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Abstract

In this thesis, we have introduced generalized statistics in which different states have different
maximum occupation numbers. Bose-Einstein, Fermi-Dirac and Gentile statistics are its
special cases. With the help of this statistics and the use of homogeneous form of Riemann-
Hilbert problem we calculate an explicit expression for fugacity. Its calculation is a key point
in the solution of our model. It is because finding discontinuity in its derivative will tell us
whether there is a phase transition or not. Bose-Einstein condensation is the first purely
statistically derived example of a phase transition. In this thesis, the transition is generalized
Bose-Einstein condensation.

In the first chapter, a brief review of some basic concepts of statistical physics are explained.
These include entropy of a system, thermodynamic potentials, Bose-Einstein and Fermi-Dirac
statistics. In addition, some light is also shed on the concepts of Bose-Einstein condensation
and phase transitions, especially to first order phase transition.

The second chapter is devoted to the detailed study of Gentile statistics, first introduced by
Gentile in 1924. In this chapter, partition function is derived with the help of multinomial
theorem. After calculation of grand partition function all thermodynamic properties are easily
calculated. The properties at low temperature and high densities are also discussed with the
contribution of ground state.

In the last chapter, the work is concluded with some other examples of statistics used besides

that of Fermi-Dirac, Bose-Einstein and Gentile statistics.



Chapter 1

Introduction

In this dissertation, the phase transition model is solved by calculating an explicit expression
for the fugacity for an idealized gas obeying generalized statistics. It is done with the help
of solution of mathematical problem known as Riemann-Hilbert problem. Moreover, the
thermodynamic properties of Gentile statistics are also calculated. Since, thermodynamics
play an important role in the study of statistical mechanics, therefore, the basic concepts of

thermodynamics are reviewed first in this chapter.

1.1 Statistical Mechanics

A condensed material includes a large number of particles composed of electrons and ions of
the order of 10?3, On this very large scale, it is impossible to characterize all information of
each individual particle. We know that in order to describe some physical quantity of a system,
we need to know about quantities making the system. For example, we know that specific
heat of different materials is different. It is different because microscopically, the materials
are different. The macroscopic quantities in materials result from microscopic properties. As
another example, pressure in a gas results from the collisions of molecules with the walls of
the container. Similarly, temperature of a material depends upon the mean kinetic energy of
particles.

The basic aim of statistical mechanics is to derive all the thermodynamic properties of
a given system needed to describe it, by relating the microscopic properties of individual

particles to macroscopic material. From dynamical point of view, a microstate can be de-



fined completely by specifying all the dynamical variables of the system such as position and
momentum. However, some physical quantities like temperature, pressure, energy, etc, are
needed to describe the macrostate of the system because their properties do not depend on
every little detail of each atom. Therefore, we can say that in statistical mechanics, we try
to understand the properties of complex systems even if we do not know all the information

about the system.

Statistical mechanics is often divided into classical and quantum statistical mechanics.
Our work in this dissertation is based on quantum statistical mechanics, therefore, we will

have only a brief introduction of classical statistical mechanics.

1.2 Classical Statistical Mechanics

Matter is composed of atoms, and atoms as we know must obey quantum statistics but still
classical statistics can be reasonable and instructive in many cases. Therefore, we start with
classical phase space. A state of a system is completely and uniquely defined by 3N canonical
coordinates, q¢1,q2,4qs,...q3xy and 3N canonical momenta, p1,ps2,ps,...psn. A total of 6N
variables are collectively denoted by the abbreviation (p, ¢) and constitute phase space of the
system also known as 6N dimensional I'—space. Each phase point represents a microstate of
the system in classical statistical mechanics and these states form a continuous set of points in
phase space. The motion of a phase point in I'—space is governed by following set of equations

called canonical equations of motion or Hamilton’s equations of motion:

0H(p,q) . OH(p, q) .
e L — 1.1
o0, q 94, P (1.1)

where, H (p(t),q(t)) is defined as the total energy of the system and is a function of phase
space points (p, ¢) and time [1].

When the Hamiltonian does not depend explicitly on time, the trajectory which the phase
point follows is called a phase orbit. The surface in I'—space which satisfies the condition
H(p,q) = E, defines an orbit with constant energy given by the law of energy conservation.
Thus, the phase space trajectory always moves on a constant energy curve. The classical

statistical mechanics is governed by Maxwell-Boltzmann statistics.



1.3 Entropy

Entropy () was first defined by Clausius in the form of equation S = Q/7T. At that time,
the idea that gas is made up of small molecules and temperature results from average kinetic
energy had not yet appeared. In the equation, (S = @/T) a system can have temperature
only if it is in a thermodynamic equilibrium. Thus, we can define entropy only for those
systems, which are in a thermodynamic equilibrium from classical thermodynamic point of
view. Therefore, if temperature is constant, we can differentiate above equation to get another

equation of entropy as

_ 89

AS T

AS=5,-851, AQ=Q>— Q1 , (1.2)

where AS represents a small change in the entropy of a system 1 and 2. It is a well known
fact that when heat enters a system, A(Q is negative; which means entropy also decreases. On
the other hand if AQ is positive, heat leaves the system and entropy increases. This is how

S is defined in classical thermodynamic.

Entropy in statistical mechanics was defined by Ludwig Boltzmann and J. Willard Gibbs
in the 1870’s by analyzing the statistical behavior of microscopic components of the system,
while in classical thermodynamics, single systems are dealt. Below is given the general form

of entropy

S=—k Zpilnpi , (1.3)

where p; is the probability of a microstate in which given particle is in state ¢, while all of p;
evaluated for the same microstate of the system. The constant k is called Boltzmann constant
with value 1.380 x 10723.J/K. Because p; is always between 0 and 1 and log of numbers less

than one is negative, therefore, both signs cancel with each other to make entropy positive.

Next we want to relate the definition of entropy with the information theory. This work
was done by Claude Shannon in 1948. If a system has uniform probability distribution, it
means that we have no information about the system, i.e., in which microstate our system is.

Thus, we have least information about the system.



If W is the number of microstates of a system, then the probability of finding the system in

a certain state is

1
i =p= — 1.4
Pi=p= g7 (1.4)
Thus, the entropy from above is
Y11
S=—-k g — In(— 1.5
1 1
=—k — In(— L.
1

This equation states that the larger the number of states, the larger the entropy. Also, a) S
is maximum when W is maximum b) S is minimum when W is minimum. Specifically, when
W =1, 5 =0,ie., no randomness at all [2].

This definition of entropy looks similar to the previous one, but this definition is for a system
which obeys principle of equal apriori probability (it will be discussed in detail in the section
No. 1.5). Eq. (1.3), is however, more general and applies to equilibrium and non equilibrium
systems equally.

Entropy is an extensive quantity, because it depends on the amount of material in a system.
For example, let us suppose that two systems, like a gas in a large container, is separated from
the middle. Let their entropies be represented by S; and Ss respectively. Then we remove
that separation and allow the gas to mix. The combined system will have more entropy than

the single one (S7 + S2 = 5).

1.4 Thermodynamic Potentials

Thermodynamic potentials are very important in Thermodynamic systems. These include
internal energy, Helmholtz free energy, enthalpy, and Gibbs free energy [2]. Only internal

energy and Helmholtz free energy are discussed below.



1.4.1 Internal Energy

In a closed system for an infinitesimal process, first law of thermodynamics reads as

dU = 5Q — W, (1.8)

here, U is called internal energy and is a function of S and V. 4@ is a small amount of heat
added in a system and W is small amount of work done by the system. From second law

of thermodynamics we have, TdS= §Q and §W = pdV, if pV is the work done. Then above

equation reads as

U U
el e — TdS — pdV. 1.
(8S>Vds+<8V)SdV S — pdV. (1.9)
or
oU
ouy _ 1.1
(as)v T, (1.10)
and
ouU
(av)s — _p. (1.11)

1.4.2 Helmholtz Free Energy

It can be defined as the useful work that can be obtained from a closed thermodynamic system
at constant temperature and volume. It is important in determining the equilibrium state of
a system. The physical meaning of the free energy F' is that in an isothermal transformation,
the change of the free energy is the negative of the maximum possible work done by the

system. Mathematically, it is written as

F=U-TS, (1.12)

where I is a function of T and V. Then

dF = dU — TdS — SdT | (1.13)
or
oF oF
—_— dT —_— dV =TdS — pdV —TdS — SdT . 1.14
(8T>v *’<8V)T P (1.14)
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By comparing both sides of Eq. (1.14), we get

<‘;§>V _ s <25>T _— (1.15)

These two equations give another thermodynamic definition of entropy and pressure.

1.5 Ensembles

As already mentioned, for a gas of N particles, a microstate of a system is represented by
a point in 6N dimensional phase space. Thus, if we have to consider all possible states
which a gas can have, then we would have a large collection of points in the phase space. In
this way, we have a large number of identical copies of a system but each copy may be in
different possible microstate. These identical copies may be characterized by the same set of
quantities such as pressure, volume, etc., and is called an ensemble of a system. A gas goes
from one point to the next in phase space when it evolves in time, in a specific sequence. Any
macroscopic quantity of the gas is not measured instantaneously. In fact, it is to be measured
over a finite time which is usually long as compared to time scale of motion of particles of the
gas. In this way, the quantity which we measure is a time-averaged quantity. When we are
measuring time average of a quantity, what we are doing is looking at different values which
that quantity takes during its time evolution from one microstate to the other. After that, we
take an average of all the values of that quantity. For doing so, we are not concerned with the
sequence of going from one state to the other, rather we can just consider the phase points of
the ensemble over which the system goes and then take the average. We can then say that
the time average can be replaced by the whole ensemble average [2].

By doing so, there are some conditions to be satisfied. First of all, replacing time average by
the ensemble average, simply assumes that the system is visiting all the phase points during
its time evolution. This is simply the ergodic hypothesis which states that: “over long periods
of time, the time which a system spent in some particular region of phase space of microstates
with the same energy is proportional to the phase volume of this region.” In other words, all
states appear with equal probability. This hypothesis is considered as a pillar of statistical

mechanics.



Not all surfaces are ergodic. When a system is ergodic, statistical physics applies to its
ensemble. In case of non ergodic system, statistical physics also applies to the time average
of the system. Three types of ensembles are used in statistical mechanics: micro-canonical,

canonical and grand canonical ensemble.

1.5.1 Micro-canonical Ensemble

It is an ensemble formed by isolated systems which have the same energy. “Same energy"
means that energy of all systems lie between certain region E and E+AFE. The other re-
strictions are: the volume V and number of particles N are fixed. The probability for each
accessible microstate in this ensemble is the same. Thus, if  is the number of microstates,
then at any time the probability of finding the system at random from the ensemble would
be 1/Q. The total number of states available to the system is actually the measure of the

entropy of the system

S =knQ. (1.16)

which is maximum under this condition. This formula of entropy is the same as given by
Boltzmann, except that here €2 is used instead of W for the number of available states. Here
Q(N,V, E), is actually the partition function of this ensemble.

