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Abstract

I have reviewed the centrifugal force reversal near a Schwarzschild black hole that
was first proposed and explained by Abramowicz. There would be an expected
centrifugal breakup near a neutron star but Abramowicz had proposed a mecha-
nism which instead of providing centrifugal breakup, will bind the star better. The
neutron star, thus, becomes stable rather than tearing apart. Here, the relativistic
centrifugal force near a Schwarzschild black hole has been reviewed and we have not
studied the breakdown near the neutron star. It can be studied for further research.
This would take us forward, to see the problems related to the rotating fluid and its

behavior near the strong gravitational fields.
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Chapter 1
Introduction

“In the deathless boredom of sidereal calm, we cry with regret for a lost sun..”
Jean de La Vile de Mirmont, L’Horizon Chimérique 1920.

Astrophysics is a branch of science that uses the laws of physics in order to
explain the birth, composition, life, and death of the stars, nebulae, galaxies and
other stellar objects.

Stars change their composition slowly by fusing lower atomic number elements
into higher ones. This process is called stellar evolution. The rate of stellar evolution
varies with the mass of the star. A more massive star evolves faster because of the
stronger gravity; the reason being the universal law of gravity that the amount of
gravity a body possesses is proportional to its mass. The pressure and temperature
increase as the pull of stronger gravity compresses the core of the star, which in turn
increases the rate of fusion [1]. We will find the condition of hydrostatic equilibrium,
which is required to balance the thermal pressure and the gravitational force of the
star. The non-degenerate and degenerate equations of state of a star and the virial
theorem will be discussed while explaining stellar structure.

Stellar objects include compact stars, which are said to be born from the ashes
of luminous stars and are the most dense objects in the universe. The life cycle of
stars is similar to the life cycle of humans, though the ages of stars depend on their

masses. The death of massive stars, however, is much more dramatic. It can end



up in an enormous explosion and outshine an entire galaxy for several weeks. This
is called a supernova.

Hydrogen burning is the first equilibrium state in stellar evolution. For this
state, the star must have a minimum mass of 0.08 M, where M, is the solar mass
1.99 x 103°kg. Stars lighter than this mass are called brown dwarfs. We will explain
these stars in Section 1.2.3. During this whole period of hydrogen burning, the star
is on the main sequence in the Hurtzsprung-Russel diagram (discussed in detail in
Section 1.2). When the fusion of hydrogen into helium is completed and the star
runs out of hydrogen, it will contract and become even hotter with contraction.
Here, nucleosynthesis and the virial theorem play their role for energy production in
stars. After the main sequence phase, the core of the star continues to contract. The
expansion of the outer layers of the star makes it a red giant star and the electron
gas in the core becomes degenerate. The degeneracy pressure is able to withstand
further contraction if M < 0.5M. Stars heavier than 6M, attain a temperature
8 x 10® °K, at this point helium fusion sets in. But after this process, the depletion
of helium causes further contraction of the star core and the fusion to carbon and
then to oxygen continues. The star losses its enormous mass in these shell burning
stages. Stars with an initial mass below ~ 6M, are said to lose enough mass, to
bring it below the Chandrasekhar limit of 1.44 M. These stars will end their life
as white dwarfs. In cores, larger than the Chandrasekhar limit, the electrons that
have established the electron degeneracy pressure would become ultra relativistic
and the thermal pressure will not withstand the gravitational force. Unable to
reach equilibrium, the star collapses. This marks the beginning of a neutron star.
The core continues to collapse past the electron degeneracy state and the matter
continues to heat up due to the release of potential energy, there is an inverse beta

decay reaction in the core:
pT+e +1.36MeV — n+ 1. (1.0.1)

During this process, there seems to be a possibility that electrons can regenerate

through beta decay because neutrons generated through such processes can be un-



stable. This does not happen. Following Pauli’s exclusion principle, the degenerate
electron gas has already filled all the available energy states and electrons less than
13.6 MeV energy cannot be formed. So, the generated neutrons are now stable.
Further increase in energy enhances the inverse beta decay, which increases the neu-
trino emission. Meanwhile, the neutron degeneracy pressure has built up to halt
the collapse and maintain an equilibrium. Before reaching the equilibrium state,
if the core mass increases and exceeds the Chandrasekhar limit, then the star may
collapse into a black hole. This collapse can also be possible due to the reversal of
centrifugal force near a Schwarzschild black hole.

In Chapter 1, we will present the basics of Astronomy. Then, in Chapter 2,
we will discuss stellar structure. In Chapter 3, the degenerate white dwarf stars
and then the neutron stars degeneracy will be discussed. Chapter 4 will describe
Abramowicz’s relativistic centrifugal force where we will discuss the centrifugal force

reversal near a Schwarzschild black hole.

1.1 Energy Production in Stars

Nucleosynthesis is the process in which stars fuse lower atomic number elements into
higher ones. Two chain reactions that are supposed to produce most of the heavier
elements up to iron were considered by Hans Bethe in 1939 [2, 3|. Before explaining
the two chain reactions, let’s discuss what happens when the stellar core runs out

of hydrogen, through the use of virial theorem:

1 1
Et = —E(Ep) 3 Etot = Ep + Et = iEp’ (111)

where E, E, and E}, are the thermal, potential and the total energies of the star,
respectively (E, < 0). Now total energy will decrease because the energy production
through nuclear fusion diminishes. Hence, with the decrease in E,, E; increases.
The stellar core contracts (E, decreases), and the density and temperature will rise
(E; increases, adiabatic compression). The star spends half of the potential energy

liberated in compression and the other half goes in the radiative losses.



1.1.1 The Proton-Proton Chain

In the proton-proton chain reactions, four protons are utilized to form an alpha
particle (helium nucleus). These reactions take place at a temperature of T =
15 x 10° °K (which corresponds to 13.6 €V, the ionization energy of hydrogen),
in the central regions of the Sun. At such temperatures, the gases are completely
ionized. This chain starts from two hydrogen nuclei, which interact to form an
intermediate state and then, decays into a deuteron, an electron neutrino, and a

positron [4], as follows
1H1 +1 Hl — 1H2+I/e+€+. (112)

The ejected positron et will find and annihilate any nearby e~ associated with one
of the input hydrogens, to produce two photons e~ + et — 2v, which are then
absorbed to give translational energy to two atoms. The two gamma rays would
have the energy of about 2m.c® i.e., 1.02MeV [4]. This energy and the kinetic

energy of the deuteron contribute to the internal thermal energy of stars.

1H2 +1 I’I1 — 2H€3+’)/. (113)

The striking photon with a deuteron gives an isotope of ; He? and a gamma. It may

proceed now, in either two of the following reactions:

WHY +5 He® — He' + v, + et (1.1.4)

or

2H€3 +2 H€3—> 2H64 +1 Hl +1 Hl. (115)
So, four protons synthesize to form a helium nuclei as follows
4,H = JHe* +2v,+2 et (1.1.6)

During all these reactions the conservation of charge, lepton number (the quan-
tum number for the leptons i.e. e, u,7,... and their anti-particles) and baryon

number (the quantum number for baryons, i.e. n,p, A, %, ...) is conserved.
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1.1.2 The CNO Cycle

Another route can be taken in the synthesis of helium. It is the Carbon-Nitrogen-
Oxygen (CNO) cycle. The reactions of this cycle involve carbon, nitrogen and
oxygen nuclei to create a helium nucleus from four protons. The process starts by
making use of the carbon present in the core of the stars. This process occurs at
higher temperatures of about 7' [4]. In this process carbon, nitrogen and oxygen

work as catalysts. The following six reactions occur [5]

C? 4+ H' - NB4~y41.94MeV,
NB & OB 4 et 4.+ 1.51MeV,
CB 4+ H' - NY 44 7.54MeV,
NY 4+ H' - OY 4+~ +7.29MeV,
OY — NY et + v, +1.76MeV,
N¥ + H' — C"™ + He* +4.96MeV,
25.00MeV.

The p-p chain is less sensitive to temperature as compared to the CNO cycle. At
lower central temperatures (7. < T), the CNO cycle gets dominated by a p-p chain
and in higher central temperatures the CNO cycles dominate over the p-p chain.
The stars with mass M < Mg, p-p chain reaction becomes their main channel for
energy production and for stars with masses M > M, the CNO cycle becomes their

main source for energy generation [3].

1.2 Classification of Stars

The stars spread over the night sky are mostly Main Sequence stars. Like our Sun,
these stars are burning hydrogen to helium in their cores. The classification of
stars is based on their spectral characteristics and generation. Their spectra are

basically the graphs of intensity plotted against the wavelength. In this section, we



will discuss some spectral properties and how the stars live on the main sequence

according to Hurtzsprung-Russel diagram.

1.2.1 Spectral Types of Stars

Stars are also classified based on their emission (a series of bright spectrum lines)
or absorption (a series of dark spectrum lines) line spectrum. The absorption lines
are related to the surface temperature of the star. Most of the stars are classified by
temperature (spectral type) from hottest to coolest. The spectral type, based on the
Morgan-Keenan (MK) system where O, B, A, F, G, K, M, run from the hot massive
O stars with helium absorption lines to cool M stars with the metallic spectral lines,
respectively [3]. These categories are further sub-divided into subclasses from 0 to

9, with A0 to be hotter than Al and similarly, B2 hotter than B3.

1.2.2 Hurtzsprung-Russel Diagram

In 1911 two astronomers, Ejnar Hurtzsprung and Henry Norris Russell, at Prince-
ton University, independently plotted a graph showing a relationship between the
logarithmic effective temperatures and the logarithmic luminosities of stars. On the
x-axis (the horizontal axis) the quantity measuring the temperatures of the stars
was plotted and the y-axis shows the quantity that measured the intrinsic bright-
ness of stars. The diagram is known as the H-R diagram and is a very important
analytic tool for the astronomers. The location of a star on the H-R diagram tells
its luminosity, temperature, color, spectral type, mass, chemical composition and
the evolutionary history.

Plotting these stars on the H-R diagram shown in Figure (1.1), the astronomers
found that most of the stars were concentrated in a limited diagonal region rather
than spreading out on the whole graph. Stretching from the upper left (hot O and
B) to the lower right (cool and faint red M stars), this band contains almost 90
percent of the stars on it, that burn hydrogen in their cores. This band is called

main sequence or dwarf sequence, extending from an absolute magnitude of about



-7 or -8 to +15 [6]. The temperature range is more than 3,000 °K to 30,000 °K and

the luminosity and surface temperatures lie in this large range steadily.

J"S..U_.__PEFIGIANTS . Be
- -

J(:ampu Anits
olaris

Figure 1.1: The H-R diagram (Courtesy ESO).

The luminous hottest stars lie on the upper left side of the diagram, thus the
temperature increases from right to left. Also, since the brightest stars are on the
top, magnitude decreases towards the top. The low luminosity and least massive,

cool stars lie on the lower right side of the H-R diagram.

The Magnitude Scale

Hipparchus the Greek astronomer, recorded the brightness scale of stars. He ranked
stars into magnitudes of 1 to 6, according to brightness. The first magnitude goes to

the brightest star, second for the less bright and so on, till the sixth magnitude for



the dimmest stars. Modern measurements show that the difference between the first
and sixth magnitude represents a brightness ratio of 100 (100'/®> = 2.512). Hence,
each magnitude is 2.512 times brighter than the other [7]. The ratio of brightness

of one object to the second can be given by

Bi_ jgpo2ma-m) (1.2.1)
By

the magnitude m; of one object can be found by comparing its brightness by the

brightness of an other object with a known magnitude (ms). So

B
me =mi + 2.5 logy (ﬁ) (1.2.2)
2

How bright a star seems from the earth, depends upon its distance from the earth
and its intrinsic brightness. The luminosity of a star is a measure of the total amount
of energy that is radiated from its surface in one second. It is expressed in terms
of the luminosity of the Sun and is measured by the star’s absolute total bolometric
magnitude. Thus, considering My, as the absolute magnitude and L the luminosity

of the star, the following relation holds
Lg
Mbol - Mbol@ =25 10g T, (123)
where My, > and Lg are the Sun’s bolometric magnitude and luminosity, respec-
tively.
Radius and Luminosity of Star

The total luminosity or the bolometric magnitude of a star can be expressed in terms
of effective temperature by the relation, one can also find the value of radius if the

temperature of the stellar photosphere is known.

where 4772 is the surface area of the star and ¢ is the Stefen Boltzman’s constant.
This relation (1.2.4), is known as the Luminosity-Radius-Temperature relation for

stars and the temperature T,¢; is known as the effective temperature. The effective
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temperature can be defined as the temperature of a black body with the same energy
flux at the surface of the star. This formula gives the amount of the total radiant
energy passing per second through the entire surface of the star.

There exists another branch of stars with lower effective temperatures, high
luminosity and larger radii extending from F' to M spectral type, these occupy
the upper right corner of the H-R diagram. These are called giants. They are
intrinsically brighter than the main sequence stars because their luminosities are

even larger than the stars of their spectral type.

Giants and Supergiants

Upwards to the right of the main sequence, the stars that fuse higher atomic number
elements than hydrogen, are giants. These stars have relatively larger radii and are
intrinsically brighter than other dwarf stars on the main sequence. Because of the
larger radiating area, these giant stars are more luminous than the dwarfs of the
same spectral classes and their absolute magnitudes range from -1.0 to +1.0. Then,
above these giant stars, there are super giants, that are brighter than the giant stars.
Within a sparse distribution, super giants have magnitudes ranges from -3.0 to -0.8.

Spectral lines can show different characteristics within the same spectral type
or temperature. So, the second type of classification system for stars was devised
using luminosity. Two stars with similar effective surface temperatures but different

luminosities must differ in size.

Luminosity Classes

Stars can also be divided into luminosity Classes -V on the H-R diagram. The
complete classification of stars can be obtained by specifying both the luminosity
and the spectral type classes. Class I stars are called supergiants, Class II and III

stars are giants, Class IV stars are subgiants, Class V stars are dwarfs.



1.2.3 Dwarf Stars

Small faint objects, that lie below (to the lower left corner of) the main sequence,
of the classes from middle B to G with absolute magnitudes ranging from +10.0
to +15.0, are called white dwarf stars [1, 7]. Then, there are small hot stars,
containing few elements heavier than helium and having lower luminosity than the
main sequence stars of similar temperature or same spectral type, these are the sub
dwarfs. The region in the diagram between the main sequence and the giant branch,

which is free from stars, is called the Hertzsprung gap.

Brown Dwarf Stars

Those astronomical objects that are less than the minimum mass for a star are called
brown dwarfs. These bodies are too small to become stars as they would never
develop enough pressure, density and high temperature (T'), to initiate hydrogen
fusion in the core of the star. They are too large to be regarded as planets. Before
reaching this mass limit, the compression and gravitational balance continue to cause
radiation to the point where its virial temperature becomes equal to the microwave
background temperature when it will be in equilibrium. This equilibrium condition
will halt any further compression because now the potential will be at its minimum
between any pair of atoms, so no further collapse is possible and the star at this
point becomes non-radiating.

