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Abstract

The investigation of black holes and naked singularity shadows has attracted much at-

tention in modern astrophysics research. The shadow of blackiholes in the presenceiof

plasma and naked singularities will be computed in this dissertation. We will observe the

propagation of light in a non-magnetizediplasma aroundia Kerr and Ker MOG blackihole.

Particularly, we formulate an analytical formula for the boundary curves ofishadow on

the observer’s sky, regardless of where they are in the outer communication domain. The

shadow’s shape and size that is observed varies based on plasma properties. Recently

the Event HorizoniTelescope’s direct imaging of supermassive black holes (SMBHs) at

the event horizon scaling factors, allows for testingialternative models to supermassive

black holes such as Kerrinaked singularities (KNSs) and Kerr MOG naked singulari-

ties (KMNSs). Theishadow of KNSs and KMNSs can be utilized to assess the cos-

micicensorship theory, and KNSs and KMNSs can be used as substitute models for

SMBHs by comparing them with black holeishadow measurements.
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Chapter 1

Introduction

In 1783, the ideaiof Black Holes wasifirst presented by the English natural philosopher

John Michell [1]. The black holes areiregions of spacetime from which nothingican evade

theirigravitational pulling even light. He calculated the imperative radius for the star to

be dense like the sun so that its powerful gravity prevents any light from escaping. For

example, the star’s surface escape velocity has to exceed theispeed of light. He mentioned

that, these stars as darkistars because the emission of light beams at the surface cannot

escape them. After that, Laplace [1] discussed the same concept of a star bigger than

the sun and absorbing light beams from all around it. These initiatives were all based on

Newton’sitheory of gravity and light. Therefore, they presented that light cannot escape

these stars due to the immense gravity they have.

In 1915, Einstein established his General Theory of Relativity (GTR) [2], which is entirely

distinct from the description of gravity presented by Newton. Newton described gravity

as a force acting between two masses over a distance. However, Einstein’s General Theory

of Relativity (GTR) redefines gravity as the curvature of spacetime, influenced by mass.

Massive bodies such as the Earth and the Sun distort spacetime, and this curvature

influences the paths that objects follow. The GTR of Einstein gave counter-intuitive and

amazing consequences. In particular, the problem of the orbit of Mercury was resolved[3].

In this problem, the precession of the perihelion of Mercury was observed to be different
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from the predictions of Newton’s theory of gravity. Although the difference was not

big, Newton’s theory failed to explain it, while GTR was reliable with the observations.

Besides, one inordinate consequence of GTR is black holes. However, Michell’s black

holes (dark stars) are changed from the GTR black holes meaning that the latter do not

need to possess very powerful gravity. The main idea depends on the nature of the black

hole geodesics. A generalization of the straight line in Euclidean space is geodesic. So,

geodesic is the shortest straight path between two points on curved spacetime. Hence the

time taken by a particle must be minimized to travel between two points in this space.

Black holes in GTR usually consist of the following; the black hole event horizon, which

is the boundary of the black hole, and a singularity, which means a space-like point where

all the mass of the black hole is centralized, and nothing will be able to escape the black

hole if it passes it. Moreover, in 1960s, Hawking and Penrose developed theorems about

black holes, like black hole thermodynamics [4]. For example, Hawking’s area theorem

which is the second law of black hole thermodynamics describes that the rate of change

of the area of the event horizon of a black hole cannot decrease [5]. This is similar to the

second law of thermodynamics which the entropy change is nondecreasing.

The first mathematical exact solution to Einstein’s theory of gravitation was developed by

Karl Schwarzschild, a German astronomer and physicist, in 1916. This solution, known

as the Schwarzschild solution [6], was originally intended to describe the gravitational

field around a spherical star. However, when considered as a general solution without

the presence of a star, a critical radius now known as the Schwarzschild or gravitational

radius emerges. This radius is much smaller than the star’s radius and does not factor

into solutions that include a central star. Furthermore, the properties of the region

enclosed by this radius are unusual, leading to its dismissal for many years as irrelevant

to astrophysics, especially since it was difficult to interpret physically. So, after this,

notable advancements in both theoretical and observational studies were noted. In 1963,

physicist Roy Kerr from the University of Austin, Texas, found the exact solution for a

rotating vacuum object in the framework of general relativity [7]. By setting the rotation
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parameter to zero in the Kerr solution, one can recover the Schwarzschild solution. The

significance of both the Schwarzschild and Kerr solutions in the fields of physics and

astrophysics was so profound that they warranted specific names. In 1968, a publication

by John Archibald Wheeler coined the term ’black holes’ to describe these objects [8]. As a

result, the vacuum solutions of Schwarzschild and Kerr came to be known as Schwarzschild

and Kerr black holes, respectively.

1.1 Observational Insights into Black Holes

The problem with Newtonian gravitational theory is that it does not work when we have

a strong gravitational field, such as near the sun, consequently, Newton’s theory failed

to match the observational data about the orbit of Mercury near the sun. However, it

confirms that GTR works quite well, we have to test it in a strong gravitational field,

such as in the vicinity of a black hole. It means that by testing we have to use the

theory to expect things about black holes, and subsequently try to match the theoretical

findings with observations. From the GTR calculations, we can find that our universe

is capable of having black holes [5]. However, this does not say whether we have black

holes in our universe, an observation is needed. There are two ways to observe an object

in the sky. An object either emits light directly toward human eyes or telescopes, or

it emits light that is reflected until it eventually reaches the observer. Black holes are

unable to be observed directly because light emitted toward them is absorbed by them.

Rather, astrophysicists used indirect observational methods like examining the gravita-

tional effect of black holes on the light beams or generally electromagnetic waves that

move near them. In [9], the authors inferred the existence of a black hole because of

the electromagnetic wave bending effect. Other black holes, such as supermassive and

stellar-mass black holes were also discovered using similar methods. And the notable

examples of stellar-mass black hole candidates, such as Cygnus X-1 and LMC X-3. These

systems have been instrumental in confirming the presence of stellar-mass black holes, as
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their influence on surrounding stars and radiation from accretion processes offer signif-

icant observational evidence. In April 2019, an international collaboration of scientists

Event Horizon Telescope (EHT Collaboration) revealed an image showing an asymmetric

blurred ring around a dark shadow [10].

After comparison with computer models, the picture was interpreted as showing a super-

massive black hole at the center of the galaxy Messier 87* (M87*) [11]. This interpretation

fits well with theory and simulation, according to which the M87* black hole is one of

the two largest supermassive black holes in the sky along with the Sagittarius A* ( Sgr

A*) black hole (at the center of the Milky Way, near the border of the constellations

Sagittarius and Scorpius) [12] and we can see these in Fig. (1.1) [13].

Figure 1.1. The images in these panels represent the first successful captures of black
holes. The left panel shows M87*, the massive black hole situated in the center of the
M87*, located 55 million light-years from Earth. The right panel features Sagittarius
A* (Sgr A*), positioned at the core of our Milky Way. Despite M87* being roughly a
thousand times larger than Sgr A*, both appear similarly sized in the images. These
visuals were produced using the Event Horizon Telescope (EHT), a worldwide network
of radio telescopes. This network includes the Atacama Large Millimeter/submillimeter
Array (ALMA) and the Atacama Pathfinder EXperiment (APEX), in which the Euro-
pean Southern Observatory (ESO) is a partner.
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1.2 Shadow of Black Holes

The shadow of a black hole describes the dark region in space surrounding the event

horizon, which is the boundary beyond which nothing can escape the gravitational pull

of the black hole, not even light. When a black hole is positioned between a luminous

background source and an observer, its gravitational field functions as a lens, causing the

light from the source to bend. If the observer aligns with the path of the deflected light,

they will see a dark region where the black hole obstructs the light from the background

source. This dark region is what we refer to as the shadow of the black hole. In the

literature, the shadow of a black hole is defined mainly by using its photon sphere. A

photon sphere is a spherical region around a black hole where photons (light particles)

can orbit a black hole in a stable circular path. In [14], the authors described the shadow

of a black hole as the angular diameter δ or the angular radius of the photon sphere of

the same black hole.

δ = 2arctan

(
d

D

)

Calculating this quantity for black holes in curved spacetime requires a different approach

because the original formula is designed for flat spacetime scenarios. Since our work

involves curved spacetime, we will useia more appropriate formula later in the thesis to

compute the black hole shadow.

1.2.1 History

• The idea of what is now known as the shadow of a black hole can be attributed to

the work of the Irish mathematician John Lighton Synge in 1957. In his paper [15],

he discussed the trajectories of light near a massive object, such as a black hole.

In his work, Synge did not directly use the term shadow while he presenting the

concept of escape cones for light[16].
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• Bardeen (1973) depicted the observational insights in black holes especially shadows,

in the chapter titled "Black Holes" edited by B.Dewitt and C.Dewitt [10]. He

proposed the shape and size of a black hole’s shadow, which was later made known

by the observations of M87* by the Event Horizon Telescope (EHT).

• The concept that this shadow could be observed was brought forward in the year

2000 in an innovative paper by Falcke [17]. This paper highlighted the theoretical

work for shadow casting by black holes because of light bending around them.

• In 2019, the Event Horizon Telescope (EHT) collaboration unveiled the first-ever

image of a black hole’s shadow in the center of the galaxy M87* as discussed in the

above section [11].

• In 2022, the Event Horizon Telescope (EHT) captured a new image of a massive

object in the center of our galaxy that which is captured in polarized light [18]. For

the first time, astronomers have been capable of measuring polarization as a sign of

magnetic fields, near the edge of Sagittarius A*. This image expresses the polarized

view of the Milky Way black hole. The polarization is related to the magnetic field

around the shadow of the black hole.

1.2.2 Shape and Size of Shadow of Black Hole

The shape and size of the black hole shadow are determined by the mass of the

black hole, its spin, and the observer’s viewing angle. The mass of a black hole

chiefly affects the shadow of the black hole. The shadow appears larger for massive

black holes, such as supermassive black holes found at the center of galaxies. The

size and shape of a black hole shadow not only depend on the parameters of the

black hole itself but also on the position of the observer. The spin of a black hole

impacts the size and shape of its shadow. For nonrotating black holes, known as

Schwarzschild black holes, the shadow is usually circular.
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Figure 1.2. This image expresses the polarized view of the Milky Way black hole.
The lines mark the alignment of polarization, which is associated with the magnetic
field around the shadow of the black hole (Credit: EHT Collaboration,2022).

In contrast, for rotating black holes, or Kerr black holes, the shadow is distorted and

asymmetric due to their spin.

1.2.2.1 Boundary of Black Hole Shadow

The boundary of the shadow of a black hole especially emphasizes the circular null or-

bits (photon spheres) by conditions given below. R(r) radial function or effective radial

potential is specifically related to the impact parameter of photons. It represents the in-

teraction between the angular momentum and gravitational forces of photons, influencing

the formation of the shadow and the dynamics of light in the strong gravitational field

of the black hole. The radial function R(r) is significant in observing the motion of light

around black holes and defining the characteristics of shadows of black holes. For the

boundary curve, there are the following conditions [19]

• R(r)=0 : This condition indicates that the impact parameter at the circular null

orbits is such that the particle’s trajectory is a circle.
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• d
drR(r) = 0 : This is associated with the gradient of the radial function. This

condition at the null circular orbit depicts the trajectory that has attained an

extremum. This means that the particle is neither moving inward nor outward

from that specific point.

• d2

dr2R(r) < 0 : This condition at circular null orbit assures that the circular orbit is

stable against the small perturbations. If the second derivative is positive it would

infer the unstable orbit where a small disturbance might lead to a particle moving

away from the circular orbit.

In short, the first two conditions R(r) = 0 and d
dr
R(r) = 0 primarily describe the

boundary for the shadow of the black hole. The first condition gives the locations of

the photon orbits and the second one suggests that orbits are critical points. The third

condition just assures the stability of orbits which is important for consistency of the

boundary of the shadow of the black hole.

1.2.2.2 Photon Region

The photon region is a spherical region around a black hole where photons can orbit the

black hole due to its intense gravitational pull in stable or unstable paths. It plays a

crucial part in casting of shadow of a black hole. The black hole shadow is the projection

of the unstable photon region onto the observer’s sky. When photons enter this region

they may be captured or escaped by the black hole. The paths of those that are captured

provide the dark silhouette seen as the black hole shadow [12].

r+ < r < r−,

Here the inequality indicates that the photon radius must be between two radii r+ and r−

for the photon to remain in the photon region. In this inequality, r+ is the radius of the

prograde circular photon orbit. Prograde Orbit is referred to as orbit where light moves

in the same direction as the rotation of a black hole. While r− presents the radius of

8
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retrograde circular photon orbit. The retrograde circular orbit is referred to as the orbit

where light moves against the rotation of a black hole that we can see in Fig. (1.3) [20].

Figure 1.3. This image indicates the motion of spherical photon orbits. Here, the ar-
rows present the direction of motion.

