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Abstract

Photon-photon (γγ) elastic scattering is a quantum mechanical process, which

is predicted by Quantum Electrodynamics (QED) because of virtual particle-

antiparticle pair production that polarizes the vacuum. In a source-free regions,

classical electrodynamics is a linear theory which forbids any electromagnetic self

interaction. An effective lagrangian taking into account vacuum polarization ei-

ther in light of the Dirac’s ‘positron sea’ or QED can of course be written which

will allow a semiclassical description of this process.

In this thesis, we have done low energy QED calculations of photon-photon

elastic scattering. We have calculated the polarized amplitudes, as well as unpo-

larized differential and total cross sections in the low energy region ω � me, where

ω is the energy of the photon and me is the mass of the electron. We have consid-

ered the electronic loop contribution to γγ −→ γγ and neglected all other heavy

fermionic or bosonic loop contributions since at present available laser intensities,

the electronic loop contribution to γγ −→ γγ is all that matters.

Photon-photon elastic scattering has never yet been observed experimentally

because of smallness of cross section. We have outlined the main difficulties which

the experimentalists are facing in trying to detect γγ −→ γγ. We have discussed

some of the important experiments which have set the most stringent upper bounds

on the γγ −→ γγ cross section. The obtained upper bounds on the cross section

in visible and X-ray regions were 1.5× 10−48cm2 and 1.7 × 10−20cm2 respectively

which correspond to QED cross sections of 1.8× 10−66cm2 and 5.5× 10−43cm2.
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Chapter 1

Introduction

In classical electrodynamics, the superposition principle plays an important role

as classical electrodynamics in source-free regions is a linear theory. This linearity

disappears when we include quantum corrections, although this deviation from

linearity is small. The reason for this non-linearity is the quantum fluctuations of

the vacuum, as a result of which particle-antiparticle pairs pop out of nowwhere,

exist for a brief period of time allowed by the Heisenberg uncertainity principle,

and anihilate once again. According to the Heisenberg uncertainity principle, we

have

4E 4 t ≥ 1

2
.

For a very brief period of time 4t, the energy 4E for the production of virtual

e+e− pairs can be barrow from the vacuum and violation of the conservation of

energy can take place for brief period of time. These virtual particles can exist

for a very short time and cannot be measured. So, technically, even in source-free

regions, the vacuum itself may be polarized, giving rise to non-linearities in the

theory.

QED is one of the two most succesfull and well tested theories, the other
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one being General Relativity. QED is in excellent agreement with experiments

and has been tested to order O(α4) in perturbation theory [1, 2], where α is the

fine structure constant and is equal to 1/137. There are, of course, some QED

processes which are not verified experimentally. Among them, one is photon-

photon elastic scattering, which is difficult to see from an experimental point of

view. The photon-photon elastic scattering is not allowed at the tree level in QED.

While proper γγ −→ γγ has not yet been observed, a related process known as

Delbruck elastic scattering of photons in the electrostatic field of a nucleus [3] has

been seen.

Photon-photon scattering in vacuum is a pure quantum mechanical process.

After the negative energy solutions of Dirac equation [4], it was proposed that

photon-photon scattering can occur via polarizing the vacuum. The photon-photon

elastic scattering was first considered by Halpern qualitatively [5] in the year 1933,

and its low energy cross section was determind by Hans Heinrich. Euler and B.

Kockel [6, 7]. In 1937, high energy photon-photon scattering calcuations [8] were

performed by Akhieser et. al. In 1950, by using the newly invented Feynman

diagramatic technique, a complete analysis of photon-photon scattering and partial

cross sections for various polarization states was done [9, 10].

In this thesis, we have done the QED calcuations for photon-photon elastic

scattering in the low energy regime. As stated earlier, this process has never been

been seen in the lab. Part of the reason for this is the suppression of cross sec-

tion due it being a loop process. The other reason, of course has to do with the

difficulty of manipulating photons experimentally. In QED, photon-photon elastic

scattering is represented by the Feynman diagram in Figure 1.1.
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Figure 1.1: Lowest order Feynman diagram of photon-photon elastic scattering.

Loop diagrams are typically divergent. We can handle such divergent integrals with

the help of regularization and renormalization schemes. These regularizations and

renormalization tools ensure the amplitudes to be gauge invariant and to satisfy

the Ward identity. There are many regularizations schemes, for example, dimen-

sional regularization and Pauli’s Villars regularization. All regularization schemes

produce identical results. In our calcuations, we have adopted dimensional reg-

ularization. After regularization, counter terms are introduced in the lagrangian

to absorb the divergences. However in our calcuations all these infinities are can-

celed when we add contributions of all Feynman diagrams, and there is no need

of adding counter terms. These regularizations and renormalization procedures

can be applied to all orders in perturbation theory. There are some important

QED predictions for inelastic photon-photon scattering e.g electron-positron pair

production

γ + γ −→ e+ + e−,

which is an example of conversion of energy into matter. Pair production was for

the first time considered by Breit and Wheeler [11]. The minimum energy in center

of mass system required for electron-positron pair production is 2mec
2 ' 1MeV.

Pair production becomes abundant at the field strength known as the critical field
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strength Ecr. The critical field strength, corresponds to that value of the field

when the work done on an electron over a Compton wavelength is equal to the

rest mass energy of the electron. i.e

eEcrλc = mc2

or Ecr =
mc2

eλc
, (1.1)

where λc is the wavelength of photon, whose energy is equal to rest mass energy

of electron.
hc

λc
= mc2 or λc =

h

mc
= 2.42× 10−12m. (1.2)

The Equation (1.1) becomes

Ecr =
m2c3

eh
= 1.3× 1016 V/cm,

which corresponds to critical intensity Icr =
c

4π
Ecr

2 = 2.3× 1029W/cm2.

Figure 1.2: Feynman diagram for pair production

The available intensity at present time is about 1022W/cm2, which is still much

lower than Icr. There are many laser projects in progress for the improvement of

laser intensity and in near future we may reach very close to the required intensity

for pair production. There is no direct experimental evidence for pair production

(e+e−) but a somewhat indirect experimental evidence is available [12] which is

based on a multi-photons scattering event.
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1.1 Notation and Conventions

Here we list out some of the important notations and conventions which are used

in this thesis.

• We use natural units c = ~ = 1.

• We work in the usual Minkowski spacetime with the diagonal metric (+, -, -, -).

• Four vectors are represented with roman letters. Components of four vectors are

symbolized by greek letters. Three vectors are written in boldface. For instance k

is the spatial part of kµ(µ = 0, 1, 2, 3). In the case of the momentum 4-vector, ω

is used for its energy.

• Repeated indices are summed over.

• The inner product is represented with a dot, k1 · k2 = k1µk2
µ.

•We use the Dirac slash shorthand, 6k ≡ k · γ = kµγ
µ, where the γµs are the usual

Dirac γ matrices.

• Right and left handed photon polarization vectors are represented as ε+ and ε−,

respectively.

• An asterick denotes the complex conjugate of a number.

1.2 Motivation and Outline of Thesis

The main motivation for writing this thesis is to investigate QED loop diagrams

both qualitatively and quantitatively. The tree level processes are easy to handle

but problems are created when we deal with Feynman loop diagrams, because

loop diagrams involve divergent integrals which need to be regularized in order

to make sense of the theory. Calculations of Feynman loop diagrams demand

to have a command on mathematical tools such as Feynman parameterization,

regularization and renormalization schemes. In this thesis, we have done QED

calcuations for photon-photon elastic scattering cross section for polarized and
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unpolarized case in low energy regimes. Also we have discuss the experimental

status, main difficulties and some suggestions to detect photon-photon scattering

experimentally.

The main motivation to consider γγ −→ γγ in low energy regimes is the

unavailability of high energy and intensity laser technology. The minimum energy

in center of mass system for real electron-positron pair production is 2mc2 ' 1MeV,

which corresponds to a critical field strength Ecr=1.3× 1016 V/cm. The available

intensity at present time is 1022W/cm2 which is much smaller than critical intensity

Icr = 2.3× 1029W/cm2. So we consider γγ −→ γγ in low energy regimes ω � me,

where ω is energy of photon and me is the mass of electron. The direct observation

of the process will be a solid evidence for vacuum fluctuations which occur due to

production of virtual electron-positron pairs. The outline of the thesis follows.

In chapter 02, we discuss the experimental status of γγ −→ γγ process. In this

chapter, we have given the historical backgrond, important experiments performed

in the visible and X-ray regions, and have outlined the difficulties faced in trying

to detect γγ −→ γγ scattering. The cross section of photon-photon scattering is

very small and has never been observed experimentally, these experiments have

set upper bounds on the total cross section.

Chapter 03 is dedicated to the QED calcuations of low energy photon-photon

elastic scattering. In this chapter, the mathematical tools of Feynman parameter-

ization and dimensional regularization are discussed and are applied to low energy

γγ −→ γγ scattering. The polarized amplitudes, unpolarized differential cross

section and the total scattering cross section are computed. All the neccessary

calculations are done using the extension Feyncalc [13] to mathematica.

We conclude our discussion in chapter 04 and we have also included appen-

dices at the end. In appendix-A, we have given the one loop correction to clas-

sical electrodynamics lagrangian and also that how the non-linearities comes in
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Maxwell’s equations. The QED lagrangian and the QED Feynman rules are given

in appendix-B. The photon polarization vectors and the numerator algebra are

also given in appendix-B. In appendix-C, the mathematical tools of Feynman pa-

rameterization, standard results of dimensional regularization and the cross sec-

tion formula for 2-2 process are discussed. We have done all the calculations of

γγ −→ γγ helicity amplitudes by using extension Feyncalc to mathematica. The

Feyncalc code written for all five independent helicity amplitudes have been given

in appendix-D.
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Chapter 2

Experimental Status of

Photon-Photon Elastic Scattering

In this chapter, we will highlight the experimental status and explain the difficul-

ties which the experimentalists are facing in trying to detect γγ −→ γγ. We focus

on energies for which laser technology is easily available (visible). At such ener-

gies inelastic scattering is forbidden from energy-momentum conservation. The

cross section of elastic photon-photon scattering is extremely small as a result of

which the experimental verification of the process involving photon-photon scat-

tering is quite difficult to perform. Photon-photon collision has been concieved

as a crossed beam experiment and requires the highest intensities and also most

sensitive detecting equipments. With further developments of laser technology, we

expect that photon-photon scattering would be possible to observe in the future.

To date many attempts have been made to verify this process experimentally.

The experiments have been abble to set upper limits on photon-photon elastic

scattering cross section. Current experimental endeivors to look for γγ scattering

include CLF(Central Laser Facility) Vulcan 10 PW project at Rutherford Appleton

Laboratory[14], HiPER (High Power laser Energy Research) project and European
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Extreme Light Infrastructure(ELI) [15].

2.1 Historical Background

The original calculations of photon-photon scattering date back to 1936. The cal-

cuations of the process are not in question, however the experimental confirmation

is a big challenge for the experimentalists. Many experiments have been performed

to observe the process, but no confirmation has been made yet. Before original

calculations of the photon-photon elastic scattering, an experiment was performed

by colliding two sun light beams inside a dust free air box [16]. The interaction

point was observed through green filter by a dark-adapted eye, but no scattering

event was observed. Many experiments were made to detect directly the photon-

photon scattering. In one experiment [17], a laser beam was split into two beams

each of 4.66 eV. Then compton backscattered photons of 19.5 GeV were produced

by colliding an electron beam against one of laser beams (4.66 eV). These comp-

ton backscattered photons (19.5 Gev) arrived against the other soft laser beam

at the interaction point. Another experiment based on the idea of interaction of

modes produced in the microwave waveguides [18] was proposed to detect photon-

photon elastic scattering. In experiment [19], they proposed a concrete geometery

of cavity and made a quantitative estimations for γγ −→ γγ. Later in the visible

range, two beams were collided head-on [20], which was then supplemented by a

thir beam to improve the upper limit of cross section obtained [21]. In yet another

experiment one was to collide three laser pulses and searched for scattered photons

in a fourth direction with a new frequency [22, 23]. The search for photon-photon

elastic scattering is also in progress at the Large Hadron Collider (LHC) located at

Center European Research Nuclear(CERN). At LHC a high energy γγ scattering

experiment was suggested by using large flux of quasi real photons produced in the
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surroundings of proton (p) and lead (pb) ions when accelarated at high energies

[24]. The quasi real phtons are basically strong electromagnetic force carrier which

surround (p) and (pb) ions accelarated at TeV. In the electromagnetic interaction

of p-pb, p-p and pb-pb ions there is a great chance of γγ scattering. It has been

shown by simulations that in pb-pb, there is a best probability of γγ scattering

events and almost 20 γγ scattering events could be detected per year. This is a

high energy experiment where our low energy approximations are not valid how-

ever, this experimental suggestion is a good way to look for photon-photon elastic

scattering. Experiments have, thus for, failed to report any γγ scattering events.

They have, therefore, set upper bounds on γγ cross section. Therefore, we need to

improve the experimental geometery, sensitivity of the experiment and by produc-

ing more and more intense and energetic X-ray and laser beams. We now discuss

in detail some important experiments which have given the best upper bounds on

photon-photon scattering.

2.2 Photon-Photon Elastic Scattering in the Visi-

ble Domain

2.2.1 Experiment Employing Two Photon Beams

The first experimental exploration for photon-photon elastic scattering in the vis-

ible range was performed in 1995 at Laboratoire pour l’Utilisation des Lasers

Intenses (LULI) in France. In this experiment two gaussian laser beams were

brought to a head-on collision and a search for elastically scattered photons [20]

was done. One of the beams was infrared (IR) with a wavelength of λ◦=1.053

µm and the other a green laser with wavelength
λ◦
2
=0.53 µm having energies

70± 5 J and 30± 5 J respectively. The spot size at
1

e2
scale was w = 30 µm and
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the pulse duration was 600 picosecond, with a repitition rate of one shot every 20

min. Where spot size w = 30 µm at
1

e2
scale is basically a radial distance from

axis of laser beam to points where intensity value is
1

e2
times of maximum value.

The elastically scattered photons were searched at 45◦ with the green beam in the

forward direction, which corresponded to yellow part of the spectrum with a wave-

length of 0.6 µm. The elastic head-on collision of two photons having frequencies

v◦ and 2v◦ are shown in Figure 2.1.

Figure 2.1: Head-on collision of two photons having frequencies v◦ and 2v◦ are

shown. The scattered photons were searched for angle α1 = 45◦.

The point of interaction was imaged at 45◦ with two
f

5
lenses at the entrance

of spectrometer-photomultiplier combination. The photomultiplier tube (PMT)

was preceded by filters to minimize the background. No scattered photons were

observed and an upper limit on the cross section obtained was

σγγ−→γγ(95%CL) = 9.9× 10−40cm2

The details about this experiment are given in [20]. This was the first experiment

in the low energy region since original calcuations were done in 1936. The center of

mass photon energy was 1.7 eV at which the QED cross section is 1.7×10−64 cm2.

