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Abstract

The purpose of this dissertation is to analyze various algebraic invariants, including
Stanley depth, depth, regularity, and the projective dimension of the quotient rings
obtained from the bristled of some four and five regular circulent graph. The study
establishes exact values for the depth, regularity, and the projective dimension of these

quotient rings. Moreover we obtain a lower bound for stanley depth.
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Introduction

Abstract algebra is a branch of mathematics that concerns itself with the study of
algebraic structures, particularly rings and modules. Within this field, algebraic and
geometric invariants play a pivotal role in the characterization of rings and modules.
These invariants, such as Stanley depth, projective dimension, depth, and regularity,
provide valuable insights into the properties and characteristics of these mathematical
structures. They serve as useful tools for describing and analyzing modules and rings,
revealing their structural and algebraic properties.

Stanley depth, initially introduced by Stanley in 1982, is a significant invariant used
in the study of finitely generated Z"-graded modules over commutative rings. Stanley
also proposed a conjecture, known as Stanley’s conjecture, which relates the Stanley
depth to the depth of a module. This conjecture was presented in the reference [25].
However, in a subsequent work by Duval et al. [9], it was demonstrated that Stanley’s
conjecture does not hold for modules P/, where P represents the ring of polynomials
over a field and J denotes a monomial ideal. Consequently, the task of identifying
classes of modules that satisfy Stanley’s inequality remains a challenging problem.
Several results related to Stanley depth can be found in the references [6, 10, 12, 15,
16]. The regularity of edge ideals (REIs) and projective dimension (pdim) have been
extensively investigated by various researchers. To explore these two invariants further,
one can refer to the references [1, 2, 7, 4]. These works provide additional insights into

the values and bounds associated with the regularity of edge ideals and pdim.

In this thesis exact values of Depth and projective dimension are computed moreover
we also compute bounds for the Stanley depth of the quotient ring corresponding edge

ideals of bristled of some four and five regular circulent graphes . Also exact values of

Vil



regularity for such structures are calculated.

Chapter 1 of this thesis serves as an introductory chapter, providing an overview of
the fundamental concepts in Ring and Module Theory. It covers essential definitions,
examples, and results pertaining to these algebraic structures. Moreover, the chapter
includes a concise explanation of graph theory, along with relevant examples, which

will be employed in the subsequent analysis.

Chapter 2 of this thesis offers a comprehensive overview of Stanley depth, depth,
regularity, and projective dimension. It explores various results pertaining to these
algebraic invariants and includes illustrative examples. The chapter also introduces
Stanley’s conjecture and outlines the methodology for calculating Stanley depth for
squarefree monomial ideals, as well as for quotient rings associated with these ideals.

In Chapter 3, exact values for the depth, projective dimension and bound Stanley
depth of the quotient ring corresponding to some special subgraphs of Bry(Cy,(1,n —
1)), Briy(Cy,(1,2)) and Bri(Ca,(1,n — 1,n)) graphs are computed.

In Chapter 4, exact values for the depth, projective dimension and bound Stanley
depth of the quotient ring corresponding cyclic modules associated with bristles of some

four and five regular circulant Graphs are computed.
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Chapter 1

Preliminaries

In chapter 1, we discuss some concepts related to rings, modules, and graph theory,
along with providing relevant definitions and examples.

Ring Theory is a field of study that originated in the 1800s. Emmy Noether played
a significant role in introducing the general concept of commutative rings. Initially,
the focus was primarily on commutative rings, but later the study expanded to include
non-commutative rings.

Module Theory deals with the study of modules. A module is an algebraic structure
that is associated with a ring, where the ring acts on the module.

Graph Theory involves the examination of graphs and encompasses various oper-
ations performed on them. In this chapter, we introduce fundamental terminologies
used in Graph Theory and provide illustrative examples of graphs that will be utilized
in subsequent chapters of the study.

1.1 Ring Theory

This section delves into the properties of rings, offering examples to illustrate these
concepts. It explores different definitions that characterize various types of rings and
their associated properties. Additionally, the discussion covers the concept of ideals

and explores several related operations.

Definition 1.1.1. A ring P with binary operations namely addition “ + ” and multi-

plication “ x 7 is a set such that the following hold:



e with respect to addition P is a commutative group,

e P is semigroup w.r.t. multiplication, i.e

ax (bxc)=(axb)xc)and also distributive over addition i.e
1. (axb)+(axc)=ax (b+c),
2. (bxa)+(ecxa)=(b+c)xa, Ya,b,ceP.
Definition 1.1.2. Let P be a ring. Then,

e P is known as a ring having multiplicative identity if e, st. Vb e P, b x e =
exb=b.

e Ifbxa=axb, Va,be P, then P is commutative ring.

Throughout this thesis we will consider commutative rings having multiplicative

identity:.
Example 1.1.1. e R, Z and Q are commutative rings with identity.

e For n > 2 the ring nZ is a commutative ring without identity.

1.1.1 Polynomial Ring

Definition 1.1.3. Let P be a commutative ring with unity. For n > 0 and s; €
P, P(Z) = 8o+ 812 + 8222 + -+ + 8, 12" + 5,Z" is termed as a polynomial in

indeterminate Z having co-efficients s;.

Example 1.1.2. R[Y], QY] and Z[Y] are few examples of polynomial rings.

1.1.2 Noetherian Ring

Definition 1.1.4. (Chain conditions) Let R be a poset w.r.t <. Then the following

are equivalent:

e Every increasing sequence y; < ... <y, < ... in R is stationary i.e 3 ¢ such

that z,,, = 2, V. m > g,
e A maximal element is present in every non-empty subset of R.
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If R represents the set containing all the ideals of the ring P which is ordered by the

relation C then the first chain condition is called the ascending chain condition.

Definition 1.1.5. A ring P is termed to be Noetherian if it has an ascending chain

condition on its ideal.

Example 1.1.3. Z, which is an example Noetherian ring.

1.1.3 Ring Homomorphisms and Quotient Rings

Definition 1.1.6. For rings &/ and V, a map « : Y/ — V is a homomorphism that

satisfies the following:
o afz+y) = alz) +aly),
e a(zy) = a(x)aly), for all x € U and y € U.

Definition 1.1.7. Suppose U and V are rings and if o : U/ — V is a homomorphism
then the kernal of « is given as kera = {x € U : a(r) = 0} and the image of « is

defined as o) ={y € V:y = a(x)}.

Example 1.1.4. The map a : Z — Z, defined as a(z) = z(mod n) is a ring homo-

morphism with ker« = nZ and Ima = Z,,.

Definition 1.1.8. Let P be a ring with ideal A, then the quotient ring P/A is the set
of cosets with addition and multiplication defined as (a; +A) + (az+ A) = (a1 +az)+ A
and (a1 + A)(az + A) = ajay + A.

1.1.4 Ideals and Their Properties

Definition 1.1.9. Let A C P, then A is said to be an ideal of P if

e A is an additive abelian subgroup of P,

e If a € A and d € P, then the product da € A, i.e dA C A and also ad € A, i.e
Ad C A.

Example 1.1.5. For the ring 7Z its ideals are of the type nZ, where n € Z.

3



Every ideal is a subring but the converse doesnot necessarily hold. For example Z is

a subring of Q but not an ideal of Q.

Definition 1.1.10. Let C' and D be the ideals of P. Then

e C' + D is the sum of ideals C' and D given by C+ D ={i+j:i € C,j € D},

e CD is the product of C and D given by CD = {iyji+isjo+--+ipJy :d1,...,0 €
O?jla"'?jr GD}u

e The intersection C'N D is defined as CND ={a € P:a € C and a € D}.

Example 1.1.6. Let k,l € Z*. If C = (k) = kZ and D = (I) = IZ be ideals of P = Z.
Then

e C+ D =gcd(k,l)Z,
e CND=lem(k,1)Z,
e CD = (kl) =FkIZ.

Example 1.1.7. Let C' = 3Z and D = 9Z then, C + D = 3Z, C N D = 9Z and
CD = 27Z.

Definition 1.1.11. Let C and D be two ideals of P. The ideal quotient of C' and D,
also known as the colon ideal, is defined as (C': D) = {c€ P :¢D C C}.

Definition 1.1.12. In a ring P, a maximal ideal M is a proper ideal that has no other

proper ideal lying between it and the entire ring P.

1.1.5 Monomial Ideals

Definition 1.1.13. Let P = R[xy,..., 24 where R represents a field. The product

aliabr | gba

. n

free when b; € {0,1}.

with b, € {0,1,2,...} is called a monomial of P. A monomial is square



Definition 1.1.14. An ideal B C P = R[zy,..., x4 if generated by monomials is
classified as a monomial ideal. Furthermore, we denote by G(B) the set of monomials

in B that are minimal w.r.t divisibility.

Example 1.1.8. Let P = R[xy,...,75]. Then A = (23x3, 2379, 23, 75) is a monomial

ideal and B = (x9x3, 2125, 22) is a monomial ideal which is square free.

Definition 1.1.15. Let P = R[zy,...,2,],C = (a1,...,a,) and D = (by,...,b,,) are

monomial ideals of P. Then
o C+ D= (a1,a9,...,6n,b1,b2,...,by),
e CD = (arby,...,a1bm, asby, ..., asby, ayby, ..., a,by),
o C? = (a2, a1a9,...,0201,...,0500, .., Gnd1,...,02),
e CND=/{lem(a,b):a € G(C),be G(D)},

o C: D= mbeG’ (C b) = { ac G(C)}

gcd (b,b)

Example 1.1.9. Let C' and D be monomial ideals of P = R[ay, as, as] such that

C = (ajay, atag, aza?, a1a3) and D = (ayas, a3az, a}). Then

— 2 2 2 2y _ 2 2 2
o C+ D = (a1a2,afas, azaz, a1az, asaz, ai) = (a1az, axas, a1as, a5az, ay),

3 3 3.2 2,22 4 3 3.3 2 2 23 2.3
o CD = (alasas, ajasas, ajas, atai, ataia?, alas, ayasal, adal, a?aqxa?, a?a3, ayaias,

3.2 3 3 3 3 .33 23
ajal) = (alasas, ajadas, alasy, ada?, atas, ayjaqsad, asa3, atay),

— 2 2 2 2.2 2 2 2.2 2 2 2
e U N D= (alagag,a1a2a3,a1a2,a1a3,a1a2a3,a1a3,a1a2a3,a2a3,a1a2a3,a1a3

2.2 22)

_ 2. 2 2 2
ajasas, ajaz) = (ajasag, ajas, ajas, a2a3, a1a3),

e C:D=(C:aia3)N(C:a3az)N(C:a?)

2 2 2
. ( aias aijas azaj ajaj )
ged(araz,aiaz)’ ged(ajas,aras)’ ged(aza3,a3az)’ ged(aiai,aias)

( a1a2
ged(araz ,a%ag) ’

alag aza? aial ) aias alas
ged(afasz,aZaz)’ ged(aza?,a3as)’ ged(aia3,aias) ged(araz,af)’ ged(aias,a?)’

aza? aial )
ged(aza3,a?)’ ged(aia3,a?)



= (as, a1,a3,a3) N (a1,a3, as, araz) N (az, as, a2a3, a3)
= (a1, a2, a3) N (a1, a3) N (ag, a3) = (a1az, a1a3, asas, as).

