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Abstract

Hawking had shown that black holes radiate with a temperature inversely pro-
portional to their mass, thereby losing energy and hence mass. For sufficiently
small masses (less than 1015g) the black hole would evaporate today and hence
has a “life” equal to the present age of the universe. The study of primordial black
holes (thought to be formed within 1s after big bang) is of cosmological interest
because of their wide mass range (10−5g to 1038g). Evaporation rate becomes
significant due to their small mass. In particular, primordial black holes of mass
∼ 1015g should be evaporating today. Since this is not observed, it could be con-
cluded that primordial black holes of this mass did not form in adequate number
or they might have accreted matter and radiation and grown in size instead of
vanishing. Dark energy is considered responsible for the accelerated expansion of
the universe. Observational data support the existence of an exotic form of dark
energy called phantom energy. It decreases the mass of a black hole by accretion
when it is taken to be a perfect fluid. In 2010 Jamil and Qadir showed that this
energy enhances the rate of evaporation. Thus, to have a primordial black hole
evaporating today, its initial mass should be larger than 1015g or the primordial
black holes of mass ∼ 1015g should evaporate earlier. Infact, it was claimed that
a primordial black hole would be ten orders of magnitude larger to have it evap-
orating today. This effect is revisited and the correction term in the lifetime for
primordial black holes is computed. It is found that the effect of phantom energy
on the lifetime of a 1015g primordial black hole is negligible but the evaporation
rate due to phantom energy accretion is considerable for higher mass black holes
(∼ 1040g). The mass at which the effect of phantom energy equals the effect of
Hawking radiation (called the transition mass) has also been discussed.
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Chapter 1

Introduction

A black hole (BH) is the highest possible density object with a gravitational
field that is so intense that once captured not even light can escape from its
influence. Thus the light falling in cannot be reflected back to make the BH
visible. Therefore BHs can grow in mass by accreting matter and radiation. The
boundary of the region around a BH in which it can “engulf” the particles and
the objects, is called event horizon. BHs are formed due to the gravitational
collapse of any stellar object like a massive star and are considered to be residing
at the centre of each galaxy and in galactic haloes. Their mass ranges from
1039g to 1043g. BHs are also considered to be formed within the first second of
the universe from primordial density fluctuations without the formation of any
other stellar object initially. These are called primordial black holes (PBHs) and
the range of their initial mass (mass at the time of formation) is ∼ 10−5g to
∼ 1033g. Once a BH achieves a stable condition after formation, its mass, charge
and angular momentum are the three physical macroscopic parameters which
describe it completely. BHs are considered to be the most perfectly thermal
objects but the description of their thermal properties needs a few microscopic
parameters that are not known [1].

The formulation of general relativity (GR) and quantum mechanics (QM) in
the 20th century were turning points in the history of physics. However, the two
“revolutions” do not support each other. Although they seem compatible to some
extent but, while relativity provides an excellent description of mechanics in the
presence of gravity, there is no quantum field theory of gravity constructed yet.
Strictly speaking, no attempts to unify GR and QM have met with any significant
success [2].

In 1974, Hawking argued that BHs can emit radiation due to quantum effects
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resulting in decrease of mass. Infact, isolated BHs evaporate completely in a finite
time [3]. The radiation that is emitted in this process is called Hawking radiation
(HR). Hence QM, GR and thermodynamics are discussed simultaneously for the
first time in the context of HR.

The only type of matter known till 1933 was luminous matter. But the prob-
lem of “missing matter” (to be discussed later in detail) and the phenomenon of
gravitational lensing (bending of light by invisible objects) led to the concept of
dark matter. Luminous matter is 4 percent and dark matter is 23 percent of the
total mass-energy of the universe.

Dark energy is a hypothetical form of energy which accounts for 73 percent of
the total mass-energy of the universe. The equation of state (EoS) parameter for
dark energy is defined as: ω ≡ p/ρc2. Its values 1

3
, 0 and −1 correspond to the

“radiation”, “dust” and “cosmological constant” respectively (explanation is given
in Chapter 2). There are indications that when this dark energy is taken to be a
perfect fluid, any value of ω less than −1

3
(to be discussed in detail later) explains

the acceleration in the expansion rate of the universe. On the basis of certain
astronomical data, Caldwell and his co-workers suggested ω < −1, which violates
the dominant energy condition ρc2 ≥ |p|. This type of dark energy is called
phantom energy [4]. The accretion of phantom energy onto any gravitationally
bound object may change the physics of several relevant phenomena. It has been
shown that phantom energy can even cause the universe to rip apart, causing a
“cosmic dooms day” [5].

In this dissertation, I study the effect of accretion of phantom energy on
PBHs in addition to HR (ignoring the matter and radiation accretion). For
simplicity, I have taken the case of uncharged and non-rotating PBHs. Although
there is no evidence of the formation of PBHs, their study is of great interest
because their formation could provide a unique probe of the early Universe (if
MPBH < 1015 g), gravitational collapse (if MPBH > 1015 g) and high energy
physics (if MPBH ∼ 1015 g).To have an isolated PBH evaporating today through
HR, its initial mass would have been less than 1015g and it must have formed
within the first ∼ 10−23s [3]. Any PBH of initial mass higher than 1015g will
evaporate later. It was shown that the accretion of phantom energy on a BH, in
contrast to the accretion of matter and radiation, effectively decreases its mass
[7, 8, 9, 10]. Due to the smaller mass of PBHs evaporating today (i.e., PBHs
of initial mass 1015g), they can exhibit significant behavior under the accretion
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of phantom energy [3]. In particular, Jamil and Qadir [10] have discussed the
decrease in mass of a PBH due to the combined effect of accretion of phantom
energy and Hawking evaporation. A relation between the time and mass of a PBH
(which evaporates at t = to) was derived and it was said that the initial mass of
a PBH is required to be increased by 10 orders of magnitude in order to have it
evaporating today when the effect of phantom energy is also taken in to account
in addition to HR. Here I revisit the effect of the accretion of phantom energy
on the value of initial mass of PBHs evaporating today. This work is related
to the qualitative study of GR, HR, BHs (PBHs in particular) and phantom
energy. Thus I shall review all these topics in more detail to provide necessary
background.

The plan of the dissertation is as follows. In the remaining part of Chapter
1, I shall briefly describe some concepts of Special Relativity (SR) needed for the
later discussion of GR. I shall discuss Cosmology in Chapter 2 and HR and PBHs
in Chapter 3. The effect of phantom energy accretion on a BH is reviewed in
Chapter 4 referring to 3 papers [8, 9, 10]. I have reviewed [10] thoroughly and
pointed a few mistakes of the paper. The corrections of these mistakes lead to
considerable changes in the results of [10] and are given in Chapter 5. Then,
in the same chapter, I shall give the calculations of the transition mass and the
analysis done to find the value of initial mass of a PBH evaporating today under
the combined effect of HR and phantom energy accretion from [11]. Also, I shall
discuss some recent work done to find the limit of the mass of a BH to exhibit
observable effect of phantom energy by its evaporation 1. The last chapter is a
summary of my research work. Also, roman indices run over 1, 2, 3 and Greek
indices run over 0, 1, 2, 3 in this dissertation.

1.1 Brief Review of Special Relativity

Special relativity is the theory about relation of observations of physics of all
the phenomena in different inertial frames. It connects space and time, matter
and energy, electricity and magnetism and provides links that are crucial to our
understanding of the physical universe [13]. SR has made a number of predictions
which have been proved to be true experimentally like time dilation (“faster clock
ticks slower”: established in an experiment using atomic clocks) etc. Here I shall

1I am working on this project with Maqbool Ahmed. A part of this work has been published
in [12]. Here I shall give the results obtained so far.



5

describe the concepts which are introduced in SR and are also used in GR. But
first I shall state the two basic principles of SR namely principle of relativity and
constancy of the speed of light.

1.1.1 Principle of Relativity

This principle states that the laws of physics are the same in all inertial frames
of reference.

This principle discards the idea of existence of any universal frame of reference.
This can be understood by the argument that if the laws of physics were different
for any two observers in relative motion, the observers could find from these
differences which of them was “stationary” in space and which was “moving”.

1.1.2 Constancy of Speed of Light

This principle states that the speed c of light in free space has the same value in
all inertial frames of reference.

As a consequence, c is the upper bound for the speed of all objects.

1.1.3 Relativity of Simultaneity

One of the very important concepts introduced by SR is the relativity of simul-
taneity, i.e., the events which are simultaneous for one inertial observer are not
simultaneous for other inertial observers [14].

Consider two observers A and B. Consider the rest frame of A and let B be
moving with uniform velocity with respect to A as shown in Fig. 1.1. Fig. 1.2

shows two of the possible world lines for light signals in this frame. I have taken
one unit equal to one light second and one second on horizontal and vertical axis
respectively. Therefore all the possible world lines for light are parallel lines at
angle 45o or 135o with the positive X-axis.

Now consider two events P and Q, which occur simultaneously with respect
to A as shown in Fig. 1.3. T1P and T1Q are the light signals sent by A at time t1
to illuminate P and Q respectively. Clearly, A receives the two signals PT2 and
QT2 simultaneously (say at time t2). But for B, the matter is not the same. Fig.
1.4 shows that B can illuminate P and Q by sending light signals T3P and T4Q

at different times, say t3 and t4 respectively. B receives these signals QT5 and
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Figure 1.1: Rest frame of the observer
A; observer B moves with velocity v
in the X-direction in this frame .

Figure 1.2: World lines of all possi-
ble light signals (with respect to an-
gle) that can be sent on either side of
direction of motion .

Figure 1.3: Observation made by A;
both events (P and Q) are simultane-
ous since the light signals are received
at the same time t2 .

Figure 1.4: Observation made by
B; both events (Q and P) are non-
simultaneous since the light signals are
received at different time t5 and t6 re-
spectively .
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PT6 at different times t5 and t6 respectively. Therefore for B, Q occurred before
P . Hence it is concluded that simultaneity is relative.

This relativity of simultaneity led Einstein to abolish the concept of the coor-
dinates being spatial only. Thus, time cannot be taken absolute as was assumed
since Newton. It is rather taken as a coordinate changing the 3−dimensional New-
tonian space to a 4−dimensional Minkowski spacetime (ct, x, y, z)≡ (x0, x1, x2, x3)

where x0 = ct, c being speed of light.

1.1.4 Interval

In Galilean space, the square of the distance between two points (interval) (x1, y1, z1)

and (x2, y2, z2) is given by

I = s2 = (x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2 . (1.1.1)

When time is also included as a coordinate (Minkowski spacetime) then the square
of the distance between two events (t1, x1, y1, z1) and (t2, x2, y2, z2) is given
by

s2 = c2(t1 − t2)2 − (x1 − x2)2 − (y1 − y2)2 − (z1 − z2)2 . (1.1.2)

When the events are separated infinitesimally, the interval can be written as

ds2 = c2dt2 − dx2 − dy2 − dz2 . (1.1.3)

This interval provides geometry for SR.

1.1.5 Lorentz Transformation

Consider two observers A and B with their rest frames S with coordinates
(t, x, y, z) and S ′ with coordinates (t′, x′, y′, z′) respectively such that S ′

is moving with velocity v with respect to S along the X-axis. Let A fire a shot
in the direction of the negative X-axis with velocity −u with respect to his rest
frame S. Then by the Galilean transformation law of velocities (derived from the
Galilean transformation of coordinates; x′ = x − x0, x0 being the distance of
S ′ from S), velocity of the bullet accordingto B (say u′) is

u′ = − u − v . (1.1.4)



8

Figure 1.5: Rest frame S of the observer A in which rest frame S ′ of the observer
B moves with velocity v in the X-direction .

Now suppose that A sends a light signal in the direction of the negative X-axis,
then by the above equation we would conclude that B should find the speed of the
light signal to be greater than c. But this is inconsistent with the basic postulate
of SR about the speed of light being the same for all inertial observers. Moreover,
the Galilean transformation takes time to be absolute. Therefore we cannot use
the Galilean transformation in the formulation of SR. Thus we derive a new
transformation law for coordinates to use in place of the Galilean transformation
laws. These transformation laws were derived by Lorentz and therefore are called
Lorentz transformations.

By the principle of relativity, if A sees a free particle traveling in a straight line
with constant speed, then so will B. Since straight lines are mapped onto straight
lines, it suggests that the transformation between the two frames is linear. Thus,
the transformation from frame S to S ′ can be written as [14]

x
′µ = Lµνx

ν , (1.1.5)

where L is a 4× 4 matrix whose components depend only on v and c. As v has
been taken in the direction of the X-axis

y′ = y , z′ = z . (1.1.6)
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Let both the observers start their clocks (t′ = t = 0) and emit a light signal when
origins of S and S ′ coincide. ‘Coincide’ means that there is no displacement along
the X-axis but a negligible displacement along the axis which is perpendicular to
the X-axis [15]. According to S, the light signal moves radially outward from the
origin with speed c. The wavefront of light will constitute a sphere satisfying the
following condition for the events comprising this sphere

s2 = c2t2 − x2 − y2 − z2 = 0 . (1.1.7)

S ′ also must see the spherical wavefront moving out with speed c (according to
the 2nd postulate of SR) and satisfying following condition

s′2 = c2t′2 − x′2 − y′2 − z′2 = 0 . (1.1.8)

Thus, under a transformation connecting the two frames

s = 0 ⇔ s′ = 0 , (1.1.9)

Since the transformation is linear

s = ns′ . (1.1.10)

Now assuming that the space is isotropic (i.e. the same in all directions) which
allows me to reverse the direction of the axes. Moreover, considering the motion
from B’s point of view the principle of relativity becomes

s′ = ns . (1.1.11)

Eqs. (1.1.10) and (1.1.11) imply that n2 = 1 or n = ± 1 . In the limit as
v −→ 0, the two frames coincide and s′ → s. Thus, it can be concluded that
n = 1 or s = s′. Using Eqs. (1.1.6) gives

c2t2 − x2 = c2t′2 − x′2 . (1.1.12)

Now introducing imaginary time coordinates T and T ′ defined by

T = ı̇ct ,

T ′ = ı̇ct′ . (1.1.13)
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Using Eqs. (1.1.13) in Eq. (1.1.12) gives

x2 + T 2 = x′2 + T ′2 . (1.1.14)

In the 2-dimensional (x, T ) space, the quantity x2 + T 2 represents the distance
of a point from the origin and it will remain invariant only under a rotation in
the (x, T ) space. Suppose the rotation is in anti-clockwise direction and by an
angle θ. The transformed coordinates are

x′ = xcosθ + Tsinθ ,

T ′ = − xsinθ + Tcosθ . (1.1.15)

The origin of S ′ satisfies
x′ = 0 (1.1.16)

and
x = vt . (1.1.17)

Using the first of equation (1.1.13) gives

x = − ı̇vT

c
. (1.1.18)

Using Eqs. (1.1.16) and (1.1.18) in first equation of (1.1.15) we find

tan θ =
ı̇v

c
. (1.1.19)

Now

γ ≡ cos θ =
1

sec θ

cos θ =
1√

1 + tan2 θ

=
1√

1 − v2

c2

. (1.1.20)

Eq. (1.1.15) can be written as

x′ = cos θ(x + T tan θ) ,

T ′ = cos θ(− x tan θ + T ) . (1.1.21)
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Using Eqs. (1.1.19) and γ ≡ cos θ in above equation

x′ = γ[x + ı̇ct(ı̇v/c)]

= γ(x − vt) , (1.1.22)

T ′ = γ[− x(ı̇v/c) + ı̇ct] . (1.1.23)

Since T ′ = ı̇ct′, therefore

t′ = γ
(
t − vx

c2

)
. (1.1.24)

Eqs. (1.1.6), (1.1.22) and (1.1.24) with the value of γ given by Eq. (1.1.20) are
the Lorentz transformation laws for coordinates.

1.1.6 Law of Velocity Transformation

Law of velocity addition derived from Lorentz transformation must be consistent
with the postulates of SR. In differential form, Lorentz transformations can be
written as [15]

dt′ = γ(dt − vdx/c2) ,

dx′ = γ(dx − vdt) ,

dy′ = dy ,

dz′ = dz . (1.1.25)

Now the components of velocity of any object in frame S are

ux =
dx

dt
, uy =

dy

dt
, uz =

dz

dt
. (1.1.26)

In frame S ′, the components of the velocity are

u′x =
dx′

dt′
, u′y =

dy′

dt′
, u′z =

dz′

dt′
. (1.1.27)
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Using Eqs. (1.1.25), we get following equations for transformation of components
of velocity of any object from frame S to S ′:

u′x =
ux − v

1 − uxv/c2
,

u′y =
uy
√

1 − v2/c2

1 − uxv/c2
,

u′z =
uz
√

1 − v2/c2

1 − uxv/c2
. (1.1.28)

Now taking ux = −cx̂ (where x̂ denotes the direction of the X-axis) in Eq.
(1.1.29) gives u′x = −cx̂ which is consistent with the second postulate of SR. Thus,
contrary to the Galilean transformation, Lorentz transformations give results that
are consistent with the basic postulates of SR. Rearranging the first equation gives
the transformation law of the x-component of velocity from frame S ′ to S

ux =
u′x + v

1 + u′xv/c
2
. (1.1.29)

which is needed for later use.

1.1.7 Relativistic Mass

In classical mechanics, mass of an object is also constant like absolute time and is
defined as the quantity of matter. In relativistic mechanics, this concept of mass
is also modified to “relativistic mass” by considering the mass to be an observer
dependent quantity. To prove this, I am following Einstein’s original derivation
in more modern notation.

