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ABSTRACT

Wavelet based statistical image denoising is vital preprocessing technique in real
world imaging. The existing techniques are based on time-frequency domain where
the wavelet coefficients need to be independent or jointly Gaussian. In denoising
arena there is a need to exploit the temporal dependencies of wavelet coefficients
with non-Gaussian nature.

Here we present a denoising strategy based on Hidden Markov Model (HMM) based
on Multiresolution Analysis in the framework of Expectation-Maximization
algorithm. Proposed algorithm applies denoising technique independently on each
frame of the video. It models Non-Gaussian statistics of each wavelet coefficient
and captures the statistical dependencies between coefficients.

Denoised frames are restored inversely by processing the wavelet coefficients.
Significant results are visualized through objective as well as subjective analysis.
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CHAPTER 1

INTRODUCTION

Video denoising is based on time-frequency data of a video signal. Image denoising is
accomplished by various methods: Time-domain, Frequency-domain, and Time-
Frequency combination. Spatial domain methods do not account for the temporal
correlation between frames [1-3]. From an image Spatial noise is being successfully
removed by Spatial filters resulting in achievement of high gain failed in restoring the
edges particularly in less noisy areas [4]. Time domain technique considered inter-frame

correlation and performed well for motionless videos. [5].

Temporal filters failed to remove the noise and produced fewer blocking artifacts,
causing blurring. On the other hand, in case of motioned videos, a temporal filter was
not able to give good results in noise removing and delivered fewer blocking artifacts
and caused blurring. Hence improved denoising algorithm is need of time, in order to

improve the performance of image processing [6,7,8].

C.P. Loizou [10] recommended linear local statistics filter DsFlsmv, followed by
nonlinear geometric filter DsFgf4d, and linear homogeneous mask area filter
DsFlsminsc. The proposed method, improved class separation between the
asymptomatic and symptomatic classes. However, due to average filtering, sharp

features and noisy boundaries were left unfiltered.

Methods in image denoising is primarily centered around wavelet transform. A
denoising technique based on Double Density Dual Tree Complex Wavelet Transform
(DDDT-CWT),[11] YCbCr and YUV space was implemented as multi-directional
wavelet transform, where the edges and structural contents were restored. However,

degradation in performance was seen significantly in real time scenarios.

Previously [13] used ‘BKMMSEL’ and ‘BKMAPL’ functions on local BKF density,
for noise free modelling of 3D discrete complex wavelet coefficients in each sub-band.

The tested video sequences were corrupted with different types of noises i.e. AWGN,



Poisson, non-stationary and speckle noise. Noise reduction was enhanced with

increased computational expense.

Sugandha Agarwal made a comparison [15] on the productivity of wavelet based
thresholding techniques with presence of speckle noise for different wavelet families
i.e. Haar, Morlet, Symlet, Daubechies in de-noising medical imaging resonance of brain
was proposed. It was found that wavelet transform was proficiently more better in
analyzing images at various resolutions but the edges were not restored and caused

blurring.

A HMT model with 2D- DWT (Discrete Wavelet Transform) was implemented using
HMT model in context with Expectation-Maximization algorithm [16] independently
on each video frame. Thus, bringing about fast execution with less computational time,

while the improvement needs to be accomplished for enhanced video denoising.

Michele Claus recommended ViDeNN [17] approach was adopted for Video
Denoising. Thereby, combining two systems. Implementing first Single Frame Spatial
Denoising.Then Temporal Denoising with a window of three frames, in a single feed-
forward procedure. However, the limitations of this method was additional

computational power.
1.1 Research already carried out

Medical videos i.e. ultrasound, radiology and capsule endoscopy etc are subject to noise
attenuation. To address this, despeckling filters were used on ultrasound videos of
common carotid artery (CCA). Filters were based on nonlinear filtering (DsFkuwahara),
hybrid median filtering (DsFhmedian), linear filtering (DsFlsmv) and speckle reducing
anisotropic diffusion (DsFsrad) filtering [12]. Resulting in better visual quality and

improved performance in real time.

A new denoising method for medical images e.g. Ultrasound, X-ray and MRI images,
was based on Daubechies Complex Wavelet Transform [9]. SDW14 wavelet
significantly removed the noise and preserved the details i.e. the local shifts and

orientations were preserved with high computational time.



Denoising in CT images was done by another technique, with edge conservation in
tetrolet domain (Haar-type wavelet change) [14]. In this a locally adaptive shrinkage
rule was applied on high frequency tetrolet coefficients to lessen noise more viably
while preserving the edges and geometrical structures .However, the update procedure

was slow for large objects.
1.2 Thesis Statement

Here we present a spatial-temporal filtering framework that considerably removes

speckle noise from images and videos.

The proposed strategy manages non-Gaussian behavior of wavelet coefficients that are
frequently experienced practically and gives proficient outcomes for despeckling of
Images too. The results displayed that the proposed strategy not only removed noise but

retained almost all structural information of every frame.
1.3 Objective

Primary objective of the thesis was to develop a wavelet based examination of 2D
signals using HMM. The proposed model captured the non-Gaussian statistics of each
wavelet coefficient and exploited inter scale dependences between them. The secondary
objective was to apply expectation maximization algorithm in context with probabilistic

graphical models to accomplish signals compression mainly for denoising.
1.4 Methodology
The methodology used is mentioned below

e Primary step was development of wavelet domainmodel forgetting initial
properties for wavelet transforms. This scheme was further diversified using
probabilistic graphical models toexecute second wavelet transform.

e Secondary step was the generation of an algorithm to carryout de-noising on two

dimensional video sequences.



1.5 Advantages

Increased efficiency and reduced computational complexity proved to be useful in many

perspectives, i.e.

e De-noising of signals

e Insignals classification
e In Detecting signals

e Estimating signals

e Compression of signals
1.6 Areas of Application

This technique has following applications in;

e Image Processing for imaging systems, computers and digital cameras.

e Processing Speech Signals for interpreting and processing words spoken.

e Representing electrical signals as sound in Audio Signal Processing .

e Wireless Communications i.e. demodulation, Control Systems equalization.

e Feature Extraction like speech recognition and image understanding.

e In Compression techniques on Videos compression ,Image compression and
Audio compression.

1.7 Thesis Outline
This thesis contains following chapters
Chapter 1:
Gives introduction , problem statement, and thesis objective.
Chapter 2:

Consists of preliminary introduction on Wavelet Transform with basic perception of
tactics used for processing statistical signals.

Chapter 3:
Explains in detail the probabilistic models .
Chapter 4:

Discusses the Gaussian Models and their different types.



Chapter 5:
This is about the Hidden Markov model framework.
Chapter 6:

Image Statistical Models for Time-Frequency domain that helps in signal denoising

Chapter 7:
Presents different results and simulation.
Chapter 8:

Contains Conclusion with future work .



CHAPTER 2

Wavelet Transform Analysis

Since 1950’s the Fourier transform was the backbone of transform-based image
processing but it was much easier to transmit, compress and analyze the two
dimensional signals by wavelet transform. Wavelets are one of the most generalized
way to analyze and represent multi resolution images. The wavelet transform methods
were mathematically developed in 1980s. These methods can decompose signals of

finite energy in spatial domain into a set of to analyze them spatial domain.

Wavelet transform is based on wavelets (small waves) as opposed to Fourier transform
whose basis functions are sinusoids. Fourier transform that only provide the frequency
information of signals. Information based on time and frequency of a signal obtained

through wavelet transform, has better local capacity of the time and frequency.
2.1. Continuous Wavelet Transform(CWT)

CWT is like STFT(Short Term Fourier Transform ).In both, the signal gets multiply by
the function. Unlike STFT, Fourier transform of windowed signal is not taken and
variable size window is used for each spectral component. The CWT presents finer

time-frequency localization by making time-frequency presentation of signal.