Example 1.1.10. Let C' and D be monomial ideals of P = R[ay, as, ag, as] such that

C' = (aya3, azay, azaz) and D = (ajay, asay, ajag). Then

o C'+ D = (a1a3, a3a4, a203, G104, A204, A103) = (G103, A304, G203, G104, A204),

— 2 2.2 2 2 2 2 2
L] CD == (a1a3a4, 1020304, G743, 14304, A2030,, A10304, A5A304, A1 Q20304 , A50304,

2\ _ (.2 2 92 2 2 4 2 2 2
ajasa;) = (ajasaq, a3a3, 10303, 20305, A1a3, A10504, A1A20304, A5A304, G10203 ),

_ 2
e C N D = (aia3a4,a1020304, 0103, 010304, A20304, A10304, G1020304, A50304,
2\ __
ajasa3) = (aras, asasay),

Example 1.1.11. Let C and D be monomial ideals of P = R|ay, as, a3, aq,as| such

that C = (ayas, a3aq, a2a1) and D = (ajay, asas, asas). Then
o C'+ D = (aya3,a3a4,a102, ajay, asas, a,as),
[ ] CD = (a%a3a4, alagag, 1030405, alagai, CL%CL3CL4, a%aia5, CL%CL4CL§, alagagag,
,arasal) = (atazay, atai, ajazai, asazas, ajas, ajaiay, ajasazay, asazay, ajazal, ajagal),
o C? = (a%ad3, aya3asay, a?aza?, ayaial, asasay, asaias, a3a,a?, ayasasa?,
,ayaqal) = (ata3, alaza?, ajada?, adaszay, adaias, ala,a?, ayagazal, ayasal),
[ ] D2 = (a%ai, 1020304, a1a3a5, 1020304, a%a%, aoa30405, alaia5, aoa30405,

2 2\ _ (12,2 2 2 2 2 2 9
,azas) = (ajay, ayaias, a1a9a3a4, A503, 2030405, 10505, A2030405, A5G35 ),

_ 2 2 2 2
CnNnD= (a1a3a4,alagag,a1a3a4a5,a1a2a4,a2a3a4,a2a4a5,a5a1a4,a5a1a2a3,

_ 2 2 2 2
a1a4a5) = (a1a3a4, a1G20a3, A1G030405, A1A504, A2A304, A50405, 50104, 5010203, a1a4a5),

o C:D=(C:aay) N(C :a3a3)N(C : asas)

= ( ajas a3ay ai1a3 ) ( ajas
ged(aras,aiaq)’ ged(aZayg,aias)’ ged(ara?,aias) gcd(aias,azag)’




2 2 2
a3as aZay ) ajas a3as
gcd(a%a;;,agag) ’ gcd(a%al,azag) ) ged(aras,aqas)’ gcd(a§a4,a4a5) ’

2
aia? )
ged(ay a% ,asas)

= (as,a3,a?) N (a1, a?, a3, araz) N (az, as, asa3, a3)

= (a1, as,a3) N (a1,a3) N (ag, ag) = (araz, ara3, azas, az).

1.2 Application of Ring Theory in Commutative Al-
gebra

The field of Commutative Algebra has greatly benefited from the application of ring
theory, a fundamental branch of abstract algebra. Commutative algebra, which fo-
cuses on the study of commutative rings and modules, often utilizes the concepts
and techniques of ring theory to gain deeper insights and develop powerful tools for

problem-solving.

One of the primary ways in which ring theory is applied in commutative algebra is
through the study of the structure of commutative rings. Ring theorists have developed
a rich set of tools and theorems for understanding the properties of rings, such as ideals,
homomorphisms, and various classes of rings (e.g., principal ideal domains, Noetherian
rings, and Artinian rings). These concepts are extensively used in commutative algebra
to characterize the structure of commutative rings and to investigate their fundamental

properties.

Another important application of ring theory in commutative algebra is the study of
module theory. Modules, which are generalizations of vector spaces over commutative
rings, are essential objects of study in commutative algebra. Ring theoretic concepts,
such as module homomorphisms, exact sequences, and projective and injective modules,
are crucial for understanding the structure and behavior of modules over commutative
rings. These insights have led to the development of important results.

Additionally, ring theory provides a powerful framework for the study of polynomial
rings and their ideals, which are central objects in commutative algebra. The theory of

Noetherian rings, which guarantees the existence of certain ideal-theoretic properties,



has been instrumental in the study of polynomial rings and their applications in areas
such as algebraic geometry and computational algebra.

Furthermore, ring theory has applications in the study of commutative algebra
over non-traditional number systems, such as finite fields or modular arithmetic. In
these contexts, the understanding of the ring-theoretic properties of the underlying
number system can provide valuable insights into the structure and behavior of the
corresponding commutative rings.

The synergy between ring theory and commutative algebra has been a fruitful and
ongoing area of research, leading to the development of powerful tools and techniques
for understanding the structure and properties of commutative rings and modules. By
leveraging the insights and methods of ring theory, researchers in commutative algebra

have been able to make significant advancements in this field.

1.3 Module Theory

This section explores the various properties of modules, provides examples to il-
lustrate their characteristics, and discusses important results in the field of Module

Theory.

Definition 1.3.1. A module M over a commutative ring P is an abelian group (M, +)
together with a scalar multiplication operation P x M — M, denoted as (r,m) — r-m,

satisfying the aforementioned conditions: If m € M and Vr,s € P then
1. Closure under scalar multiplication: The product r - m is also an element of M.
2. Distributivity of scalar multiplication:
r-m+s-m=(r+s)-m
r-m+r-n=r-(m+n)
3. Associativity of scalar multiplication:
(r-s)-m=r-(s-m)

8



4. Compatibility with the ring operations:

(r-s)-m=r-(s-m)

The elements of a module M are called module elements or simply elements of M.
The commutative ring P is often referred to as the base ring or the coefficient ring of

the module M. If the ring contains unity then we have one more axiom that is,

e Ilm=mVmeM.

Example 1.3.1. If P represents a ring and B C P is the ideal of P, then P/B is an
P-module under the scalar multiplication a(b+ B) =ab+ B VY a € P,b+ B € P/B.

Definition 1.3.2. For a ring P and P-module M, a subset O C M which is non
empty is a submodule of M if O is a subgroup of M which is an additive group which

also satisfies the module axioms using the scalar multiplication on M.

Criteria for a Submodule
A subset N of M is considered a submodule of M if it satisfies the following criteria:

1. Closed under Addition: The subset AN/ must be closed under the addition
operation inherited from the module M. This means that for any n;,n, € N,
their sum n; + ny is also an element of A/. Additionally, A" must be closed under
negation, so that for any n € N, the additive inverse —n is also an element of
N. These properties ensure that A forms an abelian group under the addition

operation.

2. Closed under Scalar Multiplication: For any element r in the commutative
ring P and any element n in the subset A, the scalar product 7 - n must also be
an element of . This property ensures that A inherits the module structure

from M and can be considered a module in its own right.



These two conditions, collectively, ensure that a subset A of a module M over a
commutative ring P can be regarded as a submodule of M. In other words, N must
be both an abelian group and closed under the scalar multiplication operation defined

by the ring P in order to be considered a submodule of M.

1.3.1 Noetherian Modules

Definition 1.3.3. For a ring P, an P-module M is said to be Noetherian if every
increasing sequence of P-submodules of M eventually becomes stationary. In other
words, for any sequence N7 € Ny € N3 C --- of P-submodules of M, 3 N s.t.
N,, =Ny forall n > N.

Example 1.3.2. A finite additive abelain group GG, which is a Z-module is Noetherian.

1.3.2 Exact Sequences
Definition 1.3.4. A sequence of P-modules and P-homomorphisms given by
k; kit1 kito
e M — M —— My ——

is termed as exact at M; if the condition I'm(k;) = ker(k;;1) is satisfied. If it is exact

at every M; then it is called exact sequence.
Definition 1.3.5. The sequence
0— M 5 ML M —0

is defined to be an exact sequence iff the map k is injective (one-to-one), the map [
is surjective (onto), and the condition Im(k) = ker(l) is satisfied. Such a sequence is

referred to as a short exact sequence.

Example 1.3.3. Let n > 2. Then the sequence
0— Z-572-5%72/n2 — 0

is said to be a short exact sequence where k : Z — Z is defined as h(z) = nz and

l:7Z — Z/nZ is defined as k(z) = z + nZ.

10



1.3.3 Module Homomorphisms and Quotient Modules

Definition 1.3.6. For a ring P and P-modules M and N, a map o : M — N is
defined to be an P-module homomorphism if it preserves the P-module structure of

M and N. In other words, « satisfies the following conditions:
e a(n+p)=a(n)+ a(p) for all n,p € M, and

e a(dn) = da(n) for alln € M and d € M.

Definition 1.3.7. Let P be a ring, and consider an P-module homomorphism £ :
M — N. The kernel of 3, denoted as ker(3), is defined as the set {m € M : 5(m) =
0}, consisting of all elements in M that are mapped to zero under . Similarly, the
image of § is defined as f(M) = {n € N : n = B(m) for some m € M}, which
represents the set of all elements in N that are obtained as the image of some element

in M under f.

1.4 Application of Module Theory in Commutative
Algebra

The field of commutative algebra has greatly benefited from the application of module
theory, a fundamental branch of abstract algebra. Commutative algebra, which focuses
on the study of commutative rings and their associated modules, relies heavily on the
concepts and techniques of module theory to gain deeper insights and develop powerful
tools for problem-solving.

One of the primary ways in which module theory is applied in commutative al-
gebra is through the study of module structures over commutative rings. Modules,
which are generalizations of vector spaces over CRs, are essential objects of study in
commutative algebra. Concepts from module theory, such as module homomorphisms,
exact sequences, and projective and injective modules, are crucial for understanding
the structure and behavior of modules over CRs.

For instance, the classification of modules over a commutative ring often relies on the

understanding of module structures and the decomposition of modules into direct sums
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of simpler modules. This approach has led to the development of important results.
These insights have had significant implications in areas like algebraic geometry, where

the study of sheaves and their modules is central.

Another application of module theory in commutative algebra is the investigation
of the ideal structure of commutative rings. Ideals, which are special subsets of commu-
tative rings, can be studied through the lens of module theory. By considering ideals as
modules over the ring itself, researchers can gain valuable information about the prop-
erties and behavior of these ideals, such as their generation, primary decomposition,

and associated primes.

Furthermore, module theory provides a powerful framework for the study of local-
ization and completion of commutative rings. These operations, which are essential
in many areas of commutative algebra, rely heavily on the understanding of module

structures and the behavior of modules under localization and completion.

Additionally, module theory has applications in the study of commutative algebra
over non-traditional number systems, such as finite fields or modular arithmetic. In
these contexts, the understanding of module structures and their properties can provide
valuable insights into the structure and behavior of the corresponding commutative
rings.

The integration of module theory and commutative algebra has been a fruitful and
ongoing area of research, leading to the development of powerful tools and techniques
for understanding the structure and properties of commutative rings and their associ-
ated modules. By leveraging the insights and methods of module theory, researchers

in commutative algebra have been able to make significant advancements in this field.

1.5 Application of Group Theory in Commutative Al-
gebra

The field of commutative algebra has greatly benefited from the application of group

theory, a fundamental branch of abstract algebra. Commutative algebra, which focuses
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on the study of commutative rings and modules, often utilizes group theory to gain
deeper insights and develop powerful tools for problem-solving.

One of the primary ways in which group theory is applied in commutative algebra
is through the study of group actions on commutative rings. By understanding how
a group acts on a commutative ring, researchers can gain valuable information about
the structure and properties of the ring. The concept of group invariants, which are
the elements of a ring that are fixed under the action of a group, is an important tool
in this context. These invariants can be used to characterize the structure of the ring
and to study various ideals and modules within it.

Another significant application of group theory in commutative algebra is the in-
vestigation of Galois groups. In the context of commutative algebra, Galois groups are
used to study the structure of field extensions, which are closely related to the study
of polynomial equations. The Galois group of a field extension encodes important in-
formation about the roots of the associated polynomial, and this information can be
used to develop powerful theorems and algorithms in commutative algebra.

Furthermore, group theory plays a crucial role to examined module structures over
commutative rings. The classification of modules over a CR often relies on the under-
standing of group actions and the decomposition of modules into direct sums of simpler
modules.

Additionally, group theory has applications in the study of commutative algebra
over non-traditional number systems, such as finite fields or modular arithmetic. In
these contexts, the understanding of group actions and group invariants can provide
valuable insights into the structure and properties of the corresponding commutative
rings.

The interplay between group theory and commutative algebra has been a fruit-
ful and ongoing area of research, leading to the development of powerful tools and
techniques for understanding the structure and properties of commutative rings and
modules. By combining the insights of group theory with the specific properties of
commutative algebra, researchers have been able to make significant advancements in

this field.
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1.6 Graph Theory

We discuss some definations related to Graph Theory in this section.