The inequality is important as it helps to describe the boundaries of the photon region in

the context of the Kerr black hole. The presence of a photon region or photon sphere is

significant in casting the shadow of the black hole, while for naked singularity it presents

a completely different scenario. In the absence of a photon sphere, the naked singularities

may not cast a shadow at all but in place of that, they can present an arc-shaped image

where the complete region inside looks bright. That distinguishes the naked singularities

from the black holes.

1.3 Shadow of Naked Singularities

As of now, Einstein’s GTR is an exceptionally effective theory of gravity. A spacetime sin-

gularity would develop, according to the GTR, when masses large enough collapse under

the pull of their own gravity. In 1969, Roger Penrose presented the Cosmic Censorship

Conjecture (CCC), which emphasizes that horizonless strong spacetime singularities are

9
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not feasible [21]. However, several studies on the continuous gravitational collapse of

the inhomogeneous matter cloud demonstrate that spacetime singularities formed during

gravitational collapse can be observed by an outside observer [22]. The conspicuousness

of spacetime singularity is based on the initial conditions of the collapsing matter. In

GTR, such a situation can also emerge where the continual gravitational collapse could

bring about an equilibrium static spacetime with a central observable or naked singular-

ity, such as Joshi-Malafarina-Narayan (JMN) spacetime [23]. From the above discussion,

it is obvious that the naked singularity can occur as the final state of continuous gravita-

tional collapse of an inhomogeneous matter cloud. Information about the distinguished

spacetime structure near a naked singularity may be retrieved by photon trajectories.

Therefore, to predict the physical signature of a naked singularity, a detailed study of

null geodesics near naked singularity is very significant. A valuable approach for classi-

fying the spacetime structure of a naked singularity to investigate the shadow of a naked

singularity. The analysis of the shadow also provides an initial way of figuring out the

properties of the naked singularity.

As discussed above, in 2019, the Event Horizon Telescope (EHT) group revealed the

shadow image of a compact object located at the center of the M87* galaxy [24]. Be-

sides, we also discussed above that recently the shadow image revealed by the EHT group,

of a compact object located at the center of the Milky Way galaxy Sgr A*. They analyze

the shadow image cast by several models and compare it to the shadow image of Sgr A*,

finalizing that the JMN naked singularity is among the finest possible nonspinning black

hole imitators [25]. In the literature, we can find out that, for shadow formation event

horizon and photon sphere are unnecessary [26]. In [27], the authors demonstrated that

the necessary and sufficient condition for shadow formation is the existence of the upper

bound of effective potential of a null geodesic. Given that all compact objects in the

universe naturally have intrinsic angular momentum, a rotating version of the singular

static spacetime is crucial for a more realistic model. In our thesis, we will discuss the

shadow geometry of Kerr naked singularity.

10
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1.3.1 Kerr MOG Black Hole and Naked Singularities

Kerr MOG black hole solutions are obtained from the STVG field equations, which inte-

grate a vector field alongside scalar fields to modify the gravitational interaction. Kerr

MOG black hole has two horizons for α > 0 and there is no horizon free solution with

naked singularity. The Kerr MOG black hole is described by, the mass parameter Mα,

the spin parameter a, and a deformation parameter α which is dimensionless [28]. The

photon sphere produced by the Kerr MOG black hole is observationally distinct from

the Kerr black hole, as we will see in chapter 4. The spin parameter a varies with the

deformation parameter or MOG parameter α, we get some restrictions on a in MOG,

given below as [29]

|a| < 1√
1 + α

Non extremal black hole,

|a| = 1√
1 + α

Extremal black hole,

|a| > 1√
1 + α

Naked singularity.

In the above expressions, MOG parameter α must be positive definite otherwise if we

invert the above inequality we get a restriction on α.

1.3.2 Scalar Tensor Vector Gravity

With remarkable advances in the accuracy of observations, Einstein’s GTR has passed

nearly all the tests in the solar system. However, alternative gravity theories still stand

up for explaining some exotic phenomena such as dark matter(DM), and for possible

violation of general relativity in future higher precision experiments. Among them, Moffat

[30] presented a scalar-tensor-vector gravity (STVG) theory that has been tested in the

solar system, astrophysical, and cosmological scales without dark matter [31]. The STVG
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theory has three scalar fields and a vector field beside the metric tensor.

1.3.3 Plasma Around the Black Hole

Plasma is composed of charged particles, such as free electrons and positive ions. Plasma

is typically generated by heating the gas or being subjected to a strong electromagnetic

field, triggering the atoms to ionize. Around a black hole, the presence of plasma is a

completely theoretical concept based on astrophysical observation and models. The effects

of plasma on light propagation have been investigated since the 1960s. In 1966, John Ston

and Muhleman explored the impact of the electronic plasma in the solar corona on the

time delay of radio frequencies under the gravitational field of the sun, using the plasma

and gravitational refractive indices to derive a weak field approximation [32]. Using light

propagation studies on different space missions such as Viking, Mariner 6 and 7, and

the Cassini mission, various analyses centered on the solar wind and the electron density

profile in its outer corona were also conducted. In 1980, Ehlers and Breuer enacted a

challenging derivation of a Hamiltonian for light rays consisting of magnetized plasma in

a curved spacetime [33]. In literature, we can find recent work analyzing the influence of

plasma on the propagation of light rays in different astrophysical situations. The EHT

group recently has successfully caught a polarized light around the M87* and Sgr A*.

The orientation of light waves is apparent in these polarized images, and it is influenced

by the magnetic field generated by the plasma revolving around the black holes. The

results from these polarized images not only assure the presence of plasma around black

holes but also give observations into the mechanisms that lead to their evolution and

behavior [18]. Recently, the study of shadows of different rotating spacetime under the

influence of plasma, following the leading work of Volker Perlick [34].

Throughout this thesis, we will employ the convention of setting GN = c = 1. This

approach simplifies our analysis and facilitates the exploration of the properties and

shadows associated with black holes and naked singularities. The chapter 1 is theoretical,

It presents essential theories about black holes and the shadows they cast. The chapter
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2 deals with the observing shadow of Kerr black hole and the naked singularity and

distinguishes them from each other. This chapter provides detailed insights into how

parameters such as spin and observer position influence the distinguishable features of

the shadow of Kerr black hole and naked singularity. In chapter 3 we examine the

propagation of light in plasma on Kerr spacetime and its shadow. To guarantee the

separability of the Hamilton-Jacobi (HJ) equation for the light rays we find the necessary

and sufficient condition of plasma density has to satisfy for which the Carter constant

exists. We determine the photon region for every case in which this condition is satisfied.

Then we establish an analytical expression of the boundary curve of the shadow on the

observer’s sky anywhere within the outer communication domain. The focus of chapter

4 is on the shadow of the Kerr MOG black hole and naked singularity. It also assesses

the work’s overall significance while offering recommendations for further research. The

chapter 4 summarizes the results of this study and discusses the conclusion extracted

from this dissertation.

13
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Chapter 2

Shadow of a Kerr Black Hole and Kerr

Naked Singularity

In this chapter, we will analyze the properties of light geodesics and the shadow around

the Kerr naked singularity(KNS) and the Kerr black hole. The results indicate that

the rotating Kerr naked singularity and Kerr black holes may be distinct by significant

aspects such as light trajectories and the shape of shadows which provides a valuable tool

differentiating a Kerr black hole from a naked singularity. Here we analyze the causal

structure and some of the geometrical properties of Kerr naked Singularity spacetime.

For Kerr naked singularity, the photon sphere exists only for retrograde photon orbits

whereas in the case of a Kerr black hole, the photon sphere exists for both prograde and

retrograde photon orbits. Consequently, an arc-shaped shadow is projected by the naked

singularity that differentiates the contour-shaped shadow cast by a Kerr black hole [22].

2.1 Calculation of Shadow of Kerr Black Hole

In GTR, the Kerr metric is axially symmetric, stationary, and is a solution of Einstein’s

field equations. It was derived by Roy Kerr in 1963 [7]. Let’s consider a Kerr black hole
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in Boyer-Lindquist coordinates, the metric is

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dtdϕ+

ρ2

∆
dr2 + ρ2dθ2

+ sin2 θ

(
r2 + a2 +

2mra2 sin2 θ

ρ2

)
dϕ2, (2.1)

and the expressions for ρ and ∆ is

ρ2 = r2 + a2 cos2 θ,

∆ = r2 − 2mr + a2,

where m = GNM
c2

is mass of gravitating body and m has dimension of unit length. The

spin parameter is a = J
Mc

, where J is the angular momentum of spinning black. The

Kerr black hole features two separate horizons: the event horizon (outer) and the Cauchy

horizon (inner), as illustrated in Fig. (2.1) [35].

Figure 2.1. The schematic shows the positions of the horizons, ergosurfaces, and the
curvature singularity in Kerr spacetime.
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The construction of shadow in this case is more complicated. However, it can be done

analytically.

2.1.1 Geodesics

There are four constants of motion which, for lightlike geodesics, are gµν ẋµẋν = 0 that

describes the motion of light in the Kerr spacetime the Carter constant C, the energy E,

and the z component of the angular momentum Lz. Whereas E and Lz are associated

with the Killing vector fields ∂t (time translation symmetry) and ∂ϕ (rotational symmetry

around the z-axis), respectively, C results from the separability of the HJ equation for

geodesics [36].

2.1.1.1 Killing Vectors

A Killing vector preserves the metric, as it describes the symmetries of the metric. Sym-

metry is defined as a coordinate transformation that does not change the form of the

metric. Movement along a Killing vector field preserves the structure of the spacetime

metric, meaning the metric remains unchanged in this direction. This is mathematically

represented by the Killing equation, which involves covariant derivatives and is expressed

as:

∇(aXb) = 0

where ∇a is the covariant derivative, and X a is the Killing vector field. The equation

indicates that the symmetrized covariant derivative of the Killing vector vanishes, en-

suring the metric remains invariant along the vector field. The Kerr metric exhibits

both axisymmetry and time translation symmetry. In these coordinates, the metric is

independent of the t and ϕ components, which leads to the conservation of the associ-

ated conjugate momenta, pt and pϕ [34]. These conserved quantities correspond to the

constants of motion associated with the spacetime’s Killing vectors.

Kµ = (1, 0, 0, 0) Rµ = (0, 0, 0, 1),
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Accordingly, the geodesic motion in Kerr geometry is characterized by two constants of

motion, which are

E = −Kµpµ = −pt,

Lz = Rµpµ = pϕ. (2.2)

2.1.1.2 Hamilton-Jacobi Equation

In classical mechanics, you can find the equations of motion for a system by solving the

(HJ) equation, which allows you to find the action function S. It provides a way to

convert the problem into a form where the dynamics can easily be solved, specifically

when canonical transformations are used [37]

H(qi,
∂S

∂qi
, t) +

∂S

∂t
= 0,

where qi are generalized coordinates and S = S(qi, t) the action. In GTR, the motion of

particles and light rays in curved spacetime can be understood with the help of the HJ

equation. We can find how photons and particles move under the influence of gravitational

fields by solving HJ equation. To observe the spherical photon orbits and the shadow of

the Kerr black hole, we used the HJ equation [38]

∂S

∂λ
=

1

2
gµν

∂S

∂xµ
∂S

∂xν
, (2.3)

where S is the action as the function of affine parameter λ and coordinates xµ.

For the separation of the HJ equation into different components we used separation

ansatz,

S = −Et+ Sr(r) + Sθ(θ) + Lzϕ. (2.4)
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Then from the above equations, we can have equations of motion for null geodesic for

each of the coordinates [36],

∆ρ2ṫ =
(
(r2 + a2)2 −∆a2 sin2 θ

)
E, (2.5)

ρ4ṙ2 = E2r4 + (a2E2 − L2
z − C)r2 + 2m

(
(aE− Lz)

2 + C
)
r − a2C, (2.6)

ρ4θ̇2 = C −

(
L2

z

sin2 θ
− E2a2

)
cos2 θ, (2.7)

∆ρ2ϕ̇ = 2mraE +
(
ρ2 − 2mr

) Lz

sin2 θ
. (2.8)

From (2.6) we can get the effective radial potential R(r) given as

R(r) = r4 + (a2 − P 2 −Q2)r2 + 2mr
(
(a− P )2 +Q

)
− a2Q. (2.9)

2.1.2 Spherical Photon Orbits and Shadow of Black Hole

In Kerr metric, there is no photon sphere but rather a photon region [39], also sometimes

denoted as a photon shell [40]. However, a photon sphere is occupied with circular light

rays, while the Kerr photon region is occupied with spherical, in general, non-planar

light rays [20]. The word spherical implies that that these light rays remain on a sphere

r = const. To find the trajectories with r = const. requires, the radial equation of

motion that we can attain by solving the R(r) = 0 and d
dr
R(r) = 0 simultaneously.

