mP~(x, t)bP~(z, t)dt,

1

1-p

o(z,y) < [1—1—(1—])) /OyB(x,t)mpl(x,t)bpl(:c,t)dt] — Qs(a.y).

From (2.1.36) and (2.1.39), we have

Z(:Ij',y) < b<xvy)Q3(ajay>'

Differentiating (2.1.30) w.r.t.  implies
bu(,y) = Alw, y)m? ™ (x,y) " (z,y).
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Now substituting (2.1.40) in (2.1.41)

b, y) < Az, y)m? ™ (z, )" (z,4)Qs" (2, y).

This implies

Zigi:z; < Alz, y)m? (2, 9)Qs (z,y).

Now by keeping y fixed, set x = s and integrate from 0 to z, and using (2.1.31), we

get
1

T, 0 @) 1 /Asy '(s,9)Qs" (s, y)ds,

1
1-p

b(z,y) < [1 +(1—p) /090 A(s,y)mP~ (s, y) Q3" (s, y)ds} = Ey(z,y). (2.1.42)

From (2.1.40) and (2.1.42), we have

2(z,y) < Ey(z,y)Qs(x,y). (2.1.43)

]

2.2 Gronwall-Bellman Type Integral Inequalities
of Two Independent Variables

Theorem 2.2.1. Let ®(x,y), A(x,y), B(z,y) and H(z,y) be real valued non-
negative, mon-decreasing continuous functions defined for x,y € Ry, ¢ > 0 and

suppose

<I>(:c,y)§c+/ A(s,y)cb(s,y)ds—i-/ B(z,t)®(x,t) dt—i—// H(s,t)®(s,t)ds dt,
0 0

(2 2.1)
forx,y € R.. Then

O(z,y) < cQ(z,y)E(x,y)exp {/Ox/oy H(s,t)Q(s,t)E(s,t)ds dt} .

Where Q(x,y) and E(z,y) are defined as in (2.1.2) and (2.1.3) respectively.

14



Proof. Define

m(x,y) =c+ /Oﬂﬁ/oy H(s, t)®(s,t)ds dt,

m(z,0) = m(0,y) = c, my(x,0) =my,(0,y) = 0.

By substituting (2.2.2) in (2.2.1), we get

P(x,y) <m(x,y)+ /Ox A(s,y)P(s,y)ds + /Oy B(z,t)®(x, t)dt.

Since m(z,y) is positive, non-decreasing continuous function, therefore

D(z,y) [ D(s,y) [ Dz, 1)
<1+ Als, ds + B(x,t dt.
miry) = A PO
- Bog) [ )
‘ S, Y x,t
zx,yzl—l—/As,y ds—l—/B:ct dt,
=1 A Gy B ) PO e
then,
2(0,0) = 1.
Substituting (2.2.6) in (2.2.5), implies
O(z,y)
< z(x,
m(ay) = )
Also from (2.2.6) and (2.2.8), we have
)
z(z,y) <1 / A(s,y)z(s,y ds+/ B(x,t)z(z,t)dt.
0 0

Using Lemma 2.1.1, we have

2(z,y) < E(z,9)Q(z,y).
Substituting (2.2.10) in (2.2.8), we get

®(z,y)
m(x,y)
O(z,y) < E(z,y)Q(x, y)m(x,y).

Differentiating (2.2.2) w.r.t x and y, we have

< E(z,y)Q(7,y),

May(2,y) = H(z,y)®(,y),
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using (2.2.11), we have

My (7, y) < H(z,y)E(z,y)Q(x, y)m(z, y).

This implies

% < H(z,y)E(z,1)Q(x,y),

My (2, y)m(z, y) B mg (2, y)my(z,y) < H(z,y)E(z,y)Q(z,y),

mZ(xvy) mQ(x,y)
2 mfﬂ(xvy) T T T
By [m(x7y)‘] < H(z,y)E(z, y)Q(w,y). (2.2.12)

By keeping y fixed, set z = s, in (2.2.12) and integrate from 0 to x, using

d [° i,
d_y/a f(x,y)dx—/a a—yf(m,y)d:z:, (2.2.13)

and (2.2.3), we have

o) < [ s B0l 1ds

Again keeping x fixed, set y = t, in the above inequality and integrate from 0 to vy,
using (2.2.3), we obtain

In {M} < /Om/OyH(s,t)E(s,t)Q(s,t)ds dt.

This implies

m(z,y) < cexp [/Dw/oy H(s,t)E(s,t)Q(s,t)ds dt} :

Substituting the above bound in (2.2.11), we have

O(z,y) < cE(z,y)Q(z,y) exp [/Ox/oy H(s,t)E(s,t)Q(s,t)ds dt} .
O

Theorem 2.2.2. Let ®(x,y), A(z,y), B(x,y) and H(x,y) be real valued non-
negative, non-decreasing continuous functions defined for x,y € Ry, ¢ > 0 and

0 < p <1 are constants and suppose

O(z,y) < c+/0 A(s,y)@(s,y)ds—i—/o B(x,t)fl)(:r;,t)dt—i-/o /0 H(s,t)@p(s,(z;)c;slcig

16



forx,y € R.. Then

(z,y) < Q. y)Ez,y) [ (- / i / " H (s, 1)QP (s, ) EP (s, t)ds di

Where Q(z,y) and E(x,y) are defined in (2.1.2) and (2.1.3).

Proof. Define
z ry
m(z,y) =c+ / / H(s,t)®P(s,t)dsdt,
0o Jo
m(z,0) = m(0,y) = c, my(x,0) =my,(0,y) = 0.

By substituting (2.2.16) in (2.2.14), we get

O(z,y) <m(z,y)+ /093 A(s,y)P(s,y)ds + /Oy B(z,t)®(z,t)dt.

1

1-p

(2.2.15)

(2.2.16)

(2.2.17)

Now following the same steps from (2.2.4) to (2.2.11) as in Theorem 2.2.1, we have

®(z,y) < E(z,y)Q(z, y)m(z,y).

Differentiating (2.2.16) w.r.t x and y, we have

May(2,y) = H(z,y) 0" (z,y).

Using (2.2.18), we have

May(7,y) < H(z,y)EP (2, y)QF (2, y)m” (z, y).

This implies
My (2,Y)
mP(z,y)
mxy(xa y)m(l‘, y) o m$(l‘7 y)my(x’ y)
mPHi(z,y) mPH(z,y)
0 [mg(z,y)
Ay [ mP(x,y)

< H(x,y)EP(z,y)Q"(z,y),

< H(z,y)EP(z,y)Q"(x,y),

} < H(z,y) E" (. 4)Q(x.y).

(2.2.18)

(2.2.19)

By keeping y fixed, set x = s, in (2.2.19) and integrate from 0 to z, using (2.2.13)

and (2.2.17), we have

qa
dy
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[[m”(ﬂs,y) —cm"(z,y)] +P/Ox m P (s,y) —em™ (s, y)ds| < C,



Where ©
:/ H(s,y)E(s,y)Q"(s,y)ds
0

Again keeping x fixed, set y = t, in the last inequality and integrate from 0 to
y, using (2.2.17), we obtain

—— [m!' Pz, y) — 7] < /Ox/oy H(s, t)EP(s,1)Q"(s,t)ds dt,

this implies

m(z,y) < {cl_er(l —p) /OI/OyH(s,t)Ep(s,t)Qp(s,t)dsdt} "

substituting the above bound in (2.2.18), we have

¥o) < Ble)Qle) [+ (1-p) [ [ He0P 0@ s

2.3 Generalization of Gronwall-Bellman Type In-
tegral Inequalities of Two Independent Vari-

ables

Theorem 2.3.1. Let ®(x,y), A(x,y), B(z,y) and H(z,y) be real valued non-
negative, mon-decreasing continuous functions defined for x,y € Ry, ¢ > 0 and

0 < p < 1 are constants and suppose

P(z,y) < c—i—/ox A(s,y)@(s,y)ds—l—/oyB(x,t)@p(x,t)dm—/ox/oy H(s, t)®(s,t)dsdt,
(2.3.1)
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forx,y € R.. Then

O(z,y) < Oz, y)E(z, ) [ (- / ' / " H (s, 0)Qu (s, 8) E? (s, t)ds dt |

—p

(2.3.2)

Where E(x,y) is defined as in (2.1.3) of Lemma 2.1.1 and Q1(z,y) is defined as in

(2.1.18) of Lemma 2.1.2.

Proof. Define
¢ ry
m(:v,y):c—i—// H(s,t)®P(s,t)ds dt,
0 Jo

m(z,0) =m(0,y) = c, mg(z,0) = m,(0,y) = 0.

By substituting (2.3.3) in (2.3.1), we get

T Y
Ba,y) < mlo) + [ Alsp)Bs s+ [ Bl )@ a0
0 0
Since m(z,y) is positive, non-decreasing continuous function, therefore

z.y) 1+/OxA(s,y)Mder/OyB(x,t)@p(x’t)dt.

m(z,y) m(s,y) m(x,t)
bt © sy (. 1)
= S %Y s ’ T e,
o) =1+ [ AT [ BT
then,

2(0,0) = 1.

Substituting (2.3.7) in (2.3.6), implies

Also from (2.3.7) and (2.3.9), we have

2(x,y) <14 /Ox A(s,y)z(s,y)ds + /Oy B(z, t)ymP~ ! (x, )P (z, t)dt,

where
r(z,y)

m(x,y)

<mP(z,y)P(z,y).
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(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

(2.3.10)

(2.3.11)



Using Lemma 2.1.2, implies

2(z,y) < E(x,9)Q1 (2, y). (2.3.12)

By substituting from (2.3.12) in (2.3.9), we get

T < B, (2313)
this implies
P(z,y) < E(z,y)Q1(z, y)m(z,y). (2.3.14)

Differentiating (2.3.3) w.r.t « and y, we have

May(2,y) = H(z, y) ¥ (z,y),
using (2.3.14), we have
May(2,y) < H(z,y) EP (2,y)Q1" (2, y)m? (2, y).
This implies

% < H(ZL‘, y)Ep(l‘7 y)le(fL‘, y)’

Moy (@ y)m(ay)  me@ymy(ey) o
mp“(x,y) mp+1(x’y) SH( ’y)E( ay)Ql ( ay)>

K [mx(rv, y)
Ay [mr(z,y)
By keeping y fixed, set x = s, in (2.3.15) and integrate from 0 to z, using (2.2.13)
and (2.3.4), we have

] < H(z,y) B (z,5)Q:"(z,9). (2.3.15)

d xT
@ |:[m1—p(l,7y) - Cm_p(zay)} +p/ m_p(s,y) - Cm_l_p(s7y)d3:| < D7
0
4 m'P(z,y) + Pt Plz,y) — P — P <D
dy ’ l—p " -
d 1 1 }
— | —— [m*P(z,y) — '™
dy { —p [
Where

- /Of H{(s,y)E"(s,y)Q:" (s, y)ds
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Again keeping x fixed, set y = ¢, in the last inequality and integrate from 0 to y,
using (2.3.4), we obtain