Consider two identical particles which collide inelastically and stick together
after collision. Consider two reference frames K and K ′ such that in the former
frame one of the particles is at rest and other one is moving with velocity u and
after collision the combined particle moves with velocity U . Let K ′ be the center-
of-mass frame. Thus, inK ′ both particles move with equal and opposite velocities
U before collision and the combined mass is at rest after collision. Obviously then
K ′ is moving with velocity U with respect to K. Let m0, mu and MU be the
masses of particles with velocities 0, u and U respectively in frame K and M0

be the rest mass of combined object in frame K ′. Assuming the conservation of
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mass and linear momentum in frame K, we can write

m0 + mu = MU , (1.1.30)

0 + muu = MUU . (1.1.31)

Eliminating MU from both equations

mu = m0

(
U

u − U

)
. (1.1.32)

Consider one of the particles that is moving with velocities u and U in frames K
and K ′ respectively. Now K ′ is itself moving with velocity U with respect to K.
Thus law of addition of velocities, stated in Eq. (1.1.29), gives

u =
2U

1 + U2

c2

. (1.1.33)

Solving Eq. (1.1.33) for U gives quadratic equation

U2 −
(

2c2

u

)
U + c2 = 0 , (1.1.34)

which has roots

U =
c2

u
±

[(
c2

u

)2

− c2

] 1
2

=
c2

u

[
1 ±

(
1 − u2

c2

) 1
2

]
. (1.1.35)

In the limit u→ 0, this must produce finite result. This suggests to take negative
sign. Substituting the value in Eq.(1.1.32)

mu =
m0√

1 − u2

c2

. (1.1.36)

Thus, it can be inferred from Eq. (1.1.36) that the mass of a relativistic particle
increases indefinitely with increase in its speed. As u → c, inertia (resistance
to acceleration) tends to infinity. This is naturally expected if c is to be the
maximum speed. Thus, the concept of relativistic mass is consistent with the
constancy of speed of light.
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1.1.8 Relativistic Linear Momentum

Relativistic linear momentum p is defined as the product of relativistic mass and
velocity (mu and u respectively with reference to the previous section).i.e.

p(u) = muu

= γm0u (1.1.37)

=
m0u√
1 − u2

c2

, (1.1.38)

where γ is defined by Eq. (1.1.20). It is quite obvious that this expression also
reduces to the classical Newtonian momentum when u << c.

1.1.9 Relativistic Second Law of Motion

In relativity, second law of motion is defined as

F =
dp
dt

=
d

dt
(γm0u) , (1.1.39)

where Eq. (1.1.37) has been used. This is more complicated than the classical
formula F = ma because γ is a function of velocity. Eq. (1.1.39) also reduces
to the classical formula in the limit v << c.

1.1.10 Mass-Energy Equivalence

Having developed the concepts of relativistic mass, relativistic momentum and
relativistic second law of motion, I can now move to the famous Einstein mass-
energy equivalence relation). Consider a particle with rest mass m0, relativistic
mass mu = γm0 which is moving along the X-axis under the effect of a variable
force F acting in the same direction. Assuming that there is no other force acting
on the particle, the work done on the particle can be written as

W = Fs . (1.1.40)

Since the work done by the force is being converted in the kinetic energy of the
particle, thus

Kr =

∫ s

0

F ds , (1.1.41)
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where Kr is the relativistic kinetic energy. The non-relativistic mechanics kinetic
energy (K) of such a particle is

K =
1

2
m0u

2 , (1.1.42)

Substituting the relativistic expression of force given in Eq. (1.1.39) in Eq.
(1.1.41) gives relativistic formula for kinetic energy to be

Kr =

∫ s

0

d(γm0u)

dt
ds

=

∫ mu

0

ud(γm0u)

= m0

∫ u

0

u d(γu) , (1.1.43)

where ds/dt = u is used. Now integrating Eq. (1.1.43) by parts (i.e. using∫
x dy = xy −

∫
y dx) gives

Kr = γm0u
2 − m0

∫ u

0

1/

√
1 − u2

c2
u du

=
m0u

2√
1 − u2

c2

+

[
m0c

2

√
1 − u2

c2

]u
0

=
m0c

2√
1 − u2

c2

− m0c
2

= γm0c
2 − m0c

2

= mc2 − m0c
2 . (1.1.44)

The above equation shows that the kinetic energy of a relativistic particle is equal
to the difference between γm0c

2 and m0c
2. Thus, mc2 can be interpreted as the

total energy of the particle. Rearranging Eq. (1.1.44) gives

E ≡ mc2 = m0c
2 + Kr . (1.1.45)

Thus, if the particle is at rest and Kr = 0, the particle has non-zero energy
E = m0c

2. This energy m0c
2 is called the rest mass energy of the particle which

shows that mass and energy are equivalent concepts and there corresponds a huge
amount of energy to a small amount of mass at rest. Hence Eq. (1.1.45) is called
the relativistic mass-energy equivalence formula.
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1.2 General Relativity as a Field Theory of Grav-
ity

Figure 1.6: The spacetime curvature caused by the presence of matter [16] .

Special relativity deals with inertial frames and constant speeds (i.e. no ac-
celeration) only. But objects moving under the effect of gravity are accelerated.
Therefore Einstein did not stop at the formulation of SR but went on working
for generalizing his special or “restricted” theory to such a theory which could
incorporate acceleration as well. In 1915, he finally succeeded in the formulation
of such a (geometrical) theory called the General Theory of Relativity.

GR describes gravity as the curvature of spacetime caused by matter and
energy, due to which objects follow a curved path. It is described by 10 coupled
partial differential equations called the Einstein Field Equations (EFEqs). But
before going to these equations, I shall describe basic principles of GR which can
be regarded as the generalization of the basic principles of SR.

1.2.1 Principles of GR

General relativity is based on two principles: principle of equivalence and principle
of general covariance.

Principle of Equivalence

Inertial mass of a body is its resistance to any change in its motion caused by an
external force. In Newton’s 2nd law of motion this mass (mi) is related to the
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applied force (F ) and resultant acceleration (a) as

F = mia . (1.2.1)

Gravitational mass, mg of an object is the measure of the force with which earth
attracts object and is given as

F = − GMmg

r3
r , (1.2.2)

where M is the mass of the earth, G is gravitational constant and its value is
6.67 × 10−8cm3g−1s−2, r is the vector from the gravitational source of mass M
to the place where a test particle of mass mg is situated and r is the magnitude
of r. The principle of equivalence states that the gravitational mass and inertial
mass are equivalent.

Principle of General Covariance

This principle is the generalization of the principle of relativity stated in section
1.1.1 and is stated as: all frames of reference are physically equivalent. This
stresses that all valid physical laws should be written in tensorial form. Change
of a frame of reference generally corresponds to a non-linear coordinate trans-
formation but the converse is not always true since coordinate systems can be
transformed without changing the frame of reference, e.g., transformation from
cartesian coordinates to the spherical coordinates does not change the frame of
reference.

1.2.2 Metric Tensor and Stress-Energy Tensor

General relativity is a geometrical theory formulated in terms of tensors. There-
fore before going to EFEqs, I shall define the following two tensors: the metric
tensor (gαβ) and the stress-energy tensor (Tαβ). The former gives the coordinates
of a spacetime in terms of mass and gravity while the latter is the generalization of
pressure (or force), as will be shown in the next few sections of this chapter. The
concept of both these tensors is very important for relating spacetime curvature
to gravity.
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Metric Tensor

The interval between two events in a 4-dimensional spacetime with Cartesian
coordinates (x0, x1, x2, x3) and (x0 + dx0, x1 + dx1, x2 + dx2, x3 + dx3) is
defined as

ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 , (1.2.3)

Eq. (1.2.3) retains the same form under Lorentz transformation which trans-
forms one inertial reference frame to the other inertial frame. However when we
transform from an inertial frame to a non-inertial frame, the interval ds can not
be written in a simplified form like Eq. (1.2.3) (i.e. the sum of the squares of
the coordinates), rather it appears in a quadratic form which can in general be
written as [17]

ds2 = gµνdx
µdxν , (1.2.4)

where gik are the coefficients which are functions of the spacetime coordinates
(x0, x1, x2, x3) and are defined as the components of a tensor, called metric
tensor. gik is clearly symmetric in change of indices as dxi commute. Thus there
are 10 coordinates of gik. Comparing Eqs. (1.2.3) and (1.2.4), we can write for
inertial frames g00 = 1, g11 = g22 = g33 = −1, gik = 0 ∀ i 6= k.

Geometrical properties of the spacetime are not fixed properties of the space-
time, rather they are determined by the gravitational field of the objects (or
particles) present. In a gravitational field, values of metric tensor components
cannot be reduced to their values in Galilean space globally by any transforma-
tion. This type of spacetime is called curved. Following are a few quantities
defined in terms of the metric tensor.

In flat spacetime, we know the transformation laws from one point to the
other. Now we need to specify how basis vectors change from the point (x0, x1, x2, x3)

to the neighboring point (x0 +dx0, x1 +dx1, x2 +dx2, x3 +dx3) in curved space-
time. Let eα are the basis vectors. The transformation law is [18]

deµ = Γλµνeλdx
ν , (1.2.5)

where the coefficients Γkij are called Christoffel symbols. Physically, Christoffel
symbols describe parallel transport in manifolds. Alternatively, Christoffel sym-
bols are also defined as follows. If the derivative of a basis vector with respect to
any coordinate axis is written as linear combination of basis vectors, Christoffel
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symbol (of 2nd kind) are the coefficients of basis vectors [19]

∂eα
∂xβ

= Γµαβeµ . (1.2.6)

Mathematically this is the same as is Eq. (1.2.5). Since the components of the
metric tensor are the coefficients of the coordinate axis, Christoffel symbols can
be defined in terms of the metric tensor as

Γµνγ =
1

2
gµρ[gρν,γ + gργ,ν − gνγ,ρ] , (1.2.7)

where ,k represents partial derivative with respect to xk.
Riemann curvature tensor describes the curvature of spacetime. It is defined

in terms of Christoffel symbol as

Rα
βγδ = Γαβδ,γ − Γαβγ,δ + ΓµβδΓ

α
µγ − ΓµβγΓ

α
µδ . (1.2.8)

Ricci curvature tensor is the resultant of contraction of indices of the Reimann
curvature tensor, i.e., Rαβ = Rρ

αρβ. Thus

Rαβ = ∂ρΓ
ρ
βα − ∂βΓρρα + ΓρρχΓχβα − ΓρβχΓχρα

= 2Γρ[β,ρ] + 2Γρχ[ρΓ
χ
β]α , (1.2.9)

where [µ, ν] ≡ 1
2
(µν − νµ).

Ricci scalar is the resultant of the contraction of Ricci curvature tensor and
metric tensor, i.e.,

R = gµνRµν . (1.2.10)

Stress-Energy Tensor

In the rest frame in Minkowski spacetime, the 4-dimensional tensor is

T µν = ρc2δµ0 δ
ν
0 + σijδµi δ

ν
j . (1.2.11)

Classically, in 3-dimensions, stress is a generalization of the concept of pressure
(force per unit area). In a reference frame other than the center of mass reference
frame, both energy and volume change, therefore energy density cannot be repre-
sented by some component of a vector. For curved spacetime, we can generalize
Eq. (1.2.11) for an arbitrary manifold and frame as [2]
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T µν = ρuµuν + σijδµi δ
ν
j , (1.2.12)

where uµ is the 4-velocity. Energy-momentum tensor has energy, a constant-time
surface (across which flux is defined as energy density) and momentum flux as
components. Thus,

T µν = flux of µ momentum across a surface of constant xν , (1.2.13)

where µ-momentum is the µth component of 4-momentum. Stress energy tensor
has units of energy density and is represented as a 4× 4 matrix,

T µν =


T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33

 (1.2.14)

T 00 = ρ = energy density divided by the speed of light squared, i.e., density of
relativistic mass,
T ij = flux of i-momentum across j-surface,
for i = j, T ij is the normal stress (normal stress is pressure in an isotropic
medium) and for i 6= j, this is shear stress.
T 0i = T i0 means that the flux of the relativistic mass across the xi surface is
equivalent to the density of the ith component of linear momentum. In a stress-
free arbitrary frame, T µν gives total energy and momentum of any portion of
fluid.

Conservation of Mass-Energy and Momentum

It is known from classical mechanics that mass is conserved, i.e., it can neither
be created nor destroyed. Hence the total time derivative of matter density (ρ)

must be zero
Dρ

dt
= 0 . (1.2.15)

It can be written in terms of partial derivatives with respect to time and position
as

∂ρ

∂t
+ ∇.(ρu) = 0 . (1.2.16)

Now consider the conservation of momentum which says that the total force on
a particle in equilibrium is zero. The body force (ρa ≡ ρDu/Dt) on a matter
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element must be balanced by the release of tension (i.e, σij,j ). Thus

ρ
Dui

Dt
+ σij,j = 0 . (1.2.17)

In the discussion above, if the relativistic mass energy or energy density is consid-
ered in place of the rest-mass density then Eqs. (1.2.16 - 1.2.17) can be written
as

(ρuν),ν = 0 , (1.2.18)

ρuνuk,ν + σkj,j = 0 . (1.2.19)

Now consider the divergence of the stress-energy tensor in an approximately
Minkowski space in Cartesian coordinates. Since the Christoffel symbols are
zero, the divergence is replaced by the partial derivative. Taking the divergence
(partial derivative) of Eq. (1.2.12)

T 0ν
,ν = (ρcuν),ν + σijδ0

i δ
ν
i ),ν

= c(ρuν),ν , (1.2.20)

where uµ = c has been used. Considering Eq. (1.2.18), the above expression
equates to zero. Similarly consider the divergence of T kν in Eq. (1.2.12)

T kν,ν = (ρukuν),ν + (σijδki δ
ν
j ),ν

= uk(ρuν),ν + [ρuνuk,ν + σkj,j ] . (1.2.21)

Both terms on the right hand side of the above equation are zero by Eqs. (1.2.18 -
1.2.19). Therefore T kν,ν = 0. Hence the laws of conservation of mass-energy and
momentum could be stated as the requirement that the stress-energy tensor be
divergence free. For an arbitrary spacetime in arbitrary coordinates the natural
generalization of this requirement is that the stress-energy tensor is divergence-
free, i.e.

T µν;ν = 0 . (1.2.22)

Stress-Energy Tensor for Fields

The stress-energy tensor for fields must be a quantity which has units of energy
density and is divergence free (i.e. conserved) [2]. Also, such a tensor should
reduce to usual stress-energy tensor for a field describing a fluid.
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Let L[φ, φ,ρ] be the Lagrangian density of a scalar field. Then

∂L

∂xµ
=

∂φ

∂xµ
δL

δφ
+

∂φ,ν
∂xµ

δL

δφ,ν
. (1.2.23)

Using δL/δφ = (δL/δφ,ν);ν and ∂φ,ν/∂xµ = (∂φ/∂xµ);ν in Eq. (1.2.23), we get

∂L

∂xµ
=

∂φ

∂xµ

(
δL

δφ,ν

)
;ν

+

(
∂φ

∂xµ

)
;ν

δL

δφ,ν
, (1.2.24)

∂L

∂xµ
=

(
∂φ

∂xµ
δL

δφ,ν

)
;ν

= (δνµL);ν , (1.2.25)

(
∂φ

∂xµ
δL

δφ,ν
− δνµL

)
;ν

= 0 . (1.2.26)

The divergence free quantity in above equation has the units of energy density.
Hence we can define it as stress energy tensor

T νµ =
∂φ

∂xµ
δL

δφ,ν
− δνµL . (1.2.27)

Stress-Energy Tensor for the Electromagnetic Field

This is known from electromagnetism that the generalized curl of the vector field
is given by

Fµν = Aν,µ − Aµ,ν , (1.2.28)

where Aµ is the 4-vector potential. The corresponding Lagrangian density is [2]

L =
1

16π
[FµνF

µν + jµA
µ] , (1.2.29)

where jµ is the four vector current density which is zero for a source-free region.
Thus Eq. (1.2.27 - 1.2.29) yield

T µν = − 1

4π
[F µρF ν

ρ −
1

4
gµνF ρπFρπ] . (1.2.30)

1.2.3 The Einstein Field Equations

The set of Einstein field equations is analogous to classical Poisson equation [19]

∇2φ = 4πGρ , (1.2.31)
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where ρ is the density of mass. In section 1.1.10, it has been shown that the
relativistic generalization of mass is the total energy (including rest mass). EFEqs
can be derived from action principle. The action for gravitational field is

S = Sm + Sg , (1.2.32)

where Sm and Sg are the parts of the action due to matter and gravity (spacetime)
respectively. Since the curvature of spacetime is described by Ricci tensor and
metric tensor, Sg is defined as

Sg = − 1

κ

∫
LgdΩ

= − 1

κ

∫
R
√
|g|dΩ

= − 1

κ

∫
gµνRµν

√
|g|dΩ, (1.2.33)

where 1/κ is the coupling constant of matter and gravity which has the value
8πG/c4 and Ω is the 4-volume.