Corresponding these equations we can find the following equations,

Q(rp) =
4r2p(r

2
p + a2 − 2mrp)

(rp −m)2
, (2.10)

aP (rp) =
−rp(rp − 3m)− rpa

2 − a2m

rp −m
, (2.11)
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are the constant of motions, P = Lz
E

and Q = C
E2 . Here as we set the r = rp runs over the

radius values of limiting spherical light rays, from its minimal value to its maximal value

and back, giving us an expression for the boundary of the shadow as a curve parameterized

by rp in the form of χ(rp), ψ(rp).

At the position (r0, θ0) for an observer, we have [36]

sinχ(rp) =
Q(rp)− a sin2 θ0√

P (rp) sin θ0
,

sinψ(rp) =

√
r20 + a2 − 2mr0

√
P (rp)

r20 − aQ(rp) + a2
. (2.12)

For a distance observer r0 >> m the shadow formula can be simplified. Firstly, we can

solve the (2.12) for ψ(rp) and then simplifying the (3.41), we get

x(rp) =
−Q(rp) + a sin2 θ0

r0 sin θ0
, (2.13)

y(rp) = ± 1

r0

√
P (rp)−

(
Q(rp)− a sin2 θ0

)2
sin2 θ0

. (2.14)

In the observer’s sky, to obtain the boundary curve of the shadow, we have to determine

the corresponding constants of motion for each of the light rays issuing from the observer’s

position into the past.

The shadow of a Kerr black hole also a rotating one, presents distinctive aspects that

differentiate it from nonrotating black holes. Kerr black hole contributes to asymmetric

alterations and a horizontal displacement of the shadow, mainly for rapidly spinning black

holes, as we can see in Fig. (2.1). In this figure, the shadow of Kerr black hole is seen

by an equatorial observer with different spins. Curves are plotted with the help of (2.13)

and (2.14). The figure shows that when we increase the value of the spin parameter, the

shadow displaces horizontally its shape deformed and gives a D-shape shadow.
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Figure 2.2. The axes in the unit of m/r0. Kerr black hole’s shadow with different spin
values (from the leftmost to the rightmost),a = 0.02m (blue), a = 0.4m (purple), a =
0.75m (red), and a = 0.999m (green).
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Figure 2.3. Shadow of nearly extreme Kerr black hole for different values of spin(from
the leftmost to the rightmost):a = 0.96m, a = 0.99m, a = 0.999m and a = 0.9998m.
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Figure 2.4. Shadow of Ker black hole as seen by different positions (from the inner-
most to outermost) with fixed spin a = 0.999: r0 = 10m, r0 = 20m, r0 = 25m, r0 = 50m.

In Fig. (2.2), we observe the shadow of a nearly extreme Kerr black hole. The shadow also

depends on the position of the observer. In Fig. (2.3), we can see that, as the distance of

observer increases, the shadow gradually diminishes in visibility and ultimately vanishes

at a larger distance. The changes in shadow size and deformation, as demonstrated in the

associated figures, highlight how parameters such as spin and observer position influence

the distinguishable features of the shadow. These outcomes not only approve theoretical

predictions but also present a foundation for further exploration into essential properties

of black holes and the variant theories of gravity.

Shadow of Kerr Naked Singularities
In this section, we investigate the shadow geometry of Kerr naked singularity. We will

show that the Kerr naked singularity shadow can be closed, open, or vanishing, depend-

ing on the spins and observational inclination angles. We study the critical parameters

where the Kerr naked singularity shadow opens a gap, a distinctive phenomenon that

does not happen with the black hole shadow [38]. The line element of Kerr metric in
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Boyer-Lindquist coordinates is given by (2.1), where a = J
M

is a dimensionless spin for a

Kerr compact object with angular momentum J and mass M .

For |a| > 1, the metric describes a Kerr naked singularity, and for |a| < 1 the metric

describes a Kerr black hole. Without loss of generality further we consider a > 0. For

the reason that the Kerr metric is stationary and axially symmetric, there are two Killing

vectors given in section (2.1.1.1) demonstrating the time and azimuthal translation. Con-

served quantities can be obtained from the symmetries of the physical laws. By projecting

the Killing vectors along the covariant four-momentum vector pµ, we find energy E and

angular momentum in the ϕ direction Lz that is given in (2.2).

2.1.3 Calculation of the Shadow for Kerr Naked Singularity

To examine the spherical photon orbits and the shadow of Kerr naked singularity we use

the HJ equation (2.3). The solution to (2.3) can be separated into different components

depending on each coordinate, we use ansatz (2.4). The resulting equation is

H =
1

2

−1

∆

(
(r2 + a2) +

2mra2

ρ2
sin2 θ

)
p2t +

∆

ρ2

(
∂Sr

∂r

)2

+
1

ρ2

(
∂Sθ

∂r

)2

− 4mar

ρ2∆
ptpϕ

+
∆− a2 sin2 θ

∆ρ2 sin2 θ
p2ϕ

]
,

After evaluating the above equation and putting it in (2.3), we get

H =
1

2

[
−1

∆ρ2
(
(r2 + a2)2 − a2 sin2 θ∆

)
p2t +

∆

ρ2
S ′
r(r)

2 +
1

ρ2
S ′
θ(θ)

2 − 4mar

ρ2∆
ptpϕ

+
∆− a2 sin2 θ

∆ρ2 sin2 θ
p2ϕ

]
. (2.15)

Now, (2.4) and (2.15) yields the equations of motion for null geodesics for each of the

coordinates

ρ2∆ṫ = ΞE− 2marLz, (2.16)
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where, Ξ = (a2 + r2)2 −∆a2 sin2 θ,

ρ2∆ϕ̇ = 2mraE + (ρ2 − 2mr)
Lz

sin2 θ
, (2.17)

ρ4θ̇2 = C −

(
L2
z

sin2 θ
− E2a2

)
cos2 θ, (2.18)

ρ4ṙ2 = E4r4 + (a2E2 − Lz
2 − C)r2 + 2mr

(
(aE− L2

z + C
)
− a2C. (2.19)

where the over dots depict derivatives with respect to the affine parameter λ along the

geodesics. The radial equation of motion (2.19) can be rewritten in terms of effective

potential R(r) is

(
ρ2

E

)2

ṙ2 = −∆C
E2

+ (r2 + a2)2 − 4mar
Lz

E
+ a2

Lz
2

E2
− a2∆−

(
Lz

E

)2

∆, (2.20)

(
ρ2

E

)2

ṙ2 = r4 + a2(a2 − φ2 − C) + 2mr
(
(a− φ)2 + C

)
− a2ζ. (2.21)

Thus, we describe the impact parameters φ = Lz

E
and ζ = C

E2 where C is Carter’s constant,

a third conserved quantity derived by the separability of HJ equation. C is related to

geodesics in the latitudinal direction. Now the effective potential by the radial equation

of motion is

R(r) = r4 + a2(a2 − φ2 − ζ) + 2mr
(
(a− φ)2 + ζ

)
− a2ζ. (2.22)

2.1.4 Spherical Photon Orbits and Shadow

We get the two sets of solutions after solving the R(r) = d
dr
(R) = 0 for spherical photon

orbits with constant radius r = rp. However, only one solution is physical and thus
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related to our calculations [20].

φ =
a2m+ a2rp − 3r2p + r3p

a(m− rp)
, (2.23)

ζ = −
r3p(−4a2m+ 9m2rp − 6mr2p + r3p)

a2(m− rp)2
. (2.24)

The impact parameters φ and ζ are significant in finding the shape of the shadow. We

can find stable and unstable photon orbits around the Kerr naked singularity. In the

context of Kerr naked singularity, a single photon sphere for retrograde motion presents

a specific critical impact parameter that describes the boundary between captured light

and light that is escaped by the singularity that we can see in Fig. (2.4).

This figure presents the behavior of φ and ζ as a function of r, where we take a = 1.38

and M = 1. Orbits with a positive φ value depict the prograde equatorial motion of

photons, and those with a negative φ value describe the retrograde equatorial orbit.

For Kerr naked singularity, ζKNS disappears at rph = 4.32 as presented in Fig. (2.4).

Corresponding to this radius the circular orbit is retrograde, since φKNS is negative at

rph = 4.32, and we identify that for the prograde equatorial motion of photons, no photon

sphere exists.Unstable photon orbits surrounding Kerr naked singularity exist in the range

rms < rp < rph where rms is a marginally stable radius and rph is the equatorial retrograde

circular radius that we can get numerically by putting ζ = 0, also can be seen in Fig.

(2.4).

Hence, the corresponding critical impact parameter is φKNS = 7.68, there is only one

photon sphere rph = 4.32 for the retrograde motion of null geodesics in Kerr naked

singularity spacetime. The marginally stable radius rms can be calculated as [41].

d2

dr2
R(r) = 0. (2.25)

Which yield,
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Figure 2.5. This figure demonstrates the behavior of φ for the Kerr naked singularity
as a function of radial coordinate r. Here, we take a = 1.38 and m = 1.
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Figure 2.6. This figure depicts the behavior of ζ for the Kerr naked singularity as a
function of radial coordinate r. Here, we take a = 1.38 and m = 1.
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rms = m+ (a2m−m3)
1
3 . (2.26)

While stable photon orbits with r < rms are normally concealed inside the event horizon

for the Kerr black hole, they have physical importance for Kerr naked singularity because

of the absence of an event horizon. However, bounded photon orbits cannot be observed

by distant observers, so they are unrelated to our study of the observational aspects of

Kerr naked singularity [38].

We can obtain the apparent shape of the shadow seen by the asymptotic observer if we

consider the celestial coordinates σ and τ , which are the coordinates of the asymptotic

observer’s sky. The general expression to find celestial coordinates σ and τ are [38],

σ = lim
r0→∞

(
−r20 sin i

dΨ

dr
|r0,i
)

= −φ csc i, (2.27)

τ = lim
r0→∞

(
r20
dΦ

dr
|r0,i
)

= ±
(
ζ + a2 cos2 i− φ2 cot2 i

) 1
2 . (2.28)

These parameters are relevant to the image plane at infinity with orthogonal coordinates

σ and τ which perceive the Kerr naked singularity at a polar inclination angle i. According

to (2.27) and (2.28), Figs. (2.5) to (2.9) represent the analytical Kerr naked singularity

shadow by projecting the unstable photon orbits to an image plane at infinity with

orthogonal coordinates σ and τ for different values of spin a and inclination angle i.

In Fig. (2.5) we can see that for smaller inclination angles such as i = 15◦ (closer

to viewing), the shadow of Kerr naked singularity opens its gap at a greater spin and

vanishes at a = 1.404m. However, in Figs. (2.6) and (2.7) the shadow of Kerr naked

singularity at greater inclination angles do not vanish at a smaller spin such as in Fig.

(2.5). Further, the Figs. (2.8) and (2.9) depict that the closed shadow is only possible
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Figure 2.7. Shadows of Kerr naked singularity with observational inclinations angles
”i” and spins ”a”. This plot is associated with i = 15◦. In the plot, different colors
correspond to different spins, ranging from magenta being a = 1.02 to being black a =
1.402 .
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Figure 2.8. This plot is associated with i = 45◦ In the plot, different colors correspond
to different spins, ranging from magenta a = 1.02 to purple a = 2.
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Figure 2.9. This plot is associated with i = 90◦. In the plot, different colors corre-
spond to different spins, ranging from magenta a = 1.02 to purple a = 2.
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Figure 2.10. This plot corresponds to a = 1.02 and different colors correspond to
different inclination angles, ranging from magenta i = 5◦ (face-on).
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Figure 2.11. This plot corresponds to a = 1.35 and different colors correspond to
different inclination angles, ranging from magenta being i = 90◦ (edge-on).

with the smaller inclination angle and spin range from 1 < a ≲ 1.18. When a ≈ 1.18

the shadow is open with the gap for every inclination angle but with greater spin than

a ≈ 1.18 the shadow disappears at smaller inclination angles [38]. In this chapter, we

discussed the shadow of the Kerr black hole and naked singularity. We can see that

because of the specific geometry of the photon sphere around Kerr naked singularity, it

casts the arc-shaped shadow we can see in Fig. (2.9) while the shadow of Kerr Black can

be seen in Fig. (2.2). The shadow of Kerr naked singularity is nearly half of that of the

Kerr black hole. With the increasing spin, the deformation in the shadow shape of the

Kerr black hole increases whereas the shadow size in Kerr naked singularity decreases.
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Chapter 3

Shadow of Kerr Black Hole in the

Presence of Plasma

In this chapter, we will focus on the shadow of a Kerr black hole under the influence of

plasma. We study light propagation through a plasma medium. There are used particular

plasma distributions, which make the whole analysis analytically manageable. We will

discuss an analytical formula following [34] outside the horizon of the Kerr black hole in

the presence of plasma for the boundary curve of shadow at any arbitrary point. When

we consider homogeneous and inhomogeneous plasma distributions, the distortions in the

shadow contour differ, and we compare them with the distinguished shadow structures of

the Kerr black hole. Our settlements are as follows. We use the summation convention

for Greek indices that take 0, 1, 2, and 3. Our choice of signature is (−,+,+,+). We

raise and lower Greek indices with the spacetime metric. GN is the gravitational constant

and c is speed of light in a vacuum. We use units such that ℏ = 1, as momentum vectors

have the same unit as wave vectors and energies have the same unit as frequencies [34].
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3.1 Hamilton Approach for the Light Rays on Kerr

Spacetime in Plasma

The Hamiltonian formulation that describes the light propagation in a non-magnetized

pressureless plasma [42] is,

H(x, p) =
1

2

(
gµν(x)pµpν + ωp(x)

2
)
. (3.1)

where

xµ =
(
x0, x1, x2, x3

)
spacetime coordinates,

pµ = (p0, p1, p2, p3) canonical momentum coordinates,

gµν = contravariant components of the spacetime,

ωp = plasma electron frequency.