Definition 1.6.1. Let G(V, E) denotes the graph where V' and E represented the
vertex and edge set, respectively. Furthermore, each edge is associated with a relation
that connects two vertices, referred to as its endpoints, which can be either identical

or distinct.

Definition 1.6.2. In graph theory, the simple graphs has no loop and no multiple
edges. On the other hand, multiple edges are edges that have the same pair of end-

points.

Definition 1.6.3. If, for every pair of vertices in a graph G, there exists a unique
path that connects these vertices, the graph is considered connected. A component of

a connected graph G is a connected subgraph that is not a part of any larger subgraph.

Definition 1.6.4. A graph having n vertices such that there is an edge which connects
the adjacent vertices is said to be a path graph denoted as P,. A graph having n vertices
such that there is an edge which connects the adjacent vertices and also the first and

the last vertex is known as a cycle graph and is denoted by C,,.

(a) Path (b) Cycle

Figure 1.1

Definition 1.6.5. A circulant graph C,(5) is a graph with vertex set {e,...,e,}. In
this graph, an edge {e;, e;} belongs to the edge set E(C,(S)) whenever the absolute

difference |i — j| or m-|i — j| is an element of S. Examples of circulant graphs can
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be seen in Figurel.2. It is worth noting that C, can be considered a generalized
cycle since it represents C,(1). For simplicity, the graph C,({es,...,en}), is denoted
as Cp(er,...,ey). A circulant graph Cy(ay, ..., a,) is 2p-regular, except in the case

where 2a,, equals p, in which case it is (2p — 1)-regular .

a2
as ay

az ai
aq
a9 as Qg
Qs as
Qg as

Qg

ar

Figure 1.2: From left to right Cy(1,3) and Cs(2,4) .

a2 a1

Q405

Figure 1.3: From left to right Bry(Cy(1,3)) and Bra(Cg(2,4)).
Definition 1.6.6. A graph is called t-fold bristled graph if we attach ¢ pandents on
each vartex.

Definition 1.6.7. A caterpillar is a connected graph consisting of the path that has
p vertices and ¢ pendants attached to each vertex along the path, which is represented

as Sy

Definition 1.6.8. Consider ¢ > 1. A tree with one internal vertex and ¢ leaves incident

on it is known as a t — star, denoted as S;.
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Chapter 2

Stanley Depth, Depth, Regularity and
Projective Dimension and Some of Its
Applications

In this section, the aforementioned invariants of a P-module M and a few related
results are discussed. The ring considered throughout this section is the ring of poly-

nomials in d variables, denoted as P = Ruy, ..., uql.

2.1 Depth

In this subsection, the concept of depth in the context of graded modules is dis-
cussed. A few preliminary definitions are provided, followed by the presentation of

well-established results that set the groundwork for subsequent discussions.

Definition 2.1.1. For an P-module M, a non-zero element d € P is a regular element

on M if whenever the product dn = 0 where n € M implies that n = 0.

Definition 2.1.2. Let M be an P-module and uy, us, ..., u, be a sequence of elements

of the ring P. This sequence is defined as M-regular if:

e u; is regular on M /(uq,us, ..., u,) for any j and

o M= M/(Ul,UQ, ,Un)M
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Example 2.1.1. Consider P = R[uy, ug, us, us| as a module over itself. Then as u; is
regular on P/(0)P, uy is regular on P/(uy)P, us is regular on P/(uy,us)P and uy is

regular on P/(uy,us, u3) P, so uy, ug, us, uy is the M-regular sequence in P.

Definition 2.1.3. The depth of the P-module M finitely generated over the Noethe-
rian ring P, w.r.t the unique maximal ideal n, is defined to be the common length of

all the maximal regular sequences in the ideal n when considered on P.

2.1.1 Applications of Depth in Commutative Algebra,Algebraic
Geometry and Homological Algebra

In commutative algebra, depth is a measure of the complexity of a module over a com-
mutative ring. The depth of a module captures its structural properties and provides
important information about the ring and the module. It helps in understanding the
behavior of prime ideals, regular sequences, and the Cohen-Macaulay property of rings.
Depth is used to study properties like the Hilbert function, depth stratification, and
depth formulas.

Depth has significant applications in algebraic geometry, particularly in the study
of singularities. The depth of a point on an algebraic variety measures the singularity of
the variety at that point. It helps in distinguishing between smooth points and singular
points, and it plays a crucial role in the classification and resolution of singularities.
Depth is related to the dimension of local rings and the computation of the local
cohomology of algebraic varieties. The depth of a module is related to the depth of its
associated homology modules, and it provides information about the complexity and
connectivity of the algebraic structure. Depth is used to analyze the behavior of derived

functors, projective resolutions, and injective resolutions in homological algebra.

2.1.2 Few Results Related to Depth

Lemma 2.1.4 (|3, Proposition 1.2.9]). For a given short exact sequence 0 — M; —»
My — M3 — 0 of modules which is considered over a local ring or a graded

Noetherian ring having local ring Py, we have
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e depth(My) > min{depth(M3), depth(M,)},
e depth(M;) > min{depth(My), depth(M3) + 1},
e depth(Ms3) > min{depth(M;) — 1, depth(Ms)}.

Lemma 2.1.5 ([12, Lemma 3.6|). Let I be the monomial ideal of a ring P. If P' = Plu]
is a ring of polynomials over P in the variable w. Then depth(P’'/IP") = depth(P/I)+
1.

Lemma 2.1.6 (|8, Lemma 2.12|). Let I; C P, = Rluy,...,u,] and Iy C P, =
R[tri1, U, ..., ug) be monomial ideals where 1 < r < d. If P = P, Qg P,. Then
depthP(P1/11 KRR PQ/IQ) = depthP(P/(]1P+[2P)) = depthpl(Pl/]l)+depthp2(P2/IQ).

Proposition 2.1.2 ([23, Corollary 1.3|). For I C P. and u ¢ I then depth(P/I) <
depth(P/(I : u)).

Corollary 2.1.3 (|5, Corollary 1.6]). Let I C P be a monomial ideal. Then sdepth(P/I) =
0 iff depth(P/I) = 0.

Theorem 2.1.4 (|11, Proposition 4.3|). Consider a graph G having ¢ connected com-
ponents and let A = A(G) and d = d(G) represent the diameter of the graph G. Then
fort > 1, we have depth > ¢ — t.

Lemma 2.1.5 (|19, Lemma 2.8|). Let B = B(P,) be an edge ideal of a path graph with

n > 2. Then depth(P/B) = [%].

2.2 Stanley Depth

This subsection delves into the concept of Stanley depth, which is a combinatorial
property associated with modules. It provides a concise overview of Stanley’s conjecture
and outlines a methodology for determining the Stanley depth. Additionally, a few

results related to Stanley depth are discussed.
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Definition 2.2.1. Consider a Z!-graded P-module M which is finitely generated. Let
nR[Z] be the subspace of M which is generated by the elements of the type nx, where
n is an element in M and is homogenous, x is a monomial in the ring of polynomial
R[Z], and Z is a subset of {uy,...,u;}. If say uR[Z] is a free R[Z]-module, then it
is referred to as a Stanley space having dimension equal to |Z|. For the module M
its Stanley decomposition is its representation as a finite direct sum of these Stanley

spaces. The Stanley depth of
T : M =P uRZ,
k=1

is sdepth(D) = min{|Z;|: k = 1,...,s} and that of N is the number sdepth(M) =
max{sdepth(7) : T is a Stanley decomposition of M}.

2.2.1 Application Of Stanley Depth in Commutative Algebra,
Algebraic Geometry and Homological Algebra

Stanley depth is primarily studied in the context of commutative algebra. It provides
refined information about the depth of modules over commutative rings. Depth is a
fundamental invariant in commutative algebra that measures the complexity of modules
and rings. Stanley depth extends this notion and provides more detailed information,

allowing for a deeper analysis of the algebraic structure.

Stanley depth has connections to algebraic geometry, particularly in the study of
singularities and the geometry of algebraic varieties. It provides information about
the singular locus of varieties, the depth of singular points, and the behavior of local
cohomology modules. Stanley depth helps in understanding the geometry and algebraic

properties of varieties, such as smoothness, irreducibility, and the intersection theory.

Stanley depth has applications in homological algebra, which studies algebraic
structures through their chain complexes and homology groups. It is used to ana-
lyze the depth of homology modules and the behavior of derived functors. Stanley
depth provides insights into the complexity and connectivity of algebraic structures

and helps in understanding the derived category and its properties.
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2.2.2 Stanley’s Conjecture

Stanley in 1982 [25] gave a conjecture which stated that for a Z!-graded P-module M
which is finitely generated, we have that sdepth(M) > depth(M). Duval et al in [9]
disproved this conjecture later with the help of a counterexample for the module of the
type P/M. An algorithm for the computation of Stanley depth is provided in [14] by

Ichim et al..

2.2.3 Method for The Computation of Stanley Depth for Square-
free Monomial Ideals

In 2009, Herzog et al. in [12]| introduced an innovative approach for computing the
lower bound of the Stanley depth of monomial ideals. This method involves utilizing
posets and is designed to achieve this computation in a fixed number of steps. Let A

be a squarefree monomial ideal having generating set as G(A) = {e1,...,en}. Now

.....

----------

s(j) € {0,1}™ is the tuple with supp(2*)) = ~;, then the Stanley decomposition D(Q)
of A is given by

D(Q) : A= @xs(j)ﬂ?[{xk |k €n,l.

Clearly, sdepth D(Q) = min{|m|,...,|n.|} and

Example 2.2.1. Let P = R[z1, o, x3, T4, 5, Tg|, consider A = (1123, ToT5, T4Te, T1T4T6).

Then select g = (1,1,1,1,1,1) and the poset Q = Q?,/A is given by:
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{(0,0,0,0,0,0),(1,0,0,0,0,0),(0,1,0,0,0,0),(0,0,1,0,0,0), (0,0,0,1,0,0),
0,0,0,0,1,0),(0,0,0,0,0,1),(1,1,0,0,0,0),(1,0,0,1,0,0),(1,0,0,0,1,0),
1,0,0,0,0,1),(0,1,1,0,0.0),(0,1,0,1,0.0),(0,0,1,1,0,0), (0,0,0, 1,1, 0),
0,0,1,0,0,1),(0,0,0,1,1,0),(0,0,0,1,0.1).(0,0,0,0,1,1),(1,1,0,1,0,0),
) ( (
0,0,1,0,1,1),(0,0,0,1,1,1),(0,0,1,1,1,1)}.

?