Also, the stress energy tensor (due to matter) is defined in terms of La-
grangian. Therefore Sm is defined as

Sm =

∫
L
√
|g|dΩ . (1.2.34)

Taking δSg in Eq. (1.2.33) gives

δSg = −1

κ
δ

∫
gµνRµν

√
|g|dΩ ,

=

∫ (
δgµνRµν

√
|g| + gµνδRµν

√
|g|

+ gµνRµνδ
√
|g|
)
dΩ . (1.2.35)

Using Eq. (1.2.10) and δ
√
| g | = − 1

2

√
| g |gµνδgµν in third term on right hand

side of above equation gives

δSg =

∫ [
δgµνRµν

√
|g| + gµνδRµν

√
|g|

+ R

(
− 1

2

√
| g |gµνδgµν

)]
dΩ ,

=

∫
δgµνRµν

√
|g|dΩ +

∫ (
Rµν −

1

2
gµνR

)√
| g |δgµνdΩ .(1.2.36)
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The first term on the right hand side of above equation vanishes which can be
shown as follows. By Eq. (1.2.9)

δRαβ = δ(Γλαβ,λ − Γλαλ,β)

= (δΓλαβ),λ − (δΓλαλ),β . (1.2.37)

Therefore

gαβδRαβ = (gαβδΓλαβ − gαλδΓ
β
αβ),λ , (1.2.38)

where β and λ has been interchanged in the 2nd term on right hand side of the
above equation. Integrating over the volume element yields∫

gαβδRαβ

√
|g|dΩ =

∫
(gαβδΓλαβ − gαλδΓbαβ),λ

√
|g|dΩ . (1.2.39)

Considering such a frame where metric and its derivatives vanish at the bound-
ary, right hand side of Eq. (1.2.39) becomes zero∫

(gαβ
√
|g|δRαβ)dΩ = 0 . (1.2.40)

Thus, Eq. (1.2.36) becomes

δSg =

∫ (
Rµν −

1

2
gµνR

)√
| g |δgµνdΩ . (1.2.41)

Now Eq. (1.2.34) gives

δSm = δ

∫
L
√
|g|dΩ ,

=

∫
δ
(
L
√
|g|
)
dΩ ,

=

∫ (
∂L

∂gµν

√
|g|δgµν +

∂L

∂gµν,ρ

√
|g|δgµν,ρ

)
dΩ . (1.2.42)

Consider

∂L

∂gµν,ρ

√
|g|δgµν,ρ =

∂L

∂gµν,ρ

∂

∂xρ

√
|g|δgµν

=
∂

∂xρ
∂L

∂gµν,ρ

√
|g|δgµν − ∂

∂xρ
∂L

∂gµν,ρ

√
|g|δgµν .(1.2.43)
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Integrating∫
∂L

∂gµν,ρ

√
|g|δgµν,ρ dΩ =

∫
∂

∂xρ

(
∂L

∂gµν,ρ

√
|g|δgµν

)
dΩ −

∫
∂

∂xρ
∂L

∂gµν,ρ
δgµνdΩ

=

∫
ωρ;ρ
√
|g|dΩ

−
∫

∂

∂xρ

(
∂L

∂gµν,ρ

)√
|g|δgµνdΩ , (1.2.44)

where ωρ ≡ ∂L / ∂gµν,ρ δg
µν . By Gauss divergence theorem,∫
ωρ;ρ
√
|g|dΩ =

∮
ωρ
√
|g|dsρ , (1.2.45)

which vanishes. Thus. Eq. (1.2.44) reduces to∫
∂L

∂gµν,ρ

√
|g|δgµν,ρ dΩ = −

∫
∂

∂xρ
∂L

∂gµν,ρ

√
|g|δgµνdΩ . (1.2.46)

Thus, Eq. (1.2.42) becomes

δSm = δ

∫
L
√
|g|dΩ ,

=

∫
∂L

∂gµν

√
|g|δgµν −

∫
∂

∂xρ
∂L

∂gµν,ρ

√
|g|δgµνdΩ ,

=

∫ (
∂L

∂gµν
− ∂

∂xρ
∂L

∂gµν,ρ

)√
|g|δgµνdΩ . (1.2.47)

But
∂L

∂gµν
δgµν − ∂

∂xρ
∂L

∂gµν,ρ
δgµν ≡ Tµν . (1.2.48)

Therefore
δSm =

∫
Ω

Tµνδg
µνdΩ . (1.2.49)

Combining Eqs. (1.2.32), (1.2.34) and (1.2.49) and taking δS = 0 gives

δS = − 1

κ

∫
Ω

(
Rµν −

1

2
gµνR

)√
| g |δgµνdΩ +

∫
Ω

Tµν
√
| g |δgµνdΩ ,

=

∫
Ω

[
− 1

κ

(
Rµν −

1

2
gµνR

)
+ Tµν

]
δgµν

√
| g |dΩ ,

= 0 . (1.2.50)

Since the above equation is true for arbitrary δgµν and volume element dΩ, the
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integrant must be zero in general, i. e.,

εµν ≡ Rµν −
1

2
Rgµν + Nµν = κTµν , (1.2.51)

where εµν is called the Einstein tensor and Nµν is the constant of integration.
Equivalence of mass and energy from SR suggests that each form of energy

must act as a source of gravitational field. ε tells spacetime how to curve and
Tµν tells matter how to move. Nµν should have a universal value. Also, for the
conservation of stress energy tensor it is required that the covariant derivative of
Nµν also vanishes. Therefore Nµν ≡ Λgµν where Λ is called cosmological constant.
gµν ensures the conservation of Tµν defined by Eq. (1.2.22). Now the EFEqs can
be written as

εµν = Rµν −
1

2
Rgµν + Λgµν = κTµν . (1.2.52)

To obtain static solutions, there must be some repulsive force which balances the
gravitational attraction. To obtain such a result, Einstein suggested the negative
value of Λ. Later the discovery of dynamical universe made Einstein to withdraw
this cosmological constant calling it the greatest blunder of his life. (But this was
not as big a mistake as he thought, as we shall see in Chapter 2.)

Alternatively, the factor Λ can also be introduced in the gravitational La-
grangian density to get the same EFEqs given by (1.2.52), i.e., one can take

Lg =
√
|g|(R + 2Λ) . (1.2.53)

1.3 Solutions of Einstein Field Equations

The solutions of EFEqs are the metrics of spacetime. These metrics describe
the inertial motion of objects in spacetime. The exact solutions of EFEqs are
not always known without approximations. The solution of EFEqs for uncharged
non-rotating point perticle is called the Schwarzschild metric and that for case of
a charged particle is called the Reissner-Nordstrom Metric.

1.3.1 Schwarzschild’s Solution of Einstein Field Equation

Consider a neutral point particle of massm which is at rest at origin. The solution
of EFEqs for this particle (Schwarzchild solution) is obtained as follows.
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Exterior Solution

Schwarzschild exterior solution is obtained by taking the following assumptions
(in addition to the conditions of zero charge and zero angular momentum).

(i) The metric is spherically symmetric.
(ii) There is no matter in the region under consideration, i.e., Tµν = 0.
The most general form of such a metric (in spherical-polar coordinates) is [2]

ds2 = eν(r)(cdt)2 − eχ(r)(dr)2 − r2dΩ2 , (1.3.1)

where dΩ is the solid angle subtended at the origin and is equal to dθ2 + sin2 θdφ2,
ν and χ are arbitrary functions of radial coordinate r only (since for point particle
field does not change with time). In matrix form this metric is

gµν =


eν(r) 0 0 0

0 −eχ(r) 0 0

0 0 −r2 0

0 0 0 −r2 sin2 θ

 . (1.3.2)

Clearly |g| = − eν+χr4 sin2 θ. Therefore, ln
√
|g| = 1

2
(ν + χ) + 2lnr + ln sin θ.

Thus the derivatives of the metric coefficients are

g00,1 = ν ′eν , g11,1 = − χ′eχ, g22,1 = − 2r, g33,1 = − 2r sin2 θ,

g33,2 = − 2r2 sin θ cos θ, gχν,ρ = 0 otherwise. (1.3.3)

The derivatives of the logarithm of the determinant of the metric tensor are

(ln
√
|g|),1 =

1

2
(ν ′ + χ′) +

2

r
,

(ln
√
|g|),11 =

1

2
(ν ′′ + χ′′) − 2

r2
,

(ln
√
|g|),2 = cot θ, (ln

√
|g|),22 = csc2 θ,

(ln
√
|g|),µ = (ln

√
|g|),χν = 0 otherwise. (1.3.4)

Now evaluating the Christoffel symbols, following are found to be zero

Γ0
00 = Γ0

ij = Γi0j = Γ3
us =

Γus2 = Γus3 = Γ3
33 = 0 , (1.3.5)
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where i, j = 1, 2, 3; u, s = 0, 1, 2. The non-zero Christoffel symbols are

Γ0
01 =

1

2
ν ′, Γ1

00 =
1

2
ν ′e(ν − χ), Γ1

11 =
1

2
χ′, Γ1

22 = − re−χ ,

Γ1
33 = − r sin2 θe−χ, Γ2

12 =
1

r
= Γ3

13 ,

Γ2
33 = − r sin θ cos θ, Γ3

23 = cot θ . (1.3.6)

For vacuum, Eq. (1.2.52) reduces to Rµν = 0.

Rµν = Γρµν,ρ − (ln
√
| g |),µν + (ln

√
| g |),ρΓρµν

− ΓρπµΓπρν = 0 . (1.3.7)

Now computing the components of Ricci tensor

R00 = Γρ00,ρ − (ln
√
|g|),00 + (ln

√
|g|),ρΓρ00 − Γρπ0Γπρ0

=

(
1

2
ν ′eν−χ

)′
+

[
1

2
(ν ′ + χ′) +

2

r

](
1

2
ν ′eν−χ

)
− 2

(
1

2
ν ′
)(

1

2
ν ′eν−χ

)
=

1

2

[
ν ′′ +

1

2
ν ′
(
ν ′ − χ′

)
+

2

r
ν ′
]
eν−χ = 0 . (1.3.8)

R11 = Γρ11,ρ −
(
ln
√
|g|
)
,11

+
(
ln
√
|g|
)
,ρ

Γρ11 − Γρπ1Γπρ1

=
1

2

[
ν ′′ +

1

2
ν ′(ν ′ − χ′) − 2

r
χ′
]

= 0 . (1.3.9)

R22 = Γρ22,ρ − (ln
√
|g|),22 + (ln

√
|g|),ρΓρ22 − Γρπ2Γπρ2

= (− re−χ)′ + 1 = 0 . (1.3.10)

R33 = Γρ33,ρ −
(
ln
√
|g|
)
,33

+
(
ln
√
|g|
)
,ρ

Γρ33 − Γρπ3Γπρ3

= [(− re−χ)′ + 1] sin2 θ = 0 . (1.3.11)

Solving Eqs. (1.3.8 - 1.3.11) gives

eν = 1− 2Gm

c2r
, (1.3.12)

eχ = e−ν =

(
1− 2Gm

c2r

)−1

. (1.3.13)
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Thus the components of the metric tensor are

gµν =


1− 2Gm

c2r
0 0 0

0 −(1− 2Gm
c2r

)−1 0 0

0 0 −r2 0

0 0 0 −r2 sin2 θ

 , (1.3.14)

or

ds2 =

(
1 − 2Gm

c2r

)
(cdt)2 −

(
1 − 2Gm

c2r

)−1

(dr)2 − r2dΩ2 . (1.3.15)

In the limit of large r, above metric redcuces to that for weak Newtonian fields.
Thus Eq. (1.3.15) is a relativistic generalization of Newtonian gravity. Also, this
metric becomes singular in radial coordinate at

r =
2Gm

c2
≡ rs, (1.3.16)

where rs is called Schwarzchild radius. Objects having r = rs are the BHs
(Schwarzchild BHs). Hence GR predicts the existence of BHs.

Interior Solution

Consider an isotropic fluid in the shape of a sphere of radius a centered at the
origin. Again, due to the spherical symmetry I shall use the spherical coordinates.
Let ρ be the density of the fluid and is function of radial coordinate r. The stress-
energy tensor for the matter inside the sphere is given by

T νµ = [ρ(r) + p(r)/c2]uνuµ − δνµp(r)/c
2 , (1.3.17)

where p is the pressure of the fluid. Also uνuµ = δν0δ
0
µ. Using Eq. (1.2.22)

[ρ(r) + p(r)/c2]δ0
µ + [ρ(r) + p(r)/c2]

(
ln
√
| g |

)
δ0
µ

− [p(r)/c2],ν − [ρ(r) + p(r)/c2]Γ0
0µ = 0 . (1.3.18)

Since no time dependent term is involved in the first two terms on the left hand
side of above equation, these are zero. The next two terms are also identically
zero for µ 6= 1. Thus, the only new equation is for µ = 1

1

2
[ρ(r)c2 + p(r)]ν ′(r) + p′(r) = 0 . (1.3.19)
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Evaluating Ricci scalar and Ricci tensors for µ = 0 = ν and µ = 1 = ν and using
Eq. (1.2.52) results in[

ξ′(r)

r
− 1

r2

]
e−ξ(r) +

1

r2
= κc2ρ(r) (1.3.20)

and [
ν ′(r)

r
+

1

r2

]
e−ξ(r) − 1

r2
= − κp(r) . (1.3.21)

Eqs. (1.3.6 - 1.3.8) are in terms of four unknown functions and their derivatives.
Therefore we need another equation in terms of these functions. Generally, the
equation of state (as mentioned earlier that it will be discussed in detail in chapter
2) serves the purpose of eliminating one of the two variables: ρ and p, in terms
of the other variable. For phantom energy, one is a multiple of the other which
will be discussed in Chapter 2.

1.3.2 The Reissner-Nordström Metric

The Reissner-Nordströmmetric is the solution for the gravitational field produced
by a charged massive particle. Consider a point mass m carrying charge Q be
at rest at origin. Obviously, metric is spherically symmetric and static. We
need to solve the coupled Einstein-Maxwell field equations. The gravitational
field enters into the Maxwell equations as we require the covariant divergence of
the field tensor to be zero. The electromagnetic stress-energy tensor acts as a
source term for the gravitational field. Physically, the energy distribution due to
the electromagnetic field has an effective mass which causes a gravitational field.
Electromagnetic 4−vector potential is taken to be [2]

Aµ =

(
Q

cr
, 0

)
. (1.3.22)

Thus

Fµν = − Fνµ = 2δ0
[µδ

1
ν]

Q

cr2
. (1.3.23)

The components of mixed form of metric tensor are

T 0
0 = T 1

1 = − T 2
2 = − T 3

3

= Q2e−(ν+χ)/8πc2r4 (1.3.24)



31

and
T µν = 0 ∀ µ 6= ν . (1.3.25)

The components of Ricci tensor Rµν are the same as given in Eqs. (1.3.8 - 1.3.11).
Solving EFEqs using T 0

0 = T 1
1 and Eqs. (1.3.8-1.3.9) gives

ν ′(r) + ξ′(r) = 0 . (1.3.26)

Thus
ν(r) + ξ(r) = 0 . (1.3.27)

Now the EFEq for 2− 2 component is R2
2 = κT 2

2 . Using Eq. (1.3.10) gives

− 1

r2
[(−re−ξ)′ + 1] = − 8πG

c2

Q2

8πc2r4
. (1.3.28)

Solving the above equation yields

eν(r) = e−ξ(r) = 1 − 2Gm

c2r
+

GQ2

c4r2
. (1.3.29)

Thus the components of the metric tensor are

gµν =


1− 2Gm

c2r
+ GQ2

c4r2
0 0 0

0 −(1− 2Gm
c2r

+ GQ2

c4r2
)−1 0 0

0 0 −r2 0

0 0 0 −r2 sin2 θ

 , (1.3.30)

or

ds2 =

(
1 − 2Gm

c2r
+

GQ2

c4r2

)
c2dt2 −

(
1 − 2Gm

c2r
− GQ2

c4r2

)−1

dr2 − r2dΩ2 .

(1.3.31)
In the case where Q = 0, above solution reduces to Schwarzchild solution which
is required. Also, the objects satisfying 1 − 2Gm

c2r
− GQ2

c4r2
= 0 condition are the

charged BHs.



Chapter 2

Cosmology

The name cosmology comes from two Greek words “cosmos” (κωσµωσ) and “lo-
gos” (λωγωσ) [2]. The former means “the Universe” and the latter means “for the
study of”. Thus cosmology is the study of the universe. It was originally a field of
theology and non-scientific philosophy that was formulated in order to answer the
questions about the purpose of life and the universe. But the revolution brought
by relativity (GR in particular) changed its basis from religious philosophy to
science as Einstein chose cosmology for the application of GR.

2.1 Standard Model of Cosmology

The standard model of cosmology is based on GR and the Cosmological Principle
which states that the universe is homogeneous and isotropic. Homogeneity means
that it is independent of the position of the observer and isotropy implies that
the matter is distributed uniformly in all directions. More precisely, homogeneity
means that all points in space have the same physical conditions (like density
and temperature). The former can be regarded as translational invariance and
latter as rotational invariance [20]. The difference between the two terminologies
is clear from Fig. 2.1− 2.4.

The standard model is the simplest model and is compatible with the obser-
vational data. No other model gives better statistical fit.

2.2 Brief History of the Universe

The standard model of cosmology states that the universe started with a “big
bang” 13.75 billion years ago and is expanding and cooling since then. The

32
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Figure 2.1: Homogeneous and
isotropic: matter is distributed uni-
formly and there is no preferred
direction as well .

Figure 2.2: Inhomogeneous but
isotropic: matter distribution is non-
uniform in the sphere but is similar in
all the directions .

Figure 2.3: Homogeneous but
anisotropic: the vertical direction is
the preferred direction here .

Figure 2.4: Inhomogeneous and
anisotropic: matter distribution is
non-uniform and vertical direction is
the preferred direction .
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expansion of the universe was decelerating at first but then there was a transition
from this deceleration phase to the present accelerating phase. At 1s after the
big bang, the temperature and density of the universe were 10 billion Kelvin and
1.8817×108g/cm3 respectively which dropped to 3000K and 1.5242×10−18kg/cm3

after 380, 000 years. At the latter temperature, the free electrons joined atoms
breaking the thermal contact between matter and radiation. This stage is called
the surface of last scattering. Whatever radiation existed at that time has since
been enormously red shifted but it still fills the space [21]. This is called cosmic
microwave background (CMB).