%p [m! P (z,y) — 7] < /0/0 H(s, 1) E*(s,0)Q1" (s, t)ds dt,

this implies

1
1-p

m(z,y) < |:Cl_p+ (1—p) /Ogc/oyH(s,t)Ep(s,t)le(s,t)ds dt} :

substituting the above bound in (2.3.14), we have

1-p

¥o) < Ble)@slo) [+ (-p) [ [ 0B 0006 asal
Il

Theorem 2.3.2. Let ®(x,y), A(x,y), B(z,y) and H(z,y) be real valued non-
negative, non-decreasing continuous functions defined for x,y € Ry, ¢ > 0 and

0 < p < 1 are constants and suppose

T y T ry
O(z,y) < c+/ A(s,y)@p(s,y)ds—l—/ B(x,t)@(x,t)dt+/ / H(s,t)®"(s,t)dsdt,
0 0 0 Jo
(2.3.16)
for x,y € R.. Then

1

O(z,y) < Qa(x,y) Er(2,y) {cl"’ +(1-p) /Om/oy H{(s, 1)Q2" (s, 1) Er"(s, 1) ds dt} o
where Y
Q2(z,y) = exp [/0 B(a:,t)dt] , (2.3.17)
zmmw—P+u—m£5mwmf@wW”@wmy”. (2:3.18)
Proof. Define .
m(z,y) = c+/ / H(s, t)®(s,t)dsdt, (2.3.19)
m(z,0) =m(0,y) = c, my(x,0) =my,(0,y) = 0. (2.3.20)

21



By substituting (2.3.19) in (2.3.16), we get
T )
Be.y) S mloy)+ [ Alsp@(s)ds+ [ Blanend. (2320
0 0

Since m(z,y) is positive, non-decreasing continuous function, therefore

Pe) _ [ @), [ @)
m(z.y) < 1+/0 A(s,y) m(s,y)d +/O B( ,t)m(x,t)dt. (2.3.22)
- W) [ )
z(z,y) = 1—1—/0 A(S,y)mds—l—/o B(I7t)m(a: t)dt’ (2.3.23)
then,
2(0,0) = 1. (2.3.24)
Substituting (2.3.23) in (2.3.22), implies
2@9) ). (2.3.25)

Also from (2.3.23) and (2.3.25), we have
T Y
z(z,y) <1 —i—/ A(s,y)mp_l(s,y)zp(s,y)ds+/ B(x,t)z(x, t)dt. (2.3.26)
0 0

Where we have used equation (2.3.11). Now by interchanging A(x,y) by B(x,y)
and the limits of integration in Lemma 2.1.2, and following the same steps as before

we get the result:
z2(z,y) < Ei(z, y)Q2(z, y). (2.3.27)

Where FEi(z,y) and Qq(z,y) are defined as (2.3.18) and (2.3.17) respectively. Now
by substituting (2.3.27) in (2.3.25), we get

(z,y)
m(z,y)

< Ey(z,y)Q2(x,y),

this implies
D(z,y) < Er(z,y)Qa(z, y)m(z, y). (2.3.28)
Differentiating (2.3.19) w.r.t = and y, we have
May(z,y) = H(z,y)®"(z,y),

22



using (2.3.28), we have

May(7,y) < H(z,y) B\ (2, y)Q" (2, y)m” (x,y).

This implies
m:py(xa y)
mP(z,y)
m:vy(l'ay)m(xvy> mx(x,y)my(x,y)

mp+1(1?,y) o WLp+1(ZL’,y) < H(J},y)Elp(I,y)QQP(J}’y),

9 [mm(x,y)
Oy [mP(z,y)
By keeping y fixed, set x = s, in (2.3.29) and integrate from 0 to x, using (2.2.13)
and (2.3.20), we have

§ H(‘% y)Elp(J:a y)QQP(:E? y)7

] < H(z,y)E\P(z,y)Q2" (x,y). (2.3.29)

d% {ﬁ [m'P(z,y) — cl"’]] < /OxH(s,y)El”(&y)Qz”(s,y)d&

Again keeping x fixed, set y = t, in the above inequality and integrate from 0 to y,

using (2.3.20), we obtain

T [m' P (z,y) — "] < /Ol‘/oy H(s,t)E\P(s,t)Q2(s,t)ds dt.

This implies

m(z,y) < {cl_p—i—(l—p) /Ow/oyH(s,t)Elp(s,t)Qf(s,t)dsdt}11?,

substituting the above bound in (2.3.28), we have

1-p

O(x,y) < BEy(z,y)Q2(z,y) {cl—P +(1—p) /Ox/OyH(s,t)Elp(s,t)Qgp(s,t)ds dt}
O

Theorem 2.3.3. Let ®(x,y), A(z,y), B(z,y) and H(z,y) be real valued non-
negative, non-decreasing continuous functions defined for x,y € Ry, ¢ > 0 and

0 < p <1 are constants and suppose

O(z,y) < c—i—/o A(s,y)@p(s,y)ds+/0 B(x,t)@p(a:,t)dt—i-/o /0 H(s,t)@p(s,(;)c;sgc(i;,
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forx,y € R.. Then
O(x,y) < Qs(x,y)Es(z,y) {cl_p +(1-p) /m/y H(s,t)QsP(s,t)EoP(s,t)ds dt o )
0o Jo
(2.3.31)

Where Qs(x,y), Es(x,y) are defined as in (2.1.29) and (2.1.28) respectively.

Proof. Define
z ry
m(z,y) = c+ / / H(s, )7 (s, t)ds dt, (2.3.32)
0o Jo
m(z,0) =m(0,y) =¢,  mg(z,0) =m,(0,y) = 0. (2.3.33)
By substituting (2.3.32) in (2.3.30), we get
T Y
Bay) <mzy)+ [ As)@(sist [ Bao®eon (2330
0 0
Since m(z,y) is positive, non-decreasing continuous function, therefore
) N or Y P (x,t
Ory) +/ As, i) 289 4 +/ B 2@t (2.3.35)
m(a:, y) 0 m(57 y) 0 m(x, t)
- Wsg) ) [ g P
v S,y x,t
z(x,y :1+/ A(s,y —ds—l—/ B(x,t dt, 2.3.36
=1t A Py PO e (2330
then,
2(0,0) = 1. (2.3.37)
Substituting (2.3.36) in (2.3.35), implies
(2.3.38)

Also from (2.3.36) and (2.3.38), we have
x Yy
z@@glﬁ/AuwWH@wf@wM+/B@MWH@wﬂ@ww
0 0
(2.3.39)

Where we have used the equation (2.3.11). Now by using Lemma 2.1.3, we get
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Substituting (2.3.40) in (2.3.38), we get

% < Es(z,y)Qs(z, 7).

This implies

Differentiating (2.3.32) w.r.t « and y, we have

mzy(ﬂi,y) = H(a:,y)(I)p(a:,y),

using (2.3.41), we have

My (2, y) < H(z,y) B (2, y)Qs" (x, y)m” (,y),

this implies
May (z,y)

ey = H@yES @ y)Qs (@),

mP(z,y) mptL(z,y)

o | A0 < o) B2 0 )@ o) (23.42)
By keeping y fixed, set x = s, in (2.3.42) and integrate from 0 to x, using (2.2.13)
and (2.3.33), we have

S e -] < [CaepErener s
Again keeping x fixed, set y = t, in the above inequality and integrate from 0 to y,

Mary (2, Y)(2,y) (2 Yy (2, ) H(x,y) B (2,1)Qs"(x,y),

using (2.3.33), we obtain

%p [m' (2, y) — 7] < /0/0 H(s,1) By (5, 1)Qs" (s, t)ds dt.

which implies

1—

me < |- [ [0 E G000 s 0ds ]

substituting the above bound in (2.3.41), we have

1

1-p

B(z,y) < Folz, y)Qs(x, ) {cl_p (1= p) /0 ’ /0 " H (s ) By (5, 0)05% (5, £)ds dt}
O
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Chapter 3

On Some New Retarded Integral
Inequalities of Gronwall-Bihari
Type in Two Independent

Variables

Various linear and non-linear generalizations of Gronwall inequality have been estab-
lished, and vast numbers of monographs have been dedicated on these inequalities
and their applications (see for instance [1, 7, 10, 12, 15] and many more). In the
past few years, some new inequalities have been discovered and many authors have
generalized these inequalities to more than one variable such as [8, 9, 18, 20, 21].

This chapter is concerned with some new generalized retarded non-linear integral in-
equalities arising from well-known Gronwall-Bellman inequality and Bihari integral
inequality. The established integral inequalities involve functions of two independent

variables and are a generalized version of [6] and [16].
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3.1 Retarded Integral Inequalities of Gronwall-
Bihari Type in Two Independent Variables

The Lemma 3.1.1 proved below, is a generalized form of Gronwall-Bellman type
inequality with retardation and is useful in our main results. Before stating the

lemma, we will define some notations as follows: X and Y are any two subsets of
R;. Intervals I, J of R are defined as: I = [z9, X), J = [yo,Y) and [ = I x J.

Lemma 3.1.1. Let ¢, ® and a € C(I,R,) be non-negative continuous functions
with c(x) is non-decreasing function for x € I and assume that o € CY(I,1) be
non-decreasing with o(x) < x on I. Suppose that ¢ > p > 0 are constants. If ®(x)
satisfies the inequality:

a(z)
O (x) < c(x) + /( ) a(s)®P(s)ds, (3.1.1)

for xg < s < x, then the following inequalities are true

(1) Ifp=q
1 o)
d(z) < /P(x) exp (5/ a(s)ds) : (3.1.2)
(o)
(2) Ifp<q
qg—7p a(z) (r—q) ﬁ
®(z) < Mix) |14+ 122 ¢« (s)a(s)ds , (3.1.3)
q o(xzo)
forxzel.
Proof. For ¢(xz) >0
(1) If p = q holds, letting
_ [ ¢@) ]°
z(x) = {01/1’(:6) : (3.1.4)
Substituting (3.1.4) in (3.1.1), gives
()
2(r) <1 +/ a(s)z(s)ds, (3.1.5)
a(zo)
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for x € I. Let

a(x)
v(x) =1+ /( | a(s)z(s)ds. (3.1.6)

Where v(z) is a positive, continuous and non-decreasing function and also
v(zg) = 1. (3.1.7)
Putting (3.1.6) in (3.1.5), we get
z(x) < wv(x). (3.1.8)

Now differentiating (3.1.6) w.r.t. z, using fundamental theorem of calculus,

we obtain
V'(z) = o (z)ala(z))z(alx)), (3.1.9)

since a(z) <z on I, from (3.1.8), we have

This implies

< d(z)a(a(z)), rel (3.1.10)

By integration of (3.1.10) from x to z, then we have

()
Inv(z) < / a(s)ds.
a(zo)

Using (3.1.8), we get

This implies

Hence, we obtain

n [%} < /a ?(; o(s)ds.