The micro-canonical ensemble (MCE) has many drawbacks in its use. At first, we cannot have
a system where all microstates have the same energy because it is not always easy. Infact it
would be easier if average values are calculated with a distribution function that include a
range of energies. The MCE corresponds to a system which has its energy completely isolated
from the rest of universe. This is usually not the way a thermodynamic system is prepared.
Infact, we usually know about the temperature of a system, that is, we have information about
the average energy of the system. In other words, we do not usually deal with completely
isolated systems, but we often deal with systems kept in contact with a heat reservoir at a
given temperature, so that its energy varies somewhat from instant to instant but its time
average is known [2].

As we noted, MCE is a collection of similar systems, all with exactly the same energy. So, it



is an ensemble which would be impossible to construct in general. Following is a more general

ensemble which would be much easier to form.

1.5.2 Canonical Ensemble

Let us prepare an ensemble in which each system has fixed number of particles IV, enclosed in
a volume V' [2]. Each system is placed in a heat reservoir (heat bath) with which it would be
in equilibrium. Such a system has a distribution function which should satisfy the following

conditions

S=—ks» pilnpi, (1.17)

subject to conditions: ) .p; = 1 and ), p;E; = 1. Here ‘¢’ represents all possible states of
the system. We try to solve p; by use of Lagrange multipliers. We require

S+asy pitopy piEi, (1.18)
i i
to be maximum and «, and oy are adjusted so that

Y pi=1 , and > piEi=1. (1.19)
7 %

Taking the partial derivatives of Eq. (1.19) equation with respect to pis and then setting

them equal to zero, we get

—kplnp, —kp+ aq + a,E; =0, (1.20)
or
—k E.
Dpi = exp [aa Bt Z} . (1.21)
kp
Taking the summation on both sides gives
E
exp — —1) Zex ab =1, (1.22)

Using the notation



== 1.2
exp(2) = (1.23)
we can write Eq.(1.22) as
Qg
Z =exp(l——). (1.24)
kp

Next, we have to adjust Lagrange multiplier a; such that U and S are related to T like in the
formula F' = U — TS. Re-arranging it, gives

U F
§— ==z (1.25)

It can be done if we take average value of Eq.(1.20), then multiply it by p; and sum over i.

Thus we obtain

~kp Y _pilnpi— (kg —aa) > _pi+aw» piBi =0, (1.26)

or

S+oapU =kp—a,=kplnZ . (1.27)

By comparing with Eq.(1.25), we find

1 F
Thus, p; becomes
1 —F;
p = (el (1.29
or
7 = Zexp(_E") (1.30)
- kT’

and is called the partition function of the canonical ensemble. Once partition function is
found, it is easy to calculate all thermodynamics properties of a system, like Helmholtz free

energy as F' = —kpT In Z. With the help of F, entropy and Gibbs potential can be calculated



by the use of Maxwell’s relations. Here Z is a function of T,V and N. The quantity N

specifies the list of microstates used in the sum.

So, canonical ensemble is an ensemble formed when a system has fixed V and NV and it
has a well defined temperature (connected to an infinite heat bath). In most of the cases, the
system consists of N sub-systems which are separate and independent having a; degrees of

freedom such that N
=) o;. (1.31)
j=1

Now, consider a system of distinguishable particles. In this case canonical partition function

becomes

Z(N,V,T) =) e BilksT = 3}~ e~ (cGre el /knT (1.32)

7 a,b,c=1

S e kT Y e kpT Y e [hpT = zazp2,, (1.33)
b c

a
where 2(V,T) = Y, e~ /kgT is the partition function of single particle and a is the number

of particles in a state. If energy states of all particles are the same, then

Z(T,V,N) = [z(V, )" . (1.34)

This is the distribution function of distinguishable particles. For the case of indistinguishable

particles we have

N

Z(TV.N) = 5 - (1.35)

But it is only possible if quantum states at room temperature available to a particle are much
greater than the number of particles in the system. In this case the chance of any two particles

in the same state would be negligible.

1.5.3 Grand Canonical Ensemble

Dealing with the systems with a given temperature, a parameter that we can control in exper-

iments, is easier than the systems where energy has to be kept constant, which is physically
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impossible. Therefore, we prefer canonical ensemble to micro-canonical ensemble. Yet it is a
great problem as well to keep the number of particles fixed and it makes the situation difficult
to handle. It is because the number of particles in a macroscopic system is never precisely
known. A huge amount of particles combine to make a macroscopic system, then all we know
is the average number of particles from experiments. This was the basic idea which motivated
physicist to introduce grand canonical ensemble in which the system can have any number
of particles with average number determined by the conditions external to the system. This
may be considered analogous to the situation in CE, where the average energy of the system
is determined by the temperature of heat reservoir with which it is in contact. A microstate
of GCE is specified by the number of particles N that the system has.

Let us consider an open, isothermal system whose thermodynamic state is specified by V', T
and p as given in Ref.[1]. The distribution function that such a system must satisfy containing

N molecules in the energy state En ; is

e_EN,i/kTeN,U‘/kT

(VT u) = 1.36
pN,’L( ) 7“) E(MT7M) ) ( )

where Z(V, T, 11) is the grand partition function defined as
E(V,T,p) =Y e PnanteNe/pT (1.37)

N
An alternative form of = is

EV,T,n) = )
N

eNu/kT Z e_EN,i/kT] 7 (1.38)
= " Z(N,V,T)eNHT (1.39)
N

/KT

Here Z is the canonical partition function and e is called the fugacity. By using this

partition function we can calculate all other thermodynamic properties of the system.

1.6 Quantum Statistics

In this Section, quantum statistics of one component macroscopic system of identical and in-

distinguishable particles without inter-particle interactions is discussed. It means that they do

11



not exert forces on each other , in a volume V at temperature T'. Let us denote energy eigen-
functions as 1, Y9, Y3, ..... and let the energy eigenvalues of single particle are , €1, €9, €3.....

In a system with two identical particles, it is impossible to detect an exchange. Let ¢ be the
wave function representing the state of a system of IV identical and indistinguishable particles.
Then we can easily deduce from above mentioned experimental fact that ¢ may behave in
one of two ways: when the coordinates of two particles are exchanged in the function v , it
may remain unchanged or it may change sign. We say that v is symmetrical in the coor-
dinates of identical particles in the former case and anti-symmetrical in the later case. One
of the fundamental postulates of quantum mechanics is that (a) the only states available to
real systems of indistinguishable particles are those represented by wave functions which are
either symmetrical or antisymmetrical, and (b) particles with half integral spin (e.g., elec-
trons, protons, etc) have antisymmetric wave functions, while those with integer spins (e.g.,
photons) have symmetrical wave functions. Nuclei, atoms, ions and molecules made up of an
odd number of electrons, protons and neutrons (e.g., He3) are in the antisymmetrical class,
and those with an even numbers (e.g., Ha, He* ) are in the symmetrical class. The above
restrictions on accessibility are applicable whether or not there are inter particle forces. In

either way canonical partition function is the same, i.e.,

Z =Y e Bl (1.40)
j

where E; are the eigenvalues of the operator H of the system. But because of the above
restriction on the wave function, we will include only those energy eigenstates associated
with energy eigenfunctions with the correct symmetry properties. In other words, the sum
is over all accessible energy states; those states which are inaccessible because of symmetry
restrictions are omitted from the sum [1].

One way to define Bose-Einstein statistics and Fermi-Dirac statistics is that wave function is
symmetrical in BE case and antisymmetrical in FD case. As, an example let us consider a

system with three particles, N = 3. Let us use canonical partition function
Z =Y Qe B/ (1.41)
7

12



In the above sum is over all energy levels instead of states. Now consider the system energy
level is E = 9§ (¢ is a constant). It means that 9 units of energy are to be divided among
three particles. In this way the total number of ways that the particles can be divided are 28,
if we ignore symmetry. That is, the degeneracy of system energy level E = 9¢ is Qp = 28 (D

is for distinguishable). Thus, one term in above equation is

Z = 28 W/FT (1.42)

For FD case, only three linear combinations out of seven permutations are allowed because
of anti symmetric property of wave function. Therefore, in this example, there are only three
antisymmetrical system energy states belonging to the eigenvalue E= 96; that is, Qpp = 3.

Thus one term will be

7 = 3¢~ W/KT (1.43)

From here one can make a general statement which is called Pauli exclusion principle (which
forms the basis of periodic table). It states that each particle quantum state can be occupied
by either one or zero particle at a time in Fermi Dirac statistics; number can be 0,1 only.

For Bose-Einstein (BE) case, one linear combination out of each seven different ways of
arranging particles in the system are allowed because of symmetric property of wave function.

Therefore, Qgp = 7 and another term will be
Z = 7e /KT (1.44)

Here, Qpg is the total number of ways of dividing ¥ among N particles, treating the particles
as indistinguishable and without restricting the number of particle in any state.
From above example one can say that in BE case there is no restriction on the number of

particles in a particle quantum state; the number can be 0,1,2,3...N. It is also obvious that

Q
Qpp > WD! > Qpp . (1.45)

If energy is very large (high temperature), the number of available states are large compared

to the total number of particles in the system. Thus, the vast majority of sets of particle

13



quantum numbers will all have particle quantum numbers different. So, for large values of £
we have Qpp — % «—— Qpp. This limiting statistics is referred as Boltzman or classical
statistics (particles are treated as distinguishable).

Next, thermodynamic properties of both statistics are calculated with the help of grand
partition function because the number of particles in these systems is very large and cannot

be easily fixed. For an N-particle state, the sum of all the n, obeys

> np=N. (1.46)

and the energy eigenvalue of this N-particle state is

E{np} = npep . (1.47)

Here, p denotes the momentum eigenvalue of the single particle. The grand partition function

can now readily be calculated

2(z,V,T) = ZZNQN (V,T) Z > ANe P (1.48)

N=0_"p
Snp=N
)
E = Z Z Zzpnpeiﬁzpnpep , (149)
N=0_ "p
Ynp=N
) np
E = Z Z H(ze_ﬂ€p> . (1.50)
N= Np
Ynp=N

Here, double summation is equivalent to summing each n, independently. Every term in one

case appears once and only once in the other, and vice versa. Therefore,|3|

(1
|

= ZZ (zePeoymo (ze=Perym ] (1.51)

= !Z(ze_ﬁeo)m] [Z(ze_ﬁel)m] , (1.52)
— H [Z(ze_ﬁfp)np] , (153)

14



where the ¥, extends over the values n = 0,1,2,3, ... for bosons and n = 0,1 for fermions.

