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Abstract

Hilbert gave the idea of associating free resolution with finitely generated module to describe the
structure of a module. Since then, there has been a lot of progress on the structure and properties
of finite free resolutions. The two algebraic invariants namely Castelnuovo-Mumford regularity
(or regularity) and projective dimension are associated with minimal graded free resolution of a
finitely generated graded module. Regularity measures the complexity of module and projective
dimension measures how far a module is from being projective. Projective dimension has a
relation with the depth of a module by Auslander—Buchsbaum formula. The depth of a module
has been the subject of several studies during the last decades. Let A be a finitely generated
multigraded module. In 1982, Stanley conjectured that depth of A is a lower bound for the
Stanley depth of A. This conjecture was later disproved by Dual et al. in 2015. However,
there still looks to be profound and attractive relationship between the two invariants, which
is yet to be understood. Squarefree monomial ideals has been a fascinating area of study in
commutative algebra and has a strong connection to combinatorics, which continues to inspire
much of current research. The goal of this thesis is to study some algebraic invariants of quotient
rings of some squarefree monomial ideals. These algebraic invariants include depth, Stanley
depth, regularity, projective dimension, and Krull dimension. We find the precise values of
aforementioned invariants of residue class rings of edge ideals of perfect semiregular trees. We
find depth, projective dimension and lower bounds for Stanley depth of the quotient rings of
edge ideals associated with all cubic circulant graphs. We discuss the said invariants for the
quotient rings of the edge ideals associated with some classes of four and five regular circulant

graphs.

vii



CHAPTER O

Introduction

The last three decade has seen a number of exciting developments at the intersection of commu-
tative algebra with combinatorics. Melvin Hochster’s [3] study provides the first indication of a
connection between combinatorial properties of simplicial complexes and commutative algebra.
The face ring of a simplicial complex initially appeared in Gerald Reisner’s doctoral thesis (pub-
lished version in [6]), under the supervision of Hochster, and in two separate articles written by
Stanley [4, 5]. Richard Stanley [5] provided a positive answer to the upper bound conjecture for
spheres in 1975. By using concepts and techniques from commutative algebra in an orderly way,
Stanley was the first to study simplicial complexes by taking into account the Hilbert function
of Stanley Reisner rings. Since that time, squarefree monomial ideals have been a fascinating
area of study in commutative algebra see [11]. Partitionable complexes and Cohen-Macaulay
complexes are two basic types of simplicial complexes in combinatorics. Stanley proposed a
conjecture connecting these two concepts: Are all Cohen—Macaulay simplicial complexes parti-
tionable? In the year 1982, Stanley [8] introduced an invariant for finitely generated Z"-graded
modules over the graded commutative ring, known as Stanley depth. According to Stanley’s
conjecture geometric invariant of a module known as the Stanley depth is an upper bound of an
algebraic invariant of the module known as the depth(Stanley’s inequality). It is proved in [32]
that this conjecture implies his conjecture about partitionable Cohen—Macaulay simplicial com-
plexes. Later on it was proved by Duval et al. [59] in year 2016 that both of these conjectures
are generally false. For some recent results regarding Stanley’s inequality, see [40, 43, 51, 80].
The primary objective is to investigate the algebraic invariants of squarefree monomial ideals

by means of combinatorial structures and graph invariants.

Stanley decompositions have applications in the normal form theory for systems of differ-
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ential equations see [15, 27, 28]. Herzog et al. [33] provided a method for finding Stanley depth
of modules I; /I, where I, C I are the monomial ideals of polynomial ring S. After that, Ichim
et al. [62] introduced an algorithm for finding Stanley depth of any finitely generated Z"-graded
S-module. However, it is still a challenging task to compute the Stanley depth even with these
algorithms. The study of Stanley depth and depth for modules is a hard problem. Therefore, it
is still important to give bounds and values for depth and Stanley depth of a module. For some
interesting findings regarding to depth and Stanley depth see [11, 52, 63, 66]. In addition, Krull
dimension measures the size of a ring or module. A module or a ring is Cohen-Macaulay if its
Krull dimension is equal to its depth. Characterization and construction of Cohen—Macaulay

graphs is one of the fundamental problems with rich literature; see for instance [54, 56, 69].

A minimal graded free resolution of a module is a homological tool for studying a module.
The minimal free resolution encodes much of the information about the structure of module
as well as containing several important numerical invariants of a module. In two well-known
articles published in 1890 [1] and 1893 [2], Hilbert proposed the idea of associating a free res-
olution to a finitely generated module. He proved Hilbert’s syzygy theorem, which asserts that
there is a finite minimal free resolution for every finitely generated graded module over a poly-
nomial ring. Since then, there has been a lot of progress on properties of finite free resolutions.
Free resolutions has many applications in Algebraic Geometry, Computational Algebra and In-
variant Theory. For more literature related to resolutions we refer the readers to [14, 21, 34,
61]. There are two important invariants in commutative algebra that measure the size of reso-
lution, regularity and projective dimension. Regularity measures the width of a free resolution
whereas the projective dimension measures the length of free resolution. Regularity plays a
significant role as one of the keys indicators of a module’s complexity and projective dimension
measures how far a module is from being projective. Bounds and values for the regularity and
projective dimension of edge ideals have been the subject of numerous studies by researchers;
see for instance [34, 61, 70, 71, 74]. Moreover, the interplay of algebraic properties of 1(G)
and graph-theoretic properties of G is also of great interest; see for instance [36, 45, 57, 68].
This research focuses on the aforementioned algebraic invariants of quotient rings of edge ideals
associated with some classes of graphs. Our outcomes further demonstrates that the Stanley’s
inequality holds for the quotient ring of edge ideals associated to the classes of graphs that are

being studied.

This thesis comprises five chapters. The first chapter covers some fundamental concepts

of ring theory. It also encompasses some basics of module theory includes exact sequences
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of modules, Krull dimension, grading of a ring and a module. In addition, it includes a brief
introduction of graph theory. Further, we discuss depth, Stanley decomposition, Stanley depth
of modules and its method of computation. Well known Stanley’s conjecture and some results
associated to depth and Stanley depth are also stated. This chapter also contains a detailed
introduction to graded minimal free resolution of edge ideal and its construction. Moreover,

some results related to regularity and projective dimension are also presented here.

In the second chapter, we find the precise formulas for the values of the algebraic invari-
ants depth, projective dimension, Stanley depth, regularity and Krull dimension of edge ideal
associated with perfect semiregular tree. The content of this chapter is published in our paper

[80].

The third chapter contains values of depth, projective dimension, and lower bounds for
Stanley depth of the quotient rings of the edge ideals of all cubic circulant graphs. The work in
this chapter is inspired by a recent work of Uribe-Paczka et al. [73], where the authors studied
regularity of the edge ideals of cubic circulant graphs. The content of this chapter is available

in [81].

Unlike cubic circulant graphs [12], there is no simple characterization or formula to uniquely
represent all four and five regular circulant graphs. The classification of all four and five reg-
ular circulant graphs is a topic of ongoing research, and many mathematicians and computer
scientists are working to gain deeper insights into the properties of these graphs [44, 67]. In
practice, researchers often focus on specific subclasses of circulant graphs to make progress in
their study. In chapter four, we give the exact values of depth, projective dimension, and bounds
for the Stanley depth of edge ideal associated with four regular circulant graphs Cy,(1,n—1).
We also provide a value for the regularity of the edge ideal associated with Cy,(1,n — 1) when
n =0, 1(mod3), and sharp bounds when n = 2(mod3). We also give the exact values of the
regularity of the edge ideal associated with four regular circulant graphs Cy,(1,2) when n is
even and tight bounds when 7 is odd. Moreover, we provide the exact value for the regularity of
edge ideal associated with five regular circulant graphs Cy,(1,n — 1,n). This work is published
in [82]. In the last chapter, we summarize whole research work and give some future directions.

We gratefully acknowledge the use of CoCoA [20], Macaulay2 [13] and MATLAB ©.



CHAPTER 1

Preliminaries

In this chapter we state some fundamental concepts of ring theory, module theory and graph
theory. Some results related to algebraic invariants including depth, Stanley depth, regularity,
projective dimension, and Krull dimension are also presented here. Throughout this thesis, all

considered rings are commutative with unity.

1.1 Some elements of ring theory and module theory

Here we recall some definitions and results from [18, 41].

Definition 1.1.1. Let Z be a ring. Under usual addition and multiplication of polynomials, the
collection of all polynomials in variable x whose coefficients are in Z forms a ring, this ring is
represented as Z[x]. The polynomial ring in the variables x;,x2, .. .,x, whose coefficients in Z,

denoted by Z[xy,...,x,], is defined inductively by
ZIx1, .oy Xn) = Z[x1, .y Xn—1 ] [Xn) -

Definition 1.1.2. A proper ideal I' of ring Z is said to be a prime ideal if for any z1,z2 € Z such

that 71z € I'implies z; € [ orzp € T,

Definition 1.1.3. Let I" be a prime ideal of a ring Z. The height of I" is the supremum of all

integers n; such that a chain of distinct prime ideals of the form
e ¢ &S0, =1

exists. The height of I is represented by A(I").
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Definition 1.1.4. Let Z represent a ring. The Krull dimension of Z is defined as the supremum

of heights of all prime ideals of Z. That is,
dimZ = sup{A(T") : T is prime in Z}.

Definition 1.1.5. Anideal N of Z (N # Z) is called maximal if there exist no other proper ideal

containing N.
Definition 1.1.6. A ring is said to be local if it contains a unique maximal ideal.

Definition 1.1.7. A ring Z is called Noetherian if it fulfills the ascending chain condition on its

ideals that is given any chain:
Wwchc---ChyCY C...
a positive integer n exists such that

Yo =Ype1=...

Monomial ideal and primary decomposition

Consider a polynomial ring S = K|[x,...,x,| over a field K, monomials forms the natural K-
basis for S. Throughout this work, S represents a polynomial ring over a field K in finite number
of variables. Let b = (by,...,b,) € Z", where Z represents the set of non-negative integers. A
monomial is any product of the form xll’1 cxb T w = xlf1 ...xb" is a monomial, then we write

w=xP withb = (by,...,b,) € Z", and

Xb1Xb2 — Xb1+b2.
If the components of b are 0 and 1, then a monomial xP is called squarefree. Mon(S) denotes
the set of all monomials in S and it forms a K-basis of S.

Definition 1.1.8. For any polynomial f € S and for b,, € K

f = Z bWW7
()

weMon

where support of f is defined as

supp(f) = {w € Mon(S) : b,, # 0}.

Definition 1.1.9. If an ideal of a polynomial ring is generated by monomials, it is referred to as

a monomial ideal.
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Definition 1.1.10. If an ideal is generated by a squarefree monomials then it is called squarefree

monomial ideal.
Examples 1.1.11. Consider ring S = K|[x;,x2,...,Xs] over the field K.

1. The ideals ¥; = (x3x3,x3x3,x7x2) and ¥ = (x{x3,x%x3) are monomial ideals of S.

2. The ideals of the form Y3 = (x1), Y4 = (x1x4,X2x5) and ¥s = (x1,x2,...,X¢) are the square-

free monomial ideals in S.

Definition 1.1.12. Let Z be a ring and Y be its ideal. The radical of ¥ represented by /Y is
defined as VY = {z € Z: 7" € Y,n > 0}.

If\VY=Y , then Y is called a radical ideal. All the squarefree ideals are radical ideals.

Definition 1.1.13. Let Y and Y’ be the two ideals of a ring Z. Then the quotient ideal (also
named as colon ideal) is defined as (Y : Y') = {z€ Z:z¥ CY}.

Definition 1.1.14. An ideal (0:Y) is called the annihilator of Y represented as Ann(Y) defined
asAnn(Y) ={z€Z:z¥ =0}.

The unique minimal set of monomial generators of monomial ideal L is represented as G(L)

[41].

Proposition 1.1.15. The colon ideal B, : B, of two monomial ideals By and B of S is a mono-

mial ideal, and

Bi:By= () (Bi:g).
g€G(B2)

Furthermore, {w/gcd(w,g) : w € G(By)} is the set of generators of (B; : g) and gcd(w, g) rep-

resents the greatest common divisor of w and g.

Example 1.1.16. If S = K[x;,x2,x3,%x4], B] = {x2x§,x1x%,x%,x3x%} and By = {xzx?,xQX3,x3x4},

then
2 2 2.3 2 2 2 3 2.3 .5 4.3
B]Bz = {xlx3x4,xlx2x3,X3X4,X]XZX3X4,x2X3x4,x2.X:3x4,X]xe3,XZX3,Xlxz,xl)(fz},

2 .2
B+ By = {xox3,X3%4,X],X1X3 },
2.2 3 2 2 2
B N By = {X2x3,X3X4,X] X2, X]X2X3, XTX3X4,X2X3X] },

Cp 22 2
Bj : By = {xpx3,X7, X1, X1X2X4,X1X5,X3X4 }.
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Definition 1.1.17. A proper ideal Y of a ring Z is called a primary ideal if z;z, € Y, for some

21,22 € Z, then either z; € Y or z; € Y for some n > 1.

Definition 1.1.18. A prime ideal I C S is known as associated prime ideal of S/L, if there exist

a non-zero element s € S/L such that I' = Ann(s).

The set of associated prime ideals of S/L is denoted by Ass(S/L). We often write Ass(L) in
place of Ass(S/L). For an ideal L, primary decomposition is a way of representing L as an
intersection L = '}, K, where each Kj; is a primary ideal containing L. Let {I';} =Ass(K;) if
neither of the K; can be excluded in this intersection and I', # I’y for all r # s, then it is called

an irredundant primary decomposition.

Examples 1.1.19. Let L; = (x5, x§, x3x3 , x2x3x3 , x3x3 ) be an ideal of S = K[x,x2,x3,x4], then

3 33 4 4 3 3 33
X, 2 0, xoxsxg, axg) N (33, x4, x5, xxaxd, xx)

4 3 33 4 4 3
X3, X5, XoX3xy, X3x3 ) N (X3, %3, x3)

3.3 3 4 3 .3.3 4 4 .3
X2, 37-x27-x3-x4)m(-x27x37x3x47x3x4) m('x27x3’x4)

=

(3

(3

(x2,24,23x3) N (23,24, ) N (3,03, x3)
(

(

(

x27x X )ﬂ(xz,xﬁ,xi)ﬂ(xg,xg',m)ﬂ (x%,xé’,xi)ﬂ(x%,x%,xi)

XQ,X) (xz,x‘g‘,xi)ﬂ(x%,x3)ﬂ(x§,x‘3‘,xi)

x27x3) (x%7x3)ﬂ(xgvx§7x2)'

It is a primary decomposition of L; but not irredundant. Here, Ass((x2,x3)) = Ass((x3, x3)) =

{(x2,x3)}. Now for irredundant primary decomposition, take an intersection of (x,,x3) and

(x3,x3), thatis (x2,23) N (x3,x3) = (33, %013, x3 ). Hence Ly = (x5, %3, x3) N (3, %013, X3 ).

Similarly, if Ly = (x3, x1x0x3, X3, x3x%, x3x3) C S = K[x1,x2,x3], then

2 2.2 3 .2 3 2.2 22

202 22 3 3 2 :
xz,xl,xl,x2x3,x1x3) N(x3,x2, X7, x5x3, X1x3 ) N (X3, X3, X7, X5X3, X]X3 )

x;vx17x2x3>m(x27x?’x%x%)m(xg’x%vx?)

=

(

(3,x1,23) N (3, x1,03) N (x2, 57, 41) N (x2,29,23) N (23,49, )
(

(

xlax ) (x%,xl,x%)ﬂ(xz,x%) ﬂ(XZax?vx%)ﬂ(x%ax%?x%)

X],XZ)Q(X%,X%7X§)ﬁ(.XZ,X%).

We have Ass((x1,x3)) = Ass((x2,x7)) = {(x1, x2)}. By taking intersection of intersection of

(x1,x3) and (x2,x%), we get (x1,x;)-primary ideal(x},x3,x1x2) and thus the irredundant primary

decomposition. Hence L, = (x7, x3, x1x2) N (%3, 53, x3).

7
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Definition 1.1.20. Let A be a finitely generated module A over a Noetherian ring Z. For a Z-
module A, Ann(A) = NgeaAnn(a), where Ann(a) = {z € Z : za = 0}. The Krull dimension of
module A is determined as

dim(A) = dim(Z/Ann(A)).
For the modules of the type S/L,
dim(S/L) = max{dim(S/I';) : I'; € Ass(S/L)},
is always finite.

Definition 1.1.21. A sequence of Z-homomorphisms and Z-modules

e — A,'_l iAiﬂAH] éli)

is exact at A; if Im(&;) = Ker(&;11). We call the sequence is an exact sequence if it is exact at

each A;.

Proposition 1.1.22. The sequence

0— A 542 4" 5 0

is said to be an exact if and only if & is injective, @ is surjective and Im(§) = Ker(@). This

sequence is known as a short exact sequence.

Example 1.1.23. If B and C are Z-modules, then the sequence of the form

0— B-BaC 20— 0,

is a short exact sequence.

Definition 1.1.24. A Z-module A is called Noetherian if each ascending chain of Z-submodules

of A is stationary. A ring Z is Noetherian if Z is Noetherian as a Z-module.
Definition 1.1.25. Let (Q,+) be an abelian semigroup. An Q-graded ring is a ring Z together
with the following decomposition

Z= @ Zy (as a group)

acQ

such that ZoZg C Z, g for all o, B € Q. Then for z € Z, we can write a unique expression

= ZZ(X

acQ

where z, € Z, and almost all z, = 0. The element z, is said to be itk homogeneous component

and if z = z¢, then z is homogeneous of degree «.

8
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Examples 1.1.26. R[x] and R[x,y] are Z-graded rings because

* R =RORxORPORPOR*ORA B - - -

* Rlx,y] = R® (Rx+Ry) @ (Rx? + Rxy +Ry?) @ (Rx* + Rx?y + Rxy?> + Ry} @ - - -

Definition 1.1.27. If Z is an Q-graded ring and A is a Z-module with a decomposition

A= @Aa (as a group)

aeQ

such that ZoAg C Ay p forall &, f € Q, we say that A is an Q-graded module.

Example 1.1.28. Let a = (ai,az,...,a,) € Z" and x* = x]'x5*...x%(a monomial) then f €
S := K|[x1,...,x,] is known as homogeneous element of degree « if f is of the form cx* with

¢ € K. The ring of polynomial S is obviously Z"-graded that is S = @ ;7 S«, Where
Kx*, ifaeZl;
Sa —
0, otherwise.

An S-module A is said to be Z"-graded if A = @ yezn Aq and SqAg C Ag,p forall a, B € Z".

Remark 1.1.29 ([37]). Let A is an Q-graded module. A non zero element of Ag is called a
homogeneous element of degree . We frequently use the notation A(y), to represent the Q-

graded shift of S-module A that satisfies
A(Y)p =Ayip (1.1.1)
forall y,8 € Q.

Definition 1.1.30 ([37]). Let A, B be Q-graded modules over S with f € Q. An Q-graded
homomorphism of degree 8 is a homomorphism & : A — B such that for all homogeneous

acA
deg(&(a)) = deg(a)+ .

If B =0, then & is referred to as degree-preserving.
Example 1.1.31. Consider the Z-graded ring S = K|[xo,x,x;], then
S5 8
is a homomorphism of degree 1 but not degree preserving. However a homomorphism,
&:S(-1) s

is a degree-preserving.
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1.2 Finite simple graphs

A graph G consists of a non-empty set of vertices Vi, an edge set Eg and is represented as,
G = (Vg,Eg). The size and order of the graph is denoted as | Eg | and | Vi |, respectively.
Now, we recall some definitions gathered from [29, 47]. The graph G is finite if it has finite
number of vertices and edges, otherwise infinite. If there are two or more edges between two
vertices then the edges are known as multiple (parallel) edges. Similarly, if an edge has the
same starting and end vertex it is said to be a loop. A simple graph is a graph with no multiple
edges and loops. The vertices x1,x; € Vi are called adjacent in G if there is an edge between
them, which is denoted by x1x, (or xpx;). The two edges ej,er € Eg are adjacent if e; and e
have a common vertex. The degree of a vertex x; € V(G) is the number of adjacent vertices to
x; in graph G and is represented by deg;(x;). For n > 1, a path P, is a graph on n vertices such
that E(P,) = {{xj,xj31} : 1 < j <n—1}.If a path exists between any two vertices in a graph,
then the graph is said to be a connected. A graph N, is said to be a null graph on n vertices if
V(N,) =A{x1,...,x,} and E(N,) = 0. Moreover, if n = 1 then N, is also called a trivial graph. A
simple and connected graph 7, on n vertices is called a tree if a unique path exists between any
two vertices of 7;,. A vertex of degree one of a graph is called a pendant vertex (or leaf). A tree
is called semiregular when all of its non-pendant vertices have the same degree. A rooted tree
is a tree in which one vertex has been designated the root. The distance between two vertices x;
and x; in a graph is the shortest path between x; and x;. Any vertex that is not a leaf is called an
internal vertex. For n > 1, a n-star is a tree having n leaves and a single vertex with degree n.
We denote a n-star by S,. For a graph G, a subset D of V(G) is known as an independent set if
no two vertices in D are adjacent. The independence number of G is the carnality of the largest

independent set of G.

Lemma 1.2.1 ([75, Lemma 1]). Let I(G) be an edge ideal associated with graph G, then

dim(S/1(G)) = max{|D| : D is an independent set of G}.

A subgraph W of G, written as W C G, is a graph such that V(W) C V(G) and E(W) C E(G).
If W is a subgraph of G, then G is called a supergraph of W. For a subset W C V(G), an
induced subgraph of G is a graph G’ := (W,E(G’)), such that E(G') = {{x;,x;} € E(G) :
{xi,x;} CW}. A subset N of E(G) that contains no two adjacent edges is called a matching

in a graph G. An induced matching in G is a matching that forms an induced subgraph of G. An

10
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induced matching number of G is represented as indmat(G) and defined as
indmat(G) = max{|N| : N is an induced matching of G}.

For a graph given in Figure 1.1,

Figure 1.1: Simple graph H

We have indmat(H) = 2. The neighborhood Ng(xy) of a vertex x; is the set of all neighbors of
xy, thatis, Ng(x¢) :={x; € V(G) | {x,x1} € E(G)}. If each vertex in graph G has degree ¢, then
graph G is g-regular.

Definition 1.2.2 ([41]). Assume G is a graph with edge set E(G) and V(G) = {xi,...,x,}. Any
ideal I C S := K[V (G)] generated by squarefree quadratic monomials can be viewed as the so-
called edge ideal I(G) of the G whose edges are the sets formed by two variables x, x; such that

XXy i a generator of /.

Example 1.2.3. Consider a graph G as given in Figure 1.2 with V(G) = {x1,x2,x3,%4,X5,%¢}.

Then edge ideal associated with G is

I(G) = (x1x3,X1X6,X2X4,X2X5,X3X4, X3X5 , X4X6 ). (L.2.1)
X4 X3
X6 Xs
X1 X2

Figure 1.2: Simple Graph G

11
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Definition 1.2.4 ([80]). We call a semiregular rooted tree a perfect semiregular tree if its all
pendent vertices are at the same distance from the root. Let n > 2 and k > 1. We denote a
perfect semiregular tree by 7, ;, where k and n represent the distance of the pendent vertices

from the root and degree of the non-pendent vertices, respectively.

Definition 1.2.5 ([42]). For n > 2 and k > 1, a perfect n-ary tree is a rooted tree whose root
is of degree n, and all other internal vertices (if exist) are of degree n+ 1 and all leaves are at
distance k from the root (if k = 1, then a perfect n-ary tree is just S,). A perfect (n— 1)-ary tree

is an induced subtree of T, s, we denote a perfect (n — 1)-ary tree by Tn/,k'

Examples 1.2.6. See Figure 1.3 as examples of Tn’k and T, «.

Figure 1.3: From left to right perfect 2-ary tree T3’1 4 and perfect semiregular tree T4 3.

For n > 3, a cycle C, on n vertices is a graph such that E(C,) = {{x;,xj31}: 1 <j<n—1}U
{x1,x,}. If there is no induced cycle of length strictly greater than three in a graph, then the

graph is considered as chordal.

VY

Figure 1.4: Chordal graph

Let n > 1, a graph is said to be complete graph K, on n vertices if each pair of vertices is

connected by an edge. A graph is called bipartite graph if its vertex set is splitted into two

12
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distinct sets, or partite sets, such that no two vertices of the graph within the same partite set are
adjacent. A bipartite graph is called a complete bipartite graph if every vertex of one partite set
is connected to each vertex of the other partite set. Let K,,, denotes the complete bipartite graph

with partite sets K, = {x1,...,x,} and K, = {x,41,. -, Xutv }-

Definition 1.2.7 ([65]). Let n>2 and S be a subset of {1,...,[5]}. A circulant graph C,(S) is
defined as a graph with V(G) = {xi,...,x,} such that {x;,x;} € E(C,(S)) if and only if |i — j|

orn—|i—jl€S.

Examples 1.2.8. See Figure 1.5 for examples of circulant graphs.

X2 X2
X1 X1
X3
X3
X7 X4 X8

X4

X7

X6 A5
X5 X6

Figure 1.5: From left to right C7(1,3) and Cg(2,4).

Since C,, = C,,(1) therefore circulant graphs are sometimes considered as generalized cycles. For
convenience the graph C,({ai,...,a;}) is simply denoted by C,(ay,...,q;). A circulant graph
Cu(ai,...,ap)is 2l-regular, except if 2a; = n, in that case, it is (2/ — 1)-regular. As a consequence
3-regular circulant graphs have the form Cy,(a,n) with 1 <a < n. A 3-regular circulant graph
is also named as a cubic circulant graph. Circulant graphs were introduced in 1846, and they
have a number of applications in computer network design, telecommunication networks, data
connection networks, group theory, and others [7, 10, 17, 44]. Several papers have been written
on the aforementioned algebraic invariants of edge ideals associated with circulant graphs; see

[56, 67, 72].

