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Abstract

This thesis explores the domain of fractional calculus, with a particular focus on generalized

fractional calculus and weighted fractional calculus with respect to functions.

The core research focuses on further exploring the existing theory of weighted fractional
calculus with respect to functions. This theory seeks to prove important results for fractional
differential equations of weighted Caputo fractional derivatives with respect to functions that
have not yet been explored. By investigating the fundamental principles of these operators,
we establish mean value theorems, Taylor’s theorems, and integration by parts formulas. Our
study extends to the Leibniz rule for weighted Riemann—Liouville derivatives with respect
to functions. Additionally, we establish the existence and uniqueness theorems for a class
of initial value problems involving weighted Caputo fractional derivatives with respect to

functions in the Sobolev space.



Chapter 1
Introduction

Fractional calculus (FC) has grown to be a subject of considerable attention by scientists
over the last few decades due to its deep theoretical base and its continuously expanding
applicability [1, 2]. It generalizes classical calculus by introducing fractional order of differ-
integration, allowing for a more comprehensive understanding of complex systems exhibit-
ing non-integer order behaviour. FC is widely applicable in various fields such as pure and
applied sciences, engineering, and biology [3-7].

Unlike classical calculus, FC offers many different possible ways of defining operators of
non-integer order. Since its establishment in 1695, several definitions of fractional differin-
tegral operators have been developed. Detailed studies in this field can be found in the works
of well-known authors such as Samko et al. [8], Kiryakova [11], Diethelm [9], Podlubny
[10], Kilbas et al. [12], Hilfer [6], and Tarasov [13].

Over time, definitions of fractional operators have evolved significantly, leading to nu-
merous ways to generalize Cgc—nn f(z) for non-integer n, starting with two main types, the RL
and the CFD. The RL derivative, introduced in the early 19th century, is historically the first
and has a well-established mathematical foundation. However, it poses certain challenges
when applied to real-world problems. To address these challenges, the Caputo derivatives
was developed. Although it is related to the RL concept, it includes modifications which
make it more suitable for some applied problems. More recent studies have further ex-
panded the scope of fractional operators, including Hadamard, tempered, and weighted frac-
tional calculus (WFC), to name just a few [14-16]. A broad class of fractional operators in
this field is the class of FC with analytic kernels proposed by Fernandez et al. [17]. Recent
advancements in the field included the introduction of general fractional derivatives with So-

nine kernels by Luchko in 2021 [18], the development of operational calculus for general

1



fractional derivatives of any order by Al-Kandari et al. [19] in 2022, the generalization of
FC with Sonine kernels through conjugation relations by Al-Refai and Fernandez [20] in
2023, and the study of operational calculus for general conjugated fractional derivatives by

Fernandez in the same year [21].

Furthermore, an important class usually called FC with respect to functions, represents
a broad and significant area within the field of FC. The concept was first introduced by Li-
ouville in 1835, who suggested fractional integration with respect to functions [22]. Later,
in 1865, Holmgren formally proposed the notion of fractional integrals in this context [23].
Gradually, the idea of this generalized class in FC gained significant attention in several
subsequent papers. Notably, Erdélyi made significant contributions in 1964 [24] and 1970
[25], followed by Talenti in 1965 [26]. In 1971, Chrysovergis examined some fundamental
properties of integral operators of this generalized class [27]. Subsequently, many renowned
researchers, such as Osler in 1970 [28, 29] and Samko et al. [8], further advanced the study
of this topic. Recent work by Fahad et al. [30] focuses on algebraic expressions of conju-
gation relations between the original classical operators and their corresponding generalized
versions, offering valuable perspectives for both theoretical and practical developments in
FC.

WEC with respect to functions, is another important class of FC. This concept was ini-
tially addressed by Agrawal in 2012 [31, 32]. In his work, he introduced a type of operator
called weighted (also reffered as scaled) FC with respect to functions. He also discussed
how these operators can be applied in probabilistic modeling and variational calculus [32].
Recent studies have thoroughly examined the theoretical properties and corresponding frac-
tional differential equations of these weighted fractional operators (WFO) [33-36].

Our work in this article focuses on WFC with respect to functions, extending the work
by Fernandez and Fahad [16], and providing a foundation for future research in the area of
WEC. Fahad and Fernandez examined conjugation relations, provided illustrative examples,
and investigated Laplace transforms and convolutions in the context of a general class of
WEC with respect to functions. This general class includes special cases such as Hadamard-
type and tempered operators with respect to functions, which have also been extensively
researched for their detailed properties [15, 37]. Motivated by the work of researchers such
as Diethelm [38], who studied the mean value theorem (MVT) for fractional operators, Ri-
cardo in 2017 [39], who examined the MVT and integration by parts formulae for CFD with
respect to functions, and Osler’s formulation of the Leibniz rule for RL fractional derivatives

with respect to functions in 1970 [28], our contribution in this paper lies in generalizing



these concepts within the framework of WFC with respect to functions, which has not been
previously addressed in the literature. Furthermore, Trujillo et al. [40] derived the general-
ized Taylor’s formula in the setting of RL fractional operators, and Mali et al. [37] recently
discussed Taylor theorems for {)—tempered fractional derivatives. Many researchers have
extensively investigated Taylor’s theorem, its generalizations, and their diverse applications
[41-43]. Drawing inspiration from these contributions, we explore the generalized Taylor’s
formulae tailored for WFO with respect to functions.

In recent years, significant research has been done into the initial value problems (IVPs)
of FDEs. Various fixed-point theorems have been utilized to derive interesting results related
to the existence, uniqueness, and stability of [VPs of Caputo FDEs with respect to functions
[37, 44, 45]. In contrast, our article focuses on establishing the existence and uniqueness
of the IVP for weighted Caputo FDEs with respect to functions within the framework of
Sobolev spaces. Inspired by the work of [45], our approach provides a distinct perspective in
determining the existence and uniqueness solutions for such IVPs of weighted Caputo FDE
without requiring the continuity of the function.

In this thesis, the content is organized as follows: Chapter 2 is related to the historical
background of FC, providing essential preliminaries. This chapter reviews key milestones
and contributions of mathematicians who have shaped the field. It also introduces essential
concepts, including function spaces and foundational principles that are essential for under-
standing the definitions of fractional operators. In the Chapter 3, the focus shifts to FC with
respect to functions along with their properties, offering a thorough understanding of the
operator.

Chapter 4, the main chapter of this thesis, is divided into several sections. Section 4.1
introduces weighted FC, detailing its unique properties. Section 4.2 provides detailed in-
formation about WFC with respect to functions. Section 4.3 presents the MVT for WFO
with respect to functions, including the MVT for generalized RL fractional operators using
conjugation relations. Section 4.4 includes Taylor’s theorem for weighted Caputo and RL
fractional derivatives with respect to functions. Section 4.5 establishes the integration by
parts formulae in the context of this operator. Section 4.6 covers the Leibniz rule formu-
lae for RL fractional derivatives with respect to functions, weighted calculus, and weighted
RL fractional derivatives with respect to functions using conjugation relations. Section 4.7
addresses the IVP of weighted Caputo FDEs with respect to functions, focusing on the ex-
istence and uniqueness within a Sobolev space framework. The final chapter provides a

summary of the main results and concluding statements.



Chapter 2
Fractional calculus

This chapter focuses on the historical development of FC and provides detailed informa-
tion about special functions, such as the gamma, beta, and Mittag—Leffler (M-L) function,
along with their properties. Following this, we discuss the function spaces associated with
FC, which help us understand the behaviour of fractional operators. We then define these
operators and examine their key properties, such as linearity, the semigroup property, and

composition relations.

2.1 Historical development of fractional calculus

FC originated in correspondence between Leibniz and L’Hospital in 1695. In a letter from
1695, L’Hospital asked Leibniz about the meaning of a non-integer order derivative. Leibniz
responded, describing it as an apparent paradox that might yield valuable results someday.
This exchange sparked interest among many renowned mathematicians, including Lacroix,
Laplace, Euler, Fourier, Abel, Riemann, and Liouville, all of whom contributed to the devel-
opment of FC [46]

In 1819, Lacroix developed the formula for the n'* order derivatives. He started with the

function u(z) = x* where k is a positive integer, and derived the k" derivative [46].

n klah—n
D u(:c) = m, n < k,
Lk +1)ak™m
Dhu(z) = —— T
R v —



where, D = %. Since the above expression can be defined for non-integer numbers by

replacing integers k and m by o and ¢ respectively.

IN(SER g

Du(x) = Tc—ot D)

By settingn =1 and 0 = %, Lacroix obtained

1 I'(2) 1/2 \/E
Dax = T =24/ —.
() .

In 1823, Abel used FC to solve the tautochrone problem, demonstrating the practical utility

of these concepts. Later, Liouville made significant advances by defining fractional deriva-

tives for exponential and power functions, as shown in his two formulas [46].

DO 0T — aaea:r:7
(=D T(a+o0)

DOy~ —
x F(a)xa+a

The RL fractional integral, developed in the late 19th century, provided a unifying defi-
nition that encompassed earlier work by Lacroix and Liouville. This definition remains one

of the most widely used in FC today.
Throughout the 19th and 20th centuries, FC expanded rapidly, with contributions from

mathematicians such as Grunwald, Letnikov, and Riesz. For detailed history and additional

references, see [8, 46, 47].

Although FC was just recently formalized as a mathematical field, its foundational ideas
date back thousands of years. FC concepts are somewhat similar to Archimedes’ work on
the geometric methods he used to calculate areas and volumes. Significant progress was
achieved in the study of non-integer derivatives in the seventeenth century. Fractional order
derivatives were studied by the Swiss mathematician Johann Bernoulli, mainly in relation to

infinite series and differential equations [47].

Gottfried Wilhelm Leibniz, a German mathematician, and philosopher best recognized
for his contributions to the invention of calculus, attempted in the beginning to expand the
calculus framework to encompass non-integer orders. The concept of "transcendental calcu-
lus" proposed by Leibniz suggested that fractional derivatives may be handled, although his
work was still mostly theoretical [48].



In the mid-19th century, mathematicians such as Joseph Liouville and Bernhard Riemann
played significant roles in formalizing FC. Riemann introduced the RL fractional integral
operator, which provided a rigorous foundation for fractional integration. Building on Rie-
mann’s work, Liouville defined fractional derivatives, laying the groundwork for the field
now known as FC [47].

The late 20th century saw a rise in interest in FC due to developments in mathematical
analysis and its applications in various scientific fields. Scientists realized how useful FC
is for simulating intricate phenomena with memory, non-locality, and aberrant behaviour
[49]. Applications for FC have emerged in several disciplines in recent decades, including
signal processing, physics, engineering, biology, and finance [3, 5-7]. Theoretical advances,
computational methods, and real-world applications of FC in complicated problem-solving
are still being investigated in ongoing research [49].

2.1.1 Distinction from integer-order calculus

FC distinguishes itself from classical integer-order calculus by extending the concepts of
differintegration to fractional order. While integer-order calculus deals with derivatives and
integrals of integer orders FC generalizes these operations to include arbitrary fractional
orders. This extension allows FC to capture complex phenomena that exhibit non-local be-
haviour, which is not adequately described by classical calculus. In integer-order calculus,
derivatives represent rates of change or slopes of functions, while integrals correspond to
accumulation or area under the curves. In contrast, fractional differintegrals introduce non-
local effects, where the value of a function at a certain point depends not only on its local
behavior but also on its history over a specific interval. This distinction enables FC to pro-
vide more accurate models for systems with long-range interactions, anomalous diffusion,
and fractional dynamics, making it a valuable tool in various scientific and engineering ap-
plications.

2.2 Special functions

Certain mathematical functions are assigned unique notations and names because of their
significant roles in mathematical analysis, physics, and other fields. In this context, we will
discuss some special functions relevant to our work, such as the gamma, beta function, error,
and M-L Function.



2.2.1 Gamma function

Swiss mathematician Leonhard Euler developed the gamma function in the 18th century to
extend the concept of factorials to include non-integers. This mathematical extension allows

for the calculation of factorials for any positive real number, rather than just whole numbers.

The factorial function extended to complex numbers is denoted by the Gamma function,
denoted by I'(¢) and defined by [9]

) = /OO ssTle™*ds (>0, (2.1)
0

where Re(() denotes the real part of ¢, which is called Euler’s integral of the second kind
and Euler’s Gamma function. The Gamma function has several important properties and
applications in various fields of mathematics, including complex analysis, number theory,
and probability theory.