Expanding for fermions Eq. (1.53) becomes

== H(l + ze Per) |

p

(1.54)

where first term is for n = 0 and second term for n = 1. The equation of state can be found

by taking natural log of the partition function as

kT
P

For average number of particles

N = zlnﬁlnE(z,V,T) ,

0z
or
—Bep
ze
NZZl—i—ze Pep an’
where

B ze Per
T T e P
When exp(4) = z and 3 = 7=, Eq. (1.58) can also be written as

_ 1
p = G-w :
e T +1
This is Fermi-Dirac distribution law.
For bosons Eq. (1.53) gives
- 1
T 1 —ze B

and the equation of state will be

PV
- _ Lo Pe
T = Zp:ln(l ze ) .

15

p
o InZ(z,V,T) = Zln(l + ze7Per)

(1.55)

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

(1.61)



For mean number of particles

ze Pep

N = Z R => ny, (1.62)
p

where

Ze—ﬁfp
1—ze B

The fugacity z is non negative for both ideal Fermi gas and ideal Bose gas because, if it was

negative then Egs. (1.57) and (1.62) cannot be satisfied for positive N. Eq. (1.63) can also

be written as

1

(ep—n)
e kT — 1

n, = (1.64)

This is Bose-Einstein distribution law [3]. The condition for convergence of this series requires
i < €p for all p. Now we may associate with each of the discrete p values a volume element

of size V' = 2I1h/ L3 because momentum quantum numbers can take on the following values

211A
p= T(Ul,vg,’vg), Ve =0, £1,.... (1.65)

Hence, in the limit of V' — oo sums over p can be replaced by integral.

Zp: = g(21'IVh)3 /d3p (1.66)

where ¢ is the degeneracy factor given by

g=2s+1, (1.67)

as a result of spin independence of the single particle energy e,.
1.6.1 Ideal Fermi Gas

From Eq. (1.57), average number of particles [4] become

7 <2HVh>3/ Tpnle) = g(znvms /ooodgp”(ep)’ (1.68)

3 oo
_ gVme Ve e (1.69)
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where we have put € = % and v = V/N (specific volume). Now substituting = Be. Thus,

above equation reduces to

12 (% Ve
AN VIT o etz -1

- %f%(z) : (1.71)

1
- 1.70
- '3 (1.70)
1
v

where A is thermal wavelength. Here we have made use of Fermi Dirac integral which is

fo(z) = ! /oo A (1.72)
UZ_F(V) 0 o110 ’
Equation of state comes out to be

P g

w3 (1.73)

1.6.2 Ideal Bose Gas

When z approaches 1, we must be more careful in taking the limit of Zp — [ dp? for the
ideal Bose gas as the summand in Eqgs. (1.61) and (1.62) diverges as z — 1. Therefore, we
split off the term p = 0 in these equations and replace the remaining term by integral. Also,

using Bose-Einstein integral, [4] which is

(2) = ! /Oo A (1.74)
i S T(v) Jo etz i1l v ’
Egs. (1.61) and (1.62) can also be written as
P g 1

and

1 g 1 =z

-9 - 1.

L= Tos)+ g, (1.76)

where the last term corresponds to p = 0. The p = 0 term in fermions does not need any

special treatment, since the average occupation number can have the value 1 at most.
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1.7 Bose-Einstein Condensation

Egs. (1.75) and (1.76) give the equation of state and specific volume of an ideal Bose gas

containing N particles each having mass m contained in a volume V. In order to study the

properties of ideal Bose gas in more detail we must find fugacity z as a function of temperature

and specific volume by solving Eq. (1.76). For this purpose we focus our attention on the

properties of non relativistic ideal Bose gas at low temperature with spin 0, (¢ = 1). The
2

dispersion relation used will be €, = o—. In doing so we will have to study the properties of

Bose function gs(z) in detail, [3] which is a special case of more general functions
2

HOED IS (1.77)
=1

It is obvious that the fugacity of bosons is limited to z < 1, that is, the radius of convergence

of above equation is given by

0<z<1. (1.78)

For fermions fugacity is limited to 0 < z < co. The value of g3 /2(2) at z =1 is calculated as

follows

2 23
gs(2) =24+ —5+—=5+..., (1.79)
2 2 32
~1 3
gs() =) 5= ¢(5) =2612, (1.80)
2

where ((x) is Riemann zeta function.Thus, for all z between 0 and 1,

g3(2) < 2.612 (1.81)
or
)\3
2> 2612 . (1.82)
v

We have to find z as a function of 7', or more expediently, of 5. When temperature decreases
+5 decreases and thus z increases, until at 15 = 26%, it reaches its maximum value z = 1.

For a given specific volume, this defines a characteristic temperature given by

18



X2 = vgs(1). (1.83)

KT, = —7™ (1.84)

At critical temperature the thermal wavelength is of the same order of magnitude as of inter-
particle separation [5]. As stated earlier, the occupation number n, satisfies the condition

Zp np, = N, which now in the case of bosons become

1 1 1% 5
N = po + Zn(ep) = 7 + (2I1h)? /dp n(ep) . (1.85)
p#0
Thus, for bosons we get
1 v
N = po —l—Nﬁg%(z) , (1.86)
or using Eq. (1.84)
1 T 93 ()
N = N| = . 1.87
=% (z) 55 (1) 57

The total number of particles N is then the sum of two terms: number of particles in the

ground state

1
and the number of particles in the excited state
3
T\ 9:(%)
Ni=N|— 2 . 1.89
= (1) ey 159

In the limit when 7' >> T,, Eq. (1.87) gives value for z < 1. The first term on the right hand
side of Eq. (1.87) becomes finite and therefore can be neglected as compared to N (we can
say that it can always be neglected for p # 0). The particles spread thinly over all the levels.

Then z follows from

93(2) = 2.612 <§>g . (1.90)

c
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In the limit when T << T, all of the particles which are no longer in the excited state can
occupy the single level with p = 0 or equivalently ground state. When z is so close to one, we

can put it equal to one in the second term of Eq. (1.87) and find value of Ny, which comes

No=N (1 _ (;F) > . (1.91)

Let us define vg as condensate fraction in the thermodynamic limit as

out to be

(NI

) N,
vo = lim <N”> : (1.92)
Summarizing the above results we get
0, T >>1T,

o= 1—(72;)3, T <<T.

Below T, the ground state is macroscopically occupied [5]. Between the high temperature
phase, where the bosons are distributed over the whole spectrum of momentum values, corre-
sponding to Bose distribution function, and the phase in which p = 0 term is macroscopically
occupied, a phase transition takes place. This is called Bose Einstein condensation of an
ideal Bose gas. It was first generally predicted by Satyendra Nath Bose and Albert Einstein
in 1925. In 1938 Fritz London described BEC as a mechanism for superfluidity in He* and
superconductivity. But gaseous condensates show very different behavior from that in liquid
helium. For example, more than 99 percent of alkali atoms form condensate at T' = 0, while
for liquid helium the fraction is only 10 percent.

The first gaseous condensate was produced by Eric Cornell and Carl Wiemann, by using gas
of rubidium atoms cooled to 170nk. For this achievements they were awarded nobel prize in

Physics in 2001.

1.8 Phase Transitions

1.8.1 Definition

The different chemical substances within a system are called its components. In the case of

a single chemical substance, in contrast, one refers to a single component system or a pure
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system. These components of a system can occur in different physical forms or structures,
which are termed as phases. Within a thermodynamic system and states of matter, a phase
has same physical properties.

When a substance changes phase from one to another, phase transition takes place. This hap-
pens when there is a change in external parameters such as temperature, pressure, volume,
entropy, etc, of a system. The value at which phase transition takes place is called a tran-
sition point. This process is very important in various natural processes and in industry as
well. Examples include, liquid evaporation, formation of ice on sheets. In metallurgy various

materials are constructed using this phenomenon.

1.8.2 Classification of Phase Transitions

The thermodynamic potentials which are used to describe phase transitions are Helmholtz free
energy H(T,V,N), Gibbs free energy G(T, P, N), and chemical potential u(P,T, V) defined
as [2]

F = U-TS, (1.93)
G = H-TS, (1.94)
p = E—TS+PV. (1.95)

Phase transitions occur when these potentials show singularities/non-analytic behavior. The
type of that singularity determines, which order of transition would take place. Two types of
transitions are encountered in nature: one is called first order phase transition and the other
is higher order phase transition usually second order phase transitions.

When first order derivative of free energy is discontinuous with respect to some thermodynamic
variable, then it is classified as “first order phase transition.”

When first order derivative of free energy is continuous with respect to some thermodynamic
variable, but second order derivative is discontinuous, then it will be a “second order phase
transition.”

The thermodynamic potential which is most commonly used to describe phase transitions
among three potentials is Gibbs potential because it depends on two intensive variables T

and P. These two variables are the same for the two phases that co-exist at a first order

21



phase transition line. It is also defined as, g = uN. It is important because another condition
for equilibrium besides T" and P are constant is, that g in the first and second phase must be

equal.

1.8.3 Order Parameter

In modern classification scheme, transitions are described by the behavior of some central
quantity called “order parameter”. This is a quantity which has value 0 in one phase by
definition and assumes finite values in the other. In most cases we have natural choice for the
order parameter. For example, in gas liquid transition a natural choice may be the difference
of densities of gas and liquid, while it may be magnetization in paramagnet- ferromagnetic
transition. Here is then another way of defining first and second order transitions. If the
change in the order parameter is finite in phase transition, then we are dealing with former
one and if it tends to zero value or departs from it in a continuous fashion then we are dealing
with later ones. So this is accepted that there are "discontinuous" first order transitions
with jumps in their physical properties as well as continuous second order transitions without

jumps.
1.8.4 Clausius Clapeyron Equation

Suppose that in a one component system two phases co-exist with the given 7" and P(T), for
example gas-liquid mixture. This pressure P(T) is called vapor pressure at the temperature 7.
Then The Gibbs potential of this state must be at minimum. Thus, if any of the parameters
other than T and P are changed, we must have G = 0. Let p; be the chemical potential of
the liquid in state 1, and us be the chemical potential of the gas in state 2. The total Gibbs

potential of this gas-liquid mixture 3] can then be written as

G = N1,u1 + N2,u2 , (196)

where N; is the number of particles in phase i, where (i = 1,2), and N = Ny + Ny is fixed.

Thus, condition for equilibrium is

H1 = 2. (197)
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Now, chemical potentials u1 (7T, P) and uo(T, P) are are two state functions of liquid and gas

respectively. In each phase we have

oG\ _ -5 (entro er unit mass)

ar , = ) Py P

(8G) =V. (volume per unit mass)
op )

From these equations it is clear that first order derivatives of y are different, which is necessary

condition of first order phase transition.