This inequality implies the desired inequality (3.1.2).

a(z)
®(z) < /P(x) exp (1/]9/ a(s)ds) .
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(2) If p < q, letting

_ ¢(@)

y(x) = Aa(z)’ (3.1.11)

Substituting (3.1.11) in (3.1.1), gives

OC([L') prP—aq

yi(z) <1+ / a(s)y? (s)c 7" (s)ds. (3.1.12)

a(xo)

Let @
h(z) =1 —i—/ a(s)yp(s)c(p;@ (s)ds. (3.1.13)

(o)

Where h(x) is a positive, continuous and non-decreasing function and also
h(zo) = 1. (3.1.14)
Putting (3.1.13) in (3.1.12), we get
y!(x) < h(x),

y(z) < BY(x). (3.1.15)

Now differentiating (3.1.13) w.r.t. z, using fundamental theorem of calculus,
a(z) <z on I and (3.1.15), we have obtain

W (x) = o (2)a(a(z))e T (a(x))y (o)),
< o (w)a(a(x)e T (a(0) (),
< o' ()ala(z))e T (alz))hP(z). (3.1.16)
This implies
M@ ma(a@)e 5 (@), wel (3.1.17)

By integration of (3.1.17) from x to z, we have

a4 h“’;”(x)—1] < /a " a(s)e T (a(z))ds,

q—p (z0)

a(z)
W) <14+ 1P p/ " () ds.
q a(zo)



Using (3.1.15), we get

y P () <1+ ? a(s)c @ (a(x))ds.
a(zo)

This implies

T (¢—p) o a(z) -
[ o) } <1+ a—p a(s)c< a )(a(m))ds.

Cl/q(w) q a(zo)
Hence we obtain
_1
q—0p a(x) (p—a) or
d(x) < Mi(z) |1+ —F a(s)c @ (a(x))ds :
q a(zo)

For ¢(x) > 0, we take ¢(x) + € instead of ¢(z), in the above proof, where € > 0 is an
arbitrary small constant, and € — 0 to obtain (3.1.2) and (3.1.3). This completes
the proof. O

Theorem 3.1.2. Let ¢, &, A and B € C(L,R,) be non-decreasing, continuous
functions in each variables and assume that « € CY(I,I), 3 € C'(J,J) be non-
decreasing with o(z) < x on I, B(y) <y on J. Suppose that 1 > p > 0 is constant.

(A1) If ®(z,y) satisfies

o(z) By)
O(z,y) < c(z,y) —i—/ A(s,y)®(s,y)ds —|—/ B(z,t)®P(x,t)dt, (3.1.18)
(o) Byo)
for all (z,y) € L, then
(I)(f,y) < C(Iay)El(x7y)Q1(x7y)’ (3119)
for all (xz,y) € I. Where
a(z)
Ei(x,y) = exp / A(s,y)ds |, (3.1.20)
(o)
Bly) =
Qv y) = |1+ (1 —p)/ Bla,)e? V(e ) EP(x,)dt| . (3.1.21)
B(yo)
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(A2) If ®(z,y) satisfies

a(z) B(y)
®(z,y) < clz,y) + A(s,y) PP (s, y)ds +/ B(x, t)®(x, t)dt, (3.1.22)
a(zo) B(yo)
for all (z,y) € L, then
D(z,y) < c(x,y)Ba(z,y)Q2(2, y), (3.1.23)
for all (xz,y) € I. Where
By)
Es(x,y) = exp / B(z,t)dt |, (3.1.24)
B(yo)

QQ(I7 y) =

a(x) i-p
1+ (1 —p)/ A(s,y)c(”_”(s,y)Eé’(&y)dS] . (3.1.25)
a(zo)

Proof. (A1) We define a function z(z,y) by
Bly)
2(x,y) = c(x,y) + / B(x,t)®P(x,t)dt, (3.1.26)
B(yo)

by substituting (3.1.26) in (3.1.18), we get

o(z)

O(z,y) < 2z(x,y) + /( | A(s,y)®(s,y)ds, (z,y) € L. (3.1.27)

Clearly z(z,y) is a non-negative, continuous and non-decreasing function in

x. Keeping y € J fixed in (3.1.27), a suitable application of Lemma 3.1.1 to
(3.1.27) implies

a(x)

a(zo)

o(z,y) < z(z,y) exp (/ A(S,y)dS) ,

for (z,y) € I, where

a(z)
€xp (/ A(S,y)d&’) = El(x7y>)
a(zo)

as defined in (3.1.20). Thus

o(z,y) < z(x,y)Er(z,y). (3.1.28)
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(A2)

By (3.1.26) and (3.1.28), we obtain

Bly)
2(z,y) < ez, y) —|—/ B(x,t)E\P(x,t) 2P (x, t)dt. (3.1.29)
B(yo)

Keeping z fixed in (3.1.29), an estimation of z(x,y) can be obtained by a
suitable application of Lemma 3.1.1 to (3.1.29), after that, we obtained

1

By) =p
1+ (1—p) / PV (z,t)B(z,t)E\P(, t)dt] ,
B

(v0)

z(z,y) < c(z,y)

for (z,y) € I, where

B(y) -p
1+ (1 _p)/ C(pil)(xat)B(x7t>E1p(xat)dt = Ql(may>7
B(yo)
as defined in (3.1.21). This implies
z2(z,y) < c(z, y)Qi(z, y). (3.1.30)

Finally substituting the last inequality into (3.1.28), we have
(I)(‘Tu y) S C(Ia y)E1<‘T7 y)Q1($7 y)

We define a function z(z,y) by

o(x)
z(2,y) =c(x,y)+/ A(s,y)PP(s,y)ds, (3.1.31)
a(zo)

by substituting (3.1.31) in (3.1.22), we get

B(y)
®(z,y) < z(,y) +/ Bz, t)®(z, t)dt,  (z,y) €L (3.1.32)
B(yo)

Clearly z(z,y) is a non-negative, continuous and non-decreasing function in
y. Keeping = € [ fixed in (3.1.32), a suitable application of Lemma 3.1.1 to
(3.1.32) implies

o(x,y) < 2(z,y) exp (/5( ) B(fat)dt) :

32



for (z,y) € I, where

By)
exp / Bz, t)dt | = Ex(z,y),
B(yo)

as defined in (3.1.24). Thus

oz, y) < 2(z,y)Ex(z, y). (3.1.33)

By (3.1.31) and (3.1.33), we obtain

a(z)

z2(x,y) < clx,y) + /( | A(s,y)E5P(s,y)2P(s,y)ds. (3.1.34)

Keeping y fixed in (3.1.34), an estimation of z(z,y) can be obtained by a
suitable application of Lemma 3.1.1 to (3.1.34), after that, we obtained

1

a(z) 1-p
1+(1- p)/ C(”‘l)(s,y)A(s,y)Eap(s,y)dSI 7
a(zo)

2(z,y) < c(z,y)

for (x,y) € I, where

_1

o) 1-p
1 + (1 - p) / C(p_l)(3> y)A<S> y)E2p(S> y)dS] = Q2(xa y)>
a(zo)
as defined in (3.1.25). This implies

Finally substituting the last inequality into (3.1.33), we have

(I)(l‘, y) < C(SU, y)E2<x7 y)Qz(l’, y)

]

Theorem 3.1.3. Let ¢, ¢, A, B, o and B be defined as in Theorem 3.1.2. Suppose
that ¢ > p > 0 are constants. If ¢(x,y) satisfies the inequality:

o(x) B(y)
(o) < o)+ [ Ap)® s+ [ Bo® o (3150
a(zo) B(yo)
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for all (z,y) € I, then we have:

(2, y) Eu (2, 9)Qs(x,9)]7,  ifp = q }
Cl/q(‘ra y)E4(I, y)Q4(x, y)7 pr <q

P(z,y) < {

for all (x,y) € I, where
Bly)
Qo) =exo | [ BBt ).
Byo)
and Ey(z,y) is defined as (3.1.20), and

1

_ BY) (g P
Quay) = |1+ 122 [ 5 @ 0B yat |
q B(yo)
(@) =
_ alx ( _ ) q—p
Ey(z,y) = |1+ % ¢ (s7y)A(s,y)Q4p(s,y)dSI ,
a(zo)

where z(x,y) < c(z,y)E4(x,y), for all (x,y) € L.

Proof. (1) If p < q holds, we define a function z(z,y) by

a(x)
2(z,y) = cle,y) + / Als, )8 (s, y)ds,
a(zo)

by substituting (3.1.41) in (3.1.36), we get

B(y)

$(a,y) < =(r.y) + / Bz, )8 (x, £)dt.
B(yo)

(3.1.37)

(3.1.38)

(3.1.39)

(3.1.40)

(3.1.41)

(3.1.42)

Clearly z(z,y) is a non-negative, continuous and non-decreasing function in

y. Treating z fixed in (3.1.42), and a suitable application of Lemma 3.1.1 to

(3.1.42) gives

— B (g
b(x,y) < 2(z,y)7 |14+ 12 2 (x,t)B(x, t)dt
q B(yo)
for (z,y) € I, where
5) =
— Y (-9 q—p
s S @ OB Odt| = Qux,y),
q B(yo)
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as defined in (3.1.39). This implies

b(x.y) < 2(2,)1Qu(x.y). (3.1.43)

By (3.1.43) and (3.1.41), we obtain

a(z)

2(z,y) < ez, y) + /( | A(s,9)Q4P (s, y)2"/1(s,y)ds. (3.1.44)

Keeping y fixed in (3.1.44), an estimation of z(z,y) can be obtained by a
suitable application of Lemma 3.1.1 to (3.1.44), after that, we obtain

q

qg—1p a(x) (—a) ) q—p
Z(l’,y) SC(ZE,y) 1+T ( )C 4 A(S,y)Q4 (S7y) )
a(zg
for (z,y) € I, where
_1
q—7p a(x) (r—q) ) q—p
I+ — c 1 A(S7y)Q4 (87 y) = E4(.§L’, y)7
q o(xzo)
as defined in (3.1.40). This implies
z(z,y) < c(z,y)Es'(2,y). (3.1.45)

Finally, substituting the last inequality into (3.1.43), the desired inequality
(3.1.37) follows i.e

¢($, y) < cl/q<x, y)E4<I, y)Q4(l’, y)

If p = ¢, we define a function z(z,y) by

B(y)
2(z,y) = c(x,y) + / B(x,t)®P(x, t)dt, (3.1.46)
Byo)

by substituting (3.1.46) in (3.1.36), we get
a(x)
Vo) <o)+ [ Ay 0)ds (3.1.47)

a(wo)
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Clearly z(z,y) is a non-negative, continuous and non-decreasing function in
x. Treating y fixed in (3.1.47), and a suitable application of Lemma 3.1.1 to
(3.1.47) gives
1 1 [o@
oa9) < g ep | [ Alsyis|
P Ja

(wo)

a(z) %
[exp (/ A(s,y)ds)] ,
a(wo)

RS

= 2(x,y)
(3.1.48)

for (z,y) € I, where

o)
exp [ / Als,p)ds| = By(a,y).