1,0,0,1,1,0),(1,0,0,0,1,1),

(
(
(
( 0,1,1,1,0,0),(0,0,1,1,1,0),(0,0,1,1,0, 1),
(

The partitions of Q can be written as :

[(0,0,0,0,0,0),(1,0,0,0,0,0)] _J[(0,1,0,0,0,0),(0,1,0,0,0,0)] |
[(0,0,1,0,0,0), (0,0,1,0,0,0)] | J[(0,0,0,1,0,0),(0,0,0,1,0,0)] |_J
[(0,0,0,0,1,0),(0,0,0,0,1,0)] | J[(0,0,0,0,0,1),(0,0,0,0,0,1)] |
[(1,1,0,0,0,0),(1,1,0,0,0,0)] | J[(1,0,0,1,0,0),(1,0,0,1,0,0)] | J
[(0,1,0,1,0,0),(0,1,0,1,0,0)] | J[(0,0,1,1,0,0),(0,0,1,1,0,0)] |
[(0,0,0,1,1,0),(0,0,0,1,1,0)] _J[(0,0,0,1,0,1),(0,0,0,1,0,1)] |
[(0,0,0,0,1,1),(0,0,0,0,1,1)] | J[(1,1,0,1,0.0),(1,1,0,1,0,0)] | ]
[(1,0,0,1,1,0),(1,0,0,1,1,0)] | J[(1,0,0,0,1,1),(1,0,0,0,1,1)] |
[(0,0,0,1,1,0),(0,0,0,1,1,0)] _J[(0,0,0,0,1,1),(0,0,0,0,1,1)] |
[(1,1,0,1,0,0),(1,1,0,1,0,0)] | J[(1,0,0,1,1,0),(1,0,0,1,1,0)] |
[(1,0,0,0,1,1),(1,0,0,0,1,1)] | J[(0,1,1,1,0,0),(0,1,1,1,0,0)]
[(0,0,1,1,1,0),(0,0,1,1,1,0)] [ J[(0,0,1,1,0,1),(0,0,1,1,0,1,)] |_J
[(0,0,0,1,1,1),(0,0,0,1,1,1)] {_J[(0,0,1,1,1,1),(0,0,1,1,1,1,)],

Q1 (0,0,0,0,0,0),(1,1,0,1,0,0)] |_J[(0,0,1,0,0,0),(0,1,1,1,0,0)] | J
[(0,0,0,0,1,0),(1,0,0,1,1,0)] _J[(0,0,0,0,0,1),(1,0,0,0,1,1)] |
[(0,0,0,1,1,0),(0,0,1,1,1,0)] | J[(0,0,1,0,0,1),(0,0,0,1,0,1)] |
[(0,0,0,1,0,1),(0,0,0,1,1,1)].
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So the corresponding Stanley decomposition is of the partitions will be
D(Ql) = %[%1] S5, l’g%[l’g] © $3§R[$3] D £IZ’4§R[£IZ’4] D .%'5%[1'5] ©® 1'63%[.%6]@

TR, To) B 124 R[X1, T4] B oy N[0, 4] B 2374 R[5, 4]

@ xywsR[xy, 5] B vax6R[ 2y, 6] D T5xeR[T5, T6] B X120y R[ 71, T2, 4]

@ rrzgrsR[ry, 14, 5] B v10506R |21, T5, 6] B X425 R[ 24, X5)

® r425R[4, 5] © w5706 R[25, 6] O T170204R[21, T2, 4] B 21 2425R[T 1, 24, T5]

@ rrxsreR[T1, 5, T6| B Tox3x4R[ T2, T3, 4] B x32425R 13, T4, T5)

® w3raxeR[rs, T4, 6] D Taxs506R[T4, T5, T6] D T3T4T5T6R[ T3, T4, T5, T,
D(Qs) = R[x1, 2, 4] ® x3R[xe, 23, 4] B x5sR[11, 24, T5] B xR[21, X5, 26]P

45 R[x3, T4, T5) B w3x6R[24, 6] B TaTeR[ T4, T5, T6).
Then

sdepth(Q/A) > max{sdepth(D(Q;)), sdepth(D(Q,))}
= max{l,3}
= 3.

2.2.4 Few Results Related to Sdepth

Lemma 2.2.2 (|23, Lemma 2.2|). Consider the sequence 0 —» M; — My —
Ms — 0 of P- modules which are Z'-graded we have sdepth(Ms) > min{sdepth(M,),
sdepth(Ms3)}.

Lemma 2.2.3 (|12, Lemma 3.6|). For a monomial ideal I of a ring P. If P = P[y] is a
ring of polynomials over P in the variable y. Then sdepth(P’/IP") = sdepth(P/I)+1.
Lemma 2.2.4 (|8, Lemma 2.13|). Let I, C P = R[uy,...,u,] and Iy C P, =
R[tri1, Uy, ..., ug) be monomial ideals where 1 < r < d. If P = P, @g P,. Then
sdepthp(Py/I; @y P2/I) > sdepthp (Pi/I1) + sdepthp (P2/15).

Proposition 2.2.2 (|6, Proposition 2.7|). Consider a monomial ideal I of a ring P.
Then for any monomial u ¢ I,sdepth(P/I) < sdepth(P/(I : u)).

Theorem 2.2.3 (|22, Theorem 2.3|). Let I C P be monomil ideal which is generated
by a minimal set of u elements. Then, we have sdepth(l) > max{l,d — |5]}.
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2.3 Regularity

Definition 2.3.1. For a field R let P = R[uy, ..., uq] be polynomials in d variables over
R . Then for a Z-graded P-module M which is finitely generated having a minimal

free resolution

jez jez jez

the regularity of M is reg(M) = max{j — k : fi; (M) # 0}.

2.3.1 Application of Regularity in Commutative Algebra,Algebraic
Geometry And Homological Algebra

Regularity plays a central role in commutative algebra. It is used to study the algebraic
and geometric properties of rings, modules, and ideals. Regularity provides information
about the complexity and depth of modules, the behavior of prime ideals, and the
Cohen-Macaulay property of rings. It is a key ingredient in the study of homological

properties, such as the vanishing of Ext modules and the structure of resolutions.

Regularity has significant applications in algebraic geometry, where it is closely
related to the geometric properties of algebraic varieties. Regularity of a projective
variety is linked to the embedding of the variety in projective space and the behavior
of its homogeneous coordinate ring. It helps in understanding the birational geometry,
rational maps, and the classification of varieties. Regularity also plays a role in the

study of singularities and the resolution of singularities.

Regularity is employed in homological algebra, which studies algebraic structures
through their chain complexes and homology groups. It helps in analyzing the complex-
ity and connectivity of algebraic structures. Regularity provides information about the
regularity of homology modules, the behavior of derived functors, and the regularity

of resolutions.
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2.3.2 Few Results Related to Regularity

Lemma 2.3.1 (|4, Theorem 4.7]). Consider a monomial ideal I in the ring P, and let

u; be one of the variables in P. Then

(a) reg(P/I) =reg(P/(I :u;)) + 1, if reg(P/(I : u;)) > reg(P/(I,u;)).
(b) reg(P/1) = reg(P/(1,u;)) if reg(P/(I : u;)) < reg(P/(I,u;)).
(c) reg(P/1I) € reg(P/(I,u;)) + 1,reg(P/ (I, u;)), if reg(P/(I : u;)) = reg(P/(1,u;)).

Lemma 2.3.2 (|20, Lemma 3.6]). Consider a monomial ideal I in the ring P. If
P’ = Ply] is a ring of polynomials over P in the variable y. Thenreg(P'/I) = reg(P/I).

Lemma 2.3.3 (|27, lemma 8|). Let P, = Rluy,...,u,] and Py = R[upq1,...,uq] be
rings of polynomials and I; and Iy be edge ideals of Py and P,, respectively. Then
reg(P/(I1P + I,P)) =reg(Py /1) + reg(Ps/1).

Proposition 2.3.4 (|17, Lemma 2.2|). For a simple graph G which is finite we have,
reg(P/1(G)) > indmat(G).

Lemma 2.3.5 (|18, Theorem 1.4|). Let Iy and I are the monomial ideals of P, then

veg(P/(I + ) < reg(P/1,) + reg(P/I).

2.4 Projective Dimension

Definition 2.4.1. For a field R let P = Ruy,..., ] be the ring of polynomials in
[ variables over the given field. Then for a Z-graded P-module M which is finitely

generated having a minimal free resolution

JjE€Z Jj€EZ JjE€Z

the projective dimension of M is given by pdim(M) = max{k : B ; (M) # 0}.
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2.4.1 Application of Projective Dimension in Commutative Al-
gebra,Algebric Geometry and Representation Theory

Projective dimension plays a significant role in commutative algebra, where it helps in
understanding the algebraic and geometric properties of rings and modules. It is used
to study properties like the depth, regularity, and Cohen-Macaulayness of modules
and rings. Projective dimension is employed in the classification of modules and the
computation of local cohomology modules.

Projective dimension has applications in algebraic geometry, particularly in the
study of projective varieties and coherent sheaves. It is used to measure the complexity
and sheaf cohomology of coherent sheaves on projective varieties. Projective dimension
helps in understanding the geometry and algebraic properties of projective spaces,
projective curves, and higher-dimensional projective varieties.

Projective dimension is relevant in the study of representations of algebraic struc-
tures, such as groups, algebras, and Lie algebras. It provides information about the
complexity and structure of modules and representations. Projective dimension is used
to characterize projective and injective modules and to analyze the behavior of homo-

logical functors in representation theory.

2.4.2 Few Results Related to Projective Dimension

Lemma 2.4.1 (|3, Theorem 1.3.3|). (Auslander—Buchsbaum formula) Suppose P is a
local Noetherian ring and is also commutative, and M is a non-zero P-module which is
finitely generated and has finite projective dimension. Then, the sum of the projective

dimension and the depth of the module M is equal to the dimension of the ring P this
is pdim(M) + depth(M) = depth(P).

Lemma 2.4.2 (|7, Lemma 5.1]). For I a square-free monomial ideal, and any subset
of the variables R relabeled as R = {uy,...,u;}, either 3 a l with 1 <1 < j such that
pdim(P/B) = pdim(P/((B,u1, ..., w-1) : uq)) or pdim(P/I) = pdim(P/((S, w1, ..., u;))).
Lemma 2.4.3 (|2, Proposition 3.1.1]). Let A = A(P,) C X, where P, is a path of

length n. Then pdim(P/A(P,)) = [2].
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Chapter 3

Algebraic Invariants of cyclic modules
assoclated to some special subgraphs
of Bri(Co,(1,n — 1)), Bri(Coy,(1,2)) and
Bri(Co,(1,n — 1,n)) graphs

In this chapter a Circulant graph is defined as in Definition 1.3.6. we discuss the
values for the regularity of the cyclic modules R[V(Y,,:)|/I(YTht), RIV(Ppt)]/L(Pry),
RIV(¥Y,.0)]/I(¥,,+). We also compute depth, Stanley depth, and projective dimension
of RIV(Y,4)]/1(YTyt). These computations will be crucial in the subsequent section as

we proceed to calculate our key findings.

3.1 Preliminaries

We discuss a few preliminaries first which aid in proving the theorems given in this
chapter. These basic results include a few Lemma’s which help in simplifying the
structures under study and a few other basic theorems related to bipartite graphs and

trees in general are given.

Lemma 3.1.1 (|26, Lemma 2.2 and Lemma 2.26]). Let L = I(S;). Then,
depth(P/L) = reg(P/L) = sdepth(P/L) = 1.
Lemma 3.1.2 (|26, Theorem 2.28|). Let L = I(S,.) Then,
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(a) reg(P/L) = [5].
(b) depth(P/L) = sdepth(P/L) = [2] + [251]t.
Lemma 3.1.3 (|26, Theorem 2.30 and Theorm 2.9|). Let L = I(C,,+) Then,
(a) reg(P/L) = ["3*].
(b) depth(P/L) = sdepth(P/L) = [2] + [251]t.

Lemma 3.1.4 ([12, Lemma 3.6]). Let I; C P be a monomial ideal. If P' = P ®g
R[2141] = Plziya], then

(a) depth (P'/I;P") = depth(P/I;) + 1.
(b) sdepth (P'/1, P’) = sdepth(P/I;) — 1.
(c) reg (P'/1,P") =reg(P/1I}).

Lemma 3.1.5 (|13, Lemma 3.2|). If [} C P' = R[z1,...,w] and Iy C P" = R]zi41, . .., uyp)
are non-zero homogeneous ideals of P' and P" and regard I + Iy as a homogeneous

ideal of P =P @u P", then
reg(P/(Iy + I) = reg(P'/1,) + reg(P"/ I).

Remark 3.1.6. We have some special cases of T,,;, ®,,;, and ¥, ;, for n—=0. That can

be defined as follows
o RIV(Yo.:/I(Yos))] = R. Thus, reg(R) = depth(R) = sdepth(R) = 0.
o RIV(P:/1(Po;))] = R. Thus, reg(R) = depth(R) = sdepth(R) = 0.
o RIV(Vy,/I(Vo,))] = R. Thus, reg(R) = depth(R) = sdepth(R) = 0.

If n = 1, then we have R[V(Y1,/1(T14))] = R[V(S:)]/I(S:) @ R[V(S;)]/I(S:). By
Lemma 3.1.1 and Lemma 3.1.5, reg(R[V(Y1:/1(Y1:))]) = 2.

27



When n > 1, we consider several types of graphs denoted as T1,,, ®,,,¥,,, and these
are the subsets of Cy,(1,n — 1) and Cy,(1,2) and Cs,(1,n — 1,n).

fl fnfl fn fl fnfl fn

Figure 3.1: From left to right, T,, and ®,, .

fi fam1 I
€1 o €n-1 €n

Figure 3.2: W,,.