Mathematically, plasma frequency is

ωp(x) =
4πe2

m
Ne(x), (3.2)

where m is the mass of the electron, Ne is electron number density and e is the electric

charge. In the case of a vacuum, the plasma frequency is defined as ωp(x) = 0. A plasma

is a dispersive medium with an index of refraction [34]

n(x, ω)2 = 1− ωp(x)
2

ω(x)2
, (3.3)

which depends on ω(x) (photon frequency) concerning plasma frequency. In this medium
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light propagation is possible only if [43]

ωp(x) ≤ ω(x), (3.4)

which assures a nonnegative and real index of refraction. The Hamiltonian represents the

total energy of the system. For light rays the equation of motions that is derived from

Hamilton’s equations [34],

dxµ

ds
=
∂H

∂pµ
,

dpµ
ds

= − ∂H

∂xµ
, H(x, p) = 0,

where s is the arc length. H(x, p) = 0 shows that the Hamiltonian is conserved along

the trajectory of light. To illustrate the behavior of light in the gravitational field, we set

H(x, p) = 0 and compute the constant of motions. These constants comprise the angular

momentum, which is mainly significant in axisymmetric spacetimes like Kerr metric, and

the energy that is related to the motion of light.

3.2 Hamiltonian with Kerr Metric Coefficients

From (3.1), we obtain the following expression for Hamiltonian, given below

H(x, p) =
1

2

[
−1

∆c2ρ2
(
(r2 + a2)ρ2 + 2mra2 sin2 θ

)
p2t +

∆

ρ2
p2r +

1

ρ2
p2θ −

4mar

cρ2∆
ptpϕ

+
∆− a2 sin2 θ

∆ρ2 sin2 θ
p2ϕ + ωp(r, θ)

2

]
, (3.5)

Simplifying this equation leads us to the following result

H =
1

2ρ2

[
−1

∆

(
(r2 + a2)

pt

c
+ apϕ

)2

+

(
pϕ
sin θ

+ a sin θ
pt

c

)2

+∆p2r + p2θ + ρ2ωp(r, θ)
2

]
.

(3.6)
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This is the Hamiltonian with Kerr metric coefficients. If we suppose that ωp only depends

on r and θ, than ∂H
∂t

= 0 and ∂H
∂ϕ

= 0 which implies that pt and pϕ are constant of motions.

pϕ is angular momentum and pt = cω0 where ω0 is the frequency of photons as measured

by a stationary observer at infinity [34].

3.3 Separability of Hamilton-Jacobi Equation for Light

Rays

We have three constants of motion for light rays if ωp only depends on r and θ, then they

are

H = 0, pt = cω0 and pϕ.

Next, we will investigate the particular form of the function ωp(r, θ) for which the HJ

equation can be separated. From this, we can get the fourth constant of motion for which

the equation of motion for light rays becomes completely integrable. By (3.6), the HJ

equation

0 = H

(
x,
∂S

∂x

)
, (3.7)

pϕ =
∂S

∂ϕ
, pθ =

∂S

∂θ
.

By inserting the previously mentioned expressions into (3.6), we get

0 =
1

2ρ2

[
− 1

∆

(
a
∂S

∂ϕ
+
(
r2 + a2

) 1
c

∂S

∂t

)2

+

(
1

sin θ

∂S

∂ϕ
+
a

c
sin θ

∂S

∂t

)2

+

(
∂S

∂θ

)2

+∆

(
∂S

∂r

)2

+ ρ2ω2
p

]
,
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0 =− 1

∆

(
a
∂S

∂ϕ
+
(
r2 + a2

) 1
c

∂S

∂t

)2

+

(
1

sin θ

∂S

∂ϕ
+
a

c
sin θ

∂S

∂t

)2

+

(
∂S

∂θ

)2

+∆

(
∂S

∂r

)2

+ ρ2ω2
p. (3.8)

Now, by using separation ansatz

S(t, r, θ, ϕ) = cω0t+ Sr(r) + Sθ(θ) + pϕϕ. (3.9)

By substituting the S ′
θ(θ) =

∂S
∂θ

and S ′
r(r) =

∂S
∂r

into (3.6), we obtain the following

0 = − 1

∆

(
apϕ +

(
r2 + a2

)
ω0

)2
+

(
pϕ
sin θ

+ a sin θω0

)2

+∆S ′
r(r)

2 + S ′
θ(θ)

2

+ ω2
p

(
r2 + a2 cos2 θ

)
. (3.10)

The separability of the HJ equation requires that (3.8) must be arranged such that the

right-hand side is independent of θ while the left-hand side is independent of r. From

(3.8) it can be seen that this is possible if and only if plasma frequency is of the form [34]

ωp(r, θ)
2 =

fr(r) + fθ(θ)

r2 + a2 cos2 θ
, (3.11)

with some function fr(r) and fθ(θ). By putting (3.9) in (3.8), we get

S ′
θ(θ)

2 +

(
pϕ
sin θ

+ a sinϑω0

)2

+ fθ(θ) =

−∆S ′
r(r)

2 +
1

∆

(
apϕ +

(
r2 + a2

)
ω0

)2
− fr(r) =: C. (3.12)

As the first expression is independent of r and the second one is independent of θ, the

quantity C is a constant as it does not depend on r and θ. C is the generalized Carter

constant. Through S ′
r(r) = pr and S ′

θ(θ) = pθ, we find that

p2θ = C −
(

pϕ
sin θ

+ a sin θω0

)2

− fθ(θ), (3.13)
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∆p2r = −C +
1

∆

((
r2 + a2

)
ω0 + apϕ

)2
− fr(r). (3.14)

3.3.1 Equations of Motion for the Light Rays

Inserting the expressions of pθ and pr into Hamilton’s equations

ẋµ =
∂H

∂pµ
, (3.15)

where xµ = θ and xµ = r, respectively. By using (3.13) for xµ = θ, we get

θ̇ =
∂H

∂pθ
=

1

ρ2
pθ,

ρ4θ̇2 = C −
(

pϕ
sin θ

+ a sin θω0

)2

− fθ(θ). (3.16)

Similarly, we will refer to equation (3.14) for ṙ which leads to

ρ4ṙ2 = ∆2p2r,

ρ4ṙ2 = ∆

(
−C +

1

∆

((
r2 + a2

)
ω0 + apϕ

)2
− fr(r)

)
=: R(r). (3.17)

The other two components are xµ = t and xµ = ϕ. Now, we are proceeding for ϕ̇.

ρ2ϕ̇ =
−a
∆

(
apϕ + (r2 + a2)ω0

)
+
pϕ + a sin2 θω0

sin2 θ
, (3.18)

ρ2ϕ̇ =
−2mraω0θ sin

2 θ +
(
ρ2 − 2mr

)
pϕ

∆sin2 θ
. (3.19)

From the same expression, solving for ṫ, we find

ρ2ṫ =− 1

∆c

[(
apϕ +

(
a2 + r2

) pt

c

)
+ (a2 + r2)

]
+ 2

[(
pϕ
sin θ

+
a sin θpt

c

)
a sin θ

c

]
,
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ρ2ṫ =

−
(
apϕ +

(
a2 + r2

)
ω0

) (
a2 + r2

)
+ a

(
pϕ + a sin2 θω0

)
∆

c∆

 ,
Ultimately, we find the equation to be

ρ2ṫ =
−
((
r2 + a2

)
ρ2 + 2mra2 sin2 θ

)
ω0 − 2mrapϕ

c∆
. (3.20)

Then, (3.16),(3.17),(3.18), and (3.20) give us the equation of motions for the rays in

the first-order form. In short, we found that the (3.11) condition is necessary and suf-

ficient for a generalized Carter constant to guarantee the complete integrability of the

equations of motion. Next, we will calculate the photon region and the shadow, and for

these calculations (3.11) must be satisfied for the existence of the Carter Constant. This

mathematical method will not work for the other plasma densities.

3.3.2 Index of Refraction

The separability condition (3.11) in terms of the index of refraction (3.3) is [42]

n(x, ω(x))2 = 1− fr(r) + fθ(θ)

ω(x)2ρ2
. (3.21)

In the case of homogeneous plasma, with ωp = ωc= (const.), the relation in (3.11) is

satisfying the following [34]

fr(r) = ω2
cr

2, fθ(θ) = ω2
ca

2 cos2 θ. (3.22)

3.4 Photon Regions in a Plasma on the Kerr Spacetime

To write the θ and r components of the ray equation in separable forms see (3.16) and

(3.17), we consider a plasma distribution in the form of (3.11).

The region in spacetime filled with spherical light rays is the photon region, for example
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with the solutions to the ray equation that remains on a sphere r = const. (in Boyer

Lindquist coordinates). Light rays approaching unstable spherical light sources in a spiral

motion may serve as limit curves. In the next section, we will see its importance for the

construction of shadows. Spherical light rays satisfy the conditions ṙ = 0 and r̈ = 0,

as described in the notation of (3.17)

0 = R(r) = −
(
(C + fr(r))∆ +

(
r2 + a2

)
ω0 + apϕ

)2
, (3.23)

0 = R(r) = −
(
(C + fr(r))(r

2 + a2 − 2mr) +
(
r2 + a2

) pt

c
+ apϕ

)2

,

Taking the derivative of above expression w.r.t. r:

0 = R′(r) = −(C + fr(r))2(r −m)− f ′
r(r)∆ +

4rpt

c

(
(r2 + a2)ω0 + apϕ

)
. (3.24)

Equations (3.23) and (3.24) solved for constants of motion C and apϕ. Now, through

solving (3.23)

(C + fr(r))∆ =
((
r2 + a2

)
ω0 + apϕ

)2
,

Expanding this equation leads to

(
C + fr(r)

)
∆ =

((
r2 + a2

)
ω0

)2
+ a2p2ϕ + 2ω0

(
r2 + a2

)
apϕ,

By using above expression in (3.24), we get

(
C + fr(r)

)
2(r −m) = 4rω0

((
r2 + a2

)
ω0 + apϕ

)
− f ′

r(r)∆,

C + fr(r) =
2rω0

(r −m)

((
r2 + a2

)
ω0 + apϕ

)
− f ′(r)∆

2(r −m)
.
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Multiplying by ∆, then substitute the value of (k + fr(r))∆ derived from (3.23) leads to

((
r2 + a2

)
ω0

)2
+ a2p2ϕ + 2

(
r2 + a2

)
ω0apϕ =

2rω0∆

r −m

((
r2 + a2

)
ω0 + apϕ

)
− f ′(r)∆2

2(r −m)
,

or

a2p2ϕ +

(
2
(
r2 + a2

)
ω0 −

2rω0∆

r −m

)
apϕ +

((
r2 + a2

)
ω0

)2
− 2rω0∆

r −m

((
r2 + a2

)
ω0

)
+

f ′(r)∆2

2(r −m)
= 0.

We will now proceed to compute apϕ

apϕ =
1

2

−(2 (r2 + a2
)
ω0 −

2rω0∆

r −m

)
±

((
2
(
r2 + a2

)
ω0 −

2rω0∆

r −m

)2

−4

(((
r2 + a2

)
ω0

)2
− 2rω0∆

r −m

((
r2 + a2

)
ω0

)
+

f ′(r)∆2

2(r −m)

)1/2
 ,

The resulting expression for apϕ is given by

apϕ =
ω0

r −m

(a2 − r2
)
m±∆r

√
1− f ′(r)(r −m)

2r2ω2
0

 . (3.25)

Next, we will evaluate the (3.23) for value of C

(C + fr(r))∆ =
((
r2 + a2

)
ω0 + apϕ

)2
,

Substituting the above equation into (3.25),to get

(C + fr(r))∆ =

(r2 + a2
)
ω0 +

ω0

r −m

(a2 − r2
)
m±∆r

√
1− f ′(r)(r −m)

2r2ω2
0




2

,
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The resulting expression takes the form

C =
ω2
0r

2∆

(r −m)2

1±√1− f ′(r)(r −m)

2r2ω2
0

2

− fr(r). (3.26)

As the left-hand side of (3.20) is the square of a real quantity, the right-hand side must

be non-negative. From (3.16), it follows that

0 ≤ C −
(

pϕ
sin θ

+ a sin θω0

)2

− fθ(θ),

and hence we obtain the inequality

0 ≤ C sin θ − fθ(θ) sin θ −
(
pϕ + aω0 sin

2 θ
)2
,

(
C − fθ(θ)

)
sin θ ≥

(
pϕ + aω0 sin

2 θ
)2
. (3.27)

On substituting the (3.25) and (3.26) into above equation, gives the photon region

 r2∆

(r −m)2

1±

√
1− f ′

r(r)
(r −m)

2r2ω2
0

2

− fr(r) + fθ(θ)

ω2
0

 a2 sin2 θ ≥

 1

(r −m)

m (a2 − r2
)
± r∆

√
1− f ′

r(r)
(r −m)

2r2ω2
0

+ a2 sin2 θ


2

.