The CWT of signal z(t) is:

Z., (1, 5) = % f_ : 2", (1?) dt (2.1)
And
W s = %w(t:r) (2.2)



Where * denotes complex conjugate of Y (t) and z(t) is the signalto be examined, t
is translation factor and s is scaling factor .y, s(t)is mother wavelet and is the

transforming function.

Inverse CWT can be applied to get reconstructed signal .
1 1 - T
z(t) = M_E,Js L Z.(T,5) S—zq; (TT) drt ds (2.3)

where MlzIJ Is a constant called admissibility constant that depends on wavelet used.

Morlet wavelet, Mexican hat wavelet and Paul wavelet are some examples of CWT.
Wavelets determined in series in CWT, for reconstruction of a signal that has highly
redundant information. Comparison of CWT with DWT shows that DWT has reduced
computational complexity while giving appropriate information of actual analyzed

signal.
2.2 Discrete Wavelet Transform (DWT)

In DWT, wavelets are sampled discretely. The main advantage over Fourier transform
lies in the temporal resolution i.e. capturing time- frequency data. The wavelets gets
generated from "mother" wavelet using offsets with dilation parameters in correlation

with the two parameters ,

(D)= ) ) cy® (0 (2.4)
x ¥
Where the expansion coefficients are given by
ey = f () W, (Ddt 2.5)

and the condition wavelets obey is given as

W (0 = 27W(25 t—y) (2.6)



Here W is mother wavelet, X is dilation parameter and y is offset parameter.

2.2.1 Multiresolution analysis

Multiresolution analysis provides a hierarchical framework for image manipulation and
analyzation. Multiresolution involves two-dimensional analysis and decomposition of
Image data. It was basically designed to work where low frequency elements are more
persistent. High frequency elements exist for short durations within a signal. Wavelet

analysis is an example of multiresolution analysis.

The signalX[n] is passed via sequence of filters. G, is low pass filter andH,, is high pass
filter, n is an integer. For each level, the high pass filters provide detailed information
of input signal X[n]; shown by d[n], whereas low pass filter manages scaling function

that gives estimation of the signal a[n].

The filtering process performs the down sampling and continues until the desired level

is achieved. The number of levels are determined by the length of signal.

He 12 |—»di[n]

X[n] He 12 » da[n]

Go 2 |— He 42— di[n]

Go 12 ——ai[n]

Fig 1.1 Wavelet Decomposition

Reconstruction is accompanied through the upsampling by first passing sampled signal
through high pass filters than low pass filters .Then adding simultaneously to get the

original or reconstructed signal. G, and H, as synthesis filters.



di[n] ——p{ 12 Hi
dz[n] » 12 Hi —X[n]
ds[n] » 12 Hi 12 G1

12 Gt

G1

Fig. 2.2 Wavelet Reconstruction

2.2.2 Perfect Reconstruction Conditions

To achieve better remodeling construction ,we need synthesis and analysis of filters for
satisfaction of some conditions. G, (z)is low pass analysis filters and G, (z) as low pass
synthesis filters. H,(z) and H,(z)are high pass analysis and synthesis filters

respectively. Following conditions must be fulfilled for complete reconstruction.

G,(—2z)G(z) + H,(—2z)Hy(z) = 0 (2.7)

G, (2)Gy(2) + H, (2)H, (z) = 227° (2.8)

The accuracy of perfect reconstruction can be checked through different parameters like
Peak Signal to Noise Ratio . In some applications there is no need for reconstruction
likely in pattern recognition . However, these applications are not applicable in above

mentioned conditions.
2.3 Wavelet Families

Wavelet basis functions often behaves as parent wavelet .The key of having efficiency
in wavelet transform is dependent upon choosing right type of mother wavelet. A
significant amount of contribution has been put forth by Daubechies, in this work

Daubechies 8 wavelet has been used to perform DWT.
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CHAPTER 3

Probabilistic Graphical Model

Probabilistic graphical models are used to combine probabilities and independence
constraints of complex real world scenarios into a compact graphical representation.
This provides a unifying framework of building large-scale commonly proposed
multivariate statistical models (Kalman filters, hidden Markov models) . Graph Theory

has inherent capability to represent dependence and independences of the variables.

Graphs representation is very flexible in a way that it doesn’t require to have all the
knowledge Of world for building of a model. One can start his model with his perception
of knowledge it has. When one gathers more knowledge it can be incrementally added
to the model (Add/Update nodes, edges) the same way and model in turns give

improved results based on new information.

As PGMs are standard mathematical structure that not only allows to encode probability
distribution and provides a very clear interface for query modelling of prediction

queries.

From an abstract point of view, in a graphical model, the joint distribution Py is
expressed by means of an underlying graph. The nodes and edges in this graph shows
random variables and probabilistic relationships between variables. The idea is to
present a complex distribution involving a random variables of large number as a
product of local functions, where every variable depends only on related variables of a

small number, according to the specific independence assumptions that have been done.



( 2
s e
A"‘: ‘~\‘ :
s | 1 3 e
T4 Ny D)
3 ) S Y 4a ) - =l A\ /
SNt ,_/\". 9“ Y =
el . ~ -4’|
14 — /
S 4 12 ) TN
. //' f rd !
- \_ J
13 )

Fig 3.1 14 -States Graphical Model Representation

3.1 Types

Probabilistic graphical models uses a graph generally based for encoding complete
distribution over a multidimensional arena. Normally known as compact representation
of independencies incorporated in specific underlying distribution. Graphical models
covers the facts associated with factorization and independences. The known difference

lies in way the gets encoded with factorization within distribution.

Whenever we need to perform conditional dependencies modeling Directed graphs are
appropriate. On other side , undirected models are suitable for data modeling in which

conditional dependencies doesn’t exist.
3.1.2 Directed and Undirected Models

Bayesian models come under class of Directed graphs and Markov models are example
of undirected graphs. Each of them, models the data set with conditional dependencies
between variables. The congruity rest in the element that, how two of them coax

between conditional independence between variables. Two examples are given below.



/N
NSNS NN

(a) ()

Fig 3.2 An example of (a) directed graph and (b) undirected graph

3.1.3 Representing Multivariate Distribution

Probabilistic Graphical Models provides more intuitive tools for dealing with
multivariate probabilistic models. Such models are defined by variables joint
probability P (W;, W,, ..., W,).

Probabilistic Graphical Model is to represent such joint probabilities in terms of
conditional probabilities. It can be rewritten as:

P(W,, W, ..., W,) = P(W,)P(W, [W)P(W,|W, W), ... ... L POW, W, W, ) (3.2)

The above equation assumes no preliminary independency information on data. In case

of complete independency of models random variables, joint probability is defined as

P(W,, W,, ..., W, ) = P(W,)P(W,)P(W,) ...P(W,) (3.3)

3.1.4 Markov Networks

Markov Networks comes under the umbrella of Undirected Graphs .The nodes in a
Markov network graph corresponds to variables. The edges shows some direct probabilistic
interaction between the neighboring variables. A Markov network is thus a graphical way of

showing joint probability distribution of random variables.



Lets assume that there are two events that causes the grass to be wet: one can be
sprinkler and second is raining. Also, suppose that whenever it s, the sprinkler is usually
not turned on.