1.3 Depth and Stanley depth

Definition 1.3.1 ([18]). Let Z be aring and A be a Z-module. We call a non-zero element z € Z

a zero divisor of a module A if za = 0 for some a # 0 in A.

Definition 1.3.2 ([41]). Let A be an Z-module. A non-zero element z of the ring Z is called

A-regular if for any a € A, za = 0 implies a = 0.

13
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Definition 1.3.3 ([41]). A sequence z1,...,z, of elements in Z is known as A-regular sequence

or, an A-sequence, if it fulfills below conditions:

* z;isA/(z1,...,zi—1)A regular for any i,

* A# (z1,...,20)A.

Definition 1.3.4 ([41]). Let Z be a local Noetherian ring and N be its unique maximal ideal.
Let A be a finitely generated Z-module. The common length of all maximal A-sequences in N

is known as depth of A and is represented by depth(A).

Remark 1.3.5 ([11]). Graph G is said to be Cohen-Macaulay if S/I(G) is Cohen-Macaulay.

Stanley Depth and Stanley Decomposition

Definition 1.3.6 ([8]). Let S=K|[xi,...,x,| and A be a finitely generated Z"-graded S-module.
Let w € A be a homogeneous element and V C {xj,...,x, }. wK[V] represents the K-subspace of
A generated by {wv : v € K[V]}. Then K-subspace wK V] is called a Stanley space of dimension
|V| if it is a free K[V]-module. A Stanley decomposition of A is a finite direct sum of Stanley
spaces

S
2 :A=PwK|[V)]. (1.3.1)
j=1
The Stanley depth of a decomposition ¥ is
sdepthZ =min{|V;|: j=1,...,s}.
The Stanley depth of A is

sdepthg(A) = max{sdepth Z : Z is a Stanley decomposition of A}.

Method of computing Stanley depth for squarefree monomial ideals

In 2009, Herzog et al. [33] provided a method of computing the lower bound for sdepth of

squarefree monomial ideals in finite number of steps by using posets. Assume L be a squarefree

monomial ideal and let G(L) = {uy,...,uy,} is the minimal generating set of L. The character-
istic poset of L with respect to g = (1,..., 1), written as ,@S"“’l) is defined as
@él -l = {v C [n] | v contains supp(u;) for some j},

14
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where supp(u;) = {i : x;j|lu;} C [n] :={1,...,n}. Foreach «, € ﬁzél’“"l) where & C f3, and

[, Bl ={ye 2" acycCp).

Let 2 : Qél""’l) = U’J‘.Zl[yj, n;] be a partition of L@él""’l), and for every j, suppose s(j) €
{0,1}" is the tuple with supp(x*/)) = y;, then the Stanley decomposition Z( ) of L is given
by
PP): L= é;xf(f)zq{xk [k e}
j=1
Clearly, sdepth 7(%?) = min{|n|,...,|n,|} and

sdepth(L) = max{sdepth () | # is a partition of L@él""’l)}_

Example 1.3.7. Let L = (x1x2,x1x3,X1X4,X2%4) C K[x1,X2,X3,x4] be a squarefree monomial ideal
and J = 0. Set oy = (1,1,0,0), o = (1,0,1,0), ot = (1,0,0,1) and o = (0,1,0,1). Thus L is

generated by x*  x® x® x* and choose g = (1,1, 1,1). The poset Q = PE/J is as follows:

0=1{(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,1,0,1),(1,1,1,0),(1,1,0,1),(1,0,1,1),
(0,1,1,1),(1,1,1,1)}

Partitions of Q are given by:

21 :((1,1,0,0),(1,1,0,0)]  J[(1,0,1,0),(1,0,1,0)] | J[(0,1,0,1),(0,1,0,1)] | J
[(1,0,0,1),(1,0,0, D] | J[(1,1,1,0),(1,1,1,0)] | J[(1,1,0,1),(1,1,0,1)] | J
[(1,0,1,1),(1,0,1, D] [ J[(0,1,1,1),(0,1,1,1)] [ J[(1,1,1,1),(1,1,1,1)]

2, :((1,1,0,0),(1,1,1,0)]  J[(1,0,0,1),(1,1,0,1)] | J[(1,0,1,0),(1,0,1, 1)} | J
[(0,1,0,1),(0,1,1,1)]U[(l,l,l, ), (1,1,1,1)]
and the corresponding Stanley decomposition is
@(@1) = XIXQK[XI,)Q]EBXIX3K[X1,)C3]EBXIX4K[X1,)C4]@XZX4K[Xz,X4]@
x1X2X3K [x1,20,23] ® x1 X004 K [x1, %2, X4) B x1203x4 K [x1 X304 ] B

x2X3X4K (X2, %3, %4] ® x1X0x3%4 K [x1, X2, X3, X4]

D(P) = x1x2K[x1,x2, %3] D x1 03K [x1,X2,X4] © x103K[x1,X3,X4] D x0x4K[x2, X3, X4 D

x1XX3x4 K [x1, 30, X3, 4]
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Then
sdepth(L) > max{sdepth(Z(Z)),sdepth(Z(Z))}
= max{2,3}
= 3

Since L is not principal, so sdepth(L) = 3.

Stanley’s conjecture

In 1982, Stanley [8] gave a conjecture about an upper bound for the depth of a Z"-graded S-
modules.
depth(A) < sdepth(A).

It has been immensely significant as it gave a comparison of two very different invariants of
modules. Consider L C § be a monomial ideal, then for n < 3, n = 4 and n = 5 the conjecture
for S/L is proved by Apel [16], Anwar [25] and Popescu [38], respectively. But in 2016, Duval
et al. [59] proved that Stanley’s conjecture is generally false, by giving a counter example of the
module of the type S/L. We will now discuss some fundamental results on depth and Stanley

depth.

For monomial ideal L C S,

depth(L) = depth(S/L) + 1,

whereas this result is not true for Stanley depth. There exists various examples where sdepth(L) >
sdepth(S/L) but untill now, no such example where sdepth(L) < sdepth(S/L) is known. For

monomial ideal L C S, Asia posed a question:
Question 1.3.8 ([40] ). Does the following inequality holds

sdepth(L) > sdepth(S/L) +1?

Herzog provides the following conjecture for a weaker form of above inequality:

Conjecture 1.3.9 ([51, Conjecture 60]). Let L be an ideal generated by monomials then
sdepth(L) > sdepth(S/L).

For some special cases, the above conjecture is proved by Popescu and Qureshi in [39] and Asia

[40]. Moreover, for any squarefree monimial ideal of S = K[xy,...,x7] this conjecture is proved

by Keller and Young in [64].
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Lemma 1.3.10 ([11, 40]). If 0 — P — Q — R — 0 is a short exact sequence of 7"-graded
S-modules, then

depth(Q) > min{depth(R),depth(P)},
sdepth(Q) > min{sdepth(P),sdepth(Q)}.
Let 1 <r<n IfLCS,=Klxy,...,x,]and J C S, = K[x,+1,...,X,] are monomial ideals, then
by [68, Proposition 2.2.20] we have S/(L+J) = S;/L ®k S»/J. Thus we get depth(S/(L +
J)) = depth(S; /L ®k S2/J) and sdepth(S/(L+J)) = sdepth(S;/L&k S»/J). Now applying [68,

Proposition 2.2.21] for depth, and Lemma [40, Theorem 3.1] for Stanley depth, we have the

following useful lemma.
Lemma 1.3.11. depthg(S;/L®x S2/J) = depthg(S/(L+J)) = depthg, (S1/L) + depthg, (S2/J)

and sdepthg(S1 /L ®k S2/J) > sdepthg, (S1/L) + sdepthg, (S2/J).

In the following lemma, we combine two similar results for depth and Stanley depth. For depth
the result is proved by Rauf [40, Corollary 1.3], whereas for Stanley depth it is proved by
Cimpoeas [43, Proposition 2.7].

Lemma 1.3.12. Consider a monomial ideal L C S and a monomial w in S such that w ¢ L. Then

depth(S/(L : w)) > depth(S/L) and sdepth(S/(L : w)) > sdepth(S/L).

Lemma 1.3.13 ([70, Theorem 4.3]). Let f be an arbitrary monomial in S and L C S be a

monomial ideal. Then
depth(S/L) = depth(S/(L: /)) if depth(S/(L, f)) > depth(S/(L : f)).

In the next lemma, we obtain an analogous result for Stanley depth.

Lemma 1.3.14 ([77]). Let f be a monomial in S and L C S is a monomial ideal such that f ¢ L.
Then

sdepth(S/L) = sdepth(S/(L: f)) if sdepth(S/(L, f)) > sdepth(S/(L: f)).
Proof. Consider the short exact sequence
0—S/(L:f) -5 S/L— S/(L.f) — 0.

By using Lemma 1.3.10, sdepth(S/L) > min{sdepth(S/(L: f)),sdepth(S/(L, f))}. If we have
sdepth(S/(L, f)) > sdepth(S/(L: f)), then sdepth(S/L) > sdepth(S/(L: f)). By Lemma 1.3.12,
sdepth(S/L) < sdepth(S/(L: f)). Thus the desired result follows. O
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Lemma 1.3.15 ([30, Theorem 1.4]). Let A be a 7"-graded S-module. If sdepth(A) = O then
depth(A) = 0. Conversely, if depth(A) = 0 and dimg (Aq) < 1 for any o € Z", then sdepth(A) =
0.

Lemma 1.3.16 ([60, Theorems 2.6 and 2.7]). If n > 2, then
depth(K[V (S,-1)}/1(S1-1)) = sdepth(K[V (Su_1)]/1(Su_1)) = 1.
We recall the following result proved in [41, Corollary 10.3.7] for depth and for Stanley depth
n [48, Theorem 1.1].
Lemma 1.3.17. Let n > 2. Then depth(K[V (K,)]/1(K,)) = sdepth(K[V (K,)]/I(K,)) =

Lemma 1.3.18 ([53, Proposition 1.3, Proposition 1.8 and Theorems 1.9]). If n > 3, then

(a) depth(K[V(C)]/I(Cy)) = [*51],

(b) sdepth(K[V (Cy)]/I(Cy)) = ["51], for n=0,2(mod3) and

[n;l-‘gsdepth( VGG <[] forn=1(mod3).

Lemma 1.3.19 ([38, Theorems 1.4]). Ifu,v > 1, then

depth(K[V (K,.»)]/I(Kyy)) = 1 < sdepth(K[V (K, )] /1(Kuyy))-

1.4 Invariants associated with minimal graded free resolution

Recall the following definitions taken from [37].

Definition 1.4.1. Let A be a finitely generated S-module. Free resolution of A is an exact se-
quence, that is Im(&;) = Ker(§;_;) of S-modules

0—FSF 25 2 p SR oA,

where all F; are finitely generated free S-modules.

Definition 1.4.2. A graded free resolution for a finitely generated graded module A is a free
resolution of A of the type:
0— EPS(—j)P EBS NP — o PS(— i) Sy 4y 0,
JjeEH JjEH jEH
in which each map &; is degree preserving. Where r < n, we write F; = @ jenS(— j)ﬁ'lf(A)

are finitely generated free S-modules and f3; j(A) is the (i, j)th graded Betti number of A; this

number equals the number of minimal generators of degree j in the ith syzygy module of A.
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Construction

Let A = Ay be a finitely generated graded S-module and {a;,az...a,} be a set of generators of
A. Then a surjective homomorphism of S-modules exists
r
éo k= @S@,‘ —)A,
i=1
with

e; — a;.

If deg(a;) = y; fori = 1,2,...r, then we assign to each e; the degree ¥; and the map
r
& :Fo=PS(-x%n —A
i=1

becomes a homogeneous homomorphism. Therefore its kernel is a graded submodule of F. Let
Ay = Ker(Djen S(—j)Pos4) — A), where By ; is the number of generators of A of degree .
Thus, we obtain the exact sequence:
0— A — PS(—j)Pri — 4 — 0,
jeH

Since A is finitely generated by Hilbert’s basis theorem for modules, and hence we again find
a surjective S-module homomorphism and by the same method as above ey S(— j)PLA) —
A;. Composing this surjective homomorphism with the inclusion map A; — @ ;e S(— 7)Po.j4)),
we get the exact sequence

PSP — P S(—j)Poid — a4 —o0,

JEH jEH
of graded S-modules. Continuing in this manner and composing the homomorphism and the
inclusion map, we obtain a long exact sequence:

0— PSP — ... — PS(—j)Pi —a—0,
JjeH jEH

where r < n.

Example 1.4.3. Let L = (x;x3,x%3,%3,x}) C K[x1,X2,%3]. We begin our graded free resolution
of L with

F, e 4y 0.

The map d is surjective, therefore the generators of L, all of which have degree 3, generate

Ker(d). Since Ker(d) = Im(dp), the generators of L also generate Im(dy). We therefore set
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Fo=S8(-3)®S(-3)®S(—3) ®S(—3). Denote fi, f2, f3, fa to be the homogeneous generators
of the S-modules Fy. Note that, for all i, deg(f;) = 3. We now define dj by

2 2
fi = X105, fr 5 X003, f3 5 X3, fa e X

Our resolution therefore begins

2,233
(X125 %2053, 47)

-4 4 (-3) L—0.

Since Ker(dy) = Im(d;) , we can determine the generating set of Im(d;) by determining the
generating set of Ker(dp). Let a; f1 + o fo + 03 f3 + 0 fa € Ker(dy) where, for all i, o; € S. To

determine the generators of Ker(dy), we must solve the equation
2 2 3 3 _
0 X1X5 + Opxx3 + 03x5 + Olax] =0,

for (o, ap, 03, Q4 ). The generating solutions to the above equation are o] = (—x2,0,x1,0), 6, =
(x3,0,0,—x3), 03 = (0,x7,0,—x3), 04 = (—x3,%3,0,0). Thus —xa.f1 +x1f3, X7 f1 —X3 fa, X} f1—
x% fa, —x% fi +x% f2, generate Ker(dp). Their degrees are 4,5,5,5 respectively. We therefore set
Fr=8(-4)®S(=5)®S(—5)®S(—5). Denote g1, 22,83,84 to be the homogeneous generators
of the S-modules Fj, respectively. Note that deg(g;) = 4 and deg(g;) =5 for 2 <i < 4. We
define d; by

g1 —X2fi +X1f3,82 7> X1fi — X3 fa,83 > X1 f1 —X3fa, 84— —3f1 + 51

with the resulting next step of our resolutions

) 0 -3 —x3 0
Fy = S(—4) ®$(-5) S1=3)
(xlx%,xZX%-,X;x?) L—0.

Recall Ker(d;) = Im(d,). Let B1g1 + Bag2 + B3gs + Paga € Ker(dy) where, for all i, §; € S. To

determine the generators of Ker(d)), we must solve the equation
Bi(—x2fi +x1f3) + Bo(xt fi =3 fa) + B3 (i fi =3 fa) + Ba(—3 fi +23f2) =0,
for (B1, B2, B3, Ba). The generating solution to the above equation is
n = (0, —x3, —x3,x7).
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Thus —x%gz — x%gg +x%g4 generates Ker(d)). The degree of the generator of Ker(d;) is 7. We
therefore set F» = S(—7). Denote h; to be the homogeneous generator of S(—7). Note that
deg(hy) = 7. We now define d; by

hi = —X382 — X383 + X184

with the resulting next step of our resolutions

0 —xy X3 0 —x?
1 3
2 2 2
—X3 0 0 X X5
—x3 x 0 0 0
2 1
2 2 2
4 X I 0 —x5 —x3 O ]

By s(—7) =2 s(—4) @ 83(—5)

2 2.3.3
(Xlxz X2X3,X5,X7 )

S*(=3) L—0.

Recall Ker(dy) = Im(d3). Let y1h) € Ker(da), where 9, € S. To determine the generators of

Ker(d,), we must solve the equation
1 (—x3g2 —x3g3 +xig4) =0.

The generating solution to the above equation is y; = 0. Thus 0 generates Ker(d;) and Im(d3).

We conclude by setting F3 = 0. We now obtain our complete graded free resolution of L

_ _ ) )1
0 —X2  Xj 0 —x3
2 2 2

—x3 0 O 0
2 2 2
X | 0 —x5 —x3 0 ]

0= S(=7) — S(—4) & S (=5)

(132 )

§*(=3) L—0.
By construction our resolution is graded and free.

Example 1.4.4. Consider L = (xpx;,x0x2,X0x3) C S = K|[xo,x1,X2,x3]. We begin our graded free
resolution of S/L with

F, 25 s/L% 0.
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The map d is surjective and module S/L is a cyclic module, therefore the generator of S/L have
degree 0, generate Ker(d). Since Ker(d) = Im(dy), the generators of module S/L also generate
Im(dy). We therefore set Fy = S. We define dj a natural projection map. Our resolution therefore
becomes

A2 s—S/L—o.

Since Ker(dy) = Im(d;), the generators of L also generate Im(d,). Therefore, we set F| =
S(—2)®S(—2) ® S(—2). Denote f1, f2, f3 to be the homogeneous generators of the S-modules
Fy. Note that, for all i, deg(f;) = 2. We now define d; by

1= xox1, f2 > Xox2, f3 — X0X3.

Our resolution therefore become

(xox1,X0X2,X0X3 )

P2 $3(-2) S—S/L— 0.

Since Ker(d;) = Im(d,) , we can determine the generating set of Im(d,) by determining the gen-
erating set of Ker(d;). Let o) f1 + aafo + a3 f3 € Ker(d;) where, for all i, o; € S. To determine

the generators of Ker(d)), we must solve the equation
01 XpX1 + 0xpx2 + 03xpx3 = 0,

for (ai,0n,03). The generating solutions to the above equation are o) = (—x2,x1,0), 0y =
(—x3,0,x1), 03 =(0,—x3,x2). Thus —xpf1 +x1 f2, —x3f1 +x1f3, —x3/2+x2f3, generate Ker(d;).
Their degrees are 3,3,3 respectively. We therefore set F; = S(—3) & S(—3) & S(—3). De-
note g1, 82,83 to be the homogeneous generators of the S-modules F;, respectively. Note that

deg(g;) =3 for 1 <i< 3. We define d; by

81— —x2fi +x1/2,82 = —x3f1 +x1/3,83 = —x3 /2 +x2f3
with the resulting next step of our resolutions

—X2 —X3 0
X1 0 —x3

0 X1 X
P 25 $3(-3) $3(-2)

(x0x1 ,X0X2,X0X3)

S—S/L—0

Recall Ker(d,) =Im(ds). Let B1 g1 + Bog2 + B3gs € Ker(d) where, for all i, B; € S. To determine

the generators of Ker(d,), we must solve the equation

Bi(—xafit +x12) + Bo(—x3f1 +x1/3) + B3(—x3f2 +x2f3) =0,
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for (B, B2, B3). The generating solution to the above equation is
m = (x3,—x2,x1).

Thus —x3g1 — x282 +x183 generates Ker(d,). The degree of the generator of Ker(ds) is 4. We
therefore set F3 = S(—4). Denote h; to be the homogeneous generator of S(—4). Note that
deg(h)) = 4. We now define d3 by

hi — X381 —x282 + X183

with the resulting next step of our resolutions

X3 —X2 X3 0
—X2 X1 0 —X3
ds X1 5 0 X1 X2 3 (x0x1 ,%0X2,%0X3)
Fy — S(—4) ——— §°(-3) §(=2) ———>S—=S/L—0

Recall Ker(dz) = Im(ds). Let y1hy € Ker(d3), where 91 € S. To determine the generators of

Ker(ds), we must solve the equation

Y1 (x3g1 —x282 +x183) = 0.

The generating solution to the above equation is y; = 0. Thus 0 generates Ker(d3) and Im(dy).

We conclude by setting Fy = 0. We now obtain our complete Z-graded free resolution for S/L

X3 —x3 —x3 0
—X3 X1 0 —x3
X1 0 X1 X2 X0X1 XoX2 XOX3}
0— §(—4) —— §3(-3) $3(=2) S—S/L—0.

It is noteworthy that free resolutions of modules, including graded ones, are not unique in gen-

eral, as the case below illustrates.

Example 1.4.5. Let S = K[x;,x;] and let A = S/(x;x2). We have

0— S(—2) 225 — A —0,

with

s — (x1x2)s
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is a Z-graded free resolution of A, and
0—S(-2)Ps— > —A4—0,

with

(s,u) — ((x1x2)s,u)

are two Z-graded free resolutions of A.

Restricting to a minimal graded free resolution is necessary for uniqueness (up to isomorphism).

Definition 1.4.6 ([37]). We call graded free resolution of a finitely generated graded S-module
A is minimal if

Eiv1(Fi1) C (x1,x2,...%,)F; forall i>0.
The word “minimal” refers to the following two properties:

1. A free resolution is minimal if and only if at each step we make an optimal choice, that
is, we select a minimal system of generators of the kernel in order to construct the next

differential [37, Theorem 3.4].

2. A minimal free resolution of the module is smallest in the sense that it lies (as a direct

summand) inside any other free resolution [37, Theorem 3.5].

The first free resolution in Example 1.4.5, is minimal while the second free resolution of A is
not minimal. The properties of the resolution are closely linked to the properties of module
A. A core area in Commutative Algebra is devoted to describing the properties of minimal
free resolutions and relating them to the structure of the resolved modules. This area has many

relations with and applications in other mathematical fields, especially Algebraic Geometry.

Theorem 1.1 ([37]). (Hilbert’s Syzygy Theorem) Every finitely generated module over a poly-

nomial ring S = K[x1,x2,...,x,] has a finite minimal free resolution.

There are certain invariants associated with a minimal graded free resolution of finitely gener-

ated module A. The regularity of an module A is given by
reg(A) = max{j —i|B; ;(A) # 0}.
The projective dimension of module A is

pdim(A) = max{ilB; ;(4) # 0},
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Both these two invariants measures the size of resolution. The numbers f3; ; are named as the
graded Betti numbers of A, denoted by f3; j(A) and is the number of copies of S(—j) occurring
in the free S-module F; . For a module A generated in degrees > 0 has Betti table of the form

given in Figure 1.6.

0 1 2

01| Boo Big B2
L] Boi Piz P23
2| Bo2 Biz Pra
3| Boz Bia PBos

Figure 1.6: Betti table

Two basic invariants measuring the shape of a Betti table are the regularity and the projective
dimension. The projective dimension pdim(A) is the index of the last non-zero column of the
Betti table, and thus it measures the length of the table. The width of the table is measured by
the index of the last non-zero row of the Betti table, and it is another well-studied numerical

invariant the regularity of A.

Remark 1.4.7 ([73]). Let L be a homogeneous ideal of S, then

reg(S/L) = reg(L) — 1,
pdim(S/L) = pdim(L) + 1.
Example 1.4.8. Let S = K|[x,x»,x3] and the edge ideal I(P,) = (x1x2,x2x3) associated to the
graph P». The Z-graded minimal free resolution of I(P,) is as follows
x3

—X] -(xlxz x2x3>
0— S(-3) ——L5 82(—2) ——— 25 [(P,) — 0.

Then reg(I(P,)) = max{2 — 0,3 — 1} =2, and pdim(/(P,)) = max{0,1} = 1. The Betti table
has the form given in Figure 1.7. So, we have B2 (I(P»)) =2 and B, 3(I(P2)) = 1.

Now we recall some well known results related to regularity. Moreover, we will also state certain

results of depth and Stanley depth here that relates with the results of regularity.

25



CHAPTER 1: PRELIMINARIES

0 1
0l- -
11 = =
212 1

Figure 1.7: Betti table of I(P)

For finite simple graph G, Katzman proved in [24, Lemma 2.2] that indmat(G) is a lower bound
for the regularity of S/I(G) and then Ha et al. proved in [31, Corollary 6.9] that regularity of

S/I(G) is equal to indmat(G) if G is a chordal graph. We combine these results as follows:

Lemma 1.4.9. For a finite simple graph G, we have reg(S/I1(G)) > indmat(G). Moreover, if
graph G is a chordal, then reg(S/I1(G)) = indmat(G).

An interesting property of depth, Stanley depth and regularity is that when we add new variables
to the ring then depth and Stanley depth will also increase [33, Lemma 3.6], while regularity will

remain the same [45, Lemma 3.5]. The following lemma provides a summary of these findings.

Lemma 1.4.10. Let L C S be a monomial ideal and S = S Qk K[Xpt1,%n42, - -, Xntm) be a poly-
nomial ring in n+mvariable. Then depth(S/L) = depth(S/L)+m,sdepth(S/L) = sdepth(S/L) +
m and reg(S/L) = reg(S/L).

It is obvious and well known that depth(S) = sdepth(S) = n and reg(S) = 0.

Lemma 1.4.11 ([11, Theorems 1.3.3]). (Auslander—Buchsbaum formula) If Z is a commuta-
tive Noetherian local ring and A is a non-zero finitely generated Z-module of finite projective

dimension, then

pdim(A) + depth(A) = depth(Z).

Now, the form in which we state the first lemma is as stated in [70, Theorem 4.7]. Part (a) and
(c) of this lemma are immediate consequences of [50, Corollary 20.19 and Proposition 20.20],

whereas part (b) is a consequence of [49, Lemma 2.10].

Lemma 1.4.12. Let L C S be a monomial ideal and x be a variable of S. Then

(a) reg(S/L) =reg(S/(L:x))+1, ifreg(S/(L:x)) > reg(S/(L,x)),
(b) reg(S/L) € {reg(S/(L,x)) +1,reg(S/(L,x))}, if reg(S/(L : x)) = reg(S/(L,x)),
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(¢) reg(S/L) = reg(S/(L.x)) if reg(S/ (L : %)) < reg(S/(L.x)).

The next result is proved by Kalai et al. [23, Theorem 1.4] for squarefree monomial ideals which

was then generalized by Herzog in [26, Corollary 3.2] for arbitrary monomial ideals.