So, the region where this inequality is satisfied through each point with coordinates (r, θ),

either with the minus or plus sign, there is a spherical light ray. Generally, the photon

region consists of stable and unstable spherical light rays. As discussed above the unsta-

ble spherical light rays must have

0 < R′′(r) = −2C − 2fr(r) + 4ω0

((
r2 + a2

)
ω0 + apϕ

)
+8r2ω2

0 − f ′
r(r)4(r −m)− f ′′

r (r)∆. (3.28)
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where C and apϕ should be expressed in terms of the frequency ω0 and the radius r with

the help of (3.25) and (3.26).

3.5 Calculation of Shadow of Kerr Black Hole in Plasma

Now we calculate the boundary curve of the shadow on the observer’s sky then we fix an

observer at Boyer Lindquist coordinates (r0, θ0) with r0 > m+
√
m2 − a2. The observation

events t and ϕ coordinates are irrelevant because of the symmetries of the metric. We

select an orthonormal tetrad [44],

ê0 =

(
r2 + a2

)
∂t + ac∂ϕ

cρ
√
∆

∣∣∣∣∣
(r 0,θ0

)

, (3.29)

ê1 =
1

ρ
∂θ

∣∣∣∣
(r0,θ0)

,

ê2 =
−∂ϕ − a sin2 θ∂t

ρ sinϑ

∣∣∣∣∣
(r0,θ0)

,

ê3 = −
√
∆

ρ
∂r

∣∣∣∣∣
(r0,θ0)

.

This tetrad is orthonormal and well-defined for any observer position in the domain of

outer communication. The timelike vector ê0 is to be interpreted as the four-velocity of

our observer.It is chosen such that the ingoing and outgoing principal null directions of

the Kerr spacetime lie in the plane spanned by ê0 and ê3. For an observer with four-

velocity ê0 the vector ê0 gives the spatial direction towards the center of the black hole

[44].

We consider that light rays are issuing from the observer position into the past. The tan-

gent vector for each light ray λ(s) with coordinates (r(s), θ(s), ϕ(s), t(s)) can be written

as

λ̇ = ṙ∂r + θ̇∂θ + ϕ̇∂ϕ + ṫ∂t, (3.30)
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Figure 3.1. At an observation event with Boyer Lindquist coordinates (r0, θ0)we
choose an orthonormal tetrad (ê0, ê1, ê2, ê3) according to (3.29). For each light ray that
is sent from the observation event into the past, the tangent vector can be written as a
linear combination of ê0, ê1, ê2, ê3. In this way, we can assign celestial coordinates to the
direction of the tangent vector.

where s is the arc length. However, the tangent vector at the observation event can be

written as [44]

λ̇ = −Aê0 +B (sin ξ cosψê1 + sin ξ sinψê2 + cos ξê3) , (3.31)

where A and B are positive factors. By (3.1), we have parameterized the light rays such

that g(λ̇, λ̇) = −ω2
p. Therefore, A and B must be related by using (3.31). We need to

compute g(λ̇, λ̇),

g(λ̇, λ̇) = g
(
−Aê0 +B (sin ξ cosψ ê1 + sin ξ sinψ ê2 + cos ξ ê3) ,

−Aê0 +B (sin ξ cosψ ê1 + sin ξ sinψ ê2 + cos ξ ê3)
)
, (3.32)

As e0, e1, e2, and e3 are orthonormal, thus

g(λ̇, λ̇) = −A2 +B2,
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After simplification, we get

A2 −B2 = ω2
p

∣∣∣
(r0,θ0)

. (3.33)

The expression (3.31) describes the celestial coordinates ξ and ψ for the observer.ψ is

azimuthal and ξ is colatitude angle. A is determined for each light ray, computed as

A = g
(
λ̇, e0

)
=

1

ρ
√
∆
g

(
λ̇,
(
r2 + a2

) 1
c
∂t + a∂ϕ

)
,

=

(
r2 + a2

)
cρ
√
∆

(−E) + a

ρ
√
∆

(Lz) ,

=

(
r2 + a2

)
cρ
√
∆

(
ṫgtt + ϕ̇gϕt

)
+

a

ρ
√
∆

(
ṫgtϕ + ϕ̇gϕϕ

)
.

By using E = cω0 , Lz = pϕ, we get

A =

(
r2 + a2

)
ρ
√
∆

ω0 +
a

ρ
√
∆
pϕ. (3.34)

From (3.33), we can find B

A2 −B2 = ω2
p

∣∣∣
(r0,θ0)

,

Finally, we obtain

B =

√
1

ρ2∆

(
(r2 + a2)ω0 + apϕ

)2 − ω2
p, (3.35)

where all equations are to be analyzed at (r0, θ0). To determine how the celestial coordi-

nates ξ and ψ are related to the constants of motion C and pϕ, we compare the coefficients
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of ∂r in (3.30) and (3.31) leading to the result that

−B cos ξ

√
∆

ρ
= ṙ. (3.36)

Squaring on both sides and then with the help of (3.17) and (3.35), we get

[((
r2 + a2

)
ω0 + apϕ

)2
−∆ρ2ω2

p

] (
1− sin2 ξ

)
= −

(
C + fr(r)

)
∆+

((
r2 + a2

)
ω0 + apϕ

)2
. (3.37)

Solving for sin2 ξ and taking the square root (using sin ξ ≥ 0 as 0 ≤ ξ ≤ π ) yields

sin ξ =

√√√√ (
C − fθ(θ)

)
∆(

(r2 + a2)ω0 + apϕ
)2 − (fr(r) + fθ(θ)∆

) . (3.38)

Similarly, we compare coefficients of ∂ϕ in (3.30) and (3.31) which results in

− Aa

ρ
√
∆

− B sin ξ sinψ

ρ sin θ
= ϕ̇ (3.39)

Finally, by inserting equations (3.18),(3.34),(3.35) and (3.38) into (3.39), we get

sinψ =
−pϕ − a sin2 θω0

sin θ
√

C − fθ(θ)

∣∣∣∣∣
θ0

, (3.40)

The shadow includes all points on the observer’s sky, corresponding to tangent vectors of

light rays that go to the horizon. The boundary points of the shadow spiral asymptotically

towards spherical light rays and possess the same values for pϕ and C as these limiting

spherical light rays.

By considering a ̸= 0, we can use the values for pϕ and C from (3.25) and (3.26), where

r = rp depicts the radius of the limiting spherical light rays. By inserting these expressions

for C(rp) and pϕ(rp) into (3.38) and (3.40), we get the boundary of the shadow as a curve

on the observer’s sky, parameterized by rp. It consists of two parts. The range ψ = −π/2
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to π/2 corresponds to the lower part, while the range ψ = π/2 to 3π/2 represents the

upper part.

The parameter rp ranges from a minimum value rp,min to a maximum value rp,max and back

to rp,min. The values rp,min and rp,max are obtained by the condition that sinψ = ±1. Here

we use the stereographic projection onto a plane that is tangent to the celestial sphere at

the pole ξ = 0 and in this plane, Cartesian coordinates (dimensionless) are used, that is

[34]

X
(
rp
)
= −2 tan

(
ξ
(
rp
)

2

)
sin
(
ψ
(
rp
))

Y
(
rp
)
= −2 tan

(
ξ
(
rp
)

2

)
cos
(
ψ
(
rp
))

(3.41)

In our plots, we use crosshairs to represent the Cartesian coordinate axes. Note that

the pole ξ = 0, the origin of our Cartesian coordinate system corresponds to a past-

directed ingoing principal null ray passing through the observer’s position. This plotting

technique, also utilized in reference [44], differs from the method proposed by Bardeen

[45].

3.5.1 Plasma Distribution

Now, we are required to find out the plasma distributions that satisfy the separability

condition in the HJ equation for further plotting the shadow. We take distributions that

depict homogeneous and nonhomogeneous plasma around the black hole [34]. In this

thesis, we primarily use the following distributions given below.

• Case I

In this case, we will consider the plasma distribution, given as

fr(r) =ω
2
cr

2 fθ(θ) = ω2
ca

2 cos2 θ
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such that ω2
p(r, θ) = ω2

c (ωc= const.) that describes the homogeneous plasma distribution.

In this case, we observe the shadow of the Kerr black hole in the presence of plasma just

as in an environment without plasma. For this, we consider fr(r) = 0, fθ(θ) = 0, then

ωp = 0 implies to vacuum case. These conditions are qualitatively the same. We can see

it in Fig. (3.2).
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0.5

1.0

1.5

Y

Figure 3.2. This figure shows the shadow for an observer r0 = 5m and θ0 = π
2

with
the different spins a = 0.04m (leftmost, red), a = 0.5m (black), a = 0.8m (green)
and a = 0.999m (blue). The axes labeled X and Y represent the Cartesian coordinates
(3.41).

• Case II

In this case, we consider the plasma density with fr(r) = 0 on Kerr spacetime, then we

have

ωp(r, θ)
2 =

fθ(θ)

r2 + a2 cos2 θ
(3.42)

To satisfy inequality (3.4) we must have fθ(θ) ≥ 0. So we have opted for the fθ(θ) =

ω2
cm

2(1 + 2 sin2 θ) where ωc is constant with dimensions of frequency. This is the case
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of nonhomogeneous plasma distribution. It can be seen the shadow in the absence of

plasma shrunk as compared to the presence of plasma. We can see it in Fig. (3.2).
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Figure 3.3. This figure shows the shadow for an observer at r0 = 5m and θ0 = π
2

with
the spin a = 0.999m and ω2

c
ω2
0

equal to 0 for (outermost,red); 1.9 (black); 2.5 (green);
3 (purple) and 7 (blue). When the forbidden region reaches the observer position the
shadow has shrunk to a point.

• Case III

In this case, we consider the nonhomogeneous plasma such that fr(r) = ω2
c

√
m3r and

fθ(θ) = 0. In this case, the choice of plasma density is motivated by power law density

behaviors, such that plasma density is directly proportional to r−3/2. In the vacuum case,

all spherical light rays are unstable, and a forbidden region is formed when ω2
c

ω2
0

becomes

bigger and the shadow disappears for all observers; see Fig. (3.3).

In this approach, the plasma only affects the trajectories of light rays, which changes

the geometrical shape and size of the shadow. The size and shape of the shadow in the

presence of plasma around a black hole differs based on the photon frequency compared

to the vacuum case.
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Figure 3.4. This figure displays the shadow for an observer at r0 = 5m and θ0 = π
2

with the spin a = 0.999m and ω2
c

ω2
0

equal to 0 for (outermost,purple); 1.5 (black); 3.5
(Cyan); 9.2 (red); 12 (green) and 15.5 (blue). When the forbidden region reaches the
equatorial plane the shadow has shrunk to a point.

The ratio of the plasma frequency to the photon frequency is the relevant quantity. The

cases discussed above, conclude that the shadow is not much different from the vacuum

case if the plasma frequency is small in comparison with the photon frequency. The

properties of the shadow change drastically due to considerable changes in the photon

regions if the plasma frequency is close to the photon frequency.

Across all applications in astrophysics, the difference between the vacuum case to the

plasma case is important only for radio frequencies. An assessment of the effects in the

case of Sgr A* and M87* can be seen in [46]. At low frequencies (large wavelengths),

where the effects of the plasma are most important, scattering is predicted to be non-

negligible. As scattering will partly diminish the shadow, it is anticipated that only at

wavelengths of approximately 1 millimeter or below where the plasma effects are quite

small, the shadow can be observed.

47



48

Chapter 4

Shadow of Kerr Black Hole in Modified

Gravity(KMOG) in the Presence of

Plasma and Naked Singularity

The mysteries of the universe have always been an interesting topic for physicists. Many

cosmological observations specify that the universe is grappling with accelerated expan-

sion, which is believed to be due to the existence of a mysterious form of energy named

dark energy [47]. The matter that cannot be seen directly but can be observed by its

gravitational effects on visible matter is known as dark matter (DM) [48]. This does

not interact with the light and electromagnetic force. Modified gravity theories help to

reveal the mysterious nature of DM and dark energy [49]. These theories are generated

by modifying the matter or gravitational part of the Einstein–Hilbert action [50]

SEH =
1

16πG

∫
d4x

√
−g R. (4.1)

The modified theories with additional theories (vector, scalar) like scalar-tensor theories

generalize GTR (tensor theory). The vector tensor theories are developed by adding a

dynamical vector field coupled to gravity in the Einstein–Hilbert action. Moffat [51] devel-
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oped a modified theory of gravity (MOG) termed scalar–tensor–vector gravity (STVG),

which acts as an alternative to DM. This theory presents new fields in GTR, strengthening

the gravitational field.