The limit on cross section is twenty five orders of magnitude larger than the QED

cross section.
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2.2.2 Experiment Employing Three Photon Beams

This experiment was performed at Lab for Applied Optic Laboratory (LOA) at

Ecole Polytechnique in Palaiseau France [21]. In this upgraded experiment not

only was the process supplemented by a third beam, but beams of shorter pulse

duration with a repitition rate of 10 Hz were focused to a spot of a smaller size.

The energies ωi and ki (wave vectors) where i=1,...4 satisfy energy and momentum

conservation conditions

ω1 + ω2 = ω3 + ω4

and k1 + k2 = k3 + k4,

where L.H.S and R.H.S represent the incoming and out going photons. All three

beams used were infrared corresponding to wavelengths of λ1 = λ2 = 800 × 10−9

m and λ3 = 1300× 10−9 m. The signal to be detected was expected to be in the

visible region with λ4 = (2/λ1 − 1/λ3)
−1 = 577× 10−9 m and was searched for in

the direction of k4 = k1 + k2 − k3.

Figure 2.2: Angular configuration of the experiment employing three photon beams

[21]. The wave vectors ki of the four beams on the plane are shown.
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Bowen which is basically a single optics made of a pair of spherical mirrors is used

to focus the three incoming beams having a focal length of 100 mm with a coronal

pupil of width 30 mm. The half angle of cone formed by the paraxial surface of

Bowen is 33.6◦. A configuration with left-right symmetry was chosen (Fig.2.2),

where the main beams are at an angle φ with respect to vertical direction, with

cosφ = 1 − λ1/λ3 and φ = 67.4◦. As three beams were injected on cone, the

expected signal also lied on that cone. The detailed calcuations of the experiment

can be studied in [21]. The incoming beams were chosen in a way to have an

excellent overlaping at interaction point. The spot sizes at
1

e2
in intensity were 4

µm and 6 µm for beams with wavelengths 800 nm and 1300 nm respectively. The

beams first enter into the bowen and then overlape at interaction point. The align-

ment, synchronization and focussing of incoming beams at interaction point(IP)

depends on each other due to experimental configuration used. All incident beams

were aligned at IP by a camera located at the axis of the bowen. Beam spots lie

on the plane perpendicular to axis of bowen and were brought to a common point

to have a minimum aberration. Finally beams were synchronized to a precision of

100 fs.

Experimental Upper bound on the Elastic Cross Section

An upper bound of elastic cross section was derived by use of QED

σupper =
N4,obs

N4,QED

× σQED.

They obtained a QED prediction of N4,QED ≈ 7× 10−21 per shot while the obser-

vation was limited to N4,obs ≈ 6 × 10−3 per shot. The elastic QED cross-section

at ω = 0.8eV is σQED = 1.8× 10−66cm2. The obtained upper bound was therefore

σupper = 1.5× 10−48, that is 18 orders of magnitude above QED cross section. So

in this experiment, the result of the limit on cross section was further improved by
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nine orders from 9.9×10−40cm2 to 1.5×10−48cm2 at the center of mass of photons

energy 0.8 eV.

2.3 Photon-photon Elastic Scattering in X-ray re-

gion

The first experiment to detect γγ −→ γγ in the X-ray region was carried out at

the SPring-8 Angstrom Compact Free-Electron Laser (SACLA) in Japan by using

an X-ray free electron laser (XFEL) which provides the world best X-ray sources

[25]. There are basically three X-ray laser facility available in different regions of

the world. One is Linac Coherent Light Source (LCLS) in california (USA), the

other is European X-ray Free-Electron Laser in Germany and third one is SACLA

in japan. All these laser facilities have the same principle of operation i.e high

intensity X-ray laser are produced by accelarating the electrons at high energies

and then electrons are made to oscillate and high intensity radiations are emitted.

All these facilities produce good sources of X-ray beams, however experiment under

discussion was performed at SACLA.

Procedure and Setup

The electron beam was accelarated in synchrotron to high energies and then they

are made to undergo oscillations by tuning electron beam and vertical gaps in the

magnetic dipoles of undulator. The undulators are basically periodic structure of

magnetic dipoles which are designed to enhance the synchrotron radiations. Un-

dulators are used in many devices like synchrotron etc. The experimental setup is

shown in Figure 2.3.
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Figure 2.3: The experimental setup of the γγ elastic scattering in X-ray region at

SACLA [25].

An X-ray beam with energy ω=10.985 KeV was produced in undulator and each

pulse containing about 1011 photons with a pulse length of less than 10 fs. The

X-ray beam after undulator was linearly polarized in the horizontal direction with

the horizontal and vertical directions lying in the plane normal to the X-ray beam

axis. The undulated X-ray beam contained higher hormonic components which

were removed by a pair of carbon coated mirrors. The monochromaticity of the

beam was improved from ∼50 eV to ∼60 meV by a four-bounce monochromator

after total reflection mirror. The horizontal beam size was focused from ∼200 µm

to ∼1 µm, while unaffecting the vertical direction. To improve the quality, the

beam was then passed through a pair of four slits on both sides of the focussing

mirror. Finally in order to collide the X-ray beams, the original beam was split

into two beams by two 0.6 mm thick blades of silicon crystal cut from a high qual-

ity single crystal in cylinderical vaccum chamber (beam collision chamber). An

X-ray interferometer technique was applied to split the beam. The original beam

was split into two coherent beams. One beam was a transmitted beam (T) and
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the other was reflected (R) by the first blade. Then these two beams were again

split into four more beams RT, RR, TR and TT. Two of the beams RR and TR

were made to collide with a crossing angle of 2θB. The energy of each photon

in center of mass system was ω◦ sin θB and the two photon system was boosted

with an energy of 2ω◦ cos θB. The maximum and minimum energies for scattered

photons were ω◦(1 ± cos θB), for photons along the boosted axis. To detect the

X-ray signals, a large Volume germanium detector was used.

Experimental Results

The experiment to search the elastic photon-photon scattering was performed in

2013 at SACLA. The data acquisition time was 9 hours in which a total of 6.5×

105 pulses were injected into the system. Each pulse contained about 1011 no.of

photons. No scattering event was observed in the signal region (18.1 KeV - 19.9

KeV). The upper limit on the signal (NUL) obtained was 4.6× 10−6 pulse−1 at 95

% CL. The calculated luminosity was (2.1±0.3) × 1019m−2pulse−1. The obtained

limit on the QED cross section was

σγγ−→γγ < 1.7 × 10−20cm2,

at 95% CL. This result in the X-ray region was at ωCMS=6.5 KeV which is about

23 orders of magnitude above QED as shown in Figure 2.4.

2.4 Comparison of the Upper Limits in the Vis-

ible and X-ray Regions with the QED Cross

Section

We have discussed the experiments performed for the search of γγ −→ γγ in

visible and X-ray regions and the upper bounds on cross section obtained in each
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experiment. The comparison of upper bounds on cross section and QED cross

section at different energies are given in Figure 2.4.

D.Bernard (2000)

F.Moulin (1996)

T.Inada (2014)

QED CROSS SECTION

0.1 1 10 100 1000 104 105
1.×10-69

1.×10-59
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γ
→
γ
γ
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m
2
)

Figure 2.4: A Comparison of the QED cross section and the upper bounds on QED

cross section with (95% C.L) obtained in experiments F.Moulin (1996) a head on

collision of two laser beams [20], D.Bernard (2000) four wave induced by mixing

three laser beams [21] and Inada.T (2014) a collision of X-ray beams [25].

The upper bound on cross section obtained in [21] was 1.5 × 10−48cm2 at the

center of mass photon energy 0.8 eV at which QED cross section is σQED = 1.8×

10−66cm2 . This upper bound was 18 order larger in magnitude than the QED

value. In the X-ray region the upper limit obtained was 1.7 × 10−20cm2 which

was 23 order above the QED. The upper bound on cross section in X-ray region

is 28 order larger in magnitude than the upper bound in visible region. In visible

region scattering events/background noise ratio is low, where as in X-ray region

17



background noise is low and photons are easy to count. The path of colliding

photons and monochromaticity are easy to handle in X-ray region. So search for

γγ −→ γγ in X-ray region is a better option.

2.5 Main Difficulties Faced in Experiments

The experiments to search for photon-photon elastic scattering in low energy re-

gions have been performed i.e in KeV [25] and in eV [20, 21], many experimental

proposal were also made, but no experimental confirmation has been made yet,

however they were able to set upper bounds on cross section. The main difficulty

to observe the process is basically the exteremely small cross section specially in

low energy region and large background noise. Because of the particle nature of

photon, the γγ −→ γγ is a reaction process as compared to the diffraction and

interference phenomenon which are the wave phenomenons. The γγ −→ γγ is

a crossed beam experiment which is quite difficult as compared to the conven-

tional experiment in which the target is fixed, so there is a problem to control the

initial conditions such as the photon-photon collision time and the focussing of

the photon-photon beams. The improvements in search of the real photon-photon

scattering may however be dominated by the experimental errors such as the diffi-

culties to tune the laser pulses in exactly the same way as required by the process

to be deteced. There is a problem in creating a sufficiently good vacuum. There is

no meaning to measure the cross section when the experimental uncertanities ex-

ceeds the accuracy of the theory. The unavailability of the more energetic, intense,

powefull and short pulse duration laser are among the main problems.
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2.6 Current Laser and X-ray Technology

In the past many experiments have been performed to search for photon-photon

scattering and also many experimental proposals were made, but due to laser

(Intensity, energy) and experimental Limitations no observation has been made

yet. In order to have the experimental confirmation of the process, we need more

and more intense, energetic and focused laser beams. There are many laser projects

which are under Progress and hopefully we shall have more intense, powerfull lasers

in future. For instance CLF Vulcan 10 PW at Rutherford Appleton Laboratory[14],

HiPER and European Extreme Light Infrastructure(ELI) [15].

The typical scale for vacuum polarization effect, where real electron-positron

pairs creation can take place is given by critical field strength, which is Ecr =
m2c3

eh
= 1.3× 1016 Vcm−1 and the equivalent Intensity is Icr = 2.3× 1029 Wcm−2,

where ‘m’ and ‘e’ are the mass and charge of electron. These intensities lies in

magnitude about seven orders above the high produced record by laser [26]. The

projects such as 10 PW to vulcan, HiPER and ELI will put the laser to three or

four orders in magnitude below the critical value. An X-ray Free-Electron Laser

(XFEL) facility, the SPring-8 Angstrom Compact free electron LAser (SACLA) in

Japan started work around 2012, which provides the world brilliant X-ray sources

[27, 28]. To perform experiments in X-ray region we must take a full advantage of

such sources of X-rays.
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Current Laser Magnitude

These are the laser magnitude which are available in the Laboratories

Power P → & 1015 W

Intensity I → & 1022 Wcm−2

MagneticField B → & 1010 G ≡ 106T

ElectricField E → & 1014 V m−1.

Laser Projects in Progress

There are two main laser projects among many which are given below

I. CLF Vulcan 10 PW at Rutherford Appleton Laboratory

>1023 Wcm−2.

II. European Extreme Light Infrastructure(ELI)

> 1025 Wcm−2

2.7 Summary of Experimental Challenges

The Equation (3.14) shows that the cross section of γγ −→ γγ is a fast growing

function of energy. An improvement in laser technology interms of both energy and

intensity will be welcome. One of the main important step to detect the γγ −→ γγ

is to control background noise because signal to be detected is very small and

background signal is very large. There is a need to improve the sensitivity of the

detectors because of small cross section specially in low energy region. Since the

γγ −→ γγ is a crossed beam experiment because photons cannot be at rest, so one

should need to control the initial conditions such as focussing of photon beams and
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photon-photon collision time. In this way geometery of the experimental setup is

important to have greater chances of photon-photon scattering. The experiments

must be carried both in low and high energy regions. As far as the laser experi-

ments are concerned, we need to improve the scattering events/background noise

ratio, luminosity of the lasers and laser energy in the interaction spot. We should

use laser beam of short pulse duration and high intensity. In the near coming

years, we shall be able to produce the laser in schewinger intensity corresponding

to 1030 Wcm−2 with the pulse duration in zeptosecond regimes which will enable us

to detect the photon-photon scattering. On the other hand to search the photon-

photon scattering in X-ray regime is also important because photons are easy to

count and the path of colliding photons and monochromaticity can be handled

easily.
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Chapter 3

QED Loop Calculations in the Low

Energy Regime

We consider a quantitative treatment of low energy photon-photon elastic scatter-

ing in this chapter. We will determine the differential cross section as well as the

total scattering cross section for this case.

3.1 Photon-Photon Elastic Scattering Amplitude

The photon-photon elastic scattering process is not allowed at tree level in quantum

electrodynamics but is allowed at the 1 loop level. Photon-photon elastic scattering

occur due to production of virtual electron-positron pairs by two initial photons

which then anihilate to produce two photons in the ‘out’ state. The amplitude

of γγ −→ γγ is described to the lowest order by the Feynman box diagram.

There are six possible topologically distinct Feynman diagrams for photon-photon

elastic scattering which are given in Figure 3.1. Among these six diagrams, three

diagrams differ only in the fermionic loop direction. These Feynman diagrams

contribute equally to the scattering amplitude. This is characteristic of the n-point
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Figure 3.1: All six possible lowest order Feynman diagrams. The bottom graphs

are distinct from the top ones only due to the directions of the loops

photon correlation amplitude for even n. Similar diagrams with odd n interfere

destructively consistent with Furry’s theorem [29]. Therefore, it is enough to

consider only the first three Feynman diagrams in Figure 3.1 to calculate the total

scattering amplitude. The fermionic loop in this Figure represents virtual particles,

which may be thought of as being created and anihilated at intermediate stages.

As stated earlier, in order to calculate the total scattering amplitude, it is enough

to consider only the three diagrams given in Figure 3.2.

The external wavy lines represent photons with 4-momenta k1, k2, k3 and k4, where

k1, k2 are incoming and k3, k4 are out going photon 4-momenta and k1+k2 = k3+k4

from the law of conservation of energy-momentum. Here we represent the loop

momentum by ‘q’ . The integral over the loop momentum q is divergent and
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(a) (b) (c)

Figure 3.2: Possible lowest order labelled Feynman diagrams of photon-photon

elastic scattering.

will be regularized by using dimensional regularization. It will be shown that the

divergences cancel when we add the contributions of the three diagrams. The

amplitude of γγ −→ γγ can be calculated by using Feynman rules of QED.

The total amplitude of photon-photon scattering can be written as

M = 2(M1 +M2 +M3), (3.1)

where M1, M2 and M3 are amplitudes of diagrams 3.2(a), (b) and (c) respectively.

The factor 2 comes because of the equal contribution of the Feynman diagrams

which differ only in the fermionic loop direction, as explained earlier. Now we

write the total amplitude in terms of photon-photon scattering tensor and four

polarization vectors separately.