Now we define the pendents attached to different vertices with specific variables.
That is C; :={e;1,... ,ei.} and D; :={fi1,..., fi} where 1 <i <mn,

Let Y, := Bri(Y,), ®n: = Bry(®,), ¥, := Bry(¥,). Now we discuss the edge
set of T, ¢, ©pp, Uy s Here G(I) denotes the minimal generating set of monomial ideal

1. If n =2, then

Q(th) = {6162, €1€11,-..,€1€1¢,€2€21,€2€22, ... ,€2€24, f1f2, f1f1,1, . 7f1f1,t7 f2f2,1,

f2f2,27 cee ,f2f2,t}-

For n > 3,

G(Wn,) = Uiz {ejejin, fifim Ui {es fi3Uiti{ei fivn, e fit Ui {eaer, . s eneny,
f1f1j7 s 7fnfnj}7
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G(Pry) = Uiz {ejeipn, fifim} Uimy {es fi} Uiz {e; fia} Uimy {ereny, - s eneng,
f1f1j7 s 7fnfnj}7

G(Thy) = U?:_ll{ejejH, fifiv} U?:_ll {ejfiv1, e fit Uiy {erey, o s enen,
f1f1j7 cee 7fnfnj}-

In this part, we discuss the values for the regularity of the cyclic modules

RIV(Ln)]/I( L), RIV(Pnt)]/I(Prr), RIV(Y0yt)]/I(¥y,+). We also compute depth,
Stanley depth, and projective dimension of R[V(Y,+)]/I(YT,). These computations
will be crucial in the subsequent section as we proceed to calculate our key findings.
Let I C P be a squarefree monomial ideal that is minimally generated by a monomial
of degree at most 2. We define a graph G, associated with the ideal I, where V(Gy)
represents the support of I and E(G) consists of pairs {{u;, u;} : u;u; € G(I)}. Within
the polynomial ring P, let ¢; and ¢; be variables such that e; and ¢; are not elements
of I. The ideals (I : ¢;) and (I, e;) are monomial ideals of P, and their corresponding

graphs G r..,) and G(j,) are subgraphs of G7.

3.2 Algebraic Invariants of cyclic modules associated
to some special subgraphs of Bri(Cs,(1,n — 1)),
Bri(Cy,(1,2)) and Bry(Cs,(1,n — 1,n)) graphs

Lemma 3.2.1. Letn,q > 1 and P = R[V(Y,,)]. Then

n+1, ifn s odd;

n, if n is even.

reg(P/I1(Tny)) = {

Proof. Let n = 2. Then we have R[V(Y2:/(I(Y2,q) : f2) = R[V(S:)]/I(S:). By Lemma
3.1.1 , reg(RIV(You)]/I(Toy = f2)) = 1. Also R[V(Yar)/I(Taoy, fo) = RIV(S54)]/1(Ss,4),
then by using Lemma 3.1.2, reg(R[V(Yay, f2)]/1(Yay, f2)) = 2. Now finally by Lemma
2.3.1(b),

reg(R[V(Y24)/(I(T2,q))) = 2. Now, if n = 3, then Y5 = Ty Ulyy, here

UQ,t = {a1a27 biba, aiby, agbe, arany, ... @101, Q2021 . . ., G202, D1biy, ... b1big, babay, . .. 7bzb2t}.
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Also Ty NUsy # 0. By applying Lemma 2.3.5,

reg(RIV(Ts,4)/1(Ts3,)) < reg(RV(To)]/1(Tar)) + reg(RV(T2,0)]/1(T2,9))-

Thus by induction on n, we obtain reg(P/I(Y3,;)) < 24 2 = 4. As far as another

inequality is concerned, let M = {{fl, firh {erenn}, {fs, f31}, {es, 6371}}. Where M
is induced matching, thus, indmat(Y3;) > 4. By Lemma 2.3.4, reg(P/I(Y5:)) > 4.
Thus, reg(P/1(Y3,)) = 4. For n > 4, we have;

Case 1 : Let n is even. Then

P/(](Tn,t) : fn) = §):E[V(Tn—zt)]/I(Tn—Z,t)®§)‘E§R[\/(St)]/I(Slt)®§]‘E%[fna Dn—la Cn—(1]7 )
3.1

P/((I(Tn,t)a fn>7 en) = §R[V(Tn—l,t)]/I<Tn—1,15) ®§R %[Dm Cn]? (32>

PII(Tn), fn) = €n) = RNV (Tng )]/ I(Tn24) ©nRen, Dn, Doy, Coa], (3.3)

By mathematical induction on n, along with the use of Lemma 3.1.5 and Lemma

3.1.4 on Egs. (4.25)- (4.27) respectively, also apply Lemma 3.1.1 on Eq (4.25),

reg(P/(I(Tny) : fn) = reg(RV(Tno24)]/1(Tno24)) + reg(R[V(S:)]/1(Sh))
=n—2+1=n-1,

reg (P/((I(Tny), fu), en)) = reg(RIV(Tro1,)]/I(Tro14)) =n—1+1=mn,
reg (P/((I(Yns), fn) : €n)) = 1eg(RV(Tr0.)]/1(Tn2s)) =n — 2.

Asreg (P/((I(Yht), fn) 1 €n))) <reg (P/((I(Tnt), fn), €en), by applying of Lemma
2.3.1(b), reg(P/(I(Yn4), fn)) = n. Also,

reg (P/((I(Tny) = fn)) <reg (P/((I(Tnr), fn)-

Finally by Lemma 2.3.1(b), reg(P/({(Tpt)) = n.
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Case 2 Let nis odd. Then Y,,; = Y,,_1; U H, where H = Yy, also T,,_1; N H # 0.

By induction on n and using Lemma 2.3.5,
reg(P/1(Tns) < reg(RIV(To-1.0)]/1(Tn-14)) + reg(RV(T2,)]/1(Top)) = n+ 1.

To obtain the second inequality, let M = {{fl, fiit, {er,ern}, {es,esn}, {fs, fsi}--.

{en—2,en—21}, {fu2, fa—21},{€n,€n1}, {fo: fnl}} it is obvious that M forms an
induced matching, so, indmat(Y, ;) > n + 1. By Lemma 2.3.4, reg(P/I(Yy+)) >
n + 1. Therefore, reg(P/1(Y,;)) = n+ 1.

Lemma 3.2.2. Let n,t > 1 and P = R[V(®P,)]. Then

2[%27 +1, ifn = 1mod(3);

reg(P/1(®,4)) = { (@i if n = 0,2mod(3).

Proof. Let n = 2. Then
P/(I(®ay) : f2) = RV (Po)]/1(Por) @n R[f2, D1, C1, Cal,

P/(I(Po4), f2) = RV (S34)]/1(554) @n R[D2).
By Lemma 3.1.4, reg(P/(1(Pay) : fo) = reg(R[V(Po+)]/I(Po,)) and reg(P/(I(Poy), fo) =

reg(R[V(Ss.:)]/1(S54+)). By Remark 3.1.6 and Lemma 3.1.2, reg(P/(I(P2y) : f2) = 0

and

reg(P/(1(®2), f2) = 2. As rea(P/((I(®5,) = f2) < rea(P/((I(®5,), ). Finally by
Lemma 2.3.1(b), reg(P/((1(®24)) = 2. Now let n = 3. Then

P/(I(®34) : f3) = RV (S2)]/1(S24) @p R[f3, Da, Cs, Col,
P/(I(®34), f3), €3) = RV(P2)]/1(P2r) @ R[f3, €3, D3, Cs),
P/(I(®s), f3) : €3) = RV(Cs,0)]/1(C3) On Rles, Co.
By applying Lemma 3.1.4 we get,
reg(P/(1(Psz) : f3) = reg(R[V(S2,.)]/1(524)),
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reg(P/(1(®34), f3), €3) = reg(R[V(Po.)]/1(P24)),
reg(P/(I(®34), f3) : €3) = reg(R[V(Cs,)]/1(Cs)).
By induction and applying Lemmas 3.1.2 and 3.1.3 we have,
reg(P/(I(®34) : f3) =1
reg(P/(1(P34), f3), €3) = 2

and
reg(P/(1(®s4), f3) : e3) = 1.
As reg(P/(I(®s4), f3), e3) > reg(P/(1(P34), f3) : e3) So by Lemma 2.3.1(b), we have

reg(P/(1(Psy), f3) =2

Also reg(P/(I(Ps4), f3) > reg(P/(I(Ps,) : f3)) so again by Lemma 2.3.1(b), we have

reg(P/(1(®s,)) = 2.

For n = 4. we have

P(I(®ay) = f5) = RIV(52,0)]/1(52,4) @0 RIV(S)I/L(S1) @n R f3, Da, Cs,
Cs, Dy,

P/(I(Paz), f3), €3) = RIV(P2.)]/1(P2) @p RV (S2:)]/1(S2) @n R f3, €3, D3, C5],
P/(I(®4y), f3) = e3) = @[V(C3,)]/1(Cst) @ Rles, Ca, Da].
By applying Lemma 3.1.4 we get,
reg(P/(1(Pay) = f3) = reg(R[V(S2.)]/1(S2,4)) + reg(R[V(S1)]/1(S1)),

reg(P/(1(Pay), f3), €3) = reg(R[V(P2,)]/1(Pa)) + reg(RIV(S2.4)]/1(S2,0)),
reg(P/(I(®s;), f3) : €3) = reg(R[V(Cs,)]/1(Cs)),
By applying Lemmas (3.1.1)and (3.1.3) we have,
reg(P/(I(Paz) : f3) = 2
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reg(P/(1(P4y), f3),e3) = 3,
and
reg(P/(1(Pyy), f3) : e3) = 2.
As reg(P/(I(®uy), f3),€3) > reg(P/(I(Pyy), f3) : €3) So by Lemma 2.3.1(b), we have
reg(P/(1(®s4), f3) =3
Also reg(P/(1(P4yr), f3) > reg(P/(I(Pyy) : f3)) so again by Lemma 2.3.1(b), we have
reg(P/(I(P4t)) = 3.

Now for n > 5 we have the following cases,

Case 1: Let n = 0mod(3). Then

PII( @) : fo1) = RIV(Pns)]/1(Pns3,) ORIV (S)I/L(Sy) @R[ fu1, Do,
Cn727 Cnfla Dn]a (34>

P/(I(Pnt); fao1),n-1)) Z RNV (Ppo0)]/1(Pr2:)@rR[V (S2,4)]/1(S2,6) 2rR[ D1,
Ch-l, (3.5)

P/((I(®@n1), 1) = en1), fu2)) = RV ( Pz )]/ T(Pns0) D0 Rlen—1, Do,
Ch—2,Dp,C,, Dy o], (3.6)

P/(([((Dn,t)a fnfl) : 6,171) . fn72>) = §R[V((bnf&t)}/[(CI)nféL,t) ®8‘E §R[enfla fn727
anla Cnf2; Cn; Dn; an?;; Cnf3]- (37>

By applying Lemma 3.1.4 and Lemma 3.1.5 on Eqs. (3.4) - (3.7), respectively we

obtain,

reg(P/(I(®Pns) : fa1)) = reg(R[V(Pr—3.)]/1(Pn-3:)) + reg(R[V(S:)]/L1(5:)),
(3.8)
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reg(P/((L(®n1), fo1); en-1))) = reg(RIV(Pn24)]/ 1 (Pn—2.))
+ reg(R[V(52,)]/1(524)), (3.9)
reg(P/((I(®nt), fo1) - en-1), fn-2))) = reg(RIV(Pn5)]/1(Pn-s4)),  (3.10)
reg(P/((I(®nt), fa1) s en1) : fn2))) = 1eg(RV(Pn—a)]/1(Pn-ay)).  (3.11)

By using induction on n along with the use of Lemma 3.1.1 and Lemma 3.1.2 on

Egs. (3.8) - (3.11), respectively we obtain,

reg(P/(I(®ny) = fo1)) = 2]

3

reg(P/1(®n,), for)s en1)) = 2051,

n—3
3 I

n—4

reg(P/(I(®Pns), fo1) : en1); fa2)) = 2]

reg(P/(I(Pny), fa-1) : €n-1) : fu-2))
Asteg (P/((L(®n1), fo1) - en1) * fa2)) <1eg (P/(((®ns), fr1) : €n-1), fn2))),
so by Lemma 2.3.1(b), reg(P/I(®py, fu-1) : €n-1)) = 2[252]. Also,

reg (P/((I(®ns), fn-1) = en-1))) < reg (P/((I(Pns); fo-1), €n-1)))-

Thus by Lemma 2.3.1(b),

n

reg(P/I((I)n,t,fn—l)) = 2[3—|

Similarly reg (P/((L(®nt) : fu1))) < reg (P/((I(®nt), fn-1))). Therefore by Lemma
2.3.1(b), reg(P/1(®,;) = 2[%].