2.2.1.1 Properties of gamma function

The following are some of the properties of gamma function [9]
(i) If ¢ > O then, I'({ 4+ 1) = ¢I'(¢), known as functional equation for gamma function.
Proof. Putting ( = ¢ + 1 in the definition of Gamma function (2.1), we have
L(¢+1)= /OO ste™* ds. (2.2)
0

Integrating by parts, we get

D(C+1)=—s%""

+ / ¢s¢ e " du. (2.3)
s=0 0

The first term on the right side of (2.3) now goes to 0 in the case where ( > 0. The
required result was obtained by applying the definition of gamma function. However,
the first term on the right side of (2.3) is undefined in the case where ( < 0. Therefore,
the integral formula doesn’t work for a negative (. To evaluate the gamma function for
¢ < 0 aside from the non-positive integers, we thus use the mathematical analytical
approach known as analytic continuation. [



(ii) The function I'(¢) can be extended analytically to be meromorphic across the entire

complex plane, exhibiting simple poles at the non-positive integers. The residues at
(="

n!

these poles are given by (I', —n) =

(iii) For positive integers ¢, the gamma function satisfies I'(¢) = (¢ — 1)

Proof. The proof uses the mathematical induction technique. First, in the base case
when ¢ = 1, we get that I'(1) = 0! = 1, as it satisfied by property (i). Before moving
on to the induction stage, we make use of the property (i) as well as the assumption

that comes from the induction process.

I(C+1) = (T(¢) = ¢(¢ — 1) = ¢l

The desired outcome is reached by following this process.

G(v) T(1) = 1.

Proof. This property is straightforward. By substituting ¢ = 1 into the property (iii),

we directly obtain this result. [
) T'(Q) = nh—>nolo () (?ﬁé @L which is called Guass’s product formula.

2.2.1.2 Extension domain of gamma function

The Gamma function can be extended to a larger domain using the following property:

Q) = TC+ 1)
i) =

This allows us to define the Gamma function for ¢ € C\ {0,—1,—2,...}, where it has

simple poles. Furthermore, by recursively applying Equation (2.4), we obtain
I'(¢+n)
CC+1)(C+2)---((+n—1)

where n is a positive integer. Thus the gamma function is extended for all real numbers
except( =0,—1,—-2,...

(2.4)

I'(¢) =

for ¢eC\{0,—-1,-2,...}, (2.5)



2.2.2 Beta function

The beta function, denoted as B((,n), is a special function in mathematics that is closely
associated with the gamma function. It was first studied by Leonhard Euler, a Swiss mathe-
matician, and Adrien—Marie Legendre, a French mathematician. The beta function as defined

[9], involves the integrating the product of two power functions over the interval [0, 1] as

' —1 n—13..__ L(OT'(n)
/O:cC (1—2) dz_—F(§+77)’

where ¢, € RT. The relation between beta and gamma function can be written as

T'(()T(n)
L(C+n)

The integral in the first equation is known as Euler’s integral of the first kind or Euler’s Beta
function B((,n).

B(¢,n) =

2.2.3 Mittag-Leffler function

Extensive research has focused on the M-L function, which is named after the Swedish math-
ematician Gosta Magnus Mittag-Leffler, and has been generalized in various ways. Wiman
[50] was the first to introduce a generalization of this function, and it was later rediscovered
and thoroughly analyzed by Humbert and Agarwal in 1953 [51].

Dzherbashian [52] introduced integral representations for the two-parametric M—L func-
tion and established formulas for its asymptotic behaviour at infinity. These formulas were
then employed to develop Fourier-type integrals and establish theorems regarding the point-
wise convergence of these integrals. The details of the M—L function can be found in [52]

and the references included there.

One parameter Mittag—Leffler function. It is a special function, known as the one—
parameter M—L function, which is defined by the series

E = - 2.6
¢(s) FZOF@JH)’ (26)

where ( > 0,2 € C



Gosta Mittag—Leffler’s work on this function has led to various generalizations and
applications, particularly in the fields of mathematical analysis, integral equations, and FC.

The M-L function satisfies specific relations for special cases [52], as outlined below:

[e.e]

Ei(+s) = Z(ﬂymg—il) = et

%0 2
By(~s) = ;(—1)}(%11) = cos(s),
2 - %
Ey(s%) = Jz; T2 11 = cosh(s),
© §9/2

B (+s'?) = Z(i—l)Jm

In this context, the symbols erf(s) reffered as error function and erfc(s) stand for the

= e*/m(1 £ erf(+5?)) = e’erfe(Fs/?).

complementary error function.

Two parameter Mittag—Leffler function The two-parameter M—L function is a generaliza-
tion of the classical M—L function 2.6, defined as

— I'(Cy+n)

And, 2.6 is a special case of 2.7, where n = 1, denoted as E¢ 1(s) = E¢(s).

Eca(s) = (¢>0,neC). (2.7)

J

2.3 Function spaces

Certain function spaces are introduced here, which will be utilized in the sequal.

Definition 2.3.1. [8] Let £ = [c, d], and r > 1. The Lebesgue space denoted by L, is the set

of all measurable function z, such that, {z : ||z||, < oo}, where

1
d T
||ZHLT(£>—< / rz<r>|’"df) ,

||Z||Loo(§) = esssup|z(T)|
TEE

If r = oo then, we have

where esssup is the essential supremum of a function z.

10



Definition 2.3.2. The set of functions represented by AC"[c,d| contains functions which

posses derivatives up to order (n — 1) on the interval [a, b] and are absolutely continuous.

This means that for a function u, there is a corresponding function z in L'[c, d] such that the
following holds

u™ V() = uV(e) + /1 z(T) dr,

C

where, 7z = u™.

Russian mathematician Sergei Lvovich Sobolev defined the Sobolev spaces, denoted by
W™ (c,d), in the 1930s. These spaces consist of functions whose generalized derivatives
up to the m'* order belong to the L"(c, d) space and whose partial derivatives satisfy specific

integrability conditions.

Definition 2.3.3. [65-67] Let 1 < r < oo, m be an arbitrary non-negative integer and (c, d)

be an open set in R™ . Then, we have the following definition of Sobolev space

W™ (¢,d) ={z € L (¢,d) : D’z € L"(¢,d),0 < |o| <m}.

2.4 Fundamentals of fractional calculus

This section will discuss the fundamentals of FC, including the definition of fractional oper-
ators and their properties.

2.4.1 RL fractional integrals and differential operators

The RL fractional integral operators extend the classical Riemann integrals to the case of
non-integer order. It is defined on the space of Lebesgue integrable functions L'[c, d].

Definition 2.4.1. /8, 9]/ Ifo > 0, c < x < d, and u € L'[c,d). Then, then left and right RL

fractional integral operators are defined as

BLTou(z) = % /Cx u(s)(x —s)7 tds, x>c,
d
BLTY u(x) = %/x u(s)(s —x)7 tds, x<d,

respectively. When the order o of the integral operator is set to zero, then it corresponds to

the identity operator as "'T0 = FFT0 = I.

11



These operators extend the concept of integration to fractional orders, providing a power-
ful tool for various applications in mathematical analysis and applied fields. Next, we define
RL fractional differential operators, which extend integer-order differentiation to noninteger

(fractional) orders in FC.

Definition 2.4.2. [8, 9] The left and right RL fractional differential operators of order o > 0

of a function u € AC"|c, d], can be expressed as

RLDow(x) = o n IL s
ct Dx ( ) F(n _ 0_) (D) /C (;E _ S)U_n'H d )
8D ua) = gy (D) [ e

respectively, where D" ==L andn = |0 + 1.

Notice that the RL fractional derivatives defined in Definition 2.4.2 can be seen as an
analytic continuation of the RL fractional integrals outlined in Definition 2.4.1. This means
that the RL fractional derivatives in Definition 2.4.2 can be considered an extension of the

RL fractional integrals in Definition 2.4.1 through analytic continuation as follows

Blpou(z) = BT 7u(x), o >0, z>c, (2.8)
BDT u(x) = F T u(z), o>0, z<d (2.9)

Using analytic continuation principles, we can extend the findings from fractional integrals
to include fractional derivatives.

Example 2.4.1. [8, 9] If k" and +* be power functions, where k = (z — ¢), v = (d — z),

a > —1 and o0 > 0. Then, we have the following power rule formulae

I'(1
L ou A ) B2 (2.10)
I'l4+p+o)
RLIU,’}/# — F(]' + lu) cr+,u'
v T D1+ p+o0)

Proof. Using the definition of RL integrals, we obtain

1 v KH
RL~ o
I7k! = d
ct a:’i F(O’)/cv ([L'—S)l_a S,

12



substitute s = ¢ + t(k) = ds = dt(k), wheret — las s — x andt — 0 as s — ¢, then
we have

RL~o 1 ! (t“)“(’f)
YLK = —d
: >A<mxr%» t

1 b gotugn

_ / dt
I'(o) Jo (1—t)'7°
otp 1 B

S / L
L(o) Jo (1—t)'7

By the definition of the beta function, we obtain

ROTH I(p+ 1)K7H

- F(a)B(”+1’U): T(p+o+1)

Similarly, we can do this for the second identity and by using the fact analytic continuation,

we can obtain the result for the derivatives of RL as follows

L(p+1) o

RLTyo
Dot — M7 7
R (7

o>0, p>-—1.

]

Using the power rule, we can easily evaluate the integral and differentials of constant
functions and other simple power functions.

Example 2.4.2. Consider 0= and ;z = 0 in Example. (2.4.1), we get

N

1 3 e
2

)T

3
RL~73,.0
Tiad = —
“ i +1

_ 4
3T

<1l+owithr # 1, q # 1in case

Nt

)

Theorem 2.4.3. [8] Ifu € L"(c,d), v € Li(c,d), * +
of % + % = 0 + 1. Then the following formulae holds

1
q

/C ()BT (v) d = / BT () de

d d
/u(x)ffpg(v)dx:/ v(2)FEDT_ (n) da. (2.11)

To ensure that functions u, v satisfies (2.11), a simple sufficient condition is that both func-
tions are the elements of space C'lc, d|. Furthermore it required that the fractional derivatives
BLD? and DS exists for every x € [c,d].
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2.4.2 Properties of fractional integrals and derivatives

This subsection discusses some fundamental properties of fractional differintegrals, includ-

ing semigroup properties and composition relations.

Lemma 2.4.4. [8, 9, 12] If 01, 05 > 0 and u € L"[c, d|. Then, the following properties hold

almost everywhere on x € [c, d|

I I () = I (),

BLTT FET%20(2) = FPIT 2 u().
Additionally, if u € C|c, d], then the properties hold to the entire interval [c, d).

Theorem 2.4.5. [8, 9, 12] Assume that two functions u, and vy on interval [c, d), with RL
fractional integrals and derivatives existing almost everywhere, and constant (1, (o € R.
Then ﬁLI;f(Clul + (ouy), fLDg, (C1uy + Gouy) exists and

STI (G + Gua) = G TIw + G DYy,

RL RL RL
ot Dg((lul + C2u2) = C10+ Diu; + C20+ D7y,
which shows the linearity of fractional operators.

The next results describe the compositions of RL fractional integral operators with the
RL fractional differential operators. The RL fractional derivatives are the left inverse of RL

fractional integrals, but the converse is not true.

Lemma 2.4.6. [8, 9, 12] If o > 0, then for the function u € L"|c, d], the following relation
holds

et DY I7u(r) = (@),

+ D I u(r) = u(w),
almost everywhere on [c, d).

Lemma 2.4.7. [12] If o1 > 09 > 0, then for 1 < r < oo the function u(z) € L"[c,d), the

following relations hold

DY IPu(w) = I (),

flpa BLTo2y(z) = BRZ72 7 ().

14



almost everywhere on [c,d|. Additionally, if o1 = n € N, where D = %, 0o > n, then the
following relations holds

D" BI7u(e) = BT (),

D" FT%u(x) = (—1)"F I u(w).
Lemma 2.4.8. [12] Assume that o > 0, n € N, and the fractional derivatives BLD3, B2D7_
BLDr+o and BLDIT exists. Then

D" RDgu(z) = PED7 " (a),

D" DI _u(z) = (-1)"*D5 " u(x).

Proposition 2.4.9. [8, 9, 12] Ifu € AC"[c,d|, where n = |o| + 1. The following composi-
tion relation holds true for order o >

e+ 7 FD7u(z) = u(z) -

2 TE DG () = u(z) -

for0 <o <1,

RL 0 RLyo o _ (
ct Ix ct Dxu(x) - u(w) F(O‘ + 1) et

+ L 2 Diu(z) = u(w) —

2.4.3 Caputo fractional derivatives and their properties

The CFD was studied by Michele Caputo in 1967, while investigatingn a solution to bound-
ary value problems in viscoelasticity theory [74]. It has a primary advantage in that its initial
and boundary conditions are similar to those of integer-order differential equations, mak-
ing for easier interpretation. It is widely used for solving fractional differential equations in
practical applications due to its ability to simplify the modelling process.
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Definition 2.4.10. [9] The left and right CFD of order o > 0 of a function u € AC™, can be
defined as

1 ¢ DMus)
C D° — / d
ct xu<x> F(n . O') . (ZL‘ . S)J_TH_I S, T > G,

CD7_u(z) = “4W)/ (D%“)(k z < d,

I'n—o )

wheren = |o| + 1, and D = £

dz™”

Example 2.4.3. [9] If x* is the power function, where k = = — ¢*. Then, for u > 0,

n = |o| + 1, we have the following power rule

¢ oy J 0 ife{0,1,2,...,n—1},
ct x(’%) - T'(u+1) p—c .
m(m) , ifpeNandpy>norpu¢ Nand p>n— 1.
By the Definition 2.4.10, it is clear that D" (k(z))* = 0, if « = 0,1,2,...,n — 1. Thus
¢ D7 = 0. Similarly, when o € Nand 1 > nor u ¢ Nand o > n — 1, we have
I'(p+1) _
D" (k(x))H = =———(r)" " 2.12
() = s () @.12)

Substituiting (2.12) in Definition 2.4.10, we get

(o = e (e )

lp—n+1) \I'(n—0 x — g)Hntl

F(w+1) rign-opyun . Dlp+1)
r(u—n+1)gz"’” e iy

(K)*~7, by (2.10).