Sprinkler > Rain

Wet Grass

Fig 3.3 Example of Markov process

We can see that this graph is fully connected from one node to another.
3.1.5 Conditional Independence for Markov network

Node y; is independent (conditionally) of all other nodes present in network given its

Markov Blanket that is set of all the neighbors of yi.
3.1.6 Bayesian Networks

Bayes Network represents a probability distribution through DAG (directed acyclic
graph). This graph shows conditional dependency. Each of the node shows a unique
random variable to which it connects. For example, scenario shown in Fig 3.4WetGrass
has an edge coming from rain, which means that it has factor a P(WetGrass|Rain) . For
this factor there are specified probability values that leads towards next Wet Grass node
in conditional probability table.



Cloudy

Sprinkler _ Rain

Fig. 3.4 Example of Bayesian Network



CHAPTER 4

Gaussian distribution

Gaussian distribution also known as Normal distribution i.e. bell shaped continuous
symmetric curve having unity variance with a center at zero. This distribution finds its

usefulness because of central limit theorem.
Central Limit Theorem

During sample distribution, standardized sample mean approaches the standard normal

distribution as the sample size keeps on increasing n—oo.
Pla<Z, <b) ® P(a< ¢=h) (4.1)
Where Z,, denotes standardized sample mean and ¢ is standard normal distribution.

4.1 Univariate case

In case of single variable Y follows normal distribution variance o2 and mean p its pdf

will be
1 _y-—w®
p[},r) = N[l_[’ 52) = e 258 [—DG <y ooy = R) (42}
A 2Tmo
_'-I[ j_,g_gr:
1
p—lo R—o ™ pto g+ lo x

Fig 4.1 Nlustration of Univariate Gaussian distribution in one-dimensional space.



Where,

o0

== [ ypwdy (43)

ol =Ely— = J_ (y — w?ply) d(y) (4.4)

4.2.Bivariate case
Extending towards higher K-dimensional variable Y, covariance matrix £ and mean .

The joint p.d.f. of (Y,Z) is

1 1

)= 20—

2+ (2 - 2] s

where —oo < y< oo, —o0 <z <o0. Then Y and Z are the bivariate normal distributions and
pis the correlation between them.
The joint generating function for Y and Z is

|

Inoyog,1—p

1
M(tyt,) =exp |typy + toug + 5 (tio% + 2ptyt,0v0; + téﬁg)] (4.6)

4.2.1.Case 1 marginal pdf’s of Y and Z;

The moment generating function of X can be given by

My () = M(t,0) = exp [yt + 5 (03] (4.7)

Similarly, the moment generating function of Y can be given by

Mz(t) = M(0, 1) = exp [zt + 5 (o317 (4.8)

Thus, Y and Z are both marginally normal distributed,
i.e.,Y~N(py, 0%) and Z~N(pz, 63)



Y’s pdf is

1 (v — I-IY)ZI
f..(v) = exp| ——— 4.9
YE.,) ﬂﬁﬁy p 20’% [ :}
Pdf of Z is
1 (z — 1p)?
f,(Z) = Vomo, expl 2o ] (4.10)

4.2.2.Case 2 Y and Z are considered independent if p =0. (Here p is the correlation coefficient)

Ifp=0, then

1
M(t,,t,) = exp |yt + 1t + E(c%tf + o2t3 ] = M(t,;,0). M(0,t,) (4.11)
Assuming Y and Z to be independent, so

1
M(ty,t;) = M(t;,0).M(0,t,) = exp [uYtl + gty +5 (o%t] + cr%t%j]

1
= exp [tl uy +typug + 3 (tic% + 2ptytyoy0q + t G%j] (4.12)

Therefore, p =0
4.2.3.Case 3 Distribution of(Y + Z).

M&’—th} — E[EH:Y_Z}] — E[EIT—IZ]

Recall that (t1, t2) = E[e"1Y*%2], therefore we can obtain My-z(t)by t1 = t2 = t in M(t1, t2) ,

i.e.



My, (t) = M(t,t) = exp

1
Byt + Bt 4 (65t% + 2poyogt® + ﬁﬁtz}]
1
= exp [[uy + )t + 2 (6% + 2poyo, + cﬁ}tz] (4.13)

2 Y+ ZoN(u = py + 1,07 = 0% + 2p0y0z + 07)

4.2.4.Case 4 Conditional pdf of f(y|z), andf(z|y)

Conditional distribution of Y given Z=z is

Oy 2
fiv,z 1 V—y ——(Z— 1)
f(ylz) = 0.2) _ r : exp { — s (4.14)
f(z)  v2m oy /1- p? 2(1-poy

Similarly, we have the conditional distribution of Z given Y=y is

Oz 2
fiv,z 1 (z— W, —— (¥ — uy)
f(zly) = 0.2) _ ——————exp i — s (4.15)
f(z) V2mo,/1-p? 2(1-p?)oz
Therefore,
Oy 2y, 2
Y|Z=z~N{py +p ﬁ—[z —u,), (1 —poy (4.16)
L
4]
Z|Y = y~N (uz +p—(y—ny), (1— pz)ﬁi) (4.17)

Oy

4.3 Multivariate case

The multivariate Gaussian distribution for a vector z having D-dimensions is defined as:

1

1 ~Tep—1 .
—=l(z—u) "I (z—u)
(2072 [3] /2 g z (4.18)

fz(z1,.n.,2,) = Nzl B, Z) =

Where p is mean vector, X is a covariance matrix , defined as

Y =E[(z — )z —)7] (4.19)

|Z| denotes the determinant ofZ and E[. ]is mean value of random variable.



For n=2 (recall bivariate normal case) , we have

L
H= [I-lz]
= [ 5% '312] _ [ ‘Jf Pﬁlﬁz] 014 = Cov(Zy, Z,)
012 5% PO1G3 5% T v
1 —P
E_l _ 1 ﬂ'% _Pﬁlﬁz] — 1 rjﬂ% ’;0152 {4 20)
252(1 — p2) l—poyo ol 1—p2|7P 1 .
5152 P ) Po102 2 P ,‘{'ﬂ'lﬂ'z fﬁz
2
Joint density of Z, and Z,, will be
. 2 2
i gl L [(Bon) (5o
ZaZg T2 216,0,,/1—p P 2(1—-p?) o} o3

2 (zl ;1 ll1) (Zzﬁ_z Hz)” (4.21)

Example: Plotting bivariate pdf of Z = [Zl] , mean p = [O] and covariance ), = [1 0
Z, 0 0 1

0.2

Fig 4.2 Multivariate Normal Distribution

4.4.Properties of Multivariate Normal Distribution



o If Zpyy~ Np(, 2) then Z; is N(p;, 0%) for all Z;,j = 1,2, .., p.

o IfZ,;~Np (1, Z) then subset of Zy,q i.e Zgxq is Np(, 2).

o IfZpy1~ Np(w Z) then linear combinations of Z;,j = 1,2, ..., p is univariate normal.

o |f Zpx1~ Np (LX) then q linear combination of Z,j=12,..,p is multivariate normal.

o IfXpy1~ Ny (1, 2) then g linear combination of X, j = 1,2, ..., p is multivariate normal.

4.5.Gaussian Mixture Model (GMM)

Gaussian Mixture Model is a type of probabilistic model that under takes the information
(number of Gaussians) belonging to a mixture distribution . Each Gaussian ‘k’ in the mixture
has following parameters:

e A center defined by p (mean).

e Width defined by X(a covariance).

e Gaussian function (big or small) defined by n (mixing probability).Illustrating
these parameters graphically , with three Gaussian functions (K=3):

Cluster 2

Cluster 1
Cluster 3

The probabilities i.e. mixing coefficients, must meet the following condition:

K
an —1 (4.22)

k=1

The Gaussian density function is



N(xlw,2) = —exp(— 1/ - W I x - W) (4.23)

(2m)"/2[z]) 2

here x shows data points and D represents number of dimensions of every data point.
Considering a dataset consisting of N = 1000 with D =3, and x is 1000 x 3 matrix, p isa 1 X
3 vector, and X represents a 3 x 3 matrix. We also have found it beneficial to take the logarithm
of equation():

In N(x|w,Z) =— sz In2m — 1;’2 InZ — 1;’2 -z x—p (429

Differentiating, equation() w.r.t to the covariance and mean ,equating it to the zero, this will
enable us to find these optimal parameter values. The resulting solution, will correlate with
Maximum Likelihood Estimates (MLE). As we are dealing with many Gaussians instead of one,
things gets a little complicated, then there comes a time to find whole mixture parameters.