— [aw?); 'ul)]p =5 —-51, (1.98)
OMpa —p) | _ o,
[ o ]T =V-V. (1.99)

Both entropy and volume are discontinuous here. Here AS gives the amount of heat L that
is transferred from the system to the environment as L = §QQ = T'As and is called the latent

heat. From this we arrive at Clausius-Clapeyron equation

dP So — 51 AS
~ ) = E— 1.1
<dT> Vo— Vi AV’ (1.100)
or
dP L
<dT> = TAV (1.101)

It is also possible that AS = 0 and AV = 0 in some cases. If this is the case then the first
order derivatives of y are continuous, while second order are not, in which case second order
transitions take place. Ehrenfest defines a phase transition to be of nth order [3] if at the

transition point,

6"u1
oT™

Onug

0" 2 and 0"y
op™

orm op™

£

4

whereas all lower derivatives are equal. But many examples of transitions cannot be ex-

plained by the same procedure. For example, in many cases specific heat diverges at transition
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point, like in A transition in ferromagnets. Since specific heat is is related to second order of
1, these examples cannot be characterized by the behavior of u, because they do not exist.
Our task in the next chapters is to solve phase transition model. But before this a detailed
discussion is done on Gentile statistics in the next chapter. First of all, grand partition function
is calculated and then the thermodynamic behavior of an ideal gas obeying Gentile statistics

is discussed with the contribution of the ground state.
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Chapter 2

Gentile Statistics with Large
Maximum Occupation Number

2.1 Introduction

We know that in Bose-Einstein statistics, maximum occupation of particles in a state is infi-
nite and in Fermi-Dirac statistics, a state can accommodate either 0 or 1 particle. There is
another kind of statistics called Gentile statistics in which maximum occupation number of
particles can take on any values between 1 < n < oo, i.e., neither 1 nor co but a finite number
n and it can reduce to BE or FD statistics depending on the value of n [8].

If N is the total number of particles in a system, then it is usually believed that when max-
imum occupation number approaches the total number of particles then Gentile statistics
reduces to Bose-Einstein statistics. This is indeed true only when z < 1. However when
z > 1 this statement is no more valid. Here z is called fugacity. In this dissertation we have
discussed the case when n — N and z > 1, we will see that the Bose Einstein case cannot be
recovered from Gentile statistics.

In literature, when thermodynamic quantities of Gentile statistics are discussed, the contri-
bution from ground state is usually ignored. We know that we can ignore such contribution
in a fermionic system but in bosons we cannot do so, especially at low temperatures and high
densities. In this dissertation, we will calculate thermodynamic properties with dispersion
relation £ = % in a v dimensional space. Here v and s are arbitrary integers. Our result

shows that for the case v > s the contribution of the ground state depends sensitively on

maximum occupation number n.
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In section 2, we first calculate an expression for partition function in Gentile statistics. Ther-
modynamic properties such as internal energy, entropy, specific heat etc will be discussed with
contribution from ground state and at low temperatures and high densities in sections 3 and

4 of this dissertation respectively.

2.2 The Partition Function and the Case of n — N with z > 1
in Gentile Statistics

We first calculate partition function for Gentile statistics by the use of multinomial theorem.

Starting with counting the number of states we express the grand partition function as follows:

== Hzl = HZQle_(o‘+/6)al , (2.1)
l I

where

== Zﬂle_(a+ﬂ)al , (2.2)
a

and §2; is the number of quantum states given by

O = Z ZH . (2.3)

an =0 al
Here i = 0,1,2....n and «; denotes the number of states which contain ¢ particles. The set of

«; must satisfy the following condition

Zai =w , Zaii =a, . (2.4)
7 i

Here we use the concept of Multinomial theorem, which states that, “for any positive integer
z and non-negative ¥, the multinomial formula tells us how a sum with z terms expands when

raised to an arbitrary power y

(my + mg + mg....my)¥ = Z <k:1 ko, K ) H m , (2.5)

k1+kao+ks..kx=y 1<t<z

where
Yy y!
=< 2.6
(kzl,kg,k:g...ky> kilkolks!.. k!’ (2:6)
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is a multinomial coefficient”.
In our case we can say that the coefficient © of m?(0 < a < yw) in the expansion of (1 + x +

2?4+ 23+ 2 s

Q:ZZH;";M (2.7)

where, the set of a; must satisfy

n n
Zai =w, Zaii = a. (2.8)
=0 =0

and the summation runs over all possible states. By using the above definitions we can say

that € is the coefficient of the term e~ (@A) guch that

e~ (atBe)ar [1 + e latfear | ~2AatBe)ar e—n(oﬁ‘ﬁfl)az]wl ) (2.9)

It is a finite geometric series with a = 1 and r = e~(@t8e)a o by making use of formula

zn:ark = M, (2.10)

r—1
k=0
e—(n+1)(a+Be) 1
SUT | et B — 1 (2.11)
Taking e™® = z, where z is the fugacity, the above equation becomes
nt+1,—(n+1)Be _ 1%
=2 . (2.12)
ze—Pa — 1
Putting value of Z; in Eq.(2.1), we get grand partition function of Gentile statistics as
n+1l,—(n+1)Be; _ 1 “i
== | . (2.13)
; ze~Pe — 1

Here it is obvious that when z < 1 , =; diverges at n = oo and only in this case Gentile
statistics is reduced to Bose case. This equation also holds for z > 1 and n >> 1 and in
section 4, we will see that the behavior of this statistics is very different from that of BE

statistics.
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2.3 Thermodynamics with the Contribution of Ground State

Taking log on both sides of Eq. (2.13)

n= = Zlnal = Zwl [ln ntle=(ntDBe _ 1y _In(ze P — 1)] . (2.14)

We will evaluate the above by replacmg the summation by corresponding integral

29VH% v v_
— [ 2m)P)ei-Dq 2.1
> - T / (2m) ez Ve, (215)
where we have used the dispersion relation £ = +— in v dimensional space, v and s are arbi-
trary integers. We know that thermal Wavelength is defined as A = (21'[ %hs kT) s. Simplifying
A gives
1 1
= (2.16)
h (2mkT) 5112\
2ms 13 1
- _. (2.17)
h (KT s
So the above summation becomes
2 V 1 v
> — g /e(s_l)(de). (2.18)
; A (KT)5 s
Further taking € = kT'¢ so that de = kT'd¢, Eq. (2.18) becomes
o vl / (KT€) s~ (kT)dg (2.19)
; ['(5)As (kT)s
2 V 1
- g /g §Dge. (2.20)
Rearranging and using the above in Eq. (2.14), we find
Zln == 29V / {ln(,z”“(f(”ﬂ)g —1) —In(ze™* — 1)] €5 Lde. (2.21)
0
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integrating first term by parts gives

v o0

/ [ln(zn-‘rle—(n-‘rl)f _ 1)] 5%—1d£ — [5: ln(zn—l—le—(n—f—l)ﬁ _ 1)]
0 v
S

$ 0

/oo v —(n+ 1)Zn+1e—(n+1)§
0

14

By putting limits, first term will give zero. So we are left with

. o L
Ep——"" vy _ (n+1)s €=
/0 (s ~yjeitas = ) 12 (D DE

Similarly considering the second integral

/OOO [m(ze—ﬁ—n] ¢85 1de = /OOO In(ze~€ — 1)€5Lde |

Using these both results in Eq. (2.21) we get

_ 29V n+1)s [ s
Z In = = T l/g v |:{ ( ) / _(i+1) (n+1)¢ }
l (5)\s v o l—=z e

- )]

29V o 1 n+1 v
0 —

F(%))\”l/ s—lef 1 2= (n+1) e(n+1)¢§

For contribution of ground state of the system put e = 0 in Eq. (2.13)

Finally we get

29

ol o—(n+1E _ | dg .

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



2gV o 1 n+1 1— z(nt1)
2 ME= ry, / Llesl‘z—<n+l>e<n+l>s ghde+in———, (230

where g is a weight factor that arises from the internal structure of the particles. Here the last
term represents the contribution of the ground state of the system. The number of particles
which are accommodated in a state decide the contribution of that state to the system.
When temperature limit of particles become low, they tend to occupy lowest possible state.
Therefore, at T' — 0, particle number of ground state nearly equals the maximum occupation
number of the state n. For fermions, contribution from ground state can be ignored because
n = 1, but for bosons we cannot ignore it because n = oo in the low temperature limit. When
v > s, the term € = 0 term diverges in Bose case and causes phase transition. However in
gentile statistics n is not infinite so € = 0 term does not diverge and no such phase transition
occurs. When n is very large, the influence of such a term becomes very important. In the
following we will show this influence on the thermodynamic quantities.

We come across two type of integrals in the literature. They are Bose-Einstein integrals and

Fermi-Dirac integrals and are represented as

1 o) :L,O'—].
9o (2) = ] /0 — dx, (2.31)

(o z7ler — 1

and

0 JZU_I
R M= (2.32)

Similarly, we can introduce such an integral for Gentile statistics as

1 o0 1 n+1 o1
he(z) = (o) /0 [z—lef” 1 e — 1| ® dx. (2.33)

When n = 1 or oo this integral will reduce to Bose-Einstein or Fermi-Dirac integral respec-

tively. Here we use a basic relationship between h,(z) and h,—1(2), which is

he—1(z) = z2

~ho(2). (2.34)

Its proof is as follows:

Integrating Eq. (2.33) by parts w.r.t x, gives
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1 0o . s~ lem (n+1)2z—(n+1)e(n+l)x
he(z) = o+ 1) /0 x [(zle“ —1y2 + (D emiDe 1) dzx. (2.35)

On replacing o by 0 — 1, we have

_ 1 o1 zle” (n + 1)2z= (D elnt1)z
hafl(z) - ]:‘/(; x [(zlez — 1)2 + (27(n+1)e(n+1)x — 1)2 dx. (236)

Again calculating %hg(z), we get

b 1 0o . 2267 (n+ 1)22—(n+1)e(n+1)m

O () = o , 2.
8zh (2) I'(o) /0 v [(z_le”” —1)2 * (z7n—2e(ntl)z _ 1)2 e (2:37)

0 1 © 1 z7le” (n +1)2z= (D elntl)e

il - 4 . 2.
zazha(z) (o) /0 z [(z—lecc 12 + (z— (D elnilz — 1)2 dz (2.38)

Hence Eq. (2.34) is proved and we will use it later.
Thus the grand partition function in Eq. (2.30) can be expressed in terms of hv (z). Infact

1 o0 1 n+1 p
M=) = I +1)/0 [z—ler —1 z<n+1>e<n+1>z] zrdz, (239)
v o0 1 n+1 v
hen@TC 4D = [T i - | £ 240
mE=> InE = v, ()F(K—i—l)—i—ln& (2.41)
R N ()P ™ -1 '

When n — oo and z < 1, the last term of above equation which describes contribution
from ground state , returns to Bose case i.e, —In(1 — z); for fermions it can be ignored as
n = 1. In Gentile statistics 1 < n < oo, contribution of ground state depends on value of n.
When n is close to 1, contribution from ground state can be ignored like in Fermi case and
when n approaches total number of particles it becomes very important. Using this partition
function we can find all thermodynamic properties like internal energy, entropy, heat capacity

etc. First of all we calculate equation of state,
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P 1

— = —=InE 2.42
KT v e (2.42)
29 (T(%+1) 1 PR |
= = |(—<—=—hv — | In—--]. 2.43
o i)+ (n (2.43)
For specific volume, we require
1 N 1 0
- - .7 In= 2.44
vV Ve ( )
Now
9, -1 (n+1)z" 1
—In— = — 2.45
“0r -1 [z”“l z—1]’ (2.45)
(n+ 1)+ 2
= — 2.4
Zntl -1 z—1’ (2.46)
)zt —1 1 1-1
_ (n+1)(z )+ (n+1) =z+ 7 (2.47)
2t — 1 z—1
1 n+1
n—<z_1—zn+1_1> = Np. (2.48)
Ny is the average occupation number of the ground state. When n = 1 it reduces to No = 7,

for the case of fermions and for n = oo we have Ny = 1=, exactly as for the case of bosons.