Next, we will present some basic properties of CFD and the composition relation of RL

integrals and Caputo derivatives.

The CFD is also a left inverse of the RL integral but not the right inverse of the RL
integral.

Lemma 2.4.11. /9, 12] If 0 > 0 and function u is continuous. Then, we have

o DI TTu(w) = u(x),

e Da-2"Ii-u(w) = u(x).
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Proposition 2.4.12. [9, 12] Assume that o > 0 and function u € AC"[c,d], where n =

|o| + 1. Then
LroC — Du(c)
ST Du(r) = u(z) - (=),
=
n—1

FITSDu(r) = u(w) -

Additionally, for 0 < a < 1, u € AC|c,d] oru € Clc,d], then

A ITGDIu(r) = uz) — ue),

FLT7CDE u(e) = u(z) - u(d).
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Chapter 3

Fractional calculus with respect to

functions

The concept of FC extends the ideas of differintegration to non-integer orders. Several types
of FC operators have been proposed and can be categorized into general classes. FC with
respect to functions, is a significant and important area within the field of FC. The concept
was first introduced by Liouville in 1835, who suggested fractional integration with respect
to functions [22]. Later, in 1865, Holmgren formally proposed the notion of fractional in-
tegrals in this context [23]. Gradually, the idea of operators of FC with respect to functions
gained attention in several subsequent papers. Notably, Erdélyi made significant contribu-
tions in 1964 [24] and 1970 [25], followed by Talenti in 1965 [26]. In 1971, Chrysovergis
examined some fundamental properties of integral fractional operators with respect to func-
tions [27]. Subsequently, many renowned researchers, such as Osler in 1970 [28, 29] and

Samko et al. [8], further advanced the study of this topic.
In 2017 [39], Almeida defined CFD with respect to functions, explored their properties,

and presented various miscellaneous results. Later on, Sousa et al. presented the ¢)—Hilfer
fractional derivatives, which combines the {)—RL and Caputo derivatives. Almeida et al.
[55] in 2018, considered equations with ¢)—CFD and their applications. In 2019, Almeida
[58] described additional properties of fractional integrals and derivatives and conducted
a numerical study with ©—CFD, describing fractional relaxation oscillation. Almeida and
Malinowska in 2021 [59] studied systems of equations with 1-CFD.

In recent studies, Fahad et al. [30] have contributed to the field by studying this class
of fractional operators. They focus on algebraic expressions of conjugation relations (which
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were first mentioned by Samko et al. [8] and in the book by Kilbas et al. [12]) between the
original classical operators and their corresponding generalized versions, offering valuable
perspectives for both theoretical and practical developments in FC.

This chapter focuses on a generalized class of FC known as ¢—FC. We aim to establish
a base by introducing spaces and key definitions that will be utilized and interconnected
throughout the chapter. We recall the generalizations of L space, denoted by L, (c, d), which
have been discussed in the literature. Here, we simply start this chapter with the definition
of spaces without an explanation of its properties or application. Throughout this chapter,
the following notations will be adopted: *Z7 and F*Z7_ denote the left and right fractional
integrals with respect to functions, respectively. Similarly, 2-Dg, B-Dg_, €. D7, and D7
denote the left and right RL and CFD with respect to functions, respectively.

3.1 Function spaces

First, we mention the definitions of L;(c, d) space (r-integrable functions with respect to a

function ¢) and ACY.

Definition 3.1.1. [62] The L (c,d) space is a collection of functions defined on [c, d] that
are integrable with respect to the function ¢ that is L(c,d) = {z izl < oo}, where

1= ( / e (o) ds> :

|5 = esssuplu(s)].
c<z<d

1 <r < oo, where

|2

and

Definition 3.1.2. The space AC}[c, d] is defined as

1 d
¢'(s) ds

Note that, L{,(c, d) = L"(c, d), if ¢ is bounded on [c, d]. Moreover, by making the change
of variable in the definition of p—RL integral as ¢(s) = £, we establish a relationship between

AC’;‘[c,d}:{z:[c,d]—)R: ( )nz(s)EAC’[c,d]}.

these spaces. Specifically, a function u belongs to L;(c, d) if and only if the composition
u o ¢! belongs to L"p(c), p(d)).

19



Lemma 3.1.3. [62] For any u € L] (c,d), r € [1,00), we have
?LIZu(x) = (RLIZ<C+)H op~t) o p(x).
Proof. We start with the definition of ZXZ9u(x)

1 * / o—1
o / & (5)((2) — (s))" uls) ds.

Tou(x) =

By making the change of variable p(s) = &, the integral transforms. Specifically, we
substitute s with ¢~1(£), and the differential ds changes accordingly. Let & = ¢(s), then
d¢ = ¢'(s)ds. As, s =c¢c = & = p(c"),s =2 = & = p(x). Thus, the integral
becomes

PN S LR R
BT = g7 [ () =9 uGe @) e

This integral now looks like the definition of the original RL fractional integral Ig(cﬂ but
applied to the function u o o~

B17u() = (BT (wo ™)) (pl2)).

This means that the fractional integral ﬁLI; , can be expressed as the standard fractional

integral *, | Z7 of the function u o ¢, evaluated at o (z). Therefore

B17u() = (B T (wo ™)) (pl2)).

This completes the proof by showing that the (o—fractional integral is equivalent to the origi-

nal integral of a transformed function. U

Theorem 3.1.4. [62]If0 < 0 < 1and 1 < r < oo, then the following statements are valid

(i) The operators ﬁLIg, gLIg, are continuous from L [c,d] to Li[c,d] for every 1 < q <
— ifl<r<?i
—or g

(ii) The fractional operators "'17, ''I7_ are continuous from Lic,d] to Li|c,d] for

every1§q<oo,ifaz%.

(ii) The fractional operators iLIf;, gLIg, are continuous from Li[c,d] to Cc, d}, if % <
o < 1. Additionally, the operators "', T"T7_ are continuous from L[c,d] to

Lg[c, d] for every r < q < oo,
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3.2 Fractional operators with respect to functions

In this section, we mention the key definitions with suitable function spaces.

Definition 3.2.1. [30] Let u be an integrable function and ¢ € C|c, d), with ¢ be an increas-
ing positive montone function on the interval [c, d|, such that, for all x € [c,d] ¢ # 0. Then

the operators 'l T7u(x) and F*I7 u(x), of order o > 0, are defined as

RLTO (1) — 1 ‘ U(S)SOI(S) s r>c
o Tpulo) r<a>/c (@) —p(s)ie & T2
RLT0 () — 1 a U(S)W(S) s -

s Zinlo) r<a>/$ (o) — ol @ T

respectively.

Definition 3.2.2. [30] If 0 > 0 and ¢ € C"[c,d|. Then the operators Dou(x) and
ELDIu(x) can be define as

ﬁLDgu(x) =D, <f+LIg_”u(x)> , T >,

DT u(x) = (-1)"D} (ﬁLIngu(:U)> . x<d,

1 d

@' (z) dz”

where D, =

]

Also, the p—RL derivatives in Definition 3.2.2 is the analytic continuation of the p—RL
integrals 3.2.1. Therefore, we can efine both ffIg and ﬁLDg for all values of ¢ > 0, as

previously menioned.

Definition 3.2.3. /30, 39] Let 0 > 0, —o0 < ¢ < d < 00, u,p be two functions in
space C™[c,d], where ¢ be an increasing positive monotone function in interval [c,d| and
¢'(x) #0,n = |o| + 1. Then the operators fﬂ)g and ng of order o can be defined as

ng;u(x) = ng;L_” ('DZu(x)) , x>,
oD u(x) = (—1)"CT3° (Dgu(g;)) . z<d

d

1
¢ (z) dz”

where D, =

8

When ¢(x) = x in the above definitions, they coincides with the original RL operators

as defined in Definition 2.4.1, 2.4.2 and 2.4.10. These generalized fractional operators can
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be expressed as the conjugation of the original fractional operators with the operation of
composition with the function ¢. This is obtained using the functional operator Q,, defined

as

Qpu(z) = u(p(z)).

Proposition 3.2.4. [8, 12, 30] The operators in 3.2.1, 3.2.2, and 3.2.3 can be expressed as

the conjugation of the original RL fractional operators

ST = QeofenTi o Q) T = Qe o Ty 0 Q) 3.1)
— ng gp(c+)’DU o Q 1 RLD27 — ng RLDO’ 8 O Q<p17 (32)
g’Dg = ng @(CﬂDZ o Q; C,Dgf = Qgp CDJ )y © Q_ (3.3)

Many properties of generalized fractional operators can be difficult to establish directly.
However, the concept of conjugation relations, introduced in works like Kilbas et al. [12]
and samko et al.[8], offers a powerful tool. These relations connect a generalized operator
to well studied classical operators, such as the RL and Caputo operators. This connection
allows us to efficiently prove properties in the generalized setting by utilizing the existing

knowledge from the classical framework.

Example 3.2.1. [8, 12] Assume that the power functions are given by % and p®, where
k= p(x) —@(c), p=w(d) — @(x). Then for ¢ > 0 and o > —1, the power rules for ¢o—RL
fractional operators can be expressed as

I'(l+«)
RLo .« o+a
A ==
5 T Tator )"
RL1'07 a F(]' + Oé) o+a
v IMNa+o+1) ’
I'l+a)
RLyo .« a—o
D ==
or Tl F(a—a—i—l)ﬁ ’
I'(l+ )
RLyo ,« a—0
DS pt= ———
o TaP MNa—o+ 1)p
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We can easily verify this power rule by using conjugation relations as
BT = Qp0 e TE 0 O
= Q.0 [FhTiw = ¢(0)"]
['(a+1)

— 0,0 [t e - o]

Fa+1) ko
Fa+o+1) '

Similarly, the other three relations, the right ¢o—RL integrals power rule, and the left and
right (o—RL derivatives power rule can be derived using analogous methods. By applying the

original results and the conjugation relations, we can find or show the remaining relations.

Example 3.2.2. Consider the power functions k* and p®, where kK = p(z) — ¢(c), p(x) =
¢(d) — ¢(z) and o > 0. Then for o > 0, we have

C oo — 0, ifae{0,1,2,...,n—1},

v Fgfiﬁl)mo‘_a, ifoeNanda ¢ Nora >nanda >n—1,
Cpe o — 0, ifae{0,1,2,...,n—1},
v %pa”, ifo € Nanda ¢ Nora >nanda >n — 1.

We have already proved the left (o—RL integral power rule using the conjugation relation.
Similarly, we have conjugation relations for the left and right ¢o—CFD, as

ng “=Q,0 S<c+>7?§ 0 Q 'k,
oD = Qp 0 DY 4y 0 Q1%

forn —1 < a ¢ Norn < a € N. We can verify this by using a similar method as we
have done in the above example. And Dgr* = Dy p* = 0,if a = 0,1,2,...,n — 1. Thus,
ngmo‘ =2 DIp*=0.

Example 3.2.3. For the function ¢(z) = x in Definitions 3.2.1, 3.2.2, and 3.2.3, the resulting
operators are the RL fractional integral, derivatives, and Caputo derivatives of order o, as
mentioned in Definitions 2.4.1, 2.4.2, and 2.4.10.

Example 3.2.4. Consider the function ¢(z) = log(z) in Definitions 3.2.1, 3.2.2, and 3.2.3,
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we have the following Hadamard fractional operators

. 1 T u(s) ds e
o+ Tiog1(@ )‘r<a>/c (log(®))1-7 > 6
U o B 1 d u(s) ds .
2300 = 15 | ot 5 £ <

called left and right Hadamard fractional integrals, respectively. The corresponding left and

right Hdamard fractional derivatives are

g d " n—o
ngogu(x) = ($%> Ilog u(z), z=>c,

I DI u(z) = (—xi)nmz” “u(z), x<d,

log dx log ~d—
respectively.

d n
C o n—o
c*Dlogu( ) - :Z’-log <l’%> u(l‘), xr > c,

a n—o d "
ggD u(z) = gId, (—xg) u(z), = <d,

called left and right Caputo—Hadamard fractional derivatives respectively.

3.3 Properties

This section provides some fundamental properties of generalized fractional operators by

using conjugation relations.