0.0 0.2 0.4 0.6 0.8 1.0
0
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a

α

Black Hole

Naked Singularity

(No Black Hole)

Figure 4.1. This plot shows the plane of deformation parameter α vs spin a of Kerr
MOG black hole with M = 1.The curve differs the black hole region with no black hole
region.

4.1 Brief Introduction

The metric for rotating Kerr MOG black hole found by its angular momentum, mass,

and a deformation parameter α in Boyer Lindquist coordinates is given by [51]

ds2 =− ∆− a2 sin2 θ

ρ2
dt2 + sin2 θ

(r2 + a2
)2 −∆a2 sin2 θ

ρ2

 dϕ2

− 2a sin2 θ

(
r2 + a2 −∆

ρ2

)
dtdϕ+

ρ2

∆
dr2 + ρ2dθ2, (4.2)

where

∆ = r2 − 2GMr + a2 + αGNGM
2, ρ2 = r2 + a2 cos2 θ,

49



50

here, G = GN(1 + α) is an enhanced gravitational constant with the contribution of

Newton’s gravitational constant GN and the deformation rate α that is

α =
G−GN

GN

,

α is a dimensionless parameter and the modified charge parameter is

Q =
√
αGNM. (4.3)

For α = 0, it will return toward the GTR and it would be a Kerr black hole metric, given

above. Hence we can take α as the deviation parameter. The Newton mass M and the

ADM mass M are related with

M = (1 + α)M. (4.4)

Since Newton’s mass (inertial mass) mainly causes the shadow, we will take Newton’s

mass as the unit. We can determine the black hole horizons by the roots of ∆ = 0,

namely

r2 − 2Mr + a2 +
α

1 + α
M2 = 0. (4.5)

After simplifying the equation above, it results in

r± = GNM±

√
G2

NM2

1 + α
− a2, (4.6)

r+ is termed the (outer) event horizon and r− is called the (inner) Cauchy horizon. Note

that r+ > r−. As mentioned above, when α = 0, we acquire the horizon radii of the Kerr

black hole. The black hole solution is present when G2
NM2

1+α
> a2, and when G2

NM2

1+α
< a2, we

have the naked singularity. For simplicity, we will take GN = 1 throughout this chapter.
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Figure 4.2. The figure implies the variation of r± with spin a and deformation param-
eter α = 0 for Kerr black hole.
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Figure 4.3. The figure implies the variation of r± with spin a and deformation param-
eter α for Kerr MOG black hole.We can observe that the presence of the deformation
parameter deformed the shape of horizon radii.
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Table 4.1. Corresponding to different values of the spin parameter a, the deformation
parameter α range is shown for the Kerr MOG BH. Here the value of the mass parame-
ter is M = 1.

No. a/M Range of α
1 0.3 0 ≤ α ≤ 10.111
2 0.4 0 ≤ α ≤ 5.250
3 0.5 0 ≤ α ≤ 3.0
4 0.6 0 ≤ α ≤ 1.777
5 0.7 0 ≤ α ≤ 1.040
6 0.8 0 ≤ α ≤ 0.562
7 0.9 0 ≤ α ≤ 0.234
8 0.99 0 ≤ α ≤ 0.020
9 0.999 0 ≤ α ≤ 0.0020
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Figure 4.4. The following graphs represent behavior of event horizon (∆ = 0) vs r for
different values of MOG parameter. In the following plots dashed red lines correspond
to the Kerr black hole with α = 0 and black solid lines correspond to extremal Kerr
MOG black hole. Here M = 1.
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The behavior of the event horizon is shown in Figs. (4.2), (4.3) and (4.4). It is obvious

from the figures that there is a set of values for the parameters for which we have two

horizons, such as the Cauchy horizon and the event horizon.

4.1.1 Refractive Index

Plasma is a dispersive medium corresponding to light propagation depending on the fre-

quency. For a non-magnetized and pressureless plasma, the general form of the refractive

index is given (3.3), where x = xµ, ω(x) is photon frequency and ωp is plasma density

(3.2). The photon frequency depends on the 4-velocity Uµ(x). The frequency of the

plasma is given by [52]

ℏω(x) = pµU
µ(x)

kµ = pµ + pνU
µ(x)Uν(x) (4.7)

where kµ(x) is a spatial vector depicting the wave number propagation vector. Its dis-

persion relation is

ℏ2ω2(x) = kµ(x)kµ(x) + ℏ2ω2
p(x) (4.8)

as kµ is a spatial vector, the corresponding propagation condition is provided in (3.4).

4.2 Hamiltonian Formulation

A Hamiltonian for light propagation in a non-magnetized pressureless plasma given in

the above chapter (3.1) is

H(x, p) =
1

2

(
gµν(x)pµpν + ωp(x)

2
)
.
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By using this, we obtain the Hamiltonian with MOG metric coefficients, which is ex-

pressed as follows:

H(x, p) =
1

2

[
−1

∆ρ2
(
(r2 + a2)2 −∆a2 sin2 θ

)
p2t +

∆

ρ2
p2r +

1

ρ2
p2θ −

2a(r2 + a2 −∆)

ρ2∆
ptpϕ

+
∆− a2 sin2 θ

∆ρ2 sin2 θ
p2ϕ + ωp(r, θ)

2

]
,

=
1

2ρ2

[
−1

∆

(
(r2 + a2)p2t + 2a(r2 + a2)ptpϕ

)
+ a2 sin2 θp2t +∆p2r + p2θ + 2aptpϕ

+
p2ϕ

sin2 θ
− a2

∆
p2ϕ + ρ2ωp(r, θ)

2

]
,

The equation above leads to the following result

H =
1

2ρ2

[
−1

∆

(
(r2 + a2)pt + apϕ

)2
+

(
a sin θpt +

pϕ
sin θ

)2

+∆p2r + p2θ + ρ2ωp(r, θ)
2

]
.

(4.9)

4.3 Separation of Hamilton-Jacobi Equation for Light

Rays in Plasma on Kerr MOG Spacetime

According to (4.9), the HJ equation is

0 = H

(
x,
∂S

∂x

)
(4.10)

pϕ =
∂S

∂ϕ
, pθ =

∂S

∂θ
,
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Using the expressions above, (4.10) transforms into the following

0 =− 1

∆

(
a
∂S

∂ϕ
+
(
r2 + a2

) ∂S
∂t

)2

+

(
1

sin θ

∂S

∂ϕ
+ sin θ

∂S

∂t

)2

+

(
∂S

∂θ

)2

+∆

(
∂S

∂r

)2

+ ρ2ω2
p. (4.11)

With the separation ansatz given in (3.9) the HJ equation has the form of

0 = − 1

∆

(
apϕ +

(
r2 + a2

)
ω0

)2
+

(
pϕ
sin θ

+ a sin θω0

)2

+∆S ′
r(r)

2 + S ′
θ(θ)

2

+ ω2
p

(
r2 + a2 cos2 θ

)
, (4.12)

where,

pϕ =
∂S

∂ϕ
, pt =

∂S

∂t
= ω0, S ′

θ(θ) =
∂S

∂θ
, S ′

r(r) =
∂S

∂r
.

The separability of the HJ equation requires that, (3.10) must be arranged such that

the right-hand side is independent of θ and the left-hand side is independent of r, as

discussed in chapter 3. From (3.10) it can be seen that this is possible if and only if

plasma frequency is of the form (3.11)

ωp(r, θ)
2 =

fr(r) + fθ(θ)

r2 + a2 cos2 θ
,

with some function fr(r) and fθ(θ). By putting (4.9) in (3.9), we get

S ′
θ(θ)

2 +

(
pϕ
sin θ

+ a sin θω0

)2

+ fθ(θ) =

−∆S ′
r(r)

2 +
1

∆

(
apϕ +

(
r2 + a2

)
ω0

)2
− fr(r) = C. (4.13)

The first expression is independent of r and the second one is independent of θ, with the

Carter constant C.
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Thus, we have

p2θ = C −
(

pϕ
sin θ

+ a sin θω0

)2

− fθ(θ), (4.14)

∆p2r = −C +
1

∆

((
r2 + a2

)
ω0 + apϕ

)2
− fr(r). (4.15)

4.3.1 Equation of Motions for Light Rays in Plasma on Kerr

MOG Spacetime

The equations of motion for light rays in a plasma within the Kerr MOG spacetime,

derived using Hamilton’s equations, are given as follows

ρ4θ̇2 = C −
(

pϕ
sin θ

+ a sin θω0

)2

− fθ(θ), (4.16)

ρ4ṙ2 = ∆

(
−C +

1

∆

((
r2 + a2

)
ω0 + apϕ

)2
− fr(r)

)
=: R(r). (4.17)

Now, we calculate the velocity components ṫ and ϕ̇. By using (3.15)

ρ2ṫ =− 1

∆c

((
apϕ +

(
a2 + r2

) pt

c

)
+ (a2 + r2)

)
+2

((
pϕ
sin θ

+
a sin θpt

c

)
a sin θ

c

)

This ultimately results in the following form

ρ2ṫ =
1

∆

[(
(r2 + a2)ρ2 + 2Mra2 sin2 θ − α

(1 + α)
M2a2 sin2 θ

)
ω0 −

(
2Mr − α

1 + α
M2

)
apϕ

]
.

Next, we take (3.15) and solve it to find ϕ̇

ρ2ϕ̇ = − 1

∆

(
apϕ +

(
r2 + a2

)
ω0

)
+
pϕ + a sin2 θω0

sin2 θ
,
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The resulting expression is given by

ρ2ϕ̇ =
1

∆ sin2 θ

[
−
(
2Mra sin2 θ − α

(1 + α)
M2a sin2 θ

)
ω0 +

(
ρ2 − 2Mr +

α

(1 + α)
M2

)
pϕ

]
.

(4.18)

4.3.2 Photon Region

By using (4.15) and taking its derivative w.r.t r, we get

0 = R′(r) = −(C + fr(r))2(r −M)− f ′
r(r)∆ + 4rpt

(
(r2 + a2)ω0 + apϕ

)
. (4.19)

We will now calculate the constant of motions C and apϕ by using (3.15) and (4.15). We

get the value apϕ after solving the (3.17) as follows

apϕ =
ω0

r −M

(a2 − r2 +
α

1 + α
Mr

)
M±∆r

√
1− f ′(r)(r −M)

2r2ω2
0


The resulting equation for apϕ takes the form

apϕ =
ω0

r −M

(a2 − r2 +
α

1 + α
Mr

)
(M)±∆r

√
1− f ′(r)(r −M

2r2ω2
0

 . (4.20)

Similarly, we obtain the value of C is given by

C =
ω2
0r

2∆

(r −M)2

1±

√
1− f ′(r)(r −M)

2r2ω2
0

2

− fr(r),

C =
ω2
0r

2∆

(r −M)2

1±

√
1− f ′(r)(r −M)

2r2ω2
0

2

− fr(r). (4.21)
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As the left-hand side of (4.16) is the square of a real quantity, the right-hand side must

be non-negative. From (4.16), we find that

0 ≤ C −
(

pϕ
sin θ

+ a sin θω0

)2

− fθ(θ),

(
C − fθ(θ)

)
sin θ ≥

(
pϕ + a sin2 θω0

)2
. (4.22)

Inserting (4.20)) and (4.21) into the above equation, gives photon region as follows

 r2∆

(r −M)2

1±

√
1− f ′

r(r)
(r −M)

2r2ω2
0

2

− fr(r) + fθ(θ)

ω2
0

 a2 sin2 θ ≥

 1

(r −M)

M
(
a2 − r2

)
± r∆

√
1− f ′

r(r)
(r −M)

2r2ω2
0

+ a2 sin2 θ


2

.

4.4 Calculation of Shadow of Kerr MOG Black Hole in

the Presence of Plasma

We select an orthonormal tetrad as (3.29). This tetrad is orthonormal and well-defined

for any observer position in the domain of outer communication. The timelike vector

ê0 is to be interpreted as the four-velocity of our observer. It is selected so that the

ongoing and outgoing principal null directions of the Kerr MOG spacetime are in the

plane spanned by ê0 and ê3. For an observer with four-velocity ê0 the vector ê0 gives the

spatial direction towards the center of the black hole [44].

The tangent vector for each light ray λ(s) with coordinates (r(s), θ(s), ϕ(s), t(s)) can be

written as[34]

λ̇ = ṙ∂r + θ̇∂θ + ϕ̇∂ϕ + ṫ∂t, (4.23)
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However, the tangent vector at the observation event can be written as

λ̇ = −Aê0 +B (sin ξ cosψe1 + sin ξ sinψê2 + cos ξê3) . (4.24)

Here, the above expression describes the celestial coordinates ξ and ψ for the observer.