N 29 (T(¥+1 N

JE— 79 (571/) hz( ) + 70

Vv AV Vr(i) S V
The internal energy of ideal gas is calculated as,

v —Eln:
N a3 7
u G L (RT) 0 (% + 1)h%+1(z)%
N o~ 2gh¥ LE+D,
(@mID) % (kT) 50T VI(5) he(z) + No
v h%+1(z)
B E(kT) h%(z)
T L _No
1+ 7%
v hey1(2) (N — Ny
= —(kT)—
u No\ v hg+1(2)
N (1_N> S (KT) OR

(2.49)

(2.50)

)

(2.51)



where we have used value of X because it also contains temperature. For Helmholtz free energy

of the gas, we get,

F = Nu- PV, (2.52)
29 T(% +1) Pl
= NkTIhz— kTAVTh%+1(Z) +h’l ﬁ’

= NKT |[Inz — —=
v v I(¥+1
A VFQ ¥ y(rs(g))hf(z) (1 + NiV(J)VO>

1 Zn+1_1
+ o

F = NkT lnz—<l—>;é+ln]. (2.53)

U-F
S = T
NET hv zZ hv z
T N ) s he(z) he(z) N
R |
* N In z—1 } ’
Ny v hyyyi(2) 1 Pk |
= Nk||ll—-—)(-+1)—=———1 —In—— | . .
S [( N>(3+ ) he (2) nz+Nn P (2.54)
For specific heat capacity of the gas we start with Eq. (2.51), which is
hey1(2)
U= (N—-Ny)— (kT) - e () (2.55)
By putting value of (N — Np) from Eq. (2.49) it gives
_ 29kTI(%+1)
— =2 —"hv . .
=3 1 el (2.56)

Now T dependence is in T'/A\” and in hv ().
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T A5 mkT ) * v
S T (Z?) = const. (TEH) ,
_|_

ar_ Ee
ar*x’ o\
Then from Eq. (2.55)
oUu v Ny h5+1(2’)
ar — SNV G AU
0 0 0z
87Th%+1(2) = %(hf-s—l(z))&Ty
17 0
- Z%(thrl(Z))
1 0z
= S (he(2)) o
Putting in R.H.S of Eq. (2.55) we find
v No\ T 0z
U_st<1_N>28T
Now N does not depend upon 'T”. So
NN 0 oN
ar — 9z°0T 9T 7
ON 0 2gT(2+1) 1 1)2z"
ON 0z _ [29TGHAD L, oy _ (nt1pen
0z 0T Aovl(g) =z s (z—1) (zntl —1)
ON 29 0(2+1) 1 v, 1
- = 772.*hz(25),(*).*,
oT Aovl(g) =z s s° T
292 +1) 1
— = —hv =N — N,
AN £(2) 0

So Eq. (2.61) becomes
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(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)
(2.63)
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I (n+1)%2" 0z

Combining Eq. (2.59) and Eq.
equations, the factor (1 —

(2.49) we have

(z—1)2  (an+l - 1)2]87
—7(N — Np)%

R
z hu() (z—1)2
-1
T

(n+1)2zn
(Zn+1_1)2

(N — No)t

AN

1 v
—(N — Ng)—
+T( 0)5

=0, (2.65)

(2.66)

, (2.67)

(n+1)2zn

hg,l(z) hg(z) 1

hy ()% {1"' N— NO hy 4(2) ((2—1)2 o
z—vhe(2)

T s h%,1

(Zn+1_1)2

)

X

1 hg(z) z
YN T Nohe 1 (2) <(z —1y

%)

X T4
W wl(y) hs()[leN—No} ’

2gf( +1) 1

N

purpose we rewrite the integrand of Eq. (2.39) as

1 n—+1

-1+
el -n
-1+ T+ +1)°
gnl pogn=2 L 3en—3 . +(n—1)&+n
gnenl +1 ’
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-1
_(n+ 1)2z”+1>] (2.68)

(Zn+1 _

1)2

(2.68) gives the value of specific heat of the gas. In all of these

appears due to the influence of ground state. Rearranging Eq.

(2.69)

(2.70)

Here we are dealing with hv(z). So we have to determine the range of the fugacity. For this

(2.71)

—DE+ et + 1) in above equation, gives

(2.72)
(2.73)

(2.74)



From last equation, it can be seen that for any real values of z, hv (z) is a bounded, positive

function of z. It is also obvious that if we expect hv(z) to return to the BE integral, the

necessary condition z < 1 is needed so that hz(z) is bounded.

2.4 Low Temperatures and High Densities

In this section, we will discuss the behavior of the statistics for the case z >> 1. In this case

the results will not return to Bose case even when n — N. To obtain Bose-Einstein statistics

from Gentile statistics, one needs not only to perform the limit n — N but also restrict the

fugacity z < 1 To study the behavior of h,(2) in Eq. (2.33) for large z, we introduce a variable

t = In z. Evaluating first integral of h,(z) in the powers of ¢ we get

o0 51%
I(t) = ———d,
®) /0 z—lebt — 1 &L,

&
I(t) = /0 e %

o Y41 _
1 651 t

&+
(& T—D)(Z+1)

B /OO gs
L b D@

By putting limits first term gives zero

B [e’e) §%+1 efl—t
0|

Using another variable & —t = ¢

&+ If)%Jr1 s
=[S e

We expand (£ + t)§+1 in power equation. So it will give

-1 %4_1 PR 53’5
1‘(1t)=%Jrl > (j>t5+1ﬂ/_t(e£_€1)2d€.

§=0,1,2,3,...

Let us first consider j = 0 term in I(t), which is
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(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)



2

_ e8] 3
1) = tz“/ e (2.81)

5T 1 —00 (66 - 1)2
Sl
= ) (2.82)
Y41 [ef—-1]_,
t%-i—l
I(t) ~ 5 . (2.83)
=+1
Then
_t%‘i'l v + 1 v ) o] §j6§
I(t) = 7—/=3 ( . >ts+1—f/ > dE . (2.84)
g 5, (7)o [
We take t — oo as an approximation. Further since 7(e£i§1)2 is symmetric under £ — —€£. So
we need here only 7 = 2,4,6, ..... Therefore above equation becomes
45t v\, N
I(t) = 55 +2 ( . >ts+1J/ o de . (2.85)
CESTARP VIO 0 (E -1
where
e 1 L1
(e€—1)2 e —1 (e —1)2
. By using formulae
[ee] xz/fl 1
/0 e L My(l —2"MTW)¢(v), [Rep>0,Rev>0]  (2.86)
00 xu—l
/0 Wdﬂf = ') [Cv-1)-(¢)], [Rev>2] (2.87)
we get
—ts T L AV . .
I(t) = (G +2 ) (8 : >ts+1 ][F(J +1)¢( +1)
s §=2,4,6,... J
+ C()—<¢(+ 1)}, (2.88)
10 = o2 2 5 0)0 (TG +1)¢6)] - (2.89)
s §=2,4,6,... J
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Replacing j by 7 +1

et R AR ey .
I(t) = WHFLS,E,,_, <j+1)ts J[r(g+2)c(g+1)] : (2.90)

Now I'(j +2) = (j + )I'(j + 1). Thus

B 45t (%—l—l)! v_j ) )
I(t) = T +2J > <(j+1)!(g—j)>t [(;+1)F(g+1)g(g+1)], (2.91)

I(t) = e +2 <(Z)' >tzj [I('+1)C('+1)} (2.92)
% 1 j=1,3,5, j!(% ]) / g . .
Finally we get
I(t) = t%+1+2 g s STIDG+1)C(G +1 2.93

In all of the above, ((j +1) is the Riemann Zeta function. Following similar steps, the second

integral of Eq. (2.33) comes out to be

- ”+1)e(n+1)§1 -1

I _/0 — de,. (2.94)

By putting ¢t = In 2z, it becomes

LT (et 1)E
I = /0 D@D 1o (2.95)

Thus, its solution gives following result

I'=—(

(E)tgj(qzjl)j[r(j“)ﬁ(iﬂ) : (2.96)

7=1,3,5,.

So integral of Eq. (2.33) becomes
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t~%+1 nt%-ﬁ-l

1 =ttt YN v
hy = — 2 s 1ts (5 + 1 )+ 1 T
(2) F(U)[Z+1+ A <> G+ 1)+ )+Z+1+£+1
s j=1,3,5, s s
L 1
- 2 (£)ts77 TG+DCG+1))| . (2.97)
P (n+1)
For j =1
o _ V., v o V. v
ho(z) = 171+ —2()ts7I0(2)¢(2) — 2—————(=)ts T(2)¢(2 2.98
) = s |1+ TR - 2 s (e L e
= _——nt? |1+ 20(0 — 1)1r2r(2)g(2)l P (2.99)
CT(o+1) n n+1 ’
where I'(2) = 1. We know that
C():i1:1+1+1+ Re(p) > 1 (2.100)
D 2 % 5 T g T D , )
where
>~ 1 22n71_H2n’32n‘
= o . (2.101)
k=1
When n =1 we have
1 212
(2) = 5 = B (2.102)
k=1
where B is nth Bernoulli’s number and By = % and
H2
¢(2) = 5 (2.103)
So hy(z) becomes
ho(z) = ! t7 |14+ o(c —1)t722 P\ 1( n (2.104)
GZ_F(J+1)n 7 6 ) n\n+1/|" '
H2
14+ —o(c— 1)t 2 ——|. 2.1
+—o(c—1) - J (2.105)

™ s

For 7 = 3,
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ho(2) = — g ["2<Z>ti3r(4)<(4)—m7;2<§)t23r(4)<(4)].