Lemma 3.3.1. Let 0y, 09 > 0, u € L'c,d], p € C'[c,d] and an increasing monotonic
function. Then the following semigroup property hold

I‘” fLI” (z) = §L1;1+02u(x),

gLI‘” T2 () = FFI7 2 u(x).
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Proof. We will prove semigroup properties by using conjugation relations as follows

§+L1'21+02 ( ) Q%’ o( c+ 101+02 © Q ( )
u:x — u(z);
Q, () rx — U(¢_1($));
¢(0+)I;1+"2 o Q;l(u T, c+)I 2u(p(z));

Qy 0 y(et) Iy T 0 Q;l(u

) :
)i — Q%f’ ( )Lz o IUQQJu(a:)) :

x> Q, (W 7o Q Qw) IO (1:)) :

Q0 (eI 0 Q1 (u) 1w — Qy ( (I Q Qw) (L2 Q;lu(x)> :
- (QW(C+)I§1 Q; ) (pr(cﬂzg? Q;l) u(z).

By using relation (3.1) we get,
g_LI;1+U2u(:1;) = C+Ig%$)c+zg%x)u(x).
We can obtain the same result by using the same method in a slightly different way, as follows
BT BTzu(e) = (Qp 0 BT 0 Q1) (Qp 0 fL. T2 u(x) 0 1) ()
= Q,0 @ c+ Ve R( T2 0 Q  u(x).
Since we have a semigroup property for original RL integrals as mentioned in Lemma 2.4.4
RLTo BT () = (Qp 0 B T2 0 )1 () = BETZu(a)

[

The properties of fractional operators were summarized in the previous chapter. The
properties of ¢—fractional operators can be immediately derived using conjugation rela-
tions. Specifically, the semigroup property for ¢—fractional integrals has been demonstrated
through this relation. This conjugation relation serves as the main tool for deriving the prop-
erties of generalized operators. To avoid repetition, the remaining properties, which are

straightforward to prove, have been omitted.

Lemma 3.3.2. Forn € N, o > 0. Then the integer order p—derivatives and ¢—RL intgerals

have a semigroup property as follow
<D RLDf;u(x) = ﬁLDng”u(x).

@ ct
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Once again, we find that the ¢—RL and ¢—CFD of a function act as a left inverse of the
©—RL fractional integrals. However, the o—RL and (o—CFD are not the right inverse of ¢o—RL

fractional integrals.

Lemma 3.3.3. Let 0 > 0, function u, ¢ € C|c,d]. Then, for an increasing positive function

©», we have

o DY FIu(x) = u(z)

DG I u(x) = ().
Lemma 3.3.4. Let 0 > 0, ¢ be an increasing positive function and u € C"[c, d]. Then
e D A Igu(z) = u(w),
ng,fLIg,u(x) = u(z).
Theorem 3.3.5. If 0 > 0,  be an increasing positive function and v, p € C"|c, d| such that
n—1

RLyo RLyyo _ : -0 (p(z) — ()"
o+ L7 o+ Dou(r) = u(x) — Ilincn+ 7 %u(x) - Mo +1)

| 1 (old) — @)
< o—d- I(o—g+1)

gLIg,ﬁLDg,u(x) =u(z) —

Additionally, for 0 < o < 1, we have

HT7 HDIu(x) = u(x) — (el) ;(f)(c>>a_l Tim, I'"u(z),
gLIg,gLDg,u(a:) =u(z) — () ;(igx))gl J}ijﬁl T %u(x).
Proposition 3.3.6. Let functions v, ¢ € C"[c,d]. Then for o > 0, we have
R
T3 D7 () = (o) — 3 Ty Do) - VD o))

Additionally, for 0 < 0 <1 = n = 1, we have the following composition relations
I Dgu(x) = u(z) — u(c),
gLZg_ ng_u(x) =u(d) — u(x).
Proof. Proof of these composition relations is straightforward via conjugation of the original

RL operators in Theorem 2.4.9. U
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Chapter 4
Weighted fractional calculus

Weighted fractional calculus (WFC) and WFC with respect to functions is another general-
ized class of FC that extends the original FC. In 2012, Agrawal introduced the concept of
weighted/scaled fractional differintegrals with respect to functions, marking the inception of
scaled FC. This work, detailed in his studies [31, 32], explored the applications of these op-
erators in variational calculus and probabilistic modelling [32]. This approach can be viewed

as a combination of FC of a function by functions and WFC.

In 2020, significant progress was made in this field. Abdeljawad et al. [33, 35] investi-
gated WFOs with respect to functions, studied their properties, proposing a modified Laplace
transform suitable for these operators, and investigating the existence of positive solutions
for WF order differential equations. Al-Refai [34] examined weighted Atangana—Baleanu
fractional operators in the same year. Then, in 2021, Liu et al. [36] provided some general
results related to the weighted CFD, further advancing the mathematical framework for these

operators.

In 2022, Fahad et al. [16] presented a comprehensive study on WFC and its extension
to WFC with respect to functions. Their work emphasized the significance of conjugation
relations with classical fractional operators and studied various fundamental properties. They
explored some special cases of these operators named as Erdélyi-Kober, Hadamard-type, and
tempered operators and suggested modifications to the Laplace transform and convolution
operations. Additionally, they effectively dealt with ODEs within the framework of these

general operator classes.

In 2023, a new weighted fractional operator was introduced by Sabri T.M. Thabet et al.

[72]. This operator was based on a modified generalized M-L law. Their research, centred
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on the study of generalized WF derivatives and integrals in the Caputo and RL sense. The
research also identified various special cases and key properties such as series versions and
weighted Laplace transforms.

This chapter provides the definitions, properties, and some new insights related to these
operators. Throughout this chapter, the following notations will be adopted: fﬁLIj;;w and
RLI&’,W denote the left and right WF integrals with respect to functions, respectively. Simi-

%)
larly, 3¥D7 ,, BDg_ , €. D7, and DY denote the left and right weighted RL and CFD

piw? d=sw? et T
with respect to functions, respectively.

4.1 Weighted fractional calculus

In this section we mentioned the definitions and properties of weighted fractional calculus.

Definition 4.1.1. [16, 32] If function u € L*(c,d) and o > 0, then the operators "'I7. , and

RL7o
o L., can be defined as

BT7 u(z) = m /jw(s)u(s) (z—s)"""ds, z>c
v 0w [l s—a
BT ate) =i [ <

respectively, where w € L*>(c,d).

Definition 4.1.2. [16, 31, 32] If w,u € AC"[c,d]. Then the operators *''D3. , and F*Dj

d—w

of order o > 0 can be defined as

d
RLDe u(z) = (w(a:)-l

hel)) BT
d n
BD; o) = (~wle) o)) BTG,
respectively, where ¢ > 0 andn = |o] + 1.

Definition 4.1.3. [16, 31, 32| Let u € C"[c,d], weight function w with w # 0. Then the

operators &, Dy, and “Ds. ., are defined as
D (o) = BT () o)) ute),

CDg le) = BT (o) (o)) uta)
’ ’ T
respectively, where ¢ > 0 andn = |o] + 1.
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The above definitions can be wriiten as conjugations with the original RL and Caputo
fractional operators as following.

Proposition 4.1.4. The operators defined in Definition 4.1.1, 4.1.2, and 4.1.3 can be repre-
sented as the result of conjugating the original left and right RL fractional operators with

the operator M, where M u(z) = w(z)u(z).

RL o —1 RL~ o
ct Zx;w - Mw O o+ :Z::E ° Mw?
RLyo -1 RLyo
ct Dx;w = Mw O o+ D:c ° MO-M
C 1o -1 C o
oDy, =M; o D7 oM,

w

In the case of right WFO with respect to functions, conjugation relations are given by

x

RLyo RLpyo -1

x Dd—;w :Mwom Dd— OMw )
Cmyo _ Cyo -1
:th*;w - Mw Ode* OMw :

RLo _ RL0o —1
Id—;w - MUJ Oz Id— OMUJ )

The weighted RL derivative extends the concept of the weighted RL integral of order
o > 0, where integrals of negative order are interpreted as derivatives of positive order as

Blpg., = EMT..7. This property allows both of these operators to define all values of o > 0.

Proof. The conjugation relations for the left WFO have been comprehensively proven in
Fahad’s work [16]. Now, we extend this by proving the conjugation relations for the right

WEFO as follows The initial result 72Z9. = M, o B2T9 o M is straightforward. Both

types of WF derivatives involve the composition of the WF integral with the operator % —

w 9
repeated n times. It is enough to demonstrate that this integer-order operator also satisfies

. . . d / d 1
the conjugation relation - — - = M, o 7~ o M.

dx w

M, o % o M tu(z) = My o [d% (%)]
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Example 4.1.1. If x(z) = (a:—(cg ,o0>0and p > —1, then

P(14p) (z—o)"
F'l+p+o0) w(z)

Il+p (@—o"”
Fl+p—0) w(x)

RLT7 k(a) =

Y

"Dy, k() =
And for some ;1 > o], we have
0, if e {0,1,2,....n—1},

C+p) (z—c)*°
F(l+p—0o) w(z)

G DY k(x) = (4.1)

otherwise.

Proposition 4.1.5. If 0 > 0 and u(z) = k", where k = x — c for some ;. > —1, then we

have the following power rules for weighted RL operators

)

- I'(1 otutt
gLI;'.wu(x) _ Se ( + H + g) (K/)
: — MMAl4+o+p+l) wx)

= I'(1 l poott
gLDgwu(x) — Se ( + K + ) (/{)
’ — M1+ p—0+0) w(x)

where for { = 0,1,2, .. = lim Diw(x) satisfies the following infinite series

z—ct

<
w(z) =Y =k (4.2)
Proof. By using conjugation relations together with (4.4), we can write

RL -1 . RL
ct Ig;w (H)'u = Mw O o+ I:(Z ° Mwmu
oo

= Mo (B Tiw(@) ()| = MGt o | BETZ Y S(w)! ()

(=0
oo
_ Se
=M 1lo ZEEEI;;M”
— !

1 —  l(1+p+10) ot
v K!F(l—i—a—i-,u-l—ﬁ)

I
<

oo

=S GzF +M+€) i
- /)
/=0

T4+ o0+p+l) wx)
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We have successfully proven the first identity with the detailed steps provided above. The
second identity can be derived directly from the first by using analytic continuation [16]. [

We obtain the following corollary by putting 1+ = 0 in the above proposition.

Corollary 4.1.6. If 0 > 0, then for Kk = x — ¢, we have

RL+0o _ G Se
et Lr(1) = z:; IF'l+o+/0) w(x)’

/io—ﬂ—e

> l—o
RLo Se K
D: (1) = :
ct x,w( ) ;F(1+€—U)w($)
Proof. By setting ;1 = 0 in Proposition 4.2.7, we get
o o+l
RL7o ¢ K
7 (1) = .
ct z,w( ) ;F(1+U+€)W($)
Similarly, we get the result for the second part by using analytic continuation. [

4.1.1 Properties

This subsection outlines the essential properties of WFC, including the semigroup property

and composition relations.

Lemma 4.1.7. [16] For o, > 0, 03 > 0, and u € L*(c,d) the WFO have the following

semigroup properties

L0 RETo u(e) = BETO (),

swet
fLIC[l’i ;waIgf;wu(x) = fLIgi:”u(x)

Lemma 4.1.8. [16] For o, > 0, 05 > 0, and u € AC"*71+1[c d], we have
DDI u(z) = XD (), o1 >0, neN,

Proposition 4.1.9. [16] For the weighted RL fractional integrals, the following composition

property is valid when the semigroup property is not

n

o—4
RLIO'. RLDU. _ _ (l' _ C) . W(C) B RLDU.—Z
ct Frwet x,wu<x) u(x) Zz:; F(U iy + 1) (JJ(QL‘) xi?"’ ct xw u(x),
n d— o—¢
B () = ule) = 3 St DL ()



where 0 > 0 and n = |o| + 1. The function u can be any function for which the relevant

expressions are well-defined. In particular, it is sufficient for u to belong to C"[c, d|.

Proposition 4.1.10. [16] For the Caputo weighted derivatives, the following composition

relations are valid when the semigroup properties are not

< (z—0) w(c W\
i 4 Cpgwu@):u(x)—z( L0y (i+—> u(@),

wet =0 4 w(a:) z—ct

D d—2) wz W\’
B3 D i) =ule) - Y5 S i (-2

=0

where 0 > 0, n = |o| + 1 and u € C"[c, d] is sufficient.

4.2 Weighted fractional Calculus with respect to functions

This sections explore the definition, properperties and some new insights related to this gen-
eralized class.

Definition 4.2.1. [33] The generalized weighted Lebesgue space L;;w(c, d) as the class of

measurable function z, is defined as L, (c,d) = {z Nzl < oo}, where

d H
el = ( / \w(s)z(sW(s)ds) 7

2]/ 3 = esssup|z(s)],
c<x<d

and when r = oo, then

where weight function w # 0 and ¢ be a strictly increasing function on interval [c, d|.
Considering p(s) = s, w(s) = 1 in above the definition, the space L, (c,d) concides
with the Lebesgue space L"(c,d) [8].