(wo)

as defined in (3.1.20). This implies
11
¢($,y) SZ(ZE,g)PElp(ZL‘,y) (3149)

By (3.1.46) and (3.1.49), we obtain
B(y)

2(x,y) < c(x,y) +/ B(z,t)Ey(x,t)z(x, t)dt. (3.1.50)
B(yo)

Keeping z fixed in (3.1.50), an estimation of z(x,y) can be obtained by a
suitable application of Lemma 3.1.1 to (3.1.50), after that, we obtain

B(y)

(yo)

z2(x,y) < c(z,y) exp [/ B(x,t)El(x,t)dt] ,
B
for (z,y) € I, where

exp
(yo)

By)
/ B(z,t)Ey(x, t)dt| = Qs(z,y),
B
as defined in (3.1.38). This implies

2(z,y) < e(x,y)Qs(z,y). (3.1.51)
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Finally, substituting the last inequality into (3.1.49), the desired inequality
(3.1.37) follows i.e

B =

o(z,y) < le(x, y)Er(z,y)Qs(x, y)]» -
0

Remark 3.1.1. If we take B(z,y) = 0 and keeping y fixed, then Theorem 3.1.3

reduce exactly to Lemma 3.1.1.

3.2 Generalization of Retarded Integral Inequali-
ties of Gronwall-Bihari Type in Two Indepen-
dent Variables

Before stating the theorem, we will define the set S as follows:
S={(z,y,s,) P my<s<a< X;y<t<y<Y}

Theorem 3.2.1. Let ¢, ¢, A, B, o and [ be defined as in Theorem 3.1.2. Let
H(z,y,s,t) € C(S,Ry) be a non-decreasing and continuous functions in x and y
for each (s,t) € I. Let w € C(Ri,Ry) be non-decreasing and sub-multiplicative
function with w(¢) > 0 for ¢ > 0.

(B1) If ¢(z,y) satisfies

B(y)
O(z,y) < c(z,y) / A(s,y)P(s, y)ds—i—/ B(x,t)®P(x,t)dt
a(zo) B(yo)
a(z) rBY)
/‘ | H( s, ({5, D) (3.2.1)
for all (z,y) € I. Then
(I)(‘ruy) < M1<x,y)E1<l’,y)Q~1(l’,y), (322)
forall xog < x < xy, yo <y <y,. Where
My(z,y) < G [G(elz ) + O] (3.23)
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(B2)

forallzg < x <wy, yo <y <y;. Where

Cy = / | H (z,y, s, )w(Ey(s,t)w(Q(s,t))ds dt, (3.2.4)
" G<¢>—/¢i 6> >0 (3.25)
= " w(t)’ = Qo . L.

Where Ey(z,y) is defined in (3.1.20) and

1

14+ (1—p) /B(y) B(x, t)Ml(p_l)(x,t)Elp(:x,t)dt] - . (3.2.6)

B(yo)

Ql(xay) =

where G~ is the inverse function ofG and the real numbers x1,y; € Ry are
chosen so that G(c(x,y) +fa(x0 fﬂ wo) H (@, 5, tw(Ey (s, t))w(Q1(s,t))ds dt €
Dom(G™1).

If ¢(x,y) satisfies
Bly)
O(z,y) < c(z,y) / A(s,y)PP(s,y)ds +/ B(z,t)®(x,t)dt
a(zo) B(yo)
afz) rB(y)
/ ., (@l )dsd (3.2.7)
(o)
for all (x,y) € I. Then
(I)(.Clj,y) S M2<$,y)E2($,y)QQ($,y), (328>
forall xop < x < x9, yo <y < yo. Where
Msy(z,y) < G G(c(x,y)) + Cal, (3.2.9)
forall xo < x < 29, yo <y < yo. Where
By) ~
Cy = / H(z,y,s, t)w(Ey(s,t)w(Q1(s,t))ds dt, (3.2.10)
a(zo) Y B(yo)

and G and Ey are defined in (3.2.5) and (3.1.24) with

a(z) 1-p

Qa(z,y) = |14 (1 —p) A(s, y) MuP~Y(s,9) EqP (s, y)ds , (3.2.11)
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where G~ is the inverse function of G and the real numbers xo,ys € Ry are
chosen so that G(c(x,y) +fa(m0 fﬂ wo) H (@, 5, tyw(Ea(s, t))w(Qa(s,t))ds dt €
Dom(G™1).

Proof. (B1) If ¢(x,y) > 0. Setting

a(zx)

Mi(z,y) = c(z,y) / H (x,y,s,t)w(o(s, t))ds dt, (3.2.12)

(o)
the inequality (3.2.1) can be restated as

a(z)

Bly)
A(s,y)@(s,y)ds+/ B(x,t)®P(x,t)dt. (3.2.13)

B(yo)

a(zo)
Clearly M;(x,y) is non-negative and non-decreasing function in each x and
y. Now a suitable application of the inequality (3.1.18) in Theorem 3.1.2 to
(3.2.13), yields

®(z,y) < Mi(z,y)Bi(z,y)Q1(x, y), (3.2.14)
where F(z,y) and Qy(z,y) are defined in (3.1.20) and (3.2.6). From (3.2.12)
and (3.2.14) and by using the fact that w is a sub-multiplicative, we have

a(z) .
My(z,) < c(z,9) / H (2, g, 5, W (B (5, )01 (s, £))w( My (5, 1))ds dt,
(3.2.15)
for (z,y) € L.
Fixing any numbers #; and y; with 0 < 27 < z7 and 0 < §; < y, from (3.2.15)

we have
Ml(x7y> S C(flagl) + -D~17

for xo < < 71, yo <y < 9. Defining
ri(z,y) = c(@1, 1) + Dy,
where

a(z) N
D, = / Hxl i 5w (B (5, 0)C1 (5. 6) (M (s, £))ds dt.

(wo)
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Then r1(zo,y) = m1(x,%0) = ¢(21,71) and
Mi(z,y) <ri(2,y), (3.2.16)

with 7 (z,y) is positive and non-decreasing in y € [yo, %o], and

B(y)
Dyry (.T, y) = H(fh y~17 u, t)w(El <u7 t)Ql (U, t)>w<M1 (ua t))dt7
B(yo)
B(y) ~
< u' H<171a y~17 u, t)w<E1 (u7 t)Ql(ua t))w(TI (U, t))dta
B(yo)
B(y) 5
< w(r(x,y))u’ H (2,91, u, t)w(Ey (u, £) Q1 (u, t))dt. (3.2.17)
B(yo)

Where © = a(z) implying ' = o/(z). Dividing both sides of (3.2.17) by

w(ri(x,y)), we obtain

r(z, / B(y) o ~
% < d(z) H(zy, 51, ax), w(Ey (oz), £) Q1 (), ) dE,
w(\ri\T,y B(yo) (3.2.18)

from (3.2.5) and (3.2.18) we have

B(y) -
D\G(ri(z,y)) < o' (2) H(z1, 41, a(z), hw(Er(a(z), 1) Q1 (a(z), t))dt.

B(yo)
(3.2.19)
Now setting z = s in (3.2.19) and then integrating with respect to s from x
to x, we obtain
a(z) 5
G(ri(z,y)) < G(ri(xo,y / H (@1, 71, s, t)w(E1 (s, t)Q1(s, t))ds dt.
(o)
NOtng G(rl (x(]v y)) = G<C<f17 y~1>)7 we have
() .
G(ri(z,y)) < G(c(1,91)) / H(z1, 91, s, O)w(Ey (s, t)Q1(s,t))ds dt.
(z0) Y B(yo)

Taking x = 71, y = 71 in (3.2.16) and the last inequality, we obtain

M (71, 91) < ri(@1,91), (3.2.20)
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and

o) () -
G(rl(xlayl)) < G( (xl yl / H<x~1ay~1737t)w(E1<S7t)Q1(87t))d8 dt.
B(yo

)
(3.2.21)
Since 0 < 77 < 27 and 0 < y; < y; are arbitrary, from (3.2.20) and (3.2.21)

we have
Mi(z,y) < ri(z,y), (3.2.22)
and
B(y) ~
r(z.y) < G | Gle(a, ) / [ s D .05, D)

(3.2.93)
for all 2o < o < 1, yo < y < y1. Hence by (3.2.22) and (3.2.23), we obtain

Ml(xa y) < Gil

a(z) rBy) ~

G(c(z,y)) +/ H(z,y,s, t)w(E(s,t)Q1(s,t))ds dt
z0) v B(yo)

(3.2.24)

for all xg < <z, yo <y < y;. By (3.2.1), (3.2.24) holds also when x = z,
and y = yp.

Finally substituting the last inequality into (3.2.14), the desired inequality
(3.2.2) follows immediately.

If e(x,y) > 0. Setting

a(z) rB(Y)
Ms(z,y) = c(x,y) / H (x,y,s, t)w(o(s, t))ds dt, (3.2.25)

(z0)
the inequality (3.2.7) can be restated as

o(z)

Bly)
A(s,y)@p(s,y)ds—i-/ B(z,t)®(x,t)dt. (3.2.26)

B(yo)

a(zo)

Clearly Ms(x,y) is non-negative and non-decreasing function in each x and
y. Now a suitable application of the inequality (3.1.22) in Theorem 3.1.2 to
(3.2.26), yields

@([E,y) < M2<x7y)E2('r7y)Q2(xay)’ (3227>

41



where Ey(x,y) and Qo(z,y) are defined in (3.1.24) and (3.2.11).
From (3.2.25) and (3.2.27) and by using the fact that w is a sub-multiplicative,

we have

My(z,y) < c(x,y)+ /Oé(z H (z,y, s, )Yw(Esy(s,t)Qa(s, t))w(Msy(s, t))ds dt,
(3.2.28)
for (z,y) € L.
Fixing any numbers 75 and 9y with 0 < 25 < 25 and 0 < 75 < yo , from
(3.2.28) we have
My(z,y) < c(@2, 42) + Da,

for o < x < 75, yg < y < 9. Defining
ro(x,y) = (@, 42) + Do,
where

o) B
By = / ng,yQ,st) (Fa(s, )05, £))w(M(s, t))ds dt.

(o)

Then r9(z0,y) = ra2(x, yo) = (T2, 92) and
My(2,y) < rofz,y), (3.2.29)

with ro(z,y) is positive and non-decreasing in = € [z, o], and

a(z) B
Dyrsy(z,y) =0/ H(3, 12, 5, v)w(Ea(s, v)Qa(s, v))w(Ma(s, v))ds,
a(zo)
a(z) 5
S U/ H(f% y~27 S, U)w(EQ(Sv U)QQ(‘S? U))UJ(T‘Q(S, U))dS,
a(zo)

< w(rg(ac,y))v'/( | H (%, 1, 5,v)w(Ey(s,v)Qa(s,v))ds.