4.5.1.Initial derivations

First, from k Gaussian, the probability of x,(data point ), is shown below

P(Znx = :llls‘::n]I (4.25)

Here, z is a latent variable and it takes two possible values only i.e. first is x that comes from
Gaussian k, and zero otherwise[22]. Knowing the probability of occurrence of variable z will
be helpful in determining the Gaussian mixture parameters. However, when we state the
following:

m, = plzy = 1) (4.26)

So the overall probability of observation of a point coming out from Gaussian k, is basically
equal to the mixing coefficients for that Gaussian, i.e. the bigger the Gaussian, then higher
probability expectation. Now, suppose z contains all possible latent variables z;  zy.

Z =% z 4.27
1o Bk (4.27)



Here each z occurs independently of others. Therefore:
K

p(z) = p(z; = 1)™ p(z; = 1)* ... p(zg = 1) = nﬂff (4.28)
k=1

On seeing that the probability of observing our data given that it came from Gaussian k, turns
out to be that it is actually the Gaussian function. We can state:

K

pCe,l2) = | [Nl m0% (429)

k=1

Our initial aim was to determine the probability of z given our observation x, Bayes rule, will
help us to determine this probability. From the product rule of probabilities, we have;

p(x,.z) = p(x,|z)p(2) (4.30)

So we will firstly need p(x,), not p(x,, z).We will be using Marginalization property to get rid
of z. Hence by summing up the terms on z, we get

p(s) = ) p(x,2)p(2) = ). NGl 5,) (431)
k=1 k=1

This equation 4.31 defines a Gaussian Mixture Model , and it mainly depends on all parameters
that were previously mentioned. The maximum likelihood for the model needs to be determined
to determine these optimal values. The likelihood can be found as joint

probability of all observationsx,

N

p(X) = npixn] = ﬁiﬂm(xnluwﬂk) (4.32)

n=1 n=1 k=1

Again taking log on each side of the equation (4.32)



N

In p(X) = npixnj = i 1ﬂi“kN(Xn|lJfk:Ek) (4.33)
=

n=1 n=1 =
Maximizing this function turns out to be more complex problem because of summation over k
inside logarithm [23].

By setting the log likelihood derivatives to zero, we will not get a closed form solution. Hence

we will use another technique which is known as Expectation Maximization EM.

4.5.2.Expectation Maximization Algorithm
Expectation maximization method is used for maximum likelihood solutions for latent

variables model.

From 3.13, we have

Inp(Xlum D) = ) In {Z nkN(xnmk,sz{ (434)

k=1

n=1

By taking derivative of above Equation (4.34) w.r.t mean py and equate it to zero. We have,

a N K
a—%(z In [ZHRN[X,,M,ERJD =0 (4.35)

n=1 k=1

F
al Mg N(xp | e Zgc)

=0
nquc:l"'le(KnthEl}

(4.36)

By simplifying we get,

N ;
Z T, s 1,.-"211%2%}( e :n.ujx-pjz:‘--jx_ml (_ E) [x —u j[—l:] =0 [4 3?:]
£ TE NG, i, B 2)vm T '

and



> V) X o X (50 =) = 0 (438)

N N
D Y% = ) ) (4:39)
n=1 n=1
This gives the value of mean
N

1

WAL (4:40)
k<

By fixing the derivative In p(X|w, Z, ™) w.r.t£,=0.By following same line of reasoning, we
obtain the result,

Iy = I:-L; ‘r’(znkj (%, — ) Gy — )T (441)

At the end, maximizingln p(X|y, Z, ) with respect to mthat is a mixing coefficient and taking
into account constraint 3.12, which requires mixing co-efficient to some to 1.It can be
accomplished by a Lagrange multiplier and maximizing the following quantity and equate it to

Zero

In p(X|p,m, E) +1(Z T — 1) (4.42)
k=1

By simplifying,



N

N oy

ﬂ:z = (xnlu’l{ l{:] ‘I‘?L [4-43]
£ Xy mN(E [, 2y)

Multiplying both sides by m,we obtain:

M
0= Z T’(an] + }LTEI_{ (4.44)
n=1
Which gives
0 =N, — Nm, (4.45)
Hence,
_ Nk 4.46
e = N (4.46)

4.5.2.1.EM algorithm for GMM

Given a GMM, our goal is to maximize the likelihood function with respect to the parameters

comprising mixing coefficients, means and covariances of components .
Step-1

Initializing the mean y;, covariance X; and mixing coefficient 1;. Then evaluating the initial

values of the log likelihood where j = 1,2,3, ..., k.
Step-2

Evaluating responsibilities using current parameter values for E-step.

Y, () = K"TL;N(K| iy Iy ) (247)

o= T N(x[u;, )

where Y, (x) is latent variable for k™ Gaussian.

Step-3



Re-calculating the parameters by using current obtained values for M-step

Eg: 1 Tfj (xp)xg

ho= 4.48
T, () (#49)
Ej _ Egzlﬁrj (an (xn - Mj)[xn - |‘Lj)'l (449)
Zg:l Yj (xnj
N
1
W = EZ Y (x,) (4.50)
n=1
Step-4
Evaluating the Log-likelihood,
N K
In p(X|w, I, m) = Z In {Z “kN(KnHink]l (4.51)
n=1 k=1

We have to find out that if these parameters truly represent data points. If this does not
happen, go back to step-2, which will help to converge to better solution.



CHAPTER 5

Hidden Markov Model

Baum and Petrie introduced HMMs in 1960[25].HMMs are the statistical stochastic model
sequence. They can be used in the analysis of speech synthesis ,cryptoanalysis,reinforcement

learning, temporal pattern recognition, gesture recognition, and part-of-speech tagging.

In HMM, states cannot be observed directly but they can get identified through vector
series observation. Since 1980s, HMM has been successfully incorporated in speech
recognition, mobile communication and image processing techniques. The basic principle
followed in HMM is that the events observed have no direct affinity with states. Thus, links
find their connection to the states by the probability distribution.

Markov Chain classifies stochastic processes and state transitions, narrating the
statistical congruity between observed values and the states. From the stance of observers,
only the observed point can be perceived but the states may not.

Therefore, a Hidden Markov Model is a stochastic procedure that identifies the
presence of states with their characteristics. HMM is divided into two sections . One , has
found application in Markov Chain.Secondly, runs the necessary algorithms to describe HMM
for problem solving in computer sciences.

5.1. Markov Chain

A Markov Chain is described by a set of state space variables S = {s4, s, ... ...., Sy} With
probability P.(S;(t)) at any time t, with state i i.e.s;4, S, ..., Sik ... Dynamics of Markov Model
are specified by transition probabilitya;; and initial probability ; = P(S;).This means that
probability of present state at time t is S; given that it is currently present in state S; at state (t-

1) for (53, S;) €S . This leads to Markovanian assumption aj; (transition probability) is

applied whenever state S; is being visited by previous independent states to reach S;.This is a

Markov Chain property statement

ay(t — 1,9 =B, (5,9[s,(t— 1), ... ..5,(0)) = B. (s, [t]‘S-l(t— 1))
¥tand(S,S,) €S (5.1)


https://en.wikipedia.org/wiki/Reinforcement_learning
https://en.wikipedia.org/wiki/Reinforcement_learning
https://en.wikipedia.org/wiki/Time
https://en.wikipedia.org/wiki/Pattern_recognition
https://en.wikipedia.org/wiki/Gesture_recognition
https://en.wikipedia.org/wiki/Part-of-speech_tagging

In general a;;(t — 1,t) is dependent on time difference i.e. if the chain is time homogeneous ,

resulting in stationary transition probability , such that a;(t — 1,t) — aj; with a;; = 0 and
n-1ay = L.