Next, we define the WFO with respect to functions.
Definition 4.2.2. [16, 31, 32] If u € L(c,d) and o > 0. Then the operators 17, , and

RL7o
o Li-., are defined as

R u(x) =

ST ou(r) = =5 [ u()@(s)w(s) ™ (p(s) — ()’



respectively, where o € Cl|c,d| and is strictly increasing function and w € L>®(c,d) is a
weight function.

Definition 4.2.3. [16, 31, 32] If u,w € ACy [c, d] where ¢ is an increasing positive function
with ' > 0. Then the operators ﬁLD;;w and gLDg__w of order o > (0 are defined as

et D u(w) = ( - —w(l’)> Iy (),

g ) = (~ 45 L)) By i)

respectively, where o > 0 and n = |o| + 1. Additionally, for 0 < o < 1, we have

BDZ(0) = s geele) ) BT u(),

8D u(x) = (— :8 : %w (196)) LTI (),

Definition 4.2.4. [16, 31, 32] Let u € C}|[c, d], weight function w and increasing function
are in C e, d] with ¢' > 0 and w # 0. Then the operators ng;w and ng_ ., of order o >

are defined as

wx) ™t d "
mg;wu(:c):ffzz;( o -@wm) u(a)

OpI u(x) = BLzne _w(x) -iwx_l nux
chd*;w ( ) [} Id—;w( s0/(@,) dr ( ) ) ( )7

respectively, where 0 > 0 and n = |o | + 1. Additionally, for 0 < o < 1, we have

Do u(r) =Ty (wgp(/gi)x) : %(A@) u(x),

Cpo u(x) = BLTl-o _W@)'iwxq ulz
D o) = B2z, (-5 ko)) uto)

Remark 1. [16] By defining operators of WFC through conjugation relations, as described

in Section §4.2.1, we can recover the existing fractional operators by appropriately choosing
the weight functions w and the functions ¢. This framework provides a unified approach to

studying and generalizing various special cases, including

e when w(z) = 1 or any constant k& and ¢(x) = z, the Definitions 4.2.2, 4.2.3, 4.2.4

reduce to the original RL and Caputo fractional operators [8, 9].
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e the tempered fractional operators obtained as a special case using w(z) = ¢" and
(x) = z. This definition can be found [37] and the references listed therein.

e when the functions w(z) = e and ¢(x) = log(z) are used, they gives the Hadamard-
type FC, as mentioned in the literature [14, 15].

e when the function w(x) = 1, it can be simplified to the p—fractional operators [8, 30]
o w(z) = ") permits the p—tempered fractional operators [15, 37].
e when w(x) = €™ and p(z) = 2", we obtain the operators Erdelyi—Kober FC [8, 12].

e when () = log(p(x)) and w(x)=p(z)*, it gives the Hadamard—type fractional op-
erators with respect to functions [15].

4.2.1 Conjugation relations and their importance

Conjugation relations play a significant role in FC, facilitating the understanding of new gen-
eralized operators and their relationships. In the context of WFC with respect to functions,
the operators involve conjugation relations. Fahad and Fernandez [16] provide a detailed
analysis of left WFOs in the context of generalized WFC. In the case of right WFOs with
respect to functions, a conjugation relation is established by dividing by the weight function
w, applying the ¢—fractional operators with of the same order, and then multiplying by the
weight function w again. One of the advantages of conjugation relations is their ability to
serve as a powerful tool for establishing properties and proving fundamental results for nu-

merous generalized fractional operators in terms of certain fundamental fractional operators.

Proposition 4.2.5. [16, 30] The operators in Definition 4.2.2, 4.2.3 and 4.2.4 can be ex-
pressed by conjugation of the original left and right RL fractional operators or p—fractional
operators with the operator M., defined as M, u(x) = w(z)u(z)

RL4o __ -1 RLo

e+ Loy = M o Z7o0 M.,
RLyo  __ —1 RLyo
ct D(,D;w - Mw O ct DSO (o] ij

CC+'DU. =M 1o gﬂ);oj\/lw,

pw w
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In the case of right WFO with respect to functions, conjugation relations are given by

RLT0o o RL0o —1
) Id*;w_MWoap Id*on )
RL o _ RLyo -1
o Dg-., —/\/lwo@ Dj_ oM,
Cryo _ Crmyo -1
wa’;w =M, o0 Lp’Dd* © Mw .

4.2.2 Examples and properties

This subsection examines the properties of WFOs with respect to functions. Many properties
have been extensively studied in previous works [16, 31, 33]. We will discuss some of these
established properties as well as new results specific to these operators. Previous studies
typically focused on power rules that include weight in the denominator and composition
relations for o > (0. However, this work introduces the power rule of these operators without
including any weight in the denominator and composition relations for 0 < o < 1. These

new results are used to derived the main results.

Proposition 4.2.6. [16] Let u(x) = #’:ﬂ) be a power function, where k. = (x) — (c) and
o> 0and p > —1, then

(14 p) wHT°
I'l+p+o0)w(x)’
D(1+p) wk*°
Fl4+upu—o)w(z)

er I u(w) =

er D u(r) =

And for some 11 > ||, we have

0, ifpef0,1,2,....n—1},

P(1+p) gr—©
I'(l4+p—0) w(x)’

&DI u(z) = (4.3)

otherwise.

Proposition 4.2.7. Consider a power function k", where k = @(x) — p(c) and o > 0 for
some p > —1, then

RLIU KJM o gfr(y’ + g + 1) KO—+M+£
ef Tew T — Mo+p+L+1) w(x)

—o+4
TRSPER TS W
’ =l (p—o+0+1) w(z)

Y

Y
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1,2,...

where for { = 0,1,

z—ct

= lim Dé (x) satisfies the following infinite series

4.4)

Proof. By using conjugation relations together with (4.4), we can write

gLI;;w’iu = M;1 o gLI; o Myr"

= Mo [BETgw(a)n |

o -1 o Z m
=M, I g‘ KK
_Ag-l - SCRL7o putl
=M o Z@gﬁz 0

| =0
:M—lo = §5F<1+/L+£)
© —~ (1 +0+p+1)

o0

1+J+u+€) w(x) '

o+pu+e

We have successfully proven the first identity with the detailed steps provided above. The

second identity can be derived directly from the first by using analytic continuation [16]. [

By putting i = 0 in the above proposition, we get the following corollary.

Corollary 4.2.8. If 0 > 0, then for k(z) = p(x) — ¢(c)
> o+
RL:Z"O’I 1) = Se K
o Lol ;F(1+0+€)w(x)’
> l—o
BLDe (1) = S
e+ Doull) ZF(1+€—J) w(z)

T
o

Proof. By setting 1+ = 0 in Proposition 4.2.7, we get

R ( ) 0 < HU—!—Z
ot Ia.w 1 - .
& Zz:o 140 +¢) w(z)
Similarly, we get the result for the second part by using analytic continuation. [
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Lemma 4.2.9. For o, > 0, 090 > 0, u € L}O(c, d) the following semi-group properties hold
for WFO with respect to functions

RToL FET2 () = BEIZ 7 u(a),

piwe
ngg;ngzgzwu(x) = ’;ng;fj?u(x).

The composition relations of WFO with respect to functions also referred to as the right

inverse property, which have been already studied [16, 33].

Proposition 4.2.10. [16] Ifu, w € C7le,d, and k = ¢(x) — ¢(c), where ¢ is an increasing
positive function, then the following composition properties for WFO holds

n o4
RL+o RLpyo _ Z K w(€) . RLee
ct I@;wc+ Dg&;wu<$) - u(x) - o F(O’ — (¥ 1) : W(l’) : xllgle ct Dgo;w U.(ZL’),
: « & wl(e)
A pr’;wcq 2. u(r) =u(r) — — - lim D), u(z)

If0 <o <1, then

ALo RLD; Ju(z) =u(zr) — lim ﬁLI;;”u(x) :

piwet T Parost (o) w(z)’
RL4o C o o W(C)
ct Iga;wc""D(p;wu(x) - u(x) - CL)(.CE) U(C).

Proof. As this result has already been addressed in [16], we follow similar steps of proof
presented in that paper, but here we follow for 0 < o < 1. Since n = |o | + 1, this implies
that n = 1.

]

4.3 Mean value theorem

The MVT for fractional operators provides a generalization of the classical MVT to the field
of FC, enabling the analysis of functions with non-integer order. The classical and fractional
forms of this theorem are further detailed in [38]. This section aims to prove the MVT for
WEFO with respect to functions. Before presenting our main results, we will first review some

preliminary findings that will be helpful in proving our main theorems.
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Theorem 4.3.1. [[57], Theorem 4.2d] If y, z are integrable, then convolution product y * z

Jrwszt= [ [ 121

Remark 2. Since y and z are integrable with a strictly monotonic increasing function ¢

exists and is integrable

and continuous on a closed interval then by [[56], Theorem 7.2.7-8], yo is also integrable.
Since the inverse of a strictly increasing function is also an increasing function, and the
inverse of a continuous function is also continuous then by [[56], Theorem 7.3.14], y o 1
is also integrable. Then by Theorem 4.3.1 ¢-convolution y *,, z is integrable, where y *,, z
is defined as

Yroz=Qp <*(y090_1a2090_1)>-

Generalized MVT in terms of classical integral calculus [38] can be expressed as

d d
/tu@szmo/zme 4.5)

where some constant ¢ € (¢, d), y € C|c,d], z is Lebesgue integrable on closed interval [c, d]

and is sign consistent in [c, d].

Theorem 4.3.2. Let 0 > 0, o € C'c, d] be an increasing function, z be Lebesgue integrable
on [c,d] and sign consistent in the interval (c,d|. Assume thaty € C|c,d), then ¥ x € (c,d]
3 some constant { € (c, x), sucn that the MVT for fffg can be written as

I (x)y(x) = y(O T (x). (4.6)
If o > 1 and z € C|c, d), then this result holds for every x € (c, d|.

Proof. By using the definition of "/ 77, we get

RLgo, (0 () = L [ Y2 (s)
HI(@)) = s | o

Assume that 0 > 1 and z € (c, d], then (p(z) — @(s))l_o is continuous. Thus, the function

o(2)—p(s)) " 2(s)¢! ()
h(s) = LA

is integrable and has a consistent value in the interval (c, d],

then we get

ﬁ%pmmmz/Z@MQw

38



By the classical generalized MVT, we obtain

BT ()yla) = y(<) [ bl ds =y OTZe(a) @
Here, further, we have two cases.

(1) If 0 < o < 1 and function 2 and ¢ are continuous then the same line of proof works.

(i) If 0 < o < 1 and function z is only integrable and ¢ is a continuous strictly monotone
increasing function ¢ then by Remark 2 integrability of function & holds for almost all

x.
U

If we consider ¢(x) = x, then (4.6) reduces to the RL fractional MVT mentioned in [38].

If we put z(z) = 1 in Theorem 4.3.2, we get the following relation

(e(@) —p(c)”

I'c+1)
Theorem 4.3.3. Assume the hypothesis of Theorem 4.3.2 and the weight function w €
Cle,d]. If ¢ € (c,d], then there exists some constant ¢ € (c,x), such that the MVT for

RL7o :
o L7, can be written as

S I7y(x) = y(<) (4.8)

BETO 2 (2)y () = y(QO RIS, 2(x). (4.9)

Proof. We prove the MVT for ﬁLIg;w by using conjugation relations

BT, = MG o BT o M,
We begin by applying the operator M, to the product z(x)y(x)
Mez(2)y(z) = wlz)z(z)y(z).
Now, applying the integral operator ﬁLIg, we obtain
S IIMz(2)y (o) = ETw(a)2(x)y(2).

Assume that h(z) = w(x)z(x) then, we get

r TgMuz(z)y(e) = I h(@)y ().
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Then, by the MVT (4.6), we have
HIGMz(2)y(x) = y(OF Ih(x) = y(Q) T2 (w)w(x).
Finally, applying the operator M_;" yields the MVT for FZ7,  as follow

MG IIMz(@)y(w) = MG y(Q) T2 (w)w(x)
= y(OMG FIIMz(w)

w ct

= y(QOH L2 ().

As a special case, if we set w(z) = 1 in the above theorem, we recover the MVT for the
operator ﬁLIg. Furthermore, if we take z(x) = 1 in Theorem 4.3.3 and apply Corollary

4.2.8, we obtain the following simplified relation

LT (@) =y Y o

=0

Se
4.10
CEYES e (410)
By taking w(x) = ¢*¥(®) in (4.10), we recover the MVT for tempered fractional integrals
with respect to functions, as established in [37]. This shows that our result includes the

tempered fractional integrals with respect to functions as a special case.