(3.2.30)
Where v = f(y) implying v = f'(y). Dividing both sides of (3.2.30) by
w(ry(x,y)), we obtain
Dory(z,y) (@)

S 5,(?/) H(f% y~27 S, B(y))w(EQ(Sa ﬁ(y))QQ(Sv /B(y)))dsv
UJ(T'Q (IE, y)) a(zo)
(3.2.31)
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from (3.2.5) and (3.2.31) we have

a(x)

DyG(ra(x,y)) < B'(y) - H (@2, 92, 5, B(y))w(Ex(s, B(y)Qa(s, By)))ds.
a(xo
(3.2.32)
Now setting y = ¢ in (3.2.32) and then integrating with respect to ¢ from yo

to y, we obtain

B(y) ~
G(ra(z,y)) < G(ra(z, yo)) / H(Z2, Y2, s, t)w(FEa(s,t)Qa(s,t))ds dt.
(zo)

B(yo)
NOtiIlg G(TQ(:C7y0)) = G(C(f271/~2))7 we have
(v)

G(ra(z,y)) < G(c(22,92)) / . H (%, 12, 5, t)w(Eay(s, t)Qa(s,t))ds dt.

Taking x = 75, y = 9> in (3.2.29) and the last inequality, we obtain
My (29, ¥a) < 12(T2, ), (3.2.33)

and

z) rBy) ~
G(ra(22,12)) < G(C(fg,gjz))—l—/ H(%o, 12, s, t)w(Es(s, t)Qa(s, t))ds dt.

(o)
(3.2.34)
Since 0 < 73 < x5 and 0 < g < yy are arbitrary, from (3.2.33) and (3.2.34)

we have

My(z,y) < ra(z,y), (3.2.35)

and

By) -
TQ(‘Tvy> < Gil [ $ y / H $ yasat (E2<Svt)Q2(S7t))d8dt] )
a(zo) 7 B(yo)

(3.2.36)
for all 2o < o < g, Yo < y < yo. Hence by (3.2.35) and (3.2.36), we obtain

M2(xa y) S G_l

a(z) rB(y) -
G(C(.ﬁlﬁ,y)) +/ 1 J 840 H(may>S7t)w(E2(3>t)Q2($7t))dS dt] )
(3.2.37)
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for all 2o < 2 < 29, Yo < y < yo. By (3.2.7), (3.2.37) holds also when = = x
and y = yp.
Finally substituting the last inequality into (3.2.27), the desired inequality
(3.2.8) follows immediately.
If ¢(z,y) > 0 is non-negative, we carry out the above procedure in (B1) and
(B2) with c(z,y) + € instead of ¢(z,y) where ¢ > 0 is an arbitrary small
constant and subsequently pass to the limit as ¢ — 0 to obtain (3.2.2) and
(3.2.8). This completes the proof.

O

Remark 3.2.1. If we take H(z,y,s,t) = 0 in the last theorem then Theorem 3.2.1

reduce to Theorem 3.1.2.

Remark 3.2.2. Theorem 3.2.1 (B2) reduces to Theorem 2.3.3 in Chapter 2, if

p=1w(s)=s, clz,y) =c alx) ==z, fly) =y, H(z,y,s,t) = H(s,t) xg = yo = 0.
Using Theorem 3.1.3, we can get some more generalized results as follows:

Theorem 3.2.2. Let ¢, ¢, A, B, H, o, B and w be defined as in Theorem 3.2.1.
Suppose that ¢ > p > 0 are constants. If ¢(x,y) satisfies

() Bly)
¥9(z.y) < e(r.y) + / Als.p)®(s)ds + [ Bla )@ (.t
(z0) B(yo)
/ H (x,y, s, t)w(P(s,t))dsdt, (3.2.38)
(o) Y B(vo)

for all (x,y) € I, then the following conclusions are true:
(C1) If p=q, then
®(z,y) < [Ni(z,9) B (z,y)Qs(z, y)] "7, (3.2.39)
forall zg < x < w3, yo <y < ys. Where

Ni(z,y) < K '[K(c(z,y)) + Cs], (3.2.40)

forall zg < x < w3, yo <y <ys. Where

Bly) L L
Cy = / H(z,y, s, )w(Er (s,6))w(Qsb (s, ))ds dt.  (3.2.41)
a(zo) J B(vo)
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and

o
K(6) = /¢ Wf/q) 6> by > 0. (3.2.42)

Where Ey(z,y) and Q3(z,y) are defined in (3.1.20) and (3.1.38). And K!

1s the inverse function of K and the real numbers xs3, y3 are chosen so that

K(ce(z,y)) —i—fa(x fﬁ(yo) x y,s,t)w(Eli(s,t))w(Qgi(s,t))ds dt € Dom(K™).

(C2) If p < q, then
O(z,y) < NoV/(z,y) Ey(z,y)Qu(,y), (3.2.43)

forall zg < x < wy, yo <y < yy. Where

a(z) rB(y) - ~
Nag) < K| (et + [ H(w,y, 5, tyw(Ea(s, )@a(s, 1)ds dt |
z0) J B(yo)
(3.2.44)
for all xg <z < x4, yo <y < ys, K is defined in (3.2.42), with
Bw) =
_ _ Yy p—q q—p
Oa(y) = |1+ 4=P) / Blx, )25 (x,0)dt| (3.2.45)
q B(yo)

1

_ ) folo) . ) =
1 + <q p> / A(Say)N2 (qu) ($>y)Q4p(8ay)dS] 3 (3246)

E~4($a y) =

q a(zo)

for all kg < x < x4, yo < y < ya, where (x,y) < No(x,y)Eq (2,y).

Where K=t is the inverse function of K and the real numbers x4, ys are
chosen so that K(c(z,y) —I—fa(zo fﬂ (v0) H(x,y,s,tYwE(s,t)w(Qq(s,t))dsdt
Dom(K™1).

Proof. (C1) If p = ¢, we define a function Ny(z,y) by
a(x)
Ni(z,y) = c(z,y) / H (x,y,s,t)w(P(s,t))ds dt, (3.2.47)

by substituting (3.2.47) in (3.2.38), we get

a(z)

B(y)
A(s,y)PP(s,y)ds + / B(z,t)®(x,t)dt.

(I)q(x7y) < Nl(x7y) +/
B(yo)
(3.2.48)

a(zo)
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Clearly Ni(x,y) is a non-negative and non-decreasing function in each variable
x and y. A suitable application of the inequality (3.1.36) in Theorem 3.1.3 to
(3.2.48) gives

d(x,y) < [Ni(z,y)Ei(z,y)Qs(z, y)] 7, (3.2.49)

where Fi(z,y), Qs(z,y) are defined in (3.1.20) and (3.1.38).
From (3.2.47) and (3.2.49) and by using the fact that w is sub-multiplicative,
we obtain

Ni(z,y) < c(z,y) + Ds, (3.2.50)

for (z,y) € I. Where
a(x)
D3 = / H (x,y,s,t)w (Nli(s,t))w(Eli(s,t)Qg,%(s,t))ds dt.

Fixing any numbers 73 and g3 with 0 < 73 < z3 and 0 < g3 < y3, from (3.2.50)
we have

Ni(z,y) < c(73,93) + Ds,

for zog <z < 73, yo <y < y3. Defining

r3(z,y) = c(23,93) + Ds.

Where

Ot(l‘ 1 1 1
Dy = / H (23,73, 8, )w(E17 (s,t)Q37 (s,t))w(Ny7(s,t))ds dt.

(wo)

Then 73(xo,y) = 7’3(%90) = c(23,7y3) and

Ni(z,y) < r3(z,y), (3.2.51)

with r3(x,y) is positive and non-decreasing in y € [yo, 9o, and

B(y) 1 . 1
Dyr3(z,y) =o' H (%5, g3, u, t)w(Ey? (u, t)Qs? (u, t))w(Ny? (u, t))dt,
B(yo)
B(y) X L L
< u’ H<f3a y~37 U, t)UJ(E15 (U, t)6235 (U, z('->>fw(,r35 (U’u t>>dt7
B(yo)
) B(y) 1 1
< w(rgp ([B, y))u/ H(fg, 3]37 u, t)w<El P (U, t)QgP (U, t))dt
B(yo)
(3.2.52)
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Where v = a(z) implying v’ = o/(z). Dividing both sides of (3.2.52) by

w(rs'/?(z,y)), we obtain

rs(z, ) B(y) o 3 )
Drs@y) ) [ B g, ale), (B (ale), D045 (ala), 1)dt,
UJ(T‘3P (l’, y)) B(yo) (3 5 53)

from (3.2.42) and (3.2.53) we have

B(y) L L
D1 K (rs(z,y)) < o (x) H(s, s, a(x), yw(Err (o), 1) Qs (), £))dt.

B(yo)
(3.2.54)
Now setting = s in (3.2.54) and then integrating with respect to s from x
to x, we obtain
K(rs(z,y)) < K(rs(zo,y)) + Cs.

Noting K (rs3(zo, y)) = K(c(z3,93)), we have
K (rs(x,y)) < K(c(@3,53)) + Cs.
Taking x = 73, y = y3 in (3.2.51) and the last inequality, we obtain

Ni(Z3,93) < 13(23,93), (3.2.55)

and

K(rs(73,4s)) < K(c(23,4s)) + Cs. (3.2.56)

Where

a(x) L N
Cy = / H (23,73, 5, t)w(E17 (s,t)Qs7(s,t))ds dt.

Since 0 < 73 < x3 and 0 < y3 < ys are arbitrary, from (3.2.55) and (3.2.56),

and using the fact that w is sub-multiplicative, we have
Nl(xvy) S 7’3(1’729)7 (3257)

and
r3(z,y) < K1 [K(c(z,y)) + Cs), (3.2.58)
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(C2)

for all zg < 2 < 3, yo < y < y3. Hence by (3.2.57) and (3.2.58), we obtain
Ni(z,y) < K 'K (c(z,y)) + Cs), (3.2.59)

for all zg < x < 3, yo < y < y3. Where Cj is defined in (3.2.41). By (3.2.38),
(3.2.59) holds also when x = xy and y = yj.

Finally substituting the last inequality into (3.2.49), the desired inequality
(3.2.39) follows immediately.