These stars are labeled with spectral types L and T'. In order to observe these

stars infrared telescopes are used.

1.2.4 Compact Stars

Compact stars are said to be the last stage of the stellar course. When all the
elements up to iron get exhausted in nucleosynthesis, these stars are left with a
sea of electrons in their core. They remain stable, by balancing the gravitational
pressure with the Fermi degeneracy pressure of electrons [1].

Any star with a mass between 3 and 10 My will become a red giant with a

10



white dwarf core, in about a million years, then eject the outer part and become a
neutron star [8]. White dwarf star is a small ~ (0.002-0.08) R, (where R is the
solar radius 6.95 x10®m) dense star [9], with mass less than the Chandrasekhar limit
i.e, M.,=1.4Mg (and for a cold star this limit is M.,=0.7M). The Chandrasekhar
mass is the maximum stellar mass that can be supported by degenerate electron
pressure [10].

When a white dwarf has cooled down to the temperature of the cosmic back-
ground radiation, it would not radiate energy or emit light. Now, it would become
a cold dwarf star known as black dwarf.

The stars with a mass between 1.4-3.2M and a radius of 10 km are Neutron
stars. For masses greater than the critical mass (of 3.2 My), a neutron star in a
binary system must become a black-hole [8]. Neutron stars are formed from the
massive stars that are energetic enough to fuse elements up to iron. When iron is
formed, it gets deposited in the core and a rapid increase in density starts which, in
turn, contracts the core inwards. The rise in temperature, due to this whole activity

and the increased density, allows electron capture in the core.
pT e & n+ .. (1.2.5)

Neutron stars are extremely dense objects, their gravity is strong enough to signif-
icantly bend light, from another star, in a process known as gravitational lensing.
The supernova explosion which is the cause of the formation of a neutron star gives
it a rapid rotation. Neutron stars are found spinning with extreme magnetic fields

known as pulsars or magnetars.

1.2.5 Binary Stars

Stars that do not travel alone but have one or more gravitationally bound companion
with them are called star systems. These stars orbit around their common center of
mass. Binary systems allow the direct measurement of mass. In order to examine,
how such systems determine the mass, there is a need to explore some aspects of

the Keplerian two-body problem, which explains the motion of two stars that are
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orbiting around their common center of mass in elliptical trajectories. The two

orbiting masses have the center of mass where
r1miy = oMo, (126)

where a is the separation between the masses, a = r1 + 7o,

mao
= —(a— 1.2.7
(A m ((I Tl)a ( )
or
T = _ ™ and ro = M, (1.2.8)
my + ma my + ma

From these two masses, each is subjected to a mutual gravitational attraction and
orbit around their common center of mass with an angular frequency w. So, the

equation of motion for the first mass comes out to be,

Gm1m2

, (1.2.9)

m1w27’1 = 5
a

where G is the gravitational constant and w = 2x/P, now substituting r; from

equation 1.2.8, this becomes Kepler’s law:

Wt = G(ml—w (1.2.10)
a

This law can be used to deduce the stellar masses, as in the case of the Sun. In

above equation P = 27 /w is the orbital period, which is 1 year for the Sun. The

mass of the Earth is taken negligible as compared to the Sun. The above equation

becomes ) 3 5 3
wa 4m4a
M, ~ = — 1.2.11
© G PG ( )
4(3.14)%(1.5 x 10 m)3
M, = (3.14)(1.5 x 10" m) = 2.0 x 10%kg. (1.2.12)

(3.15 x 1075)2(6.67 x 10~ 1m3kg—1s72)

Visual Binary

A visual binary is a system of two or more stars that which are resolved as individual

stars with the use of a telescope. In the visual binary, the mass of each component

12
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Figure 1.2: A binary system with masses m; and msy orbiting in circle at their
common center of mass, with radii 7, and r, from their common center of mass,

respectively.

mz

e

my

Figure 1.3: A binary system with masses m; and ms orbiting in circle at their
common center of mass, at a distance d, with radii r; and 7y from their common

center of mass, respectively.

can be found. Consider two stars with masses m; and ms, orbiting around their

common center of mass.
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my T2 a2

== (1.2.13)
where r; and ry are the distances from the common center of mass and a; and a9 are
the semi-major axis of the elliptical orbit (referring to Figure (1.2)). If the distances
r1 and ry subtend angle 0, = r;/d and 0y = r9/d at the star’s distance d (Figure

(1.3)), then the mass ratio becomes

mq 92d . 2

— === 1.2.14
mo Qld T1 ( )
If d is known then we can deduce individual masses using Kepler’s law.
472a3
PP 1.2.15
G(m1 + mz) ( )

From the measurement of the period P which is the same for both orbits and the
semi-major axis a = a; + ao of the binary stars, the sum of the masses of the stars

can be obtained.

Spectroscopic Binary

While studying the spectrum of a star, the spectral lines oscillate periodically about
the average wavelength. The variations in the spectrum (which is the resultant we
get from the superposition of the spectral features of two stars) are caused by the
Doppler shift [7]. When the star, while moving in its orbit appears to come towards
the observer, a shorter wavelength will appear and when it moves away from that
observer, longer wavelength is appears. In a double-lined spectroscopic binary, the
maximum blue and red shifts we measure are the lower limits of the true velocities.
This is because of the unknown inclination ¢ of the orbital plane to the line of sight.

The true orbital and the Doppler velocity amplitudes are related as
Vip = U1SIN 1 Vg = USIN 1. (1.2.16)

When the eccentricities are small ¢ < 1, the orbital speed becomes a constant

i.e. v =2ma/P, where P is the period and the semi-major axis a is now the radius.
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Substituting in equation (1.2.13) we get

my_ Pu/2r v

= = 1.2.17
mo PU1/27T ’01’ ( )

or, in terms of observables,

my_ Va/Sini _ Vs (1.2.18)

me v /sin i vy,
Thus, the mass ratio can be deduced independently of the unknown inclination,
same as in the case of visual binary. However, in order to find the sum of the masses
of a spectroscopic binary we require the inclination angle ¢, by replacing a with
a=a;+ ap in (1.2.15), we get

P
a; + as = %(’01 + 'UQ). (1219)

Substituting this in equation (1.2.15) and solving for the sum of masses we obtain

P
(v1 + v2)?, (1.2.20)

m1+m2:27TG

this sum of masses in terms of observables become

P U1y V2 >3
= 1.2.21
M e oG (sm i + sini/ ' ( )

or

P (vlr + U2r)3
2rG sindi

When the spectrum of one of the stars in the pair is observed the periodic

variations indicate the presence of an unseen companion star, this is a single-lined
spectroscopic binary. This might happen when one of the stars in the binary is much
fainter than the primary star i.e, a compact star (a neutron star or a black hole).
Another possibility occurs, if the companion (faint star) is a planet. In either of
these cases above, a single-lined spectrum is obtained. By studying this spectrum,
we will not be able to measure v, but we can substitute the relation (1.2.18) in
equation (1.2.22) to obtain

P (v, + Ulrm1/m2)3
217G sin3i

: (1.2.23)

m1+m2:

15



or
3

P vy mp\3
- Y (4 —) . 1.2.24
My My 2nG sz’n3i< + ( )

This can be rearranged in the following form

3

ms 3. P
2 = 3. 1.2.25
(my + m2)25m ! 27TGUM ( )

If the mass of one of the companion stars is unknown, then from the left hand side
of this equation, we can get the mass m; of the unseen component. If the condition
me << my is satisfied, which happens in cases where secondary component of a
spectroscopic binary is a planet, then my +my &~ my. Substituting (m; + msq &~ my)

in equation (1.2.25) we get

P
misin’i = ——v? m?. (1.2.26)
7T

The above relation can be used in order to find extra-solar planets.

Interacting Binary

Before discussing the interacting binaries, there are three possible cases which can
be discussed. In the first case, we have stars that are close and gravitationally bound
but can only interact through the light. This interaction appears to be very slow
as no matter flows from one star to the other. In the second case, the stars are
like our Sun, where the solar winds can take the matter with them. This case has
its own limitations because this case includes self-interaction but such stars have
not studied yet. Third, is the case of a binary system where one of the stars is a
collapsed star and is gravitationally bound to the companion normal or giant star.
Both the stars are lying so close that the collapsed star can accrete matter from its
companion giant star. Further process and details will be discussed in this section.

Some stars are powered by the accretion of matter onto a gravitational potential
well from companion stars. This category includes interacting binaries, pre-main
sequence stars, quasars and possibly some supernovae or gamma-ray bursts. These

stars are not the normal luminous stars that survive through nuclear burning [10].
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The spin axis and orbital plane axis of the stars with circular orbits are aligned
parallel to each other. Each star completes a single rotation about its axis once per
orbit, in this way, each star will always see the same side of one another. At small
distances, the action of tidal forces exerted by stars on each other can be observed.
Consider the action of a force which is exerted on the mass element m on the surface

of the star at Ar from the center, which is due to the star of mass M; itself,

GMlm
Fgr(w - _A—')“Q (1227)
Now, the tidal force on this mass element due to the star M,
F, G M. ( ! ! ) (1.2.28)
idal — — m\— — 77— 5 | -4
tidal 202 (r 4+ Ar)?
now assuming Ar < r,
2G MomA
Friu ~ =220 (1.2.29)
r
then the ratio comes out to be
Fiiqal My ( Ary3
— 2—(—) . 1.2.30
Fgr(w Ml r ( )

The fraction Ar/r gives us the distortion of shapes of the stars, if the factor Ar/r is
large, stars will have large distortions. The distorted shape may come up to be two
ovals pointing at each other in such a way that they make a horizontal 8. There are
two phases; the tidally locked phase and is not tidally locked yet. Tidal locking is
the phenomena which occur when an object’s orbital period matches its rotational
period [10].

In this phase, when stars are not tidally locked, the orbiting stars may lose energy
due to friction during shape deformation of stars.

Once the tidally locked state is attained, the state seemed to be stationary in
the reference frame of the rotating binary system at the same frequency. For a
specific isopotential surface, the stars form crossed lobes which connect at a single

point between the two stars, making a figure 8 (referring to Figure 1.4). These
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accretion M,

Figure 1.4: The figure on the left side, shows the interacting binaries, where the
dotted curves show the equipotential surfaces, in the co-rotating reference frame of
a binary system. The figure on the right side shows two stars (primary at left and
secondary at right) where the secondary star fills its Roche lobe. The matter flows
through the point L; and falls onto the primary. The primary star now becomes a

compact star [10].

are called Roche Lobes. The point where the lobes connect is known as the first
Lagrange point, L; (Figure (1.4)). It is defined as the equilibrium point because
the gravitational forces of the two stars and the centrifugal forces in the rotating
frame, due to the rotation about the center of mass, sum up to zero. There are
three possible interacting binaries if the matter falls onto the companion through
the Roche lobe: the detached binary, neither of the stars fill the Roche lobe and both
are spherical in shape; the semi-detached binary, one of the stars fills the Roche lobe
and the stars are egg-shaped; the contact binary, both the stars fill their Roche
lobes, simultaneously and connect physically through the point L.

Now, discussing the third case where the stars are relatively closer than the other
two cases. The observer in the inertial reference frame will observe that the angular
momentum of the accreted matter and system’s orbital angular momentum will have
the same direction. In rotating reference frame this accreting matter when falling on
the receiving star, will experience a Coriolis force. A compact (receiving) star will
not take up the accreted matter directly onto its surface but the accreted matter

will rather start orbiting the compact star making an accretion disk around it.
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1.2.6 Variable Stars

The brightness of variable stars fluctuates either regularly or irregularly with respect
to time. The plot exhibiting the brightness of a star (its magnitude) versus time is
called a light curve [1, 7). The comparison of light curves at different wavelengths
can be of great use i.e, to find the physical properties of emitting sources.

Change in the brightness of a star as we have studied earlier might be caused due
to the presence of its companion star eclipsing around the star under consideration.
But individual stars can vary in brightness on their own. The brightness of a star
is dependent on extrinsic or intrinsic factors. So variable stars may be divided into
two broad groups: (a) extrinsic variables (b) intrinsic variables. Intrinsic variables
can further be divided into two categories: (1) pulsating variables, (2) exploding

and eruptive variables.

Eclipsing Binary

The eclipsing binary is a type of an extrinsic variable star whose luminosity changes
due to the stars eclipsing around each other [7]. Algol’s brightness varies periodically
with a period of about 3 days. When the spectrum of Algol was read, it became clear
that it was not a single star as considered before but an eclipsing binary. When the
second star blocks the first or re-emerges forming an eclipse around it, a change in
the brightness of the star occurs relative to an observer. The amount of time required
for the stars to orbit around each other is the binary period. Above mentioned are
the conditions under which eclipses are possible. When the binary’s orbital plane
and the line of sight are perpendicular to each other, no eclipse occurs. The eclipse
is total or annular when the line of sight and the orbital plane are lined up to each
other. The probability of partial eclipses is more than the above-mentioned cases,
which may occur when both orbital plane and line of sight are inclined to any other
angle [6].

A light curve is obtained in order to classify a system as an eclipsing binary.

From the detailed observations and calculations of this light curve, the astronomers
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may get the orientation, eccentricity and the inclination of the star.

When the smaller of the two stars move behind its companion bigger star, it is
occluded and light is reduced, which can be exhibited on the light curve. Now, it is
the light from the bigger star which can only be observed by the observer. There
might be two eclipses that can be observed, Primary and Secondary (based on their
spectral type which is the measure of temperature or stellar color). This determines
that the energy outflow per unit area from the stellar surface as explained by the
Stefen Boltzmann’s law, L oc T% in the blackbody. The hotter star radiates more
energy per unit area than the cooler star. So, when the hotter is occluded by the
cooler than this is a primary eclipse as more flux is being blocked than in the case
of the cooler star being eclipsed by the hotter, which is the secondary eclipse.

The stars in the binary may be compared with respect to their brightness, less
bright and the more bright stars. The star that outshines more than the other star
in a binary system is called the primary and the other star is the secondary. The
companion of Sirius A that is 10* times fainter than Sirius-A was found, which is a

white dwarf, Sirius-B.

Intrinsic Variable Stars

The luminosity of a star changes due to internal changes; its contraction or expan-
sion, throughout its life [7].

In a normal star, variations occur due to some flares or in some cases due to
the accretion of matter from a companion star. This can also occur due to the
variations in the intensity the of the star, caused due to microlensing. Another
case is the presence of unstable stars that pulsate in a rhythmic manner. These
pulsations are observed by the periodic variation of light that they emit. The most
well-known stars of this kind are Cepheid variables that have very stable pulsation

periods.