Case 2: Let n = 2mod(3). Then ®,, = &, o, U P53, where &, o, NP3, # (). By

induction on n and using Lemma 2.3.5,

n—1

3

reg(P/1(®n,) < reg(RIV(Pn2.)]/1(Pns.)) +reg(RIV(P35,)]/1(P3)) = 2[—— 142
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To obtain the second inequality, let M = {{fl, f1,1}7 {62, 6271}, {fg, f4,1}, {65, 65’1} e

{fa-as faant {en—s, en—sit {fa-1s fam11}s {en, en,l}} clearly M forms an induced
matching. Therefore, indmat(®,;) > 2[%]. By applying Lemma 2.3.4, reg(P/I(®,)) >
2[%]. Thus reg(P/I1(®,,)) = 2[%].

Case 3: Let n =1 (mod 3). Then

P/(I(®@ny) : fr-2) ZR(Prut)]/1(Pr_u) @R[V (Cs)]/1(Cs) @R[ fr—2, D1,
Cos,Cinsy, Dosl, (3.12)

P/(I(®Pnt), fa—2),en—2) = RIV(Pr34)]/1(Pr3t) OnR[V (Po)] /1(Por) @R[ Dy 2,
Cosl, (3.13)

PI(I(®n1), fo2)  en-2), fn-3)) = RV (Prs)] /1 (Pr—a) RV (S2.)]/1(S2.) @2
%[en_g, On—la DTL—17 Dn_g, Cn_g, Dn_g, Dn_g]7 (314)

PI(L(®nt), fo2) - en-2: fn-3)) = RV (Prns50)]/1(Pns5) OrR[V(S2.4)]/1(S2)
®§R §R[€n—27 fn—?)u On—Sa Cn—la Dn—27 Dn—h Dn—47 On—3; Cn—4; Dn—2]- (315>

By applying Lemma 3.1.4 and Lemma 3.1.5 on Egs. (3.12) - (3.15) we get,

reg(P/(I(Pus) : fo-2) = reg(R(Pp-1,)]/1(Ln-14)) + reg(R[V(C5,)]/1(C3y4)),
(3.16)
reg(P/((1(®ns), fa—2), en—2) = reg(RIV(Pn-34)]/1(Pn-34)) +reg(R[V(Pa2.)]/1(P2y)),
(3.17)

reg(P/((1(Pn), fo-2) : €n-2), fu-3)) = reg(R[V(Pp-a,4)]/1(Pr-a4))
+ reg(R[V(S2,:)]/1(S24)), (3.18)
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reg(P/((I(Prnst), fa2) : en2: fn3)) = reg(R[V(Pn_54)]/1(Prs54))
+ R[V(S24)]/1(S24). (3.19)

By using induction on n along with the use of Lemma 3.1.2 and Lemma 3.1.3 on
Egs. (3.16) - (3.19) ,

n—4

reg(P/(I(Pns) : fu-2)) = 2[—3

I+1,

reg(P/(I(®n), fo2). en-2)) = 2(” - 1 +1,

3
reg(P/(I(Pns), fn-2) : €n—2), fa-3)) =

1eg(P/(I(Pps), fo2) t ena) : fus)) = 2[ 3

Asreg (P/((I(Pns), fr-2) : en—2) ¢ fa—s)) <reg (P/((I(Pns), fu-2) : €n—2); fn-3))),
by Lemma 2.3.1(b), reg(P/I(®py, fa—2) : €n—2)) = 2[%5%] + 1. Also

-5

1+ 1

reg (P/((I(®nt), fa-2) : €n2))) <reg (P/((I(Pnt), fa-2), €n-2))),

by Lemma 2.3.1(b),

reg(P/1(Pnt, fa—2)) = 2[

Furthermore, reg (P/((I(®n:) @ fu-2)))) < reg(P/((L{(Pnt), fn—2))), by Lemma
2.3.1(h),

reg(P/1(®n,) =

O
Lemma 3.2.3. Letn,q > 1 and P = RV(V,,,)], then reg (P/1(¥,,)) = [2].
Proof. Let n = 2. We have
PI(V2y) : f1) = RIV(Vou)l/Z(Vor) @p R[f1, D2, Cr, Co]. (3.20)
Moreover, we have
P/((I(P24), f1, 1)) = RV (S20)]/1(52,) @ R[D1, C1], (3.21)
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also
P/(](\Ifgﬂg), f1 . 61)) = (éR/V(\I/OJg)/](\PQt» ®§R %[61, D17 CQ, DQ] (322)

By applying Lemma 3.1.4 on Eqgs. (4.4) - (4.6), respectively we get,

reg(P/(I(Way) : f1) = reg(R[V(Po,)]/Z(Vo,)), (3.23)
reg(P/((I(Way), f1,€1)) = reg(R[V(S2.4)]/1(S2.)), (3.24)
reg(P/(1(Wy), f1) - e1)) = reg(RIV (Vo) /1 (Vo). (3.25)

By using Lemma 3.1.2 and Remark 3.1.6, we have
reg(P/((I(VYqy) : f1)) =0, and reg(P/(L(¥Ya,), f1,€1)) = 1. also

reg(P/(I(W5,), fi : e1)) = 0.

As reg(P/((L(Way), f1: €1)) < reg(P/((L(Wa4), f1,€1)), by applying Lemma 2.3.1(b),

reg(P/(I(Vay, f1))) = 1. Also reg(P/((I(Vs,) = f1)) < reg(P/((I(W2,), /1)), so by
Lemma 2.3.1(b) reg(P/(({(¥2,)) = 1. For n > 3 we have:

PIT(Vny) 2 fr1)) Z RNV (Y3 )]/ 1 (Vns6) O R[fr1, Dn, Doz, Cn, Cna], - (3.26)

PI(I(Wnt), fa-1)s €n-1)) = RIV(Wp_20)]/T(¥5-2.) @ RV(S2,)]/1(S2,) @ R[Dy-1,
Coa], (3.27)

P/((I(\Ijn,t)v fnfl) . enfl)) = %[V(\an&t)]/j(anf&t) ®§R §R[€n,1, anlv
Cna Cn727 anb Dna anZ]- (328>

By using Lemma 3.1.4 and Lemma 3.1.5 on Eqgs.(3.4) - (3.28) we have,
reg(P/((I(Wny) : fn1)) = reg(RV(¥n_s)]/1(Vn-34)), (3.29)

reg(P/((1(Vns), fu-1), €n-1)) = reg(RV(Vn-2,)]/1(Vn-24) + reg(R[V(S2,)]/1(S2,4)),
(3.30)

reg(P/((I(Wny), fa-1) = en-1)) = reg(RIV (¥ 50)]/1(Vn-34))- (3.31)
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By induction on n and applying Lemma 3.1.1 on Egs. (3.29) - (3.31), respectively we

have ,

rea(P/(I(W) - fur) = [0,
reg(P/ (), far).u) = [ 2] 41 = 2],
n—3

reg(P/({(Vnp), fa1) * €n-1))) = [—5—1.

As, reg (P/(I(Vps), fo1) © en—1))) < reg(P/(({(Vns), fae1),€n—1)))), by Lemma
2.3.1(b),

n

reg<P/I(‘I/n,t; fn—l)) = [§—|

Also, reg(P/((I(V,,4) : fn-1))) < reg(P/((I(¥4), fn-1))), by Lemma 2.3.1(b),

reg(P/I(¥,)) = [5].
O
Lemma 3.2.4. Letn>2,t>1 and P = RV(Y,+)]. Then
sdepth (P/I(Y,)) > depth (P/I(Y,,)) = {Zﬁ i 2_ - ZZZ Z Zzzn
Proof. Let n = 2. We have,
0 — P/I(Yoy: fo) L P/TI(Tsy) — P/I(Yay, f2) — O, (3.32)

and
P/(I(Tay) 1 fo) = RV(Sy)]/1(S:) @x R[fa, D1, Ch],
P/((I(Top), fo) = RIV(S5.4)]/1(S3,) @p R[Ds].

By Lemma 2.1.6 and Lemma 3.1.4, depth(P/(I(Y2;) : f2)) = depth(V(S;)]/I(S:)) +
L1+, and depth (P/((I(T5.), f2))) = depth(RIV(Ss)]/(Ss.)) + & By applying
Lemma 3.1.1 and Lemma 3.1.2, depth(P/(I(Tat) : f2)) = 2t +2 = 2(1 + t), and
depth (P/((I(Y24), f2)) = 2+ t. By Lemma 2.1.4 and Lemma 2.1.2 along with the use
of short exact sequence 3.32, depth(P/(1(Ys;))) = 2t + 2. Let n > 3. Then

0— P/T(Coy: fu) L5 P/I(Tps) — P/I(Tns, fr) — O,
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P/I(Tny) = fn) = RIV(Tn2)]/1(Tnz) @5 RIV(S)]/1(51)] ©n gR[men—an(l]' |
3.33

Let

L= (I<Tn7t)7 fn) = (I(Tn—lﬂf)’ €n, fnfn-i—la fn-‘rlfn-i-l,lv fn+1fn+1,27 SR fn-i—l,t)-

Again,
0— P/I(L:e,) = S/I(L) — P/I(L,e,) — 0.

P/I(L: en) 2 RIV(T2)]/I(To_ss) @p Ren, Du_r, Co_i, (3.34)

P/I(L,e,) = RV(Vho1.)]/1(Th1t) @x R[Ch, Dy). (3.35)

Case 1 If n is odd, then by Lemma 2.1.6 and Lemma 3.1.4 on Egs. (3.33) - (3.35),

respectively,

depth(P/(I(Tn) : fn)) = depth(RV(To—2.0)]/1(Tn-21))
+ depth[(R(V(S)]/I(S)) + 1 + 2t,

depth(P/(L,e,)) = depth(R[V(Yyo14)]/L1(Tr1s)) +t + ¢,
depth(P/(L : e,)) = depth(R[V(Yy—o4)]/I1(Ty24t)) +t +t + 1.
By mathematical induction on n, along with the use of Lemma 3.1.1 ,

depth(P/(I(Tpt) : fn)) =(n—=2)(t+1)—t+1+1+1+2t =n(t+1)—t+1, (3.36)
depth(P/(L,e,)) =(n—1)(t+1)+t+t=n(l+1t)+t—1, (3.37)
depth(P/(L:ey))=(n—=2)t+1)—t+1+t+1+2t=n(1+1). (3.38)
By applying Lemma 2.1.4 and Lemma 2.1.2 on Eqgs. 3.37 and 3.38, respectively,
depth(P/(I(Tpr), fn)) = n(t +1). (3.39)
By applying Lemma 2.1.4 and Lemma 2.1.2 on Eqgs. 3.36 and 3.39, respectively,
depth(P/(I(Yy)) =n(t+1) —t+ 1.
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Case 2 If n is even, then by applying Lemma 2.1.6 and Lemma 3.1.4 on Eqs. (3.33) -
(3.35), respectively,

depth(P/(I(Yny) = fn)) = depth(R[V(Tr—2.4)]/1(Tr-2,))+depth(V(Sy)]/1(Sy))+1+t+t,
depth(P/(L : e,)) = depth(R[V(Yn—2)]/I(Thos)) +1+t+t+t=n(l+t)+t—1,
depth(P/(L,e,)) = depth(R[V(Yyo14)]/I1(Tr1s)) +t + .