Lemma 1.4.13. If L and J are monomial ideals of S, thenreg(S/(L+J)) <reg(S/L)+reg(S/J).

Moreover, if L; and L, are two edge ideals minimally generated by disjoint sets of variables

then Woodroofe proved the following lemma.

Lemma 1.4.14 ([35, Lemma 3.2]). Let S} = K|[x1,...,x,] and Sy = K[x,41,...,X,] be rings of

polynomials and Ly and L, be edge ideals of S| and S», respectively. Then

reg(S/(LiS+ LyS)) =reg(S1/Ly) +reg(S2/La).

Now we recall the results that were proved in [36, Lemma 2.8], [55, Lemma 4], and [34,

Lemma 3.1.1] for depth, Stanley depth and regularity, respectively.

Lemma 1.4.15. Letn > 2. Then

(a) depth(K[V (P,)]/1(Py)) = sdepth(K[V (P,)]/1(Py)) = [4]

(b) reg(K[V(P)]/I(P) = [%51].

The value of regularity of cycle can be derived from the work of Jacques [19, Theorem 7.6.28]

and the required following form is given in [58, Theorem 5.2].
Lemma 1.4.16. Ifn > 3, then

15/, ifn=0,1(mod 3);

reg(K[V(Ca)]/1(Cp)) = .
5] +1, ifn=2(mod 3).
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Algebraic invariants of edge ideals of

perfect semiregular trees

We start this chapter by discussing a few terms that will be helpful throughout the subsequent
sections. First section consists of values of the algebraic invariants depth, projective dimension
and Stanley depth of K[V (T,,x)]/I(T, ). In the second section, regularity and Krull dimension
of cyclic module K[V (T, x)]/I(T,x) are computed. The computations of the said invariants for
K[V(T,x)]/1(T,), the module K[V (7, ,)]/I(T, ;) has a significant importance. At the end, we

will discuss the conclusion of our findings.

Let k > 0 and Ly,Ly,...,L, be subsets of V(T,,x), and for a € {0, 1,...,k}, L, consists of all
those vertices whose distance from the root vertex of T, is a. Thus |Lo| = 1 and for a €
{1,2,...,k}, we have |L,| =n(n—1)*"1. Itis easy to see that Ly, L, L, . .., Ly partition V (T, 1),
V(Twx)| = ):Z:o |Ly| = "("(;%)2]()72 We label the root vertex of 7, by xgo), that is,
Lo = {x\")} and for a > 1 the vertices of L, are labeled as L, = {x\*) : 1 <i <n(n—1)*"1}, see

therefore,

k
Figure 2.1. Using this labeling 7, o = ({x%ﬂ)},(b) and for k > 1, V(T,x) = {x§0)} Y {xl@ 1<
i<n(n—1)""" E(T) = U{{x\”,x"11, and for k > 2, we have
=1

k=1 a(n—-1)"" (n—1)i

n
0 (1 +1
Eg) =" "YU U U {2
I=1 a=1 i=1  j=(n—1)i—(n-2)

k

LetA := {xgo)} U {xl@ :1<i<(n—1)%} beasubset of V(7,,x) and H be an induced subgraph
a=

of T, x on A. It is easy to see that H = Tn”k. Let Ly, L',L}, ..., L;, be subsets of V(Y;{’k), such

that for a € {0,1,2,...,k}, L], consists of all those vertices whose distance from the root vertex

of T/, is a. Thus |Ly| =1 and for a € {1,2,...,k} we have |L},| = (n—1)“. Since L], C L,
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therefore, Ly, Ly, Ly, ..., L; partition V(7 ) and |V (T, ;)| = YE oL = % Clearly, xgo)
is the root vertex of T, ,, that is, Ly = {xgo)} and fora > 1, L], = {xl@ 1<i<(n—1)"}as

k
illustrated in Figure 2.1. Thus V(T ,) = Uo{xl(a) 11 <i<(n—1)*},E(T],) =0and for k > 1,
’ a= 3

(n—1)i

k=1 (n—1)¢
ET)=U U U {22
a=0 i=1

j=(n-1)i~(n-2)

(4) (4)
x(? 1 Rl th)

(4) (4)
21 4 (4 Ro)
"’52) »‘(23) »

Figure 2.1: From left to right perfect 2-ary tree T3”3 and perfect semiregular tree 73 4.

Let M, :=K[V(T, )]/I(T, ), and M, be a K-algebra which is the tensor product of mm copies

m
of Mj,, x over K, that is, M['", := @xM], «. In the following remark we address some special cases
; i1
of M[", that will be encountered in the proofs of our main theorems.

Remark 2.0.1 ([80]). We define M? , := K. If we define (7. ;) = (0), then M,,0 = K[x\"’] and
M", 2 @K [x\)]. Thus depth(M",) = sdepth(M” ) = m.
K 1:1 K b

Lemma 2.0.2 ([80]). Let n >3 and k > 1. Then depth(I\\/Jlgk) = sdepth(Mgk) =0, and for
m>1,

depth(Mﬁk) = m-depth(M,, 1),
sdepth(MS;) > m - sdepth(M, 1)
and
reg( Zk) =m-reg(M,).
Proof. The proof follows by using Lemma 1.3.11 and Lemma 1.4.14. O
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For a monomial ideal 7, supp (1) := {x; : x;|w for some w € G(I)}.

Remark 2.0.3 ([80]). Let I C S be a squarefree monomial ideal minimally generated by mono-
mials of degree at most 2. We associate a graph Gy to the ideal / such that V(G;) = supp(/) and
E(Gy) = {{xi,xj} : xixj € G(I) }. Let x; € S be a variable such thatx, ¢ I. Then (I : x;) and (/,x;)
are the monomial ideals of § such that G.,,) and G(; ) are subgraphs of G;. See for instance

Figure 2.2 and 2.3 as an examples of G , G and G

(I:x(lo) ) (I,x(lo) ) (1:x53>x(23)xg3)x£3)x_g)xé‘”x?)xg)xg})x%)x?l)x(ﬁz) )

It is evident form the Figures 2.2 and 2.3 that we have the following isomorphisms:
K[V (T33)]/(1(T53) ") 2 MY, ok KTy,

KV (T{3)]/(I(T45), ") = M2,

and

KV (T3.0)]/ (1T ) 207 xSl 8 iV al)) = K1V (01 /1(T3.1) @ K L)

<\'(ll) X;l) X(ll) Xg])
2 ([ 2
(2) (2)
) 3
X53) Ag)
X;:‘J ng)
(3) (3)
X X,
3 &(‘3) x?) 6

Figure 2.2: From left to right G (1 (T3"3):x<10)) (11 A0)
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() *10 (4)
X2 P P 9
A3 A
4) L ]
X54 X§4)
L Ne) ]
3
4 @ () @)
X
15 Ko . KO . 2 ®
(4) ) (4)
*i6 @
ﬁ?—o D
4) 4
1 @ ° [ .
2) (1 (2)
) X X» X
S 0 e ‘ o .’
(2)
[ o [
4) (4)
X19 o Y %)
ng)) [ ] . X
&0 0
1
oo

Figure 2.3: G .
g (1(73.4) ox 18 e a1

2.1 Depth, Stanley depth and projective dimension

In this section, we find the depth, projective dimension and Stanley depth of the cyclic mod-

ule M, x and using these results we obtain values for the said invariants of the cyclic module

KWV (T )]/ 1(Tk)-

Lemma 2.1.1 ([80]). Let n >3 and k > 2. If k = 2, then depth(M, ), sdepth(M,,») < n— 1,
and for k > 3,
depth(M,,x) < (n— 1) + depth(M, x3),

and

sdepth(M,, ;) < (n—1)*"! + sdepth (M, x_3).

Proof. Let S =KI[V(T,,)] and u =: xgk_l)xgk_l) - 'XEE:BH ¢ I(T,,). We have the subsequent

K-algebra isomorphisms, S/(I(T, ,) : u) = K[L}], and for k > 3,
S/((Tyy) = u) = KLy 1)@k M 3. (2.1.1)

We first present the depth result. By Lemma 1.3.12, we have depth(M, x) < depth(S/(I(T,,) :
u)). Here depth(S/(I(T,,) : u)) = depth(K[L}]) = |[L}| =n— 1 and if k > 3 then by Lemma
1.4.10and Eq. 2.1.1, depth(S/(I(T; ) : u)) = |Lj_, | +depth(M, 4 _3) = (n— 1)~" 4 depth (M +3).

Thus we get the required result for depth. For Stanley depth, by Lemma 1.3.12, sdepth(M,, ;) <
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sdepth(S/(I(T,, ) : u)). By using the isomorphisms, sdepth(S/(I(T,,) : u)) = sdepth(K[L}]) =
ILj| =n—1and if k > 3, by applying Lemma 1.4.10 on Eq. 2.1.1, we get sdepth(S/(I(7,, ) :
u)) = |L,_ |+ sdepth(M,, x—3) = (n — 1)*~! + sdepth(M, 3 ). This completes the proof. [

Proposition 2.1.2 ([80]). Letn >3 and k > 1. Then

%4_1’ if  k=0(mod3);

depth(M, ;) = sdepth(M,, ) = % if  k=1(mod3);

12y, )
((nlzlflﬂ, if k=2 (mod 3).

Proof. Firstly, we show the result for depth. If k = 1, then M, ; = K[V (S,)]/I(S,), by Lemma
1.3.16 we have depth(M, ;) = 1, as required. Let k > 2 and S = K[V(7,,;)]. We have the fol-

lowing short exact sequence

(0)

0 — S/(I(TL) 1) o Mg — S/(I(T1) ") — o,

It is simple to observe that S/(/(T, ;) :x§0)) = Mi",:z)z ®k K[xgo)] and S/(I(T, ), x| 0 )) M7 kl \-
By Lemma 1.3.11 and Lemma 2.0.2, we have

depth(S/(I(T;) : 5”)) = (n—1)? depth (M, 2) + 1,

depth(S/(I(T;),x")) = (n— 1) depth(My, 4 1).
Thus by Lemma 1.3.10,
depth(M,, ;) > min{(n — 1)*depth(M,,;_2)+ 1, (n—1)depth(M, 1)} (2.1.2)
If k =2, then by Eq. 2.1.2
depth(M,,») > min{(n — 1)*>depth(M,0) + 1, (n — 1) depth(M,, ;) }

=min{(n—1)*+1,(n—1)}

=n—1,
and by Lemma 2.1.1, depth(M,, ») < n— 1. Thus depth(M,, ) = n— 1. This prove the result for
k=72.
Letk>3.For1 <i<n—1,letA;:= (xgl),xgl),.. ) ,(1)) and Ag := (0) be prime ideals. Consider

the family of following short exact sequences:

(1)
0 — S/((I(T) A1) - V) s S/(I(TL,) Air) — S/((T) A7) — 0,
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applying Lemma 1.3.10 on this family of short exact sequences we have the following inequality

depth(M, ) = depth(S/(I(T,;),Ao)) =

min { min{depth(S/((I(T, ;),Ai-1) : (1))) ri=1,2,...,n—1},depth(S/(I(T, ;),An-1)) }-
(2.1.3)

The K-algebras isomorphism:
ST A ) 2 M Ve ol Y @kl

n—1)2
S/U(TL) Anr) = MU @k K],

By applying Lemma 1.3.11

depth(S/((I(T} ) A1) :x))

= depth(M\', 3" ") + depth(M2 1 77) + depth (M, )+ depth(K[x\V))
and
depth(S/(I(T}4), An-1)) = depth (M )") + depth(K[x\")]).
By Lemma 2.0.2
depth(S/((I(T ), Ai—1) : x)) = (i = 1) (n — 1) depth (M, 2) + (n — 1 — i) depth(My, 1)
+(n—1)*depth(M,, x3) + 1
and
depth(S/(I(T, 1),An-1)) = (n— 1)*depth(M, 4 2) + 1.

Now by Eq. 2.1.3 we get

n—1
depth(M, x) > min { min {(l —1)(n—1)depth(M, x—2) + (n — 1 — i) depth(M,, x—1)

i=1

(2.1.4)
+(n— 1)*depth(Miy_3) + 1}, (n— 1)>depth(Mi_2) + 1}.

If k = 3, then
n—1
depth(M, 3) > min { mifl {(i—1)(n—1)depth(M,,;) + (n — 1 — i) depth(M,2)
=
+ (n—1)depth(M0) + 1}, (1~ 1) depth(M,,1) + 1}

_rmn{rnnlil{ (i—1)(n—1)+ (n—1—i)(n—1)+(n—1)2—|—1},(n—1)2—|—1}.

i=1

2.1.5)
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Since

(i—-Dn—-1)+m-1-i)n-1)+nm-1)+1=m-1)2n—3)+1
:(71—1)2—1—14—((11—1)2—(11—1))7

foralli€ {1,2,...,n— 1}. Thus by Eq. 2.1.5 depth(M,,x) > (n—1)>+ 1. By Lemma 2.1.1 we
have depth(M,, ;) < (n—1)?+ 1, we get depth(M,, ) = (n— 1)2+ 1, as required. Now let k > 4,

we will use mathematical induction on k to get the required result. We consider following cases:
Case 1 Let k = 1(mod3). Recall Eq. 2.1.2
depth(M, ;) > min{(n — 1)*depth(M,,x_2) + 1, (n — 1) depth(M,,x_)}.

Since k = 1(mod3) so k— 1 = 0(mod 3) and k — 2 = 2 (mod 3) thus by induction on k,

we get
1) o (= )ER
(n—1)"depth(M,,x—2)+1=(n 1)< (n—1)3—1 i
_ (=D
 (n—1p3-1"
and

n— 2 n— k=1 _
(n—l)depth(Mn,k1)_(”_1)<( 1)(n(£1)3121 1)+1>

(=124t 503+ 9n? — 8n+ 3
(n—1)3-1
(n—l)k+2—1+n4—5n3+9n2—8n+4

(n—1)3-1 (n—1)3-1

Note that % > 0 for all n > 3 by using MATLAB ®. Thus depth(M, ;) >

(n—1)H+2—1

o1 - By Lemma 2.1.1, depth(M,,4) < (n— 1)*"! + depth(M,, x_3), since k —3

1(mod3), thus by induction on k, we have depth(M,, ;) < % +(n— 1) =
(nfl)k+2

— k2 ]
W)Lll- Hence depth(M, ) = %, as required.

Case 2 Let k=2(mod3). In this case k— 1 =1 (mod 3) and k—2 = 0 (mod 3) thus by induction

on k, we have

(n= 1 depth(1yp2)+ 1 = (=17 (1 DA -2 1) 1)1

(n—1)3—-1
_ (n—=1)*24n5 —6n* 4 150> —20n* + 14n—5
B (n—1)3-1
(=12 —n41  n’—6n*+15n° — 200+ 15n—6
n—1p—-1 (=17 —1 !
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and

(n_l)(k—l)+2_ 1) B (n_ 1)k+2—l’l+l

(n—l)depth(Mn,kl)_(”_l)( (n—1)3—1 (n—1)3-1

Note that "5—6"“513638';2“5"-6 > 0 for all n > 3 by using MATLAB ®. Thus by using

Eq. 2.1.2, we have depth(M,,x) > % For the other inequality we use again

Lemma 2.1.1 depth(M,, ;) < (n— 1)*~! + depth(M,, x_3). Since k —3 = 2(mod3), so by

n—1)*3I2_pi1 (=) 2—p41

using induction on k, depth(M,, ;) < (n— 1) + ( S iy ey

_1\k+2 _
depth(M, ) = %

. Hence

Case 3 Let k =0(mod3). Recall Eq. 2.1.4

n—1

depth(M,,;) > min { min { (i—1)(n—1)depth(M, 4_2) + (n— 1 — i) depth(M, ;)
+ (1= 1)2depth(My3) + 1}, (n— 1)*depth(Myz ) + 1},
Sincek—3=0(mod 3),k—2=1(mod3)andk—1=2(mod 3) andi € {1,2,...,n—1}.

by induction on k, we have

(i—1)(n—1)depth(M,, 4_2) + (n — 1 —i)depth(M,,4_;) + (n— 1)*depth(M,,4_3) + 1
n— 1)(k=2)+2 _ 1) =D+2 _
:(i—l)(n—1)<( D 1)+(n—1—i)<( 1 “)

(n—1)3-1 (n—1)3-1
2 k=3

+(n—1)2<(n lzn((n1)31)1 1)+1>+1

(n— D240’ —6n* + 150> — 210> + 1707

- (n—1)7—1

(n—1>2((n—1)k=1) n —6n* 4 14n> — 170> +12n—4

S P o (n—17—1

and

(n—1)2depth(M,4_2) + 1 = (n—1)2 ( (n znlz(kl_)?izl_ 1) »

_ (n=1A(n=1)f 1)
B (n—1)3—1 1

Note that ”576”4+éjﬁ36311';2+12”*4 > 0, for all n > 3 by using MATLAB ®. Thus by Egq.

2.1.4 we have depth(M, ;) > % +1. Again by Lemma 2.1.1, depth(M, x) <

=12 ((n—1)3— n—12((n—1)*—
(n = 1F Mg = (n— Dk 4 Lol D) g = el g,

This ends the proof. Proof for Stanley depth is similar. O
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Corollary 2.1.3 ([80]). Letn >3 and k > 1. Then
(oIt oD D)) gk =0(mod 3):

n—2 (n—1)3-1
dim(M, ) = =l e i k=1(mod3):
p k) = n—2 - (I’l—l)3—1 ) lf = (mo ),
n— k+1_ n— k+2_n .
( ll)—z L { (,21)3_1“, if k=2 (mod 3).

Proof. The result obtain by using Auslander—-Buchsbaum formula [11, Theorems 1.3.3] and

Proposition 2.1.2. O

Example 2.1.4. For k > 1, let 75, be the graph as given in Figure 2.4.

Then,
(2743 i k=0(mod 3);
(a) depth(Mj ) = sdepth(M3 ) = %7 if  k=1(mod3);

(b) pdim(Msz) = § 2623 ¢ k=1 (mod3);

SN if k=2(mod3).
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Example 2.1.5. Fork > 1, let U’k be the graph as given in Figure 2.5.

/ y N \ N
/ \
’, T momom LS W
‘ry momom W
sy, W VT
sy My e [URANER
/ i LARREENN
1 [ARERTIRN AR \
P

Figure 2.5: T, ,

Then,

(a) depth(Myy) =sdepth(Myy) =< 3°=L  jf  k=1(mod3);

15(311;71), if  k=0(mod3);

(b) pdim(Myy) = § 3632 i k=1 (mod 3);

N k=2(mod3).

Remark 2.1.6 ([80]). Let n > 3, we define I(T;,) = (0), thus K[V (T, 0)]/I(T0) = K[x\")]. We
have depth(K [V (T,,.0)]/1(T,0)) = sdepth(K[V (T,.0)]/I1(T,0)) = 1.

Lemma 2.1.7 ([80]). Letn >3, k > 2 and R = K[V (T,.4)]. If k =2, then
depth(R/I(T,,2)),sdepth(R/I(T;2)) < n.
Ifk >3, then
depth(R/I(T,, 1)) < n(n—1)*"2 +depth(K[V (T.—3)]/1(Tux—3)),

and

sdepth(R/I(T, 1)) < n(n— 1) + sdepth (K[V (Tpx_3)]/1(Tux_3))-
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Proof. Foru:= xikil)xgkfl) D

(12 ¢ I(T, k), we have K-algebra isomorphisms, R/ (I(T;,2) :
u) = K[L,], and for k > 3,

R/(I(Thx) - u) = KL |Qk K[V (T x-3)] /1T p—3)- (2.1.6)
To prove the result for depth, we use Lemma 1.3.12, that is depth(R/I(T,, 1)) < depth(R/(I(T,x) :
u)). Here we have depth(R/(I(T,2) : u)) = depth(K[L;]) = |L;| =n and if k > 3, then by Lemma
1.4.10 and Eq. 2.1.6, depth(R/(](ka) : u)) = ‘kall + depth(K[V(Tn’k,3)]/I(Tn7k,3)) = n(n -
1)%-2 + depth(K[V (T,.4-3)]/I(Tyx—3)). Now for Stanley depth, we have sdepth(R/(I(T,2) :
u)) = sdepth(K[L,]) = |L;| = n and if k > 3, then by applying Lemma 1.4.10 on Eq. 2.1.6,
we get

sdepth(R/(I(Tx) : u)) = |Lx—1| + sdepth(K[V (T, x3)] /I(Ty k-3))
= n(n—1)"2 4+ sdepth(K[V (T,,x-3)]/I(Tx-3))-

This ends the proof. ]

Theorem 2.1.8 ([80]). Letn >3 and k> 1. If R = K[V (T, k)|, then

n(n—1)* 403 —4n2+4n— .
— (ntl)sfl 2 if k=0(mod 3);

depth(R/I(T, 1)) = sdepth(R/I(T;z)) = {  Meliomitan2 ey

e , 1 (mod 3);

n(n—1)1—n

Proof. First we provide the result for the computation of depth. If k =1, then 7}, ; is (n+ 1)-star
and by Lemma 1.3.16 we have depth(R/I(T;,1)) =1 . Let kK > 2. We have short exact sequence

of the form:

(0)

0— R/(I(T) : x\") 2 R/I(Ty) — R/(I(Tp),x\") — 0.

Since

R/(I(Ts) : 2y 2 MG g K[, 2.1.7)

and

R/(I(Tpp)x\) 2 ML (2.1.8)
By Lemmas 1.3.11 and 2.0.2,
depth(R/(I(Tpz) : x\”)) = n(n — 1) depth (M, 4_») + 1,
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and

depth(R/(I(T, x),x{")) = ndepth(M,,4_1).

Therefore by Lemma 1.3.10,

depth(R/I(T,, x)) > min{n(n—1)depth(M,, 4_2) + 1,ndepth(M], x—1)}. (2.1.9)
If k =2 then by using Eq. 2.1.9 and Proposition 2.1.2
depth(R/I(T,2)) > min{n(n — 1)depth(M, ) + 1,ndepth(M,, ;) } = min{n(n— 1)+ 1,n} =n,

and by Lemma 2.1.7, depth(R/I(T,,2)) < n. Thus depth(R/I(T,2)) = n. This proves the result

for k =2. Let k > 3. Consider the short exact sequence

0— R/(I(T):x\Y) i>R/1(T,1,k) — R/(I(Tz),xi") — 0.

‘We have
n—1)? n—
/(L) 2") = MY @ @k,

R/(1(Tos)5y") 2 Mgk
By using Lemmas 1.3.11 and 2.0.2,
depth(R/(I1(T,.x) :xgl))) = (n—1)*depth(M,,x_3) + (n — 1) depth(M, 1) + 1,
and
depth(R/(I(T, x),x1"))) = depth(M, ) + ( — 1) depth(M,, . 2).
Thus by Lemma 1.3.10,
depth(R/1(Ty)) = min { (1~ 1)2depth(M3) + (1 — 1) depth (M 1) +1, .
depth(1c) + (n — 1) depth(M 1 ) }. h
If k = 3 then by Eq. 2.1.10 and Proposition 2.1.2
depth(R/1(Ty,x)) = min { (n — 12 depth (M) + (n — 1) depth(M,,2) + 1,
depth(M, 3) 4+ (n— 1) depth(M,, ;) }
=min{(n—1)?+n—-1)>+1,(n—1)*+1+n—1}
=min{(n—1)?+n+n—-1)>—n+1,(n—1)*+n}
=(n—1)7>+n.

and by using Lemma 2.1.7 we have depth(R/I(T,x)) < n(n—1)+1 = (n—1)* + n. Thus
depth(R/I(T,,x)) = (n— 1)+ n, as required. Now let k > 4. We consider the following cases:
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Case 1 Let k = 1(mod 3). Recall Eq. 2.1.9
depth(R/I(T, )) > min{n(n — 1)depth(M,, x_>) + 1,ndepth(M,, x_)}.

Since k=1 (mod 3) so k—1=0(mod 3) and k —2 = 2 (mod 3), thus by using Proposition

2.1.2, we have
n—1 (k_2)+2—n+1
n(n—1)depth(M, ;) +1 :”(”_1)<( (311)31 >+1
nn—1)T —n?42n—2
- (n—1)3—1 ’

and

ndepth(M,,; 1) = n<(n— D2((n—1)k1—-1) n 1)

(n—1)3-1
n(n— DM pu* —an 450 - 3n
- (n—1)73—1
nn—1)" —n242n—2 n*—4n®+6n>—-5n+2
- (n—17—1 (n—17—1

Note that % >0, for all n > 3 by using MATLAB ®. Thus depth(R/I(T, z)) >

n(n—1)*1—n?42n-2
(n—1)3—1

depth(K[V (T, x—3)]/1(T,k-3)), since k —3 = 1 (mod 3), thus by induction on k, we have

. By using Lemma 2.1.7, we have depth(R/I(T,)) < n(n—1)*"2 +

_ (k73)+1_ 2 _ _ k+1 2 .
depth(R/I(ka))Sn(n—l)k_2+n(" 1) n“+2n 2:n(n 1) n°+2n—2

(n—1)3-1 (n—1)3-1
Hence we get depth(R/I(T,,x)) = n(n—l():ill;nﬁ.zn_zy as required.