Proposition 4.3.4. Ifo > 0, p € N, and u € AC}*P|c, d], then ¥ q € N, and for some
(€ (c,x) C(c,d),d € (x,d) C (c,d), we get the following expressions

T r > _ l+qo

RL7o )q (RLIDU. ) _ (RLDqg > Se (p(x) — p(c))

<c+ 3w ct ow u(x) ct Pow U(C) ;0 l—w(g +qo + 1) )

rRL7o  \? (RLpo \" _ (RLpyo " o St - l+qo

(7)) (57P8) @) = (D) w0) X oot ) = ela)
Proof. By using the semigroup property for fractional integrals, we can write

RLo RL4o __ RL-qo
c+I<p;wo'”oc+I<p;w_c+IAp;w‘

J/

TV
q—time
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Utilizing the Definition 4.2.2 together with (4.10), we have

(gLI;W)q (gfpg;w)r u(z) = REe7, (ﬁLD;Wy u(x)
1 el (D7) uls)e(s)
w(z)l'(go) / (p(x) — p(s))' ™"
= (Mp7,) w(ORTI ().

_ (RLpgo \" > St ((z) — p(c)) e
= (’3 Dw> u(¢) ; L(0+qo +1) w(@) |

ds

with this final step, our proof is complete. Similarly, the second part can be proved by using

a similar strategy used to prove the first part. [

Theorem 4.3.5. Assume the hypothesis of Theorem 4.3.3 with 0 < o < 1. Then, ¥V
z € (c,d], 3 some constant { € (c, x), such that the MVT for ¢, DY, , can be written as

w(z)y(xr) — wlc)y(e)
APeO) = S ) - el (10
Proof. Using the Definition 4.2.2 together with MVT (4.10), we get
. T el
Igo wc+D - C+D<p wy( )F(O'> ( ) / ( ( ) (S))1_g d
S (o(z) — o(c))™**
= D¢ ;F£+a+1 w(x) '
By using Proposition 4.2.10, we obtain
w(e) v oy S St (o(z) — p(c))™?
- Se o
w(z)y(z) — we)y(e) = & DLL(C) ; m(s&(fﬁ) —¢(c))

_ w(z)y(z) —w(chy(ch)
>0 Ty (P (@) — p(e)

This concludes the proof. [
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Theorem 4.3.6. Assume the hypothesis of Theorem 4.3.3 with0 < o < 1. Then, ¥V x € (c, d|,

3¢ € (¢, ), such that the MVT for "D, , can be written as

z)—p(c))o 1
(mmm—%w( ) Jim BT0(w))

fﬂ—)c
Z )—¢(c))tte
g " z+a+1)

Proof. By using the Definition 4.2.2 and (4.10), we obtain

HDI(C) =

IgngDg?‘”y(x) - f*LDg;wy(C)F( i (v) /w (90( o ds

(4.12)

= DS (O To (1) = DY () 3 P Z el

V) = Ry ey A T )
__ RLvo = Q(QO(QU) — (p(c))ﬁ-‘ra
=+ Dy (C) ;0 w@)'(l+o+1)
wla)y(z) - P ;g;c”g_ ole )xlgg L)
> G ( ))E+U
Dluwylc % & £+a+ 1)
(1tedwlo) — E2RE ) tim 2TLry(o))
D7) =

(e))te
> o F(tur—fﬂ)

This completes the proof.

wE)(l+o+1)°

]

Remark 3. The results presented in this section extend the classical mean value theorems

to the context of fractional operators. Specifically, we have demonstrated that these general-

ized theorems hold for a broader class of functions and operators. Specifically, if we consider

o =1, w =1, ¢ = z, the results reduce to the classical mean value theorems. Chossing

¢ = x and w = 1, the results reduces to the fractional operators [38, 41]. Setting the weight
function w = 1, the results simply reduces to the (— fractional operators [39]. Additionally,
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when w(z) = e*(@ our results corresponds to the p—tempered fractional operators [37],
incorporating an exponential tempering effect. These special cases demonstrate the flexibil-
ity and consistency of our generalized approach, providing a coherent link to classical and

modern results in fractional calculus.

4.4 Taylor’s theorem

This section presents Taylor’s theorem for weighted CFD and RL derivatives with respect
to functions, which represents a more generalized form of Taylor’s theorem. Many different
types of generalizations of Taylor’s theorem have been explored in the literature [37, 39, 40,

63], including RL and Caputo fractional operators.

Theorem 4.4.1. Assume that 0 < o0 < 1, m € N, and y be any function such that Serpfwy
exists and is continuous ¥ { = 0,1,2,...,m + 1. Then, ¥ x € [c, d] and for some constant

¢ € (¢, x), we have

1 ;e selip() = (o))
y(z) = o(@) <cC+Dsow> y O; F(1+¢+o(m+1))
” o\ Gpla) = ()
+ w(c) Kz:; (cCﬂLDso;W) y(c) I'(1+ to)

Proof. For different values of ¢, we find the difference between the given function, by using

the semigroup property, we get
L £ 0+1 41
(72.) (972.) wio) - (B1z.)  (9P5.) @)

¢ l
(672.) vl - Bzo, 0D, ((Emg;w) y(a:))] .

__ RL4o
—ct I(p;w
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By using Proposition 4.2.10, we get

- N\ w(c) [ olx) = ()
= (gLDso;w) yle)- w(x) ( P(fo +1) > |

Summing this result over ¢ from 0 to m, we obtain

mt1 " (0) N (e(@) = o(c)*
_ (RL~o C mno o .
oy (7)™ (@) o = 25 e iy (L
(4.13)
By using the MVT (4.10), we get
m+1 m+1
Bz (Gog,)" ye) = (S70)" v
0 _ L+o(m+1)
= F€+J(m+1)+1) w(x)
Substituting (4.14) in (4.13), we obtain
Come N AN S (p(z) = p(c))Hotm+D
=4D2.
w(o) X~ (¢ ¢ o) —e()*
Dy, .
* w(z) g <C+ W") y(e) ['(lo+1)
Thus, we obtain the desired result. O

Theorem 4.4.2. Assume that m € N, 0 < 0 < 1 and y be any function such that RLDCP WY
exists and is continuous ¥ £ = 0,1,2,...,m+ 1. Then, ¥V x € [c,d] and for some ( € (c,d),
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we have

1 Lo\ e selip(a) — () o tm D
w(z) (R DW) 16D EF(€+U(m+1)—|—1)

m 2) — ol o(6+1)—1 ¢
'y (o )F(a((pé(jz)l)) w(e) lim s (gLDZ;J y(@)

Proof. Initially, we find the difference between the function for different values of ¢, by

using semi-group property, we get
(Fzz.) (500 v — (Fzz.) " (202.) )
(#02.) vlo) - Bz e, ((2z) y<x>)] .
By using Proposition 4.2.10, we get
(%z2.) (Bop) v — (%22.) " (o) v

y4
ezt | (o) v

_ RL+lo
— ct :Z‘-ap;w

¢
~{ (#pr,) yi) -

(‘P(x) - @(C))J .w(c) lim g_LI;;a <§LD;.W)£y($>

:R_‘_LIEU
€ i F(O’) CU(,I T—ct

o—1
RL—to (QO(I)_@(C)) w(e) . Rrisi-o (Rime \'
= Lo w(z) I'(o) xll>I£l+ o Lo <C+ DW") y(x)

(p(2) — p() " .
B O EE T R (#Dz.) vl

Summing this result over ¢ from 0 to m, we get

m+1 m+1
y(l’) - <§‘LI<Z;UJ> <5"LDZJ;w> y($)
o(l+1)—1

= 3 (SO(SE)_ . RLrl—o (RLpmo \°
_e; To 1) ) e Few (BD2,) v @)
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By using (4.10), we get

S\ N B o sep(x) = p(c))7tmrbe
(?—FLISOM) (f_‘_L'D@w> y(l') = (;}E«L > 62:; w(fL‘)F(g + O-(m + 1) + 1)
(4.16)

Using (4.16) in (4.15), we get

_ (BLp mtl — selp( p(c)) ot
y(x)-( ) wa (m+1)+1)

3 90(3:) ()0 ) T 1 RLz'lfo' RLDO‘ ¢
+€Z w(:c F(O’ + 1)) CL)(C) zgg et Tpw (CJr @;w) y(m)a

which is the required result.

Remark 4. In this section, we have proved Taylor’s theorem for WFOs with respect to
functions, which represents the generalization of both classical Taylor’s theorem and the
fractional Taylor’s theorem. When we consider 0 = 1 with p(z) = x and the weight function
w(x) = 1, the theorems reduces to the classical Taylor’s theorem. This reduction confirms
the correctness of our generalization, as it aligns with the well-established classical result. By
setting w(z) = 1 and p(z) = x, the theorem reduces to the Taylor’s theorem for fractional
operators. When w(z) = 1, the theorem simplifies to the p—fractional operators. Moreover,
considering w(z) = e**(*), the theorem corresponds to the (-tempered fractional operators,
demonstrating the inclusion of tempered fractional calculus as yet another special cases.
These reductions illustrate the correctness of our generalization, as it seamlessly integrates

and extends existing mathematical frameworks.

4.5 Integration by parts

Fractional integration by parts generalizes the classical integration by parts formula to han-
dle fractional derivatives and integrals. In classical calculus, integration by parts simplifies
the integral of a product of functions by integrating one function and differentiating the
other. Fractional integration by parts extends this concept to fractional orders, allowing for
a more flexible approach in modeling complex systems. Love and Young [64] obtained the

fractional generalization of integration by parts for Lebesgue integrals, Riemann—Stieltjes
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integrals, and generalized Stieltjis integrals. Fractional and generalized fractional versions
of integration by parts formulae are commonly used in literature. They have a significant im-
pact on the generalized fractional variational formulation [8, 39, 60, 61]. While Agrawal [32]
has already covered the result for weighted RL fractional operators with respect to functions
and their applications. In this section we revisit the theorem and provide a comprehensive
proof for both weighted RL and CFD with respect to functions. In this section, we derive
the results of integration by parts for ng;w and fiLDg;w in Theorem 4.5.2 and 4.5.3, respec-

tively.

Lemma 4.5.1. Let 0 > 0 and w # 0 be a continuous function with an increasing positive
monotone function p, on a closed interval [c,d] C R and r > 1,q > 1 with % + % <
l+o(r#1,q#lincaseof *+ % =1+o0). Ifue Ly (c,d)andv € LL (c,d), then the

following relation holds

d d
/gp’($)u($) fiLIg;wv(x)dxz/ ¢ (z)v(x) L] u(x) da. 4.17)

Proof. Using the Definition 4.2.2 in (4.17), we obtain

e [ [ eveds)
/c ule)e W“*IWV(””W‘/C r<a>w<x>/c (o) — o)) B

We change the order of integration by using Fubini’s theorem

d d w(s) [? u(x)y'(x
/ go’(x)u(a;)ﬁLIg;wv(a:) da::/ <p'(s)v(s)r((0;/ el (@)¢'(z) —dzds

d d
= / ¢ (s)V(s)g " Tq- u(s)ds = / ¢ (@)v(@) g I7- () dr.
This completes the proof. 0

When we consider w(z) = 1, then the above relation reduces to the ¢)—fractional integrals
[60].

Remark 5. [33] The space Li, (c,d), 1 < r < oo is the set of all weighted Lebesgue
measurable function u defined on a closed interval [c, d] for which [[u||z;  (ca) < 0o. One
should observe that u € L7, ,(c, d), if and only if w(xzu(x)(gpl(x))% € L,(¢,d)forl <r <
oo and u € L (¢, d), if and only if w(x)u(z)(¢' ()7 € Loo(c, d).
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Theorem 4.5.2. Assume that 0 > 0, n = |o| + 1 with an increasing positive monotone
function ¢ on closed interval [c,d], and 1 <1 < oo. Ifu € Lj, (c,d) andv € AC7, e, d],
then the following integration by parts formula for ngz;w holds

/C du(m)ng;wv(:ﬁ) dz = / ’ ¢ (2)v(2) DT, (:,((?)) dx

d

n—1
. ulxr .
+ Zwmzz;iz( U)Wz;f—lvm 7
j=0

¢ ()

/c du(x)ng;wv(x) dr — / ’ 2 (a)v(a)"De (u(g;) ) N

@' ()
n—1 U(I) .
+ (—1)”_jc+Di;wc+Ig;;" ( > q,Dg:i:lv(x) ,

J

Il
o

where o+ Do) = (S b+ w) () and ;D o() = (5 21

(p’w.%.

Proof. By using Definition 4.2.4, we get

d d
/u(:v)ng;;wv(x)da::/ U(Jf)iLIg;o—chDZ;wV(l')dI

By using Lemma 4.5.1, we have

/C du(x)cCJng;wv(:B) dz = / d (@) Dl v () - BT (:,((Z))) dz

- [0 (o et o D) 2272 (52 o
- [ 2 (ewerw) - g (S
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Integrating by parts, we get

/cd“”)gpiw‘”(ﬂf) dr = [L e (20) w(xwzﬁv(w)] d

d
d n_o 1 RLyn—o
—i—/c o (w(x)c#D%wv(x)) w(x)“’Ddf;“” 7y () dr.