If p < g holds, we define a function Na(x,y) by
a(x)
Ny(x, c(z,y) / H (x,y,s,t)w(P(s,t))ds dt, (3.2.60)

by substituting (3.2.60) in (3.2.38), we get

a(z) By)
(I)q(xvy) < Ng(l’,y) + A(57y>®p(say)d8+/ B(m,t)@p(x,t)dt

a(zo) B(yo)
(3.2.61)
Clearly Ny(x,y) is a non-negative and non-decreasing function in each variable
x and y. A suitable application of the inequality (3.1.36) in Theorem 3.1.3 to
(3.2.61) gives
oz, y) < NoV(z,y)Ey(x, ) Qa(z, y), (3.2.62)

where Ey(z,y), Q(z,y) are defined in (3.2.46) and (3.2.45).
From (3.2.60) and (3.2.62) and by using the fact that w is sub-multiplicative,

we obtain
No(z,y) < e(x,y) + Dy, (3.2.63)

for (z,y) € I. Where

B(y) - -
D, _/ H(z,y, 5, )w(Not (s, )0 Ea(s, )Oa(s, 1))ds dt.
a(zo) J B(vo)

Fixing any numbers 7 and g, with 0 < 74 < z4 and 0 < gy < vy, from (3.2.63)
we have
N2(:C7 3/) S C<f47 y~4) + D47
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for o < x <y, yo < y < yy. Defining
ra(r,y) = (T4, Ya) + Dy,
Where

i alz) (B i ) )
Dy = / H(%y,ys, s, t)w(Ey(s, t)Qa(s, t))w(Nya(s,t))ds dt.
a(zo) Y B(yo)

Then r4(wo,y) = ra(w,y0) = c(L4,9a) and
No(z,y) < rafz,y), (3.2.64)

with r4(z,y) is positive and non-decreasing in y € [yo, %o], and

B(y) - ~ 1
Diry(z,y) = u' H (24, Y, u, t)w(Ea(u, 1)Qa(u, t))w(Noa (u, t))dt,
B(yo)
B(y) ~ ~ 1
< H(Zy, Ya, u, )w(Ey(u, )Qq(u, t))w(rya (u,t))dt,
B(yo)
i B(y) o . .
< w(rye(z,y))u H (24, G, w, )w(Ea(u, 1) Qu(u, t))dt.
B(yo)

(3.2.65)

Where u = a(z) implying ' = o/(z). Dividing both sides of (3.2.65) by

w(ry*9(z,y)), we obtain

Diry(z,9) Bly) N _

wlraia, ) = ) J, 0 20 B, 0@t D)
(3.2.66)

from (3.2.42) and (3.2.66) we have

B(y) . -
D1 K (ry(z,y)) < o/ (x) H (24, g1, a(x), hw(Es(a(z), 1)Qu(a(z), ))dt.

B(yo)
(3.2.67)

Now setting z = s in (3.2.67) and then integrating with respect to s from xg

to x, we obtain
)

a(z) B B R
K(ry(z,y)) SK(m(xo,y))—l—/( - (T4, Ys, S, t)w(Ey(s,1)Q4(s,t))ds dt.
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Noting K(r4(zo,y)) = K(c(74, 1)), we have
(y)

o(z) B . .
K(ry(z,y)) §K(c(@,yl;))+/( o (@4, Ua, S, t)w(Ey(s, t)Qu(s, t))ds dt.

Taking x = 74, y = g4 in (3.2.64) and the last inequality, we obtain

No(Ty, ya) < ra(Ta, Ya), (3.2.68)

and

o(z) rBY) . ~
K(T’4(.f4, y~4)) S K(C(fz;, Z]4))+/ H(f4, y~47 S, t)U)(E4<8, t>Q4<S, t))ds dt.

(zo) / B(yo)
(3.2.69)
Since 0 < 74 < z4 and 0 < gy < y4 are arbitrary, from (3.2.68) and (3.2.69)
we have
Na(z,y) < ry(w,y), (3.2.70)

and

a(z) rBy) - ~

nley) < K |K(etwag)) + H(z, . 5, )( Ea(s,1)Qals, 1)ds dt |
a(zo) / B(yo)
(3.2.71)

for all zg < 2 < a4, yo < y < y4. Hence by (3.2.70) and (3.2.71), we obtain

a(z) rB(y) . ~
NQ(xa y) < K_1 K(C((L’, y)) + / H([L’, Y, S, t)w(E4<Sa t)Qél(S? t)>d8 dt )
a(zo) /B

(vo)
(3.2.72)

for all zg < 2 < x4, yo <y < ys. By (3.2.38), (3.2.72) holds also when z = x
and y = yp.
Finally substituting the last inequality into (3.2.62), the desired inequality
(3.2.43) follows immediately.

0

Remark 3.2.3. Theorem 3.2.2 (C2) reduces to Theorem 2.2.1 in Chapter (2), if
g=1,w(s)=s, c(z,y) =c, a(z) =z, B(y) =y, H(x,y,s,t) = H(s,t) xog = yo = 0.
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3.3 Applications of the (GGeneralized Retarded In-
tegral Inequalities of Gronwall-Bihari Type in
Two Independent Variables

Some exciting new inequalities can be obtained from Theorem 3.2.1 and Theorem
3.2.2, by choosing suitable functions for w. For example, if we take w(s) = s, then

we have the following results.

Corollary 3.3.1. Let p, ¢, ¢, A, H, B, a and [ be defined as in Theorem 3.2.1.
Let 0 < r < 1 is a constant and if ¢(z,y) satisfies

a(z) By)
B(a.y) < cla,y) + / Als.p)®(s.)ds + [ Bla )@,
a(%) B(yo)
a(z)
/ H (x,y,s,t)P"(s,t)ds dt, (3.3.1)
(o)
for all (x,y) € I. Then
q)(x>y) < ml(:my)el(as,y)q](a:,y), (332)

for all (xz,y) € I. Where

1
1—r

a(z) rB(y)
my(z,y) < [ "(z,y) +(1—7r / H (z,y,s,t)er” (S,t)qlr(s,t)dsdt] :

(z0)
(3.3.3)
for all (z,y) €L, and
Bly) =
i) = |14 (1—p) / Bla, ym?\(x, )er? (@, )t | (3.3.4)
B(yo)
o(z)
e1(x,y) = exp A(s,y)ds | . (3.3.5)
a(xo)
Proof. Setting
mi(z,y) = c(x,y) / H (x,y,s,t)9"(s,t)ds dt, (3.3.6)
(o)
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the inequality (3.3.1) can be restated as

a(x) B(y)
Sley) <mi(ey)+ | Alsy)B(sy)ds + / Bla,0)®(x,t)dt.  (3.3.7)
a(xo) B(yo)

Clearly my(z,y) is non-negative and non-decreasing function in each x and y. Now
a suitable application of the inequality (3.1.18) in Theorem 3.1.2 to (3.3.7), yields

(I)(l'7y) < ml(x,y)el(x,y)dl(x,y), (338>

where ei(x,y) and ¢i(x,y) are defined in (3.3.5) and (3.3.4). From (3.3.6) and
(3.3.8), we have

a(z)
my(x,y) < c(z,y) / H (x,y,s,t)er" (s, 0)@1" (s, t)my" (s, t)ds dt, (3.3.9)

(wo)
for (x,y) € I. Fixing any numbers @, and 7, with 0 < 27 <y and 0 < g3 < y1, we
have
o a(z) rB(y) o )
my (ZE, y) < C(a:la yl) + / H(xb Y1, S5, t)elr(s7 t)er(Sa t)mlr<87 t)dS dta
(z0) ¥ B(yo)

for xo < x < 71, yo < y < yi. Defining

(.T y) =cC xl yl / H Ilayb‘s?t)el (8 t)Ql <S7t)m1r(57t)d8 dt?
(3.3.10)
then 2 (w0, y) = 21(x, y0) = ¢(41,71) and

mi(z,y) < z1(2,y), (3.3.11)

with z1(z,y) is positive and non-decreasing in y, and

B(y)
D1z (x,y) = o/ (z) o H(zy, 1, a(x), t)er" (a(x), )@ " (a(z), t)m, " (a(x), t)dt,
Bly)
< OZI(ZE) B(uo) H(fla y~17 Oé(l'), t)elr(Oé(I), t)qNIT(O[((L’), t)zf(Oé(l’), t)dt7

< z"(x, y)a/(x) H (71,91, Oz(:l?), t)elr(a(x)v t)cjlr(a(m)’ t)dt'
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Dividing both sides of (3.3.12) by z"(x,y), we obtain

2 (x B(y) o ~
—Dl,, () < d(x) H(zy, 91, a(x), ey (a(z), t)@ " (ax), t))dt.  (3.3.13)
21"z, y) Bw0)

Now setting z = s in (3.3.13) and then integrating with respect to s from z to x,

we obtain

’ (le_r(%y) xlayl / H $17y1787t)€1 (S7t>dlr<87t)d8dt7

o(z) rBY)
le ('ZC y) - C (xl yl) S 1 -r / H(fhgh S,t)€1T<S, t>q~lr(87t)ds dt7

B(yo)

1
1—r

o)
2 (x,y) < [Cl "(Z1, )+ (1 =7 / H (1, 71,8, t)er” (37t)61~1r(3,t)d3dt]

(wo)

Taking z = 77, y = 41 in (3.3.11) and the last inequality, gives:

ma (21, 71) < z1(21, 1)1),

and

1
1—7r

B(y)

a(z)
21<.§U~1, y~1) S [CIT(fl, y~1) + (1 — 7’) / H(Zfl, 3]1, S, t)@lr(S, t)dlr<8, t)dS dt]

a(zo) v B(yo)

Since 0 < 71 < z1 and 0 < 37 < y; are arbitrary, from the previous two equations

we have
mi(z,y) < z1(z,y),
and
" -
z1(z,y) < [ "(z,y)+ (1 —1) /(IO H (z,y,s,t)er"(s,t)q1" (s, t)ds dt] :

(3.3.14)
for all (z,y) € 1. Finally substituting the last inequality into (3.3.11), the desired
inequality (3.3.3) follows immediately, and this completes the proof. O
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Remark 3.3.1. (1) If r = 0, an estimation of the inequality (3.3.1) can be easily

obtained.

(2) If r = 1, an estimation of the inequality (3.3.1) can be easily obtained.
Remark 3.3.2. Corollary 3.3.1 reduces to Theorem 2.3.1, when ¢(z,y) = ¢, a(x) =
z, Bly) =y, H(z,y,s,t) = H(s,t) o =yo=0and r =p

Corollary 3.3.2. Let p, ¢, ¢, A, H, B, a and [ be defined as in Theorem 3.2.1.
Let 0 <r <1 is a constant and if ¢(x,y) satisfies

o(z) By)
Boy) < cleg)+ [ Alsp@(s)dst [ BB
a(zo) B(yo)
a(z) rB(y)
/ H (z,y,s,t)P"(s,t)ds dt, (3.3.15)
(z0)
for all (z,y) € I. Then
(I)(x7y) < mg(x,y)ez(x,y)@(x,y), (3316>
for all (xz,y) € I. Where
@) =
malz, ) < | () + (1 -7 / " Hioy, s 0es (5.0 (s, st |
(o) Y B(vo)
(3.3.17)
for all (x,y) €I, and
o) 1 =7
i) = |1+ 0=p) [ Asymd s peea)ds| L (3318)
(o)
Bly)
eo(z,y) = exp / B(z,t)dt | . (3.3.19)
B(yo)
Proof. Setting
oz ()
ma(e.y) = clziy) + [ H(z,y, 5,8)" (s, t)ds dt, (3:3.20)
a(zo) J B(yo)
the inequality (3.3.15) can be restated as
() B(y)
Bry) S meg) + [ Asy@pds+ [ Blneid. (3321
(o) B(vo)

o4



Clearly mo(z,y) is non-negative and non-decreasing function in each z and y. Now

a suitable application of the inequality (3.1.18) in Theorem 3.1.2 to (3.3.21), yields