[(o+1) nt® \ 3
(2.106)
r4) = 6,
.1 9%
) = > =184
k=1
Here |B4| = —%. So we get
H4
4) = ——. 2.1
¢(4) 90 (2.107)
and
v v,V v (0 —1)(c —2)(c —3)
s = (— —_ — 1 —_ — ' - .
(5) = - -2 - , (2,108
1 6114 1
ho(2) = t70(c —1)(o —2)(o — 3)t™4 1-— . :
(2) F(a—i—l)n o(lc—1)(oc —2)(c —3)t QOn[ (n—|—1)3] (2.109)
Combining Egs. (2.105) and (2.109) we get
he(z) = ! nt"[1+ﬂ2 (0 —1)t2 ! +o(oc—1)(oc —2)
T T(e+1) 37\ w1l OV
6114 1
— 3t {1 - ———}. .
= m L s (2.110)
By putting in Eq. (2.49), it gives
No_ 2TGHD 1 tzn{l LG S Yy
Vo Iy T(%+1) 3 (n+1)s's

+ E(l_m>(Z)(Z_1><:_2)(Z_3>t4+ ...... } (2.111)
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% - igurl(g)tun[“r 3 n+1) ( -
n 4H5;< _ n+1 ) f—1 (5—2)<§—3)f4+ ...... ] (2.112)

For other thermodynamic properties at low temperatures and high densities we calculate
expansion of chemical potential. When 2z is very is large, then we have, Ny = n. Thus, Eq.

(2.49) becomes

N-Ny N-n 2¢T(%+1)
= =2 -8 hv(z). 2.113
Vv v g 0 (2.113)
From Eq. (2.110), taking only first term
v I’ 1 v
D(=+ Dhe(z)=tsn |1+ — — — 1)t 2 2.114
Eot gl =t [ s M 7] (2110
N — v 2gT(%+1 I’ 1
Bt G . i+ Y& 2 (2.115)
Vv AV vI(E) 3 (n+1)s s
For simplicity first of all consider only
N-—-n ts
= — 2.116
14 AV’ ( )

where t =Inz and y =kTlnz or t = kT By putting these values in Eq. (2.116) we get

N—n 2912 ©2mkT)s / p\*%
=2 LAES 2.11
% v T(5+1) kT) " (2.117)
N-n ”F(ngl)}v
_ Lo To 2.118
8 K nV ) g I3 (2m) .
N-—n\¥ h* [[N\D(¥+1)]"
_ QNN N A G R R 2.11
) (7)) e
. j S S S FZ 1 %
_ (N =n\¥ B 2T [N\ (5 +1) | (2.120)
niN 2m TI2 |4 g
N—n\v b [(N\ 2"TI2T(% + 1) v
—< N ) om (v) . (2.121)




We make an approximation p = €y, where €y is the chemical potential at absolute zero and

is called Fermi energy. So

N\
efze}”ETm"’"( Nn”) : (2.122)

where

s
fermion __ h

N\ 2VII2T(% + 1) v
¢ = o <> -2 (2.123)

%4 g

In other words, €y can be regarded as an analogue of the Fermi energy in Gentile statistics

fermion fermion

and it will return to € when n = 1. Putting € , along with other terms in Eq.
(2.115) gives the value of chemical potential as

(N‘; n> _ g}ILTf ;((52@1:)“2 1+ If(nil)’; (g - 1) <kMT>2 ] , (2.124)

e =yt 1+1§2(n11)';(';—1) (ZT)QI , (2.125)

nE =i - IZI; (ni 1)2 (% - 1) (KT)2(ef) 572, (2.126)

or

m 1 T\?
1——75@—1) ui R
3 (n+1)s \s €f

_ rilj(n—ll—l) (S _ 1) (f)z ¥

Other thermodynamic properties can be determined by using Eq. (2.128). First we calculate

: (2.127)

p= €y (2.128)

internal energy of ideal gas at low temperatures and high densities. Starting from Eq. (2.51)

U v, hey(2) (N—n
— = —(kT)—=2 2.12
v S(kz)hZ(z)(N), (2.129)
v r(gl+2)t§ )”{1+%2(n}r1)§(5+1)t2+ Pl /N —n
= (kD) . e e — N ) (2130
U N—-—n\v 1 12 1 v _,
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Putting value from Eq. (2.128) because kTt =

() byt T ()]

2l

21 20 (kT
w1 L 2o (RTAT T (2.132)
3 (n+1)s \ g
N-n\ 1 m 1 (kT\* 2v v
= 1+—— (=) (Z-2+1 2.133
< N >(5+1)€f +3(n+1)(ef> G sty @13
N-—n 1 m 1 kT\? 2v v
= 1+ ———(— ———+1 2.134
< N >(;+1)6f +3(n+1)(ef> G s+)]’ (2.134)
So,
U (N-n\ 1 m 1 (kT\* v
- = — | — ——+1)...|. 2.135
N ( N >(§+1)6f +3(n+1)<ef> G+D ] (2.135)
When z is very large Eq.(2.43) becomes,
P 2gT(%+1) n
—==—5__"hy —Inz. 2.136
T v VF(%) h;+1(2)+ v nz ( )
But from Eq. (2.49), we have
2g T(% + 1) N-n
2J s h 2.137
\V VF(%) ;(Z) Vv ( )
Putting in Eq. (2.49), it becomes
P N —nheii(z) n
— = - —1 2.138
KT Voohe(z) VT (2.138)
N —n [ hei(2) n
P = - kT = 2.139
7 he(2) v (2.139)
N —n |hzia(z) n m 1 v kT
P = - kT — 1l———F—(——1)(—)%....}| . (2.140
V| The() | TV [Gf{ 3 nrn's D) ] (2140

From Eq. (2.129) we know that,
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heyi(2) (N —n Us
£ = ——. 2.141
(kT) hv(z) < N > Nv ( )
Putting value of % in above equation from Eq. (2.135)

heyi1(2) (N —n s (N—n 1 112

kT = = — 1 N

ey (55) = ) el

1 (kT\? (v

— | — —4+1)...]. 2.142
(n+1) ( €f > <s * ) ] ( )

Putting Egs. (2.141) and (2.142) in Eq. (2.140) gives value of P.

P — <N‘;n> (gil)ef 1+1§M}W<Z>2(2+1)...

{1 - Tmil) (g - 1) (f)z }] (2.143)

The free energy of the system can be calculated from Eq. (2.135)

£_ PV
N FPTN

= oS )= (%) @

2 14 ’ _ |
- oS () )

=21

- oS G0 () - R () e
xes 1+r§(n}r1) (f)Z(Zqu)... : (2.144)

-2 [(1—(,;}r1)>—1_5(ni1){(:—1+1) Gl

L w1 V(kT>2
(4+1) 3 (n+1)s\e /)
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in above equation

F N-n 1 m 1 v kT2
= 1—— Z41) (=) .. 2.14
vty )<5+1> 3<n+1>(s+><ef> (2.145)
Entropy of the system is given by
U—F
5= T
N|/N-n 1 m 1 kT\? /v
S = = 1+——— (=) (Z+1
T ( N >(;+1)€f{ * 3(n+1)<ef> <s+)
m 1 v kT\?
1+——— (Z+1) (= 2.146
+3(n+1)(s+><ef>}’ (2.146)

PR )@ e
-n 2 v
vi = ) 5 e O) (2145)

From Eq. (2.135) specific heat can be obtained.

C, = g;{ 7 (2.149)
- T () () () () e
G- TR0

Next, let us compare it with the value of specific heat of fermions. First putting value of u

from Eq. (2.122) into Eq. (2.152) we obtain

c, oI 1 (N - n> v ( kT >
N o ermion,; N—n\2 |’ (2152)
Nk 3 (n+1) N (s) 6; (Nm)v
1 22 o (N—n\""% ;o\ kT
— > Z . 2.153
n+1 3 " < N ) (S) Ejiermwn ( )
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In order to calculate (Cy) fermion in thermodynamic limit, put n = 1 in above equation

(Cv)fermion 2H2 14 kT 1
Nk - 3 g€§ermion§ ’ (2154)
Thus,
N —n 1_5 s 2
Cy = (Cv)fermion < N > v nrl (2.155)
Or putting
N — n 1_% s 2
2 = 2.1
we get
Cv = nl(Cv)fermion- (2157)

It means that specific heat of Gentile statistics differs from specific heat of FD statistics by
a factor of ;. Also, it is obvious that a factor of (N — n) is appearing in each of the above
expressions. This factor represents the contribution of ground state. When n is of the order
of N, the thermodynamic properties are strongly suppressed by this factor. The results also
show that to obtain Bose-Einstein statistics from Gentile statistics, one needs not only to
perform the limit n — N, but also restrict the fugacity z < 1.

In the next chapter, first generalized statistics is introduced. Then after discussing homoge-
neous form of Riemann-Hilbert problem, an exact expression for the fugacity is solved and
phase transition point and phase transition temperature are calculated. We will show that,
beyond the Bose case, there are still other systems that can display BEC type phase transi-

tions.
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Chapter 3

(Generalized Statistics and Generalized
Bose-Einstein Condensation

3.1 Introduction

When temperature is decreased and density becomes very high, all atoms tend to go to lowest
energy quantum state. Maximum occupation number of this quantum state is infinite. As a
result of this accumulation, large number of atoms form a condensate, known as the Bose-
Einstein condensate. This is an example of first order phase transition already discussed in
first chapter.

We present in this dissertation generalized Bose-Einstein condensation type phase transition
model. This model is derived purely statistically. We first derive an expression for fugacity
and then by analyzing discontinuity in its derivative, determine whether there is a phase
transition or not [9].

When dealing with the gas phase i.e., when temperature is very high and density is low, all
quantum states are well defined and we are in the classical regime. On the other hand, when
this gas condenses by lowering the temperature, velocity of particles become low and they try
to occupy some lower energy state usually the ground state. We can say that a large number
of particles occupy a single quantum state in condensed phase. This occupation number can
be of the order of the total number of particles in the system. In this way, this single quantum
state can be used to describe all thermodynamic properties of a system in condensed phase.
This is exactly the case of Bose-Einstein condensation. In this dissertation, we will show that

BEC type phase transition can occur in an ideal gas of any dimension obeying generalized
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statistics, while BEC can occur in only three dimensional ideal Bose gases.

A generalized statistics is one in which different quantum states have different maximum
occupation number. Bose-Einstein, Fermi-Dirac and Gentile statistics are all its special cases.
We will show that BEC type phase transition can occur in such systems, in which maximum
occupation number of only one state is infinite like that in BE case and all other states is 1,
like in FD case. The model is based on the calculation of an explicit expression of fugacity
with the help of generalized statistics. The key idea of solving an expression of fugacity
is based on homogeneous Riemann-Hilbert (RH) problem, which is defined as a boundary
value problem of finding an analytic function which satisfies a given jump condition along an
oriented contour on which analyticity is lost [7].

Thus, we have to find solution of an analytic function say, for example, ¥(¢) with boundary

condition

T =GP (¢) +a(¢) CeL (3.1)

where L is a union of finite number of simple smooth arcs. U*(¢) denotes the limit of ¥ as
¢ approaches L from right and U~ ({) denotes the limit of ¥ as ¢ approaches L from left.
G(¢) # 0 on L everywhere. Further G(¢) and ¢(¢) are functions which satisfy following

condition called Holder condition [6].

|£(¢2) — f(G)] = Al¢2 — Guf*. (3.2)

Here A and p are greater than zero. ¥(() is a sectionally analytic function which means that
it is analytic in each region which does not contain boundary points of L and is continuous on
L from left and from right, except at some possible ends of L. ¥(() should satisfy following

condition

WO < T AL (3.3)

near such ends. Here, 3, is a constant corresponding to mth end c¢y,.
In this problem we will use homogeneous form of Riemann-Hilbert problem, in which ¢g(¢) = 0,

i.e., we have to find a function ¥(¢) from the jump on two sides of boundary L, i.e.,
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60 = g

Further results also show that if total number of particles and volume are infinite, only

(3.4)

then phase transition can occur, i.e., in thermodynamic limit. First of all we start with the
discussion of generalized statistics in which different states have different maximum occupation

number of particles in a quantum state.