Cepheid Variable Stars Cepheid stars are a type of intrinsic variable stars. In

comparison to the stellar evolution time scales (which run into millions and billions
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of years), these stars are relatively fast in periods, from days to months [11]. These
stars regularly pulsate in size. This pulsating results in the changing brightness
of these stars with a clock like regularity [12]. The period of Cepheid stars varies
in a direct proportion to their absolute luminosities (brightness). The distance of
such stars can be measured by comparing the apparent and absolute luminosities.
The decreasing size increases the brightness and vice versa. The change in internal
pressure may cause the effect of expansion and contraction of these pulsating stars.
Various pulsating theories were presented but a Russian Astrophysicist claimed that
these mechanical Cepheids can be maintained by pumping energy in the critical zone
of ionization of some element. His investigations revealed that hydrogen ionization
fails to excite such auto-pulsations due to the non-adiabatic nature of oscillations
[6]. Tt was suggested that in the inner regions of the star, an ionized helium layer
is present, which is compressed by the outer layers. When this ionized helium is
compressed, it becomes opaque and in turn starts absorbing radiations from the
core. This increases internal pressure due to the increased temperature and the
star starts expanding outwards. The pressure is released as the star expand, thus,
allowing the star to start this procedure again. The layer of ionized helium cannot
be defined, where exactly it lies, but it cannot be too close to the core or to the

photosphere otherwise, the star will not pulsate [7].

Exploding Variable Stars

The type of variable stars which flare up suddenly and sometimes explode are the
Novae and Supernovae. Novae undergo occasional outburst, these are generally faint

sub-dwarf stars that suddenly flare up to high luminosities.

Novae At the time of an outburst, the luminosity of a star becomes a million
times greater than that of the original star. The total energy emitted in a nova is
~ 10%%erg. There are also some novae whose outburst repeat after some years, these
are known as recurrent novae. Kukerkin and Parenago derived a formula which

relates the time-interval P and the amplitude A between two consecutive maxima
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of a recurrent nova [6]

A =0.80 + 1.667 log P. (1.2.31)

Supernovae The explosive death of a star is a Supernova, in which the cores of
massive stars have burned everything into iron and nickel. The nuclei of stars heavier
than nickel were thought to be formed in these explosions. Muslims from Baghdad,
Chinese, South Americans and many others observed the nova in 1054 A.D, now
recognized as a Supernova named by Zwicky and Baade in 1934 [5]. It was seen
that there was an abrupt increase in the brightness of a star undergoing Supernova
explosion and this brightness may increase by 20 more magnitudes [13]. Any star
whose mass exceeds Chandrasekhar limit of 1.4 M, can explode as a supernova.

The total energy emitted in a supernova explosion is 2> 10°! erg.

Types of Supernova Supernovae are extremely bright explosions having -17 av-

erage absolute magnitude. These can be defined in two types: Type I; Type II.

Type I Supernova The Type I supernovas are characterized by the absence of
hydrogen lines in their spectra whereas, the Type I supernovas do show prominent
hydrogen spectra. As explained earlier, in an interacting binary, a dwarf star accu-
mulates matter from its companion massive star. When the dwarf star gets enough
mass which is needed to start the fusion of carbon, the reaction starts in the core.
This builds a pressure and the core starts pushing it outwards. At the point when
the outward fusion achieves enormous speed, exceeding the speed of sound, the star

explodes [13]. This is also known as T hermonuclear Supernova.

Type II Supernova It occurs only in spiral galaxies, near the spiral arms. Unlike
Typel, these explosions are due to the death of a single star, when a massive star
(8-12 M) burns out all the fuel present in its core and reached the endpoint of
stellar evolution, it explodes. The nuclear burning of lower atomic number elements

to higher atomic number elements can take some years, oxygen and magnesium
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burning could take 103 years, whereas, to burn silicon and sulfur into iron, it will

take a few days, only. These are also called C'ore — Collapse Supernovae.
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Chapter 2
Stellar Structure

The stellar structure explains basic rules and phenomena, on which the star’s whole
lifespan depends. In this Chapter, I am going to derive and explain basic equations,

theorems, and equilibrium conditions, governing stellar structure.

2.1 Self-Gravitating Objects

A star can be defined as an object that radiates energy from an internal source and
is bound by its own gravity. The potential energy of a self-gravitating body with
mass M and radius R is U ~ —(GM?/R). If this body is in equilibrium through
the balance of gas pressure and gravity, the virial theorem implies that it will have
a temperature T ~ (GM?/R), that is, T ~ (GMm,/kgR), where m, is the mass
of the proton (1.672x1072*g) and kp is the Boltzmann constant (1.380x107!6 erg
K™1). For a sufficiently large value of M/R, this temperature can be high enough to
ignite nuclear reactions at the core of the body. The nuclear energy generated near
the core will be transported by radiation and convection towards the outer layers
and will eventually escape the body. This will establish a temperature gradient in
the body such that in steady state, the energy produced by the nuclear reactions is
equal to the energy radiated by the star [9].
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m+dm

Figure 2.1: The figure shows a spherically symmetric system of radius r» and mass
m. The arrows show the acting forces, i.e. the gravitational force acting inwards

and the pressure acting outwards.

2.2 Hydrostatic Equilibrium

To understand the equilibrium conditions, let us first see the collapse criterion. Stars
form from the diffused interstellar gas and as the clouds contract to the density where

nuclear burning starts, it must overcome the thermal pressure [4].

Equilibrium Condition

Consider a spherically symmetric shell of radius r and thickness dr, concentric within
the star of radius R and mass M. These two are the only forces acting on the system,
the self-gravitational force, and the internal pressure. The mass density and pressure
at the distance r is p(r) and P(r), respectively as shown in Figure (2.1). Let T'(r)

be the temperature and L(r) be the luminosity at r, i.e. total energy radiated from
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the surface of the star at r.

L(r) = 4nr?F(r), (2.2.1)

where F'(r) is the flux density per unit area. The mass gradient inside the spherical

shell can be obtained from the mass differential.

[(m + dm) — m] = drrdrp(r). (2.2.2)
Therefore, we have the equation of continuity as,

dm(r)
dr

= 4nr?p(r), (2.2.3)

which acts as the gravitational mass, located at the center and gives rise to an

inward acceleration,

g(r) = : (2.2.4)
Now, considering the pressure gradient that is required to balance the gravitational
force.
The difference of the pressures of the inner and the outer surfaces balance out
the weight of the spherical shell.

4r?Gp(r)drdm(r)

4nr?[P(r) — P(r 4 dr)] = =

: (2.2.5)

or

dP(r)  Gm(r)p
o R (2.2.6)

which is the equation of hydrostatic equilibrium. The pressure of the gradient is

negative to counteract gravity. It decreases, as we move outwards due to increasing
radius. If this equation holds at all radii, then our entire star system is in hydrostatic
equilibrium. In that case we can find out a relation that can relate average internal

pressure to the gravitational energy. Multiply both sides by 477? and integrate from

r=0tor =R,
R d R 4 2
/ 43 L gy = —/ Gm{r)p(r)dmr dr. (2.2.7)
0 0

dr r
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The right side of above equation shows the gravitational potential energy of the star.
The energy gained by the star during its own formation

By = — /m:M G ) g, (2.2.8)

m=0 r

On integrating the left side of equation (2.2.7) by parts, we get

R
E,. = P(r)4nr® (1;”—3/ (47r?) P(r)dr. (2.2.9)

Here, the first term in the above equation becomes zero, considering pressure outside

r = R and volume at the center are zero. For the second term on integration becomes

E,. = =3PV, (2.2.10)
m=M
—/ Gmlr) oy = _3pv, (2.2.11)
m=0 r
1E, -
- = p 2.2.12
3V ( )

This is first form of the wvirial theorem, the average internal pressure is one third of
the density of the stored gravitational energy. Now, from the perfect gas law we
have PV = NkT and E;=3/2 PV, if the pressure is averaged over volume and

integrated we get

3 _
Bu = 5PV, (2.2.13)
and we finally get the second form of virial theorem
1
Ey = 5(—Egr), (2.2.14)

which explains that with the decrease of gravitational energy thermal energy rises
(as the star collapse its gravitational self energy becomes more negative, its thermal

energy rises). Now total energy becomes
Eiot = By + By, = —FEy,, (2.2.15)

This shows that, the total energy of the star composed of a classical, non-relativistic

ideal gas is negative, which explains that the star is bound.
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2.3 Energy Transport

In order for the stars to shine the conditions of radiation, conduction and convection
must be known. The process of conduction occurs in solids and as stars are not in
the form of solid we are not going to discuss conduction here. There are two cases
for energy transport [11]. Radiative energy transport and the convective energy

transport.

Radiative Equilibrium

Equations (2.2.8), (2.2.11) and the EoS, P = P(p,T), constitute three equations
for five variables P(r),p(r), M(r), and T'(r). The equation for the variation of
temperature with radial distance is now required. It depends upon the physical
processes that are operating in the particular region of the star [9]. If the energy
generated in the nuclear processes, or any other reactions, is transported outwards,

then we can relate the energy flux to the temperature gradient, using equation (2.2.6)

L(r) —4acT? (2{)7

F(r) = _
(r) 472 3pK

(2.3.1)
where L(r) is the luminosity, F(r) is the energy flux. The quantity & is the radiative
opacity of the star. It is a function of 7" and p, i.e., kK = k(p, T'). The above relation
says that if the radiative energy flux is F', then the corresponding momentum flux
is F'/c. If the scattering cross-section is ¢ and the number density of scatterers is
n, then the momentum scattered per second per unit volume will be, (no/c)F =
(pr/c)F. This quantity is force per unit volume and hence should be equal to
—aPqq = (4aT?/3)aT. Thus, equating these two will allow us to give the expression

of radiative flux F' in terms of temperature gradient. The above expression can be

inverted to find the temperature variation that is due to the radiative flux.

dr 3 kp L,
—_— = . 2.3.2
dr dacT? 4mr? ( )
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Opacity

It depends upon the densities, temperatures and element abundance or composi-
tion. These are three main sources of opacity. Bound-bound, bound-free (photo-

ionization) and free-free absorption (bremsstrahlung).

Bound-Bound Opacity In a bound-bound opacity, an ion or atom is excited to
a higher energy level, by the absorption of a photon. Thus, x is small for all the
wavelengths except those where the wavelength corresponds to the energy difference
between two atomic levels. The scattering of photons by free electrons corresponds

to the electron-scattering opacity.
Kes = 0.2(1 4+ X)em?g ™, (2.3.3)

where X is the mass fraction of hydrogen. The constant value (0.2) comes from the
Thomson cross-section o multiplied by n., the number of electrons and divided by

the electron density p.

Free-Free Absorption It is the inverse process of free-free emission that is also
known as bremsstrahlung (braking radiation). In a free-free emission, through the
electrical potential of an ion, a free electron is accelerated, and as a result, it radi-
ates. Inversely, in free-free absorption, a photon is absorbed by a free electron and
an ion, which shares the photon momentum and energy. The free-free absorption

contributes an opacity that is given as
kpp=4x10%2(X +Y)(1 + X)pT *Pem?q, (2.3.4)

where Y is the mass fraction of helium and Z is the mass fraction of all elements

heavier than hydrogen.

Bound-Free Opacity This is a familiar process of photo-ionization, which will

occur for all photon energies as long as hv is greater than the ionization potential
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of a given atomic energy level. So, the ionization of atoms leads to the bound-free

opacity, it has the form
Kkpp =4 x 102°Z2(1 + X)pT > em?g~". (2.3.5)

Both the bound-free and free-free follows the Kramer’s rule where the function is

directly proportional to T35,

Convective Equilibrium

Energy transport might be due to convection rather than radiative transport, in
some regions of the star. Convection occurs when the volume element of material
that is displaced from its equilibrium position, rather than returning to the original
position, starts moving in the direction of displacement. To see the conditions for
the convection to occur, let us consider a volume element of gas at equilibrium
radius r inside a star, where the temperature, density, and pressure are T, p and P,
respectively [10].

Now, make a small displacement of the element to a new radius r + dr, where
the parameters of the surroundings are 1"+ d1', P + dP and p + dp. Since the gas

in the star obeys the ideal gas equations

b (2.3.6)
X = 3.
P
the logarithmic derivatives give
dp dP dT
—_—=— - —. 2.3.7
S, P T (2.3.7)

Now, in order to simplify the equation, we will consider that after the displacement,
the volume element expands adiabatically, without the exchange of heat with new
surroundings (i.e. d@ = 0 and the entropy dS = d@Q /T, is a constant). The element
expands until its pressure becomes equal to the pressure of the surroundings and
reaches the new parameters T'+ 6T, p+ dp, and P+ 0P = P + dP. Here, the small

changes are identified by 0. The expansion of the element is approximated to be
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adiabatic. It obeys the equation of state
Pop, (2.3.8)

where v is the adiabatic index, it is the ratio of the heat capacities at constant
volume and pressure. The logarithmic derivative gives,
o 10P
o _ 20 (2.3.9)
p P
If after the expansion the density is lower than the surroundings, then the element

will continue to float up, rather than going back to equilibrium, i.e.

p+op<p+dp, (2.3.10)
or
dp < dp. (2.3.11)
Dividing both sides by p
J d
o’ (2.3.12)
pp
and substituting from equations (2.3.7) and (2.3.9), the condition for convection
becomes
16P dP dT
—— < = = = 2.3.13
as 0P = dP,
AT ~—1dP
—_ < 2.3.14

dividing by dr, we get

dl'  ~v—1TdP
- 2.3.15
dr < v Pdr ( )

The radial temperature and pressure gradients are both negative, so the condition

for convection is that the temperature must decrease with the increasing radius

drT v—1T|dP
== 2.3.16
dr v Pldr ( )
So, if there is convective equilibrium then,
dT(r) _y—1 T(r) Gm(r)p(r)‘ (2.3.17)

dr v P(r) 72
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Convective Instability

The fluid will be unstable to convection if the temperature gradient is too steep.

The criteria for convective instability can be expressed as ¢ > ¢qq [9], where

dlnT 1
o= TP’ Gad = <1 — ;) (2.3.18)

If the gradient ¢,.q arising due to the radiative transfer is less than ¢,4, then the

fluid is stable under convection, but if ¢,.4 is greater than the ¢,q then we have
to take the energy transported due to convection and this is complicated, let us
understand this by approximating the situation. In such a case, the gradient will

tend to the adiabatic value, ¢ = ¢uq

dInT (dT/dr
*= dmp (dP/dr) Pad (23.19)
now, the equation becomes
dr Gm\ [ pT
- - ) (=), 2.3.2
o ¢ad(r2)(P) (2.3.20)

Putting together both the radiative and convective transfers of energy, temperature

gradient can be written as [9]

—

ar [ (F) B3], i braa < Gua
T\ (%) (), 4 i) 2 000 e

2.4 Equation of Thermal Equilibrium

The energy produced within the shell and the increase in the luminosity of the star
as we move from inside towards outside are in direct proportion. Let L(r) be the
energy flow across the sphere with radius 7, then the net energy loss in the shell
from r to r + dr is

dL(r)

L(r+dr)— L(r) = Tdr. (2.4.1)

If €(r) is the energy produced per unit mass in unit time, the total energy produced
in the shell is
e(r)dm = e(r)p(r)4nridr. (2.4.2)
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For the star to be in thermal equilibrium, the radiation loss in the star must be

equal to the energy gain from the nuclear burning

dL(r)

. dr = 4nr?p(r)e(r)dr, (2.4.3)
dzg) = dnrip(r)e(r), (2.4.4)

which is the equation of energy conservation.