M = 2(Mλνµσ
1 +Mσνµλ

2 +Mλνσµ
3 )ε∗λ(k4)εν(k2)εµ(k1)ε

∗
σ(k3),

where εν (k2), εµ (k1) are incoming and ε∗λ (k4), ε∗σ (k3) are outgoing photon polar-

ization vectors.
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3.1.1 Computation of Mλνµσ
1

Now by using Feynman rules of QED [30], the amplitude M1 can be written as,

M1 = − (ι̇e)4

(2π)4

∫
d4q ×

Tr[γλ(6q +m))γν( 6q − 6k2 +m)γµ(6q − 6k1 − 6k2 +m)γσ(6q − 6k4 +m)]

[q2 −m2 + ι̇ε][(q − k2)2 −m2 + ι̇ε][(q − k1 − k2)2 −m2 + ι̇ε][(q − k4)2 −m2 + ι̇ε]
, (3.2)

where ‘e’ and ‘m’ are, respectively, the charge and mass of the electron. The

integration is over loop 4-momentum ‘q’ and the slash is the usual Dirac slash

which represents the scalar product, e.g 6q ≡ γ · q = γµqµ.
Now we introduce the method of Feynman parameterization to combine the

factors in the denominator.
Feynman Parameterization The aim of this technique is to reduce the factors
in the denominator to a single factor in the loop momentum ‘q’ . As a result of this
technique, we have a spherically symmeteric integral which can be easily solved.
This technique is due to R.P.Feynman and is known as Feynman parameterization
[31]. The denominator of Eq.(3.2) can be modified (See Appendix C for details)
as follows,

1

D
=

1

[q2 −m2 + ι̇ε][(q − k2)2 −m2 + ι̇ε][(q − k1 − k2)2 −m2 + ι̇ε][(q − k4)2 −m2 + ι̇ε]

= Γ(3 + 1)

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

[
q2 −m2 + ι̇ε+ {(q − k2)2 −m2 + ι̇ε− q2 +m2 −

ι̇ε}x1 + {(q − k1 − k2)2 −m2 + ι̇ε− (q − k2)2 +m2 − ι̇ε}x2 + {(q − k4)2 −m2 + ι̇ε−

(q − k1 − k2)2 +m2 − ι̇ε}x3

]−4
,

where x1, x2 and x3 are the usual ‘Feynman parameters’ .

We now have a single factor instead of four in the denominator. We make some
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simplifications as

1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3 ×

[
q2 −m2 + ι̇ε+ {(q − k2)2 − q2}x1 + {(q − k1 − k2)2 − (q − k2)2}x2 +

{(q − k4)2 − (q − k1 − k2)2}x3

]−4
,

1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3 ×

[
q2 −m2 + ι̇ε+ {q2 − 2q.k2 + k22 − q2}x1 + {q2 − 2q.(k1 + k2) + (k1 + k2)2 −

q2 + 2q.k2 − k22}x2 + {(q2 − 2q.k4 + k24 − q2 + 2q.(k1 + k2)− (k1 + k2)2}x3

]−4
,

1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3 ×

[
q2 −m2 + ι̇ε+ {q2 − 2q.k2 + k22 − q2}x1 + {q2 − 2q.(k1 + k2) + k21 +

2k1.k2 + k22 − q2 + 2q.k2 − k22}x2 + {(q2 − 2q.k4 + k24 − q2 + 2q.(k1 + k2)−

k21 − 2k1.k2 − k22}x3

]−4
.

Since the photon has a zero rest mass, we have k21 = k22 = k23 = k24 = 0.

With these substitutions, the above expression becomes

1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3 ×

[
q2 −m2 + ι̇ε− 2q.k2x1 − 2q.(k1 + k2)x2 +

2k1.k2x2 + 2q.k2x2 − 2q.k4x3 + 2q.(k1 + k2)x3 − 2k1.k2x3

]−4
,
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1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

[
q2 − 2q.(k2x1 + k1x2 + k2x2 − k2x3 + k4x3 −

k1x3 − k2x3) + 2k1.k2x2 − 2k1.k2x3 −m2 + ι̇ε

]−4
,

1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3 ×

[
q2 − 2q.(k2x1 + k1x2 + (−k2 + k4 − k1)x3) +

2k1.k2x2 − 2k1.k2x3 −m2 + ι̇ε

]−4
,

1

D
= 6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

[
q2 − 2q.(k2x1 + k1x2 − k3x3) + 2k1.k2(x2 − x3)−

m2 + ι̇ε

]−4
.

Here we have a single factor with linear and quadratic powers of the loop momen-

tum ‘q’.

With this eq (3.2) becomes as

Mλνµσ
1 = − (ι̇e)4

(2π)4
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

∫
d4q Nλνµσ

1 ×[
q2 − 2q.(k2x1 + k1x2 − k3x3) + 2k1.k2(x2 − x3)−m2 + ι̇ε

]−4
,

there is a problem with the denominator as it has linear terms in ‘q’, whereas we

want to have only those terms that are quadratic in ‘q’. In order to get ride of this

linear term we proceed as explained below.

Let Aρ = k2
ρx1 + k1

ρx2 − k3ρx3

where Nλνµσ
1 = Tr[γλ(6q +m))γν( 6q − 6k2 +m)γµ( 6q − 6k1 − 6k2 +m)γσ(6q − 6k4 +m)]

and B = 2k1.k2(x2 − x3)−m2 , so that
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Mλνµσ
1 = − (ι̇e)4

(2π)4
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

∫
d4q

Nλνµσ
1[

q2 − 2q.A+B + ι̇ε

]4 .
We substitute q = l + A, where ‘l’ is a new variable for the loop integration. The

variable of loop integration ‘l’ and ‘q’differ only by the constant A. This shifting of

the variables of integration will help us to complete the square of loop momentum

in the denominator. After shifting of variables of integration, the integral will only

depends on `2.

With this substitution, the above expression becomes,

Mλνµσ
1 = − (ι̇e)4

(2π)4
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

∫
d4`×

Tr[γλ(/̀+ 6A+m))γν(/̀+ 6A− 6k2 +m)γµ(/̀+ 6A− 6k1 − 6k2 +m)γσ(/̀+ 6A− 6k4 +m)][
(`+ A)2 − 2(`+ A).A+B + ι̇ε

]4
or

Mλνµσ
1 = − (ι̇e)4

(2π)4
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

∫
d4`×

Tr[γλ(/̀+ 6f +m))γν(/̀+ 6g +m)γµ(/̀+ 6h+m)γσ(/̀+ 6j +m)][
`2 − A2 +B + ι̇ε

]4 ,

where

6f = 6A, 6g = 6A− 6k2, 6h = 6A− 6k1 − 6k2, and 6j = 6A− 6k4.

Dimensional Regularization

Note that the above integral is divergent. Furthermore, it is easy to see from Naive

power counting that the divergence is logrithemic due to terms of the type,

Mλνµσ
1 ∝

∫ ∞
−∞

d4`
(l2)2

[`2 −4+ ι̇ε]4
.
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There is a need to regularize these integrals in order to make any sense of them.

In Mλνµσ
1 , the loop momentum integral in 4-dimensional space-time is divergent

and becomes convergent in dimension d less than 4. So we change the dimension-

ality from 4 to D = 4 − η, where η 6= 0. In this method, we may have fractional

dimensions as D and η are not integers.

Also we substitute4 = A2−B, so in D-dimensional space-time, the expression

for Mλνµσ
1 becomes,

Mλνµσ
1 = − (ι̇e)4

(2π)d
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

∫
dD`×

Tr[γλ(/̀+ 6f +m))γν(/̀+ 6g +m)γµ(/̀+ 6h+m)γσ(/̀+ 6j +m)][
`2 −4+ ι̇ε

]4 , (3.3)

Simplification of Numerator

Now we will use some techniques to simplify numerator of (3.3).

Nλνµσ
1 = Tr

[
γλ(γ · f + γ · `+m)γν(γ · g + γ · `+m)γµ(γ · h+ γ · `+m)γσ

(γ · j + γ · `+m)

]

Here l is the loop momentum, so terms having odd power of loop momenta

vanish on integration due to symmetry. Also terms having odd number of gamma

matrices vanish, as the trace of an odd number of γ matrices is zero.
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Nλνµσ
1 = Tr

[
γλ(γ · f).γν(γ · g)γµ(γ · h)γσ(γ · j) +m2[γλ(γ · f)γν(γ · g)γµγσ

+γλ(γ · f)γνγµ(γ · h)γσ + γλ(γ · f)γνγµγσ(γ · j) + γλγν(γ · g)γµ(γ · h)γσ

+γλγν(γ · g)γµγσ(γ · j) + γλγνγµ(γ · h)γσ(γ · j) + γλγνγµ(γ · `)γσ(γ · `)

+γλγν(γ · `)γµγσ(γ · `) + γλγν(γ · `)γµ(γ · `)γσ + γλ(γ · `)γνγµγσ(γ · `)

+γλ(γ · `)γνγµ(γ · `)γσ + γλ(γ · `)γν(γ · `)γµγσ]

+γλ(γ · f)γν(γ · g)γµ(γ · `)γσ(γ · `) + γλ(γ · f)γν(γ · `)γµ(γ · h)γσ(γ · `)

+γλ(γ · f)γν(γ · `)γµ(γ · `)γσ(γ · j) + γλ(γ · `)γν(γ · g)γµ(γ · h)γσ(γ · `)

+γλ(γ · `)γν(γ · g)γµ(γ · `)γσ(γ · j) + γλ(γ · `)γν(γ · `)γµ(γ · h)γσ(γ · j)

+γλ(γ · `)γν(γ · `)γµ(γ · `)γσ(γ · `) +m4γλγνγµγσ

]
(3.4)

It is convenient to separately solve the different terms appearing in Eq.(3.4). To

this end we define,

T1 = m4 Tr[γλγνγµγσ] = 4m4
(
−gλµgνσ + gλνgµσ + gλσgµν

)
T2 = Tr[m2γλγνγµ(γ · `)γσ(γ · `) + γλγν(γ · `)γµγσ(γ · `) + γλγν(γ · `)γµ(γ · `)γσ

+γλ(γ · `)γνγµγσ(γ · `) + γλ(γ · `)γνγµ(γ · `)γσ + γλ(γ · `)γν(γ · `)γµγσ]

T3 = Tr[γλ(γ · `)γν(γ · `)γµ(γ · `)γσ(γ · `)]

T4 = Tr[γλ(γ · f)γν(γ · g)γµ(γ · `)γσ(γ · `) + γλ(γ · f)γν(γ · `)γµ(γ · h)γσ(γ · `)

+γλ(γ · f)γν(γ · `)γµ(γ · `)γσ(γ · j) + γλ(γ · `)γν(γ · g)γµ(γ · h)γσ(γ · `) +

γλ(γ · `)γν(γ · g)γµ(γ · `)γσ(γ · j) + γλ(γ · `)γν(γ · `)γµ(γ · h)γσ(γ · j)]

T5 = Tr[γλ(γ · f)γν(γ · g)γµ(γ · h)γσ(γ · j)]
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T6 = Tr[m2(γλ(γ · f)γν(γ · g)γµγσ + γλ(γ · f)γνγµ(γ · h)γσ +

γλ(γ · f)γνγµγσ(γ · j) + γλγν(γ · g)γµ(γ · h)γσ + γλγν(γ · g)γµγσ(γ · j)

+γλγνγµ(γ · h)γσ(γ · j)]

It is important to first simplify those terms that involve the loop momentum, i.e

T2, T3 and T4. This can be done using the following relations

`α `β =
1

D
`2 gαβ

and `α `β `ρ `δ =
1

D(D + 2)
(`2)2(gαβgρδ + gαρgβδ + gαδgβρ)

The simplified forms for T2, T3 and T4 are as follows;

T2 = 8m2(gλνgµσ + gλσgµν + gλνgµσ + gλσgµν)
1

D
`2 −

8m2(−gλµgνσ + gλνgµσ + gλσgµν)`2

T3 = 4(`2)2(−gλµgνσ + gλνgµσ + gλσgµν)− 16(gλνgµσ + gλσgµν)
1

D
(`2)2 +

32 `λ `µ `ν `σ

T4 = Tr[γλ(γ.f)γν(γ.g)γµγαγσγβ + γλ(γ.f)γνγαγµ(γ.h)γσγβ +

γλ(γ.f)γνγαγµγβγσ(γ.j) + γλγαγν(γ.g)γµ(γ.h)γσγβ +

γλγαγν(γ.g)γµγβγσ(γ.j) + γλγαγνγβγµ(γ.h)γσ(γ.j)]
1

D
gαβ`

2

= T7
1

D
gαβ `

2, where T7 is the trace of the terms in square bracket.

By substituting T1, T2, T3, T4, T5 and T6 in (3.3), we get

Mλνµσ
1 = − (ι̇e)4

(2π)d
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

∫
dD`× T1 + T2 + T3 + T4 + T5 + T6[

`2 −4+ ι̇ε

]4 ,
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Mλνµσ
1 = − (ι̇e)4

(2π)d
6

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gλµgνσ + gλνgµσ + gλσgµν

) ∫
dD`

1

[`2 −4+ ι̇ε]4
+

16m2 (gλνgµσ + gλσgµν)
1

d

∫
dD`

`2

[`2 −4+ ι̇ε]4
−

8m2
(
−gλµgνσ + gλνgµσ + gλσgµν

) ∫
dD`

`2

[`2 −4+ ι̇ε]4
+

4
(
−gλµgνσ + gλνgµσ + gλσgµν

) ∫
dD`

(`2)2

[`2 −4+ ι̇ε]4
−

16 (gλνgµσ + gλσgµν)
1

d

∫
dD`

(`2)2

[`2 −4+ ι̇ε]4
+

32

∫
dD`

`λ `µ `ν `σ

[`2 −4+ ι̇ε]4
+ T7

gαβ
d

∫
dD`

l2

[`2 −4+ ι̇ε]4
+

(T5 + T6)

∫
dD`

1

[`2 −4+ ι̇ε]4

}
. (3.5)

We use the dimensional regularization scheme to regularize the loop momentum

integral [30]. Using the standard results (see Appendix C), we get
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Mλνµσ
1 = −6(ι̇e)4

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gλµgνσ + gλνgµσ + gλσgµν

) (−1)4ι̇

(4π)D/2
Γ(4−D/2))

Γ(4)
[

1

4
]4−D/2 +

16m2 (gλνgµσ + gλσgµν)
1

d

ι̇

(4π)D/2
D

2

Γ(3−D/2)

Γ(4)
[

1

4
]3−D/2 −

8m2
(
−gλµgνσ + gλνgµσ + gλσgµν

) ι̇

(4π)D/2
D

2

Γ(3−D/2)

Γ(4)
[

1

4
]3−D/2 +

4
(
−gλµgνσ + gλνgµσ + gλσgµν

) (−1)4ι̇

(4π)D/2
d(D + 2)

4

Γ(2−D/2)

Γ(4)
[

1

4
]2−D/2 −

16 (gλνgµσ + gλσgµν)
1

d

(−1)4ι̇

(4π)D/2
d(D + 2)

4

Γ(2−D/2)

Γ(4)
[

1

4
]2−D/2 +

32
(−1)4ι̇

(4π)D/2
Γ(2−D/2)

Γ(4)
[

1

4
]2−D/2

(
gλµgνσ + gλνgµσ + gλσgµν

)
4

+

T7
gαβ
d

ι̇

(4π)D/2
D

2

Γ(3−D/2)

Γ(4)
[

1

4
]3−D/2 +

(T5 + T6)
(−1)4ι̇

(4π)D/2
Γ(4−D/2))

Γ(4)
[

1

4
]4−D/2

}
.
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After a little algebra, we get

Mλνµσ
1 = − ι̇e4

(4π)D/2

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gλµgνσ + gλνgµσ + gλσgµν

)

Γ(4−D/2)[
1

4
]4−D/2 + 8m2 (gλνgµσ + gλσgµν) Γ(3−D/2)[

1

4
]3−D/2

−4m2
(
−gλµgνσ + gλνgµσ + gλσgµν

)
d Γ(3−D/2)[

1

4
]3−D/2

+
(
−gλµgνσ + gλνgµσ + gλσgµν

)
D(D + 2)Γ(2−D/2)[

1

4
]2−D/2

−4 (gλνgµσ + gλσgµν) (D + 2)Γ(2−D/2)[
1

4
]2−D/2

+ 8
(
gλµgνσ + gλνgµσ + gλσgµν

)
Γ(2−D/2)[

1

4
]2−D/2

+ T7
gαβ
2

Γ(3−D/2)[
1

4
]3−D/2 + (T5 + T6) Γ(4−D/2))[

1

4
]4−D/2

}
.