By mathematical induction on n, along with the use of Lemma 3.1.1,

depth(P/(I(Tpt) i fn)) = (n—=2)t+1)+1+1+2t =n(t+1), (3.40)
depth(P/(L:ey)) =(n—2)(t+1)—t+1+2t=n(1+1), (3.41)
depth(P/(L,e,)) =(n—2)t+1)+t+1+2t=n(l+1¢)+t— 1. (3.42)

By applying Lemma 2.1.4 and Lemma 2.1.2 on Eqs. 3.41 and 3.42, respectively,
depth(P/(I(Thy), fn)) > n(l+1). (3.43)
Since e,_1 ¢ L and
depth(P/I(L : €q-1)) = V(o)) I(Ta5) @5 RV(S)]/1(S) @5 Rlen 1, €n-2s -
€n—2t, fne21s--- s fo2ts€nts--- enyl. (3.44)
By using induction on n and applying Lemma 3.1.1, we get
depth(P/(I(L:ep1))=n—=3)t+1)—t+1+14+14+3t+t=n(t+1). (3.45)
By applying Lemma 2.1.2 on eq. 3.45 we have
depth(P/(I(Tht)s fn))) < n(l+1). (3.46)
From Egs (3.43) and (3.46), we get
depth(P/(I(Tps, fn)) = n(t + 1). (3.47)
By applying depth Lemma on Eqs (3.40) and (3.47) we get
depth(P/(I(Ypt) = n(t +1). (3.48)

To find the values of Stanley depth, the proof is similar, just by replacing Lemma 2.1.4
with Lemma 2.2.2. O
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Lemma 3.2.5. Let t,n > 1 and P = R[V(Y,,)]. Then

n(l+1), if n is even;

pdim (P/Z(Y,:)) = {n(l +t)+t—1, ifn is odd.

Proof. The desired outcome can be obtained by applying Lemma 2.4.1 and Lemma
3.2.4. O
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Chapter 4

Algebraic Invariants of Cyclic
Modules Associated with Bristles of
Some Circulant Graphs

In this Chapter, we investigate the properties of edge ideals of certain families of
four and five-bristled circulant graphs. We analyze the depth and projective dimen-
sion of the cyclic module R[V(D,,;)|/I(D, ). Additionally, we provide a lower bound
for the Stanley depth of this module.Furthermore, the exact value of regularity of
RV(Dpn1)]/I(Dyy), where D, =: Bri(Con(1,n — 1))] and R[V(En1)]/I1(Ens), where
Ent =1 Bry[(Can(1,2))] also RIV(Fne)l/I(Fnr), where

Fup = Bri(Can(1,n —1,n))]. It is worth noting that the labeling of the graphs corre-

sponds to the conventions shown in Figure 4.1 and Figure 4.2.
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Figure 4.1: From left to right, D, and &, .

Figure 4.2: F,,5 .

Theorem 4.0.1. Letn >3 andq > 1, D, = Br;[C(1,n—1)] and P = Br[R[V(D,.)].

Then
n, if n is even;

reg(P/I(Dyy)) = {n —1, ifn is odd.

Proof. Let n = 3. Then
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P/(I(Dsy) = es) = RIV(To)]/1(Tor) @n RIV(Sy)]/1(Sg) @n Rles, Cr, Ca,
Dy, Dy], (4.1)

P/((I(Dsy4),e3) = f3) = RIV(Tou)]/I(Tor) @n R[fs, D1, Do, C1, Co, C3,  (4.2)

P/((I(Dsy), €3), fs) = RV (T2,0)]/1(T2r) @5 R[Cs, Ds]. (4.3)

By using Lemmas 3.1.4 and 3.1.5 on Egs.(4.1) - (4.3) we obtain,

reg(P/(I(Dsy) : e3) = reg(RIV(Yo,)l/1(To.) + reg(R[V(S,)]/1(S,)), (4.4)
reg(P/((I(Dsy), es) = fs) = reg(R[V(To)]/1(To.)), (4.5)
reg(P/((I(Dsy), es), fs) = reg(RIV(To,)]/1(T2y))- (4.6)

By applying induction and applying Lemma 3.1.1 and Remark 3.1.6 we obtain,
reg(P/(I(Dsy) : e3)) = 1, and reg(P/((I(Dsy4), e3) : f3)) = 0, moreover
reg(P/((1(Dsy), e3), f3)) = 2. Since

reg(P/((I(Dsy), e3) : fs)) < reg(P/((I(Dsy), €3), f3))-

By Lemma 2.3.1(b), reg(P/(I(Ds), e3)) = 2 > reg(P/(I(Dsy) : e3)).
Again by applying Lemma 2.3.1(b), reg(P/I(D;;) = 2. If n = 4, then

P/(I(Dyy) : es) = RV(T10)]/1(T1:) @n R[V(S,)]/1(S,) @x Rles, C1, C3, Dy, D3,

(4.7)
P/((I(Dages) : f1) = RIV(T10)]/1(T1) @n R[fs, Dy, D3, Cr, C3, C, (4.8)
P/((I(Dag, e4), f1) = RIV(T5)]/1(Ts,) @p R[Cy, Da]. (4.9)

By applying Lemma 3.1.4 on Eqs. (4.7) - (4.9) we get
reg(P/(I(Day) « ea) = reg(RIV(T10)]/1(T1) + reg(R[V(S)]/1(S,)), (4.10)
reg(P/((I(Dag, eq) : fa) = 1eg(RV(T1,0)]/1(T1,)), (4.11)
reg(P/((1(Dag, e4), f1) = reg(R[V(Ys,4)]/1(T3:)), (4.12)
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By applying Remark 3.1.6 and Lemma 3.1.1 we have,
reg(P/(I(Day) : €1)) = 3,

reg(P/((I(Ds4), e4) : f1)) = 2. and, reg(P/((I(Day), €4), f1)) = 4. Since

reg(P/((I(Das).ea) : fa)) < reg (RIV(Day)]/((1(Day), ea), f1)).
By Lemma 2.3.1(b),

reg(P/(I(Dyy), 1)) = 4 > 1eg(R[V(Dyy)]/(1(Day) : €4)).
Again by applying Lemma 2.3.1(b),
reg(P/I(Dy,) = 4.

Now we have the following cases:

Case 1 In the case where n is an even number. By applying Lemma 2.3.1(b),
reg(P/1(Dny)) = 1eg(P/(I(Dny), €n)), if,

reg(P/(I(Dny) : €n)) < 1eg(P/(I(Dny), en)).

Since

P/((I(Dny) = en)) = RV (Tng.)]/1(Tn3.0)] @0 RIV(50)]/1(S) @ Rlen, Cr,
Cn_1,D1, D, 4], (4.13)

P/(([(Dn,t)> €n) : fn) = §R[V(Tnfi’),t)]/[(Tnf?nt) ®§R §R[fm Dl, anl,
C1,Ch1,Cyl, (4.14)

P/((I(Dn,t)7 en)a fn) = 9%[V(Tn—l,t)]/](Tn—l,t)] ®§R %[C’m Dn] (415)
By applying Lemma 3.1.4, Lemma 3.1.5 on Eqgs. (4.13) - (4.15),
reg (P/((I(Dne) : €n)) = reg(RV(Tn-s)]/1(Tn_s:)) + RIV(S5e)]/1(Sg), (4.16)
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reg (P/((I(Dns),en) : fn)) = reg(RIV(Tn32)]/1(Tn-34)), (4.17)
reg (P/((I(Dny), en); fn)) = reg(RIV(Tn_12)]/1(Tn-1))- (4.18)
By using induction on n and applying Lemma 3.2.1 and 3.1.1 on

Eqs.(4.16) - (4.18) we have,
reg(P/((I(Dyy) t€y)) =n—34+14+1=n-1,

reg(P/(I(Ds)sen: fu))) =n—3+1=n—-2,
veg(P/(I(Dus) ens fa)) =n—1+1=n.

As, reg (P/((I(Dns), en) : fn)) < reg(P/((I(Dny), en), fn));

by applying Lemma 2.3.1(b),
reg(P/(I(R,t),en)) = n.

Also, reg (P/(((I(Dny) : €n))) < reg (P/(((I(Dnt), n))),

again by applying Lemma 2.3.1(b), reg (P/(({(Dnt))) = n.

Case 2 When n is odd.

P/((I(Dy) = en) = RV (Trz)l/1(Tns,)] ©n RIV(Sg)]/1(S,) @ Rlen, Cr,
Cn—l; D1,17 Dn—l]-7 (419)

P/((I(Dns);en) = fn) = RNV (Tos )]/ I(Tnz1) @0 Rl fn, Dy, Do,
C1,Cr-1,Cyl, (4.20)

P/((I(Dn,t>7 671)’ fn) = §R[V(Tn—l,t)]/](Tn—l,lt)] ®§R %[C’m Dn]7 (421>

By Lemma 3.1.4 and Lemma 3.1.5 on Eqgs.(4.19) - (4.21) we get,
reg (P/((I(Dne) : €n)) = reg(RV(Yn-34)]/1(Tn-s.)) + RIV(Se)]/1(S,), (4.22)

reg (P/((I(Dns), en) : fn)) = reg(RV(Tn34)]/1(Tn-ss)), (4.23)
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reg (P/(([(Dn,t)v en)7 fn)) = reg(%[V(Tn—l,t)]/I(Tn—l,t))' (4'24)

By applying induction on n along with the use of Lemma 3.2.1 and 3.1.1 on Egs.
(4.22) - (4.24) we have,

reg(P/((I(Dyny) 1 €)) =n—3+1=n—2,

reg(P/(([(Dmt)a €n ! fn)) =n-—- 37
veg(P/((I(Das)s en, fu)) =1 — 1.

As, reg (P/((I(Dnt),en) @ fn)) < 1eg(P/((I(Dnt),en), fn)), by applying Lemma
2.3.1(h),

reg(P/(I(Dyy),en)) =n — 1.

Alsoreg (P/(((I(Dny) : €n))) < reg (P/((({(Dny),en))), again by applying Lemma
2.3.1(b), reg (P/((I(Dys))) =n — 1.

]

Theorem 4.0.2. Let n > 3, t > 1 and &,; = Bri(C2,(1,2))]. and P = RIV(E,r)]

Then
2[217], ifn=1 (mod 3);

3
2221 -1, ifn=2 (mod 3);

reg(RIV(E.))/1(6,0)) = {
ifn=0 (mod 3).
21 < reg(KIV(En )}/ 1(6,.0) <2751 +2
Proof. Case 1 In the case where n = 2 (mod 3) . By applying Lemma 2.3.1(b),
tes(P/1(€,.)) = rea(P/(I(Exc),e0))

if, reg(P/(1(Ent) : €n)) < reg(P/(I1(Eny),€n)). We have the following K-algebric

isomorphism:

P/((I(Ens) t en1) t fam2) = RIV(Proa )]/ 1 (Pr-a,)] @ Rlen—1, fo2,
Cny Cn—27 Dn—lu Dn; Cn—S; Dn—3]7 (425>
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PI(I(Ent) : €n-1); fa—2) = RV (Pp—34)]/1(Pr—3:) On R[en—1, Cn,
Chs, Dy1, Dp_s], (4.26)

I

P/((I(Enp), en-1): fo1) = RV (Pro1)]/1(Prn-14) @ R[Cro1, Dna], (4.27)

P/((I(gn,t)a en—l) . fn—l) 7€n) = %[V(q)n—&t)]/I(q)n—ii,t) ®§R §R[fn—1; Cn; Dnu
Dy 2,Chq,C 2], (4.28)

P/((I(Ent),en-1) : fn1) - en) = (RIV(Pra )]/ 1(Prsr)) @5 R]fu1, en,
Cn-1,C1,D1,D,,, Cp—o, Dy o). (4.29)

By applying induction on n and using Lemma 3.2.2 and 3.1.4 we get,

re(P/(1(Ene)  ent) : fa-a)) = eg(RV(Ba s )}/ 1(Br-0)) = 2[ 721 =3,
sincen — 1 =1 (mod 3).

reg(P/(1(E0e) en-1), fa-2)) = 1eg(RV(@a-s )}/ 1(Ba-s)) = 2251 =2,
since n —3 =0 (mod 3).

teg(P/((1(En): en1), fus)) = xeg(RIV(Ba 1)/ 1(@0 1)) = 2/ =]~ 1,
as we have n — 1 = 0 (mod 3).
e (P/(T(E0s)sen-1)  fa-s)sen) = reg(RV (@ 5))/1(@n ) = 2221 =2
since n —3 =0 (mod 3).