InNg X Ng, where homogeneous chain elements are embedded , state transition probability

matrix A = [a;;];1,j=1.....Ns. Fig 4.1.

i 3 |: [ ]

A

-~

Fig 5.1 Directed graph representation of five-state Markov chain

5.2 Hidden Markov Model

In Markov Chains, transition states are directly noticeable to observer. However, in HMM,
desired state is invisible only output dependent state is available for stochastic modelling.
Hidden Markov Model is described as a stochastic measurement of Markov Chain or as GMM

variable changing with time.

5.2.1. From observable to hidden state

HMMs provide great help when there is need of modeling a process in which we do not have
direct knowledge about the present state of system. The only direct knowledge that we have
about the process to model is the set of observations it generates while we don’t have direct
access to the internal structure of process. It is easier to build a model that gives good
approximation of process, when we have specific knowledge of the domain, but, in many cases

this problem doesn’t have easy solution and it can be task-dependent.

5.2.2 HMM Parameters
In Markov Model, output symbols and states are equal. Hence, the observation is comparable
with the state. In Hidden Markov Model we have no information of current state . Following

equation gives us possible tag sequence.



£ = argmas P(thw)

(5.2)

Where tl and widenotes speech tag sequence with sequence of words from 1,2,...,n

respectively. Bayes rule is usedfor transforming the equation (5.2) into other probabilities set

tl = argmax:

P(w,lts) P(ts)
P(wy)

(5.3)

Observation sequence length L
Number of states D
Observation numbers H

States

Q = (94,92, - qy)

Possible symbols

V= (V3 V)

Transition Probability Matrix

Probability Matrix Output

Initial State Vector

Table 5-1 Hidden Markov Model Parameters

5.3 Example

For any non-trivial task whenever we are asked to do a task, we find that information that we

have to work with is very much partial. In such cases we have to deal with uncertain

information. Let’s suppose that we have three urns and each of them contain Red, Green,

Yellow and Blue balls as shown in fig.

A person is picking ball from these urns and it gives us a pattern of drawing a ball from these

urns as YRGBYYBB.



We need to find out the sequence of urns from which he had drawn the balls. Hence, for this
sequence of colors of balls, we have to produce urns sequence or state sequence that is given

as,

(U, Uy, Uy, ..., U} G4)

We have information of probability of transition from one urn to any other urn. Suppose we
drew a ball out of urn 1 and again he drew a ball out from urn 1 is 0.1. Table (5.2)consists of
probabilities of specific color balls in urn. As we got the information about the number of balls
with given color probabilities . These two things are known and by using these, we can

compute the probable state sequence which is hiddens. We are given

Observation Sequence= YRGBYYBB

# of Red =30 #zof Red=10 # of Red =60
# of Green =50 # of Green =40 # of Green =10
# of Blue =20 # of Blue =50 # of Blue =30

# of Yellow =10 # of Yellow =30 # of Yellow =20

Fig.5.2 Three Urns Containing Red, Green, Blue and Yellow balls



Ul U2 us3
U1 0.1 0.4 0.5
u2 0.6 0.2 0.2
us3 0.3 0.4 03
Table 5-2 (a) Probability of transition
R G B Y
Ul 03 0.3 0.2 0.6
U2 0.1 04 0.3 0.3
U3 0.6 0.1 03 0.3

Table 5-2 (b) Probability of drawing a ball

R03
G0.5
’ Q B0.2
V Y0.6 4 RO.1
04

» U2
0.4 0.2
RO.6
Go.1
B0.3
Y0.5

Figure 5.3 Diagrammatic Representation

B0.5
Y0.3




The data is aggregated as

D = {U1,U2,U3}
V = {R,G,B,Y}
H=f{h,h,,..,h}

Q = {qys . An}

™y = P[Cll = Ul:]

H, H; Hj H, Hg Hg H; Hg
Observations E E G G B E G E
States D, D, D, D, D. D, D, Dg

Table 5-3 Observatons and States

The above table shows the pattern of drawing balls as RRGGBRGR with observations
Hy, H,, ..., Hg and set of states D4, D,, ..., Dg. From the given table we can see that we need to
find out most probable state sequence that is hidden to us. Hence we need to maximize P(D |
H)

D" = argmaxs(P(D|H]) (5.5)

So this paves way to the efficient calculation because Markov presumption takes highest

probability tree leaves. Applying Markov Chain on P(D | H) gives
P(D|H) = P(D,|H)P(D,|D,,H)P(D;|H,, H), ... ,P(D4|D,, H) (5.6)

These terms of probability are difficult to solve because of other clumsy items needs to be

fixed. Bayes’ theorem plus Markov assumption serves this purpose.



5.4 Hidden Markov Model Essential Features

Naive Bayes + Markov Assumption
Bayes theorem plus Markov assumption is a powerful kit for solutions of problem
in machine learning. Incorporating the theorem, the observation sequence with state

transition probabilities will be discussed below.

State Transitions Probability
Preceding P(S) is used in the way

P(D) =P (Dy_g) (5.7)

P(D) = P(D,) P(D,|D,) P(D4|Dy_;) ... .. P(DglDy_7) (5-8)

According to Markov assumption, (k=1)

P(D) = P(D)P(D,|D,)P(D,|D,) ...... P(Dg|D,) (5.9)

Observation Sequence Probability
Next probability item P (H | D) turns to be:

P(HID) = P(H,ID, ) P(H, |Hy,D,_g) P(Hy[H,_,, Dy o) .. P(HglH,_,,D,g) (5.10)

Assuming the drawn ball is based on urn chosen

P(H|D) = P(H, |D,) P(H,| D,)P(H| D;)... ... P(Hg| Dy) (5.11)

By applying Bayes’ theorem we have,

argmax_P(D|H) = argmax_P(D) P(H|D) (5.12)

Here the denominator p(H) is ignored because it is independent of S so it can be eliminated

from consideration. Hence by putting values in 4.6 we have



P(D|H) = P(D,) P(D,|D) P(D4|D.) ..P(D;|D-) P(H,|D,) P(H,ID,)
P(H,ID,) ... .. P(H,10,) (5.13)

All these terms are then grouped together according to the equation (5.14)

P(H,D,). P(D,.,IDy) = P(D, X D) (5.14)

The diagram shown below shows set of observations with corresponding states.

R R L e

So gl Fi e Tz pd 52 — % Ja—

Iy

;--.4—

Fig 5.4 Diagrammatic Representation of Observations and State

5.5 Hidden Markov Model Properties

These Markov process properties provides base for HMM.
= Limited Horizon

It says preceding t states, and a state i is independent of prior 0 to t — k + 1 states.
After k states comes before ty, State, everything can be neglected. Hence, this is window
property . Procedure is acknowledged to be k Markov process.

P(W,=i|W_,,W_,,..W)=P(W,=i|W_;,,W_,, ... W_y) (5.15)

= Time Invariance

Dependency of one state on prior state is done by entire sequence of Marko
process. Referring to conditional probability below is position invariant i.e. not
transitioned from point to point in a sequence.