Case 2 Let k =2 (mod 3). In this case k—2 = 0(mod 3), k — 1 = 1 (mod 3), by using Proposi-

tion 2.1.2, we have

-1 2 -1 k—271
n(n—1)depth(M, ; 2)+1=n(n—1) (= D7((n—1) )+1 +1
’ (n—1)3-1
_ n(n—1)" 40’ —5n* 4 10n° — 11n% 4 6n -2
B (n—1)3—1
_n(n—l)k“—n+n5—5n4—|—10n3—11n2+7n—2
- (n—1)3-1 (n—1)3-1 '

and

(n—l)(k_1)+2—l n<n_1)k+1_n
(n—1)7—1 ): (n—1)73—1

Note that ”5—5"4711‘1”j)31‘f2+7"—2 > 0, for all n > 3 by using MATLAB®. By Eq. 2.1.9,

n(n—1)k1—p
depth(R/I(T,x)) > %

that is depth(R/I(T,x)) < n(n — 1)¥"2 4 depth(K[V (T, 4—3)]/I(T,x—3)), since k —3 =

(n=1)(k=3)+1_p

2(mod 3), thus by induction on k, we have depth(R/I(T,x)) < ”(H_W +n(n—

n(n—1k1_p n(n—1k1_pn
l)k_2 = % Hence depth(R/I(Th’k)) = %

ndepth(Mmk,l) =n (

. For the other inequality, we again use Lemma 2.1.7,
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Case 3 Let k = 0(mod 3). Recall Eq. 2.1.10
depth(R/I(T,x)) > min { (n—1)*depth(M,,x_3) + (n— 1)depth(M,, ;1) + 1,
depth(Ml ) + (n— 1) depth (M, 2) }.

Since k = 0(mod 3) so k—3 =0(mod 3), k—1=2(mod 3) and k—2 = 1 (mod 3). By

using Proposition 2.1.2, we get

(n—1)* depth(M, x—3) + (n— 1) depth(M 1) + 1
= (n- 1>2<(n_ Dl +1> +n— 1><(n_1)(k_l)+2_n+l) +1

(n—1)3-1 (n—1)3-1
n(n— 1)1 41> —6n*+150° — 210> + 16n— 6
- (n—1)73—1
nn—1)" 4 p3 —4n? +4n—2  n’ —6n*+ 140 — 1702 +12n— 4
= (=17 —1 * =17 -1

and

(n—1)*((n—1)*-1)

depth(M, x) + (n— 1) depth(M,, x—2) = T +1
1 (k—2)+2 _ 1
+-n(=b
(n—1)3—1
Cn(n—1)4pd —dn? +4n—2
(n—1)3-1
Note that "5*6"4+(1,jf];312'f“2"*4 > 0, for all n > 3 by using MATLAB ®. By Eq. 2.1.10,

Ul kt;f';;;f;’%“”_z. Again by Lemma 2.1.7 and induction on k,

(Tox)) > Mol
depth(R/I(T,x)) < n(n— 12 +depth(K[V (T i3)]/I(Typ_s)) = Mo L —dndn -2

depth(R/I(T,1)
T 9

(n—1)3—1
nn—1)k2= "("71)“(;3';;:"112”"72. This completes the proof for depth. Proof for Stan-

ley depth is similar.

Corollary 2.1.9 ([80]). Letn >3 and k > 1. If R := K[V (T, )], then

12 nl DU A2 e =0 (mod 3):

3 nin— k_ nin— k lfnz n— .
pdim(R/I(Ty ) = M=t —elfr 22 g

1 (mod 3);

n(n—1)F— n(n—1)1—n .
(ni)2 2 ((nfll)):fl , if k=2 (mod 3).

Proof. By Auslander—-Buchsbaum formula [11, Theorems 1.3.3] and Theorem 2.1.8, the re-

quired result follows. O
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Example 2.1.10. Let k > 1, and T3 4 be a graph as given in Figure 2.6. If R = K[V (T3 )], then

(a) depth(R/I(T3x)) = sdepth(R/I(T34)) = -”Zk;é if k

Figure 2.6: T3 ;

3L f k=0(mod 3);

1 (mod 3);

323 f k=2(mod 3).

if k=2 (mod 3).

Example 2.1.11. Let k > 1, and 7, ; be a graph as given in Figure 2.7. If R = K[V (T4 )], then
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NIRRT Ve
\\\\ \\“ Al ey, y///
o \ 4 ’,
NN ///////
///// 7] NN \\\\\
//// L o \\
oo Yoo
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1 w
//,, mn mn m n \\\\
/1 1 I N [ [
VA v Y
Figure 2.7: Ty ;
23147 — .
TJF, lf k:O(mOdS),
k+1 .
(2) depth(R/I(Tyx)) = sdepth(R/I(Tax)) = { 2325 if  k=1(mod 3);
23K . _
=13 > lf k:2(m0d3)
k_
20(313 Do if k=0(mod 3);
. k_ .
() pdim(R/I(Tys)) =  E22 ir  k=1(mod 3);
k
3= k=2(mod 3).

2.2 Regularity and krull dimension

In this section, we first compute regularity for cyclic module M, x, after that we find out the regu-

larity of K[V (T, x)]/I(T,x). At the end, we compute the Krull dimension for K[V (T, x)]/I(T, x).

Proposition 2.2.1 ([80]). Letn >3 and k > 1. Then
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( (n_l)k+2_(n_1)2

w0 k= 0(mod 3);

reg(Mmk) = w lf k

I 1 (mod 3);

| bt i k=2(mod3).

Proof. We will provide this result by induction on k. If k = 1, then clearly indmat(T,fvl) =
1, therefore by Lemma 1.4.9, we get reg(M,,1) = 1. Let k > 2 and § = K[V (T, ,)]. As we
have noticed in Proposition 2.1.2, S/(I(T,, ) : xgo)) = Mfln,;lz)z ®k K[xgo)] and S/(I(Tn’?k),xgo)) =
\Y1 kl |- By Lemmas 1.4.10 and 2.0.2 , we have

reg(S/(I(T};) : x\)) = reg (M) @ K[x”)) = reg M, )) = (n—1)*reg(M,4-2),
2.2.1)
reg(S/(I(Ty ). x\")) = reg (ML) = (n— 1) reg(Mui1). (222)

If k=2, reg(S/(I(T; ) : 1\")) = reg(K[” .. x) L]) = 0 and reg(S/(I(Ty,),x\")) =
(n—1)reg(M,, ) =n— 1. Hence by Lemma 1.4.12(c), we have reg(M, ) =n— 1. For k =3,
we have reg(S/(1(T;3) :x)"))) = (n— 1) reg(Mi,.1) = (n— 1)? and reg(S/ (I(7;3). ")) = (n -
1)reg(M,,2) = (n—1)(n—1) = (n— 1)?. Therefore, by Lemma 1.4.12(b), we have reg(M,, ;) €

{(n—1)241,(n—1)?}. Let us consider the following subsets of E(T, ).

n—1
- _LJI{{xS”,xﬁ”}},
J=

2(n—1)
2 3
BE= {J (PN,
j=(n

=(n—1)+1

(n=1)*

2 3
Fiuoip = U {3

j=(n=2)(n—1)2+(n—2)(n—1)+1

Clearly,

F;| =n—1, for all i. Also each edge of F; for all i has one vertex in L} and other vertex
inL;. Let F' :={ey,ea,... se(n1) - €i € F;}, it is easy to see that F’ is an induced matching and
|F'| = (n—1). If F” is any induced matching such that it contains an edge between vertices
of L} and L} or an edge between vertices of Lj, and L}, then F” cannot take any edge from

Fi,...,F,_1. Since, |Ls| = (n—1)3, |L5| = (n—1)? and |L}| = n— 1, thus we get |F"| < |F’|.
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Hence F' is a maximal induced matching and by Lemma 1.4.9, we have reg(M,,3) = (n—1)2.

Thus result follows for kK = 3. Let k > 4. We consider three cases:

Case 1 Let k = 1(mod 3). In this case k —2 =2 (mod 3) and k — 1 = 0(mod 3), by induction

on k and using Eqgs. 2.2.1 and 2.2.2 we get

n— 1 &=2)+2 _,
re(5/(1(173) ")) = (o 02 (=L 2

_ (n—l)k+2—(n—1)3
 (n=1)pP3 -1

n— 1NEDF2 _ ( _1)2
rea(5/(1(172).a1") = - 1) (= =)

_ (n— D2 —(n—1)3
N (n—1)3—-1

Since reg(S/(I(T, ;) : (0))) =reg(S/(I(T, ), x§0))) by Lemma 1.4.12(b), we get reg(M,, ) <

reg(S/(I(T,, k),xg ))) +1= % For the other inequality, let us define

(nl

Fie14) U {{x’”, " ith (2.2.3)

and we have |Fj;_; | = (n— 1)¥=1. Consider F = Fle—1 ) U Fj—ap—3yU---UFq . Itis
easy to see that F is an induced matching. Therefore, indmat(7,,) > |F|, where |F| =

(=D (=144t (n— 1)+ (n —1)0:% By Lemma 1.4.9, we have

reg(M,,x) > % Therefore, we get the required result.

Case 2 Let k =2 (mod 3). In this case k —2 = 0(mod 3) and k— 1 = 1 (mod 3). By Egs. 2.2.1

and 2.2.2 and induction on k we get

n—1E2D+2 __1)2
re(5/(1(133) 14" = 0 17 (M= =)

- (n—l)k+2—(n—l)4
N n—13-1

and

(n—1)3-1
(n 1)k+2 (n 1)4
= 1P -1 +(n—1)
Hence by Lemma 1.4.12(c) we have reg(M,,x) = M, as required.

(n—1)3-1
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(n—1)3
Case3 Letk=0(mod3).IfT,, =T, ;U UB; ,where B;=T,, ,, T,;NB;#0and B;NB; =0,
: S o : :

for all i # j. By Lemmas 1.4.13 and 5.0.2, we have

_1\3
eg n,k _reg ,173 reg nk_13 :reg n’g n— reg n,k73 .
reg(M,, ) < reg(My3) +reg(M, ') ) = reg(M3) + (n— 1) reg(Mi,43)

n

In this case k — 3 = 0 (mod 3) and by induction on k, we have

(n_ 1)(k73)+2 _ (n_ 1)2
(n—1)>—1 >

reg(Mg) < (n— 1+ (n— 1)3(

_(n— D2 —(n—1)2
N (n—1)3—1
For the other inequality, we use Eq. 2.2.3 and define an induced matching F = F;_q 3 U

Fi—ax-3) U UFqo3). As, indmat(7, ;) > |F|, where |[F| = (n— Dt (n— 1)

n—l)k+2—(n—] )2

it (n=1P+(n—-1)*= W By Proposition 1.4.9(a), we have reg(M,, ;) >

(nil)k+27(n71)2

SIS Hence we get the required result.

Theorem 2.2.2 ([80]). Letn >3 and k> 1. If R := K[V (T, x)], then

( n(n—1)""1—n(n-1)

(n—1)3—1 5 lf k=0 (mod 3),

R/I(T,)) = { =) =121 _ _

reg(R/1(To.x)) = e, if  k=1(mod3);
n(n—1)F1—n .

L %, if k=2 (mod 3).

Proof. We will show the result by using Proposition 2.2.1. If k = 1, then clearly indmat(7,, ;) =
1, therefore by Lemma 1.4.9, we have reg(R/I(T,,)) = 1. Let k > 2, by using Eqs. 2.1.7 and

2.1.8 we get reg(R/(I(T;,2) :xgo))) = reg(K[xgo),xgz),...,xﬁiﬂ)]) = 0 and by using Lemma

1.4.14, we have I‘eg(R/(I(Tng),ng))) = nreg(M,, ;) = n. Hence by Lemma 1.4.12(c), we have
reg(R/I(T,)) = n. For k = 3, by using Lemma 1.4.14 on Eqgs. 2.1.7 and 2.1.8, we have

reg(R/(I(Ty3) : x\”)) = n(n— 1) reg(M,;) = n(n— 1)
and
reg(R/(I(T3),x,")) = nreg(My2) = n(n—1).

Thus, by Lemma 1.4.12(b), we get reg(R/I(T,3)) € {n(n—1)+1,n(n—1)}. Let us consider
the following subsets of E(7},3)

n—1
G = J{Pa,
j=1
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2(n—1)
G= U
=(n—1

{7 2,
j 1

)+

n(n—1)>?

Gint) = U {aln

j=(n—1)2+(n—2)n(n—1)+1
Clearly, |G;| =n—1, for all i. Also each edge of G; for all i has one vertex in L, and other
vertex in L3. Let G’ := {ej,ea,... s€n(n—1) - € € G;}, it is easy to observe that G’ is an induced
matching and |G'| = n(n—1). If G” is any induced matching such that it contains an edge
between vertices of Ly and L, or an edge between vertices of Ly and Ly, then G” cannot take any
edge from Gy, ...,G,_1. Since, |L3| =n(n—1)?, |Ly| =n(n—1) and |L;| = n, thus we get |G"| <

|G'|. Hence G’ is a maximal induced matching and by Lemma 1.4.9, we have reg(S/1(T,,3)) =

n(n—1). Thus we get the required result for k = 3. Let k > 4. Since R/(I(T,x) : xgo)) =
M) @k K[x{”] and R/(I(T),x”) 2 M, _,. By Lemma 1.4.14 and 2.0.2, we have

reg(R/(I(Tz0) : x\”)) = n(n— 1) reg(M, x_2), (2.2.4)

reg(R/(I(Tz),x\")) = nreg(M,_1). (2.2.5)

We consider the following cases:

Case 1 Let k = 1(mod 3). In this case k— 1 = 0(mod 3), k —2 = 2 (mod 3), by Egs. 2.2.4 and

2.2.5 and using Proposition 2.2.1, we get

n— 12+ _,
reg(R/(I(Tos) : 5))) ="<”—”<( 3—1>s_1 +1>

n(n—1)"1 —n(n—1)*

(n—1)3—1 ’

n— DE=D+2 _ () _1)2
reg(R/(I(Tn,k)axso))):”<( 1)(,1_1)3_(1 1)>

~n(n—1)"1—n(n—1)>
(n—1)3-1

Since reg(R/(I(Tp ) : x\"))) =reg(R/(I(T,1),x\”)). by Lemma 1.4.12(b), reg(R/I(T, 1)) <

reg(R/(I(T,x) :xio))) +1= "("*l)kﬂ7(;’(7”1*)3112;4”*1)3*1 = ”(”Ag:tlfp(':l)z*l . For the other

inequality, let us define

n(n—1)k2
Feoin= U {{X,(kil),ngl),l),}}, (2.2.6)
i=1
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where |F| = n(n—1)¥=2. Consider F = Fle—1 ) Y Fk—a—3)U---UFq ) be an induced
matching. Therefore, indmat(7, ;) > |F|, where |[F| =n(n—1))2+n(n— 1)k +... +

nn—1)>%2+1= "("_lg:ill_)gn__ll)z_l. By Lemma 1.4.9, reg(R/I(T,, x)) > n(n_lgiill_)s(n__ll)z_l.

Thus reg(R/1(T, 1)) = "(”*12:111*)3(’:1)271, as required.

Case 2 Let k =2 (mod 3). In this case k — 1 = 1 (mod 3), k —2 = 0(mod 3), by using Proposi-
tion 2.2.1 and Eqgs. 2.2.4 and 2.2.5 we get

n— 1ED2 _ (5 _1)2
rea(R0(7,5) ")) = (o 1) (M= =)

~n(n—1)—n(n—1)>°
B (n—1)3—-1 ’

and

) (k=D+2 _ VL 13
(n—1) l)zn(n 1) nn—1) i

reg R/ (U (Tua) 21") :n< (n—1)*—1 (n—1)*—1

Thus by Lemma 1.4.12(c), reg(R/I(T, 1)) = %, as required.

n(n—1)>2

Case 3 Letk=0(mod 3). Here T,y =T,3 UB; ,where B; =T/, ,,BiNB;j=0and T,3NB; #
i=1 ' '
0 for all i # j. By Lemmas 1.4.13 and 2.0.2, we have
12
reg(R/1(T,.)) < reg(K[V (T3))/1(Th3)) +reg (0,5 ))
= reg(K[V(T,3)]/1(T3)) +n(n— 1)’ reg (M, 1—3).
In this case k —3 = 0(mod 3). As reg(R/I(T,,3)) = n(n— 1), by Proposition 2.2.1 we get

(n _ 1)(k—3)+2 _ (n _ 1)2
(=171 )

reg(R/I(T,x)) <n(n—1)+n(n— 1)2(

=1 —n(n—1)
(n—1)3-1

For the other inequality, we use Eq. 2.2.6 and define F' = Fj;_ j) UF(g_44-3)U---UF23).
It is easy to see that F is an induced matching. Therefore, indmat(7, ) > |F|, where
IFl=n(n—1)24n(n—1)>+---4+nn—-1)*+n(n—-1)= % By Lemma

1.4.9, we have reg(R/I(T,x)) > W This completes the proof.

Example 2.2.3. Let k > 1.
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(a)

reg(Mz ) =

(b) If R:= K[V (T34)], then

reg(R/I(Tsx)) = { 320125 if k=1 (mod 3);

Example 2.2.4. Let k > 1.

(a)

reg(Myy) =

(b) If R :=K|[V(T4y)], then

reg(R/1(Tay)) =

\2(3](;;71), if k=2 (mod 3).

Lemma 2.2.5 ([80]). Letn >3 and k > 1. If W C V(T,.x) be an independent set, then W is
maximal iff W 2O Ly, for all g with k = g(mod?2).

Proof. By definition of T, s, E(T, ;) N{{u,v} :u € Ly,ve L, 1} #0forall 1 <gq <k. Also,

Lo|=1,|Li|=nandforqg>2, |L,| = (n—1)|Ls—1|. Thus W C V (T, ) is a maximal indepen-
q q ; p

dent set, if and only if W = L, ULy o U..., ULk_z[k_T.], that is, if and only if W 2 L, for all ¢

with k = ¢ (mod?2).

d

49



CHAPTER 2: ALGEBRAIC INVARIANTS OF EDGE IDEALS OF PERFECT SEMIREGULAR
TREES

(n_l)k+1 —1

Theorem 2.2.6 ((80]). Letn >3 and k> 1. IfR=K[V(T,)), then dim(R/I(T, 1)) = "1

Proof. By Lemma 1.2.1, we know that dim(R/I(T,,x)) = |W|, where W is a maximal indepen-

dent set. Now by Lemma 2.2.5, if W is a maximal independent set then

LiULy ,U---ULy, if kiseven;

LiULy oU---ULy, if kisodd.

Thus
Wl nn—1)'4nn—1)3+...4nn—1)+1, if kiseven;
nn—D"ru(n—1)3 4+ 4nn—1)24n, if kisodd.

If k is odd, then

-1 k+1 -1
ntnn—1724+nan— 1) 4nn-1)3 tnn-1)" = (n)2’
n_
and if & is even, then
-1 k+1 -1
14+nn—1)4+nn—1D) 5 tnn— 13 4nn-1" = (n)z
n_

Example 2.2.7. Let kK > 1. Then
dim(K[V (T3 )] /1(Tax)) = 24" — 1,

and
3k+1 -1

dim(K[V (Ta)] /1(Te ) = =

2.3 Conclusion

This chapter aims to find the precise formulas for the values of the algebraic invariants depth,
Stanley depth, regularity, projective dimension and Krull dimension of K[V (T, )]/I(T,x). It is
worth mentioning that for computations of the said invariants for K[V (7, x)] /(T x) the module
K[V(T,;)]/I(T,,) plays a vital role. It is easy to see that Ty = Pyy1 and 7,1 = Sy, thus our
results [80] also complement the previous work on depth, regularity, projective dimension and
Stanley depth of K[V (P,)]/I(P,) and K[V (Sy—1)]/1(Sn—1); see [34, 36, 55, 60]. One can use our
results to compute algebraic invariants for other classes of graphs; see for instance [79] as an

application of our work.
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CHAPTER 3

Invariants of edge ideals of cubic

circulant graphs

There are two sections in this chapter. In the first part, the precise values of depth, projective
dimension, and Stanley depth of the edge ideals associated with certain supergraphs of ladder
graph are given; see for instance Lemma 3.1.5, 3.1.14 and 3.1.17. In the second section, we give
values for depth and projective dimension, and lower bounds for Stanley depth of the quotient
rings of the edge ideals of all cubic circulant graphs, see Theorem 3.2.11, Corollary 3.2.12 and
Theorem 3.2.13. We also give a result in Lemma 3.1.1 that plays a vital role in the computation

of depth and a lower bound for Stanley depth in our main findings.

3.1 Invariants of cyclic modules associated to some supergraphs of

ladder graph

For n > 2, the graph A, as shown in Figure 3.1 is called ladder graph on 2n vertices. We
introduce some supergraphs of ladder graph namely B,, 0, and D, that play a significant role
in our main results. It will be convenient to label the vertices of the aforementioned graphs as

shown in Figure 3.1 and Figure 3.2. The vertex sets and edge sets of these graphs are:

* V() = O fannid, E(An) =0 (i (st} i U {nal,
* V(Bn) = V(An) U {yn+l}7 E(Bn) = E(An) U {yn,yn-&-l}a

¢ V(Qn) = V(An> U {Yn+layn+2}7 E(Qn) = E(An) U {{yn,yn+l}a {y1,yn+2}}7
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* V(Dn) = V(An) U {xn+layn+1}7 E(Dn) = E(An) U {{yn,yn+l}a {xhxn-&-l}}‘

Y2 ¥3 y4 yn2yn1 Yn Y2 y3 )74 ynz)’n1 Yn Yn+1
X4 Xp—2 Xp—1 Xp X4 Xp—2 Xp—1 Xn

Figure 3.1: From left to right A, and B,

Yn+2 Y1 Y2 Y3 Y4 Yn-2Yn—1 Yn Yn+l yro Y2 Y3 Y4 Yn-2Yn-1 Yn Yn+l
X1 X2 X3 X4 Xp-2Xp—1 Xp Xp+l X1 X2 X3 X4 Xp-2Xp—1 Xp

Figure 3.2: From left to right Q,, and D,

In this section, we compute the values of depth, projective dimension and Stanley depth of the
cyclic modules K[V (B,)]/I(B,), K[V(0.)]/I(Qy) and K[V (D,)]/I(D,). These values play a
vital role in our main results in last section. For cyclic module K[V (4,)]/I(A,), we give exact
value of Stanley depth when n = 1(mod2) and find sharp bounds when n = 0(mod2). First,
we prove the following lemma that will help in computing depth and lower bound for Stanley
depth, throughout the work. This lemma is inspired by result of Cimpoeas in [53, Proposition

1.3].

Lemma 3.1.1 ([81]). Let G be a connected graph with V(G) = {x1,...,x,}, where n > 2. If
Ng(xi) = {xi,,...,xi }, then

(I(G) : x;)/1(G @St/Jt Xz,

where Sy = K[V(G)\Ng(xi,)] for t > 2, S, = K[V(G)\ (Ng(x;,) U {xi,, X, -..,x;,_, })] and for
t>1,J,=(SNIG)).

Proof. If u € (I(G) : x;) is a monomial such that u ¢ I(G), then it follows that u is divisible
by at least one variable from Ng(x;) = {x;,,...,x; }. Indeed, if u is not divisible by any of the
variables from the set of Ng(x;) then u € I(G), a contradiction. Without loss of generality
we may assume that x; [u then u = x{'v; with o > 1. Since u ¢ I(G), it follows that v; €
S1 = K[V(G)\Ng(xi,)] and v; ¢ J; = (S1NI(G)). Thus u € x;,(S1/J1)[x;,]. Now, if x;,|u and
xi, tu, then u = x7?vy with o > 1. It follows that vy € S, = K[V (G)\(Ng(x;,) U {x;, })] and
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va & Jo = (S2NI(G)). Thus u € x;,(S2/J2)[xi,]. In a similar manner, for 3 <7 </, if x; |u and
xipfu,xi, fu, ..., x;, , futhenu= xf.j"vt with o > 1. Since u ¢ I(G), it follows that v, € S, =
K[V(G)\(Ng(xi,) U{xi, %, ..., xi,_, })] and v, & J; = (S, N1(G)). Thus u € x; (S /J;) [x;,] and we

have the following S-module isomorphism

(I1(G) :x;)/I(G EBx,, (St /1) [xi,]-

It is easy to see that x; is regular on S, /J;[x; ], therefore we have x; (S;/J;)[x;] = (S;/J;)[x;,]-

This completes the proof. O

Remark 3.1.2 ([81]). If n < 1, then we define the quotient rings associated to A,, B,,, O, and

D,, appearing in the proofs of this section as follows:

* K[V(By)]/I(Bo) = K[x] and depth(K[x]) = sdepth(K[x]) = 1.

* K[V(A1)]/I(A) =K[V(P,)]/I(P,) and by using Lemma 1.4.15, depth(K[V (P)]/I(P2)) =
v

sdepth(K[V (Py)]/I(Py)) = 1.
« K[V(B))]/I(B)) = K[V(P;)]/I(P;), by using Lemma 1.4.15, depth(K[V (P;)]/I(P;)) =
sdepth(K [V (P3)]/1(P3)) = 1.

+ K[V(01)]/1(01) = K[V (S)]/I(Ss) and by using Lemma 1.3.16, depth(K[V (S3)]/1(S4)) =
sdepth(K[V (S4)]/1(S3)) = 1.

* K[V(Dy)]/I(D\) =KI|V(P)]/I(Ps) and by using Lemma 1.4.15, depth(K[V ()] /I(Ps)) =
sdepth(K[V (P4)]/1(Ps)) = 2.

Remark 3.1.3 ([81]). Let x;,x; € S such that x;,x; ¢ I. Then (I : x;), (I,x;), ((I,x;),x;) and
((Z,x;) : x;) are the monomial ideals of S such that G(;..,), G(1.x,)» G((1x,)) a0d G((1 ), are
subgraphs of Gj. By using the labeling of Figure 3.2, see for instance; Figure 3.3 and 3.4 as
examples of G1(0,):x7)> G(1(07) x1)» G((1(07)37)3s) @0 G((1(07),x7):ys)- From Figures 3.3 and 3.4,

after suitable renumbering of variables we have the following isomorphisms:
K[V(Q7)l/(1(Q7) : x7) = K[V(Q5)]/1(Qs5) @k Klx7,y8],

K[V(Q7)l/(1(Q7),%1) = K[V(Q6)]/(I(Qs),¥7y8),
K[V (Q7)]/((I(Q7),%1),y8) = K[V(Q6)]/1(Qs),
K[V (Q7)]/((1(Q7),%1) : y8) = K[V (Bs)] /1(Bs) @k Kys].