As D = 4 − η by letting η approaches to zero, D approaches to 4. When η → 0,

Γ(2 − D/2) diverges i.e the loop integrals are still divergent . Since D = 4 − η

depends on η, so we expand divergent terms in a Laurent series in η,

Γ(2−D/2)[
1

4
]2−D/2 = Γ(

η

2
)[

1

4
]

η

2 =
2

η
− log4− η + log(4π) +O(η)

leting η → 0 and D→ 4,Mλνµσ
1 is still divergent. Substituting the above inMλνµσ

1 ,

the scattering amplitude tensor becomes
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Mλνµσ
1 = − ι̇e4

(4π)D/2

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gλµgνσ + gλνgµσ + gλσgµν

) 1

42

+ 8m2 (gλνgµσ + gλσgµν)
1

4
− 16m2

(
−gλµgνσ + gλνgµσ + gλσgµν

) 1

4

+
(
−gλµgνσ + gλνgµσ + gλσgµν

) (48

η
− 24 log4− 24η + 24 log(4π)− 20

+O(η)
)
− 4

(
gλνgµσ + gλσgµν

) (12

η
− 6 log4− 6η + 6 log(4π)− 2 +O(η)

)

+8
(
gλµgνσ + gλνgµσ + gλσgµν

) (2

η
− log4− η + log(4π) +O(η)

)
+

T7
gαβ
2

1

4
+ (T5 + T6)

1

42

}
.

The above expression contains some terms like
1

4
,

1

42
and log4, where 4 =

A2 −B = m2(1 +
U1

m2
) and U1 is given as

U1 = −2x1x3k2 · k3 − 2x3x2k2 · k4 − 2x2k3 · k4 + 2x1x2k3 · k4 + 2x3k3 · k4.

We are considering the γγ −→ γγ in the low energy regimes, where we use the ap-

proximation
ω

me

� 1. Since we are doing calculations of γγ −→ γγ by considering

the electronic loop contribution, so the energy scale is the rest mass of electron me.

We will expand the whole amplitude in terms of
ω

me

and will keep only the leading

order terms in
ω

me

by neglecting the higher powers terms. The main reason for

using this low energy approximation is the available laser and X-ray technology

where the photon has energy ω very less than the rest mass of electron.

We use Binomial series to expand
1

4
,

1

42
and logrithemic series to expand log4.
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The binomial series is given as

(1 + x)n = 1 + nx+
n(n− 1)

2!
x2 + ... where |x| < 1

The logrithemic series expansion is

ln(1 + x) = x− 1

2
x2 +

1

3
x3 + ... where |x| < 1

So in our case, we have

1

4
=

1

m2
− U1

m4
+
U1 ∗ U1

m6
+,

1

42
=

1

m4
− 2

U1

m6
+ 3

U1 ∗ U1

m8

and ln4 =
U1

m2
− 1

2

U1 ∗ U1

m4

note that U1 ∝ ω2, where ω is the energy of photon.

3.1.2 Amplitude M1

The amplitude M1 is

M1 = Mλνµσ
1 ε∗λ(k4)εν(k2)εµ(k1)ε

∗
σ(k3).

Putting the values of all the above series expansions, the simplified form of the

amplitude of diagram 3.2 (a) becomes
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M1 = − ι̇e4

(4π)D/2

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gλµgνσ + gλνgµσ + gλσgµν

) 1

42

+ 8m2 (gλνgµσ + gλσgµν)
1

4
− 16m2

(
−gλµgνσ + gλνgµσ + gλσgµν

) 1

4

+
(
−gλµgνσ + gλνgµσ + gλσgµν

) (48

η
− 24 log4− 24η + 24 log(4π)− 20

+O(η)
)
− 4 (gλνgµσ + gλσgµν)

(12

η
− 6 log4− 6η + 6 log(4π)− 2 +O(η)

)

+ 8
(
gλµgνσ + gλνgµσ + gλσgµν

) ( 2

η
− log4− η + log(4π) +O(η)

)
+

T7
gαβ
2

1

4
+ (T5 + T6)

1

422

}
ε∗λ(k4)εν(k2)εµ(k1)ε

∗
σ(k3). (3.6)

Here it can be seen that if we let η approaches to 0, Eq. 3.6 is still divergent and

the divergences appear as
1

η
. However, we will not let η tends to 0 until we add

the amplitudes of all the three Feynman diagrams to get total amplitude.

3.1.3 Amplitude M2

The amplitude of Figure 3.2 (b) can be written directly from the amplitude of M1

with a few changes. We interchange k3 with k4 and σ with λ.
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M2 = − ι̇e4

(4π)D/2

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gσµgνλ + gσνgµλ + gσλgµν

) 1

4′2

+8m2 (gσνgµλ + gσλgµν)
1

4′ − 16m2
(
−gσµgνλ + gσνgµλ + gσλgµν

) 1

4′ +

(
−gσµgνλ + gσνgµλ + gσλgµν

) (48

η
− 24 log4′ − 24η + 24 log(4π)− 20 +

O(η)
)
− 4(gσνgµλ + gσλgµν)

(12

η
− 6 log4′ − 6η + 6 log(4π)− 2 +O(η)

)

+8
(
gσµgνλ + gσνgµλ + gσλgµν

) (2

η
− log4′ − η + log(4π) +O(η)

)
+

T77
gαβ
2

1

4′ + (T55 + T66)
1

4′2

}
ε∗σ(k4)εν(k2)εµ(k1)ε

∗
λ(k3), (3.7)

where T77 = Tr[γσ(γ.f
′
)γν(γ.g

′
)γµγαγλγβ + γσ(γ.f

′
)γνγαγµ(γ.h

′
)γλγβ +

γσ(γ.f
′
)γνγαγµγβγλ(γ.j

′
) + γσγαγν(γ.g

′
)γµ(γ.h

′
)γλγβ +

γσγαγν(γ.g
′
)γµγβγλ(γ.j

′
) + γσγαγνγβγµ(γ.h

′
)γλ(γ.j

′
)]

T55 = Tr[γλ(γ.f
′
)γν(γ.g

′
)γµ(γ.h

′
)γσ(γ.j

′
)]

T66 = m2Tr[γλ(γ.f
′
)γν(γ.g

′
)γµγσ + γλ(γ.f

′
)γνγµ(γ.h

′
)γσ +

γλ(γ.f
′
)γνγµγσ(γ.j

′
) + γλγν(γ.g

′
)γµ(γ.h

′
)γσ +

γλγν(γ.g
′
)γµγσ(γ.j

′
) + γλγνγµ(γ.h

′
)γσ(γ.j

′
)]

A
′ρ

= kρ2x1+kρ1x2−k
ρ
3x4, f

′
= 6A′

, g′
= 6A′−6k2, h

′
= 6A′−6k1−6k2, j

′
= 6A′−6k3

4′
= A

′2 − B = m2(1 +
U2

m2
) = m2(1 +

U2

m2
)
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1

4′ =
1

m2
− U2

m4
+
U2 ∗ U2

m6

1

4′2 =
1

m4
− 2

U2

m6
+ 3

U2 ∗ U2

m8

and ln4′
=

U2

m2
− 1

2

U2 ∗ U2

m4

where U2 = −2x3x2k2 · k3 − 2x1x3k2 · k4 − 2x2k3 · k4 + 2x1x2k3 · k4 + 2x3k3 · k4

3.1.4 Amplitude M3

The amplitude of Figure 3.2 (c) can be written directly from the amplitude of M1

with a few changes. We interchange -k1 with k3 and σ with µ.

M3 = − ι̇e4

(4π)D/2

∫ 1

0

dx1

∫ x1

0

dx2

∫ x2

0

dx3

{
4m4

(
−gµσgνλ + gµνgσλ + gµλgσν

) 1

4′′2

+8m2 (gµνgσλ + gµλgσν)
1

4′′ − 16m2
(
−gµσgνλ + gµνgσλ + gµλgσν

) 1

4′′

+
(
−gµσgνλ + gµνgσλ + gµλgσν

) (48

η
− 24 log4′′ − 24η + 24 log(4π)− 20

+O(η)
)
−4(gµνgσλ + gµλgσν)

(12

η
− 6 log4′′ − 6η + 6 log(4π)− 2 +O(η)

)

+8
(
gµσgνλ + gµνgσλ + gµλgσν

) (2

η
− log4′′ − η + log(4π) +O(η)

)
+

T777
gαβ
2

1

4′′ + (T555 + T666)
1

4′′2

}
ε∗µ(k4)εν(k2)εσ(k1)ε

∗
λ(k3), (3.8)
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where T777 = Tr[γµ(γ.f
′′
)γν(γ.g

′′
)γσγαγλγβ + γµ(γ.f

′′
)γνγαγσ(γ.h

′′
)γλγβ +

γµ(γ.f
′′
)γνγαγσγβγλ(γ.j

′′
) + γµγαγν(γ.g

′′
)γσ(γ.h

′′
)γλγβ +

γµγαγν(γ.g
′′
)γσγβγλ(γ.j

′′
) + γµγαγνγβγσ(γ.h

′′
)γλ(γ.j

′′
)]

T555 = Tr[γλ(γ.f
′′
)γν(γ.g

′′
)γσ(γ.h

′′
)γµ(γ.j

′′
)]

T666 = m2Tr[γλ(γ.f
′′
)γν(γ.g

′′
)γσγµ + γλ(γ.f

′′
)γνγσ(γ.h

′′
)γµ + γλ(γ.f

′′
)γνγσγµ(γ.j

′′
)

+γλγν(γ.g
′′
)γσ(γ.h

′′
)γµ + γλγν(γ.g

′′
)γσγµ(γ.j

′′
) + γλγνγσ(γ.h

′′
)γµ(γ.j

′′
)]

A
′′ρ

= kρ2x1−k
ρ
3x2+kρ1x4, f

′′
= 6A′′

, g
′′

= 6A′′−6k2 h
′′

= 6A′′
+ 6k3−6k2, j

′′
= 6A′′

+ 6k1

4′′
= A

′′2 − B
′
= m2(1 +

U3

m2
) = m2(1 +

U3

m2
)

1

4′′ =
1

m2
− U3

m4
+
U3 ∗ U3

m6

1

4′′2 =
1

m4
− 2

U3

m6
+ 3

U3 ∗ U3

m8

and ln4′′
=

U3

m2
− 1

2

U3 ∗ U3

m4

where U3 = −2x1x2k2 · k3 + 2x2k2 · k3 − 2x3k2 · k3 − 2x3x2k2 · k4 + 2x1x3k3 · k4

The total γγ −→ γγ amplitude is given by (3.1). Substituting (3.6), (3.7) and

(3.8) in (3.1) we get the total amplitude. Now at this stage all the divergences

cancel by adding amplitudes of all three diagrams. So we can let η → 0 and the

total amplitude is finite.
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3.1.5 The Ward Identity

In QED lagrangian, the interaction term is ejµAµ, where jµ = Ψ̄γµΨ and Ψ, Ψ̄

respectively correspond to fermionic and anti-fermionic fields. This current jµ

must be conserved, so we have

∂µj
µ = 0,

this is basically a consequence of gauge symmetry

Ψ(x) −→ eι̇α(x)Ψ(x), Aµ −→ Aµ −
1

e
∂µα(x).

Now in our case, we have polarization vectors ε∗λ (k4), εν (k2), εµ (k1), and ε∗σ (k3)

for all external four photons in the amplitude. Now if we replace the external

polarization vectors by their 4-momentum vectors, then the amplitude vanish i.e

k1µk2νk3σk4λ(M
λνµσ
1 +Mσνµλ

2 +Mλνσµ
3 ) = 0,

where Mλνµσ
1 , Mσνµλ

2 and Mλνσµ
3 are the amplitude tensors of the three Feynman

diagrams 3.2 (a), (b) and (c). This famous relation is known as the Ward identity.

The Ward identity is true for total amplitude but it may not be true for individual

Feynman’s diagram. This Ward identity holds if the amplitude is finite and it

will make sure that the amplitude contains no divergence. Since the lagrangian is

invariant under the gauge transfomations and so will be its equations of motion.

Therefore, QED amplitude must also be gauge invariant and this is ensure only if

the Ward identity holds. Under the local gauge transformations the polarization

vector transform as

εµ(k1)M
λνµσ −→ εµ

′
(k1)M

λνµσ −→ (εµ(k1)−
1

e
k1µ)Mλνµσ = 0.

The amplitude will be gauge invariant only if the k1µMλνµσ = 0. So we can say

that the gauge invariance, current conservation and Ward identity are basically

different views of the same thing.

Gauge Invariance←→ Current Conservation←→Ward Identity
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3.1.6 Photon Polarization Vectors

The photon-photon elastic scattering involves four polarization vectors εµ (k1),

εν (k2), ε∗σ (k3) and ε∗λ (k4), where εµ (k1) and εν (k2) are incoming and ε∗σ (k3) and

ε∗λ (k4) are outgoing photon polarizations vectors. In our calculations, we consider

circularly polarized vectors [32], which are mathematically given as

ε± =
1√
2

( ε1 ± ι̇ε2 ), (3.9)

where ε± represent right and left handed polarization vectors, with + and - sign

respectively. The two orthogonal polarization vectors, which are perpendicular to

the direction of propagation of photon are ε1, ε2. In order to derive the required

form of polarization vectors, we use a frame of reference in which we express

photons momenta k1, k2, k3 and k4 interms of basic kinematic variables, energies

and angles. In our case, we chose a frame in center of mass system. For all external

photons, the 4-momentum vectors are given below.