2.4.1 Gravitational Instability and Mass Scales

In this section, the conditions will be discussed under which an interstellar gas cloud
can collapse. This criterion was presented by a British scientist Sir James Hopwood

Jeans (1877-1946).

Jeans’ Mass

When a star collapses under self-gravity, it releases the gravitational potential en-
ergy. If this energy got trapped inside the core it will increase the thermal energy
of the star. This would, in turn, trigger nuclear reactions inside the core due to an
increased temperature, as explained in the previous chapter. The contraction of the
core starts due to the triggered nuclear reactions and will result in the expansion
of the outer layers of the star, forming a gaseous envelope around the star. Let us
consider the cloud of pure molecular hydrogen (PMH). For the gravitational collapse
to occur, this cloud should fulfill the Jeans’ criteria. The Virial theorem (2.2.14)
can be written as

2K +Q =0, (2.4.5)
the kinetic energy is the result of the motion of particles of the cloud. So, if the
total number of molecules is Ny, the kinetic energy from the ideal gas equation is

3
K = S NykT. (2.4.6)
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Now, finding the gravitational potential energy. Let us assume that the cloud is
spherically symmetric with a radius . The mass enclosed by the cloud is M and
has a uniform mass density p and temperature 7. As the cloud collapses under

gravity, there will be a change in mass

dm = 4mr?p(r)dr, (2.4.7)
S0,
m(r) = / 4r?p(r)dr. (2.4.8)
0
If we assume a constant density, the gravitational potential energy becomes
G(4nr?pd
do —  GUmpdrjm(r) (2.4.9)
T

then, integrating it with limits for radius is 0 to R, we obtain

16
(z:-—Igw%ﬂfﬁ. (2.4.10)

From volume V = 4/37R? we get the value of density. Now, eliminating the density

from equation (2.4.10)

M2
Q:—%GR. (2.4.11)

Now, putting this in equation (2.4.5) we get

GM?
SNpykT = .

(2.4.12)

There might be three cases; first, when in equation (2.4.5), the equality holds and
the system is in virial equilibrium. The second possibility, might be the increased
kinetic energy as compared to the gravitational potential energy, (i.e. K > 2, there
will be expansion. The gravitational instability is achieved when the change in the
gravitational potential energy is greater than the rise in the thermal energy [10].
The collapse occur if the kinetic energy is less than the potential energy (K < Q).

For this case, (the virial theorem) equation (2.4.5) becomes

M2
5MmT<GR. (2.4.13)
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T
M > btk . (2.4.14)
mpg

We can get the radius R from the volume V = 4/37R® and then, put it in equation

(2.4.14) we get
ST \3/2 7 4 \ M2
M > . 2.4.15
(GmH) (3P7T> ( )

The mass of the cloud should be greater than the Jeans’ mass, so

M > My, (2.4.16)
where Mj is ) )
ST \%2/ 3 \ M2

My=|(—— — ) 2.4.17

= (Gn) () 2417

Jeans’ Radius

The mass of the cloud is given by the equation

4
M = ngi, (2.4.18)

where R, is the radius of the cloud. Putting this value of mass in equation (2.4.14),

we get
15 kT
R.> | — . 2.4.19
( 4 Gﬂ'me) ( )
So, Jeans’ radius is
5 kT
== ) 2.4.2
Ry (14 Gpme> ( 0)

This relation is called the Jeans’ length or the Jeans’ radius. The Jeans’ density can

3 5kT \°
— 4.21
os (MMQ)(GmH), (2.4.21)

which is obtained by the equation (2.4.17).

be written as
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2.5 Free-Fall Time

In this section, we will discuss the timescale of the molecular cloud collapse. It

is also known as the free-fall time. The time a cloud would take to collapse from

its original shape to a single point due to the gravitational pull, neglecting the gas

pressure that would counteract this gravitational collapse. Consider a small mass m

at the surface R of a spherical cloud of mass M. The mass m is initially at rest but

it comes inward with following the surface as the surface contracts under gravity.

Under the free-fall assumption, when the surface contracts from R to r, the kinetic

energy is equal to the difference of the gravitational potential energies between the

final and the initial positions.

1 1 dr®? GMm GMm
2" T r R

The velocity of the particle can be expressed as

[NIES

dr _<QGM B 2GM>

E: R r

The time variable here, can be isolated upon integration

. _/0 26M _26m\ "
ff—R R ” T.

This integral is solved by performing the change of variable z = r/R,

1 1
trr = —RS 2/1 a Qdaz
nm=\eem) J, \1-=z ’

and here we have a definite integral which is equal to 7/2, tfy becomes

t_7r R?
= 9\agM ) -

Now, by putting M = %ﬂ'RB’p we get

; G 3
=2\ 8mpG )
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(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)



or

3T
() @

The free-fall time is much smaller than the time for the evolution of main sequence

stars.

2.6 Scaling Relations on the Main Sequence

The observed functional forms (for the main sequence stars) of mass-luminosity
relation, L ~ M® and temperature-luminosity relation, L ~ Tfff can be explained
by the stellar equations deduced above. Assume that the functions P(r), M (r), p(r)
and T'(r) are the roughly the power laws, i.e. P(r) ~r? and M(r) ~ r®, etc. If we

write first three differential equations as scaling relations then,

M
p~=L (2.6.1)
T
M ~73p, (2.6.2)
4
L~ (2.6.3)
Pk

For the moderately massive stars, the pressure will be dominated by the kinetic gas

pressure and opacity by the electron scattering.
P~ pT. (2.6.4)
Kes becomes constant. Now equating (2.6.1) and (2.6.4) we find

T~ — 2.6.5
— (2.6.5)

substituting (2.6.5) into (2.6.3) to express pr? we find
L~ M?, (2.6.6)

as observed for the main sequence stars. The equation (2.6.5) also suggests that
r ~ M. In order to see this let us consider a star contracting under its own gravity

and heating up. This contraction will stop when the high density and temperature
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will start the nuclear reactions and the star would stop contracting because of the
equilibrium. For any mass M, the star will stop shrinking when the core temperature
reaches to the critical temperature i.e. 7. This is because of the dependence of
nuclear power density on temperature. By using r ~ M, we see from equation
(2.6.2)

p~ M2 (2.6.7)

This shows that the more massive stars will have lower density and low mass stars
will have high density, as the density decrease with an increase in M~2. In the
low mass stars, high density signifies the dominant role of bound-free and free-free
opacity.

(2.6.8)

ke~ T35

2

Since T ~ constant, r ~ M and p ~ M2 then k ~ p ~ M~2 and the equation

(2.6.3) gives
T4
L~~~ P (2.6.9)
kp P
we get L ~ M?, as seen in the low mass stars. For the most massive stars, due to

low density the radiation pressure becomes dominant, and we find
P~T (2.6.10)

and electron scattering with k. = constant, will become the source of opacity. We
find L ~ M, by substituting equation (2.6.10) in equation (2.6.3) and then equating
the result with (2.6.1). This relation L ~ M holds for the most massive stars.
The functional dependence of the main sequence stars in the HR diagram can be
reproduced. We found L ~ M?3 for the moderately mass stars and L ~ M? for the
low mass stars. Let us see by taking an intermediate slope say L ~ M* and since

r ~ M then equation (1.2.4) becomes

L M* 1
4 2 =
O—TEff_mN_QNM NL2, (2611)
SO
L~Ty, (2.6.12)
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as observed. The mass-luminosity and the surface-temperature-luminosity relations
of the main sequence stars are the consequences of different sources of pressure and
opacity for the different masses of stars and also the fact that hydrogen burning

keeps the core temperatures of all the main sequence stars in a narrow range.

2.7 The Equation of State (EoS)

To determine the equilibrium structure of stars we can integrate the given functions
P(p,T), k(p,T) and €(p,T), if the boundary conditions are known. Here, P(p,T)
is usually called the equation of state [10]. Where we required P and p to vanish at

a point r = R. M(r) and L(r) approaches to zero as r — 0.
M(r=0)=0,L(r=0)=0,P(r=r,)=0,M(r=r,) = M,, (2.7.1)

where M, is the total mass of the star. Now we can rewrite the equations of stellar
structure with M, as an independent variable and to treat r = r(M,.) as a dependent
function. The corresponding equations can be written by dividing the equations of
stellar structure by equation (2.2.3). We have ended up with seven coupled equations
that are defining the seven unknown functions: M(r), L(r), p(r), P(r), T(r), x(r)
and €(r). As there are four boundary conditions for the four first-order differential

conditions so if there is a solution, it will be unique. Now we get,

dc.ii\];,, - —Gfﬁf ), (2.7.2)

Z_g N —Zbl_:rd (%) (Gﬂf—y)> (2.7.3)
Z_]j; - —$%, (2.7.4)
5@% - (2.7.5)

i 1 (2.7.6)

AM(r) — 4mr2p’
If the mass of the star is taken to be M, then boundary conditions become,

at the center (M, = 0), r = L, = 0, at the surface (M, = 0), p = T = 0.
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At the origin the boundary conditions are obvious but at the surface, we have to
use some approximation. At the stellar surface, if the temperature 1" is zero then
no radiations come out of the star. So, under such complications, the boundary
conditions provided above do serve well, as long as the resulting solution is used in

the interior of the star.

2.7.1 The Ideal Gas

Consider a gas such that it is a mixture of three different kinds of particles, with

masses mi, Mo and mg and densities ny, ny and n3. The mean particle mass will be

oo MMt namy + ngmg 2 Mt _ P (2.7.7)
ni + no + N3 Zz n; n

The mean mass depends on the chemical abundance and the ionization state of the

gas. The gaseous pressure P, will be
P, =nkT = LkT. (2.7.8)
I m

Now, for a completely ionized pure hydrogen the meas mass is m = mpy/2. The

number densities of hydrogen and helium will be

Xp Yp
ng = —,NHe -_—

= ) 2.7.9
mpg 4mH ( )

Similarly, for an element of mass number A (i.e. an element with a total number of

A protons and neutrons in each atomic nucleus)

AmH7

na (2.7.10)

where Z,4 is the mass abundance of an element of atomic mass number A. The
ionization of hydrogen results in two particles, of helium, three particles and of
atom with atomic number Z, results in Z + 1 particles (which is close to A/2, for

heavy particles). so for a completely ionized gas the total number density will be

A
n = 2nH+3nHe—|—Z§nA, (2.7.11)
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putting the values of number densities and using X +Y + Z = 1 which is used for

the mass fraction of metals [10]

p 3 1
=—|2X+-Y+ =7 2.7.12
n mH( t¥+s5 ), (2.7.12)
p Y
=—|3X+=+1). 2.7.13
n 2mH( +o T+ ) ( )

2.8 Polytropic Models for Stars

Consider a spherically symmetric star in hydrostatic equilibrium. The two ordinary,
first order differential equations of hydrostatic equilibrium (2.2.6) and the continuity
equation (2.7.6) are combined. Then, eliminating M (r), we get
d (1dp 2r dP
2 2
ol —— = —4nGpr-. 2.8.1
Tdr(pdr)+ p dr e ( )

Now, combining the terms on the left side of the equation we get

d (r?dP
—$ ——— % = —4nGrp. 2.8.2
dr{pdr} 7Grop (2.8.2)

For the stars in convective equilibrium we get a relation between the two unknowns
pressure and density i.e. P(r) and p(r). Putting these in an adiabatic relation
equation (2.3.8) P o p” or

P o pttu, (2.8.3)

where v = %, where C), and C, are the specific heats at constant pressure and

constant volume, respectively. Such configurations are called polytropes, and n =

1 is called the polytropic index [11]. Polytropes are given by the EoS in which
/y —
pressure is expressed as a power law in density, Now, converting proportionality into

equality in equation (2.3.8) and equation (2.8.3) we have,

P = kp", (2.8.4)

P =kp'tu, (2.8.5)



For the polytropic EoS we substitute
p=pb", (2.8.6)
so that the pressure P becomes
P= /{p}f%é’H%. (2.8.7)

Now, putting the values of equation (2.8.6) and equation (2.8.7) in equation (2.8.2),

we get
1df, 2 do "
oy (r kpe (1 + n)$> = —4nGp.0", (2.8.8)
substituting r = a&, where £ is a dimensionless variable, above equation becomes
1 d (., 1 de
_—— e (1 — | =-0". 2.8.9

The constant o becomes )
1
s K(1+n)pe

2.8.1
ArG (2.8.10)
After substituting the value of o in equation (2.8.9)
1 d (., ,do
— — | =0" 2.8.11
weie(C) = R
1d [ ,df 0
?5@ d—€> 40" =0. (2.8.12)

This is the dimensionless form of the equation (2.8.2) For n the polytropic index,
this final equation is the Lane-Emden equation [14, 15]. If v = oo then n = 0,
we have p oc P® = constant, the star is in a uniform density. If v = 5/3, which
is the value of the ratio of specific heat constants, we have n = 3/2, the star is in
convective equilibrium. If n = 3 we have v = 4/3, which is the ultra-relativistic

case. For, n=00, v = 1 the star is in an isothermal configuration [14, 15].
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Chapter 3
Compact Stars

There are stars whose dynamics is unexplainable from the classical physics, the
reason being their higher mass than expected. These stars make up a special class
of compact stars. If these compact stars were formed by collapsing stars, they must
have had transformed into black holes.

If a normal neutron star or white dwarf gains mass by accretion from the sur-
rounding disc of matter, the centrifugal force would resist the gain. Abramowicz
[16], while studying the centrifugal force in general relativity (GR), found that near
a black hole the centrifugal force reverses the direction thus, the gain in mass is not
opposed by the centrifugal force.

Unlike normal stars, compact stars do not produce energy by annihilation and
so, if they are massive enough, should undergo continuous collapse. The degeneracy
pressure of electrons or neutrons, stops further collapse. In this chapter, we study
the physics required for understanding the neutron stars, learning the study of GR
and Abramowicz’s analysis of the centrifugal force for Chapter 4. We will not
pursue the application of the centrifugal force stabilizing the neutron stars, which

was undertaken by Freire and Costa [17] and later by Abramowicz and Lasota [18].
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3.1 Degenerate Fermi Gas of Electrons

In classical mechanics, the states of the free particles have a continuous energy
spectrum and there is no limit on the number of particles that can be found in these
continuous states. When the energy level corresponds to more than one independent
quantum state, that energy level is said to be degenerate.

Maxwell, through the kinetic theory of gases, by considering the kinetic energy of
random motion of particles, was able to find the internal energy, temperature, pres-
sure, etc that are included in the standard formalism of classical thermodynamics.
However, when it comes to temperature and entropy, the former is directly mea-
surable but the entropy is not. The formalism followed by Maxwell only includes
velocities of particles, which was basically inspired from Newtonian and Lagrangian
mechanics. Boltzmann, on the other hand, followed the Hamiltonian way, which
relies on a 6/N dimensional phase-space, that is the positional space and the mo-
mentum space together. A particular microstate of a system (a gas of N particles)
can be specified through 6/N position and momentum coordinates. A system whose
Hamiltonian function H (g, p) is a constant, makes an isolated system [19].