Again integrating by parts, we get

/cd w(2)a D v(x) de = | B2 <%> | C+Dg;lv<x>] d
+ ﬁwé;w&z}ii (:’((Z))> 'w($)0+DZ;fV(:c)]j

- [(werve L (@wDé-;wﬁLIZZTZ ( ;ﬂ%)) iz
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RLTn—o <M> DI (2) d

© d—w QO/(ZL’>

+1%mmm&%w-(;i¥5iﬂaww?ﬁz ) do

o () n-
- ];LI:;*W <g0’(ac)) 'C+D<p;wlv(x)

d
/ . Dn—2 . DQ_, RLI”;U U(.T) dr.
+/C 4 ([E) T ow V(%’) PTdTw o Tdw QDI(I) x

+ |,D} RLIg—U<“(x) -Cmg;fv(g;)]

e e \¢(@)

After applying integration by parts n times, we obtain the following result

d

n—1
¢ C’DG dr = Dj RLI’I‘L*O’ U(ZE) Dn—j—l
u(x)c+ W;wv(‘r) L= Z‘P d—we d—w /( ) N oW V(l’)
d
n n—o wx
+/ Sol(m)v<x)ﬂﬁpd*;w<ﬁzd*;w (SOI((;)) d33
d

n—1
— D];. RLIn:J (U($)> . C+Dnzjj—lv .CE)
2 Paus Ty ) P

v [ g (S

which is required. Similarly, the proof of the second part of the theorem follows steps similar

to those of the first part; therefore, it is not explicitly stated here. [

If we consider w(xz) = 1, the result reduces to the integration by parts formula for the
¢.Dg [39].

Theorem 4.5.3. Let 0 > 0, n = |o]| + 1 with an increasing positive monotone function ¢
on a closed interval [c,d] and 1 < p < oo. Ifu € AC, [c,d] and v € L7, (c,d), then the
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following integration by parts for ﬁLDg;w holds

Proof. Starting with the definition of #*Dg,__
d d
/ u(m)ﬁLDg;wv(x) dx = / u(x)c+DZ;wﬂLIZ;"V(x) dx

- / (Foom) @ <Wdi‘””) L) do

Integrating by parts, we get

RCEC RS [(so«i()z)(x)) ) (o) RI”]
- [ (@) EEe (di <so'<lalc(>z)<x>)> “
(707) o) 5LIWV($)L

! / # (@) (m%w“) vz (S asm) (Fo)) &

51



- 1d

d
u(x ulxr
= ( ( ))Cﬂ)g;a} BT ov(z)| + / ¢ (2)e+ Dt BT v (2), Dy, (—Sof(x))) dx

L 4dc

- qd
_ ( u(ZE) ) c‘*‘IDZ;ZJl CRJrLI;L;oV(x)

L 4dc

+ / ") (m%w@)) D2 FET 0y (4), DY <“(”3)) do

()
(%) D! RI“()]

d
d n—2 RLAn—o 1 u(x)
—f-/c (%W(x)ﬁpcp;f et I@;w V(m)) : MWDCII‘;W ( dz.

Again applying integrating by parts, we get

d

d

u(z) n— -
+ |aD,,, (SO’(I)) o+ D=2 RET— v(m)]

u(x) n—1 RL4n—o
() 2ot vt

d
n— n—o 11(1])
+/ gol(x)c"'pcp;o.? fEFLIgo;w V(x)wpczl*;w (QO,CC)) d.

Applying integration by parts n times, we get

d n—1
o j u{xr n—j— n—o
JRCLCARELESS [d% (5) opm ez v<x>]

Jj=0

d

[

+ /C d ¢ ()BT v (2), D, (:f(z))) I

Using Lemma 4.5.1 on the integral from the right-hand side

n—

d
d . ulx .
[ w@Eng v e =y [D (5) Pt Bt

1
po ¥'(x)

+

/cd ¢ (@)v(w) 5T oD <%) "

n—1 d
j ll(l') j—o
= e D (90/(;1;)> iltj’LIgp;w Fv(z) dm]

Q
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which completes the proof. Similarly, the proof of the second part of this theorem follows a
similar approach as the proof of the first part. [

Remark 6. When the fractional order o = 1, w = 1, and ¢(x) = x, the fractional integration
by parts formula simplifies to the classical result. This demonstrates how fractional calculus
builds on and extends traditional methods. Additionally, setting w = 1 and ¢(x) = z reduces
the formulae to standard fractional operators [8], while considering w = 1 aligns the formula
with p—fractional operators [39]. This unified approach ensures that fractional integration
by parts encompasses classical principles and provides a broader framework for handling

non-integer orders.

4.6 Leibniz’ rule

Leibniz’ rule, also known as the product rule in classical calculus, provides a method for
differentiating the product of two functions. In the setting of fractional operators, a rich lit-
erature on Leibniz’ rule can be found in [9]. In this section, we focus on the generalized
Leibniz rule already discussed in [28] but present a different approach utilizing conjugation
relations here. After that, we set up the proof for weighted Leibniz’ rule for integer orders,
subsequently extending it to the generalized case that is gLDg;w. We will prove Leibniz’ rule
for ﬁLDg in Proposition 4.6.1, weighted derivatives of integer order in Proposition 4.6.2, and

ELDg,, in Proposition 4.6.3.

Leibniz rule for RL fractional derivatives

Let 0 > 0 and assume that u and v are analytic functions on (a — h, a + h)with some h > 0.
Then,

ﬁLD;<u<x>v<x>>=§(‘Z)C+Dfu<x>§LDgfv<x>+ > (§) P

=0 {=|c]+1
(4.18)
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where / is non-negative integer. Since Z° = D~ we can write relation (4.18) as,

ﬁLDZ(u(x>v(x>>=§<Z>c+Dé e+ > (7)) D@D

t=|o]+1 ct

_ (Z+ i 1 (Z)ﬁDeu(x)ﬁLDg_ev(x)

o0

_ (‘2 ) Dia(z) DTy (x). (4.19)
0

/=
Proposition 4.6.1. Assume that u and v are analytic functions on [c, d] with an increasing
monotonic positive function @, which is also an analytic function on |c,d|, then for o > 0,
we have

o G o o—
DL (i) = 3 (] ) PN DS (v(o).
=0

Proof. We use the conjugation relations to prove Leibniz’ rule for ﬁLDg. To begin, we apply
Q;l to the product of functions u and v, as follows

Q. (u(z)v(z)) = u(p™ (x))v(¢ ™" (2)).
Applying £E oot )D" on both sides, and by using the Leibniz’ rule for RL fractional derivatives
[9], we obtain

ol D7 0 Q5 (u(2)v(w)) = Jon D (u(p ™ (2)v(p ™ (2)))

Now applying Q. on both sides

Q, 0 M D7 o 0 u(a)v(x) = ©, (i (7) s Pt @)y 230 )
_ f; (7) (QuuerPhut™(a) (P2 vt (a)
zi(‘;) (QouerPLQ, ) i) (@l DI Q) Vi)
B (uav(a)) = 3 () DLl 5 010,



and this completes the proof. [

Proposition 4.6.2. Let u and v be analytic functions with weight function w which is also
analytic on the interval [c,d], then for n € N and x € (c, d), we have the classical Leibniz’

rule for weighted derivatives, as follows
n _
DL (u(z)v(z)) =) ( €)D£ y(z)u® (z), (4.20)

w dzt

where D,, = (% + i) and u) = Ly

Proof. We will prove this result by induction.
Basic step: When n = 1, (4.20) becomes

D! (u(z)v(z)) = (% + Z/((j))) (u(z)v(z)) = % (u(z)v(z)) + Z/((;:)) u(z)v(x)
(@ (@) + V@) + L ula)v(e)

V(@) (0 (x)) + u(z) (% + “’/(“”)) v(2)

— 1) (+(0)) o) = 3 ()P ) )

=0

Thus (4.20) is true for n = 1. Now assume that the (4.20) is true for n = m

D2 ueyvta)) =3 (7 ) 2@ o).

=0

For n = m + 1, we have

Dt (u(x)v(x)) =D} (D:} (u(x)v(x))) =D} Z (77;) Dy (z) ' (z)

m
£=0

- i (”Z) D! (Dg-fv(a;)u“)(x)) .

D (u(a)v(s) = 3 (m) (09 @)DL (@) + DL () (@)
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£=0 £=0
m m+1

= 7; u® (@)D= () + Y (éml)DL”‘Z“v( Ju (z)
£=0 =1

3 (e + () o
SCLAREIDY ((Zj‘) . (/Z)) DL (@O (@) (@ )

Using relation

we get

DI (ue)v(o) =)D () v ) + 3 (") P o

=0

Hence, the result holds for all n € N. ]

The next result is Leibniz’ rule for the D7,

7.» Which will be proved by using conjugation

relations.

Proposition 4.6.3. Assume the hypothesis of Proposition 4.6.1. Let w be an analytic function
on [c, d), then the following formulae hold true

ﬁLDU. (u(z)v(z)) Z (Z)Cﬂ?e. (u(:p))ﬁLD;_e(v(x}), (4.21)

=0

f:( )sz () EDI L (v(x)). (4.22)

=0

DO’
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Proof. We will prove Leibniz’ rule for WFOs with respect to functions by using conjugation

relations
D (u(@)v(e)) = MG o FEDZ o M (u(x)v(x)).
Applying M., to the product of u and v, as follows
M., (u(z)v(z)) = w(z)u(z)v(z).
Now applying D7 on both sides, then by Proposition 4.6.1, we get
A DgM(u(z)v(z)) = FDE(w(@)u(z)v())
=3 (7)o Phtetomie) g st
=0

Applying M_! on both sides
_ " = (o .
M (M (o)) = M (3 7)o Pl DL (v(o)
=

-3 (E) (Malyer DEM () u(a) D5 (v()

:fj( e Pl 22 ().

Two formulae are presented in this proposition, both of which are nearly identical, differing
only in the way of multiplication of weight function. Using a similar approach of (4.21), we
can prove the (4.22) by multiplying the weight function w with v. [

Remark 7. If we consider w = 1, p(z) = x, the formula reduces to the RL fractional
operators. In the context of the Leibniz formula for RL operators, the binomial coefficient

(‘;) is zero for £ > o due to the definition of binomial coefficients, which is defined as

o\ I'(o+1)
(e) S T(e—(+1)D(+1)

For o is an integer and ¢ > ¢, the Gamma function I'(c — ¢ + 1) becomes undefined (since

it involves the Gamma of a negative number), which by convention makes (‘;) = 0. This
property ensures that when ¢ > o, the terms in the series with (‘2) automatically vanish,

simplifying the expression.
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This property is significant because it allows the weighted RL fractional Leibniz for-
mula with respect to functio ¢ to the classical product rule when o is an integer, w = 1
and ¢(x) = x eliminating the additional terms introduced by fractional differentiation. This
illustrates that while the Leibniz rule for weighted RL operators with respect to functions in-
cludes these extra terms when using fractional orders, they naturally disappear when dealing
with integer orders, maintaining consistency with classical calculus. This seamless transi-
tion is essential in fractional calculus, as it provides a unified approach to understanding and

applying differentiation across different contexts.

4.7 Existence and uniqueness

In this section, we develop the existence and uniqueness solution for IVP of weighted Caputo
fractional differential equation with respect to functions within the framework of Sobolev
space [65-67]. Our approach, motivated by the work of [45], studied the solution of the
IVP of ng;w without requiring the continuity for a function with respect to an independent
variable x. By building upon the equivalence with an integral equation under appropriate
conditions, we prove an existence theorem in the space W7 (c, d). Particularly, our result
allows the weak singularities and discontinuities. Before presenting the main results, we will
define a function space and examine some additional results, which will be required to prove
our main results.

Definition 4.7.1. Fixed point theorem[9]. Let (X ,d) be a complete metric space. Assume
that the mapping T : X — X satisfies the inequality

d(Tu,Tv) <od(u,v), forevery uveX, 0<o<]1,
Then, mapping T has a unique fixed point.

Definition 4.7.2. Schauder’s fixed point theorem [9]. Assume that (X,d) be a complete
metric space and U be a closed convex subset of X. Assume that, mapping T ;U — U such
that the set having fixed point Tu = u is aa relatively compact in X. Then T has at least

one fixed point.

Definition 4.7.3. Relatively Compact [9]. Assume that (X, d) be a metric space and ) C X.
Then, the set Y is relatively compact in X, if the closure of Y is a compact subset (Y is said

to be compact if and only if every class of open sets which covers ) has finite subclass which
also covers Y ) of X.
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Definition 4.7.4. Let y, w € L;;w(c, d) with w # 0, ¢ be a test function (smooth function
with compact support that is used to define weak derivatives) [54] with an increasing positive

monotone function o then, Dy.,,(L) is called weighted weak derivative of y, if

[ 2o (8D srretors e = [ Do (U staretars o), 029

w(z) w(z)
where D (1) = sty - (@)1 (2)

Definition 4.7.4 introduces the concept of weak derivatives in the context of weighted
derivatives with respect to functions. They have a significant role in the study of PDEs. Since
not all functions have classical derivatives, weak derivatives provide a necessary extension,
enabling us to define a notion of derivative for functions that may not be differentiable in the
classical sense. In the above definition, we consider ¢ to be a test function, which means that
¢ is a smooth function with compact support (infinitely differentiable and vanishes outside
of a compact set). If we consider ¢(x) = z, w(x) = 1, then the definition coincides with the
usual definition of weak derivatives in [68, 69].