Light nuclei like hydrogen (H) and helium (He) were formed 3 minutes after
the big bang. The formation of these nuclei is called big bang nucleosynthesis.
Nucleosynthesis must have been blocked by free radiation. The temperature of
the radiation is such that it blocks the formation of heavier elements but allows
it for the light elements in the observed ratio. This provides the total amount of
baryons and the temperature of the universe at that time. This also relates the
physics of the early universe cosmology to particle physics and thermodynamics.
The earlier period of the universe is called radiation-dominated era when energy
density of radiation was more than that of matter. After the surface of last
scattering, matter-dominated era started. The present era is called dark-energy
dominated era and will be explained in the last section of this chapter.

2.3 Evidence of the Isotropy and Homogeneity of
the Universe

Evidence of the homogeneity and isotropy of the universe comes from the discov-
ery of the CMB by two engineers Penzias and Wilson in 1965. They were trying
to develop an extremely low noise super-cooled microwave antenna for Bell Lab-
oratories. They found a background noise which they failed to remove by doing
all sort of technical precautionary measures. Later they found that this noise was
independent of the direction of the antenna: it existed even when the antenna was
mounted pointing towards the empty sky. The amount of noise corresponded to
what would be expected of radiation from a black body “heated” to 3.5K. Dicke,
an experimental relativist, identified it as the CMB predicted by the standard
model. Data collected by different projects have given the temperature of this
radiation to be 2.7306K in all directions [2].
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The same temperature of CMB in all directions is also evidence of isotropy.
This isotropy, in turn, also implies that the universe must have been homogeneous
in the past (although it is inhomogeneous at present) otherwise such a high degree
of isotropy would not have been observed. Here I would also mention about the
anisotropy in CMB temperature, δT . The ratio of this anisotropy to the tempera-
ture of CMB comes out to be 2×10−5. Therefore, anisotropy is neglected and the
universe is assumed to be homogeneous and isotropic. This anisotropy actually
indicates the clumping of matter for structure formation which was resisted by
radiation pressure.

2.4 Hubble Law and Expansion of the Universe

In 1929, Edwin Hubble found observationally that the galaxies are moving away
from us and the speed of recession increases with the increasing distance of a
galaxy from us, i.e., the speed of recession is directly proportional to the distance
between the observer and the galaxy. In an expanding isotropic universe, the
relative velocities of observers obey the Hubble law: the velocity of an observer
B with respect to another observer A is

vB(A) = H(t)rBA , (2.4.1)

where rBA is the vector pointing from A to B and the Hubble parameter H(t)

depends only on time. Its present value is 73.8 ± 2.4km/s/Mpc and is denoted
by H0. Since in a homogeneous and isotropic universe there are no privileged
points, therefore the expansion appears the same to all observers wherever they
are located. The Hubble law is in complete agreement with it. It can be proved
as follows.

Consider another observer C. By Hubble law, the velocity of C with respect
to A is

vC(A) = H(t)rCA . (2.4.2)

From Fig. 2.5 and Eqs. (2.4.1 - 2.4.2), the velocity of C with respect to B can
be written as

vC(B) = vC(A) − vB(A)

= H(t)(rCA − rBA)

= H(t)rCB . (2.4.3)
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Figure 2.5: Position vectors and velocities of observer: C with respect to A and
B, B with respect to A [23] .

Thus, B sees precisely the same expansion law as observer A. Now consider a
2-dimensional sphere as shown in Fig. 2.6. Let the angle between points A and
B be θAB and a(t) be the radius of the sphere. It is obvious that θAB does not
change as a(t) is increased but the distance (length of the arc AB) between the
two points definitely changes. Therefore

rAB(t) = a(t)θAB , (2.4.4)

implying a relative speed
vAB = ṙAB , (2.4.5)

where “dot” represents derivative with respect to time. Since θAB is constant,
from Eq. (2.4.4)

ṙAB(t) = ȧ(t)θAB . (2.4.6)

From Eqs. (2.4.5 - 2.4.6)

vAB = ȧ(t)θAB

=
ȧ

a
rAB , (2.4.7)

where Eq. (2.4.4) has been used in the last step of (2.4.7). Comparing Eq. (2.4.7)
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Figure 2.6: A hyper-sphere: analogy of Hubble law. Increasing the radius (scale
factor) causes an “expansion” of the sphere resulting in an increase of distance
between points A and B [23] .

with Hubble law, it can be stated that

H(t) =
ȧ

a
. (2.4.8)

Thus in a homogeneous and isotropic universe the distance between observers A
and B can be written as

ṙBA = H(t)rBA . (2.4.9)

Integrating the above equation

rBA(t) = a(t)cBA , (2.4.10)

where
a(t) = e(

∫
H(t)dt) , (2.4.11)

is called the scale factor and is analogous to the radius of a 2-sphere [23] and
cBA is a constant of integration. It is an analogue of θBA and can be interpreted
as the distance between A and B at some particular time. It is called the co-
moving coordinate of B, assuming a coordinate system centered at A. Here
perfect homogeneity and isotropy has been assumed. Thus, the Hubble law holds
at sufficiently large scales in the real universe.
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2.5 Evidence of the Accelerated Expansion of the
Universe

Evidence of the accelerated expansion of the universe comes from the observation
of supernovae of type Ia. This type of supernovae result from a white dwarf
star in a binary system. Matter transfers from the normal star to the white
dwarf until the white dwarf attains a critical mass (the Chandrasekhar limit: 1.5

solar mass) and undergoes a thermonuclear explosion. Because all white dwarfs
achieve the same mass before exploding, they all achieve the same luminosity
(since the luminosity is directly proportional to the radius and hence to the mass
as well) and can be used as “standard candles”. Thus by observing their apparent
brightness, their distance can be determined using the 1/r2 law.

The light from the supernova was expected to be red-shifted because of the
expansion of the universe but it was found that it was 25 percent more fainter
than expected. This means that it was more distant than expected. Hence it is
concluded that the universe is accelerating in its expansion. By measuring this
redshift from the spectrum of the supernova, it can be determined how much
the Universe has expanded since the explosion. By studying many supernovae at
different distances, the history of the expansion of the universe can be known.

2.6 Perfect Fluid

A perfect fluid is defined as having at each point a velocity v such that an
observer moving with this velocity sees the fluid around him as isotropic. This
will be the case if the mean free path between collisions of the particles of the
system under consideration is small compared with the length scales used by the
observer [21]. For example, an oscillation will propagate in air if its wavelength is
large compared with the mean free path of the particles of air, but at very short
wavelengths viscosity becomes important and air stops acting like a perfect fluid.
The stress-energy tensor for a perfect fluid is

T µν =
( p
c2

+ ρ
)
uµuν − pgµν , (2.6.1)

where p is the pressure, ρc2 is the energy density and uµ is the four-velocity of
the fluid. Many macroscopic physical systems can be regarded as perfect fluids
in the above mentioned limit provided that the pressure is isotropic.
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2.7 Equation of State

As mentioned in section 1.3.1, an EoS that gives a relationship between pressure
(p) and energy density (ρc2) of the stuff that fills up the space around the particle
is needed. For substances of cosmological interest this space is the observable
universe. For an ideal gas it is

ω ≡ p

ρc2
, (2.7.1)

where ω is a dimensionless constant called the EoS parameter, with 0 ≤ ω ≤ 1/3.
The lower limit is for the dust while the upper limit is for the electromagnetic
radiation (as will be shown in this section).

Consider a low density gas of massive particles. This gas obeys the perfect
gas law given by

p =
ρ

µ
kbT , (2.7.2)

where µ is the mean mass of the gas particles, T is the temperature of the gas
and kb is Boltzmann constant. Substituting ρ = p/ωc2 in above equation

ω =
kbT

µc2
. (2.7.3)

Since for an ideal gas, T and root mean square thermal velocity, < v2 >, are
related as

3kbT = µ < v2 > . (2.7.4)

Thus, Eq. (2.7.3) becomes

ω =
< v2 >

3c2
. (2.7.5)

2.7.1 EoS for Dust Particles

We can apply the limit v << c in Eq. (2.7.5) for ordinary gases (e.g. nitrogen
atoms have < v2 >∼ 500m/s yielding ω ∼ 10−12) as well as for the gases of
astronomical interests (e.g. electrons in ionized hydrogen provided that T <<

6× 109K and protons provided that T << 1013K). Thus, it can be approximated
that ω = 0 for non-relativistic massive particles. This corresponds to p = 0, i.e.,
a pressureless gas.
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2.7.2 EoS for Photons

A gas of photons is relativistic by definition. Although photons have no mass but
they have momentum and hence exert pressure. Taking v = c in Eq. (2.7.5), the
EoS of photons is obtained to be

p =
1

3
ρc2 . (2.7.6)

Alternatively, consider uµ = c for photons in Eq. (2.6.1), the trace of this tensor
is

0 = p + ρc2 − 4p

= ρc2 − 3p . (2.7.7)

Hence ω = 1/3 for photons. All gases of highly relativistic particles (< v2 >∼ c2)

also has the same value of EoS parameter. A mildly relativistic gas has 0 < ω <

1/3.

2.7.3 Dominant Energy Condition

As c is the upper limit of speed which corresponds to ω = 1/3, therefore it can
be stated generally that ω < 1. Considering the negative pressure (which acts
as repulsive force), it can be re-stated as |ω| < 1 or ρc2 ≥ |p|. This is called the
dominant energy condition.

Here, I should emphasise that negative pressure is not “gravitational repul-
sion”: gravity is an attractive force in any case. Negative pressure refers to the
repulsion caused by any other thing which is totally different from normal matter
and energy and strictly speaking unknown as yet.

2.8 Robertson-Walker Metric and Einstein-Friedmann
Model of the Universe

The interval defined in Eq. (1.1.3) applies only within the context of SR since
it deals with the special case when the spacetime is not curved because of the
presence of matter and energy. When gravity is added, the spacetime metric
changes as derived in sections 1.3.1 and 1.3.2 for point mass (uncharged as well
as charged). I have also discussed these metrics as BH solutions. But what would
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be the form of metric tensor for such a universe that is spatially homogeneous
and isotropic at all time and distances are allowed to expand (or contract) as
a function of time. The answer to this question was provided by Robertson
and Walker independently of each other and the metric derived is named as
Robertson-Walker (RW) metric and is given by [2]

ds2 = c2dt2 − a2(t)dσ2 , (2.8.1)

where dσ2 is given by
dσ2 = dχ2 + f 2

k (χ)dΩ2 . (2.8.2)

fk(χ) = sinχ for k = +1, χ for k = 0 and sinhχ for k = −1. k = 0 corresponds to
a “flat” universe, k = 1 corresponds to a “closed” universe and k = −1 represents
an “open” universe.

Einstein-Friedmann Model of the Universe was independently formulated first
by Einstein and later by Friedmann as Einstein had discarded it himself. Taking
the universe to be homogeneous, isotropic and filled with dust. Consider the
metric given by Eqs. (2.8.1) and (2.8.2)

g00 = 1 ,

g11 = − a2(t) ,

g22 = − a2(t)f 2
k (χ) ,

g33 = − a2(t)f 2
k (χ) sin2 θ ,

gµµ = (gµµ)−1 . (2.8.3)

Non-zero Christoffel symbols are

Γ0
11 = aȧ , Γ0

22 = aȧf 2 , Γ0
22 = aȧf 2 sin2 θ ,

Γ1
22 = −ff ′ , Γ1

33 = −ff ′ sin2 θ ,

Γ1
01 = Γ2

02 = Γ3
03 = ȧ/a ,

Γ2
12 = Γ3

13 = f ′/f , Γ3
23 = cot θ , Γ2

33 = − sin θ cos θ . (2.8.4)

Non-zero components of the Einstein tensor are only the diagonal components
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and are [2]

R00 = −3ä/a , (2.8.5)

R11 = aä+ 2ȧ2 − 2f ′′/f , (2.8.6)

R22 = (aä+ 2ȧ2)f 2 − (ff ′′ + f ′2) + 1 , (2.8.7)

R33 = R22 sin2 θ . (2.8.8)

Taking k = 1: f = sinχ, Eq. (2.8.7) gives R22 = R11 sin2 χ. Similarly for k = −1:
f = sinhχ, Eq. (2.8.7) gives R22 = R11 sinh2 χ. Thus, it can be generalized as

R22 = R11f
2
k (χ) . (2.8.9)

For both choices of k

−f ′′k (χ)

fk(χ)
= +k

=
1− f ′2k (χ)

f 2
k (χ)

. (2.8.10)

Ricci scalar comes out to be [2]

R = − 6

(
ä

a
+

ȧ2

a2
+

kc2

a2

)
. (2.8.11)

Thus EFEqs are [2]

3

[
ȧ2

a2
+

kc2

a2

]
= 8πGρ(t) , (2.8.12)

and
2aä + ȧ2 + kc2 = − 8πGp(t)

c2
. (2.8.13)

Taking k = 0 in Eq. (2.8.12) gives energy density (ρ) to be 3H2/8πG. This
value of the energy density is called critical density and is required for a flat
universe. Its value is 10−29g/cm3. The ratio of the density of the universe to the
critical density is defined as density parameter Ω. The value of Ω > 1 corresponds
to a closed universe and the value of Ω < 1 corresponds to an open universe. The
value of the energy density of the universe is very close to its critical value today,
i.e., Ω ≈ 1.
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2.9 Inflation

In section 2.3, the argument for the temperature in all parts of the space to be
the same was provided. This tells clearly that all the parts of the universe must
have been in thermal contact in the past. But the co-moving distance (i.e., the
distance which does not change with the expansion of the universe) over which
the cosmic interactions can occur before the release of CMB is less than the co-
moving distance at which the radiation travels after the decoupling [22]. This
means that these microwaves were never in thermal contact in the past. This
contradiction is called the horizon problem which the standard model or the big
bang cosmology failed to solve.

There is another problem called the flatness problem which is left unsolved
by the standard model. As mentioned in the last section, the value of the density
parameter is ∼ 1 today. At the time of nucleosynthesis, its value must have been
more close to unity. This suggests extremely fine tuned initial conditions which
is extremely unlikely [22].

To solve these problems, Guth proposed an inflationary model in 1981 which
suggests the exponential expansion of the universe in first 10−34s. Inflation does
not change or affect the standard model, it is just an add-on to this model.
Inflation answers the questions that arise in both the above mentioned problems
as follows. During inflation, the different parts of the universe must have been
in a tiny region much smaller than the horizon. The critical density was higher
during inflation and it was driven towards 1 by the end of inflation rather than
away from it [22].

2.10 Composition of the Universe

So far I have mentioned the presence of a large amount of H, some He and traces
of heavier elements in the universe. Also, CMB is evidence of the existence of pho-
tons. Now for each particle there exists an anti-particle having some properties
(like mass, spin, etc.) identicle and others (like charge, helicity, etc.) opposite.
For example, the anti-particle of the electron is the positron, that of the neutrino
is the anti-neutrino etc. Anti-particles can combine to form anti-atoms, e.g., a
positron revolving about an anti-proton is an anti-hydrogen atom. This group of
all anti-atoms is called anti-matter. Very small amounts of anti-matter have been
made in the laboratory.
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In general, when anti-particles meet their particle counterparts they annihilate
each other and give two photons. The question arises whether there could be a
significant quantity of anti-matter in the universe. Since the matter and anti-
matter would annihilate there can be no significant amount of anti-matter locally.
It might be argued that a neighbouring star may be composed of anti-matter.
However, this is ruled out because stellar wind from it would annihilate our solar
wind and produce a sheet of very high energy photons that should then be seen
as γ-rays on earth. This is not seen. One could propose that another galaxy may
be made of anti-matter but that is ruled out by a similar argument, which further
extends to supercluster of galaxies and thence to filaments. As such it is taken
that there is no significant contribution by anti-matter. Infact, there are stringent
limits on the quantity (ratio of anti-matter to the matter is < 1.7× 10−6) [24].

In 1933, Fritz Zwicky concluded that the spiral arms of the galaxies should
not be stable against orbital rotation due to the centrifugal force. The centrifugal
force (repulsive: acting outwards) on a particle of mass m distant r from the
central axis and with angular velocity ω is Fre = mrω2. The gravitational force
(attractive: acting inwards) is Fatt = GMm/r2. For observed stability, Fatt ≥ Fre.
This implies

M ≥ r3ω2/G . (2.10.1)

Now, in the spiral arms v = rω ≈ 250km/s and distances go up to 1018km [2].
This givesM ∼ 1045g. The total luminous matter in the galaxies is much less than
this. Therefore most of the mass in the galaxies must be “dark”. Inter-galactic
dust, comets, planetary size freely floating bodies (that are called “Jupiters” or as
John Wheeler called them “brownies”) etc are viable candidates for it. This type
of dark matter is called baryonic dark matter in accordance with its composition
of baryons (neutron, proton, hydrogen and other light nuclei).

Evidence for dark matter also comes from the difference between the expected
and the observed rotation curves. A rotation curve of a galaxy is the graph
obtained by plotting the distance of stars from the center of the galaxy and
their orbital speed. It was expected that such a curve should slope down but
the observational data gave a rotation curve that is flat. This is called galaxy
rotation problem and was pointed out for the first time be Vera Rubin [25]. Flat
rotation curves indicated the presence of matter that was non-luminous.