(I)(l',y) < mg(a:,y)eg(x,y)(ig(x,y), (3322)

where ey(z,y) and ¢(x,y) are defined in (3.3.19) and (3.3.18). From (3.3.20) and
(3.3.22), we have

a(z) rB(y)
m2(x7 y) < C('CU? y) + / H(JI, Y, s, t)GQT(S’ t)q~2r(87 t)mQT(sa t>d8 dt? (3323>
a(zo) /8

(o)

for (x,y) € I. Fixing any numbers 2, and y; with 0 < 27 < z; and 0 < g3 < y;, we
have

o(z) rBY)
mQ(xv y) < C(:fla y~1) + / H(‘fb ?]1; S, t)62r(s7 t)dQT(SJ t)mQT(S7 t)dS dta
a(zo) v B(yo)

for zo <o < 71, yo <y < 9. Defining

a(z) rBy)
22($a y) - C(fb Zjl) + / H(fla y~17 S, t)eQT(Sa t)(jQT(S? t)m2r(s7 t)dS dt?
a(zo) ¥ B(yo)

(3.3.24)
then 23(wo,y) = 22(, y0) = c(21,71) and
mg(l’, y) S Z2($7 y>7 (3325)
with z5(z,y) is positive and non-decreasing in y, and
B(y)
Dizo(z,y) = o/ (x) H(z1, 41, (@), t)ex" (o), )" (a (), t)ma" (a(w), t) L,
B(yo)
By)
<o) [ H g, a@), e (@), 0@ (f), 012" (), i,
B(yo)
B(y)
< 2" (z,y)d/ (z) H(z1, 41, a(x), t)es" (o), 1) 2" (o), t)dt.
B(yo)
(3.3.26)
Dividing both sides of (3.3.26) by z"(x,y), we obtain
D B(y)
D) < iy [ B(a o) Der (o). (o). ). (3327
2" (2,y) B(w0)
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Now setting = s in (3.3.27) and then integrating with respect to s from zq to z,

we obtain
1 1—r
— (22" 7" (2, y) = 7" (@1, ) H (21,91, 5, t)es" (s,1) G2 (s, t)ds dt,
a(z) rB(y)
Z2 - (:L‘ y) - Cl (l‘hyl) S ]- =T / H(flay~1787t)62r(8’t)q~27‘(87t)d5 dtv
B(yo)
and
1
a(z) T-r
(z,y) < | (@, 01) + (1 —7) / H (1,71, 8, t)es" (s,t)@" (s, t)dsdt]
(o)

Taking x = 77, y = ¢1 in (3.3.25) and the last inequality, gives:
ma (21, 91) < 22(T1,91),

and

1
1—r

a(x)
20(71,71) < [cl ")+ (1 —r / H (€1,71, s, t)ea" (s,t)Ga" (s,t)dsdt]

Since 0 < ;7 < z; and 0 < y; < y; are arbitrary, from the previous two equations

we have
mZ(ma y) S 22($a y)?

and

a(z) rB(y) 1-r

zo(z,y) < [ ray)+ (1 / H (z,y,s,t)es” (S,t)ciz’”(s,t)dsdt] ,
(z0)

(3.3.28)

for all (z,y) € I. Finally substituting the last inequality into (3.3.25), the desired
inequality (3.3.17) follows immediately, and this completes the proof. n

Remark 3.3.3. Corollary 3.3.2 reduces to Theorem 2.3.2, when ¢(z,y) = ¢, a(x) =
z, B(y) =y, H(x,y,s,t) = H(s,t) 1o =yo=0and r =p

26



Corollary 3.3.3. Letp, q, ¢, ¢, A, H, B, a and (8 be defined as in Theorem 3.2.2.

Suppose that ¢ > r > 0 are constants and if ¢(x,y) satisfies

o(x) B(y)

Oz, y) < c(x,y) + A(s,y)PP(s,y)ds +/ B(z,t)®P(x,t)dt

(fvo) B(vo)

a(z)
/ H (x,y,s,1)P"(s,t)ds dt,

(z0)

for all (xz,y) € I. Then the following conclusions are true
(D1) If p=gq, then
O(z,y) < [m(z, yes(z, y)gs(x, )]
for all (xz,y) € I. Where

for all (z,y) € I. Where

a(x) )
Cy = / Ha: s 8, D)ers (5, D)as (s, )ds dt,

and

B(y)
q3(z,y) = exp </B B(:v,t)el(x,t)dt> ,

(vo)
and ei(x,y) is defined in (3.3.5).

(D2) If p<gq
@(:L’,y) < n21/q(1‘7y)64(xay)Q4(I7y)v

for all (z,y) € I. Where

q—r

nae,y) < [cwx,y) L]

for all (xz,y) € I. Where

a(x) rBy)
Cs = / H(z,y,s,t)es (s,t)qs" (s, t)ds dt,
xo

B(yo)

o7

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

(3.3.34)

(3.3.35)

(3.3.36)



and

g—p (PO i
@(z,y) = |1+ — z 4 (z,t)B(z,t)dt : (3.3.37)
q  JB(yo)
and
_1
g—p [ o "
es(r,y) = T+ ny @ (s,y)A(s,y)qa"(s,y)ds| . (3.3.38)
(o)
Proof. (D1) If p = q. Setting
ni(z,y) = c(x,y) / H (x,y,s,t)9"(s,t)ds dt, (3.3.39)
(zo)
the inequality (3.3.29) can be restated as
a(z) Bly)
Oz, y) < ni(x,y) +/ A(s,y)PP(s,y)ds +/ B(z,t)®P(x, t)dt.
(o) B(yo)
(3.3.40)

Clearly n;(z,y) is non-negative and non-decreasing function in each z and
y. Now a suitable application of the inequality (3.1.36) in Theorem 3.1.3 to
(3.3.40), yields

®(z,y) < [na(z,y)er(z,y)gs(z, )] 7, (3.3.41)

where e;(z,y) and g3(z,y) are defined in (3.3.5) and (3.3.33). From (3.3.41)
and (3.3.39), we have

Bly) . . .
me) < c(eg) + H(z,y, 5, t)ext (5. Das5 (5, a5 (s, £)ds di,
z0)

B(yo)
(3.3.42)
for (z,y) € 1. Fixing any numbers 77, and y; with 0 < #; < x; and 0 < g; <
Y1, we have
a(z) rB(y) . . .

nl(aja ?J) S C<:fla y~1) + / H(flv y~17 S, t)€1p (Sa t)QS” (87 t)nlp (Sa t)ds dtv
zo) J B(yo)

for xog < x < 771, yo <y < yy. Defining

B(y)
2 (2,y) = eld1, ) / H(&1, g1, 5. t)er” (s, 8)ag”/P (s, )P (s, 1) ds d
(z0)

B(vo)
(3.3.43)
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then 21 (zo,y) = 21(z,y0) = c(71,71) and

m(z,y) < z1(z,y), (3.3.44)

with z1(z,y) is positive and non-decreasing in y, and

B(y) . - r
Dlzl (l’, y) = u/ H('fla y~1, u, t)€15 (U, t)Q?)E (’LL, t)TLlE (’LL, t)dta
B(yo)
B(y) , r r
< U/ H(f17g17u7 t)elg(uﬂt)qz%E(uv t)Zlg(U,t)dt,
B(yo)
R B(y) . .,
S zﬁ(m,y)u' H(‘flay~17uvt)61;<u>t)Q3;(uat)dt' (3345)
B(yo)

Where © = a(z) implying v’ = o/(z). Dividing both sides of (3.3.45) by
21"/P(z,7), we obtain
Dizi(zy) _ e
———= < d(z) H(z1, 91, o), t)ey"P (o), t)gs™/P(a(x), t))dt.
2 (z,y) Blyo)
(3.3.46)
Now setting = s in (3.3.46) and then integrating with respect to s from

to x, we obtain

and
D

Taking z = 71, y = 41 in (3.3.44) and the last inequality, gives:
ni(21,41) < z1(21, 1),

and ”
- p=r p—ry s |""
21 (21, 71) < [C v (21,91) + ( » )04] .

Where

B a(z) rB(y) ” .

Cy= / / H(z1, 91,8, t)e1?(s,t)qs? (s, t)dsdt.
a(zo) J B

(vo)
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(D2)

Since 0 < 71 < 77 and 0 < y; < y; are arbitrary, from the previous two

equations we have
nl('x?y) S Zl(xa y)>

and

p—ry |7

)Cu| (3.3.47)

z(z,y) < [ (2,y) + (

for all (z,y) € I. Where Cj is defined in (3.3.32). Finally substituting the last
inequality into (3.3.44), the desired inequality (3.3.31) follows immediately,

and this completes the proof.

If p < q. Setting
a(z) rB(yY)
ma(e,y) = cle.) + [ Hiz,y,5,0)¢"(s,)dsdt,  (3.3.48)
a(zo)  B(yo)
the inequality (3.3.29) can be restated as

B(y)
A(s,y)PP(s,y)ds + / B(x,t)®P(x,t)dt.

B(yo)
(3.3.49)

Clearly no(z,y) is non-negative and non-decreasing function in each x and

a(z)

(. ) < na(z,y) + /

a(wo)

y. Now a suitable application of the inequality (3.1.36) in Theorem 3.1.3 to
(3.3.49), yields
®(z,y) < na'(x,y)ea(r, y)aa(z, y), (3.3.50)

where ey4(z,y) and g4(z,y) are defined in (3.3.38) and (3.3.37). From (3.3.50)
and (3.3.48), we have

a(@) [BW)
ny(x,y) < c(z,y) +/ H(z,y,s,t)es (s,t)qa" (s, )no"/ (s, t)ds dt,
a(zo) J B

(o)

(3.3.51)
for (z,y) € 1. Fixing any numbers 77, and g; with 0 < #; < x; and 0 < y; <
Y1, we have

B(y)

a(z)
n2(l’, y) < C(flv yNI) + / H('fla y~17 S, t)64T(S, t)Q4T<S7 t)nQT/q(S7 t)dS dt?
a(zo) Y B(yo)
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for g < x < 7y, yo <y < y;. Defining

a(z)  rBy)
Z2<xay) = c(flagl) + / / H(flvgla57t)64r(5?t)Q4r(87t)n2r/q(87t>d5dt7
a(zo) 7 B(yo)
(3.3.52)
then 23(zo,y) = 22(z, yo) = c(@1, 1) and

na(7,y) < 2(2,y), (3.3.53)

with z5(z,y) is positive and non-decreasing in y, and

B(y) ,
Dizo(z,y) =/ H(z1, 91, u,t)eq (u, t)qs" (u, t)nga (u, t)dt,
B(yo)
Bly) .
< u' H(flay~17uat)e4r(u7t)qﬁlr(uat>z2a(ua t)dta
B(yo)
. B(y)
< zp1 (z,y)u’ H(2, g1, u, t)es" (u, t)qs" (u, t)dt.  (3.3.54)
B(yo)

Where © = a(z) implying v’ = o/(z). Dividing both sides of (3.3.54) by
2"(z,y), we obtain

D B(y)

Poatt) o iy [ B, g, (@), Des (@(2), D (alz), it (33.55)
2(z,y) B(y0)

Now setting = s in (3.3.55) and then integrating with respect to s from x

to x, we obtain

This implies

and
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Taking = 77, y = 71 in (3.3.53) and the last inequality gives:

na(21,91) < 2o(Z1,71),

and

Where

By)
Cs = / H(z1,91,s,t)ed (s,t)qs" (s, t)ds dt.
a(zo) Y B(yo)

Since 0 < 71 < x; and 0 < y; < y; are arbitrary, from the previous two

equations we have
ng(if,y) S 22(‘17’ y)>

and
q
q—r

2(z,y) < |7 (2,y) + (q ; T)C'5 , (3.3.56)

for all (z,y) € I. Where Cj is defined in (3.3.36). Finally substituting the last
inequality into (3.3.53), the desired inequality (3.3.34) follows immediately,
and this completes the proof.