Figure 3.3: Photon-photon elastic scattering in center of mass frame, where mo-

mentum 4-vectors of the photons are shown.
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Initialy, incoming photons are set in the z-diection and their 4-momenta are k1=(ω,

0, 0, ω) and k2 = (ω, 0, 0, -ω). Then we have two orthogonal polarization vectors

ε1µ=
1√
2
(0, 1, 0, 0) and ε2µ=

1√
2
(0, 0, 1, 0) for k1, which satisfy the conditions

kµ1 εµ=0 and εµεµ=-1. We can write circularly polarized vectors for photon having

4-momentum k1 as

ε1±µ =
1√
2

( 0, 1, ±ι̇, 0 ).

For other incoming photon having 4-momentum k2 = (ω, 0, 0, -ω), we have two

transverse polarization vectors ε1ν=
1√
2
(0 , -1 , 0 , 0) and ε2ν=

1√
2
(0 , 0 , 1 , 0). For

this the circularly polarized vectors are

ε2±ν =
1√
2

( 0,−1, ±ι̇, 0 ).

Now we write the circularly polarized vector for photon having 4-momentum k3=(

ω, 0, ω sin θ, ω cos θ ) in spherical polar coordinates, where we have fixed φ=90◦.

We find two othogonal polarization vectors for k3. For this we replace θ by θ+90◦,

so we have one orthogonal vector as

ε2σ =
1√
2

(0, 0, cos θ,− sin θ ),

for other orthogonal vector, we determine ε2×k3 so that, we have a vector orthog-

onal to both ε2 and k3 as

ε1σ =
1√
2

( 0, 1, 0, 0 ).

The circularly polarized vector for photon having 4-momentum k3 is

ε3±σ =
1√
2

( 0, 1, ±ι̇ cos θ, ∓ι̇ sin θ ).

In the same way we proceed for the orthogonal polarization vector of photon having

4-momentum k4 as

ε1λ =
1√
2

( 0, 1, 0, 0 )
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and ε2λ =
1√
2

(0, 0, − cos θ, sin θ )

So the corresponding circularly polarized vector is

ε4±λ =
1√
2

( 0, 1, ∓ι̇ cos θ, ±ι̇ sin θ ).

3.1.7 Polarized Amplitude of Photon-Photon Scattering

Two independent polarization or helicity states can be assigned to each photon.

So interms of helicity states, the total amplitude can be written as

M r1r2r3r4 = 2(Mλνµσ
1 +Mσνµλ

2 +Mλνσµ
3 )εr4∗λ(k4)ε

r2
ν (k2)ε

r1
µ (k1)ε

r3∗
σ(k3),

where ri=±1 are the helicity states of photons. The polarized amplitudeMλ1λ2λ3λ4

is a fourth rank tensor, having two helicity states for each index. We, therefore,

naively have 16 helicity amplitudes.

M++++, M+++−, M++−+, M+−++, M−+++, M−++−, M++−−, M+−+−,

M−−−−, M−−−+, M−−+−, M−+−−, M+−−−, M+−−+, M−−++, M−+−+.

These polarized amplitudes are not all independent. In order to get independent

polarized amplitudes, we use some symmetry operations.

One of these symmetries is the parity-invariance. This condition of parity-

invariance can change only the helicity of the amplitudes leaving the Mandelstam

variables s, t, and u unchanged, so we have

M r1,r2,r3,r4(s, t, u) = M−r1,−r2,−r3,−r4(s, t, u). (3.10)

On the basis of this parity symmetry, all the sixteen polarized amplitudes reduce

to eight polarized amplitudes as follows

M++++ = M−−−−, M+−++ = M−+−−, M++−+ = M−−+− M+++− = M−−−+,

M−+++ = M+−−−, M++−− = M−−++ M+−+−= M−+−+, M−++− = M+−−+ .

Finally, we have
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2M++++, 2M+++−, 2M++−+, 2M+−++, 2M−+++, 2M−++−, 2M++−−, 2M+−+−.

Now we apply another symmetry, known as time-reversal symmetry. According to

this symmetry

M r1,r2,r3,r4(s, t, u) = M r3,r4,r1,r2(s, t, u), (3.11)

only initial and final states replace each other, while helicity and Mandelstam

variables remain unaffected. In the same way, by using symmetry in which k1 ↔ k2

or k3 ↔ k4 we have

M r1,r2,r3,r4(s, t, u) = M r2,r1,r4,r3(s, t, u). (3.12)

Having these symmetries in hand, we arrived at the following five independent

invariant amplitudes as

2M++++ , 2M++−− , 2M+−+− , 2M+−−+ , 8M++−+.

In all these symmetries the Mandelstam variables s, t and u remain unaltered.

Now we calculate these polarized amplitudes one by one. First we will do the

calculations for M++++.

3.1.8 Polarized Amplitude M++++

We do the calculations of photon-photon elastic scattering helicity amplitude

M++++, in which all the incoming and out going photons have right handed circu-

lar polarization vectors. We do the algebraic calculations by using the extension

Feyncalc to mathematica. The 4-momentum vectors of photons are as follows

k1 = ( ω, 0, 0, ω ), k2 = ( ω, 0, 0, −ω ), k3 = ( ω, 0, ω sin θ, ω cos θ )

and k4 = ( ω, 0,−ω sin θ,−ω cos θ ).

Where, the four right handed polarization vectors are

ε1+µ =
1√
2

( 0, 1, ι̇, 0 ), ε2+ν =
1√
2

( 0, −1, +ι̇, 0 ),
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ε∗3+σ =
1√
2

( 0, 1, −ι̇ cos θ, ι̇ sin θ ), and ε∗4+λ =
1√
2

( 0, 1, ι̇ cos θ, −ι̇ sin θ ).

3.1.9 Kinematics For Polarized Amplitude M++++

The photon-photon scattering amplitude M++++ contains scalar products of pho-

ton 4-momenta with itself and with their polarization vectors. Here we list out all

the possible scalar products which are determind after long algebraic calculations.

We are not going into the detail of these calculations, but we only list out their

results.

k1 · k1 = k2 · k2 = k3 · k3 = k4 · k4 = 0 ;

k1 · k2 = k3 · k4 =
s

2
;

k1 · k3 = k2 · k4 = − t
2

;

k1 · k4 = k2 · k3 = −u
2

;

k4 · ε3+ = k4 · ε4+ = k1 · ε1+ = k1 · ε2+ = k2 · ε1+ = k2 · ε2+

= k3 · ε3+ = k3 · ε4+ = 0 ;

ε4+ · k1 =
ι̇√
2
w sin θ ; ε4+ · k2 = − ι̇√

2
w sin θ ; ε1+ · k3 = − ι̇√

2
w sin θ ;

ε1+ · k4 =
ι̇√
2
w sin θ ; ε2+ · k3 = − ι̇√

2
w sin θ ; ε2+ · k4 =

ι̇√
2
w sin θ ;

ε3+ · k1 = − ι̇√
2
w sin θ ; ε3+ · k2 =

ι̇√
2
w sin θ

ε1+ · ε1+ = ε2+ · ε2+ = ε3+ · ε3+ = ε4+ · ε4+ = 0 ;
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ε1+ · ε2+ = 1 ; ε3+ · ε4+ = −1 ;

ε1+ · ε3+ =
u

s
; ε1+ · ε4+ =

t

s
; ε2+ · ε3+ = − t

s
; ε2+ · ε4+ = −u

s
;

The Mandelstam variables s, t and u can be written interms of energy and angle

as

s = 4w2, t = −2w2(1− cos θ), u = −2w2(cos θ + 1) and s+ t+ u = 0.

3.1.10 Results for the Polarized Photon-Photon Scattering

Amplitude

We have done the calculations for γγ −→ γγ in the low energy regime ω � me. We

expand the amplitude interms of the powers of ratio of photon energy and electron

mass. We retain, the leading order terms and omit all the higher power terms

from the amplitudes. We have done our algebraic calculations by using extension

Feyncalc to mathematica. Here we write the result for M++++ interms of
ω

me

as

M++++ = − 11ie4ω4

45π2me
4
,

we have retained the leading order term
ω4

me
4
and neglected all the higher powers.

In the same way, we obtained the results for other polarized amplitude M++−−,

M+−+−, M+−−+ and M++−+ by using extension Feyncalc to mathematica and

retained the leading order terms

M++−− =
ie4w4(cos2θ + 3)

30π2m4
,

M+−+− = −11ie4w4(cos θ + 1)2

360π2m4
,

M+−−+ =
11ie4w4 (2 cos θ − cos2 θ − 1)

360π2m4
,
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and M++−+ =
ie4w6 sin2 θ(11 cos 2θ + 49)

7560π2m6
.

Note that M++−+ and seven related amplitudes vanish at the leading order
ω4

me
4

at which other amplitudes have a finite value. Since M++−+ has leading term of

the order of
ω6

me
6
, so we have M++−+=0.

3.1.11 Total Cross Section

Now we determine the unpolarized differential scattering cross section and then

total cross section. The formula for differential scattering cross section in the

center of mass frame for 2−→2 process is

dσ(γγ −→ γγ)

dΩ
=

1

256π2ω2
|M |2, (3.13)

where |M |2 is the square of total amplitude. In order to calculate |M |2, we average

over initial and sum over final polarization

|M |2 =
1

4
{2|M++++|2 + 2|M++−−|2 + 2|M+−+−|2 + 2|M+−−+|2}.

Substituting the values

|M |2 =
1

2

{
121e8ω8

2025π4m8
+
e8ω8(cos 2θ + 7)2

3600π4m8
+

121 (56e8ω8 cos θ + 28e8ω8 cos 2θ + 8e8ω8 cos 3θ + e8ω8 cos 4θ + 35e8ω8)

259200π4m8
−

121 (56e8ω8 cos θ − 28e8ω8 cos 2θ + 8e8ω8 cos 3θ − e8ω8 cos 4θ − 35e8ω8)

259200π4m8

}

|M |2 =
1

2

139e8ω8(28 cos 2θ + cos 4θ + 99)

129600π4m8

|M |2 =
139e8ω8(cos2 θ + 3)2

32400π4m8
.
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Substituting the value of |M |2 in the relation for differential scattering cross sec-

tion, we have

dσ(γγ −→ γγ)

dΩ
=

1

256π2ω2

139e8ω8(cos2 θ + 3)2

32400π4m8
,

dσ(γγ −→ γγ)

dΩ
=

e8

256π6

ω6

m8

139(cos2 θ + 3)2

32400
.

The fine structure constant is α=
e2

4π
, so we write the differential scattering cross

section interms of fine structure constant α as

dσ(γγ −→ γγ)

dΩ
=
α4

π2

ω6

m8

139(cos2 θ + 3)2

32400
. (3.14)

This result of differential cross section agrees well with the result of H. Euler [6, 7],

which was later confirmed by R. Karplus and M. Neuman [9, 10].

To determine the total scattering cross section, we integrate the differential

scattering cross section over a solid angle dΩ=sin θ dθ dφ from 0 −→ π, which

is over one hemi sphere because the photons in the final states are identical, we

obtained total scattering cross section as follows

σ(γγ −→ γγ) =
973α4ω6

10125πm8
, (3.15)

which agrees with the result of total cross section of [33].

3.2 Cross Section as a Function of Energy and An-

gular Distribution

In this section, we discuss the dependence of cross section on the energy of photons

ω and the scattering angle θ. Sometimes, we are interested to know the scattering

angular distribution and for this we need the differential scattering cross section
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dσ

dΩ
. Differential scattering cross section is very helpfull in many cases as it gives

information about the cross section of an event as a function of scattering angular

distribution.

π

2
π

θ

1.×10-66

1.1×10-66

1.2×10-66

1.3×10-66

1.4×10-66

1.5×10-66

1.6×10-66

dσ

dΩ
(cm2/Str)

Figure 3.4: Angular dependence of the unpolarized differential scattering cross

section at 1 eV, a typical energy of visible photon.

In our case, the low energy expression for unpolarized differential cross section
dσ

dΩ
of photon-photon elastic scattering is given by Eq. (3.14), where θ is the scattering

angle in center of mass system. The dependence of differential scattering cross

section on scattering angular distribution is shown in Figure. 3.4. The differential

scattering cross section has maximum values at 0◦ and 180◦ and minimum at

90◦. This means that the probability to detect γγ −→ γγ is maximum at 0◦

and 180◦ and minimum at 90◦. We have done the calcuations for scattering cross

section of γγ −→ γγ in low energy regimes i.e ω � me or
ω

me

� 1, where ω

is the energy of photon and me is the rest mass of electron. The rest mass of
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electron is me = 0.511 MeV . For a particular process, we find the total scattering

cross section by integrating the differential scattering cross section over θ and

φ.The expression for total scattering cross section of γγ −→ γγ is given by Eq.

3.15, which is suppressed by
ω6

me
8
. The low energy total cross section at different

energies is shown in Figure. 3.5. The cross section of photon is very small and at

ω=1 eV, which is a typical visible energy, the cross section is σ = 7.2× 10−66 cm2,

an extremely small value. However, the cross section is a fast growing function of

photon energy as it can be seen in the Figure. 3.5.

0.1 1 10 100 1000 104 105
1.×10-69

1.×10-59

1.×10-49

1.×10-39

1.×10-29

1.×10-19

0.1 1 10 100 1000 104 105

1.×10-69

1.×10-59

1.×10-49

1.×10-39

1.×10-29

1.×10-19

ωCOM(eV)

σ
γ
γ
→
γ
γ
(c

m
2
)

QED Cross section

Figure 3.5: The γγ elastic scattering cross section as a function of center of mass

photon energy.

3.3 Error From Neglecting The Regularization Scheme

In the calculation of photon-photon elastic scattering, regularization has a very

important role. Although the total amplitude has no divergence, still it is necessary
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to regularize each diagram separately. In (3.5) the integral having four powers of

the loop momentum represents a divergent integral. Without regularization, these

integrals have indeterminate forms. Now if we evaluate such amplitude without

regularization in the low energy regime of
ω

me

� 1, then we get an expression which

depends only on external photon polarizations and not on the their momenta.
To examine the error which arises due to neglecting regularization, we inspect

that part of the total amplitude which is independent of the external photon
momenta,

Ml ∼ −2
(ι̇e)4

(2π)d

∫
dD`

1[
`2 −4+ ι̇ε

]4 ×
(

2

3

(
l2
)2
gλσgµν +

2

3

(
l2
)2
gλνgµσ +

2

3

(
l2
)2
gλµgνσ − 4

3
l2m2gλσgµν − 4

3
l2m2gλνgµσ

−4

3
l2m2gλµgνσ +

8

3
m2lν lσgλµ +

8

3
m2lµlσgλν +

8

3
m2lλlσgµν +

8

3
m2lµlνgλσ +

8

3
m2lλlνgµσ

+
8

3
m2lλlµgνσ − 8

3
l2lν lσgλµ − 8

3
l2lµlσgλν − 8

3
l2lλlσgµν − 8

3
l2lµlνgλσ − 8

3
l2lλlνgµσ − 8

3
l2lλlµgνσ

+
2

3
m4gλσgµν +

2

3
m4gλνgµσ +

2

3
m4gλµgνσ + 16lλlµlν lσ

)
ε∗λ(k4)εν(k2)εµ(k1)ε∗σ(k3)

or more simply we can write it as

Ml ∼ − (ι̇e)4

(2π)d
4

3

∫
dD`

1[
`2 −4+ ι̇ε

]4 ×
[
m4Rλµνσ

1 + 2m2
(

2Rλµνσ
2 − l2Rλµνσ

1

)

−4l2Rλµνσ
2 +

(
l2
)2
Rλµνσ

1 + 24lλlµlνlσ

]
ε∗λ(k4)εν(k2)εµ(k1)ε

∗
σ(k3), (3.16)

where Rλµνσ
1 = gλµgνσ + gλνgµσ + gλσgµν

and Rλµνσ
2 = lνlσgλµ + lµlσgλν + lλlσgµν + lµlνgλσ + lλlνgµσ + lλlµgνσ.