53



CHAPTER 3: INVARIANTS OF EDGE IDEALS OF CUBIC CIRCULANT GRAPHS

Yo Y1 Y2 Y3 Y4 Y5 Yo Y7 Yo Y1 Y2 Y3 Y4 Y5 Yo Y7 8
[
T OSSN
X1 X2 X3 X4 X5 X6 X1 X2 X3 X4 X5 X6 X7

Figure 3.3: From left to right G;(g,).x;) and G(1(g,) x,)-

Yo Y1 Y2 Y3 Y4 Y5 Yo Y7 y8 Yo Y1 Y2 Y3 Y4 Y5 Yo Y7
[ ]

T o
X1 X2 X3 X4 X5 X X7 X1 X2 X3 X4 X5 X6 X7

Figure 3.4: From left to right G((/(Q7),X7),ys) and G((/(Q7).,X7):yg)'

Lemma 3.1.4 (Depth Lemma). ({11, Proposition 1.2.9]) If 0 - P — Q — R — 0 is a short

exact sequence of modules over a local ring S, then
(a) depth(Q) > min{depth(R),depth(P)}.
(b) depth(P) > min{depth(Q),depth(R) + 1}.
(c) depth(R) > min{depth(P) — 1,depth(Q)}.

Lemma 3.1.5 ([81]). Letn >2 and S := K[V (B,)]. Then depth(S/I(B,)) = sdepth(S/I(B,)) =

(5.
Proof. Firstly, we will first provide the result for depth. Consider the short exact sequence
0 — S/(I(By) : yu) = S/I(By) — S/ (1(Bu),yn) — 0.
After a suitable numbering of variables we have the subsequent isomorphisms
S/(I(Bn) : yn) = K[V (Ba—2)]/(I(Bu-2)) @k K1y, G.1L.D)

S/(I(B.).yn) = KV (Bo-1)]/ (U(By-1)) @k Klyns ] (3.1.2)

If n =2, then by using Lemma 1.4.10 and Remark 3.1.2, we get depth(S/(I(B2) : y2)) =
depth(K[V (Bo)]/I(Bo)) + 1 = depth(K[x;]) +1 =2 and

depth(S/(I(B2).y2)) = depth(K[V (B)]/1(B1)) + 1 = depth(K[V (Ps)]/1(Ps)) + 1 = 2.
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By Lemma 1.3.13, depth(K [V (B,)]/I1(B;)) = 2. Similarly, the desired result follows when n = 3.
Let n > 4. By induction on n and applying Lemma 1.4.10 on Egs. (3.1.1) and (3.1.2), it follows

that
depth(S/(I(By) : ya)) = depth(K[V (By_2)]/1(By_2)) + 1 = (Li“w TR Lt Ly
Aepth(S/ (I(B,).31)) = depth(K[V (B, )]/1(By 1) +1 = "2 1= 2741

Clearly, depth(S/(I(By),yn)) > depth(S/(I(B,) : yn)), therefore by Lemma 1.3.13, we get the
required result. For Stanley depth, the proof is similar to depth with the use of Lemma 1.3.14 in

place of Lemma 1.3.13. O

Corollary 3.1.6 ([811). Letn>2 and S := K[V (B,)]. Then pdim(S/I(B,)) = 2n— ["1] + 1.

Proof. The proof follows by Lemma 1.4.11 and Lemma 3.1.5. O

Example 3.1.7. For n = 50, we have

(2) depth(K[V (Bso)]/I(Bso)) = sdepth(K[V (Bso)]/1(Bso)) = [ %] = 26.

(b) pdim(K[V (Bso)]/I(Bso)) = 100 — [ 3% ]+ 1 =73

The projective dimension of K[V (A,)]/I(A,) has been computed in [78].

Theorem 3.1.8 ([78, Theorem 5.51). If n > 2, then pdim(K[V (A,)]/I(An)) = | 32].

Consequently, one can compute its depth by using Auslander—Buchsbaum formula.

Corollary 3.1.9 ([811). Ifn > 2, then depth(K[V (A,)]/I(An)) =2n— 3] = [%].
Proof. By using Lemma 1.4.11 and Theorem 3.1.8, one can get the required result. O

Here we give an alternative proof for depth by using Lemma 3.1.1 we include this proof because
proof for Stanley depth is analogous. In Remark 3.1.10 we explain a situations that arises in

special cases in upcoming proofs.

Remark 3.1.10 ([81]). Leti € Z", if k < i then we consider Uf-‘{x,-y,-,x,-xpr] ,Vivie1} = 0. Also

we take x,y, = 0, whenever a or b is not positive.

Theorem 3.1.11 ([81]). Ifn > 2 and S = K[V (A,)], then sdepth(S/I(A,)) > depth(S/I(A,)) =
[51-

55



CHAPTER 3: INVARIANTS OF EDGE IDEALS OF CUBIC CIRCULANT GRAPHS

Proof. Firstly, we provide the proof for depth. If n = 2, then by the usage of Lemma 1.3.18,
depth(K[V(A2)]/I(A2)) = 1. Let n > 3. Consider the short exact sequence

0 — (I(Au) :yu)/1(An) = §/1(An) — S/(1(Ay) : ya) — 0. (3.1.3)
We have the below S-module isomorphism
S/(I(An) : yn) 2 K[V (By—2)]/I(Bn—2) @k K[yn]. (3.1.4)

Here Ny, (yn) = {n—1,%n}, S1 = K[V (An)\Na, (¥n—1)], S2 = K[V (An)\(Na, (xn) U{yn—1})], J1 =
(S1NI(Ay)), J» =(S2NI(A,)), then by using Lemma 3.1.1, we have

(I(An) 2 yn)/1(An) =2 S1/J1[yn-1] D S2/J2[xn]

~ K[xla"'7xn72>xnay1>"'aynf3] [y 1]
= — n—
(U (i xixi 1, yiviet U {X—3Yn—3, Xn—3%4—2})
K[xla"-7xn727yla"'7yn72]
]

&
( U?:13 {xiyis Xixir1, yiyi1 U {Xn—zyn—z})

= K[V (By-3)]/1(Bn—3) @k K[xn, yn-1] © K[V (An—2)]/1(An—2) @k K[xn].

(3.1.5)
If n = 3, then we have
KV 1(As)133) = {20 KV BB @Kl GuLo)
~ Klx1,x3] K]
(I(A3) : y3)/1(A3) = ) 2] ® ) [x3] G

= Klx1,x3,y2] ® K[V (A1)]/1(A1) @k K[xs].

By applying Lemma 1.4.10 on Eqgs. (3.1.6) and (3.1.7) and using Remark 3.1.2 we have
depth(K[V (A3)]/(1(A3) : y3)) = depth(K[V (B1)]/1(B1)) + 1 = depth(K[V (P3)]/1(P3)) + 1 =2

and
depth((I(A3) : y3)/1(A3)) = min{depth(K1x|,x3,y]),depth(K[V (A1)]/I(A1)) + 1)}
= min{3,depth(K[V (P,)]/I(P)) + 1)}
— min{3,2} =2.
Thus by applying Depth Lemma on Eq. (3.1.3), we get depth(K[V (43)]/I(A3)) = 2. If n = 4,

as stated in Remark 3.1.10, we have U’ 14 {xivi,xixi+1,vivi+1 } = 0 and using the similar strategy
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and induction on 7, one can get the required result. Let n > 5. By applying Lemma 1.4.10 and

Lemma 3.1.5 on Eq. (3.1.4), we get

n—2+1 n+1
T 1=
2 1+ ] 2

depth(s/(I(An) : yn)) = depth(K[V(Bth)]/I(anﬁ) +1= ( —|

By using Eq. (3.1.5) and applying Lemma 1.4.10, Lemma 3.1.5 and induction on n, we have

depth((1(4,) : ya) /1(4,)) = min { depth(K[V (By-3)]/1(By3)) + depth (K[t -1]),

depth(K[V (An2))/1(An2)) + depth(Kx])

:mm{[i;luz,[”;z}ﬂ} - [g}.

We get the desired result by using Depth Lemma on Eq. (3.1.3). Now we provide the proof for

Stanley depth. If n = 2, then by Lemma 1.3.18, we have sdepth(K[V (A2)]/I(A2)) > 1. If n =3,
then by using Lemma 1.4.10 and Remark 3.1.2 on Egs. (3.1.6) and (3.1.7)

sdepth(K[V (43)]/(I(As) : y3)) = sdepth(K[V (By)] /I(B1)) +1 = sdepth(K[V (Py)] /1(Py)) +1=2

and
sdepth((Z(A3) : y3)/1(A3)) > min{sdepth(K x),x2,y]), sdepth (K[V (41)]/I(A1)) + 1)}
> min{3, sdepth (K[V (P2)]/1(P)) + 1)}
> min{3,1+1} =2.
Thus by applying Lemma 1.3.10 on Eq. (3.1.3), we get sdepth(K[V (A3)]/I(A3)) > 2. For n > 4,

we get the required lower bound for Stanley depth by using the similar arguments just by using

Lemma 1.3.10 in place of Depth Lemma on the exact sequence (3.1.3). g

Corollary 3.1.12 ([81]). Let n > 2 and S = K[V (A,)]. If n = 0(mod2), then sdepth(S/I(A,)) €
{147,121}, otherwise we have sdepth(S/I(A,)) = [4].

Proof. If n =2, then one can easily see that the result follows by Theorem 3.1.11 and Lemma
1.3.18. If n > 3, then by Theorem 3.1.11, we only need to show that sdepth(S/1(A,)) < [2H].
For y, ¢ I(A,), and by using Lemma 1.3.12, we have sdepth(S/I(A,)) < sdepth(S/(I(A,) : yn))-
By applying Lemma 1.4.10 and Lemma 3.1.5 on Eq. (3.1.4), sdepth(S/(I(A,) : y,) = [=3] +

1 =[] and the desired result follows. O
Example 3.1.13. If n = 101, then

sdepth(K[V (A101)]/1(A101)) = depth(K[V (A101)]/1(A101)) = 50.
If n = 102, then depth(K[V (A102)]/I(A102)) = 51 and 51 < sdepth(K[V (A102)]/I(A102)) < 52.
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Lemma 3.1.14 ([81]). Letn >2 and S = K[V (Q,)]. Then

5141, if n=0,3(mod 4);
depth(S/1(Qx)) = sdepth(S/1(Qn)) = ¢ ["H1], if n=1(mod 4);
(41, if n=2(mod 4).

Proof. First, we provide the proof for depth. If n = 2, then consider the short exact sequence
0 — S/(1(Q2) : y2) = S/1(Q2) — S/(1(Q2),y2) — 0. (3.1.8)

Here we have S/(I(Q2) : y2) = K[x1,y2,y4] and S/(1(Q2),y2) = K[y3] @k K[V (P4)]/I(Ps). By
Lemma 1.4.10 and Lemma 1.4.15, we have depth(S/(1(Q2) : y2)) = depth(K[x;,y2,y4]) = 3 and
depth(S/(1(Q2),y2)) = depth(K[y3]) +depth(K[V (P4)]/I(Ps)) = 3. By applying Lemma 1.3.13
on Eq. (3.1.8), depth(S/(I(Q2)) = 3 = [25!] + 1. Let n > 3 and consider the subsequent short

exact sequences
0 — $/(1(Qn) - x0) - S/1(Qn) — S/(H(Qu).51) — 0,
0— S/((I(Qn)7xn) :yn-&-l) ﬂ S/(I(Qn)axn) — S/((I(Qn>axn)vyn+l) — 07
and by Depth Lemma
depth(S/1(Q,) > min { depth (S/(1(Qn) : xx)),depth (S/(1(Qn),x4)) }, (3.1.9)

depth(S/(1(Qn) ) > min { depth (S/((1(Qa), ) : yas1)),depth (S/((1(Qn), ), yus1)) .
(3.1.10)

After a suitable numbering of variables, we have the following K-algebra isomorphisms:

S/(I(Qn) :xn) = K[V(QH—Q)}/I(QH—Z) Kk K[Xn,)’n+1]- (3111)
S/ ((1(Qn)s%n)s¥n1) = KV (Qu-1)]/1(Qn-1), (3.1.12)
S/((I(Qn);Xn) : Yus1) = K[V (Bu-1)]/1(By-1) @k K[yn1]- (3.1.13)

If n =3, we have by Eq. (3.1.11),

S/(I(Q3) : x3) = K[V(Q1)]/1(Q1) ®k K[x3,y4]. (3.1.14)

By Lemma 1.4.10 and Remark 3.1.2, we have depth(S/(I1(Q3) : x3)) = depth(K[V (0Q1)]/1(Q1)) +
2 = depth(K[V(S4)]/1(S4)) +2 = 3. By using Egs. (3.1.12) and (3.1.13), S/ ((1(Q3),x3),y4) =
K[V (02)]/1(Q2) and S/((1(Q3),x3) : y4) = K[V (B2)]/I(B2) ®x K[y4]. With the use of induc-
tion on n, depth (S/((1(Q3),x3),y4)) = depth(K[V(Q2)]/1(Q2)) = 3 and by Lemma 1.4.10 and
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Lemma 3.1.5, we get depth (S/((1(Q3),x3) : y4)) = depth(K[V(B»)]/I(B>)) + 1 = 3. By Eg.
(3.1.10), depth(S/(1(Q3),x3)) > 3 and by Eq. (3.1.9), depth(S/(1(Q3)) > 3. For the upper
bound, we use Lemma 1.3.12 and Eq. (3.1.14), depth(S/(1(Q3)) < depth (S/(I(Q3) : x3)) = 3.
Thus we get depth(S/(1(Q3)) = [3]+1 = 3. If n = 4, by using similar strategy as we did when
n =3, we get the required lower bound that is depth(S/1(Q4)) > [3]+ 1 = 3. For the upper

bound, since x3y4 ¢ I(Q4), we have
S/(1(Q4) = x3y4) = K[V (S4)]/1(Sa) @k K[x3, 4],

and by Lemma 1.4.10 and Lemma 1.3.16, depth(S/(I(Q4) : x3y4)) = depth(K[V (S4)]/1(S4)) +
2 = 3. Therefore, by Lemma 1.3.12, depth(S/I(Q4)) < depth(S/(I(Q4) : x3y4)) = 3. Letn > 5.

We consider the subsequent cases:

Case 1 Let n = 1(mod4). We consider the short exact sequence
0— S/(I(Qn) :yn+l) ﬂ) S/I(Qn) — S/(I(Qn)ayn+l) - 0, (3.1.15)

Here /(I(Qu)yns1) = KIV(B,)]/I(B,). By Lemma 3.15, depth(S/(I(Q0),vns1)) =

["+1]. Consider another short exact sequence

0— S/((I(Qn) S Vnt1) 3Xn) .X—H>S/(I(Qn) CVng1) —
S/((1(Qn) : yu+1),Xn) — 0.
Here S/((1(Qn) : yu+1),%n) = K[V (By-1)]/1(Ba-1) @k K[yn+1]. By Lemma 1.4.10 and
Lemma 3.1.5, it implies depth (S/((1(Qn) : ynt1),%n)) = [ ]+ 1 = [4] + 1. Also
we have S/((1(Qn) : Ynt1) : Xn) = K[V(0n—2)]/1(Qn—2) @k K[yni1,%]. Since n—2 =
3(mod4), by induction on n and Lemma 1.4.10, depth(S/((1(Qy) : ynt1) : %)) = ["52] +
1+2 = [5]+2. By applying Depth Lemma on Egs. (3.1.15) and (3.1.16)

(3.1.16)

depth(S/(1(Q,)) > min { depth(S/(1(Qx) : yn+1)),depth(S/(1(Qn),ynr1)) },  (3.1.17)
depth(S/(1(Qn) : yut1)) >min { depth (S/((1(Qn) : ynt1) : Xn)),
depth (S/((I(Qn) : yn+1)7-xn)) }7

By using Eq. (3.1.18), depth(S/(1(Qx) : ynt1)) > [ 5] +1. Since, depth(S/(1(Qy) : Yn+1)) >
depth(S/(I1(Qn),¥n+1)), by Eq. (3.1.17) we obtain the depth(S/(I1(Q,)) > [*41]. For the

(3.1.18)

other inequality, we have x, 2y, ¢ I(Q,), and the following K-algebra isomorphism:

S/(I(Qn) : Xn—2yn) = K[V(Qn-4)]/1(On-4) @k K[xXpn—2,yn)-

Since n —4 = 1(mod4), by Remark 3.1.2, Lemma 1.3.12, Lemma 1.4.10 and induction
on n, depth(S/1(Q4)) < depth(S/(I(Qn) : Xu—2yn)) = [==3L] +2 = [2£1], as required.
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Case 2 Let n =2(mod4). Consider the following short exact sequences:
0—S/(I(Qn) : Xu—1) == S/1(Qn) — S/(I(Qn),Xu—1) — O,

0— S/ ((I(Qn)Xn1) : ¥n1) == S/(I(Qn), Xa1)

— S/((I(Qn),xnfl)a))nfl) — 0,

0— S/(((I(Qn)yxn—l) :yn—l) :xn—2) ﬂ S/((I(Qn)yxn—l) :yn—l)

— S/ (((I(Qn)Xn=1) = Yn—1),%n—2) —> 0.

We have the subsequent K-algebra isomorphisms:
S/U(Qn) : xn—1) = K[V(0n—3)]/1(Qn—3) @k K [xn—1] @k K[V (P2)] /1(P2),

S/((1(Qn)sxn=1),Yn-1) = K[V (By—2)]/I(Bu—2) @k K[V (Ps)] /1(P3),
S/(((I(Qn)vxnfl) :ynfl) :xn72) = K{V(anét)]/I(anﬂf) ®KK[xn72aynflaxn,yn+l}a
S/(((I(Qn)axnfl) :Ynfl)axn72) gI([V(an3)]/1(an3)®KI([ynflaxnayrwrl]-

Since n — 3 = 3(mod4), by using induction on n, Lemma 1.3.11 and Lemma 1.4.15, we
have depth(S/1(Qn) : xu-1) = depth(K[V (Qn-3)]/1(Qn-3)) + depth(K[V (P)]/1(P,)) +
1=[23]+3=[%!]+1. By using Lemma 1.4.15, Lemma 3.1.5 and Lemma 1.3.11,
depth(S/((/(Qn),¥n—1),¥n-1)) = depth(K[V (B-2)] /1(By-2)) +depth(K[V (P)] /1(P3)) =
=2t +2 =[] + 1. Since n— 4 = 2(mod4) and n— 3 = 3(mod4). By induction on

n and Lemma 1.3.12, we have

depth (S/(((1(Qn),%n=1) : yn-1) : Xn—2) ) = depth(K[V (Qn—4)]/1(On—4)) +4
B [n—4—|—1
N 2

3
1+1+4:(%1+2,

and by Lemma 3.1.5,

depth (S/(((I(Qn)axnfl) : ynfl)vxn72)) = depth(K[V(anﬁ]/I(Bn73)) +3

n—3+1 n—+1
==

1+ 1L
By Depth Lemma on short exact sequences
depth(S/1(Qn) > min { depth(S/(1(Qs) : x_1)),depth(S/(I(Qn), %o 1))} (3.1.19)

depth(S/(1(Qn),Xn—1)) > min { depth (S/((I(Qn)axn—l) *YVn—1 ))7

(3.1.20)
depth (/(1(@2),%1-1):30-1)) |-
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depth (S/((1(Qn),Xn—1) : yu-1)) >mm{depth (S/((((Qn)sXn=1) : ¥u-1) : Xn-2)),

depth (S/(((1(Qn)%n-1) t yu1):5-2)) }-

(3.1.21)
Clearly [+ 1 < [2537 42, by Eq. (3.1.21) we get depth(S/((I(Qn), Xn-1) : yn—1)) =
%17+ 1. By Eq. (3.1.20), we have depth(S/(I(Qn),x,—1)) > ["F1] + 1 and by Eq.
(3.1.19), we get depth(S/1(Q,) > [+ + 1. For the other inequality, we have x, ¢ 1(Qy).
Since n — 2 = 0(mod4), by using induction on n, Lemma 1.3.12 and Lemma 1.4.10 on
Eq. (3.1.11), we get depth(S/1(Qy)) < depth(S/(1(Qn) 1 x4)) = ["F2 ]+ 1+2=[2]+2=
[+ 1L

Case 3 If n = 3(mod4). Since n —2 = 1(mod4) and n — 1 = 2(mod4), by induction on n and
Lemma 1.4.10 on Eq. (3.1.11), we get

depth(S/(1(Qn) : %)) = depth(K[V(Qs-2) ]/I(Qn_z )+2

_ 2t 2“ } 1=[21+1.

By Eq. (3.1.12), we get depth (S/((I(Qn)axn)7yn+l)) = depth(K[V (Qn-1)]/1(Qn—1)) =
["=+1141=%]+1 and by Lemma 1.4.10 and Lemma 3.1.5 on Eq. (3.1.13), we
get depth (S/((1(Qn),xn) : Yur1)) = depth(K[V (By—1)]/I(By-1)) + 1 = [5] + 1. Since
we have depth (S/((1(Qn),Xn),Yn+1)) = depth (S/((I(Qn),%n) : yat1)), therefore by Eq.
(3.1.10), depth(S/((@n), ) > [4]+ 1. Also depth(S/(1(Q),x1)) = depth(S/(I(Q,)
x,)), by Eq. (3.1.9) we get depth(S/(1(Q,)) > [5] + 1. For the upper bound, we use
Lemma 1.3.12 and Eq. (3.1.22), that is depth(S/(1(Q,)) < depth(S/(I(Qy) : x»)) =

(3.1.22)

(%1 + 1, the required result.

Case 4 Let n=0(mod4). In this case n — 2 = 2(mod4), by induction on n and Lemma 1.4.10
on Eq. (3.1.11), we get

depth(S/(1(Qn) : x4)) = depth(K[V (Qu—2)]/1(Qn—2)) +2 = ("fiﬁ +3= (’135“

As n—1=3(mod4), by induction on n and applying Lemma 1.4.10 on Eq. (3.1.12),

depth (S/((1(Qn)%n)sn+1)) = depth(K[V (Qu-1))/1(Qn-1)) = [—
By Lemma 1.4.10 and Lemma 3.1.5 on Eq. (3.1.13), we have

depth (S/((1(Qn),%n) : Yn41)) = depth(K[V (B,—1)]/I(Ba-1)) + 1
n—1+4+1

-t 1+1:[§1+1.
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By using Eq. (3.1.10), we get depth(S/(I(Qs),x,)) > depth(S/(I(Qn),xn) = [5] + 1.
Here we have depth(S/(1(Q,),x,)) > depth(S/(1(Qn) : x,)), thus by Eq. (3.1.9), we get
depth(S/(1(Q,)) > 5]+ 1. For the other inequality, x, 1y, ¢ I(Q,) and consider

S/(I(Qn) : xnflyn) = K[V(Qn73)]/I(Qn73) (294 K[xnfhyn]-

(3.1.23)

Since n—3 = 1(mod4), by using induction on n, Lemma 1.3.12 and Lemma 1.4.10 on Egq.

(3.1.23), depth(S/1(Q,)) < depth(S/(I(Qn) : Xn_1yn)) = depth(K[V (Qn_3)]/1(Qn_3)) +

2= 4+2=[2]+1

This ends the proof for depth. Proof for Stanley depth is also similar to depth just by replacing

Depth Lemma by Lemma 1.3.10. Also by using Lemma 1.3.14 in place of Lemma 1.3.13. [J

Corollary 3.1.15 ([81]). Letn>2and S = K[V(Q,)]. Then

2n—[5]+1, ifn=0,3(mod 4);
pdim(S/1(Qn)) = § 2n— [H] +2, ifn=1(mod4);
2n— [ +1, ifn=2(mod 4).

Proof. By using Lemma 1.4.11 and Lemma 3.1.14, the result follows.

Example 3.1.16. For n = 103, we have

(a) depth(K[V(Q103)])/1(Q103) = [18]+1=53.
(b) pdim(K[V(0103)])/1(Q103) =206 — 18] +1 = 155.
Lemma 3.1.17 ([81]). Letn >2 and S = K[V (D,)]. Then

(41, ifn=0,1(mod 4);

depth(S/I(D,)) = sdepth(S/I1(D,)) =
(%17, ifn=2,3(mod4).

Proof. The following cases are considered:

Case 1 Let n =2(mod4). Consider the short exact sequence
0 — S/(I(Dy) : Xps1) —% S/1(D,) — S/(I(Dy), Xps1) — 0.

We have
S/(I(Dy) : Xp41) = K[V (Qn-1)]/1(Qn-1) @k K[Xn+1],
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S/(I(Dn)axn-H) %JK[V(Bn)]/“Bn)a (3.1.26)

Since n — 1 = 1(mod4). By using Lemma 1.4.10, Lemma 3.1.14 and Remark 3.1.2

depth (S/(I(Dy,) : xp41)) = depth (K [V (Qn—1)]/1(Qn-1))+ 1 = (n%2—21,
and by Lemma 3.1.5 and Lemma 1.3.11
depth (S/((Dy),0+1)) = depth (KIV (Bo)] 1(B,)) = [721]. (3.127)

2

Here [ = [%42], therefore by Lemma 1.3.13, we get the required result. The proof

for Stanley depth is the same just by using Lemma 1.3.14 in place of Lemma 1.3.13.