O

Corollary 3.3.4. Letp, q, ¢, ¢, A, H, B, a and 8 be defined as in Theorem 3.2.2.
Suppose that ¢ = r > 0 are constants and if ¢(x,y) satisfies

() B(y)

Als.p)®(s)ds + [ Bla @ (.t
B(yo)

d(z,y) < c(z,y) +/

(z0)
/ H (x,y,s,t)D"(s,t)dsdt, (3.3.57)
(z0)

for all (x,y) € L. Then the followz'ng conclusions are true

(E1) If p=gq, then
®(z,y) < [m(@, y)es(x, y)as(, y)] 7 (3.3.58)
for all (x,y) € I. Where

By)
ni(z,y) < c(z,y) exp (/ H(z,y,s,t)ei(s,t)qgs(s,t)ds dt) , (3.3.59)
(o) ¥ B(yo)
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for all (x,y) € I, and q3(x,y) and ei(x,y) are defined in (3.3.33) and (3.3.5)

respectively.
(E2) Ifp <q
Oz, y) < no'(w, y)ea(r, y)a(e, y), (3.3.60)
for all (x,y) € I. Where

Bly)
na(z,y) < c(z,y) exp(/ H(z,y,s,t)es (s, t)qs" stdsdt)
(z0) ¥ B(yo)
(3.3
for all (x,y) € 1, and e4(x,y) and qs(x,y) are defined in (3.3.38) and (3.3 )
respectively.

Proof. (E1) If p = q. Setting

ni(z,y) = c(x,y) / H (x,y,s,t)p"(s,t)ds dt, (3.3.62)
(z0)

the inequality (3.3.57) can be restated as

a(z)

B(y)
A(s,y)PP(s,y)ds + / B(z,t)®(x, t)dt.

B(yo)
(3.3.63)

Clearly ni(x,y) is non-negative and non-decreasing function in each z and

() < m(z,y) + /

a(zo)

y. Now a suitable application of the inequality (3.1.36) in Theorem 3.1.3 to
(3.3.63), yields

O(z,y) < [m(z,y)er(x, y)gs(z, y)] 7, (3.3.64)

where e;(x,y) and g¢3(z,y) are defined in (3.3.5) and (3.3.33). From (3.3.64)
and (3.3.62), we have

ni(x,y) < c(z,y) / H (x,y,s,t)er(s,t)gs(s, t)ni(s,t)ds dt,
(z0)

(3.3.65)
for (z,y) € 1. Fixing any numbers 77, and g, with 0 < #; < x; and 0 < gy <
Y1, we have

ni(z,y) < c(21,1) / H (@1, 1, 8, t)er(s, t)gs(s, t)nq (s, t)ds dt,
(o)
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for g < x <71, yo <y < 7. Deﬁning

a(z)
a1(2,y) = i, 1) / H (1,1, 5, )er (5, )aa(s, O (s, )
(3.3.66)
then z1(zo,y) = z1(z,y0) = c(£1,91) and

n(z,y) < z1(2,y), (3.3.67)

with 21 (z,y) is positive and non-decreasing in y, and

Bly)
D1z (z,y) = o' (x) o H(z1, 91, a(x), ey (a(z), t)gs(a(z), t)ni (a(z), t)dt,
Bly)
< o(z) . )H(fl,:Jl,04(90),75)61(@(93),t)Qs(Oé(ﬂf),t)Zl(Oé(fl?)>t)dt,
B(y)
< z(x,y)d (x) s )H(fl,gjl,oc(x),t)el(oz(x),t)qg(oz(x),t)dt.
(3.3.68)
Dividing both sides of (3.3.68) by z1(x,y), we obtain
Dia(@.y) < d(x) Y H(zy, 91, a(x), t)er(a(x), t)gs(a(x), t)dt.  (3.3.69)
21z, y) Buo)

Now setting z = s in (3.3.69) and then integrating with respect to s from x

to x, we obtain

B(y)

Inzy(z,y) — Ine(2y, y1) / H(z1, 91, s,t)e1(s, t)qs(s, t)ds dt.
a(zo) v B(yo)

This implies

az) rBy)
I ( z1(,y) ) < / / H(Z1,91, 5, t)ei(s, t)qs(s, t)ds dt,
(

(xo0) v B(yo)

alx) BW)
a@y) o / / H(&, 41,5, e (5, 8)qs(s, )ds di | |
c(1, 1) (x0) J B(wo)

and

By)
z1(z,y) < (@1, 91) exp (/ H(z1, 91, s,t)er(s, t)qs(s, t)ds dt)
(z0) ¥ B(yo)
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(E2)

Taking z = 77, y = 41 in (3.3.67) and the last inequality, gives:
n1 (71, %1) < 21(71, %),

and

a(z) rB(y)
21(@1,71) < (21, 71) exp (/ H (@1, 1, s,t)ei(s, t)gs(s, t)ds dt) .
(zo0 90)

Since 0 < 71 < 77 and 0 < y; < y; are arbitrary, from the previous two

equations we have
m(z,y) < z1(z,y),
and
o(z) rBY)
21(z,y) < c(x,y) exp (/(xo o H(z,y,s,t)ei(s,t)gs(s,t)ds dt) , (3.3.70)

for all (z,y) € I. Finally substituting the last inequality into (3.3.67), the
desired inequality (3.3.59) follows immediately, and this completes the proof.

If p < q. Setting

na(z,y) = c(x,y) / H (x,y,s,t)9"(s,t)ds dt, (3.3.71)
(o)

the inequality (3.3.29) can be restated as

B(y)
A(s,y)PP(s,y)ds +/ B(x,t)®P(x,t)dt.

B(yo)
(3.3.72)

Clearly ng(z,y) is non-negative and non-decreasing function in each x and

()

q>q<x7y) S ng(IE,y) + /
a(zo)

y. Now a suitable application of the inequality (3.1.36) in Theorem 3.1.3 to
(3.3.72), yields
(I)(xay) < TLQl/q(l',y)64($,y)Q4(JI,y), (3373)

where e4(z,y) and g4(x,y) are defined in (3.3.38) and (3.3.37). From (3.3.73)
and (3.3.71), we have

na(z,y) < c(z,y) / H (,y,s,t)es"(s,t)qs" (s, t)na(s, t)ds dt,
(z0)
(3.3.74)
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for (z,y) € I. Fixing any numbers z7, and y; with 0 < #; < x; and 0 < y; <

Y1, we have
no(z,y) < (1, 91) / H (21,11, 8, t)es" (s, t)qs" (s, t)na(s, t)ds dt,

for xo < x < 71, yo < y < yi. Defining

o)
sty =i+ [ f H (1,00, 5, )" (5, )" (5, s, 1)
a(zo)
(3.3.75)
then zo(zo, y) = 22(2,y0) = c(1,71) and
na(z,y) < 2(z,y), (3.3.76)
with z5(z,y) is positive and non-decreasing in y, and
By)
Dizo(z,y) = o/ (2) H(z1, g1, a(x), t)es (a(z), t)qs" (a(x), t)na(alz), t)dt,
B(yo)
B(y)
< O/<x) H<:E1a 3]17 Oé(iL'), t)64r(06(513), t)Q4T<a(x)7 t)ZQ(Oé(Z'), t)dt,
B(yo)
By)
< z(z,y)d/ (z) H(zy, 11, afz), t)es” (a(x), t)qs" (o), ).
B(yo)
(3.3.77)
Dividing both sides of (3.3.77) by z2(x,y), we obtain
D B(y)
D) oy [ H@r, . 0e) e (0(e). Dar (ala). Ot (8379
2(2,y) B(w0)

Now setting = s in (3.3.78) and then integrating with respect to s from xg
to x, we obtain

B(y)

In zo(x,y) — In (21, 91) / H(Z1, 91,8, t)es (s,t)qs" (s, t)ds dt.
a(zo) Y B(yo)

This implies

- / H (21,11, 8, t)eq" (s, t)qs" (s, t)ds dt,
(o)

C $17y1
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2 B(y)
(—y)) < exp (/ . H(z1, 91,8, t)eq (s,t)qs" (s, t)ds dt)

(1,1 )

and

B(y)
2o(z,y) < (@1, 1) exp (/ H(z1,91,5,t)es"(s,t)qs" (s, t)det>
(o) Y B(yo)

Taking z = 77, y = 4 in (3.3.76) and the last inequality, gives:

no (21, 11) < zo(21,91),

and

B(yo)

B(y)
29(21,71) < (21, 91) exp (/ H(z1,91,s,t)ed (s,t)qs" (s, t)ds dt)
(z0)

Since 0 < 71 < x; and 0 < y; < y; are arbitrary, from the previous two

equations we have
na (7, y) < 22(7,y),

and

By)
2o(x,y) < c(z,y) exp (/ H(z,y,s,t)es (s, t)qs" (s, t)ds dt

(z0) 7 B(vo)

(3.3.79)
for all (z,y) € I. Finally substituting the last inequality into (3.3.76), the
desired inequality (3.3.60) follows immediately, and this completes the proof.

O
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Chapter 4
Conclusion

This thesis is concerned with Gronwall-Bellman type integral inequalities. The main
objective of our study was to establish some inequalities of Gronwall type involving
functions of two independent variables which provide bounds on unknown functions.
Thomas Hakon Gronwall and Richard Bellman has given the concept of Gronwall
type inequalities. We have generalized the Gronwall-Bellman and Gronwall-Bihari
type inequalities to two independent variables. The main purpose was to establish
explicit bounds on retarded Gronwall Bellman and Bihari-like inequalities which
can be used to study the qualitative behavior of the solutions of certain classes
of retarded differential equations. The two independent variable generalizations of
the main results and some applications of one of our results are also given. The
results obtained originated from the celebrated Gronwall-Bellman-Bihari inequality
has been of vital importance in the study of existence, uniqueness, continuous depen-
dence, comparison, boundedness and stability of solutions of integral and differential
equations. In the last three decades, more than one variable generalizations of these
inequalities have been obtained and these results have generated a lot of research
interests due to its usefulness in the theory of differential and integral equations. In
future, these non-linear inequalities can be further generalized to the functions of n
independent variables, which will compliment the existing results in the literature

on Gronwall- Bellman- Bihari type inequalities in several variables.
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