Both Rλµνσ
1 and Rλµνσ

2 are symmeteric in λ, µ, ν and σ. The second line of (3.16)

contains four powers of loop momentum l which shows that these are divergent
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integrals. Now if we apply the averaging procedure Eq (C.1), then the second

line as well as the m2 term vanish and we left with m4Rλµνσ
1 , which after loop

integration gives

Ml = − (ι̇e)4

(2π)4
4

3
(ε1 · ε4ε2 · ε3 + ε1 · ε3ε2 · ε4 + ε1 · ε2ε3 · ε4), (3.17)

where εi are the photon polarization vectors. This means that the photon-photon

scattering amplitude only depends on the vector potential Aµ and not on its deriva-

tive. This amplitude does not obey gauge invariance because

Aα
′
Aα

′ −→

(
Aα −

1

e
∂αα(x)

)(
Aα − 1

e
∂αα(x)

)
6= AαA

α.

We cannot construct such induced coupling of polarization vectors in a gauge in-

variant way. Such a coupling leads to a mass term for the photon. So regularization

of individual diagram is necessary. This error of neglecting regularization to the

photon-photon elastic scattering has been done in [34, 35], in which they obtained

an incorrect result for the cross section as follows

dσ(γγ −→ γγ)

dΩ
=

α4

(12π)2
1

ω2
(3 + 2 cos2 θ + cos4 θ). (3.18)

This result is of many orders in magnitude larger than the result Eq.(3.14), which

was obtained by H.Euler and B.Kockel in 1935 [4, 5] as this incorrect result is

suppressed by
1

ω2
and not

ω6

m8
e

, where ω is the energy of photon and me is mass of

electron. In all their calcuations, they did’nt employ the regularization scheme by

saying that since total amplitude by adding contributions of all Feynman diagrams

is finite, so there is no need of any regularization scheme. No doubt total amplitude

is finite, still it is neccessary to regularize each diagram separately. In these papers

[34, 35], they have alleged the result of low energy cross section of photon-photon

elastic scattering [6, 7] was incorrect. This claim does not hold It can also be

easily shown that how their incorrect result of cross section Eq.(3.18) follows from

Eq.(3.17).
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3.4 Other Heavy Fermionic or Bosonic Loop Con-

tributions to γγ −→ γγ

So far in this thesis, we have discussed electronic loop contribution to γγ −→ γγ

and derived explicit formulas for unpolarized differential and total scattering cross

sections. In standard model, there are many other heavy fermionic or bosonic

loops which can contribute to γγ −→ γγ e.g uū, dd̄, muonic µ±, tauonic τ± and

bosonic W± loop contributions. All these fermions and bosons are much heavier

than the electron as the electron has a rest mass of 0.511 MeV and that of muon is

105.7 MeV respectively. This is one of the reason that why such high energy loop

contributions got not so much attention so far. However, the collider technique

such as Large Hadron Collider (LHC) has opened many ways to detect high energy

γγ −→ γγ process. We will consider the effective muonic loop contribution to

γγ −→ γγ and compare it with the electronic loop contribution in the context

of easily available laser technology in laboratories. In the low energy limit, the

helicity amplitude for γγ −→ γγ is suppressed by
1

m4
as

M++++ = − 11ie4ω4

45π2me
4
.

The minimum energy in C.O.M system to produce e+e− pairs is 1.022 MeV, which

corresponds to intensity of the order 1029 W/cm2. The magnitude of available

laser intensity in the laboratories are of the order of 1022 W/cm2 much lower than

1029 W/cm2. In order to have µ+µ− pair production, we need minimum energy

of 111.4 MeV in C.O.M system. The muon is much heavier than electron and the

ratio of muon and electron masses is

mµ
4

me
4
' (200)4.

So the effective contribution of muonic loop to γγ −→ γγ is (206.8)4 times less than

that of electronic loop contribution. Therefore, the probability to have electronic
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loop contribution is greater than the muonic loop contribution in the context of

available laser technology. This is one of the reason that why such high energy

loop contributions have been neglected so far. However, at high energies and in-

tensity due to collider techniques such as Large Hadron Collider (LHC), the heavy

charged loop contributions dominate over the electronic loop contribution. In high

energy regimes, many experimental proposals has been made to detect γγ −→ γγ.

For instance, in 1993, γγ −→ γγ at Photon Linear Collider was considered [36].

In this experimental proposal, they considered the W boson loop contribution and

obtained explicit formulas for helicity amplitudes of photon-photon elastic scat-

tering and showed that how W loop contribution to γγ −→ γγ will dominate at

high energies. Recently, another experimental was made at Large Hadron Collider

(LHC) as discussed earlier [24]. So at high energies in collider, such heavy charged

loop contributions cannot be ignore. However, in the context of easily available

laser technology, we can ignore all such loop contributions to γγ −→ γγ.
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Chapter 4

Conclusions

In this thesis, we have demonstrated how Feynman loop diagrams can be evaluated

theoretically by using mathematical tools such as Feynman parameterization, reg-

ularization and renormalization schemes used in particle physics. We have shown

both qualitative and quantitative treatment of the QED process of photon-photon

elastic scattering in the low energy region. Also the gauge invariance and Ward

identity which are basic requirements of the theory have been discussed.

We have discussed the experimental status of γγ elastic scattering and report

the upper bounds on the cross section 10−48cm2 in visible and 10−20cm2 in the X-

ray region. We have shown QED low energy calcuations of photon-photon elastic

scattering for all polarized amplitudes and the scattering total cross section. To

evaluate the divergent loop integrals, Feynman parameterization and dimensional

regularization has been used. We have discussed how dimensional regularization

preserves the gauge invariance of the amplitude.

We have also discussed the errors resulting from neglecting the regulariza-

tion scheme. Although the total amplitude does not contain any divergence, still

regularization of each individual diagram is neccessary. Without regularization,

amplitude is not gauge invariant and this violation of the gauge invariance leads to

56



a mass term for the photon. It has been discussed that how claim of [34, 35] was

incorrect. In these papers, they have rejected the result for the low energy cross

section of photon-photon elastic scattering [6, 7]. We have also shown that how

they obtained an incorrect result for the low energy cross section of γγ −→ γγ by

treating the divergent loop integrals without regularization and how gauge invari-

ance has been violated.

In chapter 02, γγ −→ γγ experimental status has been discussed in detail.

The γγ elastic scattering still awaits experimental confirmation. The main reason

for this is the suppression of cross section due it being a loop process. Since the

γγ −→ γγ is a crossed beam experiment because photons cannot be at rest, so one

should need to have photon beams of high intensity and also to control the initial

conditions such as focussing of photon beams and photon-photon collision time.

One of the main important step to detect the process is to control background noise

because signal noise ratio is very low. There is a need to improve the sensitivity

of the detectors due to small cross section specially in the low energy regions.
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Appendix A

Non-linear Classical

Electrodynamics

In classical electrodynamics, the self interaction of electromagnetic fields in vacuum

does not occur, because Maxwell’s equations are linear in electric and magnetic

fields. However, an effective theory can be formulated which contains only electro-

magnetic fields in trems of lagrangian of W. Heisenberg and his student H. Euler

[1], which is valid for the fields below the critical field strength 1.3 × 1016 V/cm

at which real electron-positron pair production becomes dominated and wave-

lengths above the Compton wavelength 2.42 × 10−12cm. Under these conditions

the electromagnetic interaction shows up as non-linear corrections to Maxwell’s

equations. So the electromagnetic fields self interaction can be treated in classical

non-linear electrodynamics. Here we will show how the effective lagrangian can be

constructed, which causes non-linearities in the Maxwell’s equations. The classical

electromagnetic lagrangian density in source-free regions is given as

Lf = − 1

16π
FαβF

αβ =
1

8π

(
E2 −B2

)
, (A.1)
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where Fαβ = ∂αAβ − ∂βAα is electromagnetic field tensor and Aα = (φ,A) is

4-vector potential. Electric and magnetic fields are related to potentials via

E = −1

c

∂A

∂t
−∇φ and B = ∇×A, (A.2)

The Euler lagrangian equation, of course, is

∂ν
∂Lf

∂ (∂νAµ)
− ∂Lf
∂Aµ

= 0. (A.3)

The Maxwell’s equations in vacuum derived from the Euler lagrangian equation

in covariant form are

∂αF
αβ = 0, (A.4)

or ∂α∂
αAβ − ∂α∂βAα = 0. (A.5)

The electromagnetic field tensor Fαβ obeys the Bianchi identity, which is given

below

∂λFαβ + ∂αF βλ + ∂βF λα = 0. (A.6)

The electromagnetic field tensor is given by

Fαβ =


0 −Ex −Ey −Ez
Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0


the Maxwell’s equations interms of E and B can be derived from (A.4) and Bianchi

identity (A.6)

∇ · E = 0 (A.7)

∇ ·B = 0 (A.8)

∇× E = −∂B
∂t

(A.9)

∇×B =
∂E

∂t
(A.10)
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If we include possible magnetization M and polarization P, then above Maxwell’s

equation becomes as

∇ · E = −∇.P (A.11)

∇ ·B = 0 (A.12)

∇× E = −∂B
∂t

(A.13)

∇×B =
∂E

∂t
+
∂P

∂t
+∇×M (A.14)

Quantum Corrections

In order to construct the effective lagrangian Lef which describe the self interaction

of electromagnetic fields, we write E.H lagrangian as an expansion of powers of

Fαβ. In order to do lowest order corrections to classical electromagnetic lagrangian,

we retain only those terms which respect symmetries like parity, gauge invariance

and lorentz invariance.

The first contribution occur at orderO
(

1

me
4

)
, whereme is the mass of electron

since we are considering QED having energies and momenta smaller as compared

to electron mass. We have only two terms which satisfy all symmetries to this

order.

Lef =
α2

me
4

{
a1FµνF

µνFαβF
αβ + a2FµνFµνFαβFαβ

}
+O

(
1

me
6

)
, (A.15)

where α =
e2

4π
is the fine structure constant. This represents the quantum cor-

rections to classical electromagnetic lagrangian. So finally after finding a1 and a2

the one loop QED correction to classical electromagnetic lagrangian corresponds

to the effective lagrangian

Lef =
η

8π

(
1

4
FµνF

µνFαβF
αβ +

7

16
FµνFµνFαβFαβ

)
, (A.16)
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where Fαβ is the dual electromagnetic field tensor and η =
e4

45πm4
, which is very

small and can be neglected for weak fields. This effective lagrangian is valid for

wavelength above 10−12m and fields below 1016V/cm .

The dual electromagnetic field tensor is given by

Fαβ ≡ 1

2
εαβµνFµν =


0 −Bx −By −Bz

Bx 0 Ez −Ey
By −Ez 0 Ex

Bz Ey −Ex 0



E2 −B2 = −1

2
FαβF

αβ (A.17)

and E ·B = −1

4
FαβFαβ (A.18)

So interms of E and B effective lagrangian is

Lef =
η

8π

[(
E2 −B2

)2
+ 7 (E ·B)2

]
(A.19)

The total lagrangian can be written as

L = Lf + Lef

= − 1

16π
FµνF

µν +
η

8π

(
1

4
FµνF

µνFαβF
αβ +

7

16
FµνFµνFαβFαβ

)
.(A.20)

Interms of E and B total lagrangian is

L = Lf + Lef =
1

8π

(
E2 −B2

)
+

η

8π

[(
E2 −B2

)2
+ 7 (E ·B)2

]
. (A.21)

When we put this total lagrangian in Euler lagrangian equation we get non linear

Maxwell’s equations as

∂νF
µν = η∂ν

[
−2
(
E2 −B2

)
F µν − 7 (E.B)Fµν

]
(A.22)
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The Maxwell’s equations in E and B are

∇ · E = −η∇.
[
2
(
E2 −B2

)
E + 7 (E.B)B

]
(A.23)

and

∇×B =
∂E

∂t
+ η

∂

∂t

[
2
(
E2 −B2

)
E + 7 (E.B)B

]
+

η∇×
[
−2
(
E2 −B2

)
B + 7 (E.B)E

]
. (A.24)

The other two equations remain unchanged.

Comparing eqs (A.14) and (A.24), we have

P = 2
(
E2 −B2

)
E + 7 (E.B)B (A.25)

M = −2
(
E2 −B2

)
B + 7 (E.B)E (A.26)

These polarization and magnetization express the non linear corrections to classical

Maxwell’s equations as a result of photon-photon scattering. The first ever cal-

cuations of photon-photon scattering by Euler, Heisenberg and kockel were based

on effective theory and these results were reproduced by Numan and Karplus by

doing QED calcuations of γγ −→ γγ in low energy limit.
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Appendix B

QED Feynman Rules

As we know that in quantum field theory, the evaluation of Feynman diagrams

demand the conservation of momentum and charge at each vertex. The fermionic

loop has an additional factor of (−1) in scattering amplitude. The QED lagrangian

is

LQED = ψ̄ (ι̇γα∂α −m)ψ − 1

4
FαβF

αβ − eψ̄γαψAα , (B.1)

where the first term is the Dirac lagrangian, second is classical electromagnetic

lagrangian and third one is the interaction term. QED Feynman rules are given

by

QED Vertex : −ι̇eγα =

Photon Propagator : − ι̇gαβ

q2 + ι̇ε
=

Dirac Propagator : − ι̇ (6q +m)

q2 −m2 + ι̇ε
=

Initial Photon : εα (q) =
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Final Photon : εα
∗ (q) =

External Fermion : us (q) =

External Fermion : ūs (q) =

External Anti Fermion : v̄s (q) =

External Anti Fermion : vs (q) =

Polarization of External Photons

In our case all external particles are photons having polarization vectors εµ (k1),

εν (k2), ε∗σ (k3) and ε∗λ (k4), where εµ (k1), εν (k2) are incoming and ε∗σ (k3), ε∗λ (k4)

are outgoing photon polarization vectors. The massless bosons i.e photons must

obey transversality condition given as

εµ = (0, ε) and p. ε = 0 . (B.2)

In center of mass frame, where initial photons have momentum in the Z-direction,

the circular polarization vectors for initil photons are

ε1± =
1√
2

( 0, 1, ±ι̇, 0 ) , (B.3)

and ε2± =
1√
2

( 0,−1, ±ι̇, 0 ) (B.4)

For external outgoing photons polarization vectors are

ε3± =
1√
2

( 0, 1, ±ι̇ cos θ, ∓ι̇ sin θ ) , (B.5)

and ε4± =
1√
2

( 0, 1, ∓ι̇ cos θ, ±ι̇ sin θ ) (B.6)
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with + and - for left handed and right handed circular polarizations respectively.