The bending of light by invisible objects (called gravitational lensing) indi-
cated the presence of dense massive objects at the center of a galaxy. These
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missing invisible objects are called “MACHOs” (massive compact halo objects).
These are also included in baryonic type of dark matter. Another suggestion is of
PBHs. But there are limitations on maximum amount of baryonic dark matter
from big bang nucleosynthesis. Therefore a large amount of missing dark mat-
ter must be of non-baryonic type. Particle physics suggests some non-baryonic
type of particles as candidates for dark matter, e.g., neutrinos (named as left-
handed because their spin points in the opposite direction from their angular
momentum). Neutrinos were assumed to be massless particles but now there are
evidences showing that they have very small mass [26]. Also, neutrinoes have
very high velocity and are called hot dark matter. But the structure formation
suggests that the dark matter must be cold dark mtter, i.e., it must consist of
non-relativistic particles. Thus, neutrinoes are no longer candidates for dark
matter.

2.11 Dark Energy: an Explanation of the Observed
Accelerated Expansion

In the early 1990’s, there were two ideas about the energy density present in the
universe: the universe might have enough energy density to stop its expansion
and recollapse or it might have so little energy density that it would never stop
expanding. But gravity was certain to slow the expansion as time went on.
The universe is full of matter and the attractive force of gravity pulls all matter
together. Although the slowing had not been observed, theoretically the universe
had to slow. It has already been mentioned in section 2.5 that the observations
of very distant type Ia supernovae showed that, a long time ago, the Universe
was actually expanding more slowly than it is today.

Considering the RW metric, a strong constant negative pressure in all the
universe causes an acceleration in universe expansion if the universe is already
expanding, or a deceleration in universe contraction if the universe is already
contracting. More exactly, the second derivative of the universe scale factor is
positive if the equation of state of the universe is such that it has negative pressure.

The unsuccessful attempts of quantum gravity predicted a cosmological con-
stant of Plank’s scale while the observational value is about 126 or 127 order of
magnitude different from it. This was called the worst prediction by Hawking.
Thus the above mentioned repulsion was hard to explain. Then it was suggested
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that there was some strange kind of energy-fluid called dark energy that filled up
the space. Dark energy is assumed to be a perfect fluid and it does not couple
with ordinary matter and energy. In-fact, this energy behaves opposite to the
normal matter and energy and over comes the gravitational attraction resulting
in an accelerated expansion of the universe.

A 2011 survey of more than 200, 000 galaxies appears to confirm the existence
of dark energy, although the exact physics behind it remains unknown. The thing
that is needed to decide between dark energy possibilities (a property of space or
a new dynamic fluid) is better experimental data. Measuring the EoS for dark
energy is one of the biggest efforts in observational cosmology today which can
decide between all the candidates responsible for the observed acceleration of the
universe.

2.11.1 Cosmological Constant

The cosmological constant is a constant energy density filling up the space ho-
mogeneously. It is physically equivalent to vacuum energy. The EoS for this is
ω = −1. Adding the cosmological constant to cosmology’s standard RW metric
leads to the Lambda-CDM model which has been actually called the standard
model of cosmology. EFEqs including cosmological constant are already given in
section 1.2.6. Friedmann equations including the cosmological constant term are

3

[
ȧ2

a2
+

k

a2

]
− Λc2 = 8πGρ(t) , (2.11.1)

which is one of the Friedmann equation. 2nd one is

−2aä − ȧ2 − kc2 + 2Λc2a2 =
8πG

c4
pa2 , (2.11.2)

2.11.2 Scalar Fields

Another proposed form of dark energy is such scalar fields whose energy density
can vary in space and time. Lagrangian for such a scalar field is given by

LΦ =
n

2
∂µΦ∂µΦ − V (Φ) , (2.11.3)

where the scalar field Φ is time dependent and spatially homogeneous and n takes
the value 1 or −1 as will be specified later. Contributions from scalar fields that
are constant in space are usually also included in the cosmological constant.
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Quintessence

Quintessence is such a scalar field whose EoS includes kinetic energy (1
2
Φ̇2) and

potential energy (V (Φ)) causing it to be dynamical. In case of the scalar field
being quintessence, n = 1 in Eq. (2.11.3) and EoS is

ω =
1
2
Φ̇2 − V (Φ)

1
2
Φ̇2 + V (Φ)

(2.11.4)

and its range is−1 < ω < 0. For constant fields, ω = −1 which is the cosmological
constant. Scalar fields which do change in space can be difficult to distinguish
from a cosmological constant because the change may be extremely slow.

Chaplygin Gas

This is such a type of dark energy which changes its behavior with time depending
on the scale factor of the expansion of the universe. At sufficiently early times,
it behaves like a pressureless gas (dust) and for large a(t), it behaves like a
cosmological constant. Its EoS is defined to be

p = − X

ρc2
, (2.11.5)

where X is a non-zero constant parameter whose value can be either positive or
negative.

Phantom Energy

So far I have discussed the cases with the EoS parameter in the range 0 ≤ ω ≤
1/3 (dust and radiation), ω = −1 (cosmological constant) and −1 < ω < 0

(quintessence). Phantom energy is a type of dark energy suggested by Caldwell
and his co-workers [4] with EoS ω < −1 which is supported by the experimental
data. For phantom energy n = −1 in Eq. (2.11.3). Thus EoS is

ω =
−1

2
q̇2 − V (q)

−1
2
q̇2 + V (q)

= −
V (q) + 1

2
q̇2

V (q) − 1
2
q̇2

< −1 . (2.11.6)

The most striking property of phantom energy is the variation of its energy density
with the scale factor:

ρc2 ∝ a3|1+ω| . (2.11.7)
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This is clearly in contrast with the behavior of ordinary matter whose energy
density decreases with the expansion of the universe. Thus, the energy density
of phantom energy will become infinite in finite time causing the universe and
all its contents (galaxies, solor system and then the atoms) to rip apart in their
constituent particles. This singularity is commonly called the big rip [5].

In my present research work, I shall consider phantom energy as a cause of
accelerated expansion of the universe and study the effect of phantom energy
on the lifetime of a Schwarzchild BH (PBH in particular) evaporating due to
Hawking evaporation. Considering the neutrino mass to be the one which is
claimed in the result of a double beta decay experiment, analysis of astronomical
data gives that −1.67 < ω < −1.05 [26]. For our calculations, we shall use these
values of ω.



Chapter 3

Hawking Radiation and Primordial
Black Holes

In this chapter, first I shall discuss basic BH thermodynamics (for the Schwarzchild
BH in particular). A background knowledge of classical thermodynamics and sta-
tistical mechanics is assumed on the part of the reader and I shall mention the
laws of thermodynamics only for revision. Then I shall discuss the analogy of
these laws for BHs; HR will come as a part of BH thermodynamics. I end this
chapter with a discussion of PBHs.

3.1 The Laws of Thermodynamics

In thermodynamics, temperature is defined in the form of a law which states
that if any system is in thermal equilibrium with two isolated systems, the two
systems must be in thermal equilibrium with each other. It is obvious that this
phenomenon is a consequence of the three systems being at the same tempera-
ture. This law is called the zeroth law of thermodynamics. The reason for such
a “numbering” is that this law was stated after the first and second laws of ther-
modynamics but being at the base of the others needed to be placed before the
first law. This law can also be stated as: if a system is in thermal equilibrium, its
temperature is the same in all parts of the system; as otherwise heat must have
flowed from the region of higher temperature to the region of lower temperature.

The sum of all forms of kinetic and potential energies of a system is called
its internal energy. Also, energy is required by an object or a system to do some
work. Energy is supplied to a thermodynamic system in the form of heat. The
first law of thermodynamics states that the amount of heat supplied to a system
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is equal to the amount of work done by the system on its surroundings and the
change in internal energy of the system. Mathematically,

d̄E = dU + d̄W , (3.1.1)

where d̄ is inexact differential, d̄E is the energy added to the system, dU is the
change in internal energy of the system and d̄W is the amount of work done by
the system.

Whenever energy is extracted from a (high temperature) heat reservoir to
perform some work, not all of it can be converted to work; a part of this heat
energy must be delivered to another (low temperature) heat reservoir, called a
sink. This is called the second law of thermodynamics and is paraphrased as
“there is no such thing as free lunch, one has to pay the bill” [27] (in the form of
the energy disposed off to the sink).

The energy delivered to the low temperature reservoir becomes unavailable
for performing work. Hence there is a net “disorder” produced in the system.
This disorder is called the entropy of the system. The net change in entropy in a
thermodynamical process is always non-negative. Entropy is an extensive variable
(sensitive to the change in the extent or size of the system) and temperature of
the system is the corresponding intensive variable. Mathematically

dS =
d̄E

T
, (3.1.2)

where dS is the change in entropy of the system, d̄E is the heat supplied to the
system and T is the absolute temperature of the system.

The third law of thermodynamics states that absolute zero temperature can
not be achieved in a finite number of isothermal (constant temperature) and
adiabatic (constant heat) steps of cooling.

3.2 Black Hole Thermodynamics

To arrive at the analogy of the thermodynamic laws for BHs, I shall start with a
paradox propounded by Penrose. Suppose there is a civilization living far away
from the event horizon of a BH. It produces energy for its use by some mechanism
and wastes energy, which is required to be there by second law of thermodynamics,
is in form of radiation and is stored in a box that can be opened on top and
bottom as per requirement. Now suppose that a spring is attached to the top of
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Figure 3.1: Paradox violating second law of thermodynamics .

this box. The box is lowered to the BH and its lower end is opened. The situation
is shown in Fig. 3.1. The radiation will fall into the BH. Now the empty box
can be lifted back. In this way usable energy has been “extracted” from the BH
since the box is lighter when it is pulled back. This can be calculated as follows.
Consider the Plank spectrum with function f(ν) where ν is the frequency of a
particular radiation. Now from the Einstein energy-mass equivalence relationship
and Eν = hν, it can be written

mν =
hν

c2
. (3.2.1)

Let V be the volume of the box, then the energy obtained in each step is [28]

E = V

∫ ∞
0

hν

c2
f(ν)dV . (3.2.2)

This is contradictory with the second law; the civilization is being paid for having
a lunch [27] as it gets extra usable energy in addition to getting rid of the waste
energy !

3.2.1 Entropy of a Black Hole

It is clear that to save second law of thermodynamics in the vicinity of a BH, it
is needed to introduce the concept of entropy for a BH. This made Bekenstein to
consider that in the above mentioned paradox, mass of the BH is increased by
the addition of radiation to it. This in turn increases the radius of the BH as is
given by Eq. (1.3.16). Ultimately, the surface area of the BH, being proportional
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to the square of the radius, increases. Thus, entropy of a BH can be described in
terms of its area. Now it was required to define an intensive variable analogous to
the absolute temperature. It was proposed that surface gravity could serve this
purpose since it is non-negative. Surface gravity of a BH is given by

κ =
c4

4GM
. (3.2.3)

Thus the above stated paradox can be resolved by stating that although the
entropy of the civilization decreases but the net entropy of the civilization and
its surroundings (including BH) is non-decreasing. Entropy associated with the
BH is

S =
kBAH

4l2P
, (3.2.4)

where kB is Boltzman constant, AH ≡ 16πGM2/c4 is the area of event horizon
and lP ≡

√
G~/c3 ∼ 10−33cm is Plank length. Therefore S ∼M2 for BHs.

3.2.2 Hawking Radiation

In classical thermodynamics, entropy and the associated temperature are related
as

1

T
=

∂S

∂E
. (3.2.5)

Since for BHs, S ∼M2, therefore

1

T
=

∂S

∂E
∼ ∂M2

∂M
∼ M . (3.2.6)

If the BH has a certain temperature, then it must radiate like a hot body. This
is impossible classically. Quantum effects are usually ignored in calculations of
the formation and evolution of BHs because the radius of curvature of spacetime
outside the event horizon is very large compared to the Planck length.

In 1973, Hawking visited Moscow where he was showed by Soviet scientists
Yakov Zeldovich and Alexander Starobinsky that the rotating BH should create
and emit particles by uncertainity principle. On his return, Hawking started
studying quantum effects for BHs. Although the quantum mechanical effects
are small for BHs but they become considerable when taken over a long period
of time such as the age of the universe (∼ 1017)s. In an attempt to construct a
theory of quantum gravity, as a “half-way-house”, Hawking tried quantizing scalar
fields in a classical curved spacetime background of a Schwarzschild BH. When
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temperature of a BH exceeds the rest mass energy of a particle of certain type,
it emits particles and antiparticles of that particular type in addition to photons.
Quantum mechanically, it can be thought like the tunneling of particles through
a potential well.

Primarily, the idea of emission of particles from a BH was originally about the
rotating BH, yet it was found that the BHs continue to radiate even when they
become effectively static. It was found by Hawking that a BH will create and
emit particles at such a rate as if it were a black body with temperature inversely
proportional to mass which is given by [6]

T =
~c3

8πMkB
≈ 10−7

(
M

Ms

)−1

K , (3.2.7)

where Ms and M are the masses of the sun and BH respectively. A 30 solar
mass BH has temperature 2 × 10−9K. To radiate, temperature of a BH should
be greater than the background radiation (CMB) which corresponds to a specific
value of mass. Currently, a 105g BH would be in thermal equilibrium with its
surroundings. Obviously a BH of mass greater than this will not radiate. But as
the universe will cool down more with its expansion, it will start radiating after
some time from today.

3.2.3 Evaporation Rate of Black Holes

The mass of a BH decreases by emission of radiation, thus the process is called
BH evaporation. This decrease in mass results in the increase in the surface
gravity of the BH which consequently increases the rate of emission. This increase
in emission rate is clear from the following relation for the rate of emission of
radiation from a BH [3]

dM

dt

∣∣∣∣hr = − ~c4

G2

α

M2
, (3.2.8)

where the subscript hr stands for HR and α is the spin parameter of emitting
particles. Eq. (3.2.8) shows that the emission becomes drastic near the end of
mass of BHs. On integrating Eq. (3.2.8), following formula is obtained

Thr =
G2

3~αc4
M3

i . (3.2.9)
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Hawking had calculated that the energy emitted in the last 0.1s before the van-
ishing of a BH would be about 1030 erg. Thus BHs end with an explosion.

When a BH evaporates, its surface area and consequently entropy decreases.
But entropy of surrounding increases keeping a net change of entropy to be non-
negative and hence satisfying the laws of BH thermodynamics.

Hawking Radiations from Smaller Mass Black Holes

The effect of the HR is too small for larger mass BHs (like solar mass BHs) as
compared to the case of smaller mass BHs since the evaporation time is propor-
tional to M3 as given in Eq. (3.2.9) The evaporation time for a 30 solar mass
BH is 1061 times the age of the Universe. But smaller micro BHs would dissipate
faster.

Luminosity of a Black Hole

Luminosity of a black hole is given by the Stephen-Boltzman law for black body
radiation

L = AσT 4 , (3.2.10)

whereA is the surface area, σ is Stefan-Boltzman constant given by σ = π2k4/60c2~3.
The BH luminosity is given by

L = AH(neff/2)σT 4 , (3.2.11)

where neff is the effective number of the types of the emitted particles. In case of
no other particle emission except the photon, neff = 2 because of the polarization
of photons.

Since rs ∝ M2 and T ∝ 1/M , Eq. (3.2.11) implies L ∝ 1/M2. Thus larger
mass BHs are dimmer. An evaporating BH can be detected from earth only if it
is at a distance equal to that of the nearest star.

3.3 Gravitational Collapse

Gravitational collapse is the inward fall of an object (or a clump of matter) due
to higher (attractive) gravitational force than the outward (repulsive) pressure.
This process of collapse continues until there is again an equilibrium established
between gravity and the pressure. The process of gravitational collapse is the
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cause of the formation of stellar objects like white dwarfs, neutron stars and
BHs.

The end product of gravitational collapse is determined by the mass of the star
which starts to collapse. Huge clouds of dust (about 21 light years across), called
nebula, result in the formation of stars by the process of gravitational collapse.
Inside star, heavier elements are produced by the process of thermonuclear fusion.
This process also provides repulsive pressure to the gravity. When a star has burnt
all its fuel (hydrogen), the repulsive force is switched off and it starts to collapse
under gravity until it becomes white dwarf. If the initial mass of the star was less
than 1.5Ms, the equilibrium between the pressure and gravity will be attained.
But if the mass is greater than this limit, it will collapse further to become a
neutron star where there is again an equilibrium is established between the two
forces. Now if the initial mass of the star was more than 3.2Ms, it will collapse
into a BH. These mass limits were found for the first time by Chandrasekhar and
named after him as Chandrasekhar limit [29].

3.4 Accretion onto a Black Hole

Once a BH is formed because of gravitational collapse (of stellar objects or dense
regions), it can still accumulate more mass from its surroundings and hence can
grow in mass and size. This process of accumulating mass is called accretion.

Due to its highest gravitational force, any particle or object passing by is
influenced by it and starts to spiral down into the BH. Sometime it is ejected
back even then a fraction of mass is retained within the BH. This phenomenon
was predicted theoretically but has been luckily captured recently. When a BH
accretes mass comparable to its initial mass, its spin changes.

When the objects or particles start spiralling about a BH, they spiral in to the
BH. These spirals of different particles lying in the same plane form of a disk called
accretion disk. The particles in this disk emit radiation making the disk visible
(in infra-red region) at the cost of their gravitational binding energy. Binary
star system is also a phenomenon of accretion and has already been discussed in
Chapter 2.
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3.5 Primordial Black Holes

Primordial black holes are thought to be formed in the beginning of the uni-
verse mainly because of gravitational collapse of high density regions. It should
be noted that only the high density of the universe is not the reason of PBH
formation; rather there are density and pressure fluctuations (primordial inho-
mogeneities) which are spherically symmetric and undergo gravitational collapse
whenever gravitational force over comes the pressure. When the pressure is less
than the gravitational force, EoS is said to be soft. This can happen only when
the particles are massive and non-relativistic [6]. Thus, the role of pressure to
resist gravitational collapse is quite ignorable and all the fraction of the matter
in the universe which is in form of spherical dense regions undergoes gravita-
tional collapse in that period of soft EoS. Infact, this was found by Sir James
Jeans that under this condition a dense region can accrete more matter from sur-
roundings and become more dense resulting in the formation of a gravitationally
bound object by collapsing. The instability is called Jeans gravitational instabil-
ity. Acoustic perturbations across a Jeans length cause a Jeans mass to collapse
over a characteristic time.