PW,.=i|lW_; =) =P(W,;=i|W,=j)= P(W,=i|W__; =) (5.16)

5.6. Probability Laws
There are two essential probability laws.

=  Chain Rule

Chain rule breaks complete sequence into set with terms

P(Wy, Wy, W) = P(W,) P(W,IW,) P(W, W, W,) POW Wi Wi, o W) (517)

= Marginalization

P(A) =L P(A,B,,B,,B; .. B_) (5.18)

Where (B4, B, B3 ... By)has all possible values

5.7. Problems in HMM
In this section we deal with basic problems related to HMMs with theirsolutions through

efficient algorithms.

5.7.1. Evaluation Problem
Assuming the model given is represented by6 = (A, B, m) and observation sequences are

represented by O, we need to calculate probability for a output sequence produced by model ©.

5.7.2. Decoding Problem
Foragiven 6 = (A, B, ) with observation sequence H, we would find most probable sequence
of Hidden states that led to generation of the given set of observations. In other words, we need

to stimulate the hidden parts contained in Hidden Markov Model.

5.7.3. Learning Problem
Given a set of output sequences that is set of visible states H and set of hidden states D, we

have to find out the set of transition probabilities a;;and b;(Hy).



5.8. Problem 1: Forward & Backward Probability Algorithm
5.8.1. Forward Probability Algorithm
F(k,i) forward probability is the probability of being in state D;with

observations Dy, D4, D, ..., Dx. M being sequence length

F(ki) = P(H,, Hy, Hy, ..., Hy,D,) (5.19)

The observed sequence probability is P(Hy, Hq, Hy, ..., Hy,) is sidelined to obtain below

equation
N
P(Hy Hy, H, .., H_ ) = Z P(Ho, Hy, Hy, ..., Hy, D) (5.20)
i=0
Hence, forward probability is;
N
P(H,, Hy, H,, ..., H_) = Z F(m,p) (521)

=0

To get F (m, p), we see to sequence (H,, Hy, Hy, ..., Hy). We have the observations and states

as seen in below figure. Starting with D, proceeding to any state with transition stateD,, — Dg

on Hysymbol.

H, H, H, ..  Hy,HH_, .. H

D,.D,D, D, - DD,

So, the forward probability
F(k.q) = (P(Hy Hy, Hy, o, H, D) ) (5.22)

F(kq)= [P[HDrleH:r ---:Hk—erkqu)] (5-23)



Marginalizing,

N
F(k.q)= Z[PEHmleH:r s He_g, H, D) ) (5.24)
p=0
By chain rule,
)
F(kq) = Z P(Hg, Hy, Hy, oo He_y, Dp} P(H,,D,| (Hy Hy, Hy, o Hy g, Dp) (5.25)
p=0
']
F(kq) = Z F(k— 1,p)P(Hy D, |D,) (5.26)
p=0
' |
0
Fkq) = Z F(k—1,p) P(D, > D) (5.27)
p=0
N
Flsa) = ) F(k—1p) (5.28)
p=0

Complexity in forward probability lies basically in length of observed sequence is |D|

multiplied by length of states |H|. The expression for calculating(k, q)is;

N
T, = Z Ty y (5.29)

i=0

5.8.1.1. Forward Algorithm Boundary Conditions

Boundary condition is



F(0,q) = P, (5.30)

where Py is the initial probability present in state Dqthatis D, - Dg. Itis not easy to calculate
it in time proportionality w.r.t observation sequence length. Therefore, it is considered as time

linear computation.

5.8.2. Backward Probability Algorithm

B (k, i) backward probability is described for seeking symbols Hy, Hy,1, Hiy2, ... , Hpywith
given state D;.M is the sequence length

B(ki) = P[:HLUHLHPHLHZ’ erln'J (531)

Observed sequence probability is P(Ho, Hy, ..., Hy,) is marginalized to get following N states.

This is single backward probability with 0 as argument

N
P(H, Hy, ., Hy) = Z P(Hy, Hy, ..., H IDy) (5.32)
=0

P(H,, H,, .., H_) = B(0,0) (5.33)

Backward probability is computed similarly as forward probability. Again referring back to

diagram; the state transition is D, — Dg over symbolH,.Backward probability is expressed as

H, H, H, e Hy HHp, .. H_

&

D,.D,D, D, - DD,




B(k p) = P(Hy, Hy.qp, Hyso oo Hmlnp] (5.33)

B(kp) = P(Herkﬂerﬂ e Hgo Hy |Dp:] (5.34)
N

Bl p) = ) P(HioHies, Hiz - Hiny Hio D D,) (5:35)
q=0

M
B(up) = ) P (Hy,Dq|D,) P(Hy His, Hi, -, Hoy[Hy, D D) (536)
q=0

N
Bp) = ) P(HioHies, Hsz . HalDg) -P(Hi Dg[D,) (537
Q=0

B(k p) =ZB[k+ 1,q].P(DP%Dq) (5.38)

q=0

For any of the observed sequence with corresponding state sequence, notion kg placed at any
point in the stream, enables us to calculate forward probability of a point with backward

probability from that point towards observation sequence ending point.

5.8.2.1. Backward Algorithm Boundary Conditions

The (k+1)term keeps increasing until observation sequence ends. So we designate
boundary condition for the algorithm.
Mentioning last symbol in entire observation sequence, system is going to be in final state.

Thus transitioning D, to Dg,qWith output asH,, ,it will set boundary condition for the

Hm . : .
backward algorithm (D, — Dsina1) - S0 from last symbol we obtainedB (K, p).DsinaiS @ Hidden

Markov Model states.

5.8.3 Problem 2: Viterbi Algorithm

Decoding problem in HMM, seeks to search the optimal sequence state related to given

observation sequence H with a given parameter A , it can be solved using Viterbi algorithm.
The Viterbi algorithm finds the appropriate order of hidden states i.e. Viterbi path. This

will give us observed events sequence, especially in structure of HMM and Markov data



source. It is used in keyword spotting ,speech recognition, computational linguistics,
bioinformatics and speech synthesis,.

Considering the above HMM example, there are three urns with a need to find state
order sequence with specific observation sequence. State sequence is found by Viterbi
algorithm, which gets explained with another example mentioned below.

Considering finite state mechanism withSiand S»(states) and aiand ax(symbols) with transition

states shown in figure below.

| a; 0.2 L 004

IR

Fig 5.6: Probabilistic Finite State Machine Example

The transition probability from Si to S2 with a; at output is 0.4. Probability of
being in state S1 giving a1 at output is 0.1 and so on. Our goal is to find best possible state

sequence path for given observation sequence.

Observation Sequence = aia2aiazaiaz

Problem = §*= argmax P(a1— az— a1~ az)



*E
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Choosing the winning sequence
000243 per tale per erafion

"
©

Fig 5.7: Tree Diagram for Viterbi algorithm

Consider two possible states S1, S» in star. Each state has further two states. Transition
probability of every state is multiplied with preceding state, to get current state probability and
so on. Computed probabilities gets entered in Viterbi tree. This will continue in the direction
of highest probability. Remaining states gets cancelled. After completion, highest probability
nodes gets tracked backwardly from the end towards the top. The path found is $2525152515,51.

5.8.3.1. Viterbi Algorithm Steps:

Given:



1. HMM
= Imitial state: Dy
* Alphabet: A={a;, a3, .. v v ey @p )
v States: D = {Dy,Dq, e v vee e, Dy }
* Transition Probability P(D; — D;)

2. Output String {a;, @z, v vee vee vee, AT

To Find:
The most likely state sequenceE,, E,, ..., Etis producedwith given output sequence.