An ensemble represents the thermodynamic state of a system. If the distribution
function, f(q,p), is zero everywhere except the points where H(q,p) = F, is a
constant, the corresponding ensemble is called the microcanonical ensemble. For
a mechanical system, which has an exactly specified energy, the microcanonical
ensemble represents its possible states. In this system no exchange of energy and
number of particles is allowed as the total energy is conserved. Since F = p?/2m for
zero potential, we only allow collisions that collectively leave the total momentum
squared of the colliding particles the same.

If we have a distribution function f, with all its possible states e.g, from 1 to v,

we must have

> fi =1 (3.1.1)

The canonical ensemble is a collection of systems, all at same temperature.

We can say that if the distribution function, f, in phase-space, is proportional
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to exp|—H(q,p) /kT], this ensemble is called the canonical ensemble [19]. So, we

have another constraint along with equation (3.1.1)

where ¢ is the different modes of distribution and U is the total energy.

Consider we have n; indistinguishable particles of one type, nq of another,...,n,
of some other. So, these particles, distributed among v different modes with energy
FE,, can be written as

N =n;+ns+..n, =%"_n,. (3.1.3)

If the chemical reactions are allowed, then we may have an increase or a decrease
in the number of particles. In this case, the energy associated with changing number
of particles is ud N where p is the chemical potential. The number of particles will
be varying through number density from point to point and if the average is taken
over all, the average number density will remain constant.

The grand canonical ensemble assigns a probability to each distinct microstate
f = exp[Q + uN + E/kT]. Here, Q is the grand potential and is constant for the
ensemble, p is the chemical potential and E is the total energy of a microstate.
So, we can say that the grand canonical ensemble is used to represent the possible
microstates of a mechanical system of particles in thermodynamic equilibrium (both
thermal and chemical). Only the average energy U and the averaged number of
particles N (averaged over the ensemble), will be specified. So, now we have the

grand canonical ensemble, with another constraint, including equation (3.1.2) as

Ynifni =1, (3.1.4)
YniEnifni = U, (3.1.5)
YniNifn: = N. (3.1.6)

In the context of basic units of phase-space, we can find the number of possible

states, for a given energy and then it can be written as

S =—kpXn.ifnviIn(fni); Envifni =1, (3.1.7)
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where kg is the Boltzmann constant. Here, U, S and N are related to the usual
thermodynamic relations U = T'S + Q + Ny and  is the grand canonical function.
However, the electrons that are the indistinguishable identical particles, if we take
these identical particles and interchange them, it will make no difference to the
wave-function.

Consider the wave-function of a system of two identical, indistinguishable, quan-
tum mechanical particles. In one spatial dimension, the wave-function of a two-
particle system is a function of two variables x; and z5. So, the system is such
that interchanging the particles, the probability density |¥|? of the system must not
change [20].

U (21, 29)|* = |V (29, 21) |7, (3.1.8)

U(xy, x9) = £V (29, 21). (3.1.9)

The wave functions go with the positive or negative signs, or they are either even
or odd. The total wave-function is antisymmetric when (3.1.9) is negative whereas
it is symmetric when (3.1.9) is positive. Particles of the former type (antisymmetric
wave-function) are called fermions and of the latter type (symmetric wave-function),
bosons. Since the change of a function to its negative is to give the same answer, the
wave-function for a pair of fermions in the same state must be zero, so they obey
Pauli exclusion principle. Solving the Dirac equation, the fermions must have spin
of an odd multiple of A/2. Those of the bosons are multiples of & !.

Bosons can occupy single state at low temperature and become Bose-Einstein
condensate but electrons become a degenerate Fermi gas, because only the lowest
states are occupied, and the states have to be all distinct. The total minimum
energy of the lowest occupied states is the Fermi Energy, with a corresponding
Fermi momentum.

Now, consider the six dimensional phase-space, consisting of three spatial and

1Using quantum field theory, it can be shown that half integer spin particles will follow Fermi-

Dirac statistics while integer spin particles will follow Bose-Einstein statistics.
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three momentum components; then
dxd®p ~ PP (3.1.10)

The volume in spherical coordinates is

Ap,Ap,Ap, = 47p*Ap = drm3V2AYV, (3.1.11)

where classical physics is assumed to be valid for the momentum of free electrons
(p = m.V). In terms of the momentum, we state the average kinetic energy and

pressure in case of non-relativistic gas [4].

2 2 2
P.= SneBuyy = one| 2—) (3.1.12)
3 3 2me avg

the subscript ‘e’ is used for the electron degeneracy pressure, which is the primary
source of degenerate pressure in white dwarf stars. The volume of the shell in phase-
space at a momentum p in the physical volume is 47p?Vdp. Dividing the electron
number N, to obtain the fraction of electrons in the shell and p = |p|. From equation
(3.1.10) we have

d*pdV > ()3, (3.1.13)

which defines the volume of a cell in a six dimensional (position-momentum) phase-
space. Now, using the Fermi-Dirac distribution let us calculate the average of
(p*/2m.) over a momentum distribution. The Fermi-Dirac distribution is [20]

25 +1 d3pdV

AN = E=m i 11 (h)3

(3.1.14)

where s is the spin of particle (each fermion). For degenerate electrons (s=1/2

particles), the phase-space distribution is

2 x Arp? B, if [p| < py

AN (p)dp = e : (3.1.15)
0, if [p| > py

where py is called the Fermi momentum (which is the magnitude of momentum

corresponding to Fermi energy Ey). The number density of electrons of a given
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momentum from equation (3.1.15) comes out to be

8mp* s, if [p| < py

ne(p)dp = (3.1.16)

O, if |p’ > Ppf

Integrating over all momenta, we will get a relation between Fermi momenta py

and electron density n..

Pro8m 8T
. = ——pPdp = ——p3. 3.1.17
For a non-relativistic degenerate electron gas, we replace n(p) in the given equation
1 o0
P = §/ n(p)pvdp, (3.1.18)
0

with Fermi-Dirac distribution in the degenerate limit (3.1.5) and using (3.1.6), where
v =p/me, we get [21]

1 [P 87 p! 3\ 3 (h)?
P == gy = =) b/, 3.1.19
3/0 DR (87r> 5, ( )

For a general form, let us consider a fully ionized gas composed of a particular

element, of atomic Z and atomic mass A and with the density of ions n;,,. Then

we have
Z\_p
e=ZNion = | — | — 3.1.20
n n (A) o ( )
Substitute this value of number density of electron in equation (3.1.19) we get
N3 ()2 7\ 5/3
P, = (—) %(‘) P, (3.1.21)
™ QOmeIf A

where mpy is the mass of hydrogen atom. This equation is now in the form of the
EoS of a degenerate non-relativistic electron gas.

Equate (3.1.19) with the equation of central pressure P, ~ [r/36]'/3GM?/3ps/?

[21], then
B)2 237y 5/3 1/3
() {3} [_”} ~ [W} GM/3 5413, (3.1.22)

5Me St my 36
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Here, X, is the number of electrons per nucleon (Z/A). Now, solving the above

equation to get the density at the center of a cold (non-relativistic degenerate)
white dwarf.

31 my [M7?

e

mpy ~ 1.85My is the stellar mass, [21]. The mass scale of the

(3.1.23)

—3/2
where M, ~ a /

main sequence stars is determined by this stellar mass. The dimensionless number
ag = Gm? /hic ~ 5.9 x 1073 measures the strength of the interaction between nu-
cleons. The equation (3.1.23) is obtained by considering that the star is balanced
by the pressure of non-relativistic degenerate electron gas. The (electron) gas be-
comes relativistic when the number density of the electrons is greater as compared
with mg(me.c/h)?. Tt follows that the non-relativistic equation (3.1.23) will only be
followed if the mass of the white dwarf, M, is small as compared to the M,. The
Fermi momentum pr and m.c becomes equal when the electron number density is
87 /c(mec/h)3. The non-relativistic EoS will be allowed, only if the mass of the star
M is larger as compared to the mass M,. The equation (3.1.23) explains that the
density will increase with M?2. This rise occur because at increased densities the
electrons become ultra-relativistic. So, the pressure for ultra-relativistic electrons is
[21]

hel 371Y°
P:ZC|:8_:| /3, (3.1.24)
T

putting the value of the number density of electrons, the pressure due to the ultra-

relativistic electrons comes out to be
hel 3143 X.p. 4/3
p="22 Pet
4 | 8w mg

Now consider a star of mass M, which is balanced due to the pressure of the ultra-

(3.1.25)

relativistic electrons. The central pressure needed to support the star is [21]

1/3
P~ {;—6} G M3 5413, (3.1.26)
By comparing equations (3.1.25) and (3.1.26)
L IS PREL 1/3
f{;] [—p] ~ {%] GM?/354/3, (3.1.27)
m myg
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we get the mass [21]

R I NENE N A

This is known as the Chandrasekhar mass. Now writing in terms of the mass M,

and then in the stellar mass M, we get the non-relativistic Chandrasekhar mass
Mey =~ 2.3X2M, =~ 4.3X2M,,. (3.1.29)

The Chandrasekhar mass is the limiting mass, for a mass greater than the M¢sp the
degenerate electron gas cannot support a star.
Now considering a model where the relativistic relation between energy and
momentum is
2 =m2ct + p*ct. (3.1.30)

p:

Writing equation (3.1.18) as

1 PR p262
P = 3V ; E—g(p)dl% (3.1.31)
P
where
2V
g(p)dp = W47T2p2dp. (3.1.32)

Now substitute x = p/m.c in equation (3.1.31) and inserting the value of Fermi

momentum and then the electron number density we also get

3n.]" h 3X.p. 1" h
= = ) 3.1.33
o {87} meC [87rmH} meC ( )
The substitution gives
87Tm4C5 TR $4
P = L —————=dx. 3.1.34
ol .

After putting the value of xr and integrating the equation (3.1.34) we get the pres-

sure of an ideal degenerate electron gas

3 1/3
P = ZC {8%1 nY3 1 (xp), (3.1.35)
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where
3 222
10 =5 {x(l ' xg)m(? ) 1) +Info 4 (142", (3.1.36)

Higher densities give large Fermi momentum zp >> 1 and equation (3.1.36)
tends to 1 and the resulting pressure becomes equal to the pressure of the degenerate
ultra-relativistic electron gas [14, 21]. For lower densities, the Fermi momentum is
small xp << 1 and equation (3.1.36) approaches 4z /5 and the pressure comes out
to be equal to the pressure of the non-relativistic electron gas. . Now we compare

the pressure (3.1.35) with the hydrostatic pressure required to support the star we

have 1/3 4/3 1/3
he| 3 Xepe s
hel 3 1/3 Y, 4/3 36 1/3 1
or
M =~ I(zp)**Mcr, (3.1.39)

where Mcy is the Chanderasekhar mass given by equation (3.1.29).

Now, consider the polytropic model of star explained in Section (2.8) for a more
accurate result for the Chandrasekhar mass. The relation between pressure and
density in the polytropic model equation (2.8.3), and the pressure of the gas for the

ultra-relativistic electron gas (3.1.25) are related in a similar manner
P(r) o p(r)*3. (3.1.40)

For n = 3, we have P, = O.36GM2/3pZL/3 [21]. So, the Chandrasekhar mass becomes
relativistic [14, 15]
Mcy = 31X M, = 5.8X>M,, (3.1.41)

Mey ~ 1.4M,, + 0.05. (3.1.42)

where X, =~ 0.5, when considering two nucleons per electron. The limit for the cold

white dwarf is then 0.69 M, [10].
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3.1.1 The Mass-Radius Relation

According to the relation (3.1.23), the mass density for a white dwarf is an increasing
function of its mass. The size of the white dwarf decreases with the increasing mass.
To find the mass-radius relation, a model for density distribution is required. The

average density of a white dwarf mass M is

(3.1.43)

If the degenerate electrons were non-relativistic at the start then the stellar structure
is approximately same as the polytropic model with polytropic index n = 3/2, which

gives P o< p°/3, and the average density is p/6 [21]. The mass density relation

M
3
is then used to obtain
s Y8 1 h [MIY?
= [4—} ~ 077X — { ] . (3.1.45)
T p> Voagmee | M

The Characteristic Size

The constant ag ~ 5.9 x 1073 and the Compton wavelength of electron is used
to determine the characteristic size of white dwarf. The wavelength is (h/m.c =

2.4 x 107*?m). The characteristic size is

1 h

——— ~3x10° 3.1.46
JaG mec m ( )
and the characteristic density is
mp(mec)® 8 3
—— =~ 10% . 3.1.47
i g/m (3.1.47)

In terms of the solar mass M and radius R, and X, = 0.5 we have the mass-radius

relation as [15, 21|

R

M./
Nﬁ{_ﬂ . (3.1.48)

T4l M

So, the radius of the white dwarf is the decreasing function of its mass.
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3.2 The Crab Nebula and Pulsar Detection

At the time of a supernova explosion, section (1.2.6), the nebula formed by the
gaseous debris is called the supernova remnant (SNR). A fine example of this is the

Crab nebula, or M1, which is the nearest supernova remnant [5, 6]. Galelio observed

Figure 3.1: The Crab Nebula seen in the constellation Taurus by the Chinese is the
most remarkable event, reported in 1034 A.D. [13].

this nebula through a telescope and drew a picture and noted that it resembled a
crab, hence, it was given the name of Crab Nebula. It is shown in Figure (3.1).
Pulsars are the rotating neutron stars formed from the inner most cores of exploding
stars.

The year 1967 marked the discovery of the first pulsar, observed at radio wave-
lengths on November 28, by Antony Hewish and his student Jocelyn Bell [15, 22, 23].
Hewish won the Nobel Prize of Physics for this discovery of radio pulsar with his
colleague Martin Ryle. The star emitted energy in the form of regular pulses i.e.
a larger pulse followed by a small [5]. The change in the time rate of pulses (33
miliseconds) was 13.5 microseconds per year [5]. The neutron star present at the
center of the Crab Nebula, observed through Suzaku hard R-ray detector can be
seen in Fig (3.2).
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Figure 3.2: The pulses from the center of the Crab Nebula, observed through Suzaku
hard R-ray detector (Suzaku HXD) (Courtesy Astrophys.Space Sci.Proc.) .

3.3 Neutron Stars

The identification of pulsars as neutron star was not obvious. Tommy Gold made
his first argument, in 1968, about pulsars that they were in fact rapidly rotating
neutron stars [5, 24|, Figure (3.3). The stability of pulse period was one of the same
observed feature in both the neutron stars and pulsars. A few months later, the
pulsar NP 0532 [25] was studied, present at the center of the Crab Nebula. Figure
(3.2) gives the pulses from the crab nebula observed through Suzaku HXD.