Here I would also clear that this gravitational collapse resulting in the forma-
tion of PBHs is different from gravitational collapse of stellar objects like neutron
stars, white dwarfs etc. This is because at the time of PBH formation, atoms
even nucleons are not formed. Matter density consists of more fundamental par-
ticles (quark-gluon plasma which is not to be discussed here). There are other
mechanisms too which are thought to lead to PBH formation like bubble collision,
collapse of cosmic loops and collapse of domain walls but I shall not discuss them
here.

3.5.1 Mass Range of PBHs and its Significance

Density of a BH is obviously M/r3
s ∼ M−2. By comparing this density with

the density of the universe at a time t after the big bang, initial mass of PBHs
(MPBH) is found to be [6]

MPBH ≈
c3t

G
≈ 1015

(
t

10−23s

)
g . (3.5.1)

The above equation gives mass to be 10−5g for t = 10−43s and 105Ms for t = 1s.
Thus, there is very wide range of the initial mass of PBHs. Eq. (3.2.9) gives
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time of evaporation to be ∼ 1017s for mass 1015g which is of the order of the
age of the universe (4.3392 × 1017s). Thus a PBH of initial mass 1015g would
be evaporating today. This implies that there is chance of observing explosion
of PBHs at present. It is also suggested that PBHs might have grown in size
by accreting matter and radiation with time and have become the massive BHs
present in the galaxies. However, as I have mentioned earlier that matter and
radiation accretion will be ignored, PBHs evaporating today will be the main
focus of my present work. PBHs are divided in four classes on the basis of initial
mass range. These mass ranges and their significance is discussed below.

Probe of Early Universe (MPBH < 1015g). As mentioned above that BHs
of mass 1015g would be evaporating today, PBHs of mass less than this must
have evaporated earlier. Their evaporation rate will also be high even at the
start as indicated by Eq. (3.2.8). Also, since PBHs are formed before 1s, their
evaporation could affect the details of nucleosynthesis [6].

Probe of Gravitational Collapse (MPBH > 1015g). It has been suggested
that massive BHs that reside at the center of galaxies are the PBHs which grew
in size by accreting mass with time. It is also suggested that clusters of PBHs
condensed to form super-massive BHs. It has also been suggested that PBHs
may stop evaporating at Plank mass scale and contribute to the dark matter.

Probe of High Energy Physics (MPBH ∼ 1015g). Since these are the BHs
evaporating today, HR coming from these should contribute in cosmic rays and
hence should be detected. Since there are observational limits on the cosmic rays
(100MeV), this may lead to the disproving PBHs of this mass.

Probe of Quantum Gravity (MPBH < 10−5g). This mass PBHs can
be a way of studying quantum gravity because they can reach to Plank mass
by Hawking evaporation. Therefore, it may become possible to study quantum
gravity effects on TeV scale. This can result in the production of mini BHs in
accelerators and cosmic events.



Chapter 4

Accretion of Phantom Energy on
Black Holes - a Review

In this chapter, first a paper by Babichev et al [8] on accretion of phantom energy
on a Schwarzchild BH will be discussed. In this paper, the rate of change of mass
is computed for a Schwarzchild BH and it is found that the mass of a Schwarzchild
BH decreases with time by the accretion of phantom energy. Then some part of [9]
will be reviewed which deals with the relative significance of Hawking evaporation
process and evaporation due to phantom energy accretion as a function of mass of
the evaporating BH. Then the work done in [10] to estimate the effect of phantom
energy accretion on the initial mass of a PBH evaporating today in addition to
HR will be reviewed and a few mistakes will be pointed out. All the analysis
given in this chapter is for Schwarzchild BH only.

4.1 Rate of Change of Mass of a Schwarzchild BH
due to Phantom Energy Accretion

Using the stress-energy tensor given in Eq. (2.6.1) and the Schwarzchild metric
given in Eq. (1.3.15), Babichev et al derived the rate of change of mass of a
Schwarzchild BH due to dark energy accretion. The resultant rate of change of
mass is [8]

dM

dt

∣∣∣∣p =
4πAG2

c5
[ρ∞c

2 + p(ρ∞)]M2 , (4.1.1)

where the subscript p astands for phantom energy and A is a constant of inte-
gration which is taken to be 4 for unstable fluid like phantom energy [8] and ρ∞
is the value of energy density at infinite distance from the BH, i.e., the density
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of the background. For phantom energy, the quantity in the bracket comes out
to be negative. Therefore, the mass is effectively decreasing with time. Thus
“accretion” of phantom energy is another process by which the BH effectively
loses its mass and energy. Also that this evaporation process is significant for
higher mass BHs and insignificant for smaller mass BHs. Here I want to clarify
that the “accretion” of any form of dark energy does not resemble the accretion of
matter. As discussed in Chapter 2, dark energy effectively acts like some kind of
anti-gravity force. Neglecting the cosmological evolution of ρ∞ and using A = 4,
integration of Eq. (4.1.1) gives

− 1

M
=

16πG2

c5
[ρ∞c

2 + p(ρ∞)]t + B , (4.1.2)

where B is the constant of integration. Using the condition that at start when
t = 0, M = Mi gives B = −1/Mi. Thus Eq. (4.1.2) becomes

− 1

M
=

16πG2

c5
[ρ∞c

2 + p(ρ∞)]t − 1

Mi

,

= − 1

Mi

[
1 − 16πG2Mi(ρ∞c

2 + p(ρ∞))

c5
t

]
. (4.1.3)

Defining tx = [16πG2Mi(ρ∞c
2 + p(ρ∞))/c5]−1, Eq. (4.1.3) can be written as

M = Mi

(
1 − t

tx

)−1

. (4.1.4)

Above equation also describes the mass evolution of a BH of some initial mass
Mi after time t.

4.2 “Competition” between HR and Phantom En-
ergy Accretion

Till now two different mechanisms of the evaporation of BHs have been discussed:
emission of HR and the accretion of phantom energy. The former has its basis in
quantum mechanics and the latter is based on GR. However, the effect of both on
the mass of a BH is the same, i.e., the evaporation of the BH. But the accretion
of matter and radiation increases the BH mass. The evolution of PBHs under
the combined effect of HR, accretion of phantom energy and radiation accretion
is studied by Guariento et al in 2008 [9]. In 2011 Nayak and Singh discussed the



60

increase in lifetime of PBHs when radiation accretion is taken into account in
addition to HR [30]. Also in 2011, Nayak and Jamil have discussed the accretion
of matter, radiation and vacuum energy on PBHs [31]. But due to the interesting
features associated with BH evaporation and the observed acceleration of the
universe, it must be of importance to study the effect of the mass decreasing
phenomena only. This has been done a bit by Guariento et al in [9] and by Jamil
and Qadir in [10]. In this section, only section 5 of [9] will be discussed.

As we have seen that although the two mechanisms (HR and phantom energy
accretion) tend to decrease the mass of a BH, but they have a dependency on
the mass of the BH which is opposite to each other in behavior. The former
goes as M2 and the latter as 1/M2. Thus for higher masses, when the HR
process is negligible, phantom energy accretion is more effective and vice versa.
Moreover, accretion of phantom energy can rapidly decrease down the mass of a
sufficiently high “initial” mass BH to such an extent that HR becomes significant
and continues till the last explosion with the effect of accretion of phantom energy
becoming less and less significant with time. Thus there is a sort of “competition”
(as it is called in [9]) between the two evaporation processes. Taking the ratio
of the two evaporation rates given in Eqs. (4.1.1) and (3.2.8) to be an arbitrary
number ξ gives [9]

ξ(M) =
4πAG2[ρ∞c

2 + p(ρ∞)]/c5

~c4α/G2
M4 . (4.2.1)

Using A = 4 and EoS of phantom energy p = ρc2ω in the above equation gives

ξ(M) =
16πG4ρ∞[1 + ω]

~c4α(M)c3
M4 . (4.2.2)

Defining
Mt = [bc3/16πG2ρ∞(1 + ω)]1/4 (4.2.3)

as “transition mass” and using it in Eq. (4.2.2) gives

ξ(M) =

(
M

Mt

) 1
4

. (4.2.4)

Putting the values of the constants the above equation gives

Mt
∼= 5.5× 1017[(1 + ω)ρ∞]−

1
4 g , (4.2.5)
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where ρ∞ is measured in g/cm3. The BH mass will decrease mainly due to
phantom energy accretion until it reaches Mt. The Hawking evaporation process
will be the predominant one after this.

4.3 Evaporation of a Schwarzchild BH due to Hawk-
ing Radiation and Phantom Energy Accretion

In 2006, Jamil and Qadir discussed the evaporation of a BH due to the combined
effect of accretion of phantom energy and Hawking evaporation in “Primordial
Black Holes in Phantom Cosmology” [10]. Here that paper will be reviewed and
a few errors will be pointed out. It was corrected by me and A. Qadir in one
section of [11] (to be discussed fully in the next chapter). Here the calculations
and analysis will be done in the same way as it is done in [10].

Consider the evolution of the scale factor [32]

a(t) =
a(to)

[−ω + (1 + ω)t/to]−2/3(1+ω)
, for t > to (4.3.1)

where to is the time of domination of dark energy [32]. For phantom energy,
a(t) → ∞ which implies the denominator of the above equation should be zero.
Thus

t ≡ t∗ = − ω

1 + ω
to . for t∗ > to (4.3.2)

Subtracting to from both sides of the above equation

t∗ − to =
1

1 + ω
to . for t∗ > to (4.3.3)

Evolution of energy density of phantom energy is given by [10]

ρ−1
∞ = 6πG(1 + ω)2(t∗ − to)2 . (4.3.4)

Putting A = 4, p = ωρc2 and uising Eqs. (4.3.3) and (4.3.4) in Eq. (4.1.1) gives

dM

dt
=

8G

3c3

M2

t2o
(1 + ω) . (4.3.5)

The decrease in mass of a BH due to the combined effect of Hawking Radiation
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and phantom energy can be obtained by [10]

dM

dt
=

dM

dt

∣∣∣∣hr +
dM

dt

∣∣∣∣
p

, (4.3.6)

Using Eqs. (3.2.8) and (4.3.5)

dM

dt
= − ~c4

G2

α

M2
+

8G

3c3

M2

t2o
(1 + ω) . (4.3.7)

Since for phantom energy ω < −1, we may write

ω = − 1 − ε , (4.3.8)

where ε > 0. Rewriting Eq. (4.3.7) as

dM

dt
= − aM2 − b

M2
, (4.3.9)

where
a ≡ 8εG

3c3t20
, (4.3.10)

b ≡ ~c4α

G2
. (4.3.11)

Eq. (4.3.9) can be written as

−
∫
dt =

1

b

∫
M2

1 + a
b
M4

dM . (4.3.12)

To integrate the above equation, we use a new variable x given by

x =
(a
b

) 1
4
M , (4.3.13)

which yields

−
∫
dt =

1

(a3b)
1
4

∫
x2

1 + x4
dx . (4.3.14)

Consider [33]∫
xm−1

1 + x2n
= − 1

2n

n∑
k=1

cos

(
mπ(2k − 1)

2n

)
ln

∣∣∣∣1− 2x cos(
2k − 1

2n
)π + x2

∣∣∣∣
+

1

n

n∑
k=1

sin

(
mπ(2k − 1)

2n

)
tan−1

(
x− cos(2k−1

2n
)π

sin(2k−1
2n

)π

)
. (4.3.15)
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In above case m = 3 and n = 2, hence the above equation yields∫
x2

1 + x4
dx =

1

4
√

2

[
ln |1−

√
2x+ x2| − ln |1 +

√
2x+ x2|

]
+

1

2
√

2

[
tan−1

(√
2x− 1

)
+ tan−1

(√
2x+ 1

)]
.(4.3.16)

In [10], following equation is given by using ln(a/b) = ln a− ln b and an identity
for addition of the inverse tangent functions in Eq. (4.3.16)∫

x2

1 + x4
dx =

1

4
√

2
ln

∣∣∣∣∣1−
√

2x+ x2

1 +
√

2x+ x2

∣∣∣∣∣+
1

2
√

2
tan−1

( √
2x

1 + x2

)
, (4.3.17)

which is incorrect as will be explained in the next chapter. Also, in [10] following
equation is given after substituting value of x in the above equation and putting
it in Eq. (4.3.20)

t = to +
1

4
√

2
ln

∣∣∣∣∣1−
√

2(a
b
)

1
4M + (a

b
)

1
2M2

1 +
√

2(a
b
)

1
4M + (a

b
)

1
2M2

∣∣∣∣∣
+

1

2
√

2
tan−1

( √
2(a

b
)

1
4M

1 + (a
b
)

1
2M2

)
. (4.3.18)

But it has a few errors which will be corrected in the next chapter. Proceeding
in the same way as is done in [10], define

M ≡ mMi , (4.3.19)

where m = [0, 1], Eq. (4.3.9) becomes

d(mMi)

dt
= − a(mMi)

2 − b

(mMi)2
,

dm

dt
= − (aMi)m

2 − b

M3
i

1

m2
,

= − a′m2 − b′

m2
, (4.3.20)

where

a′ ≡ aMi , (4.3.21)

b′ ≡ b

M3
i

. (4.3.22)
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For the terms to be of equal strength, it is required that a′ ≈ b′. Thus

Mi ≈
(
b

a

) 1
4

. (4.3.23)

Now

b

a
=

3~c7t2oα

8G3ε
or ε =

3~c7t2oα

8G3M4
i

. (4.3.24)

Using Eqs. (4.3.19,4.3.21,4.3.22) in Eq. (4.3.18)

t = to

[
1− 1

to

1

4
√

2
ln

∣∣∣∣∣1−
√

2(a
′

b′
)

1
4m+ (a

′

b′
)

1
2m2

1 +
√

2(a
′

b′
)

1
4m+ (a

′

b′
)

1
2m2

∣∣∣∣∣
− 1

2
√

2
tan−1

( √
2(a

′

b′
)

1
4m

1 + (a
′

b′
)

1
2m2

)]
. (4.3.25)

Normalizing above equation gives

t = to

1−

1
4
√

2
ln

∣∣∣∣1−√2( a′
b′ )

1
4m+( a′

b′ )
1
2m2

1+
√

2( a′
b′ )

1
4m+( a′

b′ )
1
2m2

∣∣∣∣+ 1
2
√

2
tan−1

( √
2( a′

b′ )
1
4m

1+( a′
b′ )

1
2m2

)
1

4
√

2
ln

∣∣∣∣1−√2( a′
b′ )

1
4 +( a′

b′ )
1
2

1+
√

2( a′
b′ )

1
4 +( a′

b′ )
1
2

∣∣∣∣+ 1
2
√

2
tan−1

(√
2( a′

b′ )
1
4

1+( a′
b′ )

1
2

)
 . (4.3.26)

Using

P ≡ a′

b′
=

a

b
M4

i (4.3.27)

in above equation gives

t = to

1−
1

4
√

2
ln
∣∣∣1−√2P

1
4m+P

1
2m2

1+
√

2P
1
4m+P

1
2m2

∣∣∣+ 1
2
√

2
tan−1

( √
2P

1
4m

1+P
1
2m2

)
1

4
√

2
ln
∣∣∣1−√2P

1
4 +P

1
2

1+
√

2P
1
4 +P

1
2

∣∣∣+ 1
2
√

2
tan−1

(√
2P

1
4

1+P
1
2

)
 . (4.3.28)

Graphs plotted between normalized time τ ≡ t/to and dimensionless parameter
m in [10] as shown in Figs. 4.1 − 4.5 for p = 0.1, 0.5, 1, 5, 10 respectively. The
curves lie in physically admissible region for p ≤ 1. For p > 1, certain part of the
graphs lies in the negative region. This is interpreted as “re-scaling of the initial
mass” in [10]. It is said that the initial mass should be only 45 percent of the
actual value for p = 5; similarly it should be 31.5 percent of that for p = 10. Thus
upper limit of m is taken to be 0.45 and 0.315 for p = 5 and p = 10 respectively
instead of 1. Quite clearly, by doing so the inadmissible part of the curves is
dropped out resulting in curves lying in the physically admissible region only.
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Figure 4.1: τ plotted against m=[0, 1]
for P=0.1 .

Figure 4.2: τ plotted against m=[0, 1]
for P=0.5 .

Figure 4.3: τ plotted against m=[0, 1]
for P=1 .

These graphs are given in Figs. 4.6 − 4.7. Figs. 4.8 − 4.9 contain the inverted
graphs for p = 5 and p = 10 when initial mass is re-scaled [10].

Also, using Eqs. (4.3.23) and (4.3.24) it was suggested in [10] thatMi ∼ 1023g
to have a BH evaporating today under the combined effect of HR and phantom
energy. The concept behind this prediction is also wrong and will be clarified in
the next chapter. Also, we shall find the initial mass for this case.
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Figure 4.4: τ plotted against m=[0, 1]
for P=5 .

Figure 4.5: τ plotted against m=[0, 1]
for P=10 .

Figure 4.6: τ plotted against m=[0,
0.45] for P=5 .

Figure 4.7: τ plotted against m=[0,
0.315] for P=10 .

Figure 4.8: m=[0, 0.45] plotted against
τ for P=5 .