Case 2 Let n =3(mod4). If we consider Eq. (3.1.24), then by Depth Lemma
depth(S/I(D,)) > min{depth(S/(I(D,) : xn+1)),depth(S/(I(Dn),Xn+1)}-

In this case n — 1 =2(mod4), thus by using Eq. (3.1.25) and applying Lemma 1.4.10 and

Lemma 3.1.14, we get

n+2

depth (S/(I(Dn) :xn+1)) = depth(K[V(anl)]/I(anl)) +1= ( )

1+2=[

n
= 1.
2 I+

Thus by using Eq. (3.1.27) and Depth Lemma, we obtain the depth(S/I(D,)) > [*£1].
For the other inequality, since y, ¢ I(D,), after suitable numbering of the variables, we

have the K- algebra isomorphism:

S/(I(Dn) : yﬂ) = K[V(QrHZ)]/I(anZ) ®KKb/n]' (3.1.28)

Since n —2 = 1(mod4), by applying Lemma 1.3.12, Lemma 1.4.10, Lemma 3.1.14 and
Remark 3.1.2 on Eq. (3.1.28), we have that depth(S/I(D,)) < depth(S/(I(Dy) : yn)) =
depth (K[V(Qy-2)]/1(Qn—2)) +depth (K[y,]) = [22+L] + 1 = [LL]. For Stanley depth,

by using a similar strategy for depth, the required result is obtained.

Case 3 Let n =0(mod4). We consider the short exact sequence
0— S/(I(Dn) : yn) & S/I(Dn) — S/(I(Dn)ayn) - 0,
After renumbering the variables, we have

S/(I(Dy),yn) = K[V (Qn-1)]/1(Qn-1) @k K[ynt1]. (3.1.29)
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Since n — 1 = 3(mod4) and n — 2 = 2(mod4). By using Lemma 1.4.10, Lemma 3.1.14
on Egs. (3.1.28) and (3.1.29), we get

depth(S/(1(D,) ) = depth (K[V (@ 2)]/1(Qu-2)) + depth (K[y]) = [T 41,
and
depth(S/(I(Dy),yn)) = depth (K[V (Q_1)]/1(Qu-1)) + depth (Klya1]) = [ " 11 +1.

2

We have depth(S/(I(Dy),y,)) = depth(S/(I(D,) : yn)), thus by using Lemma 1.3.13,
depth(S/I(Dy,)) = ["] 4 1. The proof for Stanley depth is same as depth just by us-

ing Lemma 1.3.14 in place of Lemma 1.3.13.

Case 4 Let n = 1(mod4). In this case n — 1 = 0(mod4) and n — 2 = 3(mod4). The proof is

similar to Case 3.

This completes the proof. 0

Corollary 3.1.18 ([81]). Letn>2and S = K[V (D,)]. Then

2n— 41, ifn=0,1(mod 4);
paim(s/1(p,)) = { 2 2 1 =0 medd
2n— [ +2,  ifn=2,3(mod4).
Proof. One can get the required result by using Lemma 1.4.11 and Lemma 3.1.17. O

Example 3.1.19. For n = 104, we have

(2) depth(K[V (Dioa)])/1(D1oa) = [15H] +1=53.

(b) pdim(K[V (Di0a)])/1(Di10a) = 208 — [15H] 1 = 156.

3.2 Invariants of cyclic modules associated to cubic circulant graphs

All the cubic circulant graphs has the form Cy,(a,n) with integers 1 < a < n. Davis and Domke

proved the following result:

Theorem 3.2.1 ([12]). Let 1 <a <nandt = gcd(2n,a).

(a) If 2 is even, then Cy,(a,n) is isomorphic to t copies of Ca (1,2).
t
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(b) If% is odd, then Cy,(a,n) is isomorphic to 5 copies 0fC¥ (2, %)

Therefore, the only connected cubic circulant graphs are those circulant graphs that are isomor-
phic to either Cy,(1,n) for n > 2 or to C»,(2,n) with n is odd and n > 3 (for the second circulant
graph, if n is not odd, then Theorem 3.2.1 implies that this circulant is not connected). See

Figure 3.5 for Cy,(1,n) and Cy,,(2,n).

Figure 3.5: From left to right C»,(1,n) and C,(2,n).

By using Lemma 1.3.11 and Theorem 3.2.1, it suffices to find the depth, projective dimension
and lower bound for Stanley depth of the quotient rings of the edge ideals of Cy,(1,n) and
C2n(2,n) with n odd. Therefore, in this section, we first find the values of depth and projective
dimension of cyclic modules K[V (Ca,(1,n)]/1(Cay(1,n)) and K[V (Ca,(2,n))/1(C2,(2,n)). We
give values and bounds for Stanley depth of such modules. At the end, we compute the values

of depth, projective dimension and lower bounds for Stanley depth of all cubic circulant graphs.

The following example will be helpful in understanding the proofs of this section. Using Figure

3.6, it is easy to see that we have the following isomorphism:

K[V(Cis(1,8))]/(1(Ci6(1,8)) : x3) = K[V(Ds)]/1(Ds) @ K|xs].
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e )1

2

y3

Figure 3.6: From left to right G;(c,(1.8))) and G(1(c;4(1.8)):x5)-

Proposition 3.2.2 ([81]). Forn > 2, let G = Cy,(1,n) and S = K[V (G)]. Then

depth (5/1(G)) = 12" ifn = 1(modd);

ExdP otherwise.
Proof. If n =2, we have C4(1,2) = Ky, then by Lemma 1.3.17 the required result follows. If
n =3, one can see that the required result holds by using Macaulay?2 [13]. If n = 4, we consider

the following short exact sequence
0— (I(G) :31)/I(G) 2, S/I(G) — S/(I(G) : y1) — 0. (3.2.1)

Here

K[x2,x3,y3,y4]
(X2X3,X3Y3,Y3Y4)

and if we have N(;(yl) = {X4,X1,y2}, Sl = K[V(G)\NG()C4)], Sz = K[V(G)\(N(;(xl) U {X4})],
83 =K[V(G)\(Ng(y2) U{xa,x1})], J1 = (S101(G)), J2 = (5211(G)), J3 = (S3N1(G)), then by

12

KV(G)]/((G) = y1) 1] = K[V (P)]/1(Py) @k K[y1], (322

using Lemma 3.1.1, we get

(I(G) : 1) /1(G) = 81 /1 [x4] © S2/ T2 [x1] © 83/ J3]y2]

~ K[x17X27)’27}’3] x4 K[x3a)’27)’3] ] K[x37}’4}[ }
(x1x2,X22,¥2Y3) (x33,¥3y2) (0)

= K[V (Py)]/1(Py) @ K[xa] © (K[V (P3)]/1(Ps) @k K[x1]) © K[x3,y4,Y2]-
(3.2.3)

By applying Lemma 1.4.10 and Lemma 1.4.15 on Egs. (3.2.2) and (3.2.3), depth(K[V (G)]/(I(G) :
y1)) = depth(K[V (Fy)]/I(F2)) 4 depth(K([y1]) = 3 and

depth((1(G) : y1)/1(G)) = min{depth(K[V (Py)]/1(F4)) + 1,depth(K[V (P3)]/1(P3)) + 1,
depth(K|[x3,y4,y2])} = 2.
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By Depth Lemma on Eq. (3.2.1), we have depth(S/I(G)) = 2. Let n > 5. We have the following

K-algebra isomorphisms:
S/(1(G) : 1) Z K[V (Dn-3)]/1(Dn-3) @k K[y1], (3.2.4)

and if we have Ng(y1) = {xn,x1,y2}, S1 = K[V(G)\Ng(xn)], S2 = K[V(G)\(Ng(x1) U {x,})],
83 = K[V(G)\(Ng (v2) U{xn,x1})], i = ($101(G)), Jo = ($201(G)), J3 = (S3N1(G)), then by

using Lemma 3.1.1, we get

(I(G) : y1)/I(G) = 81 /1 [xa] © 82/ 2 [x1] © 83/ J3[y2]
~ K[x1, oy Xn—2,Y25- -+ Yn—1]
(U v xixie 1 yivie 1 U {xn—2n—2, X1X2, Yn—2Yn—1}
K[x3, .., Xn—1,Y25+ -+ Yn—1]
(U3 {oyi, i1, yivises } U {Xn—19n—1,523})
K[x3, ..., Xp—1,Y4y- -, Yn) ol (3.2.5)
(U oy, Xixie 1, Yidise } U {1 90— 1,%3%4, Yu—1n })

) [xl’l]

[x1]

> K[V(Dy3))/1(Da—3) @k Klxa) & K1V (By3))/1(Ba3) @k K[
O KV (Dy-0))/1(Dss) 2k Ky2].

By using Egs. (3.2.4), (3.2.5) and Lemma 1.4.10, we have
depth (S/(I(G) : 1)) = depthK[V (D, 3)|/I(Dy3) +depthKlyi],  (3.2.6)
depth ((1(G) : y1)/1(G)) = min { depthK[V (D,_3)]/1(Dy—3) + 1,depthK[V (B,_3)]/I(B,—3) + 1,

depth K[V (D, 4)]/1(Dy-4) +1}.
3.2.7)
Now, if n = 1 (mod4), then n —3 = 2 (mod4) and n —4 = 1 (mod4). By using Lemma 3.1.17
in Eq. (3.2.6), we get

depth (5/(1(G) : 1)) = depth K[V (D 3)]/1(D 5)+1 = [" 31 41 =57,

By applying Lemma 3.1.5, Lemma 3.1.17 and Remark 3.1.2 on Eq. (3.2.7), we get

depth ((I(G) : 1) /1(G)) = min{[#1 +1, [#1 41, (#1 r11}

= min {21,757, 441)

As depth (S/(I(G) : y1)) =depth ((I(G) : y1)/1(G)) = [4], therefore by applying Depth Lemma
on Eq. (3.2.1), we get depth(S/I(G) = [5]. If n =2 (mod4), thenn —3 =3 (mod4) andn —4 =
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2 (mod4). To prove the result, we use similar strategy of the previous case and get the desired

result that is depth (S/1(G)) = [%51]. If n = 0,3 (mod4), the proof is similar. O

Corollary 3.2.3 ([81]). Forn > 2, let G = Cy,(1,n) and S = K[V (G)]. Then

pdim(s/1(G) =4 '~ 21, ifn=1(mod4);

2n— 21, otherwise.

Proof. The required result is the direct consequence by using Lemma 1.4.11 and Proposition

3.2.2. U

Proposition 3.2.4 ([81]). Forn > 2, let G = Cy,(1,n) and S = K[V (G)]. Then

sdepth (S/1(G)) = 131, ffn=1(modd);
(24, ifn=2(mod4).
Ifn =0,3 (1110d4-)7 then
(nT_IW < sdepth ($/1(G)) < (%1 +1.

Proof. Ifn=2,wehave C4(1,2) = K4, then we get the result by Lemma 1.3.17, sdepth (S/1(G)) >
1. If n =3, we find the required lower bound by using Lemma 1.3.15. For the upper bound, since

y1 € I(G), by Lemma 1.3.12, sdepth(S/I(G)) < sdepth(S/(I(G) : y;). Here

K[x2,ys]
(0)
and by Lemma 1.4.10, sdepth(S/I(G)) < sdepth(K[xy,x3,y2]) = 3. If n = 4, one can find a

12

KV(G)I/((G) :y1)

il

lower bound for Stanley depth in a similar way as depth in Proposition 3.2.2 just by using
Lemma 1.3.10 in place of Depth Lemma, that is sdepth(S/I(G)) > 2. For the upper bound, by
using Eq. (3.2.2), Lemma 1.3.12 and Lemma 1.4.10, sdepth(S/1(G)) < sdepth(S/(I(G) : y1) =
sdepth(K [V (P4)]/1(Ps))+1=3.Letn > 5. By using a similar strategy of depth as in Proposition
3.2.2 and applying Lemma 1.3.10 in place of Depth Lemma on Eq. (3.2.1), we get the required
lower bound for Stanley depth. For other inequality, by using Lemma 1.3.12, Lemma 1.4.10

and Lemma 3.1.17 on Eq. (3.2.4), we get the required result. This completes the proof. O

Example 3.2.5. Let n = 11. If G = Cy,,(1,n) = Cx(1,11), then
(a) depth(K[V(Cx2(1,11))]/1(Cx2(1,11))) =S5.

(b) pdim(K[V(C2(1,11))]/1(Cx2(1,11))) = 17.
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(c) 5 <sdepth(K[V(Cxn(1,11))]/1(Cx2(1,11))) < 7.

Proposition 3.2.6 ([81]). Forn >3, let G = C»,(2,n) and S = K[V (G)]. Then

n

[

depth (S/1(G)) = { it ifn=1(mod4);

IS N

1, otherwise.

Proof. If n =3, one can easily see that the result holds by Macaulay?2 [13]. If n = 4, we consider

the short exact sequence
0— (I(G) : y4)/I(G) LN S/I(G) — S/(I(G) : y4) — 0. (3.2.8)

‘We have

~ K[xlax27x37y2]
(Xlxz,x2x3,x2y2)

and if we have Ng(y1) = {y3,x4,y1}, S1 = K[V(G)\NG(¥3)], S2 = K[V(G)\ (NG (xa) U {y3})],
S3=K[V(G)\(Ng(y1)U{ys,xa})], Ji = (S1N1(G)), J2 = (5211(G)), J3 = (S3N1(G)), then by

K[V(G)]/(1(G) : ya) [yva] = K[V (S4)]/1(Sa) ®k K][ya], (3.2.9)

using Lemma 3.1.1, we get

(I(G) : y4)/I1(G) = S1 /11 [y3] @S2/ T2 [x4] ® S35/ 5 [y1]

~ K1, x2,x4,y1] 3] @

(X1X27X1X4,X1y1)

K[x2,y1,2] K[x2,x3]
x4] D Y1
(y1y2,y2%2) X2X3) (3.2.10)

= K[V(S4)]/1(Sa) @k K[ys] @ (K[V (P3)]/1(P5) @x Kxa))

S K[V (P)]/1(Py) ®k K[y1].
We apply Lemma 1.4.10, Lemma 1.4.15 and Lemma 1.3.16 on Eq. (3.2.9), depth(K[V (G)]/(I(G) :
y4)) = depth(K[V(84)]/1(S4)) + 1 = 2 and by Eq.(3.2.10)
depth((/(G) : y4)/1(G)) = min{depth(K[V (S4)]/I(S4)) + 1,depth(K[V (P3)]/1(P3)) + 1,
depth(K[V (P2)]/1(P2)) +1}
=2.

By using Depth Lemma on Eq. (3.2.8), depth(S/1(G)) = 2. Let n > 5. Consider the following

short exact sequence

0 — (I(G) : yn) /1(G) 2 S/1(G) —> S/(I(G) : yn) — 0. (3.2.11)
Here
S/(I(G) : yn) = K[V (Qn-3)]/1(Qn—3) @k K|yn), (3.2.12)
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and if we have NG (yn) = {yn—1,%a, 31}, S1 = K[V (G)\NG (yu—1)]; S2 = K[V (G)\ (NG (%) U{yn-1})];
S3 =K[V(G)\(Ng(y1) U{yn-1,%})], J1 = (S1NI(G)), J» = (S2NI(G)), J3 = (S3NI(G)), then

by using Lemma 3.1.1, we have

(I(G) : yu) /1(G) = 81 /1 [yn—1] © S2/J2[xn] ® S3/J3[y1]
N K[X1y. oy Xn—2,Xn, Y1y -+« s Yn—3] ]
g — n—
(U v Xixig 1, Vi1 U {%n— 303, X1 X0, X032 })
K[-x27 cee s Xp—2,V1,--- 7yn—2]
(U5 {xivis xixig 1, yivie1 } U {xn—2yn—2,y1v2}
K[.Xz, sy Xn—1,Y3,- - 7y"l—2}
(U5 Ly, Xixig 1, yivie 1 } U {n—2Yn—2,Xn—2%n—1,%2x3})

) [Xn}

[yl]

= K[V(0n-3)]/1(Qn-3) @k K[yn—1] © K[V (Bn—3)]/1(Bn—3) @k K|[xn]
DKV (On-4)]/1(On-4) @k K[y1]
(3.2.13)

By Egs. (3.2.13), (3.2.12) and Lemma 1.4.10, we get
depth (S/(1(G) : yu)) = depth K[V (Qy-3)]/1(Qu—3) +depth K[y ), (32.14)

and

depth ((1(G) : y»)/1(G)) = min { depthK[V(Q,-3)]/1(Qn_3) + 1,depthK[V(B,_3)]/I(B,_3) + 1,

depth K[V (Q-4)]/1(Qn-4) +1}.
(3.2.15)

If n = 1(mod4), then n —3 = 2(mod4) and n —4 = 1 (mod4). By applying Lemma 3.1.14,
Lemma 1.4.10 on Eq. (3.2.14), we get

n—3+1

depth (S/(1(G) : ) = [——]+1+1=[T]+1. (3.2.16)

By applying Lemma 3.1.5, Lemma 3.1.14 and Remark 3.1.2 on Eq. (3.2.15), we get

depth (1(6):3n)/1(G)) =min { "5 0 11, 50 1 [ 1

=min {27 +1,721, 1211}

n—1

=10,

(3.2.17)
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Since, depth ((/(G) : y,)/1(G)) < depth (S/(I(G) : yn)), thus the desired result follows by ap-
plying Depth Lemma on Eq. (3.2.11). Similarly, if n = 2 (mod4), then n — 3 = 3 (mod4) and
n—4 =2(mod4), then the required results follows by similar strategy that is depth (S/1(G)) =

[5].If n = 0,3 (mod4), the proof follows in a similar way. O

Corollary 3.2.7 ([81]). Forn >3, let G = C2,(2,n) and S = K[V (G)]. Then

2n—[2=17, ifn=1(mod4);
pdim (S/1(G)) = 7] fn=1{mod4)
2n—[5], otherwise.
Proof. The proof follows by Lemma 1.4.11 and Proposition 3.2.6. 0

Proposition 3.2.8 ([81]). For n > 3, let G = C2,(2,n) and S = K[V(G)]. If n = 0,3 (mod4),
then
sdepth (S/1(G)) = [%1.
Ifn=1(mod4), then
-1
(S5 < sdepth (8/1(G)) < [5] +1,
and if n = 2 (mod4), we have

n—1 n—1

71 < sdepth (8/1(G)) < [

141

Proof. If n =3, one can get lower bound by using CoCoA [20] that is sdepth(S/I(G)) > 2. For
the upper bound, by Lemma 1.3.12, sdepth(S/I1(G)) < sdepth(S/(I(G) : y3). Here
K[x1, %]

(x1x2)
by Lemma 1.4.10 and Lemma 1.4.15, we get sdepth(S/I(G)) < 2. Let n = 4. For the upper
bound, since y4 ¢ I(G), by Lemma 1.3.12, we have sdepth(S/I(G)) < sdepth(S/(I(G) : ya).

12

KIV(G)I/(I(G) :ys)

[v], (3.2.18)

Here

) K[x1,x2,%3,y2]
(132, X2)2, X2X3)
and by Lemma 1.4.10 and Lemma 1.3.16, sdepth(S/1(G)) < sdepth(K[V (S4)]/1(S4)) + 1 =2.

K[V(G)]/(1(G) : y4 [va] 2 K[V (S4)]/1(S4) @k K[y4],

For other inequality, one can find Stanley depth in a similar way as depth in Proposition 3.2.6
just by using Lemma 1.3.10 in place of Depth Lemma, that is sdepth(S/I(G)) > 2. Let n > 5.
We get the desired lower bound for Stanley depth by using a similar strategy of depth as in
Proposition 3.2.6 and applying Lemma 1.3.10 in-place of Depth Lemma on Eq. (3.2.11). For
other inequality, by using Lemma 1.3.12, Lemma 1.4.10 and Lemma 3.1.14 on Eq. (3.2.12), the

required result follows. O
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Example 3.2.9. For n = 13, we have

(a) depth(K[V(Cz6(2,13))]/1(C26(2,13))) = 6.
(b) pdim(K[V(C26(2,13))]/1(C26(2,13))) = 20.

(c) 6 <sdepth(K[V(Cy(2,13))]/1(C26(2,13))) < 8.

Before proving Theorem 3.2.11, we make the following remark.

Remark 3.2.10 ([81]). Letn > 2, ¢t = gcd(2n,a) and 1 < a < n. Note that by Theorem 3.2.1(b),

Can(a,n) is isomorphic to & copies of Ca (2,22). For Ca (2,2), we only need to consider the

case when 2 is odd. If 27” is even, then by Theorem 3.2.1(a), we have ¢ disjoint copies of

t

Theorem 3.2.11 ([81]). Letn>2,t = gcd(2n,a) and 1 < a < n.

(a) If % is even, then

depth (K[V(Can(a,n))]/1(Can(a,n))) =

(b) [ % is odd, then

[2’;’]-%, if%zl(mod4);

depth (K[V (Can(a,n))]/1(Can(a,n))) =
(1.4, if 2 =3 (mod4).

Proof. Let % is even. Since t = gcd(2n,a), therefore 7 > 2 and a positive integer. Now by

using Proposition 3.2.2, we have

depth (K[V (€3 (1. 7)]/1(C20(1,7))) =

{”l;l} , otherwise.

By Theorem 3.2.1, Cy,(a,n) is isomorphic to ¢ copies of CZTn (1,%). Therefore, by Lemma 1.3.11,
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(2] -1, if 2 = 1(mod4);
depth (K[V (Can(a,n))]/1(Con(a,n))) =

[ ”l;l ] -1, otherwise.

e 2n ; 2n I . . .. ..
Now, if <% is odd, then =* > 2 and a positive integer. By using a similar strategy, use Proposition
3.2.6 in place of Proposition 3.2.2 and by Theorem 3.2.1, Cy,(a,n) is isomorphic to 5 copies of
Cu (2, 27”) By Remark 3.2.10, it is enough to consider the cases when 27" is odd, therefore by

Lemma 1.3.11, the required result follows

[-5—1"5, if 22 = [ (mod4);
depth (K[V(Can(a,n))]/1(Can(a,n))) =
2n
[+1-%, if 2 = 3 (mod4).
O]
Corollary 3.2.12 ([81]). Letn>2,t = gcd(2n,a) and 1 < a < n.
(a) If % is even, then
2n—[5]-t, if % =1(mod4);
pdim(K[V (Can(a,n))]/1(Can(a,n))) =
2n— [t -1, otherwise.
(b) If 2 is odd, then
2n—[25-1]- 5, if 2 = 1 (mod4);
pdim(K[V (Can(a,n))]/1(Can(a;n))) =
2n—["]-%, if 2 =3 (mod4).
Proof. The proof follows by Lemma 1.4.11 and Theorem 3.2.11. O

Theorem 3.2.13 ([81]). Letn>2,t = gcd(2n,a) and 1 < a < n.

(a) If % is even, then

[5:]-1, if * = 1(mod4);
sdepth (K[V (Con(a,))}/1(Canla,n))) >

[ -1, otherwise.
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(b) If 2 is odd, then

sdepth (K[V(CZn(aan))]/I(CZn(avn))) 2
[ 4, if 2 =3 (mod4).

Proof. Since t = gcd(2n,a), therefore if 27” is even, then  is a positive integer greater than or

equals to 2. By Proposition 3.2.4, we have

n

sdepth (K[V (Ca (1, ?))]/I(C%(l, )=

[ t 1 1, otherwise.

By using Theorem 3.2.1, Cy,(a,n) is isomorphic to ¢ copies of C (1,%), therefore by Lemma
1.3.11,
(%1 -, if 2 =1 (mod4);
sdepth (K[V (Can(a,n))]/1(Can(a,n))) =

[ ;1] °, otherwise.

Similarly, if % is odd then 2[—” is a positive integer strictly greater than 2. We get the required

result just by replacing Proposition 3.2.4 with Proposition 3.2.8 and by Theorem 3.2.1, C,,(a, n)
is isomorphic to % copies of Cu (2, 27") By using Remark 3.2.10, it is enough to cater the cases
when 27" is odd, therefore by Lemma 1.3.11, we get

2n
g

(115, if 22 = 1 (mod4);

sdepth (K[V (Can(a,n))] /I(Can(a,n))) >
[+1-5 if 22 =3 (mod4).
O

Example 3.2.14. Let n =5 and a = 2. We have t = ged(10,2) =2 and 2 = &) = 5 is odd, then

() depth (K[V(C10(2,5))]/1(C10(2,5))) = 2.
(b) pdim (K[V(C]Q(z,5))]/1(C10(2,5))) =38.
(c) sdepth (K[V(C10(2,5))]/1(C10(2,5))) = 2.

Example 3.2.15. Let n = 8 and a = 4. We have t = gcd(16,4) = 4 and % =16 =4 is even,

then
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(a) depth (K[V(Ci6(4,8))]/1(Ci6(4,8))) = 4.
(b) pdim (K[V(Ci6(4,8))]/1(Ci6(4,8))) = 12.
(c) sdepth (K[V(Ci6(4,8))]/1(Ci6(4,8))) = 4.

Remark 3.2.16 ([81]). Letn >2,t = gcd(2n,a) and 1 < a < n. Then Stanley’s inequality holds
for K[V (Can(a,n))]/1(Can(a,n)).

3.3 Conclusion

In this chapter, values of depth, projective dimension, and lower bounds for Stanley depth of
the quotient rings of the edge ideals of all cubic circulant graphs are computed. It is worth
mentioning that for providing these results, the precise values of the said invariants of the edge
ideals associated with certain supergraphs of ladder graph played an important role. For the
computation of depth and a lower bound for Stanley depth, Lemma 3.1.1 is very significant
in general. This work can be extended for finding the said algebraic invariants of edge ideals
associated with other families of circulant graphs, as we did for certain classes of circulant

graphs provided in the next chapter.
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CHAPTER 4

Algebraic invariants and some

circulant graphs

In this chapter, we study some invariants of the edge ideals associated with some families of
four and five regular circulant graphs, which include Cp,(1,n—1),Cy,(1,2), and Cy,(1,n —
1,n), where n > 3. These graphs are depicted in Figures 4.1 and 4.2. In the first section of
present chapter, we find the algebraic invariants depth, regularity, Stanley depth and projective
dimension of cyclic modules associated with certain subgraphs of Cy,(1,n—1),C5,(1,2) and

Con(1,n—1,n) ; see for instance Lemmas 4.1.4 and 4.1.6-4.1.10.

Xn4-2

X2n X2n

Figure 4.1: From left to right Cy,,(1,n— 1) and C5,,(1,2).
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Xn+2

X2n

Xon—1

Figure 4.2: C;,,(1,n— 1,n).