Figure 3.3: The pulsar seen in the figure is the artist’s description of the light house

model, where the pulsar’s beam of light is not aligned with its rotation axis.
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For a neutron star its initial core temperature is 10*! to 10'2K. This temperature
continues to decrease with the emission of neutrinos and it can reduce to a temper-
ature of 103K, after some hundred years of its formation. In the periodic table, the
most massive nuclei are not stable due to the increased coulomb repulsion, the stars
that are less massive are also not stable because of their higher fraction of nucle-
ons near the surface. The most stable nuclei in the periodic table lies near Fe®,
because it has the lowest mass per nucleon with binding energy 8.8MeV at den-
sities ~ 10kgm™3. At such densities the pressure of relativistic (highly energetic
degenerate) electrons can cause inverse beta decay [1, 15]. This is the introduction

of neutron stars discussed in Section (1.2.4).

3.3.1 The Size of a Neutron Star

Now, we are going to see how the central density p. and the radius of the star
depends upon its mass. In previous section, we assumed that the white dwarf stars
are supported by the degenerate electron pressure. Here, we have assumed that the
neutron star is held together due to the degenerate neutron pressure. As neutrons
are the main constituent here, the number of neutrons n,, is directly determined by
the mass density.

o~ L (3.3.1)

My,
where m,, is the mass of the neutron (1.6749 x 10~?"kg). So, n,, ~ 1.19 x 10*m=3.

From the corresponding equations for white dwarfs we have for a neutron star

b (21377 s (2] 3] Xepe]™ (3.3.2)
5me | 87 € 5me | 8 my ’ s
and 5
3.1 | M my,C

where, M, ~ a~%?m, = 1.85M, is the constant mass. The radius of the neutron

star can be found by using the analogy adopted for the white dwarf [21]

3M
AT < p >

1/3 1/3
MY s h
} ~ 0.77X5/3 [Wl ag’—. (3.3.4)

meC

Rwp = {
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Now, putting X, = 1 for the neutron star we get Ryg [21]

3N 1/3 M., 1/3 - h
———————] 21077[ } ag?—. (3.3.5)

R =
AT < p > M My C

The characteristic size of a neutron star is determined by the strength of gravity,

ag =5.9 x 1073 and the Compton wavelength h/m,c [21], we have

i B
a&ﬂgzzlwm. (3.3.6)

In the case of the stellar remnant with mass greater than the mass of the neutron
star, there can be two possible cases; either the star undergoes a supernova explosion
and becomes a strange star or it collapses into a black hole. To find a lower limit

we can use the relation R oc M~'/3. The lower limit would be ~ 3.6M, [21].

Neutron Drip

Nuclei with lower atomic numbers, when two atoms are closely packed e.g think
of two hydrogens that are too close that one of the electron gets merged in the
nuclei and inverse beta decay occur, now it is a deuterium ; H2. Consider if another
hydrogen atom come near this isotope and the same merging and beta decay occur,
it will now become the ; H? tritium, with two neutrons and one proton in the nucleus
and this is not stable. Similar is the case with heavier nuclei e.g, uranium. g,U?3?
have isotopes ¢2U?3% and ¢o,U?3. Now, if a beta decay occur in ¢oU this will decrease
its atomic number to ¢;U, but this will increase the neutrons in the nucleus in an
enormous amount. The nucleus will not bear this enormous amount of neutrons and
these neutrons will start dripping out of the nucleus.

When nuclei gets squeezed in heavier atoms (having higher number of neutrons),
due to the increased densities, inverse beta decay occur, which results in further
increase in neutrons. Now, the atomic number becomes lower but the number of
electrons increased for the same number of nucleons. The presence of too many
neutrons cannot occur in stable atoms. So, when the density of the core exceeds
4% 10 kgm=3, the neutrons from the nuclei start dripping out, and this phenomena

is called the meutron drip. These free neutrons then coexist in equilibrium with
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electrons and nuclei [21]. However, the density of normal nuclear matter is 2.3 x
10"kgm =3, at higher densities, a dense gas of electrons protons and neutrons is
formed due to the merged nuclei. At higher densities, there are two possibilities of
[-decay,

n—pt+e +r. (3.3.7)

The decay will not occur if the states are already being occupied. Resulting in a
number of neutrons present in the core. The Pauli’s exclusion principle will become

the reason to halt the decay.

e(n) < e(p) + e(e), (3.3.8)

this expression tells us that all the neutrons with energy up to e(n) are stabilized

due to Pauli exclusion principle. Neutrons can beta decay if,

e(n) > e(p) + €e(e). (3.3.9)
At zero temperature, the equilibrium is obtained

e(n) = €e(p) + €(e). (3.3.10)

The chemical potential at zero temperature is the Fermi energy [15]. In order to find
the concentration of neutrons, protons and electrons in the equilibrium in equation

(3.3.10) can be found by the equation [21]

1
3 3
pp = l8—:] h, (3.3.11)

The neutrons and protons are non-relativistic when the density is of the order of
nuclear density ppue, (Where ppu.= 2.3 x107kgm=3 is the density of normal star)
[21]. The relation between Fermi energies and non-relativistic neutrons and protons
is

Py

2
~ my , 3.3.12
e(n) = m,c” + o ( )
and
2 P%
€(p) ~ myc® + 2 (3.3.13)
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However, the electrons (less massive) become ultra-relativistic and the relation be-

tween their Fermi energy and momentum is
e(e) =~ pre. (3.3.14)

The neutron star model is neutral, so we can put n. = n,, and find the concentration
of neutrons and protons in ideal gas equilibrium. Putting the equations (3.3.12) and

(3.3.13) in equation (3.3.10) we get

77/2 2
mn02+pF( ) :mp02+pF(p) +pF(6)C.

2my, 2m,,

(3.3.15)

Now putting the value of the Fermi momentum and n. = n, [21], it becomes

1 (3n,\** 1 /3n,\*"* 3n.\
2 2 =r 2 _ = 2 = . (331
mpe” —mpc” = 3 - ( . ) (h) o ( o ) (h)* + ( 87r) he. (3.3.16)

For a density p = 2 x 10'"kgm~3 we find, n. = n, = n,,/200. One electron per 200
neutrons is enough to prevent beta decay. So, neutrons are the dominant constituent

in the neutron star.

3.4 Heavy Progenitors

The stars that are heavier than 8M, are radically different, they carry their bulk
with dignity until they can no longer cope and explode. Degeneracy will not sets
in till the elements up to iron are formed in the core of these stars because iron has
the largest binding energy per nucleon. Now, after the all the elements till iron gets
exhausted there will be no fusion reaction further. The star is on its track towards
total destruction. The mass of this star is the reason of the continuous contraction
in its core (1-2My), until T, ~ 5 x 10° °K.

The electron density decreases so does the associated electron pressure that sus-
tained the core. Free neutrons are formed in progressively large quantities, due to
this increase in free neutrons, the core of the massive star start contracting. Now,

as the core contracts rapidly and it will then collapse in about 0.1s until nuclear
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densities are attained 104 — 10 g em ™3, and the neutrons become degenerate. The
core now consists of a degenerate neutron gas, with a small amount of electrons and
protons in it. The neutron degeneracy pressure is sufficient to halt the further com-
pression and a neutron star is formed. This is a giant atomic nucleus held together

by gravity rather than the strong nuclear force.

3.5 General Relativity

To have an understanding of black holes and all other compact objects, we need
to have the basic knowledge of general relativity and the four-vector formalism.
Minkowski, in 1907, realized that special relativity could be reformulated in a more
formal and mathematical approach, by the use of Four vectors, represented by z*,
where the Greek index u goes from 0 to 3. It has one time component z° and three
spacial components ¢, where 7 is the Latin index running from 1 to 3.

In special relativity, there is a preferred family of observers called the inertial
observers, where free particles can move with a uniform velocity. The Lorentz trans-
formations relate all the inertial observers.

The interval ds is Lorentz invariant. The local measure of arc length ds is the
metric here, which is given by the metric tensor g,,. The arc length parameter is
ds = cdt, where 7 is the proper time. Now, 4-velocity v* can be obtained by the
derivative of position vector with respect to this 7 and the second derivative will
give the acceleration A*. So, if an observer is moving without any force then the
path that it follows will be the straightest possible path in spacetime. Thus, the
directional derivative of the unit tangent vector should be zero along the path [26].
If ¢t# is the path then the directional derivative of V# can be given as

dVH
ds

=V, =V, T VP, (3.5.1)

where the comma and semi-colon represent the partial and co-variant derivatives,

respectively with respect to the position vector.
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The Christoffel symbols are given by

1 o
Fl;p = égu (gpa,u + Guo,p — gup,a)-

(3.5.2)

g"? is the inverse metric tensor i.e. g"?g,, = 0. The condition for the straightest

path becomes dt/ds = 0

i T v
@+ 1, 2" = 0.

(3.5.3)

as t* = x#. This is the geodesic equation and the path that follows this equation

is called a geodesic [26]. The Christoffel symbols are the combination of the first

derivatives but to find curvature we need second derivatives. Riemann’s generaliza-

tion of Gauss’ theory for curved spaces gives the Riemann curvature tensor, which

can be obtained by considering the difference of two covariant derivatives

Yiw =Y, = (Vo + DY) = (YR + TR YY),

P

Vi —YE = (¢ —TF VYY 4 (TAT9 — ¢ T )Y,

0T ymp T\ vpw TV,p po= v mo pv

YE —YE = (% —TH 4+ TET? —THT7 )Y

5T e T\t vpm T,p po= v ToT pv

Ve = Vi, = RLyY”,

T vpm
where

RM, =TV —T# 4+T0T7, —THTY

vpm vp,m ,p po - TV ToT pUr

is the Riemann curvature tensor that measures the curvature of spacetime.

The Riemann curvature tensor possess the following properties;

It is skew-symmetric
Rovpr = —Ruaprs,  Ravpr = —Ravrp-
It is symmetric when both the pair of indices are swapped
Rovpr = Rpraw-
It satisfies the first and second Bianchi identities
Rovpr + Rapmy + Romvp = 0,
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or we may write it as R,,,n = 0. The geodesic curvature can also be written in

terms of derivatives as
Rovpmip + Ravrpsp + Roavppir = 0, (3.5.8)

which is known as Bianchi identity, and using the antisymmetric relation (3.5.5),
we get

ViuRawjpr = 0. (3.5.9)

Now, from (3.5.5), raising « and then contracting on the first two indices gives

R _=0. (3.5.10)

apm

The contraction on first and last indices, however, give another tensor called Ricci
tensor, which is symmetric.
R, = R? (3.5.11)

avp*

A further contraction gives the trace of the Ricci tensor, the curvature scalar also
called Ricci scalar.

R=g¢"R,, = R (3.5.12)

ROél/pT(' = Jua Ry

o (3.5.13)
The covariant components of the curvature tensor in a coordinate system in

which connection symbols vanish, I'* =0, (3.5.4) can be used to find
1
Ravpn = 5 (9vpima = Japmv + Jampw = Gom,pa)- (3.5.14)

Now, we will find a relation between the curvature and the distribution of matter
(and energy).

The covariant derivatives of curvature scalar and the Ricci tensor can be used to
find the Einstein’s field equations. By using the Bianchi identities, the antisymmetric
relations of the curvature tensor and raising some indices we finally get

1
V(R = 36" R) = 0. (3.5.15)
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The term in the parentheses is the Finstein tensor.

1
e = R — 59‘“’1%. (3.5.16)

Here, " must be divergence-free and symmetric, so, the geometric quantity that

fulfills these requirements is e = gH*.
1
e = R — éRg“” = kT, (3.5.17)

where ¢"” is the tensor function of both the metric tensor and the curvature tensor
and k is the constant of proportionality. These are the Einstein’s field equations,
in which a cosmological constant was added later that came as the constant of
integration.

1
R — S Rg" — Mg = KT, (3.5.18)

Here T* is the stress-energy tensor which is given by

T = pu®uP 6267 (3.5.19)

1770

where u® is the four-velocity, p is the density and ¢% is the stress tensor. The relation
between matter and curvature is already discussed through equation (3.5.17).
Now, finding the geodesic deviation, the position vector of the particle as seen
by the observer is p#, along with the observers geodesic the acceleration vector must
be the second directional derivative of this vector. So, d?p*/ds? is the geodesic
deviation, which can be obtained by considering £ as the Lie derivative along the

curve, therefore it is necessary that
L =0. (3.5.20)
tpl — pti =0,

trpl = pTtl, (3.5.21)

The geodesic deviation is given by the acceleration vector A as

_ &y

A = — .5.22
-z (35.22)
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At =[Pl

by using (3.5.21) we get
Al = 1]t ],

AF =1Ppltt + pT

300
AF = pptz;tfjr + t"p”t;’jr;p,
At = p’”(tz;)t“);7T —plttt, + P
e A
At =tPpTih  + PP
Now, interchanging p and 7 in the first term we get

AP = PPt Pt

07

AM = RI 4V pPeT. (3.5.23)

vopm

We get the connection between the curvature of spacetime and gravity [26].

3.6 The Classical Black holes

In the Newtonian theory of gravitation, the black holes (the objects that cannot be
seen but attract matter) can be reviewed by considering a test particle of mass m.
It is moving with an instantaneous speed v, around a body of mass M. Its potential

and kinetic energies are

1

Ex = §m”02, (3.6.1)
GM

Ep == n (3.6.2)

Here, r is the radial distance from the center of mass of the body m. If Fx < Ep,
then the particle will move in bound closed orbits [26]. But if Ex > Ep it will move
freely in a hyperbolic orbit. The escape velocity is at the boundary between these
two cases, it will move in a parabolic orbit and is called veg..

1 GM
M2, = iy (3.6.3)

r
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2G
Vese = 4/ 2. (3.6.4)
T

For an object, at the surface where v.s. > ¢, the strong gravitational attraction will
be pulling things inside and is totally black, John Wheeler gave it the name of a
black hole [26].

3.7 The Relativistic Black Holes

If the mass of the collapsed stellar core is greater than the maximum mass of a
neutron star, a complete collapse will occur and the star becomes a black hole [21].
The maximum distance beyond which nothing can escape from a black hole is the
event horizon.

In 1915, when the foundations of General Relativity (GR) was laid by Einstein,
it became clear that gravity is not a force. It is rather, a distortion in space-time
caused due to the presence of matter, which reduces to Newtonian theory in the
weak field approximation. The size of the black hole depends on the mass of the

collapsed stellar core. This size is known as the Schwarzschild radius r;.

3.8 The Schwarzschild Black Hole

The reversal near a Schwarzschild black hole was calculated by Abramowicz, we
are going to re-drive it in Chapter 4. Here, we need to see the Schwarzschild so-
lution as it will be needed for the calculation. The Schwarzschild black hole is a
static, spherically symmetric black hole, with mass M and zero charge and zero an-
gular momentum. In 1916, Karl Schwarzschild presented a solution to Einstein field
equations (vacuum solution), describing the gravitational field outside a spherical
mass M. So, for the vacuum solution of the Einstein’s field equations, with zero

cosmological constant, where T* = 0, equation (3.5.18) becomes

1
R — _Rg"™ = 0. (3.8.1)
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The most general solution for a spherically symmetric and static metric is given
by [26]
ds? = e’ a2 — A dr? — R2(t,r)dQ?, (3.8.2)

where v, \, and R are the functions of time radial coordinates, and df2 is
dQ? = db* + sin® §d¢°. (3.8.3)

The spacetime considered here is static, so, the gravitational field does not vary with

time (for a point mass). So, the metric becomes
ds? = e"Mdt*> — AV dr? — R (r)d¢?. (3.8.4)
Now, R*(r) is taken as 72, our metric further reduces to
ds? = e"Mdt* — XM dr? — 12402, (3.8.5)

The metric tensor and its inverse can be given as

e 0 0 0
0 =0 0
Jop = )
"o 2 0
0 0 —r2sin®0
e ) 0 0 0
s 0 —e A 0 0
g =
0 0 —1/r? 0
0 0 0 —1/r%sin* 0
The non-zero Christoffel symbols are [26]
1 1, 1
F81 = §V/a F(1)0 = §V/€ A7 11 = N
1
Iy, =—re?, T33=—rsin’fe? TI%,= o= s,
I3, = —rsinfcos, Ty, = cot.