Figure 4.9: m=[0, 0.315] plotted against
τ for P=10 .



Chapter 5

Transition Mass of a BH and Initial
Mass of a PBH Evaporating Today

This chapter consists of three sections. In the first section, the algebraic errors
in [10] will been corrected and the results obtained after these corrections will be
given [11]. In the second section, the concept of the transition mass, introduced
in the previous chapter, will be discussed referring to [9] and results of our cal-
culations will be provided [11] which will clarify the misconception of taking the
time of domination of dark energy as the lifetime of a BH in [10]. Then the initial
mass of a PBH evaporating today under the combined effect of HR and phantom
energy will be discussed and all the rigorous analysis done to find it in [11] will
be given. For completeness, some limits of mass of a BH to exhibit observable
effect of phantom energy by its evaporation will be given [12] and evaporation of
massive BHs due to phantom energy and HR will also be discussed.

5.1 Correction of Some Formulas

We start with the integration of Eq. (4.3.12) which gives

−t =
1

4
√

2(a3b)
1
4

[
ln

∣∣∣∣∣1−
√

2(a
b
)

1
4M + (a

b
)

1
2M2

1 +
√

2(a
b
)

1
4M + (a

b
)

1
2M2

∣∣∣∣∣
+ 2tan−1

(
1 +
√

2
(a
b

) 1
4
M

)
− 2tan−1

(
1−
√

2
(a
b

) 1
4
M

)]
+ A1 ,(5.1.1)

where t =age of universe when mass of black hole is M and A1 is a constant of
integration. Using the initial condition that black hole mass vanishes at tf , we

67



68

Figure 5.1: τ plotted against m=[0, 1]
for P=0.5 .

Figure 5.2: τ plotted against m=[0, 1]
for P=1 .

get
A1 = − tf . (5.1.2)

In [10], to was used confusingly instead of tf . Also the negative sign was ignored.
Putting the value of A1, Eq. (5.1.1) gives

tf − t =
1

4
√

2(a3b)
1
4

[
ln

∣∣∣∣∣1−
√

2(a
b
)

1
4M + (a

b
)

1
2M2

1 +
√

2(a
b
)

1
4M + (a

b
)

1
2M2

∣∣∣∣∣
+ 2 tan−1

(
1 +
√

2
(a
b

) 1
4
M

)
− 2 tan−1

(
1−
√

2
(a
b

) 1
4
M

)]
.(5.1.3)

Now by trigonometric identity

tan−1(x) − tan−1(y) = tan−1

(
x − y

1 + xy

)
+ nπ , (5.1.4)

where n is an integer, we can write Eq. (5.1.3) as

tf − t =
1

4
√

2(a3b)
1
4

[
ln

∣∣∣∣∣1−
√

2(a
b
)

1
4M + (a

b
)

1
2M2

1 +
√

2(a
b
)

1
4M + (a

b
)

1
2M2
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+ 2 tan−1

 √
2(a

b
)

1
4M

1 −
(
a
b

) 1
2 M2

 + nπ

 . (5.1.5)

which is different from Eq. (4.3.18) where the constant factor nπ was ignored and
plus sign was written instead of minus sign in the denominator of the argument
of inverse tangent function. Now any formula giving evaporation of a BH due
to HR and phantom energy must reduce to the corresponding results of the case
of HR only when phantom energy is “switched off”. In the above analysis, this
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can be done be setting a = 0. To verify the corrections, we shall check this in
Eq. (5.1.3) which should reduce to Eq. (3.2.9) when a = 0. we take t = ti ≡
time of formation of PBH= 0 and corresponding mass will be M = Mi. Thus
T ≡ tf − ti = tf is the lifetime of a BH evaporating due to HR and phantom
energy. To avoid derivatives of fractional powers, we have taken (a/b)1/4Mi = u.
Thus the Eq. (5.1.3) becomes

T =
M3

i

4
√

2u3b

[
ln

∣∣∣∣∣1−
√

2u+ u2

1 +
√

2u+ u2

∣∣∣∣∣
+ 2 tan−1(1 +

√
2u) − 2 tan−1(1−

√
2u)
]
. (5.1.6)

For absence of phantom energy, a→ 0 implying u→ 0. Therefore we can write

T = lim
u→0

M3
i

4
√

2u3b

[
ln

∣∣∣∣∣1−
√

2u+ u2

1 +
√

2u+ u2

∣∣∣∣∣ + 2 tan−1(1 +
√

2u)

− 2 tan−1(1−
√

2u)
]
. (5.1.7)

Setting u = 0 in Eq. (5.1.7) gives an undetermined form (0/0). Thus we apply
L’ Hospital rule and get

T = lim
u→0

M3
i

3b

1

4
√

2u2

[(
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2u+ u2)(−

√
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√
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( √
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1
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[
2u2

1 + u4

]
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= lim
u→0

M3
i
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1

1 + u4
,

=
M3

i

3b
. (5.1.8)

Back substituting value of b from Eq. (4.3.11) we get Eq. (3.2.9). Hence Eq.
(5.1.3) reduces to HR formula in the limit when phantom energy effect (in the
evaporation of a BH) is absent.

From now we shall use Eq. (5.1.3) to avoid few complications arising by



70

the use of above written trigonometric identity. For our further research work,
we need only Eqs. (4.2.2) and (5.1.3) but here we shall proceed with all the
calculations done in [10] in order to correct all the mistakes and results of that
paper. Now defining M ≡ mMi and using it in Eq. (5.1.3) gives

tf − t =
1

4
√

2(a3b)
1
4

[
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. (5.1.9)

Using Eqs. (4.3.21) and (4.3.22) in Eq. (5.1.9)
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. (5.1.10)

Using the parameter P defined in Eq. (4.3.27), we can write Eq. (5.1.10) as

t = tf −
1
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Dividing by tf on both sides of Eq. (5.1.11) and defining normalized time τ ≡
t/tf , we get

τ = 1 − 1
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[
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. (5.1.12)

Now consider that M = Mi at t = ti = 0 which corresponds to m = 1. Thus Eq.
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Figure 5.3: τ plotted against m=[0, 1]
for P=5 .

Figure 5.4: τ plotted against m=[0, 1]
for P=10 .

Figure 5.5: m=[0, 1] plotted against τ
for P=100 .

Figure 5.6: m=[0, 1] plotted against τ
for P=100000 .

(5.1.11) becomes
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Thus Eq. (5.1.12) can be written as
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.(5.1.14)

It is clear that t/tf has range 0 to 1; starts at former and ends at latter. Also,
m starts at 1 when a BH has its maximum (initial) mass and goes to 0 when a
BH evaporates completely at t = tf . Now we shall choose different values for P
and plot graphs of m vs τ . For P ≤ 1, we get graphs shown in Fig. 5.1 and 5.2.
These are similar in physical interpretation to those given in [10] (Figs. 4.1−4.3)
except for some minor numerical details. But for P > 1, graphs given in [10] have
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a certain part of the curve lying in the region of negative time as shown in Figs.
4.4− 4.5. Firstly, this is beyond above mentioned range of τ . Secondly, this was
not possible physically because there is no concept of time before big bang. We
have re-plotted these graphs with the corrected formula given in Eq. (5.1.14) and
found that no non-physical part appears now for P = 5 and P = 10 as shown in
Fig. 5.3 and 5.4. To verify the corrections, we have also plotted same graphs for
P = 100 and P = 100000 as shown in Fig. 5.5 and 5.6 and found that the curves
lie in the physically admissible region.

5.2 Transition Mass

Consider the ratio of the evaporation rate due to HR to the evaporation rate due
to phantom energy accretion as defined in Eq. (4.2.2). For ξ < 1, Eq. (4.2.2)
gives M at and below which phantom energy is never dominant over HR; ξ = 1

gives the value of transition mass and ξ > 1 is the case when evaporation rate due
to phantom energy is relatively more significant. Considering equal contribution
from HR and phantom energy in the evaporation of a BH (ξ = 1) and using Eq.
(4.3.4) in Eq. (4.2.2) gives

M ≡ Mt =

(
3~c7t2oα

8εG3

) 1
4

, (5.2.1)

whereMt is the same transition mass defined in [9]. Using the values of constants
and α = 4× 10−4 [34] in Eq. (5.2.1), we get

Mt = 3.4637× 1015 t
1
2
o

ε
1
4

g . (5.2.2)

Thus Mt depends on the age of universe after which dark energy domination era
started (to; measured in seconds) and EoS parameter of phantom energy. When
the BH mass is greater than Mt, evaporation due to phantom energy accretion is
dominant over the other. Taking M in Eq. (4.2.2) to be the initial mass of a BH
we get ξ = P

Here we shall explain the physical significance of any fixed value of P . For
example, consider P = 5. This means that at the very start of our observation of
the evaporation, BH’s “initial” mass is such that the evaporation due to phantom
energy accretion is 5 times the evaporation due to HR and soon after that the ratio
ξ starts dropping down from 5 because of the decrease in mass (however P is fix for
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each curve). The reason is that the BH evaporation rate is directly proportional
to the mass-square in case of phantom energy and inversely proportional to the
mass-square in case of HR. The decrease in mass with time makes the effect of
phantom energy accretion lesser significant than before. Thus the ratio decreases.
Thus ξ does not have the same value on the whole curve and P corresponds to
only the starting point of evaporation. Near the end in each graph ξ → 0. Thus,
we infer from here that all the graphs in Figs. 5.3− 5.6 have a part of the curve
in the start of the evaporation which represents domination of phantom energy
over the HR in the evaporation rate. Infact P = 100000 contains the evaporation
behavior which is already there in graph for P = 0.1, 5 etc. Total lifetime in all
graphs is not the same.

We evaluate Mt for the extreme and middle values of EoS parameter (men-
tioned in section 2.11.2) and then include a much larger value (ε = 10) to check
the sensitivity of the transition mass to ε (in case the claim in [26] is invalid). For
to to be 13.75 billion years, the results of transition mass (ξ = 1) and the mass
corresponding to other values of ξ are given in Tab. 5.1 for different values of ε.

Table 5.1: Mass of a PBH for Different Contribution from Phantom Energy for
Different Values of ε for to = 13.75 billion years .
ξ M (g) (ε = 0.05) M (g) (ε = 0.36) M (g) (ε = 0.67) M (g) (ε = 10)
0.01 1.4832× 1024 0.9056× 1024 0.7753× 1024 0.3944× 1024

0.1 2.6377× 1024 1.6104× 1024 1.3787× 1024 0.7014× 1024

0.5 3.9443× 1024 2.4080× 1024 2.0617× 1024 1.0488× 1024

1.0 4.6906× 1024 2.8637× 1024 2.4519× 1024 1.2473× 1024

5 7.0141× 1024 4.2821× 1024 3.6672× 1024 1.8653× 1024

10 8.3411× 1024 5.0924× 1024 4.3600× 1024 2.2182× 1024

The values of Mt show that HR dominates over phantom energy for a sufficiently
higher value of mass. It is important to note that the accretion of phantom energy
increases the evaporation rate due to HR at each instant; it may be negligible
at some time and may be dominant over HR at some other time but the BH
will explode near its end precisely as in the case of only HR. The only way to
have the phantom energy effect significant for a PBH is to reduce the value of Mt

sufficiently, which is impossible since neither can we take much higher values for
ε nor can we take much smaller values of to. Also, this implies that for a BH of
mass less than ∼ 1024g the dominant evaporation process is always HR.
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Table 5.2: Mass of a PBH for Different Contribution from Phantom Energy for
Different Values of ε for to = 10 billion years .
ξ M (g) (ε = 0.05) M (g) (ε = 0.36) M (g) (ε = 0.67) M (g) (ε = 10)
0.01 1.3011× 1024 0.7944× 1024 0.6801× 1024 0.3460× 1024

0.1 2.3138× 1024 1.4126× 1024 1.2094× 1024 0.6153× 1024

0.5 3.4599× 1024 2.1123× 1024 1.8085× 1024 0.9200× 1024

1.0 4.1146× 1024 2.5120× 1024 2.1508× 1024 1.0941× 1024

5 6.1527× 1024 3.7562× 1024 3.2161× 1024 1.6362× 1024

10 7.3168× 1024 4.4670× 1024 3.8246× 1024 1.9458× 1024

To see the increased effect of the phantom energy accretion by taking phantom
energy dominated era starting earlier, we take to to be 10 and 1 billion years
and get the results shown in Tabs. 5.2 and 5.3 respectively. These results have
a similar physical interpretation as the results of Tab. 5.1. By comparing the
results of the three tables, we find that for a sufficiently early domination of dark
energy, the HR will dominate over phantom energy at smaller values of mass
(transition mass) but there is not too much difference in the value of transition
mass in both cases.

Table 5.3: Mass of a PBH for Different Contribution from Phantom Energy for
Different Values of ε for to = 1billion years .
ξ M (g) (ε = 0.05) M (g) (ε = 0.36) M (g) (ε = 0.67) M (g) (ε = 10)
0.01 0.4141× 1024 0.2512× 1024 0.2150× 1024 0.1094× 1024

0.1 0.7317× 1024 0.4467× 1024 0.3825× 1024 0.1946× 1024

0.5 1.0941× 1024 0.6680× 1024 0.5719× 1024 0.2910× 1024

1.0 1.3012× 1024 0.7944× 1024 0.6801× 1024 0.3460× 1024

5 1.9457× 1024 1.1878× 1024 1.0170× 1024 0.5174× 1024

10 2.3138× 1024 1.4126× 1024 1.2095× 1024 0.6153× 1024

These results show that accretion of phantom energy is of lesser significance
in the evaporation of PBHs of mass ∼ 1015g as compared to Hawking evaporation
process.
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5.3 Initial Mass of a PBH Evaporating Today due
to Hawking Evaporation and Accretion of Phan-
tom Energy

In the previous section, I have concluded that the phantom energy accretion
process will have less significance in the evaporation of a PBH of mass ∼ 1015g as
compared to HR. But it is claimed in [10] that the initial mass of a PBH should
be ∼ 1022g if it has to evaporate today under the combined effect of both the
evaporation processes. This claim shows that accretion of phantom energy is as
much effective for a PBH of initial mass ranging from 1015g to 1022g as is HR.
The probability of formation of a PBH is decreased exponentially by increasing
the initial mass a bit [6]. Thus, if the claim in [10] is true, then perhaps phantom
energy is the reason of PBHs not being observed evaporating today. To find
the correct numerical values, we shall proceed with Eq. (5.1.3) and do rigorous
calculations to find the answer.

Taking the age of the universe to be 13.75 billion years = 4.9372 × 1017s,
Eq. (3.2.9) gives corresponding mass to be 4.64 × 1014 ≡ Mhrg. Eq. (5.1.3)
(or equivalently Eq. (5.1.6)) gives the lifetime of a PBH of some initial mass
evaporating under the effect of HR and phantom energy. For to ∼ 13.75 billion
years, a ∼ 10−75 g−1s−1 ([a/b]

1
4 ∼ 10−25 g−1). Infact, even for to ∼ 1 s, a ∼

10−39 g−1s−1 ([a/b]
1
4 ∼ 10−16 g−1). As such, we can use a Taylor expansion in

Eq. (5.1.6) for small [a/b]
1
4Mi ≡ u which imposes an upper limit for the value of

Mi for the further analysis to be applicable. First we shall expand each term in
Eq. (5.1.6). Consider the expansion formula of logarithmic function

ln(1 + x) =
x

1
− x2

2
+
x3

3
− ...... . (5.3.1)

Also
ln

(
1 + y

1 + z

)
= ln(1 + y) − ln(1 + z) . (5.3.2)

Using Eq. (5.3.1) in Eq. (5.3.2) gives

ln

(
1 + y

1 + z

)
=

y

1
− y2

2
+
y3

3
− ......