(P (I (Encdsen 1)+ Fos s 0)) =RV 1)/ 100 10) = 2251 =3,

Since

reg (RIV(En )/ ((1(Ens) < en-1) : fr2)) <reg (RV(En)]/((I(Ent) : €n1), fn2))-
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By using Lemma 2.3.1(b),

reg(RV(En )]/ (I(Ens) : €n1)) = 2]

Also reg (R[V(E,,0)l/((I(Ene) © en—1) t fum1) t €n)) < reg (RIV(Enp)]/(L(Eny)
€n-1), fn-1),€n). By using Lemma 2.3.1(b),

n—1
3

reg(RV(En )]/ (I(Ent), €n-1) = fo1)) = 2[ 1-2

And reg (R[V(En)l/ ((1(Ent), en-1) = fn-1))) < reg RIV(En )]/ ((1(Ens) < en-1), fo1))-

By using Lemma 2.3.1(b),

n—1
3

reg(RIV(E, )]/ (1 (En)s ea1)) = 2[ =] — 1.

Also reg (RIV(En1)]/((I(Ens) = en—1) < reg(R[V(En1)]/((I(Ent), €n—1). By using
Lemma 2.3.1(b),

n—1

reg(RIV(Ena)]/(1(Ens)) = 2[—5

1-1.
Case 2 When n =1 (mod 3) We have the following isomorphism:

P/((I(gn,t) . 6nfl) : fn72)) = §R[“’(q)nf&t)]/I((I)nf4,1f)] ®§E §R[enflu fn727 Cn;
Cn—27 Dn—lu Dn; On—3; Dn—3]7 (43())

P/((I(Enst) = en-1), fn2) = RV(Pn_34)]/1(Pn-34) O Ren—1, Cn,
Cn_g, Dn—la Dn_g], (431)

PI((L(Enr)sen); fo1) = RNV(Pnr )]/ 1(Prrr)] @ R[Cry, Do, (4.32)

P/((I(Enr),en1) : fa1)sen) = RV (Prz )]/ 1(Pns,0)] @ R fr1, Cn; D,
D, —9,Ch_1,Chs], (4.33)

49



P/((I<gn,t)7 6n—l) . fn—l) . en) = §R[V((I)n—ét,t)]/I((I)n—4,t) ®8? m[fn—la €n, Cn—17
Cla Dla Dn7 Cn727 anQ]- (434>

By using induction on n and using Lemmas 3.2.2 and 3.1.4 on Eqs.(4.30) - (4.34),

we have
et (P/(I(Enr)  eacr) : Focs) = 10a(RIV(Bus )}/ (B0ms)) = 21" 1)
n—1
= B
since n —4 =0 (mod 3). Furthermore
teg (P/((1(En) : €0). fu-2) = re(RIV(Ba )}/ 1@ 5)) = 21 +1
o[-,
as we have n —3 =1 (mod 3).
veg (P/((I(Enr), enr), far)) = reg(RIV(1 )]/ T(noi ) = 2 g a.

asn—1=0 (mod 3).

And

t0g (P/(1(00), n1) * fu) ) = 1eg(RIV(®, )]/ 1(@ 5,)) =271~ 1
since n —3 =1 (mod 3). Moreover

r08 (P/(((Ene),ens) * fu) : ea) = re(RIV(®us )]/ (o)) = 272 1] 2,

Asn—4 =0 (mod 3). As, reg (P/((I(Ent) @ €n—1) : fa2)) < reg(P/((I(E, ) :

€n-1), fn-2)), by applying Lemma 2.3.1(b), reg(P/(I(Eny) : €n1)) = 2["57] =

Also, reg (P/(((I(n), €n1)) : fn-1) = en) <1eg (P/(((I(Ens); en-1)) = fn-1),€ );

by applying Lemma 2.3.1(b), reg (P/((I(Eny), €n—1) © fu—1) = 2[%5*] — 1. Sim-
)

ilarly, reg (P/(((I(Ent), en-1)) = fa1) < 1eg (P/(((I(Ent); €n-1)) © fa-1), by ap-
plying Lemma 2.3.1(b), reg (P/((1(Eny), en-1) = 2[*51]. Also we have,

reg (P/((I(Enr) = en1)) < reg (P/((I(Ent), en-1)),

by applying Lemma 2.3.1(b), reg (P/((1(Ent) = 2[ 1.
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Case 3 :As &,y = ®,,1,UH where H = &5, and ®,,_; ;N H # () by applying Lemma
2.3.4 and 3.2.2

reg(P/1(En1) < reg(RIV(®, 1,0}/ 1@ 1) breg(RIV(@2,)]/1(®5,)) =242

To obtain the second inequality, let M = {{fl, fl,l}, {63, 6371}, {f5, f5,1}, {67, 67’1} ey
{fn=2, fa—21},{en, €n1} clearly M forms an induced matching. Therefore, indmat (&, ;) >
[51]. By applying Lemma 2.3.4, reg(P/1(E,4)) > [5].

]

Theorem 4.0.3. Let n >3, t > 1, F,,;=Br[(Can(1,n — 1,n))], and P = R[V(F,..)].

Then
n—1

2

reg (P/1(Fn1)) = [ Ik

Proof. We have the following isomorphism
P/((I(]:n,t) . fn) = %[V(\I’n—&t)]/[(an—&t) ®§R §R[fna Dn—la Dla Cn7 Cn—1> 01]7 (435>

P/((I(Fnp) fn),en) ERN(Ypo1)]/I(Vno1s) @ R[Dy, Cy), (4.36)

P/I(Fne), fn)  €n) = RV s)]/I(V,3:) @ Rlen, D, Cooy, Ci, (4.37)

Applying Lemma 3.2.3 and Lemma 3.1.4 on (4.35) - (4.37) we have:

rog (P/((I(Fui) ) = xea(RV (W ))/ 100 50) = "1,

n—1
2 £

veg (P/((L(Fue): fu) : €n) = eg(RIV (V)] /1(¥n-s0)) = [ !

Since, reg (P/((I(Fnt), fn)) @ en) < reg (P/(((I(Fnt),en)) : fn), by applying Lemma
2.3.1(b),

reg (P/((I(Fnp), fn), en) = reg(RIV (¥n_1)]/1(Wn-14)) = |

n—1

reg (P/((I(Fua). fu) = "1,

Also, reg (P/(I(Fus) ¢ fu)) < reg (P/((I(Fy1). ). by applying Lemma 2.3.1(b),
reg (P/((I(Fus) = [%52].

o1



Theorem 4.0.4. Let n > 3, t > 1, D, ;=Br[(Con(1,n — 1))], and P = R[V(D,.1)].

Then

n(qg+1), if n is odd;

sdepth (P/I(D,,+)) > depth (P/I(D,+)) = {n(q +1)4+q—1, ifn is even

Proof. Let n = 3, then we have the following short exact sequence,
0 — P/I(Dsy : e3) =% P/I(Ds;) — P/I(Dsy,e3) — 0.

And,
P/(I(Dsy) : e3) = R[V(Sy)]/1(S:) @n Rles, Ca, Cy, Do),

and,

P/(I(Dsy), e3) = RV (To,)]/1(T2) @n R[Ds],
By applyin Lemma 3.1.4 we have,
depth(P/(I(Ds,) : e5)) = depth(RIV(S)]/1(S)) + 1+ + ¢+t +1,
depth(P/(I(Ds4),e3)) = depth(R[V(Yor)]/1(Toy)) +t + ¢,
Now by applying Lemma 3.1.1 and 3.2.4 on Eq. 4.40 and 4.41 we get
depth(P/(I(Dsy) : e3)) = 2 + 2t.

And
depth(P/(I(Dsy),e3)) = 2(1 +t) + 2t.

by using 2.1.4 we get
depth(P/(I(Ds+)) > 2 + 2t.

Also z3 ¢ I so By applying Lemma 2.1.2 we get
depth(P/(I(Ds4)) < depth(P/(I(Dsy : e3)) = 2 + 2t,
From Egs. 4.44 and 4.45 we get
depth(P/(Ds4)) = 2 + 2t.
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Suppose n > 4,

0 — P/I(D,; : e,) — P/I(Dys) — P/I(Dyy,en) — 0.

And
0 —s P/I(L: f,) L% P/I(L) — P/I(L, f,) — 0.
Where
L:=(I(Dnt),en) = (L(Dn-11t):€ns€n1,--s€nt),
then,

P/(I(Dys) : en) = RV (Tnz)l/1(Tns3:) @ RIV(S)]/1(51)) @n Ren, Cn,
C1, D, 1, Dq], (4.47)

P/(L : f) = RNVYus)]/I(Thos:t) @r R[fn, Dn-1,D1,Ch1,C4], (4.48)

P/(L, fn) & RV (To1)]/I(Tr1) @ R[Cp, Dy]. (4.49)

Now we have two cases:

Case 1 If n is odd, then by applying Lemma 2.1.6, and Lemma 3.1.4 on Eq. 4.47,

depth(P/(I(Dy) : €n)) = depth(RV(Tp_s.0)]/1(Tnse))+
depth(R[V(S,)]/1(S,)) + 1 +4t, (4.50)

depth(P/(L : f,,)) = depth(R[V(Yr—5:)]/I1(Tn-ss)) + 1+t +t+t+t+¢t, (4.51)
depth(P/(L, f,)) = depth(RIV(Y,_1)]/1(Tn_1)) +t + ¢. (4.52)

Now by induction and applying Lemma 3.1.1 and Lemma 3.2.4 on Eqs.(4.50) -
(4.52) respectively,

depth(P/(I(Dyy) s €n)) =n(l+1t) +t —1, (4.53)

depth(P/(L : f,)) =n(l +1t) + 2t — 2, (4.54)
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depth(P/(L, f,)) =n(1+t) +¢— 1.

By applying Lemma 2.1.4 we have ,

depth(P/(I(L)) > n(t+1)+t— 1.

Also since 21 ¢ L and depth (P/(L:x1)) =n(1+1t)+t—1,

so By applying Lemma 2.1.2 |

depth(P/(I(L)) < n(t+1)+t—1.

So

depth(P/(I(L)) =n(t+1)+t—1.

Now by applying depth lemma on Eqgs. 4.53 and 4.58 we get,

depth(P/(I(Dpyt)) =n(t+ 1)+t — 1.

Case 2 If n is even, applying Lemma 2.1.6 and 3.1.4 on Eqs. (4.47) - (4.49),

depth(P/(I(Dpy) : en)) = depth(R[V(Lr—34)]/1(Tr-31))

+ depth(R[V(S))]/1(S;)) + 1 + 4t + 1,

depth(P/(L : f,)) = depth(R[V(Tr-34)]/1(Tr-5:)) + 1 + 5t,

depth(P/(L, £,)) = depth(RIV(Y,1))/T(Tuo1)) + 21,

By using Lemma 3.1.1 and Lemma 3.2.4 on Eqs. (4.58) - (4.60) we get,

depth(P/(I(Dny) : €n)) =n(l+ 1),

depth(P/(L: f,)) =n(1+t)+t—1,

By using Lemma 2.1.4,

depth(P/(L, f,)) = n(1 +t).

depth(P/I(L)) > n(t + 1).
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(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)



Also since 21 ¢ L and depth (P/(L : e)) = n(l +1t),

so By using Lemma 2.1.2,
depth(P/(I(L)) < n(t+1).

So
depth(P/(I(L)) = n(t+1). (4.65)

By using the depth lemma on Eqs. 4.61 and 4.65,
depth(P/(I(Dps)) = n(t +1).

For Stanley depth, we use lemma 2.2.2 instead of lemma 2.1.4.
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