The Data Structure for this algorithm is interpreted as;
Data Structure

= An N*T array called SEQSCORE for maintaining winner sequence

(N= number of states, T= Output sequence)

= Another N*T array called BACKPTR for recovering path.

Step of Viterbi algorithm :
= |nitialization
= |teration

= Sequence Identification

l. Initialization:

SEQSCORE(1.1)=10
BACKPTE (1. 1)=0
For (=2 to M) do
SEQSCORE (1. 1)=00

[Demonstrating that D1 first state ]

Step 1 shows that D1 is the starting state and in step 2 we have that there is no state before this.

In step 3 we defined that we make probability value 0 in all other states except D1.

Il. Iteration



For(t=2to T) do
For (=1 to N) do
SEQSCORE(i, t) = Max;=; x

[SEQSCDRE (j, (t—1).P (D,. 3 [11]]
BACKPTR (I,t) = indexj gives maximum of above

In first step we go of our observation sequence symbol by symbol. T is the observation
sequence length for every symbol on the observation sequence. In second step we do iteration
over the number of states so this is to record the state in which sequence is ending. In third step
we have to make sure that we only advance k states at particular level, we do not advance any
state whose probability value is less than the winner sequence probability value ending in
particular state.

Fourth step shows the multiplication of accumulated sequence probability by the transition

probability. Last step is a way of keeping the pointer to be able to recover the state sequence.

I1l.  Sequence Identification

E(T)=1i maximizes SEQSCORE (i, T)
Forifrom (T-1)to 1
E(i) = BACKPTR [E(i + 1), (i + 1)]

It shows the state sequence which has found to be the highest probability state sequence.

5.8.4 Problem 3: Baum- Welch (Forward-Backward Algorithm)

This algorithm is applied on training Hidden Markov Model. Thus making an inference that
k¢y, hidden variable with (k — 1), given is independent of preceding hidden variables. This
shows present observed variable is conditioned upon on present hidden state and is independent
from other. Baum—Welch algorithm assimilates EM-algorithm for HMMs maximum likelihood
estimates . Considering the following example Baum Welch algorithm having (i) two states, o
and q(ii)c and d are symbols.

String = cddcccdddccc

c d d c c c d d d c c c
Output Sequence =0—>q—>0—>0—->q—>0—>—20—>0->0—->(—>0—(



Source Destination | Output | Counts
O Q C 6
O 0 D 4
Q O C 4
Q O D 3

Fig 5-4 Table of counts

Through table (5.4) , we are able to estimate transition probabilities. Assuming o

C
— q transition arises 6 times in output sequence. Total transition numbers from g being

initiating state 10(0 > q =6+ 0 — 0 = 4).

Hence,
Plo> q)= % (5.39)
Likewise,
P(o s 0)= % (5.40)
Defined as ;
P(D'5 D))= (0= v) (5.41)

. Xm
L, ZA- (D' 5D

The above equation shows that transition from D' to D with xyis equal to count fromD! to DJ
with output x, divided by total number of counts with D' as source. Where e (Di s Dl')can

be obtained by the following equation;



€ (DL ﬁ Dj) - Z P[Dl},n+1lxﬂ,n) * H{Dl ﬁ D', Dﬂ'ﬂﬂ’xﬂ'a”} (5:42)
gn+1l

The above equation shows that this scheme of picking the valid counts. Considering a singular
state sequence for sequence of observations. We get multiple sequence states on an observation
sequence, then we weigh number of arrivals by state sequence probability with observation
sequence P(Sq n+1|Wo,n).For this we have to interplay between the two equations given above
4.18 and 4.19. Initially we will assume some transition probabilities and then the count is
obtained from these probability values. We can also obtain the value ofP(Sg41|Won) from
transition probabilities which is nothing but Viterbi algorithm. Now from the count we obtain
new transition probabilities and from the new probability value we obtain the new count.
Eventually after sometime the algorithm terminates when we see that there is no appreciable
change in the probability values. This algorithm is called Expectation Maximization because
we expect a value for the count and then maximizing observation probability sequence through
this.

5.8.3.1 Baum-Welch Illustration

Baum Welch comprehends probability values on arcs but not on HMM formation.
Illustrating with the following example that consists of (i) two symbols a and b(ii) two states
gandr.

Initially we have assumed the transition probabilities and then calculate count from these
transition probabilities. Again from this count we will calculate new transition probabilities.

This procedure is shown in the table shown below:

String: ababb



e—sa| a—=b |b=oa|la=b| b b = e | Path(P) qf”. 'r—b:q qf-q qfrq
- b
Q R Q R Q Q | 000077 | 0.00154 | 0.00154 0 0.00077
Q R Q Q Q Q | 000442 | 0.00442 | 0.00442 | 0.00442 | 000884
Q R Q R Q Q | 0.00442 | 0.00442 | 0.00442 | 0.00442 | 0.00884
Q 3 Q Q Q Q | 002548 | 00 0.0 0.05096 | 0.07644
Round Total 0.035 0.01 0.01 0.06 0.095
0.06 1.0 0.36 0.581
New (0.01/0.
Probab 01+0.06
ilities +0.095)

Table 5-5 Baum Welch Algorithm Example

5.8.4.2. Baum Welch Algorithm Computational Complexity
Computational part of Baum Welch Algorithm.

E (d' = d]) = F":X;m:' [P(Dyns1Xps) * 0 (d' = d.,Dypsas Xl,n) (543)

n

P(Dypsq Xin)* n(d' S di, DLn+1JX1,n) = Z P(D, =d",Dpuy = d, X, =X, Dy,iq, Xy )

=1
n

> @ @P(,5d), B+ D (5.44)

=1



CHAPTER 6

STATISTICAL VIDEO MODELLING

The basic idea for statistical denoising is to explain the adaptation properties in an expansion
of a function into a series of localized basis function. Wavelets finds its usefulness in broad
range of applications such as signal and image processing , data compression , numerical

analysis and non-parametric statistical estimation
6.1 2D- DWT

Wavelet transform for a video frame deals with its decomposition into a number of detail or
wavelet coefficients {Y™H, yHL, yHH} and one scaling coefficient ¢Lt, forming orthonormal
basis L2(R?).

M x M image z(t) with given J-scale DWT gets decomposed

z(t)—Z - EtJ+ZZZw“¢“(tJ (6.1)

beB i=1 i€Z

Where

up; = [ =(t) b, (D) dt ~ Coefficient for scaling

And

= q;}fi (t)dt - (i)th wavelet coefficient in j scale with sub-band B
orii(st) =27 zq:-(z Ts—1k27 t—1i)

Uri(st) = 27 zq; (27 s—k 277 t—i)
BeB.B {LH HL HH}

N i— N2 J



Wavelets have been utilized in numerous restorative imaging applications. Here 2D-DWT has
been used. Image here is decomposed into three level coefficients i.e. LL- subband (low
frequency) and several high frequency sub-bands by 2D-DWT. LL-subband contains the most
data in concentrated of highest level known as approximated DWT.

4 (a) On’giial Image b) DWT Decomposition
Fig 6.1 Three-level DWT Decomposition

6.2 Hidden Markov Model for Video Denoising

When the models are constructed statistically, HMM complex dependencies with captures
Non-Gaussian statistics due to the wavelet coefficients, persistence and clustering properties.
Here HMM model used Quad tree structure. Wavelet coefficients are linked with a state
variable i.e. every wavelet coefficient was described by q(m-dimensional state probability) and
o (m-dimensional standard deviation vector).

q = (91, 9z = =+~ Ay ) (6.2)

0= (04,05 e o Gy ) (6.3)

A multidimensional Gaussian Mixture Model is referred as HMT. Wavelet coefficients are
randomly modeled by HMT, with probability density function as a mixture of zero mean
Gaussian distribution hidden state for the classification of large and small coefficients.