Einstein field equations for the vacuum solution reduces to
Ros = 0. (3.8.6)
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The non-zero components of R,z are

" 1 2]//
Ry = N+ —)=0
00 v + 2y, (l/ + , ) ,

/

" 1
Ru=—v' = (0 =N =22) =0,
1
R22 =1- 67)\ -+ 2_7“()\/ — V/)ei)\,
R33 = RggsinQG = 0.

Adding equations (3.8.7) and (3.8.8), we get

200 2N
- + - =
r r

0,
vV + N =0.

Integration yields

v+ A = constant.

So, we get

Now, putting the value of v(r) in equation (3.8.9), we get
(—re™) +1=0.

Integrating and then dividing with r

e =148
,
as v = —)\,
e M) =14 —
r
where « is
2Gm
a=—0.
c

Here, we have taken G = ¢ = 1. Now, the above equations become

2
e — -2

r
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(3.8.14)

(3.8.15)

(3.8.16)
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(3.8.18)
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and

e N =1 - (3.8.20)
r

Putting the values of e*" and e=*(") in equation (3.8.5) we get [26]

(ds)? = (1 — %) (dt)? — (1 - ﬂ)1(d7~)2 — (rdf)? — (rsinfde)®. (3.8.21)

r r

This is the Schwarzschild black hole and its event horizon lies at r, = 2m. As r

approaches to infinity the metric reduces to Minkowski spacetime.

3.8.1 Singularities of Schwarzschild Black Hole

The following curvature invariants determine the singularities (two types) in Schwarzschild

metric [26]

Ry =0,
48G?m?
Ry = A6
64G3m?
R3 - —667”6 .

The singularity that appears at » = 0 is essential while the singularity at r = r; is

the coordinate singularity.
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Chapter 4

Abramowicz’s Relativistic

Centrifugal Force

The relativistic effect: the centrifugal force attracts matter towards the center of
the compact body, is discussed in this chapter. We will see that this effect does
not depend on the motion of the reference frame, as explained in the Newtonian
dynamics, but on the motion of particles along a curved path in space. We are
going to find that in the presence of strong gravitational fields and closed circular
photon trajectories in space, the centrifugal force seems to weaken i.e. it reverses
its direction [16].

The change in the direction of the centrifugal force will be discussed through
a formal approach using optical reference geometry which was first introduced by
Abramowicz, Carter, and Lasota (1988) [16]. It is a conformal adjustment of the
projected three-space. In optical reference geometry, the geodesic lines are the
(spatial) projections of photon trajectories.

We have also discussed the role of the proper circumferential radius that is also
called the radius of gyration 7. It is the radial quantity whose gradient (defining the
local outward direction) is important for the discussion of the dynamical properties
and it has its origin with the specific angular momentum and angular velocity. The
centrifugal force acts on the particle in the rotating frame if the photon trajectory

and the particle’s path in the global rest frame do not coincide. We will see that the
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location of the circular path of the particle with respect to the photon path (circular
trajectories), decides the direction of the centrifugal force i.e, whether it attracts or
repels the rotation axis. However, on the circular photon path, the centrifugal force

1S zero.

4.1 The Centrifugal Force Reviewed in Two Dif-

ferent Descriptions

The force that appears to act outwards, away from the axis of rotation when reviewed
in a rotating frame is the centrifugal force. Newton explained this description which
deals with the rotation of the reference frame, in his Principia [27]. The second
description stresses the motion of particles along a curved path in space.

Let us explain our first description which defines the Newtonian dynamics and
uses Fuclidean geometry of space. Consider the angular velocity of the rotating
frame with respect to the absolute, or the global, rest frame, €2, and the distance of
the particle from the axis of rotation of the frame is, . The centrifugal force acting

on this particle in the rotating frame is
C=mx(rxQ). (4.1.1)

This centrifugal force in classical mechanics can be obtained when the particle’s
motion, or the motion of a system of particles relative to a rotating coordinate
frame, is discussed. The global rest frame can be determined with reference to the
observations of distant galaxies [16]. All paths of these particles constitute a cylinder
whose axis coincides with the axis of rotation of the frame [16, 28].

Let n be the outward pointing normal on the circular paths as shown in Figure

(4.1)

Vr
n= ) (V[ (4.1.2)

The vector r can be written as r = rn. The speed of the particle measured in global
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Figure 4.1: The outward pointing normal vector on the circular path.

rest frame is v = |2|r. Now, putting this in equation (4.1.1) and we get

2
C=mrQn=""n, (4.1.3)
r

In order to understand the dynamic situation in the co-rotating reference frame,
let’s discuss another description of the centrifugal force. The second description
generalizes equation (4.1.1) to the motion along a non-circular trajectory [28]. Con-
sidering this, a non-circular trajectory may be composed of infinitesimally small
circular fragments and a series of co-rotating reference frames associated with the
particle’s motion. The given trajectory x = x(s), for the instantaneously co-rotating
frames with a speed v = v(s), can be defined by using the Frenet triad. A point
is a zero-dimensional object and can be obtained by fixing all the coordinates. A
curve is a one-dimensional object [26]. This means that the points on the curve will
be generated by varying a single parameter. Thus, it can be shown by a variable
position vector x(s) and s is the arc length parameter along the curve.

The Frenet frame explains the kinematics of the particle moving along the con-
tinuous, differentiable, curve in a three-dimensional Euclidean space. The tangent
(to the curve) vector T' always points in the direction of motion as shown in the

Figure (4.2).

dx
= —. 4.14
7 (4.1.4)
The first outward normal N is defined as
dT
N =R—. 4.1.5
s (4.1.5)
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Figure 4.2: The Frenet frame is shown here. [26].

R is the geodesic curvature radius (it is the reciprocal of the curvature x i.e. 1/R is
called the first curvature). The second normal B or the binormal unit vector is the
cross product of T and N (see Figure (4.2)). The vectors T', N and B satisfy the
following orthogonality relations, known as Frenet triad [16, 28, 29].

T=BxN, N=TxB, B=NxT. (4.1.6)

vzﬁ Tv =v,

dt’
From equations (4.1.4) and (4.1.5), N can also be written as

T dz d
N_%E_%QEE)R
N = R(T"V,)T = R(T.V)T,

or

N:%@VW, (4.1.7)

where V is the covariant derivative. The curvature x measures the rate of change of
unit tangent vector T' and how much the bending a curve can possess at a certain

point [29]. The binormal unit vector can also be written as
N =T x B,
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iN  d
ds  ds
dN dT dB
E:$XB+TXE7

where the rate of change of the binormal unit vector is dB/ds = —7N,

(T X B)?

N _ (lN) xB+T x (—7N),

ds \R
IN 1
S (-T)—7(-B
7~ T —7(=B),
AN -T
o w B
So, we get
1(dN 1
B=— (E 1 ﬁT), (4.1.8)

where 7 is the torsion which measures how much tendency is there in a curve to
twist out of its osculating plane at each point [29].

For the arcs of minimum length, we are considering those curves where the
curvature of the orthogonal projection of the curve onto the tangent is zero. When
1/ = 0, the geodesic curvature becomes a geometrically straight line. The lines
that coincide with photon trajectory are said to be the optically straight lines. The
gyroscopically guided straight lines can be defined as the lines having the spin of
the gyroscope initially tangent to it and will remain tangent throughout the motion
of the gyroscope along the line.

The instantaneously co-rotating reference frame, for a particle moving along the
curve z(s) with speed v(s), can be defined in terms of the angular velocity €2, and
angular displacement of the particle from the instantaneous rotation axis [30]. These

two factors are

Q= (%)B, (4.1.9)
r =RN. (4.1.10)

From Newton’s description (4.1.1), the Frenet formulas (4.1.7), (4.1.8) (4.1.9) and
the equation (4.1.10), the centrifugal force in an instantaneously co-rotating refer-

ence frame can be found in terms of quantities that are defined in the global rest
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frame.

C=mf x (r X SZ), (4.1.11)
C= —UQN

= . 4.1.12

m% ( )

This is known as Huygen’s description of the centrifugal force which becomes equiv-
alent to Euclidean theory (of plane geometry), as the proper circumferential radius
is equal to the geodesic curvature radius, 8 = r and N = n. However, these two
descriptions explain (physically) the same aspects of C. The first description is
based on the rotation of the reference frame with respect to the global rest frame
while the second encounters the motion along the curved path (R # oco) in space.
According to Newton’s description, the necessary condition for the action of the
centrifugal force (particularly in this frame) is that the reference frame must be the

rotating frame i.e, Q # 0 [28].
C#0<Q#0,v#0. (4.1.13)

Huygens’ description suggests that the particle’s motion (with non-zero speed), along

a non-straight path is the sufficient condition for the centrifugal force action [28].
C#0& RNF#oo,v#0, (4.1.14)

as 1/R = 0 is a straight path in the spacetime. The proper circumferential radius r
and the geodesic curvature radius R are different, r # R.

For simplicity, axially symmetric spaces; i.e. those which are symmetric around
an axis of rotation are considered here. The circles in these spaces coincide with the

Killing vector field, i.e. £, due to which this (axial) symmetry is generated.

4.2 Centrifugal Force in General Relativity

In this section, we are going to see which of the two descriptions of the centrifugal
force is compatible with general relativity (the Newtonian description or the Huy-

gens’ description). Abramowicz, Carter, and Lasota developed the mathematical
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formalism to find the centrifugal force. Consider a static and axially symmetric
spacetime. Static spacetimes are those which cannot change over time and are irro-
tational. The second symmetry that we have considered is the one in which a body
rotates with a constant angular velocity about a symmetry axis. These symmetries
give rise to two-Killing vector fields. Time like vector field 7, (open trajectories)
and space-like vector field &, (closed trajectories). The Greek letters run from 0 to 3
and the Latin indices run from 1 to 3. The sign convention we have assumed here is
(— + ++), spacelike vectors have positive and time like have negative lengths. The

properties of these Killing vectors are
Vi = V& = 0. (4.2.1)

The round brackets show the symmetry and square brackets are used to show the

anti-symmetric property. These Killing vectors are orthogonal

n&=n"¢ =0. (4.2.2)

These Killing vectors n and & commute and give the following relations [31]. The
requirement is that the metric (i.e. the tensor that describes the geometry) must
remain invariant on the manifold, and hence is Lie transported. This provides the

derivation of the equation
L€ = Len = 0.
éyvunu = T)”Vu&u
also
1
'V un, = —§Vu(77“77u),
1
§“Vu§,, = —§Vy(f”f“).
1
n'Vu& = E"Vun, = _§Vu<fufu)-
Vi) = 0.

The scalar product of two vectors z# and y, is x.y = a*y,. Consider a static

spacetime (in which if a light signal is sent from A to B, it is identical to the path
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it travels back, from B to A). It follows the conditions defined above, and the

observers themselves are static in that spacetime.
7’]# = V#t = gtttsz, (423)

g1t = goo = (N-1)- (4.2.4)
Now, consider two observers that are infinitesimally close. The distance between
them is the difference in the global time taken by the first observer in sending the
signal to B and the moment of receiving it by B, dt.

dl = dt. (4.2.5)

Here, ¢ = 1. The metric of 3-dimensional space in terms of spacetime metric can be

given by (the metric gy of optical reference geometry)

; ! (4.2.6)
gik = — Gik- 2.
)™t

dl’ = gpdz'dat. (4.2.7)

ds? = 0 for the path of light.

Optical reference geometry defines a three dimensional projected space. The
geometry of gy was introduced by Abramowicz. This was called optical reference
geometry because the geodesic lines coincide with the photon path or the light rays in
space [32]. The global time ¢ and the optical reference geometry (g;x) together define
the global rest frame in space. The optical reference geometry is time independent
and also axially symmetric. By the use of Fermat principle, we will elaborate optical
reference geometry. The relativistic Fermat principle was found by Weyl for the
static spacetimes. This principle states that the light follows the path of least time.
According to this principle

@/ﬁ:o, (4.2.8)

the integral is taken between two fixed points on the photon trajectory. The minimal
time and the minimal length can be explained by these formulas. The length is also

minimal along the photon trajectory.

5/@[:5/@Mmmﬁﬁ:o, (4.2.9)
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which shows that the light trajectories in space are geodesic lines in optical reference
geometry. Let’s start with the invariant definition of the outward direction with
respect to the symmetry axis. The axial symmetry (§,) generates trajectories which

are in a group of motions of circles with proper circumferential radii

r=/(€6). (4.2.10)

The symmetry axis is 7 = 0 and the straight coaxial cylinders are defined as in the
case of the Newtonian (previous section) outward normal in equation (4.1.2).

Now, the case of circular motion in a static, axially symmetric spacetime is
considered. When a particle moves along a circle in space Figure (4.3), its four
velocity is

vt = z(nt + Q&H), (4.2.11)

where v* is the linear combination of n* and & [33]. Here, z is the normalization
factor, which can be given as 272 = —[(n.n) + Q*(£.£)] and the orbital angular
velocity of the particle is Q. This equation (4.2.11) is the Lorentz form of four-
velocity. The normalization factor can be found by using (v*v,) = —1, we get from

equation (4.2.11)
—% — () + QA(EL). (4.2.12)

Figure 4.3: The four velocity v of a particle in a static axially symmetric spacetime.