Definition 4.7.5. Let m be a non-negative integer, 1 < r < oo, and @ be a strictly increasing

function in the interval [c, d|. Then the generalized weighted Sobolev space is defined by
W (e, d) = {y € Ll (c,d): Dy € LT (e,d),m=1,2,3, .. } .

The norm of this space is defined by

1
T

lwllwzsea = | D_IPLuvlligca | (4.24)
i=1

forl <r < oo.

This space is a generalization of the classical Sobolev space [65, 66], where the deriva-
tives are understood in weighted ordinary derivatives. The weighted Sobolev space is essen-
tial for subsequent proofs of existence and uniqueness results for weighted Caputo fractional
differential equations with respect to functions.

Lemma 4.7.6. Let functiony € Li, (c,d), r > 1. Then +Dyyy o+ Loy =y and o+ L,y €
Wi (c, d).
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Proof. Using the definition of .+ D, .+Z,,, and Dirichlet formula, we get

/c dw(x)2<p/(l‘)c+'D%w (%) o+ Loy () dz = / d%cb(x) / Cw()y(s)¢/(s) ds da

- [ [ et = [ [ Loy dsd

— [ wlta)d @)(6(@) - ola) da
d
— [ @)@ @) ds, o€ Cled), so old) =

thus, we have o+ Dyt Lo,y = y in a weak sense. Therefore, o+ Z.,y € Wi (c,d).
[

Lemma 4.7.7. Let 0 <o <1,y € L, (¢, d), where @ is an increasing positive monotonic

function and r > 1. Then, we have RLDgwﬁLIawy =1.

Proof. By the definition of ?LLD;;W together with semigroup property and Lemma 4.7.6, we
get

RL IU ( ) = C+D¢w ot Il 7 RLIG;wy(x) = C+D90;w c"’It,o;wy(m) = y(x)

ct cpw c+ pw ct

]

Lemma 4.78. Let 0 < 0 < 1,y € L, (c,d), where @ be an increasing positive monotonic
function and v > 1. Then $,.D?, RLI"wy =.

piwet

Proof. By the definition of ng;w and semigroup property, we get

RL Do RLIZ;wy(‘I) _RL pw c+I jw C+D%0wc+ IG ( )

4,0 w ctpwet
= C+ -,Z:ga;w C+D¢w ct IU ( ) - c+ Ig;wy(x>'
Applying #ED7, . and by Lemma 4.7.7, we obtain

pw?

il Iaw c+Dtpw ct IO' (ill') - RL gow ct Iawy(x)a

ct cpw cJr
c+Dg0w ct IU (.’L’) :y(l'),

which is required. O
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Lemma 4.7.9. Let 0 < 0 < 1,y € L], (¢, d) withw(z) # 0, r > L. Then BFT7, y(ct) = 0

and

) 1 (@) =)
|gLI@§wy(x>| S w(x)F(a) ( 1 )l Hy||<,0;w' (425)
(gl —3))
Proof. By applying limit z — ¢* in the definition of /77, , we get
: RLT0o _
xlirg ct Icp;wy(aj) =0.
By using Holder’s inequality with . + - = 1, = € [c, d], we have
1 w(s)y(s)|¥'(s)
BTz = o | T - ds
: F(U)W( () —p(s)'~
S, 1
( [ et = e as) ([ oo as)
_ 1 90(56 G (p(b) — ()" .
Ol < ol
) (g - 1)7) w(@)T(0) (g(0 — 1)7)

which is required. 0

Lemma 4.7.10. [35] Let 0 < 0 < 1,y € L7, (c,d), r > +. Then, BLT7, ,y(x) is continuous
function for x € (c,d).

Consider the IVP

c+D¢ wy<x) g(‘r y) (C7 d]7 (426)
ylc) =y, 0<o<1. 4.27)

First, we prove that the IVP (4.26, 4.27) is equivalent to the integral equation

+ 1 T /
wfch) [ L) g
(@) Jo  (p(z) —p(s))'=7
Theorem 4.7.11. Let g(z,y(x)) be a function in L7, (c,d) and function y € W$;L/(c, d),
where r > % and r" > 1. Then, y is a solution of the IVP (4.26, 4.27), if and only if y is a
solution of the integral equation (4.28).

y(r) =
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Proof. Let us consider that y € W;;L’ (¢,d) is a solution of the IVP (4.26, 4.27). Now, apply
the integral operator 77,  to both sides of (4.26). This yields

iLIg;wng;wy(x> = iLIg;wg(:E? y)
Afterward, by using the semigroup property together with Proposition 4.2.10, we get

BT T v Dypwy(w) = BHTZ, g(2,y),
c+I<p;wc+Dgo;wy(x) = g"LIg;wg(xv y>’

o) = 2y = BT gt

Conversely, assume that y € W;;g(c, d) is solution of integral equation (4.28). First, it
follows from the Proposition 4.2.10 that 279 €. D7 y(x) = EMZ7 f(x,y(x)). Then by

pwet
using the semigroup property, we obtain

BT TS v Dowy(@) = HIT,,9(x,y),
et Dy et Lo o Lol e+ Doy () = D 0 IE,9(2, ),
T e+ Dowy(r) = g(2,y),
o Duy(r) = g(x,y).
Furthermore, from Lemma 4.7.9 and integral equation (4.28), we see that y(c) =, . O

Theorem 4.7.12. Let d' > w(c)y(c) + %0_) Assume that when |y|| | < d, the following

conditions hold
(i) there exist some r > % such that g(z,y(x)), w(z,y) € Li,,(c, d);
(ii) for x € [c,d], (¢(x) — v(c))?g(x,y) is y—dependently continuous;
(iii) there exist some r' > 1 such that BT7, g(x,y) € W;;{; (c,d).

Then, the IVP (4.26, 4.27) has a solution vy in a space W;;L’(c, €), where £ € (c,z] C |c,d]
such that %\ Yllzr,, < 1wherez = (p(§) — ¢(c).

qQ\o—

Proof. Let X = {y € Clc,d] : |y| < d'} be a closed convex subset of Banach space C/c, &].
Define the map 7 € X

1 ) /Cf'f w(s)¢'(z)g(s, y(s)) ds}-

1
7o) = g w9+ iy | T g



From condition (i), Lemma 4.7.9 and Lemma 4.7.10, we observe that 7y € C|c, d] and

1 2o=%)

(0) (g1 - 1))s

1
Ty(@)] < |14 lwle)y(e)] + Yl p <d, §€(ca].  (429)

Now, for € > 0 and using condition (ii), when |y —1/| < d, we have (p(z) —¢(c))?|g(z,y) —
g(z,y')| < e thenforall Ty, Ty € X

1

< BT L (p(x) — p(c) 7e =T(1 - o)e

which shows that the map 7 is equicontinuous, as the continuity of mapping 7 is uniform

with respect to x into set X. According to condition (iii), we have Ty = :j((;))y(c) +
BLT9.,9 € Wk (¢, d). This yields that

w(c)

”Ty“Wé;L/(c,d) < || y(c)||W$;L/(c,d) + ”Ig;wgnwé;g(c’d) <M

w(z)
which shows that image of y € X, that is, 7y is a bounded in W‘;;’L/(C, d) and the space
W;;Z;/ (¢, d) compactly embeds into C[c, d]. Thus, by the Arzela—Ascoli theorem, the operator
7T is relatively compact and maps 7 into itself. Then by the Schauder fixed point theorem, 7
has a fixed point, that is, y = 7Ty in set X, which implies that y is a local solution of integral
equation (4.28). Then by the equivalence theorem, since y € Wé;g(c, d), y is also solution
of IVP (4.26, 4.27). ]

Theorem 4.7.12 guarantees the existence of a local solution, while the subsequent result

guarantees the global existence of the solution.

Theorem 4.7.13. Assume the hypothesis of Theorem 4.7.12, and replace the condition |y| <
d' by |y| < oo. Then the IVP (4.26, 4.27) has a solution y € Wé;’:},(c, d).

Proof. Consider the mapping 7" defined in Theorem 4.7.12

)1 [Telea()es)
Tte) = S+ ey | o et
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From the proof of Theorem 4.7.12, we know that 7 is a compact map from C/c, d] into itself,
T takes bounded sets in C'[c, d] to relatively compact sets. Now, for any parameter 0 < p < 1
, we introduce the map 7, defined as 7,y = pT'y. We can observe that 7, is a compact map
from C/c, d] into itself. 7, takes bounded sets in C/c, d] to relatively compact sets, due to the
compactness of 7. The motivation for introducing the map 7, is that it will allow us to apply
a suitable fixed point theorem to establish the existence of a solution. However, we need to
find a bound M for all y € Clc, d] satisfying 7,y = y, by inequality (4.29), we have

Tatell = WToko) < Tl = S00e") + ey [ AR ao < .

Therefore, for any y € [c, d| satisfying y = 7T,y, we have | T,y| < M. Since 7, is compact
by Theorem 4.7.12 and we have found a bound M for all y € [c, d] satisfying y = 7,y. Thus,
the Leray-Schauder fixed point theorem can be applied. This theorem ensures the existence
of a fixed point y € C|c, d] such that y = 7,y for some p € [0, 1]. Finally, from condition
(iii) in Theorem 4.7.12, we have that y(z) = Ty(z) = %y(c*) + m [ (p(x) —
()" w(s)¢'(s)g(s, y(s)) ds € WL (c,d), which means y is a global solution of the
fractional problem 4.26. This signifies the conclusion of the proof. O

In the following theorem, we establish the conditions necessary for the uniqueness of the
solution to the IVP (4.26, 4.27).

Theorem 4.7.14. Assume that the conditions in Theorem 4.7.12 are satisfied, except that
condition (ii) is replaced by a Lipchitz-like condition.

(p(r) — () |g(x,y) — gz, y)| < Lly —y'|, v € [c,d], (4.30)

where L < ﬁ < 1 is a constant and vy, y are bounded within the closed interval
[—d', d'|. Then, the IVP (4.26, 4.27) has a unique solution in Wé;;’(c, d).

Proof. Assume that y and 3/ are the two solutions of the IVP (4.26, 4.27). Assume that the
condition (77) in Theorem 4.7.12 satisfied and condition (4.30) holds, then by the integral
equation (4.28), we obtain

=¥l < eirey [ (910) = ) 0hts) (2= 2 lgls0) = 9501

< HTLu(e(s) =o)Ly =yl = T = o) Llly = ¥ llso < Iy = ¥/lloc-

there can only be one solution because the maximum absolute difference between y and ¢/’ is

strictly less than itself, which is a contradiction. O]
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Example 4.7.1. Consider an I[VP

gD”;wy@) = (ple) = @(c))_“’ re(ed, O<p<o<l,

7 w(x)
y(C+) = Ye+,
where g(z,y) = W is singular at 7 = ¢*.

Clearly, function g(x, y) satisfies the conditions in Theorem 4.7.12 and 4.7.13 with % <r<

sand 1 <7’ < . Then the unique solution of this problem is y(z) = ﬁg))y(cﬂ +
LA-p) | (p@)=p(c)7"
T'(o—p+1) w(x) :
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Chapter 5
Conclusion

The thesis thoroughly investigated FC, specifically focusing on WFC with respect to func-
tions. It explored historical developments, special functions, and function spaces to built a
foundation for understanding fractional operators and their properties. The core of the re-
search focused on the extension theory of WFC with respect to functions, which present a
generalized class of FC. We derived several fundamental theorems, including the MVT and
Taylor’s theorem, for the operators of WFC. Furthermore, we have derived the result of inte-
gration by parts formulae as initially addressed by Agrawal [32]. However, our contribution
includes detailed proof of these results, thoroughly examining the function spaces. Consid-
ering suitable function spaces ensures that under which conditions the integration by parts
formulae hold, providing a thorough understanding of the formulae. After that, we estab-
lished Leibniz’ rule for weighted RL fractional derivatives, building on the work of Osler
[28] but utilizing a different approach to derive this result. Moreover, we have studied the
Leibniz rule for classical weighted integer order derivatives and generalized weighted RL
fractional derivatives with respect to functions.

Finally, we addressed the existence and uniqueness solutions for the IVP of the weighted
Caputo fractional differential equation with respect to functions within a framework of Sobolev
space. By utilizing the concept of weak derivatives, we demonstrated that this approach has
the significant advantage of not requiring any continuity assumptions on the function with
respect to the independent variable z. This allowed us to ensure the existence of weak so-
lutions for discontinuous functions in the Sobolev space, expanding the applicability of the
theory.

Overall, the developed theory and derived results have implications for further research

and applications, particularly in areas such as the calculus of variations, where WFC finds
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significant utility. Future studies have the potential to explore more intricate systems and
diverse fractional operators, thereby advancing both the theoretical framework and practical
applications of WEC.
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