In the next section, we give the exact values of depth, projective dimension, and bounds for the
Stanley depth of K [V (Cp,(1,n—1))] /I(Can(1,n— 1)), see Theorem 4.2.1, Corollary 4.2.2, and
Theorem 4.2.3. In Theorem 4.2.5, we give a formula for the regularity of the edge ideal associ-
ated with Cy,(1,n—1) when n =0, 1(mod 3), and sharp bounds when n = 2(mod3). Moreover,
we provide the exact values of the regularity of the edge ideal associated with Cy,(1,2) when n
is even and tight bounds when # is odd, see Theorem 4.2.7. Our result in Theorem 4.2.9 gives

the exact value for the regularity of edge ideal associated with Cy,,(1,n— 1,n).

4.1 Invariants of cyclic modules associated with certain subgraphs

of Coy(1,n—1),C2,(1,2) and Co,(1,n— 1,n)

For n > 2, we introduce some families of subgraphs, namely E,,, F;, and G, of Cy,(1,n—1),C5,(1,2)
and Cy,(1,n — 1,n), respectively as given in Figures 4.3 and 4.4. The vertex sets of these sub-

n
graphs are V(E,) =V (F,) = V(G,) = U {xi,y:} and the edge sets are as follows:
=1

=

n—1

-Ewm—u{vawaMvaMhmﬂmﬁ,

i=1

n—1

* E(F,)

1

{vw&umMwaMhmmH§umﬂa

-1

* E(G,)= U {{xbyi}a{xiaxi+l}7{yiayi+1}7{xi7yi+1}7{xi+lvyi}}U{xn7Yn}'

=1

N
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Figure 4.3: From left to right E,, and F;,.

Y1 Y2 y3 y4 Yn-2 Yn—1 Yn

X1 X2 X3 X4 Xp—2 Xp—1 Xpn

Figure 4.4: G,,.

Here, we give exact values of depth, projective dimension, and regularity of cyclic module
K[V (E,)]/I(E,). We also give bounds for the Stanley depth of such a module. Moreover, we
compute the exact values of regularity of cyclic modules K[V (F,)]/I(F,) and K[V (G,)]/I(G,).
It is worth mentioning that these findings are helpful in the subsequent section for proving our

main results.

Remark 4.1.1 ([82]). To cater some special cases in the proofs of subsequent results, the quo-

tient rings associated with E,, G, and F, for n < 1, are described as follows:

o KI[V(E_1)]/I(E-1) 2 K[V(Ey)]|/I(Eo) = K[V (Fo)]|/I1(Fy) = K[V (Go)]/1(Gp) = K and
depth(K) = sdepth(K) =reg(K) = 0;
* K[V(Ey)]/I(E)) = K]x,y], we have depth(K|[x,y]) = sdepth(K|[x,y]) =2 and reg(K[x,y]) =
0;
* K[V(F)]/I(F\) = K[V(G1)]/I(G1) 2 K[V (P,)]/I(P,), then by Lemma 1.4.15, we get
depth (K[V(P,)]/1(P2)) = sdepth(K[V (P,)]/1(P2)) = reg(K[V (P2)]/1(P2)) = 1.
Remark 4.1.2 ([82]). Leti € Z", if k < i then we consider Ui-‘ {XVidt 1, XiXit 15 YiVit 1, Xi+1Vi} = 0.

Also we take x,y, = 0, whenever a or b is not positive.

Remark 4.1.3 ([82]). Let x;,x, € S such that x;,x, ¢ I. Then (/:x;), (I,x;), ((I,x;),x,) and
((Z,x;) : x) are the monomial ideals of S such that G(;.,), G(1.,), G((1.5).x,) ad G((1x,).x,) are

subgraphs of Gj.
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By using Remark 4.1.3, see Figures 4.5 and 4.6 as examples of G y(g,).y6): G(1(E7) ) s O((1(E7).y6) x6)

and G(y(g) y,)-x,)- From Figures 4.5 and 4.6, we have the following isomorphisms:
K[V (E7)]/(1(E7) : y6) = K[V (E4)]/1(E4) @k K [y6, x6],
K[V(E7)]/(I(E7),ys) = K[V (Es)]/ (I(Es), x5, X6Y5, X6Y7,%6¥7),
K[V (E7)]/((I(E7),¥6),%6) = K[V (Es)]/1(Es) @k K[y7,%7),

K[V(E7)l/((I(E7),y6) : X6) = K[V (E4)]/1(Es) @ K[xe].

yroo Y2 Y3 Y4 Y5 Y7 yro Y2 Y3 Y4 Ys Yo Y1
o o
X1 X2 X3 X4 X5 X7 X1 X2 X3 X4 X5 X6 X7

Figure 4.5: From left to right G y(g,).ys) and G(y(g,) y,)-

yro Y2 Y3 ya Y5 Y6 yiro Y2 Y3 ya Ys Yo Y7
(] (] ]
X1 X2 X3 X4 X5 Xg X1 X2 X3 X4 X5 X7

Figure 4.6: From left to right G((I(E7),y6)7x6) and G((I(E7),y5):x6)'

First, we find the exact value of depth and lower bound of Stanley depth for K[V (E,)/I(E,)).

Lemma 4.1.4 ([82]). Letn >2.IfS=K[V(E,)], then

(54 ifn=1(mod 3);
sdepth (S/I(E,)) > depth (S/I(E,)) =

(%] ) otherwise.

Proof. We first show the proof for depth. If n =2, then E; = Cy. It is clear that the result
holds by using Lemma 1.3.18. If n = 3, we have E3 = K4 », then from Lemma 1.3.19, we have

depth (S/I(E,)) = 1. Let n > 4. We consider the subsequent cases:

Case 1. Let n = 1(mod3). Consider the following short exact sequences

0—S/(I(Ey) :yn—1) ﬂll%S/I(En) — S/ (I(Ey),yn—1) — 0,
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0 — S/ ((I(En)syu-1) : ¥a1) == S/ (I(En)syu-1) — S/ ((I(En), Y1) %n-1) —> 0.
By Lemma 3.1.4,

depth (5/(1(£,)) = min { depth (S/(1(Ex) : ya-1) ) «depth S/ (I(En) yu-1) ) }

4.1.1)
depth (S/(I(E,,), y,,,l))

4.1.2)

> min { depth (S/((I(En),yn_l) : xn_1)>,depth (S/((I(En),yn_l),xn_1)> }

We have

S/(I(En) : yn—1) = K[V(Ey—3)]/I(Ep—3) @k K[yn—1,%-1], (4.1.3)
S/(((En),yn—1)s%n—1) = K[V(En—2)]/1(En—2) @k K[Yn,Xn), (4.1.4)
S/ (IEn) s ¥nt) : Xnot) = K[V (En3)/1(En_3) @k K [xn_1]. (4.1.5)

As n—3 = 1(mod3), by applying Lemma 1.4.10 and Remark 4.1.1 on Eq (4.1.3) and

using induction on n, we get

depth (S/(I(E2) : yu-1)) = [”_;*ﬂ t2= [";ﬂ .y

Since n —2 = 2(mod3), by using Lemma 1.4.10 on Eq (4.1.4) and induction on n, it

follows

depth (8/((1(En) ) )) = |57 2= |52,

Now, by Eq (4.1.5) and applying induction on n, Lemma 1.4.10 and Remark 4.1.1, we get

depth (8/((1(Ex)oyn-1)i30-0)) = | "5 1= 52,

Here
depth (8/((1(E,),yu-1),20-1) ) = depth (8/((1(Ex),va-1) 1 20-1)),

by using Eq (4.1.2),

depth (5/(1(E) 1)) = |52

3
By Eq (4.1.1), we get

(4.1.6)

depth(S/(1(E,)) > [”‘*ﬂ .

3
For the other inequality, if y, ¢ I(E,), then
S/(I(Eﬂ) : yn) = K[V(Ean)]/I(En72) Rk K[,Ynaxn]-
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Since n —2 =2 (mod3), by Lemmas 1.3.12, 1.4.10 and induction on n,

depth(S/I(Ey)) < depth(S/(I(Ey) : y)) = {”ﬂ fao [”g ﬂ L@

We get the required result by combining Eqs (4.1.6) and (4.1.7).

Case 2. Let n =2(mod3). Consider the short exact sequence
0 — (I(Ep) : yu1) JI(En) 25 S/I(Ey) — S/ (I(Ey) = yn_1) — 0. (4.1.8)

Note that here we have
NE, (yn—l) = {yn—lvxn—Zaymxn}y
S1 = K[V(Ex)\Ng, (ya—2)],
S3 = K[V(En)\(NE,, (yn) U {yn—Zaxn—Z})] ,
Sa= K[V (Ex)\(Ng, (x2) U{Yn-2,%-2,5u})]
Ji = (S] ﬂ](En)), J = (Sz ﬂI(En)),
Jz = (S3 ﬂI(En)), Jy = (S4 ﬂI(En)) ,
then by using Lemma 3.1.1, we get
(I(Ep) = yn—1) [I(Ey) = 81 /1 [yn—2] ® S2/J2[Xn—2) ® S3/J3[yu] ® Sa/Ja[xs]
~ K[Xl, oy Xn—49X0n—2,X, Y1 - - 7)’n—47)’n]
= n—>5 [ n—= ]
( Ui {Xiyis 1, XiXi 1, Yiyis axi+IYi})
K[X1,. o Xn—dyXn, Y1y« -y Yn—ds Yn)
(U {1 XX 15 ViV 1 Xit 1 i}
K[X] A )-xl’l—37-xn7y] PR 7yn—3]
( Uiz 14 {XiYig 1, XiXip 1, YiVig1 ,xi+1)’i})

K[X], 5 Xn—3,Y15---3Yn— 3]
( i 1{szHrlax1x1+la)’t)71+laxt+1)’z})

= (K[V(Ey—a)]/I(Ey—4) Rk K[Xn—bxn,)’m)’n—l])

) [xnfz]

[Va]

@

]

@ (K n —4 /I n— 4) ®KK[xn7ynvxn—2]>
S¥ (K E, 3 /I n— 3)®KK[xn7yn])
S¥ (K n 3 /I n— 3)®KK[xn]>-
By Lemma 1.4.10 on Eq (4.1.3),
depth (S/(I(E,) : yp—1)) = depth K[V (E,—3)]/I(E,—3) +depthK[y,—1,x,—1].  (4.1.9)
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Also,
depth ((I(Ey) < yu-1)/1(Ey))
— min { depth(K[V (E,4)]/1(En-4)) +4,depth(KIV (Ey-4)] /1(En-4)) +3,
depth(K[V (Ey-3)]/1(Ey-3)) +2,depth(K[V (Ey-3))/1(E, ) +1}.
(4.1.10)
Here n—4 = 1 (mod3) and n— 3 = 2 (mod3). We apply induction on Eq (4.1.9) and get

n

depth (S/(I(Ey) : yu_1)) = V_ﬂ t2= {3

3 ]H. 4.1.11)

Using induction on n and Remark 4.1.1 on Eq (4.1.10),

depth ((I(E,) : yu—1)/I(En))

:min{ ['H;“Lﬂ +4, F’_;”Lﬂ +3, [";ﬂ +2, F’;ﬂ +1} - {g]

(4.1.12)

We get the required result by applying Lemma 3.1.4 on Eq (4.1.8).

Case 3. If n=0(mod3), then n —4 = 2 (mod3) and n — 3 = 0(mod3). By applying induction
on Eq (4.1.9),

n

depth (S/(I(Ey) : yu_1)) = {”gﬂ 2= m +1 (4.1.13)

By using Eq (4.1.10) and applying induction on n, we get

depth ((I(E,) : yu—1)/I1(En))
:min{ [”;ﬂ L4 {ngﬂ L3, [n;ﬂ 12 [n;ﬂ +1} _ gw | (4.1.14)

The desired result is obtained by applying Lemma 3.1.4 on Eq (4.1.8).

This ends the proof for depth. Next, we provide the result for the lower bound of Stanley depth.
If n =2, then E; = C,4 and the result holds by Lemma 1.3.18. If n = 3, we get the required
result from Lemma 1.3.19. Let n > 4. We get the lower bound for Stanley depth in a similar
way to the depth just by replacing Lemmas 3.1.4 and 1.3.12 with Lemmas 1.3.10 and 1.3.12,

respectively. 0

By using the Auslander Buchsbaum formula, we have the following result.
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Corollary 4.1.5 ([82]). Letn >2 and S = K[V (E,)|. Then

2n— [2H4], ifn=1(mod 3);
pdim (S/I1(E,)) =
2n — [%] ) otherwise.
Proof. The required result follows from Lemmas 1.4.11 and 4.1.4. O

Now we will find the upper bound for Stanley depth of K[V (E,)/I(E,)].

Lemma 4.1.6 ([82]). Letn >2 and S = K[V (E,)]. Then

z ifn=0(mod 3);
sdepth (S/I(E,)) < { 252, ifn=2(mod 3);
2”3—+4, ifn=1(mod 3).

Proof. If n =2, then E; = C4 and we get the required result by Lemma 1.3.18. If n = 3, since
y2 ¢ I(E3) then S/(I(E3) : y2) = K[x2,¥2]/(0), we have by Lemma 1.3.12,

sdepth (S/I(E3)) < sdepth(S/(I(E3) : y2)) = sdepth(K[x2,y2]) = 2.
Letn >4.1f n=0(mod3), then n —3 = 0(mod3). Since x,_1y,—1 ¢ I(E,), we have
S/(I(En) : Xn—1yn—1) = K[V (Ey3)]/I(Ep—3) @ K[x0—1,yn-1]-
By using Lemma 1.4.10 and applying induction on #,

sdepth (S/ (I(En) : xnflynfl)) = Sdepth(K[V(ErhS)]/I(En73)) +2<

Therefore, by applying Lemma 1.3.12, we get
sdepth(S/I(Ey)) < sdepth (S/(I(En) : Xn-1Yn-1)) <
Let n =2(mod3). Since y, ¢ I(E,),
S/(I(En) = yn) = K[V(En—2)]/I(En—2) @k K[yn, %)
Since n —2 = 0(mod3), by using Lemmas 1.3.12, 1.4.10 and induction on n, we get

sdepth (S/1(E,)) < sdepth(S/(I(Ey) : yn)) = sdepth(K[V (Eq—2)] /1(Ey—2)) +2

20-2) ,,_ 242

<
- 3 3
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If n=1(mod3), then n —2 = 2 (mod3). The proof follows a similar strategy and we get

sdepth((S/I(E,))) < sdepth(S/(I(Ey) : y»)) = sdepth(K [V (E,—2)]/I(E,—2)) +2
20n—2)+2 _ 2n+4
<=
This ends the proof. O

Example 4.1.7. For n = 226, we have

(a) depth(K[V(E226)])/I(EQZG) = ’—2227%1—‘ =177.
(b) 77 < sdepth(K[V (Ex)]) /1(Exs) < B5 = 152.
(c) pdim(K[V (Ex)])/I(Ene) = 452 — [25H4] = 375.

In the following lemmas we will find the exact values of the cyclic modules K[V (E,)]/I(E,),

K|V (F,)]/I1(F,) and K[V (G,)]/1(G,) for regularity.

Lemma 4.1.8 ([82]). Letn > 2 and S = K[V (E,)]. Thenreg(S/I(E,)) = [“5].

Proof. LetS=K|V(E,)].If n=2 then by using Lemma 1.4.16, we have reg(K[V (E»)|/I(E?)) =
reg(K[V(C4)]/I(Cs4)) = 1. Let n > 3, we have the following K-algebra isomorphisms:

S/(I(En) : xn,2) = K[V(En,4)}/1(En,4) (9]¢ K[xn,z,yn,z,xn,yn], (4.1.15)
S/ ((I(Ep),Xn=2),yn—2) = K[V (En=3)]/I(En—3) @k K|V (E2)] /1(E>), (4.1.16)
S/ ((L(En) xn-2)  yn-2) = K[V (En-4)]/1(En-4) @k K[yn-2,%n, Yn]. (4.1.17)

If n =3, by using Eq (4.1.15) we get S/(I(E3) : x1) =2 K[V(E_1)]/I(E-1) @k K|x1,y1,%3,Y3]-
Moreover, by Eq (4.1.16), we have S/((I(E3),x1),y1) = K[V (Eo)]/I(Eo) @k K[V (E2)]/I(E2),
and by Eq (4.1.17), S/((I(E3),x1) : y1) 2 K[V (E_1)]/I(E-1) @k K[y1,x3,y3]. By Remark 4.1.1

and Lemma 1.4.10, we get

reg (S/(I(E3) : x1)> — reg (K[V(E_l )] /I(E_l)) — reg(K) =0,
reg (S/((Es).) 1)) = reg (KIV(E-))/I(E-1)) = reg(K) =,

and

reg (S/((1(E3),x1),1) ) = reg (KIV (Eo)/1(Eo) ) +reg (KIV (E2)/1(Ez)) =0+1=1.
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Since reg (S/((I(E3),X1) :yl)) < reg <S/((I(E3),x1),y1)), by using Lemma 1.4.12(c), we get
reg(S/(I(E3),x1)) = 1. Also, reg(S/(I(E3) : x1)) <reg(S/(I(E3),x1), again by Lemma 1.4.12(c),
reg(S/1(E3)) = 1. If n = 4, by using a similar strategy one can get reg(S/I(E4)) = 1. Letn > 5.
By using induction on n, Remark 4.1.1, Lemma 1.4.10 and Eqs (4.1.15)—(4.1.17), we get

ree (S/01Er)130-)) = reg (KIV (B, -1/ 1(E,-2)) = |57 |

reg (S/((I(E")’x"*Z) ‘y"*2)) =reg (K[V(En74)]/I(En74)> - [”;ﬂ ,

and by Lemma 1.4.14,

reg (S/((1(Ex) x-2),v0-2) ) = reg (KIV (Ey-3)]/1(Eu-s) ) +reg (KV (E2))/1(E2))

Since
reg (S/((1(En) 5n-2) :vn-2) ) < reg (S/((H(En)x0-2).v01)),
by Lemma 1.4.12(c) we get reg (S/(I(En),xn,z)) = [%1 . Also we have
reg <S/(I(E,,) :xn_z)) < reg (S/(I(E,,),xn_2>.
Again by Lemma 1.4.12(c), the desired result follows. 0

Lemma 4.1.9 ([82]). Let n > 2 and S = K[V (F,)]. Then reg(S/I(F,)) = [4].

Proof. If n=2,then we have S/(I(F>) :y1) = K[y1,x2], and S/(I(F>),y1) = K[V (C3)]/1(C3). By
Lemmas 1.4.10 and 1.4.16, reg (5/(1(5) : y1)> —Oand reg (S/(I(Fz),y1)> —K[V(C)]/I(C3) =
1. Since reg (S/(I(Fz) : y1)> < reg (S/(I(Fz),y1)>, therefore by Lemma 1.4.12(c), we have
reg(K[V(F)]|/I(F,)) = 1. Let n = 3 and F; = H; UH,, where H} =~ H, = F, and H| N H, # 0.

By Lemma 1.4.13, we get

reg (S/1(F3)) < reg (KIV (H1)]/1(H) ) + reg (KIV (H2)]/1(H) ) =2.

For the other inequality, let M = {{xl i1} {x3,y3} } It is clear that M is an induced matching,
therefore, indmat(F,) > |M| = 2. By combining the two inequalities, we get reg(S/I(F3)) = 2.

Let n > 4. Here we consider the following two cases:

Case 1. If nis even. We have the K-algebra isomorphisms:

S/(I(Fn) :ynfl) = K[V(Fn73)]/I(an3) ®KK[yn71,xn]7 (4-1-18)
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/(U yu )0 1) = KIV(E o)) /1(Eu ) ok KV(RJIB),  (4119)
S/(((I(Fn%ynfl) : xn71> 7yn72) = K[V(Fn73)]/1(Fn73) ®KK[xn71]v (4.1.20)
S/(((I(Fn)aynfl) : xnfl) : yn72) = K[V(Fn74)]/I(Fn74) ®KK[xn71,yn72]- (4.1.21)

If n =4, we have
S/(I(Fy) - y3) = K[V(F)]/I(F) @k K[y3, xa],

S/((I(Fs),y3),x3) 2KV (F)]/I(F) ®k K[V (P)]/1(Py),
S/((I(Fy),y3) - x3) = K[V(C3)]/1(C3) @k K[x3)].

By Lemma 1.4.10, Remark 4.1.1 we have reg (S/(I(F4) :y3)) =reg (K[V(Fl)}/I(Fl)) =
1, and by Lemmas 1.4.15 and 1.4.16, we have

reg (8/((1(F3),33),3) ) =reg (KIV(R)| /() ) +reg (KIV(P)) /1(Py)) =2

and
reg (S/((I(F4), ¥3) :x3)> — reg (K[V(C3)] /1(c3)) ~1.
Since reg (S/((I(F4),y3) : x3)> < reg (S/((I(F4),y3),x3)), by using Lemma 1.4.12(c),

we get reg (S/(I(F4),y3)> = 2. Moreover, reg (S/(I(F4) :y3)> <reg (S/(I(F4),y3>, and
again by using Lemma 1.4.12(c), we getreg (S/(I(F4)) =2. Letn > 6. By using induction
on n, Lemmas 1.4.10 and 1.4.14 on Eqs (4.1.18)—(4.1.21), we get

reg (S/0(7) i3-0) = reg (KIV (A2 1) = | "5

reg (8/(1(F) yu-1)-1) ) = reg (KIV (Fa2))/1(Fo2) ) +reg (KIV () /1(P2))
[ -F3l

reg (S/(((I(Fn)vyn—l) an—l)vyrt—2)) =ree (K[V(F”_3)]/I(F"_3)> - [n;y‘ ’

reg <S/(((I(Fn)7yn71) L Xn—1) :yn,2)> =reg (K[V(Fn74)]/I(Fn74)> = {n;4—‘ )

Since n is even, therefore

reg (S/(((I(Fn)aynfl) :xnfl) :Yn72)) <reg (S/(((I(Fn)vynfl) :xn71>ayn72))7

by Lemma 1.4.12(c), we get

ree (5/(UED 30 ) = |57
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Also, reg (S/((I(Fn),yn_l) :xn_l)) < reg (S/((I(Fn),y,,_l),xn_l)), again by Lemma
1.4.12(c), reg (S/(I(Fn),yn_l )) — 1] We have reg (S/(I(Fn) :yn_1)> <reg (S/(I(Fn),yn_1)>,

therefore, by Lemma 1.4.12(c), the required result follows.

Case 2. If nis odd. Here F, = F, UH, where H =2 F,,_; and F, N H # (. By induction on n and

Lemma 1.4.13, we get

reg(S/1(Fy)) < reg(K[V (F2)]/1(F2)) + reg(K[V (Fn1)]/1(Fa-1))
R EEA

For the other inequality, we define M = {{x] Vi {3t {xn,yn}}. M is clearly an

induced matching and |M| = [4], thus, indmat(F,) > [4|. By Lemma 1.4.9, we have
rea(S/1(E)) > [4].

Lemma 4.1.10 ([82]). Ifn >2 and S = K[V(G,)], then reg (S/1(Gy,)) = [5].

Proof. If n =2, then clearly G, = Ky, therefore by Lemma 1.4.9, indmat(G,) = 1 and we have
reg(K[V(G2)]/1(G2)) = 1. Let n > 3, we have the K-algebra isomorphisms:

S/(I(Gn) : yn—l) = K[V(Gn_3)]/1(Gn_3) ®KK[yn—1]7 4.1.22)
S/((L(Gn)syn-1):Xn-1) = K[V(Gn2)] /[1(Gn2) @k K[V (P2)] /1(P2), (4.1.23)
S/((H(G) 1) : Xo 1) = K[V(Gr)]/1(Gs) @k K]xn_1]. (4.124)

If n = 3, we have

S/(I(G3) : y2) = K[V(Go)]/1(Go) @k K[y2],
§/((1(G3),y2),x2) = K[V (G1)|/1(G1) @k K[V (P2)] /1(Py),
§/((1(G3),y2) : x2) = K[V(Go)] /1(Go) ®xk Kx2].
By Remark 4.1.1, Lemmas 1.4.10 and 1.4.15, reg (S/(I(G3) :y2)> —0, reg (S/((I(G3),y2),x2)> -
reg (K[V(Gl)] /I(Gl)) treg (K[V(Pz)] /z(pz)) — 2 and reg (s/((1<c3), ) : xz)) — 0. Since

reg (S/((I(G}),yz) :xz)) <reg (S/((I(G3),y2),x2)) ,by Lemma 1.4.12(c), reg (S/(I(G3),y2)) =
[3]=2. Also, we have reg (S/(I(G3) :yz)) <reg (S/(I(G3),y2) , and again by Lemma 1.4.12(c),
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we get reg(S/1(G3)) = 2. Let n > 4. By induction on n, Lemmas 1.4.10, 1.4.15 and using Eqs
(4.1.22)~(4.1.24),

e (5/10(Gn) 13,1 = reg (KIV (G, 216G ) = | 23],

e (5/(1G) 9n1) 00-1)) = e (KIV (G, -2) (G = |5

and by Lemma 1.4.14,
reg (/((1(Ga)ya1)s5n1) ) = reg (KIV(Go-2)]/1(Gu-2) ) +reg (KIV(B)]/1(P) )
[ e-F3)

Since we have reg (S/((I(G,,), Y1) :xn_1)> < reg (S/((I(G,,), Va1 ),x,,_l)) , by using Lemma

1.4.12(c), reg (S/(I(Gn),yn_1)> = [2]. Also, reg (S/(I(G,,) :yn_l)) < reg (S/(I(G,,),y,,_1>,
and again by Lemma 1.4.12(c), required result follows. This ends the proof. 0

Example 4.1.11. For n = 1013, we have

(a) reg(K[V (E1013)])/1(Eio13) = [125=1] = 338.
(b) reg(K[V(F1013)])/I(F1013) = [%—‘ = 507.