If there involve massless photons in calculations of scattering cross section then

following replacement can be made∑
αβ

εαεβ = −gαβ . (B.7)

Numerator Algebra

The anticommutation relation for Dirac matrices is

{γα, γβ} = 2gαβ .

Trace of Dirac gamma matrices are

Tr (1) = 4 ,

T r
(
γλγν

)
= 4gλν ,

T r ( Odd no. of matrices ) = 0 ,

T r
(
γλγνγµγσ

)
= 4

(
−gλµgνσ + gλνgµσ + gλσgµν

)
,

T r
(
γλγνγµγσ. . . .

)
= Tr

(
. . .γσγµγνγλ

)
.

A complete set of trace identities and contractions of gamma matrices see [30].
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Appendix C

Feynman Parameterization

The aim of this technique is to reduce the multiple factors in denominator into a
single factor, in the loop momentum ‘q’. As a result of this technique, we have a
spherically symmeteric integral which can be easily solved. This technique is due
to R.P.Feynman and is known as Feynman parameterization [31]. In this method,
we intoduce some parameters over which we have to integrate. In general loop
integral has many factors in the denominator, but usually one deals with standard
integrals having a single factor raised to a power ‘n’

1

d0d1d2d3 . . . . dn
= Γ (n+ 1)

∫ 1

0

dx1

∫ x1

0

dx2 . . . .

∫ xn−1

0

dxn

× 1[
d0 + (d1 − d0)x1 + (d2 − d1)x2 + . . . . . (dn − dn−1)xn

]n+1 .

For n=1, the above expression reduces to

1

d0d1
=

∫ 1

0

dx1
1[

d0 + (d1 − d0)x1
]2 .

In our case, we have n=3

1

d0d1d2d3
= 3!

∫ 1

0

dx1

∫ x1

0

dx1

∫ x2

0

dx3
1[

d0 + (d1 − d0)x1 + (d2 − d1)x2 + (d3 − d2)x3

]4 .
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Loop Integrals and Dimensional Regularization

The Feynman loop diagrams involve loop momentum integrals which are divergent

in 4-dimensional space-time. In dimension D = 4 − η, these divergent loop mo-

mentum integrals become convergent. There is a need to regularize these integrals

in order to make any sense of them. So we change the dimensionality from D = 4

to D = 4− η, where η 6= 0. In this method, we may have fractional dimensions as

D and η are not integers. At the end, physical predictions of the original theory

can be restored by letting η −→ 0. This method of regularization is known as

dimensional regularization. The main advantage of dimensional regularization is

that it preserve the gauge invariance and hence the Ward identity. The terms

having odd no. of loop momentum vanish because of integration due to symmetry.

`α `β =
1

D
`2 gαβ and `α `β `ρ `δ =

1

D (D + 2)

(
`2
)2 (

gαβgρδ + gαρgβδ + gαδgβρ
)
(C.1)

Here we give a list of standard D-dimensional space-time integrals in minkoski

space which can be used directly for dimensional regularization∫
dD`

(2π)d
1

(`2 −4)n
= ι̇

(−1)n

(4π)D/2
Γ (n−D/2)

Γ (n)

(
1

4

)n−D/2
, (C.2)

∫
dD`

(2π)D
`2

(`2 −4)n
= ι̇

(−1)n−1

(4π)D/2
D

2

Γ (n− 1−D/2)

Γ (n)

(
1

4

)n−1−D/2
, (C.3)

∫
dD`

(2π)D
`λ `ν

(`2 −4)n
= ι̇

(−1)n−1

(4π)D/2
gµν

2

Γ(n− 1−D/2)

Γ(n)

(
1

4

)n−1−D/2
, (C.4)

∫
dD`

(2π)D
(`2)2

(`2 −4)n
= ι̇

(−1)n

(4π)D/2
D(D + 2)

4

Γ(n− 2−D/2)

Γ(n)

(
1

4

)n−2−D/2
, (C.5)

∫
dD`

(2π)D
lλ `µ `ν `σ

(`2 −4)n
= ι̇

(−1)n

(4π)D/2
Γ(n− 2−D/2)

Γ(n)

(
1

4

)n−2−D/2

×
(
gλµgνσ + gλνgµσ + gλσgµν

)
4

. (C.6)
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The gamma function is given as

Γ(n) = (n− 1)! (C.7)

Generally binomial series is given as

(1 + x)n = 1 + nx+
n(n− 1)

2!
x2 + ...

Also we use logrithemic expansion as

ln(1 + x) = x− 1

2
x2 +

1

3
x3 + ...

The following replacement in D = 4− η can be used in dimensional regularization

scheme

Γ (2−D/2)

(
1

4

)2−D/2

= Γ(
η

2
)

(
1

4

)η
2 =

2

η
− log4− η + log(4π) +O(η)

Cross Section

After finding the scattering matrix, following relation can be used to find differen-

tial cross section

dσ =
1

2Ea2Eb|Va − Vb|

(∏
f

d3kf
(2π)3

1

2Ef

)
×

|M(ka, kb → kf )|2(2π)4δ4(ka + kb −
∑

kf ) , (C.8)

where ka, kb are initial and kf are final 4-momentum.

In center of mass frame having two particles in final state, the above relation

reduces to(
dσ

dΩ

)
CM

=
1

2Ea2Eb|Va − Vb|
|k1|

(2π)24ECM
|M(ka, kb → k1, k2)|2. (C.9)

For 2-2 process all having identical masses, we have(
dσ

dΩ

)
CM

=
|M |2

64π2ECM
2 . (C.10)
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Appendix D

Feyncalc Code

All the necessary calculations of photon-photon elastic scattering are done by us-
ing Feyncalc a Mathematica package. The Feyncalc package is basically a tool
used to handle algebraic calculations of scattering amplitude both at tree and loop
level on Mathematica. Here in this appendix, we present Feyncalc code written for
polarized photon-photon elastic scattering amplitudes. We provide the Feyncalc
code separately for all five independent invariant polarized amplitudes. Note that
e1, e2, e3 and e4 represent the polarization 4-vectors for the external photons.
Here the Feyncalc code for all five helicity scattering amplitudes M++++, M++−−,
M+−+−, M+−−+ and M++−+ are given.

Photon-photon Elastic Scattering Amplitude M++++

Kinematics
ScalarProduct [k3, k3] = ScalarProduct [k4, k4] = 0;

ScalarProduct [k1, k1] = ScalarProduct [k2, k2] = 0;

ScalarProduct [k1, k2] = ScalarProduct [k3, k4] =
s

2
;

ScalarProduct [k1, k3] = ScalarProduct [k2, k4] = − t

2
;

ScalarProduct [k1, k4] = ScalarProduct [k2, k3] = −u

2
;

ScalarProduct [k1, e1] = ScalarProduct [k1, e2] = 0;

ScalarProduct [k2, e1] = ScalarProduct [k2, e2] = 0;
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ScalarProduct [k3, e3] = ScalarProduct [k3, e4] = 0;

ScalarProduct [k4, e3] = ScalarProduct [k4, e4] = 0;

ScalarProduct [e1, k3] = ScalarProduct [e2, k3] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct [e1, k4] = ScalarProduct [e2, k4] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct [e3, k1] = ScalarProduct [e4, k2] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct [e3, k2] = ScalarProduct [e4, k1] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, e2] = 1;

ScalarProduct[e3, e4] = −1;

ScalarProduct[e1, e3] =
u

s
;

ScalarProduct[e2, e4] = −u

s
;

ScalarProduct[e1, e4] =
t

s
;

ScalarProduct[e2, e3] = − t

s
;

ScalarProduct[e1, e1] = ScalarProduct[e2, e2] = 0;

ScalarProduct[e3, e3] = ScalarProduct[e4, e4] = 0;

Photon-photon Elastic Scattering Amplitude M++−−

Kinematics

ScalarProduct[k3, k3] = ScalarProduct[k4, k4] = 0;

ScalarProduct[k1, k1] = ScalarProduct[k2, k2] = 0;

ScalarProduct[k1, k2] = ScalarProduct[k3, k4] =
s

2
;

ScalarProduct[k1, k3] = ScalarProduct[k2, k4] = − t

2
;

ScalarProduct[k1, k4] = ScalarProduct[k2, k3] = −u

2
;

ScalarProduct[k1, e1] = ScalarProduct[k1, e2] = 0;

ScalarProduct[k2, e1] = ScalarProduct[k2, e2] = 0;

ScalarProduct[k3, e3] = ScalarProduct[k3, e4] = 0;

ScalarProduct[k4, e3] = ScalarProduct[k4, e4] = 0;
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ScalarProduct[e1, k3] = ScalarProduct[e2, k3] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, k4] = ScalarProduct[e2, k4] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k1] = ScalarProduct[e4, k2] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k2] = ScalarProduct[e4, k1] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, e2] = 1;

ScalarProduct[e3, e4] = −1;

ScalarProduct[e1, e3] =
t

s
;

ScalarProduct[e2, e4] = − t

s
;

ScalarProduct[e1, e4] =
u

s
;

ScalarProduct[e2, e3] = −u

s
;

ScalarProduct[e1, e1] = ScalarProduct[e2, e2] = 0;

ScalarProduct[e3, e3] = ScalarProduct[e4, e4] = 0;

Photon-photon Elastic Scattering Amplitude M+−+−

Kinematics
ScalarProduct[k3, k3] = ScalarProduct[k4, k4] = 0;

ScalarProduct[k1, k1] = ScalarProduct[k2, k2] = 0;

ScalarProduct[k1, k2] = ScalarProduct[k3, k4] =
s

2
;

ScalarProduct[k1, k3] = ScalarProduct[k2, k4] =
−t

2
;

ScalarProduct[k1, k4] = ScalarProduct[k2, k3] =
−u

2
;

ScalarProduct[k1, e1] = ScalarProduct[k1, e2] = 0;

ScalarProduct[k2, e1] = ScalarProduct[k2, e2] = 0;

ScalarProduct[k3, e3] = ScalarProduct[k3, e4] = 0;

ScalarProduct[k4, e3] = ScalarProduct[k4, e4] = 0;

ScalarProduct[e1, k3] = ScalarProduct[e2, k4] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, k4] = ScalarProduct[e2, k3] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k1] = ScalarProduct[e4, k1] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];
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ScalarProduct[e3, k2] = ScalarProduct[e4, k2] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, e2] = ScalarProduct[e3, e4] = 0;

ScalarProduct[e1, e3] =
u

s
;

ScalarProduct[e2, e4] = −u

s
;

ScalarProduct[e1, e4] =
u

s
;

ScalarProduct[e2, e3] = −u

s
;

ScalarProduct[e1, e1] = ScalarProduct[e2, e2] = 0;

ScalarProduct[e3, e3] = ScalarProduct[e4, e4] = 0;

Photon-photon Elastic Scattering Amplitude M+−−+

Kinematics
ScalarProduct[k3, k3] = ScalarProduct[k4, k4] = 0;

ScalarProduct[k1, k1] = ScalarProduct[k2, k2] = 0;

ScalarProduct[k1, k2] = ScalarProduct[k3, k4] =
s

2
;

ScalarProduct[k1, k3] = ScalarProduct[k2, k4] =
−t

2
;

ScalarProduct[k1, k4] = ScalarProduct[k2, k3] =
−u

2
;

ScalarProduct[k1, e1] = ScalarProduct[k1, e2] = 0;

ScalarProduct[k2, e1] = ScalarProduct[k2, e2] = 0;

ScalarProduct[k3, e3] = ScalarProduct[k3, e4] = 0;

ScalarProduct[k4, e3] = ScalarProduct[k4, e4] = 0;

ScalarProduct[e1, k3] = ScalarProduct[e2, k4] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, k4] = ScalarProduct[e2, k3] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k1] = ScalarProduct[e4, k1] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k2] = ScalarProduct[e4, k2] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, e2] = 0;

ScalarProduct[e3, e4] = 0;

ScalarProduct[e1, e3] =
t

s
;
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ScalarProduct[e2, e4] = − t

s
;

ScalarProduct[e1, e4] =
t

s
;

ScalarProduct[e2, e3] = − t

s
;

ScalarProduct[e1, e1] = ScalarProduct[e2, e2] = 0;

Photon-photon Elastic Scattering Amplitude M++−+

Kinematics
ScalarProduct[k3, k3] = ScalarProduct[k4, k4] = 0;

ScalarProduct[k1, k1] = ScalarProduct[k2, k2] = 0;

ScalarProduct[k1, k2] = ScalarProduct[k3, k4] =
s

2
;

ScalarProduct[k1, k3] = ScalarProduct[k2, k4] =
−t

2
;

ScalarProduct[k1, k4] = ScalarProduct[k2, k3] =
−u

2
;

ScalarProduct[k1, e1] = ScalarProduct[k1, e2] = 0;

ScalarProduct[k2, e1] = ScalarProduct[k2, e2] = 0;

ScalarProduct[k3, e3] = ScalarProduct[k3, e4] = 0;

ScalarProduct[k4, e3] = ScalarProduct[k4, e4] = 0;

ScalarProduct[e1, k3] = ScalarProduct[e2, k3] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, k4] = ScalarProduct[e2, k4] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k1] = ScalarProduct[e4, k1] =
Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e3, k2] = ScalarProduct[e4, k2] =
−Sqrt[−1]

Sqrt[2]
∗ ω ∗ Sin[θ];

ScalarProduct[e1, e2] = 1;

ScalarProduct[e3, e4] = 0;

ScalarProduct[e1, e3] =
t

s
;

ScalarProduct[e2, e4] = −u

s
;

ScalarProduct[e1, e4] =
t

s
;

ScalarProduct[e2, e3] = −u

s
;

ScalarProduct[e1, e1] = ScalarProduct[e2, e2] = 0;

ScalarProduct[e3, e3] = ScalarProduct[e4, e4] = 0;
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For Diagram 3.2 (a)

A = FV [k2, τ ] ∗ x1 + FV [k1, τ ] ∗ x2 − FV [k3, τ ] ∗ x3;

Asquare = Contract[A ∗A];

B = 2ScalarProduct [k1, k2] ∗ x2 − 2ScalarProduct [k1, k2] ∗ x3 −m2;

f = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k3] ∗ x3;

g = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k3] ∗ x3 −GS [k2] ;

h = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k3] ∗ x3 −GS [k1]−GS [k2] ;

j = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k3] ∗ x3 −GS [k4] ;

U1 = Asquare− B−m2;

DM1 = Expand
[

U1

m2
− 1

2

(U1 ∗U1)

m4

]
;

DM2 = Expand
[

1

m2
− U1

m4
+

(U1 ∗U1)

m6

]
;

DM3 = Expand
[

1

m4
− 2

U1

m6
+ 3

(U1 ∗U1)

m8

]
;

For Diagram 3.2 (b)