− z

1
+
z2

2
− z3

3
+ ...... . (5.3.3)
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Taking y = −
√

2u+ u2 and z =
√

2u+ u2, above equation becomes

ln

(
1 + (−

√
2u+ u2)

1 + (
√

2u+ u2)

)
= (−

√
2u+ u2)− (−

√
2u+ u2)2

2

+
(−
√

2u+ u2)3

3
− ......− (

√
2u+ u2)

+
(
√

2u+ u2)2

2
− (
√

2u+ u2)3

3
+ .... .(5.3.4)

Now we shall open up to the fifth order of u and ignore higher order terms. The
reason is that the formula of lifetime due to Hawking evaporation only has third
power of Mi. In above equation, fourth order terms get canceled. Thus to obtain
a first order “correction” in the HR formula due to phantom energy accretion, we
need to go to the fifth power. This gives

ln

(
1 + (−

√
2u+ u2)

1 + (
√

2u+ u2)

)
= − 2

√
2 +

1

2
[4u2(

√
2u)]

+
1

3
[−6
√

2u5 − 4
√

2u3] +
1

4
[16
√

2u5] +
1

5
[−8
√

2u5] ,

= − 2
√

2u+ 2
√

2u3 − 2
√

2u5 − 4

3

√
2u3 + 4

√
2u5 − 8

5

√
2u5 ,

= − 2
√

2u+
2

3

√
2u3 − 2

5

√
2u5 . (5.3.5)

Now use the Taylor expansion formula for a function f(x) about x = a with steps
of size h

f(a+ h) = f(a) +
h

1!
f (1)(a) +

h2

2!
f (2)(a) +

h3

3!
f (3)(a) + ..... , (5.3.6)

f(a− h) = f(a)− h

1!
f (1)(a) +

h2

2!
f (2)(a)− h3

3!
f (3)(a) + ..... , (5.3.7)

where f (n) denotes the nth derivative of function f with respect to x. With the
same reason as in the case of expansion of ln, we go up to the fifth order (h5) and
get

f(a+ h)− f(a− h) = 2[hf (1)(a) +
h3

6
f (3)(a) +

h5

120
f (5)(a)] . (5.3.8)
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In our formula, f(x) = tan−1(x), a = 1 and h =
√

2u. The derivatives are

f (1)(x) =
1

1 + x2
(5.3.9)

f (2)(x) =
−2x

(1 + x2)2
(5.3.10)

f (3)(x) =
−2

(1 + x2)2
+

2(2x)2

(1 + x2)3
(5.3.11)

f (4)(x) =
24x

(1 + x2)3
− 48x3

(1 + x2)4
(5.3.12)

f (5)(x) =
16

(1 + x2)3
− 288x2

(1 + x2)4
+

284

(1 + x2)5
. (5.3.13)

Putting x = a = 1 only in the odd degree of derivative in the above equations,
we get

f (1)(1) =
1

2
, f (3)(1) =

1

2
, f (5)(1) = − 4 . (5.3.14)

Thus we can write from Eqs. (5.3.8) and (5.3.14)

tan−1(a+ h)− tan−1(a− h) = tan−1(1 + h)− tan−1(1− h)

= 2

[
hf (1)(1) +

h3

6
f (3)(1) +

h5

120
f (5)(1)

]
,

= 2h

(
1

2

)
+
h3

3

(
1

2

)
+
h5

60
(−4) ,

= h +
h3

6
− h5

15
. (5.3.15)

Substituting the value of h in the above equation, we get

tan−1(1 +
√

2u)− tan−1(1−
√

2u) =
√

2u +
2
√

2u3

6
− 4
√

2u5

15
. (5.3.16)
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Combining Eqs. (5.3.5) and (5.3.16)

ln

(
1 + (−

√
2u+ u2)

1 + (
√

2u+ u2)

)
+ 2[tan−1(1 +

√
2u)− tan−1(1−

√
2u)]

= −2
√

2u+
2

3

√
2u3 − 2

5

√
2u5

+ 2

[
√

2u +
2
√

2u3

6
− 4
√

2u5

15

]
,

=
4
√

2

3
u3 − 2

√
2

15
u5 . (5.3.17)

Using Eq. (5.3.17) in Eq. (5.1.6), we get

Tp =
M3

i

4
√

2bu3

[
4
√

2

3
u3 − 2

√
2

15
u5

]
,

=
M3

i

3b

[
1 − 1

10
u2

]
. (5.3.18)

Back substituting the value of u, we get

Tp =
M3

i

3b

[
1 − 1

10

(a
b

) 1
2
M2

i

]
,

= Thr

[
1 − 1

10

(a
b

) 1
2
M2

i

]
. (5.3.19)

Next term in the above expansion would be O(a
b
M4

i ) which is neglected. Also, in
the limit a→ 0, Eq. (5.3.19) reduces to the lifetime due to Hawking evaporation
given in Eq. (3.2.9). Thus we have obtained the first order correction term in the
formula for lifetime of a Schwarzchild BH in the presence of phantom energy.

We then see that for t0 = 13.75 billion years, ε = 0.1 and Mi = Mhr, the
correction factor is ∼ 10−22 as compared to 1 which corresponds to a decrease of
∼ 10−5 s in a lifetime of ∼ 1017 s! Even for to ∼ 1 billion years, the correction
factor is ∼ 10−21 which is also negligible as opposed to the claim in [10].

The lifetime of BHs of initial masses 1023g, 1024g and 1025g are 4 × 1042s,
4× 1045s and 4× 1048s respectively if evaporation only due to HR is considered.
When the effect of phantom energy accretion is also considered in the evaporation
process (taking dark energy domination from now on), Eq. (5.3.19) gives the
lifetime to be 4×1042s, 4×1045s and 3×1048s in the same order. These results show
that the effect of phantom energy accretion in evaporation process is significant
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for such higher masses.
SinceMi ∼ 1015g even when phantom energy effect is also taken in to account,

we conclude that for a PBH evaporating today under the combined effect of HR
and phantom energy, the dominant evaporation process is HR even for a very
early domination of phantom energy.

As 1024g is very close to the limit of approximation, we need to be careful in
applying this analysis for such a value of mass. This is done by M. Ahmed and
me as follows. We use Eq. (4.3.9) to find the amount of mass that is evaporated
in one second if the initial mass of the BH is 1024g and dark energy dominates
from now. Using b ≈ 1026g3s−1 and a = 10−75g−1s−1, we get dM/dt ∼ 10−25gs−1

which shows clearly that such a mass BH can not loose 1010g mass in 10−5s. Thus
the result given in [11] is correct. Another way of getting the same result is to
take dM/dt = −1gs−1 and find the corresponding mass using Eq. (4.3.9)

−1 = − 10−75M2 − 1026

M2
,

0 = 10−75M4 − M2 + 1026 , (5.3.20)

which is quadratic in M2. Its roots are

M2 =
1 ±

√
1 − η

2× 10−75
g2 , (5.3.21)

where η = 4 × 10−49. Using binomial expansion and neglecting terms of order
higher than one, we get the roots to be

M2 =
2 − η/2

2× 10−75
g2 and

η

4× 10−75
g2 . (5.3.22)

Thus the mass corresponding to evaporation rate −1gs−1 is 1037g and 1013g. The
value of the transition mass ∼ 1024g tells that in the former case, the evaporation
is due to phantom energy accretion and in the latter case it is due to the HR.
This suggests the evaporation rate to be minimum between the two values of
mass. Thus the overall evaporation will be considerable only for M >> 1037g or
M << 1013g. If we take M = Mi, both values of mass correspond to P ∼ 1047

and P ∼ 10−49 respectively which indicates the rate of evaporation or change of
mass to be minimum about P = 1, i.e., when the mass of the BH is about the
value of transition mass. Hence for all values of P considered in this disserta-
tion, the overall evaporation is negligible. This can also be checked as follows.
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Differentiating Eq. (4.3.9) with respect to t, we get

d2M

dt2
= − 2aM +

2b

M3
, (5.3.23)

Setting d2M/dt2 = 0, we get M = (b/a)1/4 which is the point of minima and is
exactly the value of the transition mass. Therefore there is minimum evaporation
at the transition phase.

Now we try to find the limit of the mass of the BH to exhibit observable effect
of phantom energy through its evaporation. In case tx << t, we can write Eq.
(4.3.2) as [12]

M ≈ Mi

(
− t

tx

)−1

. (5.3.24)

This can be achieved if the BH is very massive and/or the value of |ω| is large.
Both these conditions correspond to the increased effect of phantom energy. Using
the value of tx in the above equation, we get

M =
c3

16πG2

1

ρ∞tε
, (5.3.25)

where we have used ω + 1 = −ε. This shows that in the limit tx << t, the
mass of an evaporating BH after certain time t is independent of the initial value
of the mass and it depends only on energy density at that time and the value
of the EoS parameter. Physically it means that any BH of sufficiently large
mass should reach a certain value of mass by evaporation in finite time t due to
phantom energy accretion. We find the value of the mass of the BH left after 1s
and 10 years using Eq. (5.3.25). Taking ε = 0.5 and ρ∞ = 10−29g/cm3, we get
M = 2.5× 1073g for t = 1s and M = 1065g for t = 10 years (3× 108s). It should
be noted that both these values of the mass are much larger than the total mass
of the observable universe (∼ 1057g). The mass of the largest observed BH is
1043g. Thus the effect of phantom energy could have been easily observed if this
value of the mass (1065g) had been far below 1045g [12].

Now we plot a logarithmic graph between M and dM/dt given in Fig. 5.7

where M varies over 60 orders of magnitude. This graph shows clearly that
the behavior of overall evaporation process with change of mass is the same as
expected.

Note that Fig. 5.7 does not give mass as a function of time but says how
much the rate of decrease of mass would be for a BH of any given mass. Further,
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Figure 5.7: Logarithmic plot of M and dM/dt .
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note that a BH of 1024g (the transition mass) would decrease in mass most slowly
but still have a non-zero (∼ 10−55gs−1) rate. This confirms the above statements.
Also, there is a unique value of transition mass if all other parameters are held
fixed. Most interestingly, note that a BH of 1043g would have the same rate
of mass reduction as pure HR at the end of the life of a BH. As Hawking says
“near the end of its life the rate of emission would be very high and about 1030 erg
would be released in the last 0.1s. This is a fairly small explosion by astronomical
standards but it is equivalent to about 1 million ton hydrogen bombs” [3]. The
evaporation rate of a 1043g BH is ∼ 1012gs−1 i.e. a change in mass per unit mass
of ∼ 10−31s−1.



Chapter 6

Summary

In this dissertation, I have discussed the evaporation of a Schwarzchild BH in
a universe filled with phantom energy, i.e., due to Hawking evaporation and
the accretion of phantom energy. In particular, the case of the evaporation of
Schwarzchild PBHs of the mass ∼ 1015g which would have been evaporating today
due to pure HR has been discussed. The main paper that has been reviewed for
this purpose is [10]. There were algebraic errors in [10] that have been discussed
and corrected [11]. The correction makes a significant difference. First, there
was nonphysical behavior appearing in the graphs for the variation of mass with
time that caused severe problems of interpretation. With the correction that
nonphysical behavior has disappeared.

Further, I have discussed the concept of the transition mass with reference to
[9] and studied its variation with EoS parameter (ω < −1) numerically. This work
has determined the boundary value of mass of a Schwarzchild BH where one of
the competing phenomena dominates over the other in the over all evaporation. It
was found that the transition mass is larger than 1015g by approximately 10 orders
of magnitude. This shows that phantom energy may not be more significant in
the evaporation process of a Schwarzchild PBH of mass ∼ 1015g than the HR.

Also, the effect of phantom energy accretion on the life of a Schwarzchild
BH has been studied. It has been claimed in [10] that phantom energy accretion
decreases the lifetime of a PBH of mass ∼ 1015g so much that we have to consider
the initial mass of a PBH to be 10 orders of magnitude larger than this if we want
a PBH to be evaporating today. This was claimed by taking the phantom energy
to be 10 times more effective than the HR. But it should be noticed that the
relative significance of the two evaporation processes is not fixed; rather it changes
continuously with the change in mass of a BH due to continuous evaporation.

83
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In this dissertation, more substantial analytical work has been done to find
the first order correction term in the lifetime of a PBH of some initial mass (less
than 1025g) evaporating under the combined effect of phantom energy accretion
and HR. It has been found that the decrease in the lifetime (which is ∼ 1017s in
case of Hawking evaporation only) of a PBH of mass ∼ 1015g is just ∼ 10−5s.
This implies that the required increase in initial mass of a PBH evaporating today
under the combined effect of phantom energy accretion and HR is insignificant.
Then the rate of mass change for a PBH of mass ∼ 1022g was computed which
came out to be negligible. This confirmed the previous result. This analysis
highlighted another interesting feature of transition mass, i.e., at this value of
mass the evaporation rate is minimum.

In [10], the constant of integration in Eq. (4.3.18) is the lifetime of the BH
and is chosen to be to (present age of the universe) to study the mass evolution
of PBHs evaporating today in a phantom energy environment. Also, α is chosen
corresponding to the mass of PBHs evaporating today due to HR only (∼ 1015g)
given in [34]. But since HR is ignorable for massive BHs, this analysis can be
applied for all BHs in principle, getting different lifetime of BHs. Also, the value
of α can be chosen in accordance with the higher value of mass.

Also, mass limit beyond which the evaporation rate could have been easily
observable was found but this limit came out to be much larger than the total
mass of the observable universe. However, the study of variation of evaporation
rate with constantly changing mass (beyond the mass range of PBHs) showed that
the evaporation due to phantom energy accretion is not negligible for massive BHs
(∼ 1043g) although they may not be the primordial ones.



Bibliography

[1] D. N. Page, “Hawking Radiation and Black Hole Thermodynamics” New J.
Phys., 203 (2005) 7 .

[2] A. Qadir, General Relativity (Unpublished manuscript) .

[3] S. W. Hawking, “Exploding Black Holes” Nature 248 (1974) 30 .

[4] R. R. Caldwell, “A Phantom Menace? Cosmological Consequences of a Dark
Energy Component with Super-Negative Equation of State” Phys. Lett. B
545 (2002) 23 .

[5] R. R. Caldwell, M. M. Kamionkowski and N. N. Weinberg, “Phantom Energy:
Dark Energy with ω < −1 Causes a Cosmic Doomsday” Phys. Rev. Lett. 91
(2003) 071301(4) .

[6] B. J. Carr, “Primordial Black Holes: Do They Exist and Are They Use-
ful?” Proceedings of Inflating Horizon of Particle Astrophysics and Cosmol-
ogy (2005) 129 .

[7] F. De Paolis, M. Jamil and A. Qadir, “Black Holes in Bulk Viscous Cosmol-
ogy” Int. J. Theor. Phys. 49 (2010) 621 .

[8] E. Babichev, V Dokuchave and Yu Eroshenko, “Black Hole Mass Decreasing
due to Phantom Energy Accretion” Phys. Rev. Lett. 93 (2004) 021102(4) .

[9] D. C. Guariento, J. E. Horvath, J. A. Pacheco and P. S. de Freitas Custodio,
“Evolution of Primordial Black Holes in a Radiation and Phantom Energy
Environment” Gen. Relat. Gravit. 40 (2008) 1593 .

[10] M. Jamil and A. Qadir, “Primordial Black Holes in Phantom Cosmology”
Gen. Relat. Gravit. 43 (2010) 1069 .

85



86

[11] S. Naz and A. Qadir, “Effect of Accretion of Phantom Energy on Initial mass
of PBHs” J. Phys.: Conf. Ser. 354 (2012) 012012 .

[12] M. Ahmed and S. Naz, “Effect of Phantom Energy on Evaporation of Black
Holes - a Revisit” Proceedings of Conference on Methods and Applications in
Physics (In press) .

[13] A. Beiser, Concepts of Modern Physics, 6th edition McGraw Hill (2002) .

[14] R. d Inverno, Introducing Einstein’s Relativity, Oxford University Press, USA
(1992) .

[15] A. Qadir, Relativity: an Introduction to the Special Theory, World Scientific
(1989) .

[16] David Faige, www.cosmicshipmedia.net .

[17] L. D. Landau, E.M. Lifshitz, The Classical Theory of Fields, Butterworth-
Heinemann (1980) .

[18] J. D. Walecka, Introduction to General Relativity, World Scientific (2007) .

[19] B. F. Schutz, A First Course in General Relativity, Cambridge University
Press (1985) .

[20] E. V. Linder, First Principles of Cosmology, Longman Singapore Publishers
(Pte) Ltd (1997) .

[21] S. Weinberg, The First Three Minutes, Basic Books (1993) .

[22] A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Struc-
ture, Cambridge University Press (2000) .

[23] V. Mukhanov, Physical Foundations of Cosmology, Cambridge University
Press (2005) .

[24] I. Lazanu and S. Malace, “Matter-antimatter Asymmetry of the early Uni-
verse and Some Elementary Considerations About the Space-time Proper-
ties” Romanian Reports in Physics 55 (2003) 15 .

[25] V. Rubin, W. K. Ford and N. Thonnard, “Rotational Properties of 21 Sc
Galaxies with a Large Range of Luminosities and Radii from NGC 4605
(R=4kpc) to UGC 2885 (R=122kpc)” Astrophys. J. 238 (1980) 471 .



87

[26] A. D. L. Macorra, A. Melchiorri, P. Serra and R. Bean, “The Impact of
Neutrino Masses on the Determination of Dark Energy Properties” Astropart.
Phys. 27 (2006) 406 .

[27] A. Qadir, “The Information Loss Paradox and the Holographic Principle”
Proceedings of 13th Regional Conference on Mathematical Physics, World
Scientific (2012) 143 .

[28] A. Qadir, Private communication .

[29] S. Chandrasekhar, “The Maximum Mass of Ideal White Dwarfs” Astrophys.
J. 74 (1931) 81 .

[30] B. Nayak and L. P. Singh, “Accretion, Primordial Black Holes and Standard
Cosmology” Pramana 76 (2011) 173 .

[31] B. Nayak and M. Jamil, “Effect of Vacuum Energy on Evolution of Primordial
Black Holes in Einstein Gravity” Phys. Lett. B 709 (2012) 118 .

[32] V. Johri, “Phantom Cosmologies” Phys. Rev. D 70 (2004) 041303(R) .

[33] I. S. Gradshteyn and Z. M. Ryzhik, Table of Integrals, Series and Products,
Academic Press, New York (1965) .

[34] D. N. Page, “Particle Emission rates from a Black Hole: Massless Particles
from an Uncharged, Nonrotating Hole” Phys. Rev. D 13 (1976) 198.

[35] B. J. Carr, “The Primordial Black Hole Mass Spectrum” Ap. J. 201 (1975)
1 .

[36] E. W. Kolb and M. S. Turner, The Early Universe Addison Wesley (1990) .

[37] E. Hubble, “A Relation Between Distance and Radial Velocity Among Extra-
Galactic Nebulae” Proc. Nat. Acad. Sci. 15 (1929) 168 .

[38] L. D. Wiltshire, “Gravitational Energy and Cosmic Acceleration” Int. J. Mod.
Phys. D17 (2008) 641 .

[39] J. A. Peacock, Cosmological Physics Cambridge University Press (1999) .

[40] E. J. Copeland, M. Sami and S. Shinji, “Dynamics of Dark Energy” Int. J.
Mod. Phys. D 15 (2006) 1753 .



88

[41] B. J. Carr and S. W. Hawking, “Black Holes in the Early Universe” Mon.
Not. R. Astron. Soc. 168 (1974) 399 .