(©) reg(K[V(Gio13)])/1(Gioi3) = [1§2] = 507.

4.2 Invariants of cyclic modules associated with C,,,(1,n—1),C5,(1,2)

and Cy,(1,n—1,n)

In this section, we find some invariants of the edge ideals of some families of 4-regular and 5-
regular circulant graphs. We find depth and projective dimension of the cyclic module K[V (Cy,(1,n—
1))]/1(C2,(1,n—1)). Moreover, bounds for Stanley depth of such module are also given. When
n = 0,1(mod3), we give the exact value for the regularity of such module, otherwise, we
have sharp bounds. Zahid et al. gave values and sharp bounds in [66, Corollaries 3.6 and
3.8] for depth and Stanley depth of module K[V (C,,(1,2))]/1(C2,(1,2)). For cyclic module
K[V (C2,(1,2))]/I1(C2n(1,2)), we give the exact value of regularity if n is even and sharp bounds
if n is odd. Also, the exact values for depth and sharp bounds for Stanley depth of the module
K[V(Co(1,n—1,n))]/I(C2,(1,n—1,n)) given by Zahid et al. in [76, Theorem 3.3, and Corol-
lary 3.4]. We find the exact value of the regularity of K[V (Cy,(1,n—1,n))]/1(Con(1,n— 1,n)).
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It will be convenient to use the labeling of the vertices of the graphs as shown in Figures 4.7 and

4.8.

Before proving the main results, we give the following example by using Remark 4.1.3 which

will be helpful in understanding the strategy of the proofs. See for instance; Figures 4.9 and 4.10

for subgraphs G(c,q(17)):xs)» G 1(Cis(1.7)) ) G((1(C16(1.7)).55) 35) A0 G((1(C16(1,7)).55):35) OF circulant

graph Gy(c,(1,7)- It is clear from the Figures 4.9 and 4.10, we have the following isomorphisms:
K[V (Ci6(1,7)]/((Ci6(1,7)) : x8) = K[V (E5)]/1(Es) Ok Kxg, ys],

K[V (Cis(1,7))]/(Ci6(1,7)),x8) = K[V (E7),y8]/ (I(E7),X1y8,y1Y8, X7Y8,Y78)
K[V(Cl6(lv7))]/((1(C16(1a7))7x8)3y8) = K[V(E7)]/I(E7)>

and

K[V(Ci6(1,7))]/((I(C16(1,7)),x3) : y3) = K[V (Es)]/1(Es) @ K[yg].

Figure 4.7: From left to right C5,(1,n— 1) and C2,(1,2).

Figure 4.8: C,,(1,n— 1,n).
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Y2
Y1
y3 ()
X2 o
3 X1
ya X4
5 X7
X6 o
)7
Y5
Y6

Figure 4.9: From left to right G(I(Cl()<la7)>:x8) and G(I(C16(177))7x8)'

Y2
i
y3 ()
X2 o
3 X1
Y4 X4 X3 @
5 X7
X6 @
e )7
Y5
Y6

Figure 4.10: From left to right G((I(C16(177))~,X8),)’8) and G((I(C16(1A7)),X3):yg)~

Firstly, we will compute the exact value of depth and lower bound of Stanley depth for cyclic
module K[V (Cy,(1,n—1))]/1(C2,(1,n—1)).
Theorem 4.2.1 ([82]). Letn >3, G =Cy,(1,n—1) and S = K[V (G)]. Then
(217, ifn=0,1(mod 3);
sdepth(S/1(G)) > depth(S/I(G)) =
n
5

Proof. Firstly, we provide the proof for depth. If n = 3, we consider the short exact sequence

] , otherwise.

0 — (I(G) : x3)/1(G) =5 S/I1(G) — S/(I(G) : x3) —> 0. “.2.1)

‘We have
[x3], 4.2.2)
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and

Ne(x3) = {y2,%2,y1, %1},
$1 =K[V(G)\N6(»)], $2=K[V(G)\(No(x2) U{y2})],
8§3 = K[V(G)\(Ne(y1) U{y2,x2})], Sa = K[V(G)\(Ng(x1) U{y2,%2,y1})];
5= (S10I(G)), J» = ($2NI(G)),
Js = (S301(G)), Ja = (S:NI(G)),
then by using Lemma 3.1.1, we have

(I(G) 1 x3)/1(G) = 8§1/I1[y2] © 52/ Ja[x2] © 83 /T3 [01] © Sa /a[x1]
, K[x2] K K|xi] K
=Tl grlale (bl gl
We apply Lemma 1.4.10 on Eq (4.2.2), depth(K[V(G)]/(I(G) : x3)) = depth(K[y3,x3]) =2 and

by Eq (4.2.3)

4.2.3)

depth((/(G) : x3)/1(G))

= min { depth(K[xz]) + 1,depth(K[x2]),depth(K][x;]) + 1,depth(K[x1])} =1.

By using Lemma 3.1.4 on Eq (4.2.1), depth(S/I(G)) = 1. If n = 4, we consider the short exact

sequence
0— (I(G) : x4)/1(G) BN S/I(G) — S/(I(G) : x4) — 0. 4.2.4)
We have
K[V(G)]/(I(G) : x4) = K[x2,X4,y2,Y4], (4.2.5)
and

Ng(xs) = {y3,x3,y1,%1},
S1 =K[V(G)\Ng(y3)], S2=K[V(G)\(Ng(x3) U{ys})],
83 = K[V(G)\(N(y1) U{y3,x3})], Sa=K[V(G)\(Ng(x1) U{ys,x3,y1})];
7= ($1NI(G)), Jr = (S2NI(G)),
Js = (S3NI(G)), Ja= (S:NI(G)),
then by using Lemma 3.1.1,

(I(G) :x4)/1(G) = 81/ J1[y3] © S2/ T2 [x3] © 83/ J3[y1]  Sa /Ja[x1]

~ Klx1,x3,y1] Kxi,31] K[xi] K
= (0)3 3] @ ©) [x3] @ 0) [M]@@[xl]-

(4.2.6)
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By applying Lemma 1.4.10 on Eq (4.2.5),
depth (K[v(c)] JI(G) : M)) — depth <K[x2,X4, ¥, y4]) —4

and by using Eq (4.2.6) we get

depth ((I(G) : x4) /I(G))
— min { depth(K[x1,x3,v1,y3]), depth(K[x1, y1,x3]), depth (K [x1, yl]),depth(K[xl])} —1.

By using Lemma 3.1.4 on Eq (4.2.4), we get depth(S/I(G)) = 1. Let n > 5. Consider the short

exact sequence
0— (I(G) :x,)/1(G) = S/I(G) — S/(I(G) : x,) — 0. 4.2.7)
We have the following K-algebra isomorphisms:
S/((G) : xu) = K[V (En-3)/1(En-3) @k K [yn, %], (4.2.8)

and

NG(xn) = {¥n—1,%n—1,51,%1 },
S1 =K[V(G)\NG(yn-1); S2=K[V(G)\(Ng(xn-1) U{yn-1})],
S3 =K[V(G)\(Ne(y1) U{yn-1,%0-1})], Sa=K[V(G)\(Ng(x1) U{yn—1,Xn-1,y1})],
Ji = (81 NI(G)), Jo=(SNI(G)),
Iy = (S301(G)), Ju=(Ssn1(G)),
then by Lemma 3.1.1,

(I(G) : x,) [ I(G) = 81 /1 [yn—1] B S2/J2[Xn—1] B S3/J3[y1] B Sa/Jalx1]
~ K[xla"'7xn73axn717yl>"'ayn73]
= n—4 [Ynfl]
(U {xiyis 1 XX 1, YiYie 1 Xi1Yi})
K[xlv"'>xn73>y17"'>yn73]
( U?:_14 {Xiyig 1, XiXie 1, ViV 1, Xig1Yi
K[xlax’b'--axn72a)’37---a)’n72] [ l]
( U?:_j?’ {xiyie1s Xixip1, yivir ,Xi+1yi})
K[x37"'>xn72>y37"'>yn72]
( U;-:; {xiyip1, Xixip1, yiyis ,Xi+1yi})

= (KIV (Ey-3)|/1(Ey-3) @k Klta1,0-1]) © (KIV (Ey-3)] /1By -3) @k Ky-1])

}) [xnfl]

[x1]

@ (KIV (En-4))/1(En-) @k Klx1, 1)) @ (KIV (Ey- ) /1(E,-4) 2 K1)).
4.2.9)
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By Lemma 1.4.10, we have
depth (S/(1(G) : x»)) = depth K[V (E,—3)]/I(E,—3) + depth K [y,, x,], (4.2.10)

depth ((1(G) : x,)/1(G))
= min { depth(K[V (E,—3)]/I1(En—3)) +2,depth(K[V (E,—3)]/I(E,—3)) + 1, (4.2.11)

depth K[V (Ey-4)]/1(En-4)) +2,depth(K[V (B, 4))/1(E, 4)+1}.
If n=1(mod3), then n—3 = 1(mod3) and n —4 = 0(mod3). By using Lemma 4.1.4 in Eq
(4.2.10), we get

depth (S/(1(G) : x,)) = {”‘i“} 2= V:ﬂ iy

By applying Lemma 4.1.4 on Eq (4.2.11), we get

depth (((G) : x,)/1(G)) = min{ {”_Tﬂ +2, ["‘i*ﬂ 1, [n;ﬂ +2, [";4} 4 1}
{5 o5
-5

We obtain the desired result by applying Lemma 3.1.4 on Eq (4.2.7). If n = 0 (mod 3), the proof

is similar. If n =2(mod3), then n —3 = 2(mod3) and n — 4 = 1 (mod3). By using a similar
strategy and Remark 4.1.1, we get depth (S/1(G)) = [%] . For the lower bound of Stanley depth,
the proof is similar to depth one has to replacing the Lemma 3.1.4 with Lemma 1.3.10. This

ends the proof. 0

Corollary 4.2.2 ([82]). Letn>3,G = Cy,(1,n—1) and S = K[V (G)]. Then

2n— %1, ifn=0,1(mod 3);
pdim(S/1(G)) =
2n—[%], ifn=2(mod 3).
Proof. The required result follows by Lemma 1.4.11 and Theorem 4.2.1. O

Now we give an upper bound for Stanley depth of K[V (Cy,(1,n—1))]/1(Con(1,n—1)).
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Proposition 4.2.3 ([82]). Letn >3, G = Cy,(1,n—1) and S = K[V (G)]. Then

z ifn=0(mod 3);
sdepth(S/1(G)) < { 242, ifn=2(mod 3);
\%, ifn=1(mod 3).

Proof. If n =3, by Lemma 1.3.12, sdepth(S/I(G)) < sdepth(S/(I(G) : x3). By Eq (4.2.2),
Lemma 1.4.10, sdepth(S/1(G)) <2.Ifn=4and x4 ¢ I(G), by Lemma 1.3.12, sdepth(S/1(G)) <
sdepth(S/(I(G) : x4). By Eq (4.2.5), Lemma 1.4.10, sdepth(S/I(G)) <4, letn > 5. If n =
1 (mod3), then n — 3 = 1 (mod3). By using Lemmas 1.3.12 and 1.4.10 on Eq (4.2.8), we get
sdepth (S/I(G)) < sdepth(S/(I(G) : x,)) = sdepth(K[V(E,—3)]/I(E,—3)) + 2. Thus, by using
Lemma 4.1.6, sdepth(S/(I(G) : x,)) < w +2 = 2214 The required result follows that is
sdepth (S/1(G)) < 22 For n = 0,2 (mod3), the proof is similar. O

Remark 4.2.4 ([82]). Let n > 3, then Stanley’s inequality for K[V (Ca,(1,n—1))]/I(Can(1,n
1)) holds.

The next two results provide the values and bounds for regularity of modules K[V (Cy,(1,n —

1)]/1(Can(1,n—1)) and K[V (C2a(1,2))]/1(C2n(1,2)).
Theorem 4.2.5 ([82]). Let n >3 and S = K[V (Con(1,n— 1))]. Ifn =0, 1(mod 3), then
reg (S/I(Cz,,(l,n— 1)) - {";21 .

Otherwise

Vﬂ <reg (S/1(Con(1,n—1)) < {n;ﬂ +1.

Proof. We have the following K-algebra isomorphisms:

S/(I(Con(1,n—1)) : x,) Z K[V (En_3)]/1(En—3) @ KX, V0], (4.2.12)
S/((I(Con(1,n=1)), %) ,yn) = K[V (En1)]/I(En-1), (4.2.13)
S/((I(Con(1,n=1)), %) : yn) = K[V (En—3)]/1(En—3) ®k K[yn). (4.2.14)

If n =3, we have
§/(I(Cs(1,2)) : x3) = K[V (Eo)/I(Eo) ©k K[x3,y3],
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S/((1(Cs(1,2)),x3),y3) 2 K[V(E»)|/1(E»),

S/((1(Cs(1,2)),x3) = y3) = K[V (Eo)]/I(Eo) @ K[ys].

By applying Lemmas 1.4.10, 4.1.8 and Remark 4.1.1, we get

reg (S/(1(Cs(1,2)) :x3) ) = reg (KIV(E0))/1(Eo)) =0,

Since reg (S/((1(Co(1,2)),33) : v3) ) < reg (8/((I(Co(1,2)),33),y3) ), by Lemma 1.4.12(c),

we get reg (S/(I(C6(1,2)),X3)> — 1. Alsoreg (S/(I(C6(1,2)) :x3)> <reg <S/(I(C6(1,2)),X3)),
and by Lemma 1.4.12(c), reg(S/1(Cs(1,2))) = 1. For n = 4, by using the similar strategy, we get

reg(S/1(Cs(1,3))) =1.Letn >5.If n=0(mod3), then n—3 =0(mod3) and n— 1 =2 (mod 3).

By applying Lemmas 4.1.8 and 1.4.10 on Eqgs (4.2.12)-(4.2.14), we get

g (5/(1(Con(1.0=1) ) = e (KW (o) 1(8) = |5 .

reg (S/((I(CZn(la”_ 1)),x,,) U’ﬂ)) =reg (K[V(En—3)]/1(E”_3)) - [n34—‘ '

and

reg S/ ((1(Can(1,n= 1)), %)) ) = reg (KIV(Ey))/1(Ey-1)) = V—ﬂ .

W

Since [%5%] < [%52], by Lemma 1.4.12(c) we get reg (S/(I(Czn(l,n— 1)),xn)) = [22]. Also
we have reg <S/(I(C2,,(1,n -1)) :xn)> < reg (S/(I(Cz,l(l,n - 1)),xn)), and again by Lemma
1.4.12(c), we get the required result. If n = 1(mod3), then n—3 = 1 (mod3) and n— 1 =
0(mod3). By applying the similar strategy, we get the desired result. Let n =2 (mod3). Here
Con(l,n—1) = E3UH, where H =2 E,_; and E3NH # 0. In this case n— 1 = 1 (mod 3) as
reg(S/I(Ez)) = 1, by Lemmas 4.1.8 and 1.4.13,

re(5/1(Con (1.1 1) < reg(KIV (Ex))/1(B2) + es(KIV By )/1(B,10) =1+ | “ 32

For the other inequality, define M = {{xl,xz},{x4,X5},...,{xn_3,xn_4}}. Since M is an in-
duced matching and |M| = [%W , then, indmat(Cy,(1,n—1)) > (%] . By Lemma 1.4.9, we
have reg(S/1(C2,(1,n—1))) > [%] . This ends the proof. O

Example 4.2.6. For n =15 and G = C3(1, 14). Then
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(a) sdepth(K[V (Cso(1,14))]/1(C30(1,14))) > depth(K[V (Cso(1,14))]/1(C3o(1, 14))) = 5.
(b) pdim(K[V(Cao(1,14))]/I(Cao(1,14))) = 25.
(c) sdepth(K[V (Cso(1,14))]/1(Cs0(1,14))) < 10.
(@ reg(K[V(Cao(1,14))]/1(Cxo(1,14))) = 5.
Theorem 4.2.7 ([82]). Let n > 3. If n is even, then

reg <K[V(C2n(1,2))]/I(C2n(1,2))> - [”; 1} .

If n is odd, we have

n—1

n—1 <reg (K[V(Czn(l,2))}/1(C2n(172))) < { 3

2

] 12
Proof. LetS =K[V(Cy,(1,2))]. If n =3, then C¢(1,2) = Fs UH, where H =~ F; and F; NH # 0.
By Lemmas 1.4.13 and 4.1.9, we get
rea(K[V (Co(1,2))]/1(Cs(1,2))) < reg(K[V ()] /1(Fs)) + reg(K[V (H)|/1(H)) = 3.
For the second inequality, let M = {{x;,y;}}. Here M is an induced matching, thus we have
indmat(Ce(1,2)) > [M| = 1 and 1 < reg(K[V (Co(1,2))]/1(Cs(1,2)) < 3. n =4,
K[V (Cs(1,2))]/(1(Cs(1,2)) - x3) = K[V (C3)] /1(C3) @k Klx3],
K[V(Cs(1,2))]/((1(Cs(1,2)),x3),y3) = K[V (F3)]/I(F3),
K[V (Cs(1,2))]/((1(C5(1,2)),x3) 1 y3) = K[V(C3)/1(C3) @k K[y3]-

By using Lemmas 1.4.10, 4.1.9 and 1.4.16, we get

reg (KIV/(Cs(1,2)))/(1(C(1,2)) 1 33) ) = reg (K[V(C3)]/1(C3) ) = 1,

as we have
reg (KIV(Co(1.2)]/ ((H(Cs(1,2)).x3) :33) ) < reg (KIV(Cs(1,2)]/ ((H(Cs(1.2)) x3).33) ).
By Lemma 1.4.12(c),
KLV (Co(1,2)))/(1(C5(1,2)).x5) =2 > K[V (Gs(1,2)]/ (H(Cs(1,2) 2 33),

and again by Lemma 1.4.12(c), reg (K[V(Cg(l,2))]/I(Cg(1,2)> = 2. Letn > 5. Here we con-

sider the following two cases:
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Case 1. Ifniseven. By using Lemma 1.4.12(c), reg (S/I(Czn(l,Z))) =reg (S/(I(CZ,L(I,Z)),xn_l))
ifreg (S/(I(Czn(1,2)) :xn_1)> <reg (S/(I(Czn(1,2)),xn_1)> . We have the following iso-
morphisms:

S/((I(C2n(1>2)) : xn—l) : yn—Z) = K[V(Fn—4)]/I(Fn—4) Xk K[yn—laxn—l]a
S/(( (CZn( )) xnfl) ayn72) = K[V(Fn73)]/I(Fn73) ®KK[xn71]a
S/((I(CZn(LZ))axnfl) ,yn,l) = K[V (Fu1)]/1(Fa-1),

S/ ((U(Con(1.2))%01) 3u1) 3a) = KIV (Frs) /(Fos) @ KTy

S/(((I(CZn(1’2))uxn—l) : yn—l) : xn) = K[V(Fn—4)]/I(Fn—4) Xk K[yn—lvxn]-
By using Lemmas 1.4.10 and 4.1.9 on above isomorphisms, we get

o <S/((I(C2"(172)) FXn-1) :yn—2)> = reg (K[V(Fn_4)]/1(Fn_4)> - [n;ﬂ ,

reg (S/((I(Czn(1,2)) 3xn71)a}’n72)) = reg (K[V(ans)}/I(Fn%)) _ [n;ﬂ |

reg (S/((I(C2n(1,2)),xn71),ynfl)) =reg (K[V(Fn—l)]/I(Fn,l)) _ [n 1,

reg (S/(((I(C2n(1,2)),xn—1) FYn-1),s xn)) =reg (K ”‘3)]/I(F"_3)) - [n;y‘ ’

reg (S/(((I(CZn(lvz)) Xn—1) ) =reg (K Foa)]/I(Fy—4) ) = [nzﬂ-

y_a

Since reg (S/((I(CZn( ,2)) : Xp— 1 S Vo2 ) <reg (S/((I(Con(1,2)) = xp—1), yn,2)>, by
Lemma 1.4.12(c), reg (S/(1(Can(1,2)) : x4—1 ) [233]. Alsoreg (S/((( (Con(1,2)),xn-1)

yn,l) :xn)> < reg (S/(((I(an (1,2)),%,— ) Vi 1) )) again by Lemma 1.4.12(c) we
getreg (S/(( (Con(1,2)),%0-1) )) | . This implies reg (S/(( (Con(1,2)),x0-1) :
Vi )) <reg (S/((I(C2n (1,2)),x,— 1) )) by using Lemma 1.4.12(c), we have that

reg (S J(1(C2n(1,2)),x0—1) ) = | %~ | . Thus the result follows as

reg (S/(I(Cz,,(l,Z)) :xn,l)) <reg (S/(I(Czn(1,2)),xn,1)) = [n; 1-‘ )

Case 2. If n is odd. Here C,(1,2) = FUH, where H = F,_; and Fs N H # 0. By Lemmas
1.4.13 and 4.1.9, we get

re(5/1(Ca(1.2)) < eglKIV(R)/I(E) +rea K1V (o)1) =2+ | .

In the case of the second inequality, we define M = {{xl Vi {xs,y3t, .., {Xn—2,Yn-2} }
Clearly M is an induced matching, it follows that indmat(Cy,(1,2)) > |[M| = "5!. By
Lemma 1.4.9, we have reg(S/1(C,(1,2))) > 251
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Example 4.2.8. If n = 20 is even, then
reg (K[V(Can(1,2)))/1(Can(1,2)) ) = reg (KIV (Cao(1,2))]/1(Cao(1,2)) ) = 10.
If n =31 is odd, we have

15 < reg (K[V(Cz,,(l,2))]/I(C2n(1,2))> = reg (K[V(c62(1,2))]/1(c62(1,2))) <17.

In the following result, we find the exact value for the regularity of cyclic module K[V (Cy,(1,n—

1,n)]/1(Can(1,n—1,n)).

Theorem 4.2.9 ([82]). Ifn > 3, then reg (K[V(CZn(l,n 1)/ H(Con(1,n— 1,n))) =[21].

Proof. Let S = K[V (C2,(1,n— 1,n))]. We have the following K-algebra isomorphisms:

S/(I(Con(1,n—1,n)) : y2) £ K[V(Gy_3)]/1(Gn_3) @k K[y, (4.2.15)
S/((1(Con(1,n—1,n)),¥n),%n) = K[V(Gp-1)]/1(Gn-1), (4.2.16)
S/((I(Con(1,n—1,n)),y) : X)) = K[V(Gp—3)]/1(Gp—3) @k Kxa). (4.2.17)

By applying Lemmas 4.1.10, 1.4.10, Remark 4.1.1 on Eqs (4.2.15)—(4.2.17),

reg (5 (1(Can (1= 1) ) ) = reg (KIV (G216 ) = | 57 .

reg <S/((I(C2n(17n_ 1,1)),yn) :x")) =ree (K[V(G"_3)]/I<G"_3)) - [n;y‘ ’

and

Also,
reg (S/(I(c2n(1,n ~1,n)) :yn)) < reg (S/(l(c2n(1,n _ l,n)),yn)>,

and again by Lemma 1.4.12(c), the required result follows. O
Example 4.2.10. If n = 50, then we get
reg (K[V(Can(1,n=1,m)]/1(Can(1,n=1,1)) ) = reg (KIV (Cro0(1,49,50))}/1(Cio0(1,49,50)) ) =25.
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4.3 Conclusion

In this chapter we compute the algebraic invariants namely regularity, projective dimension,
depth, and Stanley depth of the edge ideals associated with some classes of circulant graphs. It
will be interesting but seems challenging to find these algebraic invariants for the edge ideals of

all four and five regular circulant graph.
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CHAPTER 5

Summary and future directions

This chapter concludes with a summary of all the important findings and outcomes of this re-
search. Towards the end, some recommendations for further research based on this work will be

made.

5.1 Summary

In this dissertation, the precise formulas for the values of the algebraic invariants depth, Stanley
depth, regularity, projective dimension and Krull dimension quotient of edge ideals associated
with perfect semiregular trees are provided. For the computations of the said invariants of the
quotient of the polynomial rings by edge ideals associated to perfect semiregular trees, the exact

values regarding the aforementioned invariants for perfect (n — 1)-ary tree are also given.

Furthermore, values of depth, projective dimension, and lower bounds for Stanley depth of the
quotient rings of the edge ideals of all cubic circulant graphs are presented. Lemma 3.1.1 is
proved in this thesis, which is inspired by a result of Cimpoeas [53, Proposition 1.3] and it
played a vital role in the computation of depth and a lower bound for Stanley depth in our main
findings. For proving over main results the precise values of the said invariants of the quotient

rings of the edge ideals associated with certain supergraphs are also computed.

In the end, the exact values of depth, projective dimension, and bounds for the Stanley depth of
edge ideal associated with four regular circulant graph Cy,(1,n— 1) are given. Also a formula
for the regularity of the edge ideal associated with Cy,(1,n— 1) when n =0, 1(mod3), and sharp
bounds when n = 2(mod3) are provided. The exact values of the regularity of the edge ideal

associated with four regular circulant graph C,,(1,2) when n is even and tight bounds when n
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is odd has been established. The exact value for the regularity of edge ideal associated with five
regular circulant graph Cy,(1,n — 1,n) are determined. For computation of the said algebraic
invariants for four and five regular circulant graphs, the values/bounds of algebraic invariants

associated with certain subgraphs of Cy,(1,n—1),C2,(1,2) and Cs,(1,n— 1,n) are computed.

Future Work

Considering this study, the following can be examined as a future research work:

* Can we find the aforementioned invariants for the quotient rings of edge ideals of all four

and five regular circulant graphs?

* We are unable at the moment to find value of Stanley depth of cyclic modules associated
with all cubic circulant graphs, one can try to fix the value/upper bound by using some

other approach.

* One can explore the Herzog Conjecture for the classes of modules we considered in this

study.

* One can find the depth, Stanley depth and regularity of powers of edge ideals considered

in this working.
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