Aprime = FV [k2, τ ] ∗ x1 + FV [k1, τ ] ∗ x2 − FV [k4, τ ] ∗ x3;

Apsquare = Contract[Aprime ∗Aprime];

fprime = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k4] ∗ x3;

gprime = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k4] ∗ x3 −GS [k2] ;

hprime = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k4] ∗ x3 −GS [k1]−GS [k2] ;

jprime = GS [k2] ∗ x1 + GS [k1] ∗ x2 −GS [k4] ∗ x3 −GS [k3] ;

U2 = Apsquare− B−m2;

DM11 = Expand
[

U2

m2
− 1

2

(U2 ∗U2)

m4

]
;

DM22 = Expand
[

1

m2
− U2

m4
+

(U2 ∗U2)

m6

]
;

DM33 = Expand
[

1

m4
− 2

U2

m6
+ 3

(U2 ∗U2)

m8

]
;

For Diagram 3.2 (c)
Adprime = FV [k2, τ ] ∗ x1 − FV [k3, τ ] ∗ x2 + FV [k1, τ ] ∗ x3;

Adpsquare = Contract[Adprime ∗Adprime];
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Bprime = 2ScalarProduct [k3, k2] ∗ x3 − 2ScalarProduct [k3, k2] ∗ x2 −m2;

fdprime = GS [k2] ∗ x1 −GS [k3] ∗ x2 + GS [k1] ∗ x3;

gdprime = GS [k2] ∗ x1 −GS [k3] ∗ x2 + GS [k1] ∗ x3 −GS [k2] ;

hdprime = GS [k2] ∗ x1 −GS [k3] ∗ x2 + GS [k1] ∗ x3 + GS [k3]−GS [k2] ;

jdprime = GS [k2] ∗ x1 −GS [k3] ∗ x2 + GS [k1] ∗ x3 −GS [k4] ;

U3 = Adpsquare− Bprime−m2;

DM111 = Expand
[

U3

m2
− 1

2

(U3 ∗U3)

m4

]
;

DM222 = Expand
[

1

m2
− U3

m4
+

(U3 ∗U3)

m6

]
;

DM333 = Expand
[

1

m4
− 2

U3

m6
+ 3

(U3 ∗U3)

m8

]
;

Amplitude of Diagram 3.2 (a)
T4 = Contract[Tr[DiracGamma[LorentzIndex[λ]].f.DiracGamma[LorentzIndex[ν]].g.

DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[β]]+DiracGamma[LorentzIndex[λ]].f.DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[µ]].h.DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[β]]+DiracGamma[LorentzIndex[λ]].f.DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[β]].

DiracGamma[LorentzIndex[σ]].j+DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[α]].

DiracGamma[LorentzIndex[ν]].g.DiracGamma[LorentzIndex[µ]].h.DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[β]] + DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[α]].

DiracGamma[LorentzIndex[ν]].g.DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[β]].

DiracGamma[LorentzIndex[σ]].j+DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[α]].

DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[β]].DiracGamma[LorentzIndex[µ]].h.

DiracGamma[LorentzIndex[σ]].j] ∗ Pair[LorentzIndex[α],LorentzIndex[β]]];

T5 = Tr[DiracGamma[LorentzIndex[λ]].f.DiracGamma[LorentzIndex[ν]].g.

DiracGamma[LorentzIndex[µ]].h.DiracGamma[LorentzIndex[σ]].j];

T6 = m2Tr[DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[µ]].h.DiracGamma[LorentzIndex[σ]].j+DiracGamma[LorentzIndex[λ]].

DiracGamma[LorentzIndex[ν]].g.DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[σ]].j

+DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[ν]].g.DiracGamma[LorentzIndex[µ]].h.
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DiracGamma[LorentzIndex[σ]]+DiracGamma[LorentzIndex[λ]].f.DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[σ]].j+DiracGamma[LorentzIndex[λ]].

f.DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[µ]].h.DiracGamma[LorentzIndex[σ]]

+DiracGamma[LorentzIndex[λ]].f.DiracGamma[LorentzIndex[ν]].g.DiracGamma[LorentzIndex[µ]].

DiracGamma[LorentzIndex[σ]]];

POLARIZEDAMP1 = −Sqrt[−1] ∗ e∧4 ∗ 1

(4Pi)∧2(
4m4(Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]+

Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[σ]]

− Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[σ]]).DM3

− 8m2(Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[σ]]

+ Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]).DM2

+ 16m2(Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]

+ Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[σ]]

− Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[σ]]).DM2

+ (Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]

+ Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[σ]]

− Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[σ]])(
48

v
− 24 ∗ Log

[
m2
]
− 24 ∗ U1

m2
+ 12 ∗ (U1 ∗U1)

m4
− 24 ∗ c + 24Log[4 ∗ Pi]− 20

)
− 4(Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[σ]]

+ Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[µ],LorentzIndex[ν]])(
12

v
− 6 ∗ Log

[
m2
]
− 6 ∗ U1

m2
+ 3 ∗ (U1 ∗U1)

m4
− 6 ∗ c + 6Log[4 ∗ Pi]− 2

)
+ 8(Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]

+ Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[σ]]

+ Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[σ]])(
2

v
− Log

[
m2
]
− U1

m2
+

1

2
∗ (U1 ∗U1)

m4
− c + Log[4 ∗ Pi]

)
− T4 ∗

1

2
∗DM2 + (T5 + T6) ∗DM3

)
;

M1 = Contract[POLARIZEDAMP1 ∗ FV[e1, µ]FV[e2, ν]FV[e3, σ]FV[e4, λ]];

Amplitude of Diagram 3.2 (b)
T44 = Contract[Tr[DiracGamma[LorentzIndex[σ]].fprime.DiracGamma[LorentzIndex[ν]].gprime.

DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[λ]].

DiracGamma[LorentzIndex[β]]+DiracGamma[LorentzIndex[σ]].fprime.DiracGamma[LorentzIndex[ν]].
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DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[µ]].hprime.DiracGamma[LorentzIndex[λ]].

DiracGamma[LorentzIndex[β]]+DiracGamma[LorentzIndex[σ]].fprime.DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[β]].

DiracGamma[LorentzIndex[λ]].jprime+DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[α]].

DiracGamma[LorentzIndex[ν]].gprime.DiracGamma[LorentzIndex[µ]].hprime.

DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[β]] + DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[ν]].gprime.DiracGamma[LorentzIndex[µ]].

DiracGamma[LorentzIndex[β]].DiracGamma[LorentzIndex[λ]].jprime+DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[β]].

DiracGamma[LorentzIndex[µ]].hprime.DiracGamma[LorentzIndex[λ]].jprime] ∗

Pair[LorentzIndex[α],LorentzIndex[β]]];

T55 = Tr[DiracGamma[LorentzIndex[σ]].fprime.DiracGamma[LorentzIndex[ν]].

gprime.DiracGamma[LorentzIndex[µ]].hprime.DiracGamma[LorentzIndex[λ]].jprime];

T66 = m2Tr[DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[µ]].hprime.DiracGamma[LorentzIndex[λ]].jprime

+DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[ν]].gprime.DiracGamma[LorentzIndex[µ]].

DiracGamma[LorentzIndex[λ]].jprime+DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[ν]].

gprime.DiracGamma[LorentzIndex[µ]].hprime.DiracGamma[LorentzIndex[λ]]

+DiracGamma[LorentzIndex[σ]].fprime.DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[µ]].

DiracGamma[LorentzIndex[λ]].jprime + DiracGamma[LorentzIndex[σ]].fprime.

DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[µ]].hprime.DiracGamma[LorentzIndex[λ]]

+ DiracGamma[LorentzIndex[σ]].fprime.DiracGamma[LorentzIndex[ν]].gprime.

DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[λ]]];

POLARIZEDAMP2 = −Sqrt[−1] ∗ e∧4 ∗ 1

(4Pi)∧2(
4m4(Pair[LorentzIndex[σ],LorentzIndex[λ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]+

Pair[LorentzIndex[σ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[λ]]

− Pair[LorentzIndex[σ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[λ]]) ∗

DM33− 8m2(Pair[LorentzIndex[σ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[λ]]

+ Pair[LorentzIndex[σ],LorentzIndex[λ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]) ∗

DM22 + 16m2(Pair[LorentzIndex[σ],LorentzIndex[λ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]
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+ Pair[LorentzIndex[σ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[λ]]

− Pair[LorentzIndex[σ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[λ]])

∗DM22 + (Pair[LorentzIndex[σ],LorentzIndex[λ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]

+ Pair[LorentzIndex[σ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[λ]]

− Pair[LorentzIndex[σ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[λ]])(
48

v
− 24 ∗ Log

[
m2
]
− 24 ∗ U2

m2
+ 12 ∗ (U2 ∗U2)

m4
− 24 ∗ c + 24Log[4 ∗ Pi]− 20

)
− 4(Pair[LorentzIndex[σ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[λ]]

+ Pair[LorentzIndex[σ],LorentzIndex[λ]]Pair[LorentzIndex[µ],LorentzIndex[ν]])(
12

v
− 6 ∗ Log

[
m2
]
− 6 ∗ U2

m2
+ 3 ∗ (U2 ∗U2)

m4
− 6 ∗ c + 6Log[4 ∗ Pi]− 2

)
+ 8(Pair[LorentzIndex[σ],LorentzIndex[λ]]Pair[LorentzIndex[µ],LorentzIndex[ν]]

+ Pair[LorentzIndex[σ],LorentzIndex[ν]]Pair[LorentzIndex[µ],LorentzIndex[λ]]

+ Pair[LorentzIndex[σ],LorentzIndex[µ]]Pair[LorentzIndex[ν],LorentzIndex[λ]])(
2

v
− Log

[
m2
]
− U2

m2
+

1

2
∗ (U2 ∗U2)

m4
− c + Log[4 ∗ Pi]

)
−T44 ∗

1

2
∗DM22 + (T55 + T66) ∗DM33

)
;

M2 = Contract[POLARIZEDAMP2 ∗ FV[e1, µ]FV[e2, ν]FV[e3, σ]FV[e4, λ]];

Amplitude of Diagram 3.2 (c)
T444 = Contract[Tr[DiracGamma[LorentzIndex[λ]].fdprime.DiracGamma[LorentzIndex[ν]].gdprime.

DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[µ]].

DiracGamma[LorentzIndex[β]]+DiracGamma[LorentzIndex[λ]].fdprime.DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[σ]].hdprime.DiracGamma[LorentzIndex[µ]].

DiracGamma[LorentzIndex[β]]+DiracGamma[LorentzIndex[λ]].fdprime.DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[β]].

DiracGamma[LorentzIndex[µ]].jdprime+DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[α]].

DiracGamma[LorentzIndex[ν]].gdprime.DiracGamma[LorentzIndex[σ]].hdprime.

DiracGamma[LorentzIndex[µ]].DiracGamma[LorentzIndex[β]] + DiracGamma[LorentzIndex[λ]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[ν]].gdprime.DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[β]].DiracGamma[LorentzIndex[µ]].jdprime+DiracGamma[LorentzIndex[λ]].

DiracGamma[LorentzIndex[α]].DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[β]].

DiracGamma[LorentzIndex[σ]].hdprime.DiracGamma[LorentzIndex[µ]].jdprime]

Pair[LorentzIndex[α],LorentzIndex[β]]];

T555 = Tr[DiracGamma[LorentzIndex[λ]].fdprime.DiracGamma[LorentzIndex[ν]].

gdprime.DiracGamma[LorentzIndex[σ]].hdprime.DiracGamma[LorentzIndex[µ]].jdprime];
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T666 = m2Tr[DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[ν]].

DiracGamma[LorentzIndex[σ]].hdprime.DiracGamma[LorentzIndex[µ]].jdprime

+DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[ν]].gdprime.DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[µ]].jdprime+DiracGamma[LorentzIndex[λ]].DiracGamma[LorentzIndex[ν]].

gdprime.DiracGamma[LorentzIndex[σ]].hdprime.DiracGamma[LorentzIndex[µ]]

+DiracGamma[LorentzIndex[λ]].fdprime.DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[σ]].

DiracGamma[LorentzIndex[µ]].jdprime + DiracGamma[LorentzIndex[λ]].fdprime.

DiracGamma[LorentzIndex[ν]].DiracGamma[LorentzIndex[σ]].hdprime.DiracGamma[LorentzIndex[µ]]+

DiracGamma[LorentzIndex[λ]].fdprime.DiracGamma[LorentzIndex[ν]].gdprime.

DiracGamma[LorentzIndex[σ]].DiracGamma[LorentzIndex[µ]]];

POLARIZEDAMP3 = −Sqrt[−1] ∗ e∧4 ∗ 1

(4Pi)∧2(
4m4(Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[σ],LorentzIndex[ν]]+

Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[σ],LorentzIndex[µ]]

− Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[ν],LorentzIndex[µ]]).DM333

− 8m2(Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[σ],LorentzIndex[µ]]

+ Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[σ],LorentzIndex[ν]]).DM222

+ 16m2(Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[σ],LorentzIndex[ν]]

+ Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[σ],LorentzIndex[µ]]

− Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[ν],LorentzIndex[µ]]).DM222

+ (Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[σ],LorentzIndex[ν]]

+ Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[σ],LorentzIndex[µ]]

− Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[ν],LorentzIndex[µ]])(
48

v
− 24 ∗ Log

[
m2
]
− 24 ∗ U3

m2
+ 12 ∗ (U3 ∗U3)

m4
− 24 ∗ c + 24Log[4 ∗ Pi]− 20

)
− 4(Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[σ],LorentzIndex[µ]]

+ Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[σ],LorentzIndex[ν]])(
12

v
− 6 ∗ Log

[
m2
]
− 6 ∗ U3

m2
+ 3 ∗ (U3 ∗U3)

m4
− 6 ∗ c + 6Log[4 ∗ Pi]− 2

)
+ 8(Pair[LorentzIndex[λ],LorentzIndex[µ]]Pair[LorentzIndex[σ],LorentzIndex[ν]]

+ Pair[LorentzIndex[λ],LorentzIndex[ν]]Pair[LorentzIndex[σ],LorentzIndex[µ]]

+ Pair[LorentzIndex[λ],LorentzIndex[σ]]Pair[LorentzIndex[ν],LorentzIndex[µ]])(
2

v
− Log

[
m2
]
− U3

m2
+

1

2
∗ (U3 ∗U3)

m4
− c + Log[4 ∗ Pi]

)
−T444 ∗

1

2
∗DM222 + (T555 + T666) ∗DM333

)
;

M3 = Contract[POLARIZEDAMP3 ∗ FV[e1, µ]FV[e2, ν]FV[e3, σ]FV[e4, λ]];
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Total Amplitude

M = M1 + M2 + M3;

MEXP = Expand[M];

MSIMPLIFIED = MEXP/.
1

m8
→ 0;

MMORSIMPLIFIED = MSIMPLIFIED/.
1

m6
→ 0;

MINTEGRATED = Integrate [MMORSIMPLIFIED, {x1, 0, 1} , {x2, 0, x1} , {x3, 0, x2}] ;

s = 4w2;

t = −2w2(1− Cos[θ]);

u = −2w2(1 + Cos[θ]);

Mf = Simplify[MINTEGRATED]
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