3.2 The Generalized Statistics

If we define n; as the maximum occupation number of ith quantum state. This number will
have any integer value or infinity. The grand partition function of generalized statistics in

terms of the chemical potential is

_ O 1 _ e Bnitl)(ei—p)
=0

wherein in the above expression T, V and p represent the temperature, volume, and the
chemical potential of the system. Further 3 = IcB%T and g; denotes the energy of the ith state.

Put e®* = z in the above equation. For obtaining equation of state we have

kgTInE = PV. (3.6)

So, from Eq. (3.5) we have

1 —e /8 nz““l)(ez) n;+1
1 . .
kBT Z . 1 — zePei (3.7)

When n; =1,
o —208¢; Z2

PV 1—e¢
Vo n—° =
kgT Z; S o=

i=
o0
= Z In(1 4 ze P, (Fermi case) .
When n; = oo
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(e}

PV 1
k,BiT = ; ln m, (BOSG Case).

When n; = n, the equation of state will reduce to that of the Gentile statistics case. Now for

the total number of particles N, we have

0 .
N = zalnH(T,V,z) , (3.8)

1 — e Bnitl)(e) , nﬁ-l]

Zln 1 2o —Be, = Z— |:Z hl B(ni+1)(es) ni“’l)
=0
— In(1—- ze_ﬁgi)} ,

© | _ P+ 1)zm —B(ni+1)e; —Bi
_ zz[ (n + )Z e e 7

e 1— e_ﬁ(ni+1)5izni+1 + 1— Ze_ﬁai

N 1 n; +1
N Z; zlefei — 1 e—Bei(ni+1) pni+1 _ 1| °
1=

Again by putting n; = 1,00 and n we recover Fermi, Bose and Gentile cases respectively.

We replace summation by the integral on right side of Eq. (3.7)

QQVH% v v_
2m) () (5D ge . .
E — T ()5 /( m)'s’e de (3.9)

!
Performing almost the same calculations like we did for Gentile statistics in the previous

chapter, we find

_ 2V 0 1 ni+1 )
Zl T L(Hww / [2‘165 —1 -t De(ntDE — 1] §=ds . (3.10)

Like Bose-Einstein and Fermi-Dirac integrals g,(z) and f,(z) we introduce the function

1 1 n+1 o
he(2) = (o) /0 [216"’” gl ey g ey 1] 7 dx . (3.11)

So, Eq. (3.10) can be written as

[I]
||
~
>

Q
—~
N
S~—

> I 2V VF o . (3.12)
0 2
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2r(X)V

— (kL : . . .
Define Ny = T(OIAT and A = (2H%ka) , equation of state for an ideal gas in our case with
dispersion relation ¢ = % will become
PV
i = Maho(2) ~In [(1 . ze—ﬁfk)"“} , (3.13)
n+1
N = NAhE(Z) - (ze*QEk)nJrl 1 . (314)

As we know that
1 o0 1
509 = o [ (e (3.15)
0

Thus, we can write hy(2) as

ho(2) = go(2) = (n; +1)7 7 Vgy (2. (3.16)

In the next section, we will calculate an equation for the fugacity from equation of state
to determine whether we can obtain a BEC type phase transition for our model or not by
determining phase transition temperature and discontinuity in the derivative of fugacity. We
will consider an ideal gas obeying generalized statistics in which only one state has maximum
occupation number as infinity and for all other states it is n (any integer). In other words
n; = n and ng = oo where i # k. More generally, the case which will be considered, when

k =0, or ng = oo, and n; = n where (i # 0). Also results will be discussed for n = 1.

3.3 An Explicit Expression For Fugacity

We can calculate fugacity z from Eq. (3.14)using the homogeneous form of RH problem.

Considering the case of ny = 0o, and n; = n (i # k), we introduce a real function

. N/\ 1 n + 1
U(z) = ~ he(z) — N le Ay =1 1, (3.17)
= flz) -1, (3.18)
where
. N)\ 1 n-+1
£ = he() ~ § o= (3.19)



Clearly Eq. (3.14) corresponds to ¥(z) = 0, or we can say that fugacity z is the zero of the
function W(z) and problem of solving z is converted into the problem of finding the zero of
U(z). In order to find the zero of W(z), we make analytic continuation of the function ¥(z)
to the overall complex plane (Riemann zeta plane). The analytically continued function [7] is

then

() = f(Q) -1, (3.20)

where

N 1 +1
1O = - F e sy

(3.21)

So, if z is the zero of real function ¥(z), so is the zero of complex function ¥({) on the real
axis. The function ¥(¢) may not have only one zero corresponding to fugacity. There can be
other zeros as well in the complex (-plane. We denote the zeros as w;, where ¢t = 1,2, ...ng9_1.
Here ng is the total number of zeros. Besides this, U({) can also have singularities in the
complex zeta plane. A singularity is a point at which a function is not defined. In our case ,
however, we will see that ¥(¢) will have only non isolated singularities also called poles. They
form some rays in the complex (-plane. These rays form the boundary of analytic region of
U(¢) with origin of these rays on a unit circle.

Now we are in a position to define ¥(() as

(¢ =2 TL 7 (<~ wi)
120 (C = p) TTn=r (€ = em)

Those regions in which there are no points of arcs and has no zeros and singularities, ¥(()

()= —0(0). (3.22)

is analytic. In this expression 7 is a constant, z and w; are zeros of V((), nzero is the total
number of zeros, n, is the number of poles and p; is a pole of ¥((), ¢, is the end point that
is different from the boundary of analytic region of W((), np is the total number of points
that are different from the boundary and the constant k,, is used to balance the degree of
divergence on either side of this equation at the mth end point ¢,,. ¢({) is a function in the

complex (—plane which is analytic in each region not containing the points of arcs and zeros.
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2= plane

£ = plane

fig. 1(a): Analytic region of W(z), when n is even. fig. 1(b): Analytic region of W(z), when nis add.

Infact, if we know the end points ¢, poles p;, zeros w; and the values of constants ky,, 1,

etc, we can find an expressions for fugacity from above equation as

aC—=) I €= w) =L pp) T~ enyin 2O (3.23)
1 He=rm 11 30

Then the problem of solving for z is converted into the problem of solving for zeros, poles,
#(C), etc. To determine ¢(¢) we first analyze the behavior of singularities of ¥U({) in ¢(-plane
(see fig 1). From Eq. (3.21) we can see that the singularities of ¥(() is determined by

singularities of h,(¢) which is analytic continuation of hy(z). Further we know that

1o(©) = 00(0) ~ e 0o () (3:24)

It means that h,(¢) depends on BE integral g, ({) which is just Jonquiére function also known
as the poly-algorithm function Li,({). Now we know that Li,(¢) is analytic in the region
with the boundary along positive real axis from 1 to co. In other words on the positive real
axis h,(¢) has no singularities or we can say that in this region it is analytic, i.e., its boundary
is from [1,00). Consequently, the boundary of h,(¢) and ¥({) consist of n rays with origins

2ITim 2ITim
on a unit circle, denoted as L,,, m = 1,2,3....n, i.e., the mth ray L, is [e »+1 ,ooe »+1 ) and
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n is the total number of arcs. Then the boundary has only one point different from infinity

given below

Cm = € ntl | m=1,2,...n . (3.25)

Therefore we have ny = n.

The isolated singularity. From Eq. (3.21) we can see that W(() has only one isolated
singularity, which is

p= e (3.26)
Calculating ¢({) needs the result of homogeneous RH problem which is

n

$(¢) =TT (€ = em)* (3.27)
m=1
where
1 [ InG(z)
_ .2
1 & < In Gze wi1)
2MTim n re nt
= e n+tl ————dx . 3.29
2114 mzzzl /1 e _ ¢ (3.29)

x is a variable which goes from 1 — oo. For calculating ¢((), we first need to calculate the

jump at the two sides of the boundary

(3.30)

From Eq. (3.22) we can see that only non isolated singularities of ¥(¢) form the boundary of
analytic region of ¢(¢). Thus, the jump of ¢(¢) and ¥((¢) is same. So we can write

v
v=(¢)
Now the jump of ¥(¢) on the boundary according to Eq.(3.21) is determined by the jump of

G(Q) (3.31)

hs(¢) and g4 (¢) (which is simply Li,(¢)). The imaginary part of Li,(() has a discontinuity
on the boundary [6] is given by
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ImLiy(x +1) = m(lnx)”_l , (3.32)
ImLig(x —16) — P_(E)(lnx)”_l, zel,00). (3.33)

Here 0 represents a small positive quantity. So, the values of h,({) on the two sides of L,, are

2Lim 2ITim 1 2Lim g 11 o1
he(zent1) = g, (xe ntl ) — T DD 1)(0_1)90(.%'6 +1) (o) (Inx)?™ 7, (3.34)
where
1 o to‘—l
= dt. 3.35
9() (o) /0 xlet — 1 (3:35)
Putting Eq. (3.34) into Eq. (3.21), we get
2ITim N)\ 2Ilim 1
UE(gentt) = 2 |gu(zentt ) — ——— _gu(z)"F!
ety = [gs< ) e
1 n+1 ol v_q
t ¥ (e TePer)nil 1- () (Inz)s—. (3.36)

For the case ny = oo and n; = 1 this equation reduces to

W () = 2 [gg(—rv) - 2<:—1>9”<”3)2] + }V(m% - ;(1; (nz)¥1.  (3.37)

Now for the first two terms on R.H.S above, we have

() O =5 | gt e g 699
I\ T s\ TTE) Jo —Let—1 2(5-DT(%) Jo Let —1"7 '

or

- . : (3.39)

(3.40)




So

1 o ¢! 1 1 [~ ts! 1 [~ ts!
I'(%) |Jo et—1 267D\ 2y qlesp1 2Jo —les g

T

Let us take ¢ = y in the first integral and % = y in second integral, dt = 2dy

1 ) y%_l () y%—l 00 y%—l
- d +/ ) +/ - —" 3.42
INES /0 —lev—1 7 +iev+1 7 —lev+1 Y (3.42)
Then
() y%—l
——dy = fuv(—x) . 3.43
| =) (3.43)
Where fv(—z) is analytically continued FD integral. So, Eq. (3.37) becomes as
N, 1 2 11 v
TF(—g) = —2 s ()%t (3.44)