ψ is azimuthal and ξ is colatitude angle as discussed in chapter 3. A determined for each

light ray is

A =

(
r2 + a2

)
ρ
√
∆

ω0 +
a

ρ
√
∆
pϕ. (4.25)

The expression for B can be obtained from (3.33), as shown below

B =

√
1

ρ2∆

(
(r2 + a2)ω0 + apϕ

)2 − ω2
p. (4.26)

To examine the relationship between the celestial coordinates ξ and ψ and the constant

of motion C and pϕ, we analyze equations (3.34) and (3.35), leading to the following

sin ξ =

√√√√ (
C − fθ(θ)

)
∆(

(r2 + a2)ω0 + apϕ
)2 − (fr(r) + fθ(θ)∆

)∣∣∣∣
(r0,θ0)

(4.27)

sinψ =
−pϕ − a sin2 θω0

sin θ
√

C − fθ(θ)

∣∣∣∣
(r0,θ0)

. (4.28)

The shadow includes all points on the observer’s sky, corresponding to tangent vectors of

light rays that go to the horizon. The boundary points of the shadow spiral asymptotically

towards spherical light rays and possess the same values for pϕ and C as these limiting

spherical light rays. Here, we use stereographic projection onto a plane tangent to the

celestial sphere at the pole where ξ = 0. We employ dimensionless Cartesian coordinates

in this plane, as given in (3.41). We will now discuss some cases that depict the shadows

cast by a Kerr MOG black hole, considering the plasma effects as well as the deformation

parameter related to modified gravity α.
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Case I: In this, we observed the shadow of the Kerr MOG black hole in the vacuum such

as we consider ωp = 0. In this case, we observe the shadow of the Kerr MOG black hole in

an environment without plasma. For this, we consider fr(r) = 0, fθ(θ) = 0. The plasma

distribution fr(r) = ω2
cr

2 and fθ(θ) = ω2
ca

2 cos2 θ such that ω2
p(r, θ) = ω2

c (ωc= const.)

that describes the homogeneous plasma distribution, these conditions are qualitatively the

same as discussed above. As we can see it in Fig. (4.5). Case II: Secondly, we observe the

shadow of Kerr MOG black hole behavior in the presence of an inhomogeneous plasma

environment. Here we choose fr(r) = 0 and fθ(θ) = ω2
cM2(1 + 2 sin2 θ) where ωc is

constant with dimensions of frequency [34]

ωp(r, θ) =
ω2

cM2(1 + 2 sin2 θ)

(1 + α)2(r2 + a2 cos2 θ)
. (4.29)

We must have fθ(θ) ≥ 0 to satisfy the inequality (3.4). The main finding is that the

shadow for a homogeneous plasma environment is bigger than the inhomogeneous one.

α = 0.0015

α = 0.019

α = 1.04

α = 1
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Figure 4.5. This figure depicts shadow for an observer at r0 = 5 and θ0 = π
2

with
different spins a = 0.04 (leftmost, black), a = 0.7 (green), a = 0.9 (blue) and a = 0.999
(red) and deformation parameter α .The axes labeled X and Y represent the Cartesian
coordinates (3.41).
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Case III: In the next case, we consider nonhomogeneous plasma where plasma density

posses fr(r) ∝
√
r and fθ(θ) = 0 in Kerr MOG spacetime. We assumed θ dependence in

addition, to satisfy the separability condition, we have

ωp(r, θ)
2 =

ω2
c

√
M3r

(1 + α)
3
2 (r2 + a2 cos2 θ)

(4.30)

where ωc is constant with dimensions of frequency. The shadow vanishes for observer if
ω2
c

ω2
0

becomes too large.
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Figure 4.6. This figure shows the shadow for an observer at r0 = 5 and θ0 = π
2

with
the spin a = 0.999 and deformation parameter α = 0.0020. When the forbidden region
reaches the observer position the shadow has shrunk to a point.

In Fig. (4.5) we use different values of α with spin a accordingly and we can observe that

the shadow does not differ for Kerr MOG black hole [53] for the vacuum case. In Fig.

(4.6), the shadow becomes invisible for certain plasma frequencies, leaving a completely

illuminated sky. By examining the photon region, it is observed that a specific critical

frequency ratio, ω2
c

ω2
0
, exists. Beyond this threshold, a forbidden zone appears where the
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propagation condition (3.4) is no longer met. As the plasma frequency increases, the

forbidden region expands until it fully encloses the black hole.

Low-energy photons are unable to pass through this forbidden zone and are deflected.

Consequently, observers near the equatorial plane (θ0 = π/2) will no longer observe the

shadow first. For those situated beyond the forbidden region, the sky will appear entirely

bright, while it will remain completely dark for observers between the forbidden region

and the black hole.
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Figure 4.7. This figure shows the shadow for an observer at r0 = 5 and θ0 = π
2

with
the spin a = 0.999 and deformation parameter α = 0.0020. At ω2

c

ω2
0

≈ 17.45 it has
vanished.

By increasing the ratio ω2
c

ω2
0

expands the forbidden region until it entirely encloses the

black hole at a critical value, ω2
c

ω2
0
. At this point, the shadow vanishes for all observers,

leading to a completely bright sky, as in Fig. (4.7) with ω2
c

ω2
0
≈ 17.45 shadow vanishes. As

previously observed, the ratio ω2
c

ω2
0

depends on the metric model. However, in this case, it

also varies with the MOG parameter α. As the values of spin parameter are increased
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within the deformation parameter α, the ratio ω2
c

ω2
0

also increases. With the increase in

plasma frequency, the effects of the plasma become more significant, counteracting the

gravitational effects [52]. This occurs because, for over-dense plasma distributions, the

plasma behaves as a repulsive medium, unlike the attractive nature of the gravitational

field. Consequently, the shadow shrinks as the plasma frequency rises.

Shadow of KMOG Naked Singularity

In this section, we analyze the shadow of Kerr MOG singularities. We discuss the causal

structure and some of the geometrical properties of naked singularities on Kerr MOG

spacetime and the results are compared to those of Kerr naked singularities when defor-

mation parameter α = 0. In the case of Kerr MOG naked singularity, the photon sphere

exists only for retrograde photon orbits, whereas for a Kerr MOG black hole, the photon

sphere exists for both prograde and retrograde photon orbits. Consequently, the naked

singularity projects an arc-shaped shadow.

4.5 Analytical Shadow of KMOG Naked Singularity

A massive, rotating naked singularity can be attained from the Kerr MOG metric in the

Boyer Lindquist coordinates (t, r, θ, ϕ) given by (4.2).

For a = a
GNM > 1, it is referred to a Kerr naked singularity while for a = a

GNM < 1

there exists black hole solution. When a = a
GNM = 1, it is said to be an extremal black

hole solution. Meanwhile, for the Kerr MOG black hole, these limits can be simplified in

the following way, if we take α = 1 then these limits are described as a > 1√
2

for Kerr

MOG naked singularity situation and a < 1√
2

for Kerr MOG black hole solution and for

a = 1√
2
, it is extremal limit. Similarly, these limits are also found with α = 2 [29].
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Table 4.2. Corresponding to different values of the spin parameter a, the deformation
parameter α range is shown for the Kerr MOG naked singularity. Here the value of the
mass parameter is M = 1.

No. a/M Range of α
1 1.1 α > −0.17355
2 1.2 α > −0.30555
3 1.3 α > −0.40828
4 1.4 α > −0.48979
5 1.5 α > −0.55556
6 1.6 α > −0.609375
7 1.7 α > −0.653979
8 1.8 α > −0.691358
9 1.9 α > −0.722991

4.5.1 Unstable spherical Photon Orbits around KMNs

There are two Killing vectors given in section (2.1.1.1) demonstrating the time and az-

imuthal translation. Conserved quantities can be obtained from the symmetries of the

physical laws.

By projecting the Killing vectors along the covariant four-momentum vector pµ, we find

conserved energy E and conserved angular momentum in the ϕ direction Lz that is given

in (2.2). To examine the spherical photon orbits and the shadow of Kerr MOG naked

singularity we use the HJ equation (2.3) as discussed above. The solution to (2.3) can be

separated into different components depending on each coordinate, we use ansatz (2.4).

The resulting equation is

H =
1

2

(
−1

∆ρ2
(
(r2 + a2)2 − a2 sin2 θ∆

)
p2t +

∆

ρ2
S ′
r(r)

2 +
1

ρ2
S ′
θ(θ)

2 − 4Mar

ρ2∆
ptpϕ

+
∆− a2 sin2 θ

∆ρ2 sin2 θ
p2ϕ

)
. (4.31)
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Now, using (2.4) and (4.31), we obtain the equations of motion for null geodesics for each

of the coordinates as follows

ρ2∆ṫ = ΞE− a(r2 + a2 −∆)Lz,

ρ2∆ṫ = ΞE− a(2Mr − α

1 + α
M2)Lz, (4.32)

where, Ξ = (a2 + r2)2 −∆a2 sin2 θ and ϕ̇ takes the following form with the deformation

parameter α

ρ2∆ϕ̇ = (r2 + a2 −∆)E + (ρ2 − 2Mr +
α

1 + α
M2)

Lz

sin2 θ

ρ2∆ϕ̇ = a(2Mr − α

1 + α
M2)E + (ρ2 − 2Mr +

α

1 + α
M2)Lz csc

2 θ, (4.33)

Similarly, we proceed for θ̇ and ṙ, given as

ρ4θ̇2 = C −

(
L2
z

sin2 θ
− E2a2

)
cos2 θ, (4.34)

ρ4ṙ2 = −C∆+ (r2 + a2)E2 − 2a(r2 + a2 −∆)ELz + a2L2
z − a2E2∆− Lz

2∆ (4.35)

The radial equation of motion (4.35) can be rewritten in terms of effective potential R(r)

is

(
ρ2

E

)2

ṙ2 = −∆C
E2

+ (r2 + a2)2 − 2a(r2 + a2 −∆)
Lz

E
+ a2

Lz

E2
− a2∆−

(
L2
z

E

)2

∆,

(
ρ2

E

)2

ṙ2 = −∆ζ + (r2 + a2)2 − 2a(r2 + a2 −∆)φ+ a2φ2 − a2∆− φ2∆. (4.36)

Here, we define the impact parameters as φ = Lz

E
and ζ = C

E2 , where C is Carter’s

constant, representing a third conserved quantity that arises from the separability of the
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HJ equation. C is related to geodesics in the latitudinal direction. Now, the effective

potential derived from the radial equation of motion is as follows

R(r) = −∆ζ + (r2 + a2)2 − 2a(r2 + a2 −∆)φ+ a2φ2 − a2∆− φ2∆. (4.37)

4.5.2 Spherical Photon Orbits and Shadow

We obtain two sets of solutions by solving the following conditions for spherical photon

orbits with constant radius r = rp, given as

R(r) = 0 and
d

dr
R(r) = 0 (4.38)

However, only one of these solutions is physically meaningful and applies to our calcula-

tions.

φ =
a2M+ a2rp − 3Mr2p + r3p + a2Mα

a(M− rp)(1 + α)

+
a2rpα + 2M2rpα− 3Mr2pα + r3pα)

a(M− rp)(1 + α)
(4.39)

ζ =
rp

−a2M+ a2rp − a2Mα + rpa2α

(
−4a2M(1 + α)

(
rp −Mα + rpα

)
a(M− rp)(1 + α)

+

(
2M2α + αM2 − 3M

(
rp(1 + α) + r2p(1 + α)

))2
a(M− rp)(1 + α)

)
(4.40)

At the equatorial plane, since ζ = 0, so the critical orbits of the photon (rph) can be

determined by the roots of (4.40) in Kerr MOG naked singularity spacetime. As discussed,

the impact parameters φ and ζ are significant in finding the shape of the shadow. We can

find stable and unstable photon orbits around the Kerr MOG naked singularity as before

for Kerr naked singularity. In the context of Kerr MOG naked singularity, a single photon

sphere for retrograde motion presents a specific critical impact parameter that describes
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the boundary between captured light and light that is escaped by the singularity that we

can see in Fig. (4.7) and Fig. (4.8).

This figure presents the behavior of φ and ζ as a function of r, where we take a = 1.38,

M = 1, and α = −0.4749. Orbits with a positive φ value depict the prograde equatorial

motion of photons, and those with a negative φ value describe the retrograde equatorial

orbit. For Kerr MOG naked singularity, ζKMNs disappears at rph = 2.98 as presented

in Fig. (2.4). Corresponding to this radius the circular orbit is retrograde, since φKMNs

is negative at rph = 2.98, and we identify that for the prograde equatorial motion of

photons, no photon sphere exists. Hence, the corresponding critical impact parameter is

φKMNs = 7.68, there is only one photon sphere rph = 2.98 for the retrograde motion of null

geodesics in Kerr MOG naked singularity spacetime. For Kerr MOG naked singularity,

the prograde equatorial orbit does not exist. The retrograde equatorial orbit separates

between orbits that terminate at the singularity and those that diminish to infinity. Off

the equatorial plane, all orbits that approach the Kerr MOG naked singularity can escape

or unbound.