Assuming a stationary (2 = 0) observer,

a 1/2
u® = , (4.2.13)




is the four-velocity of the observer. In Einstein’s theory the four-velocity v* of
a particle is an absolute spacetime object. Let us denote u® of an observer (an
object), in an absolute spacetime. The proper (covariant) way to define the velocity
9 relative to the observer u® is by the projection h? of v® into the local rest frame
of the observer. In other simpler words the stationary observer equation (4.2.13)
uniquely defines the global rest frame, and three-dimensional space in terms of
projection tensor

5 =05 + uupg. (4.2.14)

The three-dimensional metric can be defined as
Gik = Gk + Uil (4.2.15)

Any geometrical quantity can be projected in the three-dimensional spacetime, (as
an example we have the square of the orbital speed v in the projected three space
which becomes the square of the projected velocity)

Now, consider for the relativistic speed of the particle which can be defined

through the speed of the particle in Abramowicz’s optical reference frame as

o’ = hP?, (4.2.16)
0272
~2 2.2
R Y S
0
T S (4.2.17)

V1= Q%
taking v = QF the Lorentz speed (of the particle 0 < v? < 1) and 7 is the relativistic

factor

T (4.2.18)

V1—02

The quantity 7 is defined as the proper circumferential radius of the trajectories
defined for the axially symmetric space. The geometrically 7 and its gradient V7
is connected with the first normal vector 7 (pointing outward), and the geodesic

curvature radius .

or

.= V7. 4921
5 V7 ( 9)

V7

7



So,
B \PHs
SRR

n

(4.2.20)

R = A (4.2.21)

Now, we can write acceleration in the general geodesic motion i.e, a, = v*V ,v,,

by equation (4.2.17), which gives the four-velocity of the particle moving along the

circular path
1Y) + 9PVL(E8)

a,, = )
2 (nm)+ 2L
which can also be written in terms of speed of the particle measured in optical

(4.2.22)

reference geometry o, geodesic curvature radius R and first outward normal 7 as
[34]

a, = 1Vl, In|(n.n)| — @Tzﬁl,. (4.2.23)
2 R

The free photon path ¢, (circular) is defined by two conditions v*v, = 0 and
a, = 0 by making use of equations (4.2.11), (4.2.22),(4.2.20), (4.2.21) and (4.2.23)
as V,7 = 0.

Now consider (a, # 0), a non-geodesic motion in general a circular motion
described by equation (4.2.11), (4.2.22) and (4.2.23). In order to keep moving along
the circular path, the particle needs an external force like rocket thrust or the tension
of a spring. For a, # 0 we need a real force T),, except for the case of geodesic
motion. The applied force becomes zero in the special case of geodesic motion. In
GR, gravity appears as a part of acceleration, one can identify the gravitational and
centrifugal parts of the acceleration vector. The gravitational force is being thought
of independent of velocity, so, the first part in equation (4.2.23) is the gravitational
force per unit mass and the second term is the centrifugal force per unit mass. For
a particle moving with a rest mass my, the centrifugal force becomes

1~)2

Co = mog—V 4. (4.2.24)
T

The point clearly explains that C,, is always aligned with the direction of V,7 (local

outward direction). Even it becomes all misaligned with the global outward V,r.
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We will see in the next section that on the photon circular orbit (r = 3M) the
acceleration is independent of velocity, in the vacuum Schwarzschild solution. V.7
is zero there. The global and local directions interior to this point are directly

opposite for the equatorial plane motion.

1 ~2
JL:TWZWGVAanH—m%m. (4.2.25)
It means the real force is )
1~ @
T = (-U—~T>, 4.2.26
m(30 - (4:2.26)

where U = 7V, In In.m|. There is no dependence on v, the speed of particle mea-
sured in the optical reference geometry. On a minimal circle, where 1/ R =0. The
description that matches with the general relativity is the Huygens’ description. In
the frame instantaneously co-rotating with the particle, the relativistic centrifugal

force is
172
CH = mﬁﬁu, (4227)

¥ is the 3 dimensional component of velocity that is parallel to the von Zeipel cylin-
ders. Now, we will discuss the behavior of the centrifugal force in strong gravitational
fields.

Let us define the specific energy ¢, that is the energy per unit mass and the
specific angular momentum ¢ which is the angular momentum per unit mass, through
invariant equations

e = —nMv,, (4.2.28)

and

L = v, (4.2.29)

So the specific angular momentum becomes
1
(= —gﬁ“vu. (4.2.30)

From the Killing equation (4.2.1), it follows that ¢ and ¢ are constants of geodesic

motion. In Schwarzschild coordinates (discussed in next section) one has
n' =d;, &'=d, (4.2.31)
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P = gu = (9") 7", €60 = gos = (979) . (4.2.32)

The specific angular momentum [ and the orbital velocity 2 is linked through the
relation

(= Q7. (4.2.33)
The value 7 is the radius of gyration [35]

7= _€9H (4.2.34)

(n-n)
This defines the von Zeipel surfaces, i.e. those that coincide with the specific an-
gular momentum ¢ = constant and angular velocity €@ = constant surfaces in the
isentropic and barotropic purely rotating general relativistic fluid configurations are
called von Zeipel surfaces [36], which are defined by the von Zeipel parameter A,

having dimensions of length. We can write A\ as
A= 9% (4.2.35)

Gt
which is totally a geometric quantity. In this choice, the surfaces (¢ = constant)
themselves become von Zeipel cylinders. So, the surfaces ¢/2 = constant are known
as von Zeipel cylinders, introduced by Abramowicz (1973). Defined in Euclidean
geometry, these are straight cylinders, coaxial with the axis of rotation. Here, in
the present case, we have taken the generalization of 72 = J/MQ, 7 is the radius of
gyration [35]

= (4.2.36)

is the ratio of specific angular momentum and angular velocity.

72 = 9 (4.2.37)
Gt

The definition ¢/ = constant, says that there exist critical circles at this certain

point.
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4.3 The Action of Centrifugal Force Reversal; The
Rotosphere

Consider the vacuum Schwarzschild spacetime solution as explained in section (3.6)

(ds)? = — (1 — %) (dt)? + (1 — %) : (dR)* + (Rdf)? + (Rsin 0d¢)?, (4.3.1)

where M is the mass of the (central) compact object. The Killing vectors 7, as

explained in equations (4.2.3) and (4.2.4) can be given as

2M
N = Vb, 10 = gu = Goo = — (1 - ?), (4.3.2)

and §, can be written as

£, =V E£E=gss = gs3 = R*sin 0. (4.3.3)

The orbital symmetry allows us to choose the angle for the orbital plane to be
0 = /2. A Tetrad is the set of four locally defined linearly independent vectors
eq = €40y, where a = 0,1,2,3. The tetrad formalism is used to replace the choice of
coordinate basis with a less restrictive local basis. The transformation of global to
local coordinates is done with transformation matrices eﬁ and e . The components

of transformation come from the metric tensor.
G = efjefndé. (4.3.4)
The tetrad components of the spacelike vector a' can be defined as
a = eiak. (4.3.5)

The orthonormal set of three vectors ei.

R = \/orn = (1 - %)A = ( - ?M> _1/2, (4.3.6)

e = (4.3.7)
e¢ = /Jop = V R2sin”§ = Rsin 6. (4.3.8)
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Now, defining y as the angle between two curves say a and b, then for a.b we

have
cosy = a B p(R) 4 a@Dp®) + a(fb)b(ﬁb),

or

cos X = a(ryb(r) + a(9)b(e) + a(e)b(g).

In this case, cos & becomes
COS X = N(R)Ti(R) + N(o)Ti(e) + T(9)Ti(s)- (4.3.9)

The spacelike unit vector n’ defines the outward direction, which is away from the
rotation axis. 72’ is the unit vector defining the direction of the centrifugal force and
is normal to the von Zeipel cylinders. Now in order to find its tetrad components,
we have to first find the tetrad components of n’. The straight cylinders can be
given as r? = (£.£) = constant. For the Schwarzschild solution, it takes the form
r? = R?sin”# = constant. We have the vector n’, which is orthogonal to these

cylinders, now we will find its tetrad components by using the equation (4.1.2).

sinf(1 — 2M/R)Y/?

_ : 4.3.10

"0 T 11 2M/R sin? 6)[172 ( )
cos

= , 4.3.11

YO T 1= 2M/Rsin” 0)] /2 (43.11)

TL(¢) =0. (4.3.12)

Using equation (4.2.20), we can find the tetrad components of the normal 7’
where 7 can be obtained by using (7 = —(£.£) /9.m) equation (4.2.37). In Schwarzschild

black hole, 7 becomes
R?sin%0
A — 4.3.13
" T —2M/R) (4.3.13)

The tetrad components for 7!

_ sinf(1 —3M/R)

= 4.3.14
) I[(1—3M/R)?sin?6 + (1 — 2M/R) cos? 0]1/2| ( )
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1 . . . 1 . . . 1
-5 a 5

Figure 4.4: The equatorial section of von Zeipel cylinders in the Schwarzschild
solution. Here, the dotted red colored circle show R = 3M region and the black
colored lines are the von Zeipel cylinders. Created using MATHEMATICA.

B cos (1 — 2M/R)'/?
@ 71 = 3M/R)?sin0 + (1 — 2M/R) cos2 0]1/2|’
fig) = 0. (4.3.16)

n

(4.3.15)

The spacelike unit vector defines the outward (away from the rotation axis) normal
on the straight cylinders. By the definition of centrifugal force, the direction is
determined by equation (4.2.27), n‘, normal to von Zeipel cylinders.

Now, finding the angle v, between the outward direction (away from the rotation
axis) and that of the direction of the centrifugal force by equation (4.3.9), we get
sin?0(1 — 3M/R)(1 — 2M/R)/? + cos?6(1 — 2M/R)*/?

(1 —2M/R sin?6)|/2|[(1 — 3M/R)?sin?6 + (1 — 2M/R) cos? 0]1/2|
(4.3.17)

cos x(R,0) =
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| 7 ,(

1 . . . . 1 . . . . 1
-5 a 5

Figure 4.5: The red colored dotted region is the rotosphere, in which the centrifugal
force would change direction. The blue colored lines represent the self-crossing von
Zeipel cylinders and the center represents the gravitating star (black hole). Created
using MATHEMATICA.

This can also be written as
MY ., 2
cosx(R,0)=|[1— & ) sin 0 + cos“ 0| S(R,0), (4.3.18)

where S(R,0) is

(1—2M/R)Y/?
(1 —2M/R sin®0)[V/2|[(1 — 3M/R)%sin® 0 + (1 — 2M/R) cos? 0]1/2|
(4.3.19)

S(R,0) =

From the above equation we get the centrifugal force reversal, i.e. the centrifugal

force attracts towards the rotation axis . Here, in the entire region where (R/3M) <
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sin? § is the region of cosxy < 0. Note that in the paper that has been reviewed,
the equation (4.3.17) is explained only for the case where 6 lies on the equatorial
plane. The terms sin® @ and cos? § that are present here, in equation (4.3.17), gives
the general form of the solution when we are finding the angle between the outward
normals of the straight cylinders and the von Zeipel cylinders (see [16]).

In Newtonian dynamics, the von Zeipel cylinders are straight cylinders, that
strictly follow the cylindrical geometry. Far away from the gravitating center, both
the types of cylinders have the same directions (the direction of their normals). The
centrifugal force attracts towards the center in the region where sin®?6 > R/3M.
This region is the rotosphere [16, 30]. Figure (4.4) depicts the von Ziepel cylinders
near the gravitating central body, i.e. Schwarzschild black hole. Straight cylinders
follow cylindrical geometry, the normal to these cylinders and to von Zeipel cylinders
can have opposite directions at a point where von Zeipel cylinders self-cross [30].
This is the same region where the existence of the rotosphere can be seen. Figure
(4.5) shows the self-crossing von Zeipel cylinders and the rotosphere for the vacuum
Schwarzschild solution (7 = 3v/3M). The point where the self-crossing occurs, the
normal vector is undefined there. So, V.7 = 0. This tells us the existence of
the closed photon orbit in space. The closed photon trajectory in Schwarzschild
geometry can be seen when the von Zeipel cylinder # = 3v/3M self-crosses along
the circle R = 3M, cos®# = 0 as shown in the Figure (4.5). It can also be said as
when there exists a closed circular photon orbit that corresponds to the unstable
circular orbit, there must be von Zeipel cylinders (self-crossing their selves) and the
rotosphere must exist.

The only condition for the rotosphere to exist is to see if there exists a self-
crossing von Zeipel cylinder. The self-crossing von Zeipel cylinder can be seen in
Figure (4.4) which occur at 7 = 3v/3M.

The expression for the angle between the centrifugal force and outward normal

(away from rotation axis) can be written as xo = x(R,8 = 7/2)
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1-3M/R +1, if R>3M

L= oM/ . (4.3.20)
[1—3M/R| 1, if R<3M

cos Y =

This form particularly, tells us the change in the direction of the centrifugal
force [30]. At the center of the closed photon orbit the centrifugal force changes
direction, it is attractive inside and repulsive outside this orbit. In Figures (4.4) and
(4.5), the circle is the middle shows the self-gravitating object, which in our case
is a Schwarzschild black hole. We can see self-crossing von Zeipel cylinders in both
these Figures (4.4), and (4.5), which have been created using MATHEMATICA by

transforming 7 into cylindrical polar co-ordinates.

4.3.1 The Effective Potential

Von Ziepel “cylinders” have a non-cylindrical behavior in spaces that are non-
Euclidean i.e. hyperbolic, parabolic or elliptical. The motion of a photon in space
whose velocity is v,,, this is the component of velocity orthogonal to both the Killing
vectors 7, and &,. Let

R CLICON (4.3.21)

L2

The equation of motion for the photon is
V2 =h% =V, (4.3.22)

where h = E /L = constant, is the impact parameter. Here, h is the impact param-
eter for the photon. The effective potential for the photon is V,;; = 1/72 [35].

At the extreme of effective potential V,V.;r = 0, the circular orbits of the
photons are present.

As the direction of the unit normal vector to the von Zeipel cylinders n and
the centrifugal force is same, see equation (4.2.27), the centrifugal force repulsion
can be seen from the unstable circular orbits and attraction towards the stable
circular orbits. The force does not act on the particles moving on the circular photon

orbit. The stable circular orbits are those where the local minima correspond to
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stable circular orbits. The unstable circular orbits are those where the local maxima
correspond to unstable circular orbits. Figure (4.6) illustrates the effective potential
(Vesy) for the motion of photon. Outside the star, the maximum corresponds to the

unstable circular photon orbit.

Figure 4.6: The effective potential for the motion of photon in the Schwarzschild

solution’s equatorial plane of a spherical constant density star is shown. Created

using MATHEMATICA.

From equation (4.2.19) and (4.2.36) we have 7 to be a unit vector that is or-
thogonal to the von Zeipel cylinders. But this vector is not defined at the circular
photon orbits, as V,V.;y = =2V, 7/7?, i, = 0/0= (undefined), as we are dealing
with 7 = constant surfaces.

The unit vector n’ defines the outward radial direction r. Considering the equa-
torial plane of the Schwarzschild solution, if the scalar product (nn’ = +1), the
centrifugal force will point away from the rotation axis [30]. For (nn’ = —1), the
centrifugal force will point inwards (towards the axis of rotation). Now, on the

equatorial plane of the exterior Schwarzschild solution, we can write for the scalar
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product

_ +1, ifr>r =3R
(nn') = — L P (4.3.23)
|r =] —1, ifr<r,=3Ra

where Rg is the gravitational radius of the spherical gravitating body (Schwarzschild
black hole or a compact star i.e. a neutron star). The geodesic curvature radius for

the circles r =constant is

~ 2
R= (4.3.24)

Thus, we have two cases, for r = %RG we have ® = co. So, the centrifugal force
would disappear there. For Rg < r < %Rg, the centrifugal force attracts towards the
rotation axis. The centrifugal force is attractive towards the rotation axis between

the two-photon orbits.
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