A P Py O

s

Next we calculate the value of \,, when \,, is an integer determined by the condition [6]

InG InG
:FRean%CZm) +An =0 if F RenQI(ICZm) is an integer
InG
-1 < FR nGlem) <1 otherwise.
211
Above condition gives
InG(cpm)
-1 Re————= + A 0. 3.45
< FRe—p = +Am < (3.45)
where “ — 7" and “ 4+ 7 signs are taken for the starting and end point of certain ray L,,

respectively. At end points ¢7(¢) and ¢~ (¢) are equal, so their ratio is 1. Therefore, at end

points we have

Gent1) =G(oo)=1. (3.46)

Taking In G(oc0) = 0, we are left with

2I1im

2I1im 2[Tim
InG(en+1) =In|en+1 | +iargG(e n+1 ) , (3.47)
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= 2li=—-1=M\p. (3.48)

Therefore,
s 1
$(Q) =] —= » (3.49)
m=1 C —entl
(-1
— Q) T (3.50)

The value of k,,: We choose the parameter k,, such that it ensures the degree of divergence
on the two sides of Eq.(3.22) is same at the end point ¢,,. Considering the origin of L,,, we
see that ¢, = €M™ /(n 4 1). guys(x™t1) and (Inz)¥/s~1 are convergent for v/s > 1, and
when v/s < 1, the degree of divergence of g, /s(#"1) and (In z)?/5=1 are less than 1. Thus

we have k,, = 0. Finally put all results in Eq. (3.23)

Nzero—1 nt+l
n¢=2) JI (€-uy =@

i=1
If now we know the value of  and w;, we can easily find z. The problem of solving for w;

(¢ —e™)u(Q) . (3.51)

is as difficult as for solving z itself. Therefore, we have to find an alternative way. For this
purpose we form certain set of equations and then solving them together we can eliminate 7
and w; and can find an explicit expression for fugacity z. For our case ny = oo and n; = 1

this equation reduces to

n(¢—2)(C—w) =e "¢+ 1)(¢—e™)T(C) . (3.52)

For this purpose, we need three equations to solve for z. Substituting ¢ = 0, in above equation.

This requires the value of ¥(0) from Eq. (3.21).

U(0) = ]]\@hg(()) +0-1, (3.53)
he0) = 920 = e 0) (351)
g92(0) = Lix(0), (3.55)
OO Zk 2’2 23
Lis(z)zﬁ =zttt (3.56)
k=1
Liz(0) = 0. (3.57)

Thus, hz(0) = 0 and therefore we get
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U(0)=—1.

Now putting the values of ( =0 and ¥(0) in Eq. (3.52), it becomes

naw = ePer—(0)

Taking derivative of Eq. (3.52) w.r.t  gives

n(—2)(—w) = —H(Qe "¢+ 1)(¢ — P )W(C) + eI (¢ — ™) ()
+ e O+ + e+ - )T

We take ¢ = 0 in above equation and find that

B2 (—w) = —(0)e el 4 O B
N,
77(0) — 7')/(0) Bek 7)\
0 - ) (T
1 1 e~ 71(0) oBek . N,
- = Z_ = |40 1—eBee _ 272
0 2 e [’Y()+ e N],
1 1 , _ Ny
e S Y(0) e = T
oot -1+ ~
Taking
Ny
/
1 -
7(0) =1+ 57 =m,
Eq. (3.63) reads as
1 1
*:77/\+67ﬁ€k—7
w z

Now putting ¢ = % in Eq. (3.52), gives

eﬂek

(P — 2)(ePor — w) = —e VR (P 4 1) ~

Divide Eq. (3.66) by Eq. (3.59)

o8

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)



= — 3.67
o N : (3.67)
Bek Ber 4 1
L ] Catil 2 VB
(6 Z)( w ) Ne"f(eﬁek)_"/o ’ (368)
_ 1 z(ePek 4 1)
Bek _ Bek Ber _ Zy _ - _ = T
(@ =) | et D] = S HETED o)
1 z(ePek 4 1)
ﬁEk: — /GE]C —_ — = _—— 3.70
(e z) [e O Z)} N @)= (3.70)
1 4 e Pexr
- {—77 " Jifev(;ek)—v)o] +zme™ +1) = =0, (3.71)
1 —Bek)e—Bek
4 [_77)&3&’“ * ( ;ei(eﬁik))(i'm ] +z(mn + eiﬁgk) -1 = 0. (3.72)
Thus above expression is equal to the quadratic formula, az? + bz 4+ ¢ = 0 when
—Bek)e—Bek
[ (1+e )e
a [ e + Ner@ ) (3.73)
b = (m+e ™), (3.74)
c = —1. (3.75)
Solving it we get
b+ /b2 —
5= b b 40/0 ) (376)
2a
By rationalizing
—4ac
z = , 3.77
2a(b + Vb? — 4ac) (3.77)
2
_ ’ 3.78
b+ Vb? — 4ac (3.78)
= 2(b+ /b2 —4dac)!, (3.79)

1 —PBek)e—Bek
(mx +e77%) £ \/(m +efer)? +4 <77/\365’“ yLrethe >] (3.80)

= 2
Nev(ePer)—o
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Finally

-1

4(1 + e—Per)e—Per
Ne'Y(eBEk )—0

2= 2|(p e )+ \/(m — e Per)2 4 (3.81)

Fugacity is always positive as it is an exponential function. Therefore, we have ignored minus

sign.
3.4 Phase Transition in Thermodynamic Limit

We know that the phase transitions take place whenever there is a discontinuity in the deriva-
tive of a certain parameter describing a system. Here it is easily seen that in the thermo-
dynamic limit, i.e., N— oo, there is discontinuity in the first order derivative of fugacity
calculated in Eq. (3.81). Thus, it means that there is a phase transition but thermodynamic
limit is a necessary condition because fugacity given in Eq. (3.81) is a smooth function and
there is no singularity and there is no phase transition regardless of how low the temperature

is. For N— oo, Eq. (3.81) becomes

R N

(3.82)

1
TT)\ )
This equation tells us that there is a discontinuity in the derivative of fugacity and the

el when ny < e Pk,
Vo =
0 when 7, > e 0k,

discontinuous point appears at

m = e P, (3.83)

which is just the phase transition point.

3.5 The Case of ng = oo and n; = 1(i # 0): The Phase Transition
Temperature

We now consider the case in which the state whose maximum occupation number is infinite

is ground state, ¢ = ¢g = 0. In any dimension, there must exist a phase transition. It can
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be seen directly by observing discontinuity in the derivative of fugacity z from equation Eq.

(3.83)

m =1 (3.84)

In order to calculate the transition temperature, from Eq. (3.14) we see that

N = Mhe(2), (3.85)
_ (EQVN L
N <sr(g),\u>hs( ), (3.86)
_ LRV 2IEmkT)S .
sT(%) o he(2), (3.87)

where we have first put value of Ny and then A\. Now solving for T gives

2M12 mk

(3.88)

C

N sD(3) ]
V20 (5)he(2)

Now we will calculate hv (z) separately. As we know that hv(z) depends upon g (z). Transi-

tion occurs at 7y = 1 and z = 1. This makes gz (2)=((%), where ¢ is Riemann-zeta function.

¢ (g) = i kl,;. (3.89)

k=1
Thus, at n =1, hz(z) from Eq. (2.33) reads as

»

1 (e[ 1 2 o
he(z) = F(U)/O [zle’” T 2w 1] 7 . (3.90)

Replacing 2z by 2’ in second integral

1 oo 1 o) 21—0
ho(2) = =—— — 2 dx - A 3.91
(2) I'(o) /0 L’_lex 1" v /0 2 1" x] ’ (3:91)

90(1) = (o). (3.92)

Then,
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ho(2) 1= C(0) = 2179¢ (o), (3.93)

or

he (2) [sma= ¢(5)(1 = 2'79). (3.94)

Thus phase transition temperature reads as

hs [N sT(%) v
T.=— = 2 3.95
Mimk [V A1 - 277) (39
Now the total number of particles from (3.14) in the excited state is
Ne = Nxfr(y). (3.96)
Comparing with T, gives
N, = N. (3.97)

This is the condition that determines the PT temperature in an ideal Bose gas for BEC. In
our model, this results comes from mathematical rigorous calculation rather than being put
in by hand.

We can conclude that when PT occurs, the macroscopic properties of a system will begin to
be controlled by a unique quantum state (here it is the ground state). In condensed phase
the quantum state with infinite maximum occupation number dominates. This is a BEC type

phase transition.
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Chapter 4

Conclusion and Summary

In this thesis we have constructed an exactly solvable phase transition model with the help
of generalized statistics. In the first chapter, detailed discussion is done on the basics of
statistical thermodynamics. An introduction to Bose-Einstein and Fermi-Dirac statistics is
also given. In addition to this phase transitions are also discussed in detail which is essentially

required for the understanding of this thesis.

The second chapter is totally based on an intermediate statistics, called Gentile statistics,
in which the maximum occupation number can take on any random values. All of its ther-
modynamic properties are obtained with the contribution of ground state. At the same time

stress is also laid on the properties of the system at low temperature and high densities.

The third chapter is focussed on the main idea of the thesis. It consists of the construction
of a phase transition model which displays Bose-Einstein condensation type phase transition.
First of all generalized statistics is introduced in which the maximum occupation number can
take on different values. When this maximum occupation number takes values 1,00 or any
integer between 1 and oo, the generalized statistics is reduced to that of Fermi-Dirac, Bose-
Einstein and Gentile statistics respectively. The main idea in the solution of this model is
the calculation of an exact expression for fugacity with the help of homogeneous form of RH
problem. We observe that the discontinuity occurs in the derivative fugacity which results in
the determination of phase transition and the phase transition point. With the help of this
model we also see that the thermodynamic limit is a necessary condition for phase transition

to occur in ideal systems.
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Some systems are known to obey statistics other than Fermi-Dirac and Bose-Einstein
statistics. The concept of bosons and fermions have appeared together with quantum me-
chanics itself and till quite recently these have been considered as the only logical possi-
bilities. Now,we know that quantum statistics is not restricted to that of Fermi-Dirac and
Bose-Einstein statistics. Indeed, a continuous interpolation between these two is possible. For

example, quite recently it has been observed that anyons obey fractional statistics [10, 11, 12].

Moreover, in the model presented in the present thesis, we have both fermionic and bosonic
states in our systems. In a Bosonic system if each boson consists of two fermions , then in the
system there must simultaneously exist both fermions and bosons due to the fact that there
exists an ‘ionization’ energy. As long as the temperature of the system is not absolute zero,
there is always a certain proportion of particles having energies larger than ‘ionization’ energy
and behaving as fermions. In this case the particles in the low lying state behave as bosons
and particles in the high lying state behave as fermions. This leads us to the conclusion that a
composite system may not accurately be expandable in terms of Bose-Einstein or Fermi-Dirac
statistics. In such a composite system, a generalized statistics, like the one presented in this

thesis may be useful.
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