2.4 2.6 2.8 3.0 3.2 3.4
r
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r ph

Figure 4.8. This figure demonstrates the behavior of ζ for the Kerr MOG naked sin-
gularity as a function of radial coordinate r. Here, we take a = 1.38, M = 1 and
α = −0.04749.

67



68

0.5 1.0 1.5 2.0 2.5 3.0
r

-10

-5

5

φKMns

Figure 4.9. This figure depicts the behavior of φ for the Kerr MOG naked singularity
as a function of radial coordinate r. Here, we take a = 1.38, M = 1 and α = −0.04749.

Unstable photon orbits surrounding Kerr MOG naked singularity exist in the range rms <

rp < rph where rms is a marginally stable radius and rph is the equatorial retrograde

circular radius that we can get numerically by putting ζ = 0 also can be seen in Fig.(4.7).

The marginally stable radius rms can be calculated by

d2

dr2
R(r) = 0, (4.41)

Which yields,

rms =
M+Mα

1 + α
+

(
a2M−M3 + 3a2Mα− 2M3α + 3a2Mα2 − a2Mα3

) 1
3

1 + α
. (4.42)

While stable photon orbits with r < rms are normally concealed inside the event horizon

for the Kerr black hole, they have physical importance for Kerr naked singularity because

of the absence of an event horizon. However, bounded photon orbits cannot be observed

by distant observers, so they are unrelated to our study of the observational aspects of

Kerr naked singularity [38] and follow the same for Kerr MOG naked singularity.
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We can obtain the apparent shape of the shadow seen by the asymptotic observer if we

consider the celestial coordinates σ and τ , which are the coordinates of the asymptotic

observer’s sky. The general expression to find celestial coordinates σ and τ by (2.27)

and (2.28). Figures (4.10) to (4.12) depict the analytical shadow of Kerr MOG naked

singularity with different values of spin parameter a, deformation parameter α inclination

angle i, by casting the unstable photon orbits to an image plane at infinity with orthogonal

coordinates σ and τ .

In Fig. (4.10) with the different values of MOG parameter α, we get the different behavior

of shadow of Kerr MOG naked singularity, considering the negative values of α which

meets the criteria of inequality, we get the shadow of Kerr MOG is lesser than Kerr naked

singularity (α = 0). While taking into account the positive values of α that correspond

to marginally stable radius rms after that value of α, the real values of rms will not be

obtained by using (4.42). Consequently, these values outline the range of α for plotting

the shadow of Kerr MOG naked singularity. In Fig. (4.11) we can discern that by

increasing the spin a, the shadow pattern concerning the negative values of α becomes

smaller. Similarly in Fig. (4.12), we can observe that the shadow at negative values of

α differs significantly from that at positive values of α [28]. The shadow increases in size

when it takes on positive values and becomes a closed for the spin value a = 2

4.5.3 Toplogical Aspects of Kerr MOG Naked Singularity Shadow

The shadow of a Kerr MOG black hole consistently exhibits a closed geometry. In con-

trast, the shadow of a Kerr MOG naked singularity may display a gap due to the absence

of a prograde equatorial circular orbit. Additionally, the shadow is symmetric concerning

the σ-axis on the image plane. The interaction between the photon sphere radius (rph)

and the radius of the marginally stable orbit (rms) plays a key role in determining the

shadow features of Kerr and Kerr MOG naked singularities. Analyzing how changes in

these radii impact the shadow’s geometry and characteristics is essential for differentiat-

ing naked singularities from black holes and for investigating the consequences of cosmic
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censorship.
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Figure 4.10. Shadows of a Kerr MOG naked singularity with observational inclina-
tions angles ”i”, spin ”a” and MOG parameter α. The plots from left to right are asso-
ciated with i = 90◦ and M = 1. In the left plot, different colors correspond to different
deformation parameter values with spin a = 1.02 and right with spin a = 1.21, accord-
ing to the range of α.
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Figure 4.11. The plots from left to right are associated with i = 90◦ and M = 1.
Different colors correspond to different deformation parameter values with spin a =
1.43 (left)and with spin a = 1.7 (right).
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Figure 4.12. The plots from left to right are associated with i = 90◦ and M = 1. In
the left plot, different colors correspond to different deformation parameter values with
spin a = 1.95 and right with spin a = 2.

In Fig. (4.12), we observe that for positive values of α, the radius of the photon sphere

rph, increases.
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Figure 4.13. Shadows of Kerr MOG naked singularity with observational inclinations
angles ”i”, spin ”a” and MOG parameter α. The plot with different colors presents dif-
ferent spin values corresponding α, ranging from red indicating a = 1 to cyan represent-
ing the a = 1.174 for i = 15◦ and M = 1.
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Figure 4.14. The plot with different colors presents different spin values correspond-
ing α, ranging from red indicating a = 1.02 to black representing the a = 1.52 for
i = 45◦ and M = 1.
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Figure 4.15. The plot with different colors presents different spin values correspond-
ing α, ranging from red indicating a = 1.02 to black representing the a = 2.5 for i = 90◦

and M = 1.

This indicates a more complex arrangement of light orbits, possibly allowing for more

stable photon trajectories. This results in a closed shadow, where light becomes confined
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in a stable orbit around the singularity, forming a clearly defined boundary that can be

observed.

The marginally stable orbit determines the closest stable circular orbit for matter. A

reduction in rms implies that matter can maintain a stable orbit nearer to the singularity

without being drawn into it. When we compute the ζ = 0 and (4.42) numerically we find

by changing the values of alpha with spin parameter rms decreases while rph increases and

vice versa. This results in a scenario where the shadow takes on a closed form with gaps,

as stable orbits contribute to the emergence of distinct light and dark regions within the

shadow.In Fig. (4.13), it is illustrated that for lower inclination angles, such as i = 15◦

(closer to face-on viewing), the gap in the shadow of a Kerr MOG naked singularity

becomes noticeable at higher spin values and disappears at a = 1.174m with MOG

parameter α. In this figure, the shadow vanishes at a lower spinning value compared

to that of the Kerr naked singularity in Fig. (2.5). This discrepancy arises due to the

deformation parameter α.
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Figure 4.16. Shadows of Kerr MOG naked singularity with observational inclinations
angles ”i”, spin ”a” and MOG parameter α. The plot with different colors presents dif-
ferent inclination angles, ranging from blue indicating i = 5◦ to brown representing the
i = 90◦ for a = 1.02 corresponding α and M = 1.
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Figure 4.17. The plot with different colors presents different inclination angles, rang-
ing from blue indicating i = 5◦ to purple representing the i = 90◦ for a = 1.1 corre-
sponding α and M = 1.
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Figure 4.18. The plot with different colors presents different inclination angles, rang-
ing from blue indicating i = 5◦ to purple representing the i = 90◦ for a = 1.17 corre-
sponding α and M = 1.

In Fig. (4.13), we observe that the shadow disappears at lower spins a = 1.6 as the

inclination angle increases to i = 45◦ due to the MOG parameter whereas, in Fig. (2.6), the
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shadow does not vanish for Kerr naked singularity with this inclination angle. However,

in Fig. (4.15), the shadow of the Kerr MOG naked singularity at a higher inclination

angle does not disappear at lower spins, unlike what is observed in Figs. (4.12) and

(4.13). In contrast, to Fig. (2.7), while the shadow does not vanish with this angle, its

size does decrease with increasing spin. Furthermore, Figs. (4.16) and (4.17) show that a

closed shadow can only occur with smaller inclination angles and spins within the range

1 < a ≲ 1.1. When a ≈ 1.1, the shadow is open with a gap for all inclination angles, but

for spins greater than a ≈ 1.1, the shadow vanishes at smaller inclination angles.

So, a closed shadow forms when light rays become entirely confined by the gravitational

pull of the singularity, resulting in a distinct and well-defined boundary that we can see

in Figs. (4.13) and (4.16). The existence of a closed shadow indicates that the Kerr

naked singularity possesses stable photon orbits, which is essential for differentiating it

from black holes, as the latter usually feature event horizons that significantly affect the

trajectories of light. The appearance of gaps within the shadow may signal the existence

of incomplete photon spheres or unstable orbits. If gaps appear in the shadow, it suggests

that some light paths are not captured, possibly due to the lack of a photon sphere or

the presence of unstable orbits. This can produce observable features that distinguish it

from black holes.
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Chapter 5

Conclusion

This thesis probed how the shadow of a black hole is defined mainly by using its photon

sphere with another intriguing feature, the shadow of naked singularity does not depend

on the photon sphere. The shape and size of the black hole’s shadow are determined

by the mass of the black hole, its spin, and the observer’s viewing angle. We further

extended our understanding by analysis of the shadow which provides an initial way of

figuring out the properties of the naked singularity. Furthermore, we explored the shadow

of a Kerr black hole and naked singularity that appears in literature. Some characteristics

associated with this comprise the fact that the shadow of a rotating black hole, like the

Kerr black hole, exhibits shape deformation because of its spin parameter and vanishes

as the distance of observers grows. On the other hand, the shadow shape of Kerr naked

singularity depending on the range of spin 1 < a ≲ 1.18 [38], can be either closed or open.

The EHT group recently has successfully caught a polarized light around the M87* and

Sgr A*. The orientation of light waves is apparent in these polarized images, and it is

influenced by the magnetic field generated by the plasma revolving around the black holes.

The results from these polarized images not only assure the presence of plasma around

black holes but also give observations into the mechanisms that lead to their evolution and

behavior [18]. Then, we focused on the shadow of a Kerr black hole under the influence of

plasma and studied the light propagation through such a plasma medium. There are used

76



77

particular plasma distributions, which made the whole analysis analytically manageable.

We computed an analytical formula following [34] outside the horizon of the Kerr black

hole in the presence of plasma for the boundary curve of the shadow at any arbitrary

point. We took into account homogeneous and inhomogeneous plasma distributions as

depicted by figures in chapter 3.

In chapter 4 we observed the shadow casting by the Kerr MOG black hole in the pres-

ence of plasma and naked singularity. We discussed the inequalities [29] that establish

the relationship of spin a and α, which distinguishes between Kerr MOG black hole and a

naked singularity. The presence of plasma affects the trajectories of light rays within the

domain of outer communication. The plasma possesses a frequency dependent refractive

index, making it a dispersive medium. In a dispersive medium, photons with varying

frequencies and wavelengths follow different trajectories. Here, we utilized the HJ equa-

tions and separated the equation by applying a specific condition on the plasma density

and attained the generalized Carter constant. Based on the separability condition, we

identify photon regions that meet this criterion and provide an analytical formula for

the boundary curve of the shadow. The figures in this chapter present the intriguing

behaviors of photon ring trajectories in both homogeneous and inhomogeneous media.

The observed facts indicate that deformations of shadow contour are different, compare

them to the the distinct shadow structures for the Kerr black hole in the presence of

plasma. By increasing the ratio ω2
c

ω2
0

expands the forbidden region until it entirely encloses

the black hole at a critical value, ω2
c

ω2
0
. At this point, the shadow vanishes for all observers,

leading to a completely bright with ω2
c

ω2
0
≈ 17.45 shadow vanishes. We also observed, the

ratio ω2
c

ω2
0

depends on the metric model. However, in this case, it also varies with the MOG

parameter α. As the values of spin parameter a are increased within the deformation

parameter α, the ratio ω2
c

ω2
0

also increases.

Strong naked singularities, marked by pronounced deviations from black hole behavior,

can generate shadows that are closed and display intricate structures, including multi-
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ple rings or gaps. The presence of a closed shadow with unique characteristics poses a

challenge to the cosmic censorship conjecture, which asserts that singularities must be

concealed by event horizons. Observations of such shadows may offer evidence for the ex-

istence of strong naked singularities and their possible astrophysical consequences. Then

we analyzed the shadow of Kerr MOG singularities and discussed the causal structure and

some of the geometrical properties of naked singularities on Kerr MOG spacetime and the

results are compared to those of Kerr naked singularities when deformation parameter

α = 0. We obtained some results by making comparisons with Kerr naked singularity.

For lower inclination angles, such as i = 15◦ (closer to face-on viewing), the gap in the

shadow of a Kerr MOG naked singularity becomes noticeable at higher spin values and

disappears at a = 1.174 with MOG parameter α and the shadow vanishes at a lower

spinning value compared to that of the Kerr naked singularity. The shadow of the Kerr

MOG naked singularity at a higher inclination angle does not disappear at lower spins,

unlike what is observed for Kerr naked singularity for which the shadow does not vanish

with this angle, its size does decrease with increasing spin. Furthermore, we find from

the figures that a closed shadow can only occur with smaller inclination angles and spins

within the range 1 < a ≲ 1.1. When a ≈ 1.1, the shadow is open with a gap for all

inclination angles, but for spins greater than a ≈ 1.1, the shadow vanishes at smaller

inclination angles. This discrepancy arises from α deformation parameter, allowing us to

make our results comparable.
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