Where pdf of C

N

()= ) pq (Mfyq(ElQ = 1) (64

n=1

pq(n) is pmf, and Q is a hidden state random variable. Conditional pmf f;,4(c|Q = n) is given
by following equation



= exp (—w) (6.5)

LU T n

folelQ=mn) =

Where p,and o,are the mean and variance respectively.

HMT used probabilistic tree model to display Markovian dependencies among hidden states to
capture inter-scale and intra-scale dependencies present in wavelet coefficients. For
decomposition of wavelets into u scale and v sub-band. HMT model has following parameters:
Standard Deviation= oy, , Gaussian mean =

Pmf for the root node Q; = pg;(n)

Probability matrix for state transition of v sub — band from scaleu — 1 toscaleu =A,,
The following shows state transition matrix as parent — children state to state connection
between hidden states:

oy yE

A _Fm pm]
v Ty z—z

p L By p L By

where pﬂ:,yor piv- represents wavelet probability to be large or small given the parent is large
or small. All these variables are coefficients grouped in 6.

EI = [p(QL = njr‘q‘u,vf"l’u,v’ gun’] (66:]

Every wavelet here, has different transition state probability. Variances of which leads toward
higher complexity in HMT model. It can be reduced by tying within scale method [19].

.14
W

- Spee R ——
AW
SEES

Fig 6.2 Parent-child relationship



CHAPTER 7

Simulation Results

This chapter consists proposed denoising frame work tested through HMT denoising technique
with 2D-DWT and 2D-GMM. Maximum likelihood of the data set is found through EM
algorithm. Our proposed strategy used the adequacy of DWT and their sub-band hierarchical
relationship.

7.1DENOISING TECHNIQUE

HMT model was used to locate a parameter set 64.A two state GMM was utilized to start the
HMT model. At that point, to get 0, the inter-scale dependencies were caught by the Markov-
tree and EM-algorithm.

Increase in the signal [20] variance is based on added noise while the other parameters are left
unchanged. Noisy observation 84 was extracted and then noise variance was subtracted from
it:

-

(gl 2 _ (qr) 2 (gl =
(G':u,v,m:'n] - ((G':u,v,m:ln:] _(Ell:u,v,m}) :]+ [?']J

Where v, u and m represent v sub-band, u scale, n state, mth coefficient and

{(g]+= g  forg=0
(g)+=0, forg<20

7.2Model Training via EM Algorithm

EM algorithm is used for model training. The Expectation Maximization algorithm given
below, describes the statistical model for hidden state Q and variable C

EE=(QT(C,Q|C =c) = EBQT(C,Q] (7.2)
Conditional pmf of state Q and its maximization is given as

P(Q.)g(C:0,0%, )
1
. P@=Dg(c0.c2)

P(Q=nl|C,08,) = (7.3)

PQ=m) =5 ) P(Q=nlco,) (7.4)

After determining 64and state probability via HMT

Wegot q= E[q|q’, Gq]
Bayes Estimator can be used to obtain clean coefficients.



(a) 2
(Eku:v,nﬂ'n} q" (?.5)

(62me) +(00um) "

q= (Qla.8,) x

7.3 Inverse Wavelet Transform (IDWT)

In end, IDWT was used to obtain clean coefficients to achieve reconstructed frames of video
being tested.

Fig. 7.1 shows proposed implemented technique.

Algorithm for proposed denoising method is summarized as follows:

Past frames

Current frame Future frames

Wawvelet Transform

@ = q + oe L

Emn

nNMT ---—— =

b Modes e Algorithm
l a
Inverse
Wavelet
Transform

Dencoised Frame

Fig .7.1 Diagram of Proposed Algorithm

7.4 Denoising Algorithm

Adding noise AWGN in each frame of the video sequence

Then applying Daubechies-8 DWT.

Obtaining DWT coefficients.

Estimating GMM parameters.

Training of Hidden Markov Tree model with EM algorithm in connection with tying within
scale method.

Applying IDWT to get reconstructed frames

7.5 Simulation Results

Medical videos were tested i.e. Endoscopy, Ultrasound , Mammogram and CT Scan. Each
frame of the sequence was degraded artificially with speckle noise with noise variances
i.e.10,20,30. The sequences were tested in grayscale, RGB and proposed algorithm color
space. Comparison was performed in terms of PSNR(Table.1).



Table 7.1 PSNR and SSIM values of Denoised Sequences

Video o, | Grey scale RGB Proposed algorithm
Sequences

PSNR SSIM PSNR SSIM PSNR SSIM
Endoscopy 10 | 21.1167 |0.881694 | 21.1131 | 0.904999 | 21.5982 | 0.884287

20 | 15.1980 | 0.822676 | 15.2762 | 0.894293 | 15.5062 | 0.828196

30 | 11.6759 | 0.855640 | 11.7776 |0.909898 | 11.9761 | 0.761609

CT Scan 10 | 21.3809 | 0.866745 | 21.3847 | 0.866680 | 21.5603 | 0.852319

20 |13.9769 | 0.846671 |13.9789 |0.867870 | 15.4741 | 0.854179

30 | 11.5437 | 0.826184 | 11.4503 | 0.859014 | 11.9199 | 0.837778

Mammogram 10 | 20.0024 | 0.836505 | 21.3705 | 0.867967 | 21.6039 | 0.856158

20 | 13.9792 | 0.830533 | 15.1374 | 0.876485 | 15.5392 | 0.846681

30 | 10.4566 | 0.831411 | 11.5517 | 0.853997 | 11.9808 | 0.813299

Ultrasound 10 | 21.1587 | 0.845638 | 21.2203 | 0.905396 | 21.4992 | 0.883864

20 | 13.9793 | 0.877209 | 15.3598 | 0.885453 | 15.5102 | 0.864535

30 | 11.6582 | 0.848289 | 11.8212 | 0.903502 | 11.9896 | 0.830726
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Figure 4. GRAPHICAL COMPARISON OF PSNR OF VARIOUS TECHNIQUES
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U]
QUALITATIVE COMPARISON OF PSNR OF DENOISING OF DIFFERENT VIDEO SEQUENCES

USING DIFFERENT TECHNIQUES WITH UNIFORM GAUSSIAN NOISE (sldgj) GRAY SCALE
(b.e.h.k) RGB (c.fil) PROPOSED ALGORITHM




CHAPTER 8

Conclusion

Wavelet-based color video denoising was discussed in this thesis was based on HMT
model with EM algorithm for the despeckling of video frames scale videos and colored
videos in YCbCr color space based on 2D-DWT and 2D-GMM. The primary properties
of the compression , wavelet transform locality and multi-resolution paved way for new

approaches towards statistical signal processing.

To accommodate Non-Gaussian nature of wavelet coefficients, Mixture
densities have been incorporated and statistical dependencies between coefficients were
captured by using probabilistic graphs/Tree. HMT model was trained by EM algorithm

on wavelet coefficients to catch the statistical dependencies present in them.

Results revealed that proposed denoising method transcends the pre-existing
techniques in comparison with gray and RGB scale. both in terms of quantitative and
qualitative analysis. This scheme showed improvement in reducing noise , preservation

of edges with enhanced visual quality.

8.1 Future Work

Proposed denoising scheme can be further extended for the analysis of noises of
different variances with other transforms for all color spaces. Moreover, it can be used
in other transform domains like Bandelet, Contourlet, Rigdelet and Curvelet in
combination with other filters i.e. Bilateral filter.

Finally, this technique can be further modified with other techniques for the
achieving improved performance and with reduced computational complexity and low

latency.
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